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1 Introduction

Chaos is ubiquitous to a wide range of physical systems with large number of degrees of
freedom and is crucial to thermalization and relaxation of the system. An important probe
of dynamical chaotic behavior in quantum many-body systems is the exponential growth
of certain real time out-of-time ordered correlators (OTOC) [1-5]
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where V' and W are generic few-body Hermitian operators, § = 1/T is the inverse tem-
perature, Ap, is the quantum Lyapunov exponent, vp is the butterfly velocity, and eyy



is a small parameter that typically depends on the parameters of the theory such as the
characteristic energy scale of the operators V and W, and the number of degrees of free-
dom. The exponential growth of (1.1) can be thought of as an operator generalization of
classical chaos which measures the sensitivity of a system to the initial conditions.

One intriguing feature of quantum chaos is the upper bound proposed on the quantum
Lyapunov exponent in [4]

AL <27/8, (1.2)

based on very general assumptions of the quantum many-body system such as analyticity
and factorization at large time of thermal correlation functions. This upper bound was
found to be saturated by black holes and generic large-IN theories admitting a black hole
dual. Moreover, a finite number of higher derivative correction terms of Einstein gravity
will not correct the Lyapunov exponent and the chaos bound (1.2) remains true [4, 5].

However the chaos bound (1.2) found in [4] was shown to be probably violated in a
three dimensional rotating BTZ black hole in Einstein gravity [6-8]. As pointed out in [6-8]
in rotating BTZ black holes there seems to be two Lyapunov exponents, one of which lies
strictly within the bound while the other violating the bound A+ = ﬁ where (2 is the
angular velocity of rotating BTZ and ¢ is the AdSs radius. However, as emphasised in [9],
after carefully taking into account the periodicity of phase factor, the two coefficients in
front of the exponential factors in OTOC are related and there is only one instantaneous
Lyapunov exponent. The OTOC shows a modulation on top of the MSS bound and the
average Lyapunov exponent remains within the bound. In the high temperature limit, the
instantaneous Lyapunov exponent behaves as a step function which jumps between 4.

There is also a surprising connection between early time exponential growth of OTOC
and late time hydrodynamics which was pointed out first in the numerical studies by [11].
It was noticed that the retarded two-point function of energy density operator in the
complexified momentum space has special pole-skipping points

i\
we =i\, k= % (1.3)
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where the correlator is non-unique due to the vanishing residue of the poles at these points.
More precisely, if we write the correlator as G¥(w,k) = fgz’g, we have A(wy, ki) =

B(wx, k«) = 0 and therefore the correlator now depends on the slope dw/dk as we approach
(ws, kx). Though OTOCs can be computed explicitly in many specific models, a unified,
model independent understanding of quantum chaos came from this connection and led to
the construction of effective theory of maximal chaos in [12].2 This effective description
predicts the existence of pole-skipping due to the microscopic shift symmetry of the effective
hydrodynamic mode. In holography, the special points (1.3) shows up in the bulk because
at these points the vv-component of the near-horizon equations of motion in the ingoing
Eddington-Finkelstein coordinates becomes degenerate [15].3

The chaos bound has also been examined in the presence of a finite chemical potential associated to
internal as well as spacetime symmetries [10].

2The effective theory for chaotic CFTs has been studied in [13, 14].

3Even though the special point was calculated for the energy-density 7°° correlators, the pole-skipping
phenomenon seems to exist for a wide-range of operators [16-18]. Other aspects of pole skipping has been
studied in e.g. [19-27].



The exponential growth of OTOC and pole-skipping for the retarded Green’s function
of energy density are two different signatures for dynamical quantum chaos. It should
therefore be important to understand better the connection between these two different
approaches in as wide range of systems as possible. For a class of maximally chaotic
systems, these two methods give identical chaotic parameters [11, 12, 15]. It is natural
to ask, for systems with more than one Lyapunov exponent or non-maximally chaotic
systems what are the connections between these two approaches? This motivates us to
explore several aspects of quantum chaos for rotating BTZ black holes in 3D gravity using
these two different approaches.

We will first examine the phenomenon of pole-skipping for rotating BTZ in Einstein’s
gravity. In this specific system the Lyapunov exponents Ay from OTOC calculations [6-9]
turn out to be robust under pole-skipping, which will be verified from the holographic
stress tensor correlator as well as a direct CFT computation of the retarded correlator
G?OOTOO (w,k). The results from pole-skipping match well with the calculations in [6-8]
and [9] in the high temperature limit.

We will also explore quantum chaos for rotating BTZ in Topologically Massive Gravity
(TMG) [28, 29], i.e. three dimensional Einstein gravity deformed by a gravitational Chern-
Simons term, using several different approaches. Unlike Einstein’s gravity, the linearized
fluctuations in TMG has an additional massive, propagating mode. Demanding that Lya-
punov exponents should satisfy the chaos bound and the butterfly velocity should be less
than the speed of light, we find nontrivial constraints on the gravitational Chern-Simons
coupling, which is consistent with the black hole stability studies (see e.g. [30, 31] for
discussions). In the high temperature limit of rotating BTZ, we show that there is one in-
stantaneous Lyapunov exponent defined using OTOC, behave as step functions which takes
values between two out of three exponent A4, \,,. We also study the chaotic parameters
using the pole skipping method, from near horizon equations of motion, and from retarded
Green’s function of energy density correlators, as well as from CFT techniques. We find all
these pole-skipping methods only produce three independent Lyapunov exponents AL, Ap,.

The organization of our paper is as follows. In section 2, we provide a brief review of
rotating BTZ black holes and collect various known facts. In section 3 we study chaos from
pole-skipping for a rotating BTZ black hole in Einstein’s gravity. In section 4, we explore
quantum chaos for rotating BTZ in TMG using different approaches. We start with the
OTOC, including the subtle periodicity condition, and focus on the quantum chaos in high
temperature limit. We compare these chaos parameters with the ones obtained from pole
skipping methods. In section 5 we summarize our findings.

2 BTZ black holes: a short review

The focus of our work is quantum chaos for rotating BTZ black holes in three dimensional
theories of gravity and we begin with a short review of basic facts about the rotating BTZ
black holes.* The three dimensional BTZ black holes are vacuum solutions of both Einstein

4BTZ black holes have been extensively studied in the literature and we refer the reader to [32-34] for
details of the geometry and thermodynamics.



gravity and Topologically Massive Gravity (TMG) with negative cosmological constant.
BTZ black hole can be obtained from the global AdSs geometry by an identification of
points through the action of a discrete subgroup of SL(2,R) x SL(2,R), and therefore the
geometry of BTZ is locally isomorphic to AdSs.

The metric of a rotating BTZ black hole is given by

2 2 2 2N\(p2 _ 2
ds? = — f(r)di® + % 42 <dg0 - TZ;* dt) T T;gg =) e
Note that ¢ ~ ¢ + 27 is the angular coordinate and ¢ is the AdS radius which will be set
to 1 from now on. In most parts of this paper related to pole-skipping, we will assume that
the coordinate ¢ is noncompact. This assumption has been widely used in the holographic
studies of rotating BTZ, e.g. [35-37], and is a reasonable assumption that holds in the high
temperature limit as we show explicitly in section 4.1.

The coordinates (t,7,¢) in (2.1) are often called the Schwarzschild coordinates. The
metric (2.1) describes a rotating black hole with inner and outer horizons at r_ and 7 re-
spectively. The parameters ry and r_ are related to the ADM mass M, angular momentum
J, Hawking temperature T', and angular potential € of the black hole through

2 _ 2
_ e -

M:ri+7“37 J=2ryr_, T = -

, Q=—. (2.2)
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As in the case of higher dimenional black holes, BTZ geometry can be extended infinitely by
going to the Kruskal coordinates (see [33] for details and Penrose diagram). The parameter
r_ = 0 describes a non-rotating black-hole and r_ = r,, is that of an extremal rotating
black hole. It is also trivial to verify that for M = —1,J = 0 we get the empty AdSs. Thus
empty AdSs is seperated from the black hole states by a mass gap.

So far the discussion has been focussed on Einstein gravity. In the presence of a gravi-
tational Chern-Simons term, which we will consider in section 4, the notion of ADM mass
and angular momentum changes due to additional surface terms that arise in TMG [38].
The appropriate ADM charges in this case are

M(M):M+£, J(,LL):J—F% (2.3)
K H
where M and J are the charges of Einstein gravity mentioned previously. As expected
from the action (4.1) in section 4, when the coupling constant p is taken to infinity, the
theory reduces to Einstein gravity and so does the charges. The conjugate thermodynamic
quantities, temperature T and angular velocity (2, does not depend on the theory since
they arise from the regularity of the geometry.

The eternal BTZ black hole is conjectured to be dual to a thermofield double (TFD)
state in a CFT with a chemical potential €} for angular momentum turned on. Upon
decomposing the TFD state to left and right moving sectors, we get two chiral CFTs at
temperatures

T Ty 4o T  ry—r-
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It is easy to see form (2.2) that 0 < < 1, while for a black hole rotating in the opposite
sense, we simply have to exchange the left and right modes.
For the near-horizon analysis, it is convenient to use the comoving coordinates

(t,r,¢) with

r_
where the metric is
dr? r_r?— 2 2
ds® = — f(r)dt® + o) + 72 (u - tat + d¢> : (2.6)

In this coordinate the angular velocity at the horizon vanishes Qg = 0.

The dual field theory of (2.1) lives on the boundary with metric ds? = —dt? + d?
while the dual theory of (2.6) lives on the spacetime ds? = —dt? + (Qdt + d¢)?. These
two theories are related by a boost transformation (2.5).> The momentum variables in the
comoving and Schwarzschild coordinates are related by

Wsch = Wem + :ikcm y kseh = kem - (2.7)

For the purposes of this paper we will need three more coordinate systems, which
are collected in appendix A. In three dimensions, a rotating BTZ black hole metric can
always be brought to a non-rotating form by a coordinate transformations as shown in the
appendix A.1. The ingoing Eddington-Finkelstein coordinates and Kruskal coordinates
of BTZ are shown in A.2 and A.3 respectively. These coordinates are useful for different
purposes and after the calculations we will transform back to metric (2.1) to interpret the
physics of quantum chaos.

3 Quantum chaos in Einstein’s gravity

As a warm-up to TMG, we first consider the chaos parameters in Einstein gravity. As
shown in [6-8] the rotating BTZ black hole has two sets of Lyapunov exponents A, which
can be viewed as the high temperature limit of the instantaneous Lyapunov exponent found
in [9], and the butterfly velocities with the speed of light. The average of instantaneous
Lyapunov exponent still saturate the chaos bound. In this section we shall obtain the same
chaos parameters through the phenomenon of pole-skipping, thus confirming the chaos
parameters which control the growth of OTOC correlator and scrambling time of mutual
information is the same as the pole-skipping point as expected for a black hole.
The action for three dimensional Einstein gravity is
SEH = 1/ d3$ \/Tg(R - 2A) y (3.1)
167G Jm

and the equations of motion which follows from the above action is®
1
Rab - iRgab — Gab = 0. (32)

The BTZ black hole (2.1) is indeed a solution of the Einstein’s equation.

®The chaotic parameters depend on the reference frame [9].
6A is related to the AdS radius as A = —1/¢%.



We will present pole-skipping using three different approachs. First, we show that
the leading vv-component of equations of motion for fluctuations becomes degenerate at
special values in the momentum space, where v is null coordinate of the ingoing Eddington-
Finkelstein coordinates as defined in appendix A.2. We will also present a strong evidence
for the presence of pole-skipping point from the holographic Euclidean correlator and finally
we give an explicit CFT calculation of the retarded correlators of 7% operator.

Since we are interested in vv-component of equations of motion for fluctuations and the
stress-tensor correlators, we need linearized metric perturbations around the BTZ back-
ground. We expand the metric as g = Gap + hap , Where ggp is a solution of the vacuum
Einstein’s equation, and plug into (3.2) to obtain the field equations for hgp ,

1
Eab = VCV(ahb)C — évcvchab V Vbh *gabv V hcd

1 (3.3)
+ igabvcvch + 2hgp — 2hgep =0,
where h = §%®hg,. The above equations can also be obtained from the second order
expansion of the Einstein-Hilbert action around the BTZ background
1
/ dBa\/— [Qh he — p? — (Vah)(V“h) + = (Vehay) (VERD)
167rG 2 (3.4)

+ (Vah)(Vh®) — (Vyhae) (VERD)

Our first task is to show the “breakdown” of E,, = 0 in the ingoing Eddington-
Finkelstein coordinates {v,r, ¢} near the horizon at special values of w and k. Let us now
consider E,, = 0 in (3.3) near the horizon r = r;.. We expand the solution near the horizon

in a series”

hap = e~ wvtiko Z h (r—ry)". (3.5)

The vv-component of the equations of motion F,, has a second order pole at r = r;. whose

0)

coefficient has to be set to zero. This is the leading order equation for ng and is of the form

(2miw + 4miQk — K2B(1 — Q%)) ) = —(2mi — Bw)(1 — O2) [2kR) +whi)| . (3.6)

If we now analytically continue the frequencies (w, k) to the complex plane, we find
that the above equation degenerates (i.e. both Lh.s. and r.h.s. becomes zero) at special
values of (complex) w and k

271 27 )

(. k) = <5’ NECETD)

It should also be emphasized that other equations of motion are regular at this point.

(3.7)

Notice that the Eddington-Finkelstein time coordinate v in the bulk reduces to the usual

"As we remarked below (2.1), we have assumed that the angle coordinate ¢ is noncompact, i.e. we
are working in the high temperature limit. It would be interesting to include the periodicity of ¢ in the
calculations of pole-skipping.



Schwartzshild time coordinate at the boundary » — oo. Thus the pole-skipping points in
comoving coordinate (2.6) take the form (3.7).

We can also transform the pole-skipping points (3.7) back to the Schwartzschild coor-
dinates (2.1) using the transformation of frequencies (2.7), and the special points become

271 211
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In the comoving coordinates, from (3.7) the Lyapunov exponent saturates the chaos
bound while the butterfly velocities satisfy |vg| > 1 and |vg| < 1 for the left and right
movers respectively. In the Schwartzshild coordinates, from (3.8) the left mode seemingly
violates the chaos bound while the butterfly velocities are always at the speed of light.
These results were also obtained from the OTOC calculations of [6-8], however the apparent
violation of chaos bound is an artefact of improper boundary conditions along the ¢ circle,
as pointed out in [9]. After the periodicity condition is taken into account, the OTOC
contains only one independent mode and Ay are values of the step functions from the
instantaneous Lyapunov exponent of in the high temperature limit [9].

We shall provide another evidence for pole-skipping for rotating BTZ black holes in
Einstein gravity with the Euclidean two-point function of 7% from holography. In three
dimensions, Finstein gravity with negative cosmological constant is known to have no prop-
agating gravitational waves and is in fact (classically) equivalent to a Chern-Simons gauge
theory with SL(2,R) x SL(2, R) gauge group. Therefore the usual holographic procedure of
imposing ingoing boundary conditions at the horizon [36] cannot be used to compute the
retarded stress-tensor correlators, but we can still find strong evidence for pole-skipping
by finding the poles and zeros of the Euclidean correlators because the poles and zeros of
retarded correlators will always be contained in the Euclidean correlators. In the subse-
quent subsection, we calculate the Euclidean correlator following the usual procedure of
holographic renormalization calculations.

3.1 Euclidean two-point correlator from holography

In AdS/CFT, the boundary correlators are obtained from the bulk on-shell action evaluated
as a functional of the boundary sources. As is often the case, the on-shell action diverges in
the large radius limit and requires adding additional boundary terms to the effective action
to render a finite action and stress-tensor. The boundary terms needed for Einstein gravity
with Dirichlet boundary conditions was found in [40, 41] and the renormalized action is
given by

_ 1 3 1 2 _
Sren,—167TG/Md3:\/§(R+2)+87TG/6deﬁ(K 1) (3.9)

where K is the trace of extrinsic curvature. To proceed, we will work with the metric (A.3)
and impose the radial gauge h,, = 0 condition on the fluctuations. In this coordinates, the
boundary CFT lives in the Minkowski space-time with metric —d7? + dX? and the bulk
fields h;; are dual to the stress-tensor of the boundary CFT at finite temperature.



In order to calculate the (Euclidean) on-shell action we first Wick rotate the Poincare
time coordinates of (A.3) by T' — it

T+ 2 [(1= pPar + (14 pPax?] (&10)

where 7 gets identified as 7 ~ 7 4+ 7w to avoid conical singularity at p = 1. We can now
solve the field equations using the plane wave ansatz
; ex 17 = = (0 = (1 (2
hij(p, 7, X) = erTHikX i), Higlo) = R+ phD 4+ 20 (3.11)
where ﬁij is determined as an expansion near the boundary. The leading coefficient ﬁg?)

can be identified with the source term for the stress tensor. In three dimensional Einstein

gravity, it is a well-known fact that the expansion terminates at p? in the absence of matter
(0)
ij

equations of motion order by order in p, and explicit expressions for the coefficients in (3.11)

fields and the coefficients ?12(31) and 712(3) can be determined in terms of k.’ by solving the
can be found in appendix B.

The effective action for the fluctuations (3.4), up on substituting the equations of
motion (3.3), reduce to a surface integral over the boundary

B 1
167G Ja

1 1 1 1
S, s dx\/=yn® { - 5hvah + 5hvbhab + 5habvbh, — WV phae + 5hbcvah,,c
M

(3.12)

where 7, is the induced metric at the boundary and n® is the outward pointing normal
vector to the boundary hypersurface. By expanding the renormalized action (3.9) to second
order in fluctuations, we see that the counterterms which render finite on-shell action takes

the form
- V= (h h“b—1h2) (3.13)
167G Jom T ftab 2 ' '

The Green’s function can be obtained by functionally differentiating the renormalized
8

Sc.t. =

on-shell action w.r.t. 71;07) twice
~ 828 en. B k‘2(4+k2)
oRohEY 2wk )

(T (we, k)T (~wg, —k)) (3.14)
From the above correlator, we see that wg = £2, k = £2¢ are indeed special points where
the numerator and the dinominator vanishes. We can now Wick rotate wgp — iw and
transform the points back to the momentum space for metric (2.1) using (A.4) obtaining,

271 274,
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These are the same points we found in (3.8) and they correspond to w = 2i. For
w = —2i, we find Im(wprz) < 0 and in Schwartzschild coordinates, they correspond to
(— ﬁ(%zﬂ)v + B&’fﬂ)). These points are exponentially suppressed and therefore do not

contribute to the growth of OTOC correlators.

8This should be thought of as a schematic representation of the correlation function. A proper treatment
includes subtracting the contact terms also from the on-shell action.



3.2 Retarded Green’s function from CFT

The fact that there are special points where retarded Green’s function is undefined can also
be understood from explicit CFT calculations. Pole-skipping from Euclidean correlators
has been studied in [13] and we shall focus on the retarded Green’s function in this subsec-
tion. In two dimensions, conformal symmetry is powerful enough to allows us to calculate
the retarded two-point function for 7% operator. This calculation of retarded correlator
is closly adapted from [35, 42].

We begin by recalling the holomorphic and anti-holomorphic two point functions of
stress tensor on the complex plane

cr/2 FOVT(E)) — CR/2
o (T(2)T(2)) G_)

where c¢r, and cp are the left/right central charges. In a CFT dual to Einstein gravity,

(T(2)T (') = (3.16)

cr, = Cp = % However we shall carry forward the notation because later in TMG we
encounter dual CFT with unequal central charges.

Our first task is to map the above plane correlator to a cylinder with complex coordi-
nate (w,w) where w = o + 47 in order to match the results with the BTZ black hole. The
conformal transformation that maps the plane to the cylinder is

2n 2m
z=efL", Z=ePr". (3.17)
The transformation (3.17) is not an element of the global conformal group, therefore the

stress-tensor transforms with a non-zero Schwarzian derivative and we get”

, ¢ 2 c 21\ 4 1
(T (w)T(w))eyes = ( ; ﬁf) + 3—’; <BL) I E— (3.18)

The transformation of the right moving sector is completely analogous except for the re-
placement 8; — Br,w — w. Notice that we have used the fact that the CFT dual to a
rotating BTZ black hole has different temperatures for the left and right moving sectors.

The two temperatures are related via
Br=B1-Q), Br=p1+9Q). (3.19)

Since we are interested in correlators of energy density i.e. (T%(t,o)T°°(0,0)), we
have to transform from the holomorphic/anti-holomorphic coordinates to the Cartesian
coordinates where the correlators are related by

(T(7,0)TY(0,0)) = (T(c + iT)T(0))eyet + (T (o — iT)T(0))eyel - (3.20)

To obtain Lorentzian correlators, we have to analytically continue the above correlator by
taking 7 = it &+ €. The appropriate sign of € is decided by the ordering of operators inside
the real-time correlators. The retarded two-point function is given by

G oo (t,0) = z'e(t)([TOO(t, ), T%(0, 0)}) = if(t)G(t,0). (3.21)

?One can perform a Fourier transformation of (3.14) to obtain this form in the coordinate space if we
also include the right moving modes, up to the Casimir terms.



In the above expression [, | denotes the commutator of two operators and G(t,o) =
Gi(t,0) — G_(t,0). The Casimir term drops out in the expression for G(t,o) due to
the commutator. For G4 the ¢ contour has to be deformed by t — i€ whereas for G_ the
deformation is ¢ 4 i€

4 4

L

The Fourier transform of G(t, o) is
aten = (51) o (52 3 (5] I (2 5 (55))
-G s (53 (5] (52 ()

To evaluate the Fourier integral, we have made a change of variable to 2+ = o £+t and used

2m

4
3
/da: ehe [T | = ! <27r> ¥
Bsinh | 7| 6\ 53

Finally, the Fourier transform of the full retarded correlator can be obtained by a convo-

2

, (3.23)

2

(3.24)

lution integral of (3.23) with the Fourier coefficient of Heaviside step function and we get

Gr(w, k) = % <;7LT)3 <w2_l k: +7T5(k:;w)> sinh [ng ‘F <2 + Z;;Lk:)

-3 (5) (e [ r (24 224)

We are finally ready to show the presence of special points in the analytic structure

2

,  (3.25)

of retarded correlators. In the first term in (3.25), the hyperbolic sine function has simple
zeros at discrete values along the imaginary k axis

o
k=""""0 ez (3.26)
AL
The gamma function contributes two branch of simple poles which also lie on the imaginary
k axis
o
k:iéz@+2L p=0,1,2,-. (3.27)
L

, 2 .

Therefore the combined function sinh {%} ‘F (2 + f—#k)‘ only has zeros at k = 0, i%

while no poles. From the first term in (3.25) the prefactor 1/(w — k) restricts the poles on

the w plane to be on w = k. The pole-skipping points for first term in (3.25) are at
271 271 >
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(3.28)

where we have used (3.19).

~10 -



Similar arguments can also be made for the second term in (3.25) and in this case the
special pole-skipping points for are given by
2mi 2me
w,k)=1[(=£ , .
@i = (S5 Faarm)

As we found from the Euclidean correlator, there are two set of pole-skipping points cor-

(3.29)

responding to the positive and negative values of Im(wprz). It is the positive pairs which
is responsible for the exponential growth of OTOC and they match well with the pole-
skipping points from the near horizon equations of motion (3.8). Note that to calculate
the pole skipping in this subsection we have not made any special assumptions on the
underlying CFT. In other words, for non-chaotic or integrable CFT, there also exists
pole skipping. Therefore in generic non-chaotic chaotic system, pole-skipping and OTOC
do not necessary to give the same result of chaos parameter. Nevertheless for the case of
rotating BTZ in Einstein gravity, at high temperature OTOC and pole-skipping give the
same chaos parameters.

4 Quantum chaos in Topologically Massive Gravity

Topologically Massive Gravity (TMG) is a modification of Einstein gravity with the addi-
tion of a gravitational Chern-Simons term and was first introduced in [28, 29]. For a more
contemporary study of TMG, see [31, 37-39] and references therein. The action for the
three dimensional TMG consists of the gravitational Chern-Simons term in addition to the
Einstein-Hilbert term [28, 29]1°

1 1 2
§=15 / d*zy/—g (R +2+ ﬂsabcrdae (abrecd + 3rebfrfcd)> : (4.1)
The equations of motion that follows from the action is given by
1 1
Rap — igab (R + 2) + ;Cab =0 (42)
where C;, is the Cotton tensor
1
Cab =€, VeSap,  Sap = Rap — ZgabR' (4.3)

We can immediately see that the equations of motion are third order in derivatives, so
in order to solve the field equation we need to specify the metric and its derivatives at
the boundary. We also notice that substituting R,, = —2g4 solves the field equations, so
solutions of Finstein gravity are solutions of TMG as well, which is true of BTZ black hole
in particular.

Unlike CFT dual to Einstein gravity, for asymptotically AdSs solutions in TMG the
left and right CFTs carry different central charge

3¢ 1 1
R P 4.4
(CchR) 2G ( u: + M) ; ( )

0Convention: €qpe = v/—9g€abe With €912 = 1. In this paper we shall focus on the regime p > 0.
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leading to a gravitational anomaly in the dual CFT.

In the following parts of this section, we shall calculate the chaos parameters for
rotating BTZ in TMG using different methods. We start from the shock wave calculations
imposing the periodicity condition on the phase factors. We then study the pole-skipping
phenomenon as well from different perspectives, including the near horizon equation of
motion, the retarded Green’s function from holography and from CFT.

4.1 Out-of-time-order correlator from shock waves

The out-of-time-order correlator (OTOC) can be calculated in holography by considering
the scattering amplitude of bulk particles dual to V and W operators in a black hole geom-
etry [1, 3]. In the elastic eikonal gravity approximation, the phase shift in the amplitude
is determined by the classical on-shell action on the gravity side, and is proportional to
the profile of a shock wave localized on the horizon U = 0 in the Kruskal coordinate (see
appendix A.3). The OTOC calculation for the rotating BTZ black hole in Einstein gravity
was carried out in [8] and we refer this paper for the details of the calculation. In the
TMG case, the only distinction comes from the eikonal phase factor which depends on the
gravitational theory.

For TMG, we start with a perturbation of form 07Ty = —ﬁé(U)é((b) which gen-
+

erates ds® — ds? + %5(U)h(¢)dU2, and from the UU-component of the equations of

motion in Kruskal coordinates (A.8) we have

() + (rap = 3r)h"(¢) + (3r2 — i — 2ryr_p)h'(¢)

(4.5)
= (2 =i — prpr? 4 pr)h(e) = #8(6) .-
The most general solution to the above equation is given by!!
__27¢ 27 2m(Q—p)é
h(qﬁ) =cp e POFD) | ¢y eFI-0) 4 ¢3¢ BU-07) | (46)

Note that the first two terms in (4.6) also appeared in Einstein gravity [8] while the third
term is a new mode which is related to the fact that we have more degrees of freedom
for the fluctuations in TMG. When ¢ is noncompact, one should impose the condition
|¢| — 00, h(¢p) — 0 to determine the coefficients [3]. The final solution takes the following

form, with ¢y defined as ¢y = ﬁ, and for p # 1
+
e When p >
—27p 2n(Q—p)¢
co| (14 p) ePOFD — 2 ¢ B01-93) | if >0
h(¢) = - (4.7)
—co(1 — p) eF0-97 if <0
e When Q2 > p
27
co(1+ p) e BO+D if >0
h(¢) = 27 2n(Q—p)¢ (4'8)
—co|(1 — p) eFO= — 2 ¢ B0-9% | if <0

"' Note that here we absorbed the step-functions into the coefficients c¢1, c2 and cs.
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T;éfgwﬁ%, if >0
Moy=y" 4 4 . (4.9)

27
eF-0 . if ¢ <0

rz — ri B 2ry(ry +r_)

When p — o0, cg ~ O(1/p) and (4.7) should give rise to the results in [8]. When © = 0,
the profile of the shock wave reduced to that for the non-rotating BTZ in TMG [45]. Also
note that when Q = u the last term in (4.6) becomes a constant and in this case we cannot
have a solution with h(|¢| — oco) — 0. We will not consider this case in the following.
When p = 1, the third term in (4.6) is exactly the same as the first term and the

__27¢
system will have a new solution of form ¢ e 80+9) | which is quite similar to what happens
for the linear graviton solution in TMG [46].12 We have

# __27¢
e (14+2ry¢)e FOFY it >0
T+
Mo=1 ., . . (4.10)
T eFu-) | if ¢ <0
7

The OTOC at this special point ¢ = 1 will be studied in subsection 4.1.3.
If we substitute the solution (4.7)—(4.10) in the OTOC, the growth of OTOC, ¢(t, ¢)
is governed by three set of Lyapunov exponents and corresponding velocities

gt.g) =1 —eyw 7 h(Qt — ) (4.11)

where ¢ is the angular coordinate in (2.1) and we restrict to ¢ > 3.
The Lyapunov exponents from the above naive observation are of form

2 2m(1 — uf)
AM=—-oo, Ap=—— "t 4.12
faFq) T BI-w) (412
with the corresponding butterfly velocities of the Lyapunov exponents
1= puQ

vy =41, vy = (4.13)

Q—p
When Q = 0, the above formulae reduced to the one found in [45] where the butterfly
velocities for non-rotating BTZ in TMG has been studied using shock wave approach.

However, the above formulae is true for the case that ¢ is noncompact which is true
for high temperature case. As shown in [9], the correct interpretation of the OTOC re-
quires considering the periodicity of h(¢). We will show in the high temperature limit the
Lyapunov exponents can be (partly) reproduced even after considering this subtlety.

We first impose the periodicity of ¢ by h(¢) — h(¢ mod 27). This can be done by
replacing the d(¢) in (4.5) by >.p°_ . 0(¢ — 27n) following e.g. [47]. Therefore, when we
restrict ¢ € [0, 27) the solutions should be

12When 1 = 1, this new linear graviton solution should be excluded under the Brown-Henneaux boundary
condition.
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e When p > Q2

—27(¢p—2mn) 2n(Q—p)(p—27mn) 27 (¢p—27mn)
h(@) = co Z [ (14+p) e P0mm —2¢  A0-aD i — co(1— Z e P
n=—oo
co(1+ M) —2m ol —p) _2me 2¢co 2”“’ “2>¢
e A S i+ . U\ P i - 1-Q
e BUFY) = eBl-9) s € P (4.14)
1—e B(HQ) eB1-Q) — 1 1 — e 8(1-92)
e When Q2 > p
_ 2m(¢—2mn) 27 (p—27mn) 2m(Q—p)(¢—27mn)
h(¢) = co(1 + ) Z e~ BIFY — ¢ Z { 1—p)e PO-) —2¢ 6099
n=—oo
co(l+p) —_2me_ co(l— u) 2r¢ 2¢q (2o
— O\ P TR+ . 2N P L Ba-) TV 5 B(1-Q
__4ax? € ( ) 472 et ) 472 (Q—p) e fl ) (415)
1—e BO+Y) eB1-9) — 1] 1 — ¢ B1-92)

Note that in the above formula, we have restricted ¢ € [0, 27). In this parametrization,
we can readily see that in the limit p — oo, using ¢o ~ O(1/u) the coefficients reduce to
that of Einstein gravity in [9]. Interestingly, we find that in cases whenever p # Q, we have
the unique result for the profile of the shock wave h(¢),"

14+ u __2mo 1—p 27 9 2#(97;1,2)¢
h(¢) = T an2 e AU+ — T efl1—9) — T %o e =% | (416)
1 —e BO+D) eBI-9) — 1] 1 — ¢ Ba-_02)

The OTOC (4.11) can now be written as
glt,p) = 1 — eywe T h(Qt — @) (4.17)

where h takes the form of (4.16).

It would be interesting to perform the OTOC calculations in CFT following [48]. In
the CFT calculation one needs to include the additional contributions from the conformal
blocks related to the operator which is dual to the massive graviton in TMG. From field
theory the ratio between the coefficients in front of the terms from vacuum conformal block
and the new conformal block should be operator independent in large ¢ limit due to the
unique value of OTOC obtained from holography.'*

The periodicity of the comoving angular coordinates ¢ translates to the periodicities
of t ~ 1t —|— ~ and ¢ ~ ¢ 4 27 and it ensures the modulation of the phase factor. One can
now study the instantaneous Lyapunov exponent [9] which is defined as

2w 8th(Qt)

)\inst.(t) — F h(Qt)

(4.18)

In the following we will study the high temperature limit of this instantaneous
Lyapunov exponent.

BWe have set the coefficient ¢ to be 1.
“Note that similar results have been found in [45].
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4.1.1 High temperature limit of instantaneous Lyapunov exponents

In order to better understand the connection between Lyapunov exponents of the OTOC
and pole-skipping, it is instructive to look at the high temperature, 8 — 0 limit. We first
consider the 8 — 0 limit of Ajpgt.. Due to the periodicity 27/ of ¢, it is enough to restrict
to the period 0 < ¢ < 27/9Q,'5 and we shall comment on the high temperature behavior of
Ainst. below.

e When p > 1, A, takes following piece-wise form,

1+Q
A,ifte[a'ﬂg>>
Ainst, = . (4.19)
A\ it e [77(1+Q) 277)
+, 1 0 ) Q

In a periodic time of %”, we have the average (Ainst.) = 27. Note that only two of the
Lyapunov exponents (4.12) Ay are reproduced in the high temperature limit.

e When p < 1, the results depend on the relative values between {2 and p. If Q < p,

we have
A, if t€ [07 w)
\ Q1+ p)
inst. — )
. 2r(1+Q) 27
f S
)\4_ , 1 t e [ Q(l T /,L) 5 O )

thus we have average (Ainst.) = %”

While in the case p < §2, we have

: 2ﬂ9—u»
Ao, 1ft€{0, —
\ Q1 = p)
inst. — .
) 27 (Q — ) 271')
£ ke S ool ekl
Am, 1 te[ﬂ(l—u)’ Q

In this case, we have average (Ainst.) = %’r
In the above formulae we have used A1, A, defined in the equation (4.12). One can
see that if 4 < 1, the instantaneous Lyapunov exponents from g — 0 limit produce all
three Lyapunov exponents A1, A\, and the average Lyapunov exponent saturates the chaos
bound. While for the regime 1 > 1, the 5 — 0 can also produce two of the Lyapunov expo-
nents. We have numerically checked that for any temperature the average of instantaneous
Lyapunov exponents is %” and saturates the MSS chaos bound.

5Note that (4.11) is valid in the regime tq < t < t. where t4 is the dissipation time and t. is the
scrambling time. In the high temperature limit, we have t4 ~ [ and the ensuing discussion is within
this regime.
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4.1.2 Lyapunov exponents and butterfly velocities from OTOC

By including the ¢ dependence and taking the 8 — 0 limit of the OTOC g(t, ), we can get
the information about the butterfly velocities of various modes. We consider the situation
where |t — ¢| < 1 where the angular coordinate can essentially be regarded as a flat
direction. We have to distinguish into cases in the same way as the previous calculations
of the instantaneous Lyapunov exponents.

e For p > 1, the OTOC is given by

(n—1) =9 if Ot <
g(t,p) =1—eyw . (4.20)
(14 p) =) - if Qf > ¢

Thus the Lyapunov exponent is A_ and corresponding butterfly velocity v_ = —1.
The chaos bound proposed in [4] is always saturated and one can view the dual
system as a non-maximally chaotic system. The butterfly velocities are always equal
to speed of light.

The speed depend Lyapunov exponent is

1—w
7% o<
9 — ;
Ap) = 2T L= (4.21)
Bllte as
1+Q° =Y

which is the same as the case in Einstein’s gravity [9] and is always smaller than or
equal to %’r

e For < 1, the OTOC depends on the relative values between 2 and p. If Q < p, we
have

—(1—p) M9 i Of < @
g(t, (,D) =1- EVW " . (4.22)
o) s

We have Lyapunov exponent \,, which satisfies the chaos bound while we have but-
terfly velocity v, < —1 which exceeds the speed of light. The speed depend Lyapunov
exponent [9] is

1zv if Q<
21 | 1 -0

Aw) = X (4.23)

B l1—pu+vp—9Q) £ Q>

1-02 ’ -
If < €, the OTOC is given by
2 e)‘m(t_ﬁ) ) it Qt <o

gt.p) =1—evw : (4.24)

(14 p) =2 if Qt >
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Now the OTOC is controlled by Lyapunov exponents A_ and the butterfly velocity

v_ = —1. The speed depend Lyapunov exponent [9] is
1—uf) -0
, et 1;2(5 )it o<
A(v) = == (4.25)
Rl it 0>
1+Q° =Y

In both cases (4.23) and (4.25), the speed depend Lyapunov exponents are always

smaller than or equal to %’T

In the above formulae, the correspondence of the butterfly velocities (4.13) and each

Lyapunov exponents (4.12) is verified.

4.1.3 OTOC at the chiral point =1

At the chiral point g =1 in TMG [31], due to the emergence of the log graviton, the dual
field theory is proposed to be a rank-2 log CFT under certain boundary condition [39, 46].
For the calculations of OTOC, the case of © = 1 has to be treated separately since two
solutions in (4.6) for shock wave equation (4.5) degenerate and a new solution emerges. In
the planar black hole with noncompact ¢, the profile of the shock wave is given by (4.10).
If ¢ is periodic, for ¢ € [0,27) we have

# r 0 —2mw(¢p—2mn) 1 0 2w (¢p—2mn)
M) = - | Y (@ 2r@-2mm) e 0 ) 4 L Y A

4r = r —

T ln=-o0 + n=1
I 47r2 (426)
# 1+2r, ¢ n 4rry eBO+D) s N 1 1 .
= — — - e i — eBl-
4T+ 1— 676(41+Q) (63(41+Q) _ 1)2 T+ 65(4179) -1
—27 ¢

Note that the term of form ¢ef(1+9 is not the conventional term appearing in OTOC.
Naively we have the Lyapunove exponents Ay with butterfly velocities v as shown in (4.12)
and (4.13). The calculation of the instantaneous Lyapunov exponent and OTOC proceed as
before. In the regime ¢t > § and in the high temperature limit the instantaneous Lyapunov
exponents takes the form

Q
Ainst. = (4.27)

) m(14+Q) 27
A fte | ——, —
+, 1 €|: 9 ) Q>

A, ifte {0, ”(HQ))

and for the average Lyapunov exponents, we have (\ing.) = %’r The OTOC takes the

following form in the high temperature limit and |Qt — p| < 1

ig M=) i Qt <

g(t,p) =1—eyw (4.28)
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Thus at the chiral point the Lyapunov exponent is given by A_, satisfying the chaos bound,
and the butterfly velocity is equal to the speed of light v_ = —1.

From the discussions in subsections 4.1.2 and 4.1.3, one can see the for any value
of u, the Lyapunov exponents for systems dual to rotating BTZ in TMG are less than
%” and therefore the dual system is always not maximally chaotic. The average value
of the instantaneous Lyapunov exponents always saturates the MSS chaos bound. These
properties are quite similar to Einstein gravity [9]. When p < 1, the butterfly velocity can
be faster than the speed of light. While when p > 1 the butterfly velocity is always equal
to the speed of light. Thus from the perspectives of speed bound of butterfly velocity, the
physical allowed regime for the Chern-Simons coupling in TMG is > 1. In this case, if we
take the high temperature limit of the two independent instantaneous Lyapunov exponents
as we analyzed in subsection 4.1.1, we found that they behave as step functions and take
values among A4 as defined in (4.12). From the analysis in subsection 4.1.2, it is clear that
in the physical regime p > 1, the Lyapunov exponents and their corresponding butterfly
velocities (4.13) “partly” matches the pole-skipping expectations as we show in the next
parts of this section.

4.2 Pole-skipping from near horizon

As emphasized in the beginning, pole skipping is yet another signature of quantum chaos in
many-body systems. Therefore it befits us to explore this phenomenon in systems that are
not described by Einstein’s gravity in order to better understand its connection to the chaos
parameters obtained via OTOC. In the subsequent subsections, we study the pole-skipping
phenomenon for rotating BTZ in TMG using three different ways to discuss the relations
between these points and the Lyapunov exponents and butterfly velocities obtained from
subsection 4.1. In this and the following two subsections we treat the angular coordinate
noncompact, i.e. we work in the high temperature limit.

We proceed in a similar fashion as Einstein’s gravity, where we first study the pole-
skipping from the near horizon equation of motion. We shall consider the linearized fluctu-
ations of the metric around the black hole background. As before, equations of motion for
the fluctuations are obtained by expanding the metric as gup = gap + hap, and are given by

R, — %gabRL + hap + i(}fb ~0 (4.29)
where the linearized tensors are expressed as
RL, = V'V (hyye — %chchab - %Vavbh,
RE = VoVhy, — V2h + 2h,
1
€
Say = Ry — iRLgab-

(4.30)

L d L d
Cab = gac vCSdb + ac Vehay

Once again we note that the above equations can be obtained by expanding the field
equations (4.2) to linear order in hgp, or to quadratic order in the action (4.1) and then
varying it w.r.t. the fields.
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We consider the vv-component of the equations of motion in the ingoing Eddington-
Finkelstein coordinates of (A.6) and study its “breakdown” near the horizon at special
values of w and k. This computation is completely analogous to its Einstein gravity coun-
terpart and in this case the near horizon equation is of the form

0)1(0 0)1.(0 0), (0 0); (0 0); (0 (1 1), (1
e + eDn® + eDnl) + e + eSns) + eMnlY) +elnll) = 0. (4.31)
The coeflicients egib) are functions of k, w, r; and r_ and exact expressions for these
coefficients can be found in appendix C. It can be checked that (4.31) degenerates, i.e. all

the coeflicients e((fb) vanishes at

271 27 2 2im(Q — p)
k)=(— —_— —, . .
wh= (5 sgnrm) © (5 Fa-a9) (432
These points in the Schwartzschild coordinates (2.1) are located at
2mi 2mi 2wi(1 — Qu) 2w (Q — p)
— — ] & . .
(Gaza Fazm) & Gioey S0-a) 439

The first set of points is familiar from Einstein gravity, corresponding to the two massless
modes while the second point is the new pole-skipping point which corresponds to the
massive graviton that arise in TMG. From these pole-skipping points, we see that Lyapunov
exponents are precisely of form (4.12) and the butterfly velocities are (4.13). For the case
i > 1, these three Lyapunov exponents and butterfly velocities from pole-skipping take
the values of step functions of instantaneous Lyapunov exponents from OTOC in the high
temperature limit.

4.3 Pole-skipping from holographic massive mode

In this subsection, we calculate the additional pole-skipping point comparing Einstein’s
gravity through a direct (numerical) computation of the retarded Green’s function for the
massive graviton mode from holography. The massive graviton mode which appears in the
TMG is interpreted as the appearance of a new spin-2 operator in the dual CFT, which is
denoted t;; and the pole-skipping point related to (A, vp,) in (4.12) and (4.13) is associated
with the retarded correlator of this new operator.

We work in the coordinates (A.3). Note that the temperature of BTZ has been set
to be 1/7 in these coordinates and after the calculations we will transform back to the
coordinates in metric (2.1) to compare with the results obtained in other subsections. We
can ascertain the form of the two-point function from the near boundary solution of the
equations of motion in the radial gauge h,, = 0. Near the boundary we have an expansion
of the form [39],

hij(p) = e “THRN RO 4 phD 4 2R 4 p=0 (o)) + b)) + o2 + )

(4.34)
0 1 2
+ PHI(Cz(j) + pcz(j) + pQCz(j) t )}
where we have taken the background metric to be (A.3) and TMG coupling to be
w=20+1. (4.35)
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It is easy to see that hl(-?) acts as sources for the usual massless gravitons while bl(?) ar
the sources for the new massive gravitons. The coefficients cg-)) are the response terms
EJQ). This fact can be verified through an explicit computation of on-shell

action following the holographic renormalization program of [39].

(§]

associated with b

It should be noted that the hl(-;-l) coefficients are the solutions of Einstein gravity and
also satisfy TMG equations of motion. Since these are pure gauge modes, we cannot
define a ingoing/outgoing waves for these modes at the horizon. The discussions of these
massless modes should be the same as the ones in Einstein gravity in subsection 3.1 and
in this subsection we shall focus only on the massive graviton mode.

The TT, TX and X X components of the massive graviton mode are not independent
and are constrained by the equations of motion, where leading b and ¢ coefficients satisfy

0 0 0 0 0 0
b0 = b = b0, =~k = - (4.36)

This shows that there is only one massive mode and the correlator is simply given by

GF x €9 where we have ignored possible normalization constants. Pole-skipping can be

b(0)
shown by finding the common the zeros of bg?% and 059% for purely imaginary values of w
and k. In Lorentzian AdS, one has to impose boundary conditions at the horizon and the
retarded correlator (too(t, z)to0(0,0))R, is obtained by imposing ingoing wave condition at

the horizon [36]. The ingoing wave solution has a near horizon expansion which is given by

4+ k% — dikp — 4p® + 2iw

hrr(p) = (1 — P)4_%w ( +0(1 - '0)> ’

16( + 44) (w + 6)
hex(e) = (1=~ % (Jgs + 00 =) | (4.37)

hxx(p) = (1= % (1= (147 )@= p+ 0(1-p)

We see that once we choose the normalization to be hg(())x = 1, there are no undetermined

coefficients in the expansion (4.37). We use the shooting method to generate the solutions

of the TMG equations of motion with above boundary conditions at the horizon. The
(0) (0)
ij ij
upto desired accuracy.

coefficients b;;” and ¢;;” can be extracted from the solutions h;; by inverting the series (4.34)

For pole-skipping, we have to analyze the zeros of b% and cg)% coeflicients for purely
imaginary values of w and k. The zeros of bY, becomes the poles of the Green’s function

(therefore the quasi-normal modes of the black hole) while the zeros of cg,? ) becomes the

(0)

zeros of the Green’s function. Our numerical scan reveals a line of zeros for b;;’ coefficient
which fit the analytic formula

Imw = Imk — 46 (4.38)

which is consistent with the QNMs found in [50] when analytically continued to imaginary

w and k. The zeros of c§f3 ) also falls on a line, which is fitted by the line

Imw = —Imk +4(1+6). (4.39)
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Figure 1. The plot shows the numerical fitting for pole-skipping Imw (blue) and Imk (orange) as
a function of . The solid lines corresponds to the analytic curve (Imw, Imk) = (2,2(1 4 24)) while
the dots are our numerical results for various 4.

We have limited our analysis to the above two lines because these are enough to
reproduce the near-horizon results. However the scanned space of pure imaginary (w, k)
also shows additional lines of zeros for both bg? ) and CE? ) which we will not discuss in this
work. These lines may be important to explain additional pole-skipping points that appear
in the field theory analysis. For the lines (4.38) and (4.39), the pole-skipping point is given

by their intersection'®

w=2, k=2i(1+20) (4.40)

as show in figure 1.

Using the transformation of momentum space variables (A.4) and (4.35), we can easily
verify that this point corresponds precisely to the parameters related to massive mode
in (4.33) coming from the near-horizon analysis of the equations of motion.

4.4 Pole-skipping from CFT analysis

One can also obtain compelling hints for pole-skipping from generic CFT methods. In
this subsection, we extend the calculation of CFT two-point function to also include the
dual operator for the massive mode. From the analysis of [39], it was concluded that the
CFT contains operators T,,, T3z and X,, which are dual to the massless and massive
graviton modes respectively, and their corresponding (Euclidean) two-point functions were
also calculated. The operators T,, and T5s corresponds to the usual stress tensor of the
CFT and are of holomorphic dimensions (2,0) and (0,2). However, unlike CFT dual to
Einstein gravity, in TMG the left and right CFTs carry different central charge as shown
in (4.4).

!5Note that this is the result in the coordinates (A.3) where the temperature is 1/7. One can easily trans-
form the results here back to the Schwartzshild coordinate following the discussions in the appendix A.1.
It would be interesting to analytically obtain the pole-skipping point.
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The operator X,,, dual to the massive mode is non-chiral with dimensions (2 + 4, 9)
and its two-point function on the plane is
_ Cs
where ¢ is as defined in (4.35) and Cj is a normalization constant which is irrelevant for
our purposes. To study pole-skipping, we have to transform this Euclidean result to a
Lorentzian correlator on cylinder. The calculation proceeds exactly as in the case of stress-
tensor in subsection 3.2 and we will only list the main result here. The Fourier transform

of G(t,o) is

_ : 2
G(w, k) o sinh [’BL (“’ i k) 4 Br <M>] ’r <2 4o4 L (M»
2 2 2 2 27 2
5 AN 2 (4.42)
PR [ W —
x |’ (5 + g (2 ))
Thus the retarded Green’s function will now be,
Gr(w, k) ~inG(w, k) +/ d)\Cj\(i’Zz) : (4.43)

If we restrict w, k to be real, the first term is the imaginary part of the retarded Green’s
function and the second term is the real part which connects to the imaginary part by
Kramers-Kronig relation. Similar structure for the retarded Green’s function of scalar
operator in CFT has been obtained in holography before, e.g. equation (4.16) in [36]. The
last term will modify the retarded Green’s function. The integration in (4.43) is quite

nontrivial, following [36] it is natural to conjecture that it takes the form!”

Gr(w, k)  sin [5—1— iéi: (w ; k)} sin [2 o+ ZQ‘% (“’;kﬂ

1‘<5+i§:<w;k>) F<2+5+?;L<°“’"2FI€)>

Notice that when 51, = g, the above formula reduces to equation (4.16) in [36].

) ) (4.44)

X

A convenient way to study the pole-skipping is in the boundary of Poincare-like coor-
dinate in appendix A.1. We can transform back to Schwarzschild coordinate at the end of
calculation. We need to analyze the zeros and poles of

Gt xsin o+ 300 w1 (5+ -

, (4.45)

X sin [2+5+i(w+k)} ‘F(2+5+i(w+k)>

Notice that the poles of T’ ((5 + tw-— k:)) and T (2 +0+ H(w+ k)) are not poles due to the
term of sin [§ + £(w — k)]T (5 + Hw— k)) and sin [2+ 0 + 4 (w+k)|T (2 +0+ Hw+ k))

"Notice that when § is an integer there are subtleties here and we do not consider them here.
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One can get the pole skipping points are: (w,k) = 2i(2 —n —m,2+ 25 + n —m) or
(w,k) =2i(-2—n—m,—2—20 —n+m) where n = 0,1,2,--- and m = 1,2,---. The
only pole appearing in the upper half plane is (w,k) = (2i,2i(1 + 26)),'® i.e. (4.40) in
subsection 4.3. Using (A.4) to transform back to Schwarzschild coordinate, we get the
chaotic parameters in (4.33).

5 Conclusion and discussions

We discussed the relations between the quantum chaos parameters including Lyapunov
exponents and butterfly velocities from OTOC and from pole skipping in systems dual
to rotating BTZ black holes in TMG, which turns out to be a non-maximally chaotic
system at high temperautre. From OTOC, we studied the behavior of the instantaneous
Lyapunov exponent. We also studied the chaos parameters using pole-skipping methods
from the near horizon equation, from holographic two point correlators of energy densities,
and from CFT techniques and found that these approaches gave consistent results.

For any value of the gravitational Chern-Simons coupling u, at high temperature the
instantaneous chaotic parameters obtained from OTOC can only produce part of exponents
from pole-skipping. When p > 1 the chaos bound is satisfied and the butterfly velocity is
less than or equal to the speed of light, whereas in regime p < 1 the Lyapunov exponent
satisfies MSS chaos bound while the butterfly velocity can be faster than the speed of
light. Therefore the velocity bounds the Chern-Simons coupling to the regime p > 1.
Intriguingly, in this regime the quantum chaos is well-behaved and the BTZ black holes
are stable [30, 31]. In our calculation of pole-skipping we have assumed that the angular
coordinate is noncompact which is a reasonable approximation at high temperature. It
would be interesting to include the periodicity in pole-skipping calculations, e.g. to compute
the retarded Green’s function on a dual torus to compare the OTOC calculation.™

There are some immediate generalizations of our work. For example, one can study the
quantum chaos in higher dimensional rotating black holes using OTOC and pole-skipping to
discuss the relations of chaotic parameters. One can also study systems with gravitational
anomalies to see if there is any constraint on the couplings related to gravitational anomaly
from the MSS chaos bound.

A BTZ in different coordinates

It is useful to express BTZ metric (2.1) or (2.6) in different coordinates for different pur-
poses. In this appendix, we list the three useful coordinates which are put to use in this
paper. It is convenient to calculate the holographic correlators in Poincare-like coordinate.
We shall use the ingoing Eddington-Finkelstein coordinates to compute the pole-skipping
from near horizon equation of motion. For the study of shock wave solution we shall use
the Kruskal coordinate. After the calculations done in these coordinates, we will transform
back to the metric (2.1) and study the chaos in Schwarzschild coordinates.

181f 1uQ) is large enough there might be subtleties and we will not consider them here.
19Pole-skipping for CFT’s with ¢, = cr and S = Br on a torus with has been studied in [51] and it
would be interesting to generalize to the cases with cr, # cr and B # Br-
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A.1 Poincare-like coordinates

The first coordinate system we introduce is a Poincare-like coordinates in which the BTZ
metric has a Fefferman-Graham form. This coordinates lends itself to easy computation of
holographic correlators and the results can be readily compared with [39]. The metric (2.1)
can be brought to a Poincare-like form, by introducing a new set of coordinates (z,T, X)
which is related to the Schwarzschild coordinates by,

27”+ 2’/“,
= 1T-| 55— ] X Al
() () | -

In this coordinates, the BTZ metric takes the form of a non-rotating black hole

dz* 1 2Y2 772 2\2 72
== ;[—(l—z)dT + (14 22)2dX?| (A.2)
where z = 0 is the boundary, z = 1 is the location of the horizon?’ and the coordinates
cover the region outside the outer horizon. Similar coordinates have been used before e.g.
in [34, 36].
Since only even powers of z appears in the above metric, we can define a new radial

coordinate p = 22 in which the metric is now of the form
dp*> 1
2 _ %P S 1 N2 72 2 732
ds® = 12 p{ (1—p)dT*+ (1+ p)°dX } (A.3)

The temperature for this geometry is 1/m.

This is the coordinate system we use to numerically analyse the retarded correlator
for the linearized fluctuations in TMG. It is also instructive to relate the momentum space
variables between the Schwartzshild and Poincare coordinates, which transform as inverse
of the transformation (A.1)

Weeh = —w — —k, kgp=—w— —k, (A.4)

where (w,k) are quantities in Poincare coordinates while (wgch,kscn) in Schwartzshild
coordinates.
A.2 (Ingoing) Eddington-Finkelstein coordinates

The ingoing Eddington-Finkelstein form of the metric can be obtained from the comoving
metric by defining a new time coordinate v = t + r,, where 7, is the tortoise coordinate

20We could have left the Schwartzshild time and angular coordinates intact. However this makes calcu-
lations unnecessarily complicated and moreover one can always relate the Schwartzshild coordinates (¢, ¢)
and Poincare (T, X) results by a linear transformation.
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for (2.6)

. \/7“2—7“3—\/7'1—7’%
T = 5 5~ log . (A.5)
2(ry —r2) \/rz—r%—f— r2 —r2
The metric (2.6) now becomes
g5t = = UL D)y o T e T g
2 2 _ 2
T+ T+ re —r- T+
2rr_ (A.6)
- drde + r*dg? .

\/(r2 —r2)(rt —r2)
Here (v, r, ¢) are ingoing Eddington-Finkelstein coordinates.

A.3 Kruskal coordinates

From the co-moving coordinates (2.6) we can obtain the maximally extended Kruskal
coordinates through

U= _e—n(t—r*) V= en(t—&-m) : o —

9

— AT
- (A7)
where & is the surface gravity and r, is the tortoise coordinate (A.5). The Kruskal coor-
dinates (U, V') can be extended beyond the domain of its definition and covers the whole
BTZ spacetime upto r = 0. The metric (2.6) now takes following form,

o —4dUdV —dr_(UdV — VdU)d¢ + [(1 — UV)*r2 + 4UVr2]dg?
_ . .

A8
y 1+0UV) (A8)
B Coefficients in (3.11)
The coefficients appearing in (3.11) are of the following form
hl) = ot [w%(él + E)RO + 20p(4 — w%)ﬁ(o) —wh(4— w%)ﬁ(o) }
TT 2(W2E + k2) TT X XX
= (1 1 5 = (0 = (0
Rl = T [kwp(4+ KRS — 2(2k? — 20}, — KPwh)R - kwp(4 — w)ATY |
P 1 2 217 (0 247 (0) 2 217(0)
WY = ST [2(4 + KR — 2kwp(4 + E)RS - k(4 - wh)Rk] (B.1)
and
= 1 = =(0 =(0
W = NI (2 — 20} — Kw)A) — 2kwp(4 — WA + 0 (4 - wh)RRK]
2(2) _ 5(0
R =Ry
P 1 2 2170 247 (0) 2 2 2,217 (0)
M = 5T T [K2(4+ K)RY, — 2hw(4 + KRS, — (242 — 20} — Kw)R Ty ] -

(B.2)
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C Coefficients of leading order E,, in TMG
The coefficients that appear in the leading order Ej, equation (4.31) are given by

elt) = 2m%w (iBwS? + 2mQ — 2mu(1 - 0%)) — K351(1 - 02)°
+2mB2k(1 — Q) (27 (1 — 2p02) + iBu(2 — 30%))
— K233(1 — Q)2 (2mi(p — 2Q) — fw )
e© = 472(27 + iBw) (47er — k(4m +iBuw)(1 — 92))
el = 28227 + iBw)(1 — Q)2 (21w — k(2mp + ifw) + k2 B(1 - 02)) (C.1)
o) = —4r%iBu’(2m + iw)(1 - Q)
el) = wa?(2mi — fw)(1 — 02)? (gm ~ B — kB(1 — Qz))
el) = —4kr2B(2r + ifw)(1 — Q2)
elt) = ~dwr?B(2m + ifw)(1 — Q2)

Here we have traded the dependence on r,, r_ for 5, € using the relations,
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