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Particle production yields measured in central Au-Au collision at RHIC are obtained with free Fermi and Bose 
gases and also with a replacement of these statistics by non-extensive statistics. For the latter calculation, a set 
of different parameters was used with values of the Tsallis parameter 𝑞 chosen between 1.01 and 1.25, with 1.16 
generating the best agreement with experimental data, an indication that non-extensive statistics may be one of 
the underlying features in heavy ion-collisions.
1. Introduction

In the past decades, heavy-ion collision experiments between ions, 
such as gold (Au) or lead (Pb), at relativistic speeds in particle acceler-

ators [1,3,22], such as RHIC (Relativistic Heavy Ion Collider) and the 
LHC (Large Hadron Collider), have played a fundamental role in the 
exploration of the QCD [11,22] phase diagram. These collisions create 
extreme energy conditions, providing a unique environment for the for-

mation of the quark-gluon plasma (QGP) [21,17]. This highly energetic 
and dense plasma recreates, for brief moments, the extreme conditions 
believed to have prevailed in the Universe’s early stages [29].

However, there is no direct observation of this plasma, and its ex-

istence is inferred from the properties of the final particles that are 
detected in the experiments. This limitation demands the combination 
of experimental data and theoretical models, with thermal models play-

ing an important role in understanding heavy-ion collisions [18,23]. 
These models consider the QGP as a highly heated system in thermody-

namic equilibrium and enable a fundamental retrospective analysis to 
understand not only the formation of the plasma and its properties but 
also the generation of the resulting particles. Within this context, the 
use of non-extensive statistics (NES) stands out as an alternative to con-

ventional models and statistics, offering a simple view of the particle 
production process.

As the QGP formed in ultra-relativistic collisions between heavy ions 
expands, it cools down. Eventually, quarks and gluons will recombine 
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into a variety of hadrons, a process known as hadronization [31]. As the 
system reaches the gaseous regime, collision times become remarkably 
short relative to relaxation times, resulting in chemical equilibrium. The 
multiple hadron productions in these collisions offer valuable informa-

tion about their nature and composition.

We present an approach to study particle production in these exper-

iments, based on NES, contrasting with traditional approaches based 
on Boltzmann-Gibbs statistics. The NES statistics [32] introduces a real 
non-extensive parameter (q) that plays a crucial role in describing the 
degree of non-extensiveness of the system, incorporating correlation ef-

fects in complex systems. This theory offers a more complete framework 
for understanding emergent interactions and behaviors in these highly 
energetic environments.

We investigate the distributions of fermions and bosons in gold-gold 
(Au-Au) collision systems, using the Fermi gas model for fermions and 
the free Bose model for bosons. These models are particularly valuable 
since the free gas offers a solid basis for evaluating how particles would 
behave in the absence of significant interactions. NES is used to describe 
hadron production, using a strategy based on previous studies [26,24,

14,4]. The application of these statistics aims to obtain an optimal fit 
between theoretical models and experimental data, by minimizing the 
value of 𝜒2∕dof. By considering the parameter q, which governs the 
degree of non-extensivity of the system, we seek to effectively describe 
the interactions and transitions that lead to the formation of hadrons, 
enriching the understanding of the physical processes involved.
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This approach, based on the previous application of non-extensive 
statistics, represents a consolidated strategy for describing hadron for-

mation in Au-Au heavy ion collisions [10,8,14,12]. The central aim is 
to achieve a more accurate description of the particle dynamics under 
these extreme conditions by fitting theoretical models to the experimen-

tal data.

Since 2000, studies have demonstrated the relevance of the NES 
in describing multiparticle production in high-energy collisions [8,7]. 
The mechanisms responsible for the emergence of the nonextensive 
character of multiparticle production have been linked to fluctuations 
in the system temperature [34–36] and effects related to small sizes, 
long-range correlations [38,37], and scaling invariance [15,16]. In the 
present work, we are not concerned with the mechanisms underlying 
the generation of non-additive entropy and the resulting nonextensive 
behavior of thermodynamic properties. Instead, we employ it to un-

cover the physical properties of the system formed during high-energy 
collisions.

The analyses performed in this study are based on the comprehen-

sive experimental database from the Au-Au heavy-ion collisions per-

formed at RHIC at 
√
𝑠 = 130 GeV. We have used results from STAR 

[2,20,30,39,19], PHENIX [28,27], PHOBOS [5] and BRAHMS [33,6]. 
The main objective is to determine the optimal value of the parameter 
q that provides the most accurate description of the experimental data. 
To achieve this goal, three separate and complementary analyses were 
carried out. The first analysis focused on finding the lowest possible 
value of 𝜒2 for different variations of the q parameter. This meticulous 
process allowed an exploration of how different values of q affect the 
agreement between theoretical models based on non-extensive statis-

tics and experimental data. In this way, the optimal value of q that 
minimizes 𝜒2, which represents the best fit between the model and the 
observed data, was identified. The second analysis focused on study-

ing the effect of the chemical potential on the statistics of the system, 
considering different variations of the parameter q. This approach pro-

vided valuable insights into how the chemical potential varies with the 
non-extensive statistics parameter.

By studying variations in q it was possible to better understand how 
the system responds to changes in the chemical potential. Finally, the 
third analysis was devoted to investigating the deviations from thermo-

dynamic equilibrium resulting from variations in the parameter q.

The minimization shows that the optimal value of 𝑞 is 1.16. By com-

paring the results obtained with 𝑞 = 1.16 and the conventional value of 
𝑞 = 1.0 related to the Fermi and Bose statistics, it is shown that the non-

extensive statistic provides a more accurate description of the particle 
ratios produced in Au-Au collisions. By exploring how the introduction 
of the NES statistics affects the thermodynamic equilibrium properties 
in heavy ion collision systems, and by taking this integrative approach, 
we aim at shedding light on the underlying complexities of heavy ion 
collisions, bringing together the insights of non-extensive statistics and 
the wealth of information provided by high-energy nuclear collisions.

2. Formalism

In this section, we present the main equations to describe the free 
Fermi and Bose gases and to review the formalism underlying the use 
of non-extensive thermodynamics. In what follows, we will use natural 
units, ℏ = 𝑐 = 𝑘𝐵 = 1.

2.1. Free gases: Fermi and Bose

The free Fermi gas is a simple model that describes particles that 
obey the Pauli exclusion principle and in which interactions can be 
neglected. Its Lagrangian density reads

(𝐹 )
0 = �̄�(𝑖𝛾𝜇𝜕𝜇 −𝑚)𝜓 , (1)

where (𝐹 )
0 is the Lagrangian density of a free fermion, the index 0
2

indicates the absence of interactions. The terms �̄� and 𝜓 represent the 
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Dirac fields. The first term carries the kinetic part, while the second 
term represents the mass.

For the purpose of the present work, particles (𝜌𝐹+ ) and antiparticles 
(𝜌𝐹− ) must be treated separately [25] and their particle densities are 
given respectively by

𝜌𝐹+ = (2𝐽 + 1)∫
𝑑3𝑝

(2𝜋)3
𝑓𝐹+ , (2)

and,

𝜌𝐹− = (2𝐽 + 1)∫
𝑑3𝑝

(2𝜋)3
𝑓𝐹− . (3)

In equations (2) and (3), the factor (2𝐽 + 1) indicates the degeneracy 
of the states, where 𝐽 = 1∕2 and 3∕2 represent fermions with spin−1∕2
and spin−3∕2 respectively. The expression ∫ 𝑑3𝑝

(2𝜋)3 integrates over all 
possible momenta, normalized by (2𝜋)3. The functions 𝑓𝐹+ and 𝑓𝐹− are 
the Fermi-Dirac distributions for particles and antiparticles that can be 
expressed as

𝑓𝐹± = 1
𝑒𝛽(𝐸∓𝜇) + 1

, (4)

where ±𝜇 is the chemical potential for particles and antiparticles, 𝐸 is 
the energy, and 𝛽 = 1∕𝑇 is the inverse of the temperature.

We now turn to the bosonic gas model, which, unlike fermions, do 
not obey the Pauli exclusion principle. The Lagrangian density of the 
free Bose gas is given by

(𝐵)
0 = (𝜕𝜇𝜙)(𝜕𝜇𝜙) −𝑚2𝜙2, (5)

where (𝐵)
0 represents the Lagrangian density of the free bosonic field, 

the index 0 the absence of interactions, and 𝜙 the scalar field. The first 
term of this Lagrangian density is the kinetic term and the second one is 
the mass term. The bosonic particle density is then defined below, with 
𝐽 = 0 or 1. The particle densities (𝜌𝐵±

) are given by

𝜌𝐵±
= (2𝐽 + 1)∫

𝑑3𝑝

(2𝜋3)
𝑓𝐵±

. (6)

The term ∫ 𝑑3𝑝
(2𝜋)3 is the integral over the three-dimensional momentum 

space, normalized by the constant (2𝜋)3. The Bose-Einstein distribution 
functions, 𝑓𝐵±

, are expressed as

𝑓𝐵±
= 1
𝑒𝛽(𝐸∓𝜇) − 1

, (7)

which differ from the Fermi-Dirac distributions (4) by the sign of the 
constant term in the denominator.

2.2. Non-extensive statistics

In the present work, we analyze the possibility of studying particle 
collisions at high energies by using non-extensive statistics. We extend 
the standard exponential by [32]

exp (−𝛽𝑥)⟶ [1 + (𝑞 − 1)𝛽𝑥]−
𝑞

𝑞−1 , (8)

where 𝑞 is a free parameter.

NES can be used to adjust the values of thermodynamic parameters 
at the chemical freeze-out, serving as an analytical tool that facilitates 
the description of systems outside the traditional equilibrium.

The basis of NES is the generalization of the Boltzmann-Gibbs en-

tropy (𝑆), in such a way such it depends on a real parameter 𝑞 that 
determines the degree of non-additivity of the system, i.e.

𝑆𝑞 = 𝑘
1 −

∑𝑊

𝑖=1 𝑝
𝑞

𝑖

𝑞 − 1
. (9)

The non-extensive entropy for two independent systems 𝐴 and 𝐵 is 

given by



J.O. Costa, I. Aguiar, J.L. Barauna et al.

𝑆𝑞(𝐴+𝐵) = 𝑆𝑞(𝐴) +𝑆𝑞(𝐵) + (1 − 𝑞)𝑆𝑞(𝐴)𝑆𝑞(𝐵) . (10)

In this expression, 𝑞 modulates the interaction between the entropies of 
the two systems. In the limit 𝑞→ 1, 𝑆𝑞 reduces to 𝑆 .

For the replacement of the Fermi and Bose statistics by the NES, the 
new partition function Ξ(𝑉 , 𝑇 , 𝜇) is defined as [24]

logΞ(𝑉 ,𝑇 ,𝜇) = −𝜉𝑉 ∫
𝑝

∑
𝑟=±

Θ(𝑟𝑥) log(−𝑟)
𝑞

(
𝑒
(𝑟)
𝑞 (𝑥) − 𝜉

𝑒
(𝑟)
𝑞 (𝑥)

)
, (11)

where 𝑉 is the volume, the integral runs over the momentum, 𝜉 = ±1
stands for bosons and fermions respectively, 𝑥 = 𝛽(𝐸 ∓ 𝜇), Θ is the step 
function, and 𝑟 = ± characterizes the two regimes of the 𝑞-exponential 
and 𝑞-logarithmic functions: (𝑥 ≥ 0) and (𝑥 < 0). In Eq. (11) the 𝑞-

logarithmic function reads

⎧⎪⎨⎪⎩
log(+)

𝑞
(𝑥) = 𝑥𝑞−1−1

𝑞−1 , 𝑥 ≥ 0 , (a)

log(−)
𝑞

(𝑥) = 𝑥1−𝑞−1
1−𝑞 , 𝑥 < 0 , (b)

(12)

while the 𝑞-exponential function is given by

⎧⎪⎨⎪⎩
𝑒
(+)
𝑞 (𝑥) = [1 + (𝑞 − 1)𝑥]

1
𝑞−1 , 𝑥 ≥ 0 , (a)

𝑒
(−)
𝑞 (𝑥) = [1 + (1 − 𝑞)𝑥]

1
1−𝑞 , 𝑥 < 0 . (b)

(13)

The distribution functions read [13]

⎧⎪⎨⎪⎩
𝑛
(+)
𝑞 (𝑥) = 1(

𝑒
(+)
𝑞 (𝑥)−𝜉

)𝑞 , 𝑥 ≥ 0 , (a)

𝑛
(−)
𝑞 (𝑥) = 1(

𝑒
(−)
𝑞 (𝑥)−𝜉

)2−𝑞 , 𝑥 < 0 . (b)
(14)

3. Results

Applying the formalism discussed in the previous sections with the 
purpose of describing hadron production in Au–Au collisions, the results 
obtained in the minimization process are then compared to experimen-

tal data.

The conservation constraints imposed on the number of baryons, the 
strangeness, and the electric charge are respectively [4]:

𝑉
∑
𝑖

𝑛𝑖𝐵𝑖 =𝑄𝐵 =𝑍 +𝑁 , (15)

with 𝑉 being the volume of the gas in which the particles are confined, 
𝑛𝑖 is the number of particles for the 𝑖-hadron species, 𝐵𝑖 is the baryon 
number, and 𝑄𝐵 is the baryon charge of the gas. Finally, 𝑍 is the total 
number of protons and 𝑁 is the total number of neutrons in the system,

𝑉
∑
𝑖

𝑛𝑖𝑆𝑖 =𝑄𝑆 = 0 , (16)

with 𝑆𝑖 the strangeness of the gas particles and the total strangeness 
𝑄𝑆 is zero;

𝑉
∑
𝑖

𝑛𝑖𝐼3𝑖 =𝑄𝐼3
= 𝑍 −𝑁

2
, (17)

with 𝐼3𝑖 as the third component of the isospin associated with each 
particle, 𝑄𝐼3

as the total isospin.

The 𝜒2 can be computed from [25]

𝜒2 =
∑
𝑖

(𝑅exp

𝑖
−𝑅theo

𝑖
)2

𝜎2
𝑖

, (18)

where 𝑅exp

𝑖
and 𝑅theo

𝑖
are the 𝑖-th particle experimental and theoretical 

ratios, while 𝜎𝑖 represents the error in the experimental data points.

The particle ratios calculated with our model for the conventional 
value (𝑞 = 1.0) and non-extensive statistics are shown in Table 1 along 
3

with experimental data obtained at RHIC from STAR, PHENIX, PHOBOS 
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Table 1

Particle ratios of Au-Au collisions, considering 𝑞 = 1.01 and 𝑞 = 1.16 
along with experimental data at 

√
𝑠 = 130 GeV, are analyzed with param-

eters set to 𝑇 = 58.2 MeV and 𝜇𝐵 = 51.5 MeV.

Ratio 𝑞 = 1.01 𝑞 = 1.16 Exp. data √
𝑠 = 130 GeV

Exp. Ref.

�̄�∕𝑝 0.648694 0.656767 0.65 ± 0.07 STAR [2]

0.64 ± 0.07 PHENIX [27]

0.60 ± 0.07 PHOBOS [5]

0.64 ± 0.07 BRAHMS [6]

�̄�∕𝜋− 0.041363 0.064067 0.08 ± 0.01 STAR [20]

𝜋−∕𝜋+ 1.008493 1.019848 1.00 ± 0.02 PHOBOS [5]

0.95 ± 0.06 BRAHMS [33]

𝐾−∕𝐾+ 0.940661 0.829491 0.88 ± 0.05 STAR [30]

0.78 ± 0.13 PHENIX [28]

0.91 ± 0.09 PHOBOS [5]

0.89 ± 0.07 BRAHMS [33]

𝐾−∕𝜋− 0.235757 0.169266 0.149 ± 0.02 STAR [30]

Λ̄0∕Λ0 0.689054 0.770251 0.77 ± 0.07 STAR [39]

Ξ̄−∕Ξ− 0.732019 0.875823 0.82 ± 0.08 STAR [19]

Ω̄−∕Ω− 0.783607 0.976638

Ω̄−∕𝜋− 0.001389 0.025813

𝐾0∗∕ℎ− 0.061003 0.071760 0.06 ± 0.017 STAR [39]

�̄�0∗∕ℎ− 0.056983 0.062544 0.058 ± 0.017 STAR [39]

ℎ−∕𝜌 14.194047 7.903081

Λ0∕ℎ− 0.013941 0.026713

Ω−∕Ξ− 0.250425 0.871511

Λ0∕𝐾0∗ 0.228535 0.372255

Ξ̄−∕Λ0 0.222069 0.487735

Ξ̄−∕Λ̄0 0.322280 0.633215

Ξ̄−∕�̄�− 0.021990 0.156920

Fig. 1. Results obtained from 𝜒2∕dof as a function of 𝑞 in the range 1.01 ≤ 𝑞 ≤
1.25, for 𝑇 = 58.2 MeV and 𝜇𝐵 = 51.5 MeV, obtained by minimization (blue). 
The value of dof is 14, as there are 16 experimental data and 2 parameters 
in the fit (red). The minimum value of 𝜒2∕dof is obtained for 𝑞 = 1.16. The 
horizontal line indicates the value of 𝜒2∕dof = 1.

and BRAHMS Collaborations at 
√
𝑠 = 130 GeV [9] [4]. The interval for 

minimizing 𝑞 was set between 1.01 and 1.25, adjusted to be close to 
the value of 1 that leads to the usual statistics. This particular choice 
led us to the finding that 𝑞 = 1.16 (as shown in Fig. 1) is the value that 
minimizes the function for 𝑇 = 58.2 MeV (see Fig. 3) and 𝜇𝐵 = 51.5 MeV 
(see Fig. 2), while the range corresponding to 𝜒2∕dof ∼ 1 is 1.11 < 𝑞 <

1.22. The particle ratios obtained with this value are also displayed in 
Table 1.

The best fits corresponding to the obtained data are given by the 

following equations
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Fig. 2. Plot of 𝜇𝐵 as a function of 𝑞. The results were obtained from the mini-

mization process (blue) together with the respective fits (red).

Fig. 3. Plot of 𝑇 as a function of 𝑞. The results were obtained from the mini-

mization process (blue) together with the respective fits (red).

𝜒2∕dof = 3.03253 − 27.4348(𝑞 − 1) + 82.0251(𝑞 − 1)2 , (19)

𝜇𝐵 = [33.2202 + 114.829(𝑞 − 1)] MeV , (20)

𝑇 = [145.52 − 537.165(𝑞 − 1)] MeV , (21)

where dof = 14 (degrees of freedom) is obtained from the 16 experi-

mental data and 2 fitting parameters (𝑇 and 𝜇𝐵).

When the Fermi and Bose statistics are used, the temperature 𝑇 =
148.8 MeV and chemical potential 𝜇𝐵 = 32.5 MeV associated with the 
minimum value of 𝜒2∕dof = 2.97387 are obtained. For the best value 
of the non-extensive statistics, 𝑇 = 58.2 MeV, 𝜇𝐵 = 51.5 MeV and 
4

𝜒2∕dof = 0.75926 are obtained.
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As seen in Table 1, the minimum value of 𝜒2∕dof = 0.75926 provides 
a better description of particle ratios produced in Au-Au collisions than 
the usual statistics.

4. Conclusions

In this paper, we discuss the application of non-extensive statistics 
to describe particle production in Au-Au heavy ion collisions. This ap-

proach differs from traditional Boltzmann-Gibbs statistics by the intro-

duction of a real non-extensive parameter 𝑞, which controls the degree 
of non-extensivity and incorporates correlation effects in complex sys-

tems.

Through the analysis of particle distributions in collision systems, 
we explore the effects of the introduction of the non-extensive param-

eter q on the properties of thermodynamic equilibrium, with the aim 
of understanding the implications of this alternative statistic in extreme 
conditions.

We investigate the impact of the q parameter on particle distribu-

tions, explore the influence of baryonic density on system statistics, and 
analyze the variations in thermodynamic equilibrium resulting from 
different values of q. By comparing the model’s predictions with exper-

imental data, we assess the suitability of the NES statistic in describing 
the properties observed in heavy ion collisions. Another way of corrob-

orating this theory is by obtaining the fractions of missing particles.

As a result, although we have made progress in understanding heavy 
ion collisions from an NES perspective, it is clear that the field is still 
evolving. Future studies can focus on more refined approaches, con-

sidering a variety of additional factors that can influence particle dis-

tributions in complex collision systems. In doing so, we can continue 
to expand our knowledge of the properties of matter under extreme 
conditions and enhance our understanding of heavy ion collisions as a 
window into fundamental phenomena of high-energy physics.
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