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The non-zero Dirac phases 87 and &' in the CKM and PMNS mixing matrices signify CP violation.
In general they are independent. Experimental data including recent T2K results show, however, that
in the original KM parameterization for the mixing matrix, the sum &%, + 6k, is close to zero
with BEM to be approximately /2. The KM parameterization may have provided some hints that
these phases are actually related and CP is maximally violated. We show that this sum rule can be

accommodated in models with spontaneous CP violation where both phases originate from a non-trivial
common spontaneous CP violating maximized phase in the Higgs potential. We find some interesting
phenomenological consequences for flavor changing neutral current and CP violation for such a model. In
particular, data from Bs— Bs mixing provide very strong constraints on the mass scale for the new neutral
scalars in the model, yet the model still allows the electric dipole moments of electron and neutron to
reach to their current upper bounds. The model can be tested by near future experiments.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The CP violation has been observed in many experiments [1].
It is one of the crucial elements in explaining why our uni-
verse is one with matter dominating over anti-matter. However,
the origin of CP violation is still a mystery. In the standard
model (SM) CP violating source in quark sector is due to the
phase 87 in the Cabbibo- Kobayashi-Maskawa (CKM) mixing matrix
Vckm [2,3]. In the lepton sector, CP violating source is due to the
phase 8! in Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing ma-
trix Vpmns [4-6]. The mixings in the quark and lepton sectors may
or may not be related [7]. It would be interesting that some mech-
anisms can relate CP violating phases 89! so that they are coming
from the same source [8]. Among many possible origins of CP vi-
olation, spontaneous CP violation by vacuum is one of the very
appealing possibilities [9]. We find that spontaneous CP violation
model can also relate the phases in the quark and lepton sectors.
In this work, we construct a realistic invisible axion model based
on PQ symmetry [10] which leads to a sum rule of SI%M + 5{(]\/1 =0
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with 51%1\/[ = /2 in the original KM parameterization from exper-
imental data, and the axion and neutrino mass seesaw scales are
linked to each other. We also study some interesting implications
which can be tested by future experiments.

For three generations, Vcgv and Vpyns are 3 x 3 unitary
matrices and each can be parameterized by 3 rotation angles,
012, 623 and 013 in the convention used by the Particle Data
Group (PDG) [1,11], and a Dirac CP violating phase §¢ and &' for
quark and lepton mixing matrices respectively. For Dirac neutrinos,
Vpmns matrix is similar to Vegy in form. For Majorana neutrinos,
one needs to multiply a diagonal matrix P = diag(1, e!®1/2, ¢i®2/2)
on right of Vpyns. The values of rotation angles and the phases in
the quark and lepton sectors are parametrization convention de-
pendent.

There are a lot of information about quark and lepton mix-
ing parameters. Their values are usually given in the PDG pa-
rameterization, for example quark and lepton mixing from the
recent UTfit and Nufit Collaborations [12-14], respectively. Con-
cerning CP violating phases 5?,DG and 5{)1)0' the best (30 ranges)
are given by SgDG/n =0.3717 (0.3606 ~ 0.3828) for quark mixing,
and BLDG/JT =—0.772 (—1.200 ~ —0.017) for lepton mixing with
normal hierarchy (NH) (and Sf,DG/Jr = —0.433 (—0.861 ~ —0.067)
for inverted hierarchy (IH)). We see the PDG data allow the pos-
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sibility that 6{)DG = —m /2. Furthermore, recent results from T2K
also enforce such a possibility with 8-11-21(/7'[ = —O.GOfgﬁ (NH) and
—0.44f8:}3 (IH) [15]. Data, however, do not show correlations of
rotation angles and phases in the two sectors.

The specific values of the rotation angles and phases are
parametrization convention dependent. Let us consider the situ-
ation in the original KM parameterization for quark mixing [3]

c —sicj —si s}

L L oi
Vi=| sich i

i i i i i ,idh
chchey —shste®m  cichsh +shchem | (1)

T G B R g R £ il _ o id
sish  cisheh +chshelm  cishst —chche'km

where sj = sinf; and c; = cos6;. Note that V; can be written in
the form V;; + e'®kmV;, with Vi1 i real.

Using the values obtained by UTfit and Nufit collaborations [12-
14], and the T2K results for the neutrino CP phase [15], we have
for quark mixing,

KM : si’ =0.2250, (30 :0.2240,0.2260),
sg =0.03863, (30 :0.03751,0.03974),
sg =0.01633, (30 :0.01584,0.01683),
SI%M/T[ =0.4950, (30 :0.4780,0.5120), (2)

and for lepton mixing,

KM—NH: s} =0.5705, (30 :0.5383,0.6048),
s, =0.7894, (30 :0.4530,0.9101),
s5=0.2622, (30 :0.2372,0.2885),

Sky/m = —0.5757, (30 : —1,—0.0094) ,
KM—IH: s}=0.5706, (30 :0.5385,0.6050),

s, =0.7202, (30 :0.4677,0.8882)
sh =0.2634, (30 :0.2383,0.2897),
Skai/ =—0.4275, (30 : —0.8063, —0.1004) . (3)

We see that in the KM parameterization, the phases are closer
in size compared with those in the PDG parameterization and dif-
ferent in sign and SﬁM is very close to 7 /2. Note that the current
data allow the intriguing possibility that, in the neutrino mixing,
0}, and 8hy. to be 7 /4 and —7 /2 (or 37 /2). This has generated
extensive efforts to realize such special scenarios which give some
guidance to model buildings [16]. It has been pointed out that, in
fact parameterization with a rotation angle to be 7 /4 and the CP
violating phase to be —sr /2 is not unique to PDG parameterization.
The KM parameterization with 6} = /4 and 8y, = —7/2 is actu-
ally equivalent to that in the PDG parameterization with 953 and
8hoe to be 7 /4 and —7 /2 (or 37 /2) [17].

It is interesting to note that a sum rule emerges for the CP vi-
olating phases in the KM parameterization, namely, SQM + sz(M =0
within error bars and the central value of 6§M is very close to
7 /2. This might be a hint as a possible relation between CP violat-
ing phases in quark and lepton mixing matrices and CP is violated
maximally in both quark and lepton sectors. They are related. We
find that spontaneous CP violation model can accommodate this
sum rule.

P q I _
2. Model realization of §,,; + 8y, = 0 sum rule

We now show that the sum rule of 5?(1\/1 + Sf(M =0 can be
realized in a multi-Higgs model which can solve the strong CP

problem by Peccei-Quinn (PQ) symmetry with spontaneous CP vi-
olation. In addition, we can also relate the invisible axion PQ
symmetry scale to the see-saw scale for small neutrino mass.
In this model, beside the usual SM 3 generations of fermions
Qr:(3,2,1/6), Ur:(3,1,2/3), D : (3,1,-1/3), L1 : (1,2, —-1/2)
and Eg : (1,1,—1), we also introduce 3 right handed neutrinos
Vg : (1,1,0) to facilitate seesaw mechanism for neutrino masses.
Here the numbers in the brackets indicate the SM gauge group
SUB)c x SUR); x U(1)y quantum numbers. It has been shown
that in order to have spontaneous CP violation with PQ sym-
metry at least three Higgs doublets transforming as (1,2, —1/2):
¢i = e Hy =% ((vi + Rj +1A;)/v/2,h;7)T with i=1,2,3 and one
complex Higgs singlet (1,1,0): S =e%S = e (vs + Rs + iAs)/v/2
are needed [18,19]. We will assume that v > vq 23 so that the
axion is invisible and also the seesaw mechanism is in effective.
With the Higgs multiplets given, it has been shown that it is pos-
sible to have spontaneous CP violation with only one independent
phase 85, =61 — 6> in the Higgs potential. We will not go into de-
tails here for the Higgs potential analysis.

For our purpose, we assign the following PQ charges to the
Higgs fields and the fermion fields, Q; : 0, Ug:+1, Dpg:
41, Lp:0, vg:41, Eg:41, ¢r2:4+1, pu=¢3:—1, S:42.
With the above PQ charges for the particles, the Yukawa couplings
are given by

Ly = —QrYupsUr — Qr(Ya11 + Ya22)Dr — Li Yo p3vR
_ - - 1_ ~
—Li(Yerh1 + Yerdo) Ex — S VR YsSTvr + H.C., (4)

where ¢; = —io2¢;".

Absorbing the phases 03, —05/2, — (03 + 05/2), —01 and — (67 +
03 + 65/2) into redefinitions of Ug, vg, Ly, Dg and Eg, respec-
tively, and writing the fermion mass terms in the form: L, =
—ELMdDR —ULMUUR —ELMeER _ZLMDVR — %U_}%MRVR, we have

Mg = M1 + Mg2e™® | Me = Me1 + Meae™™
Vi V3 V3 Vs
Mai=Y4i—=; My=Yy—, Mp=Y,—, Mg=Ys—, (5)

V2 V2 V2 V2

The light seesaw neutrino mass matrix is given by

M, = —MpMpy'MF.

The seesaw and axion scales are both determined by the v;.

Working in the basis where M, and M, are already diagonal-
ized, the mass matrices for the down quark and charged lepton
can be written as

My =VIve, Mo =vEn v, (6)

where M; are diagonal matrices whose entries are the eigen-
masses. One can identify

d
Vo=V vi=ve. @)

We now try to find solutions so that Eﬁi\lﬂ is to be uniquely re-
lated to 8sy. We find that there exist a class of solutions allowing
such a link to be achieved, provided that Mg; = VgiMqV§ = Mg; V¢
and M, = VlTiI\A/IeV,‘; = M,; V¢ with i = 1,2. With this type of so-
lutions Vg'l can be absorbed into down-quark and charged lepton
fields. We then have

Vqu = (Revq + llqu)Md = (Mdl + Mdzeiasp) ,
V[TME = (RCVIT + lImVIT)I\A/Ie = (1\7[8] + Mezei5sp) . (8)
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Fig. 1. The representative Feynman diagrams contributing to FCNC interactions.

The above allows us to identify: 8fy; = 8sp , Sk = —Ssp. We
therefore have obtained the desired sum rule: SI%M ~|—8f(M = 0. Since
8sp is a spontaneous CP violation phase in the Higgs potential, by
requiring CP violation to be maximal, 8}, is forced to take the
value of 7 /2. We will work with such a solution described above.
Note that the values of the elements in M(d_e)i are not constrained.

We should comment that although to obtain the desired solu-
tions for the CP violating phases we have to pick up some special
solutions, the fact that there are solutions which can accommodate
experimental data shown in the KM parameterization linking the
phases in quark and lepton sectors makes it interesting to study
related phenomenological consequences further.

3. New Higgs mediated interactions

There are additional Higgs bosons in the model which bring in
new interactions. To obtain new Higgs interactions, it is convenient
to work in the basis where un-physical Higgs fields have been re-
moved and the axion a identified. The un-physical Higgs bosons
are the Goldstone fields h,, and h, “eaten” by W and Z bosons.
The physical fields, a; 2, a and H? related to the original fields are
given by [20]

Aq
Az
As
Ag
va/viz  —Viv3Vs/Vi2Ng  vi/v v1v3/vNg I
| —vi/vi2  —vav3vs/viaNg  va/v vav3/VvNg az
o 0 v12Vs/Ng v3/v _V%2V3/VNa hz ’
0 v12V3/Nqg 0 vVs/Nqg a
h; va/v12 viv3/vvyy  vi/Vv Hy
hy | =1 —vi/via vavs/vviz  va/v Hy |, )
hy 0 —Vvi2/V v3/v hw

where vZ=vi4+vi+vi vi, =vi+v3 and N2 = (vi,v3 +

2) a2 and Hy 1o are the physical degrees of freedom for
the Higgs fields. With the same rotation as that for the neutral
pseudoscalars, the neutral scalar Higgs fields (R, R2, R3, R Rs)T be-
come (HY, HY, HY, H)T. Since the invisible axion scale v, is much
larger than the electroweak scale, to a very good approximation,
Ng ~ vvs.

Note that H?, a; and H; are not yet the mass eigenstates. To
find the mass eigenstates, one needs to further analyze the Higgs
potential. They are approximately mass eigenstates if the mixings
are small. In this limit Hg =h is the SM-like Higgs boson. The
interacting terms of neutral Higgs boson with fermions are

- My
Ly= -U,—Ug
1

2

Vi2VV v
[v” *(HY +iaz) + HY — ”<H2+ia)]

3 a

My _ M, 0 .
— | Di—Dr+EL—ER (H —iay)
v v ViV1a

V3V Vs
V12Nq

2
v
(HY —iaz) + HI + N—3(H2 —ia)i|
a

BVt v, Mp, 4 B vpvi Meg
+ LVgVa2—~ R+L12,27R

x 212 (HO iay) + H.C., (10)

Vl

where we have decomposed V; = Vi1 + Vize“sll<M. The values of Vj;
and V;, can be read off from eq. (1).

In the above, we have not displayed the Yukawa couplings in-
volving vg which has some components of light neutrinos, but
the couplings are small. Furthermore, in the large v limit, the
axion is invisible and also the seesaw mechanism works. The cou-
plings of a and H to SM fermions are also small. Note that HY
and a; can mediate flavor changing neutral current (FCNC) at tree
level [20,21]. We will use data to constrain the model parame-
ters from FCNC interactions due to exchange of H? and aq. Due to
spontaneous CP violation, the Higgs potential will mix H? with a;
which also has important implications for CP violation and will be
studied.

For definitiveness of numerical analysis, considering vs gives
mass to top quark, vy are related to down-type quark masses
with the bottom quark having the mass compatible with the larger
one, to make Yukawa couplings to be large but not to upset per-
turbative calculations, we assume that the largest Yukawa cou-
plings are around 1. It is then natural to have v3 ~ v, viy/v3 ~
mp/m;. We also assume v, ~ vq, which implies vy/(vivi2) ~
(1/v)(me/mp) and vi2/(v1va) ~ (2/v)(me/mp). If v1 # V2, the con-
straints obtained will be different. We will comment on this situa-
tion at the end of the numerical analysis.

4. FCNC constraints

The Vo o obtained from eq. (1) lead to FCNC only between the
second and third generations which can cause Bs — Bs; mixing and
T — L. The FCNC interactions can lead to enhanced T — uy at
loop level which gives the most stringent constraint on the scalar
scale using data from lepton sector.

The one loop diagram generating T — py is shown in Fig. 1 (a).
We find that the dominant contribution is from t propagator due
to the enhanced Yukawa couplings. Neglecting small corrections of
order O(m?,/m2), we have

Lt — puy)

2

otemmy (shch)? m? I 2Vh

= 64’ T @ 0y
64 16 V] vy

2
| Mo (g me 5 _me () me 4 (11)
m3, mz, 3 m%,] m%ﬁ 3

where oty is the fine structure constant.
Using the upper bound Br(z — uy)®™P < 4.4 x 10~% at 90%
confidence level (CL) [1] with the central value of sl2 = 0.7894
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Fig. 2. Left panel: The excluded region in the mg, —my, plane. The excluded region by T — py is shown in purple, T — puft in red, Amp, in orange, respectively. The
narrow green band is the allowed parameter space for explaining the muon g — 2 anomaly. Right panel: The eEDM and nEDM as the function of mass mixing parameter |k|.

(a)

(b)

Fig. 3. (a). The Barr-Zee diagram contributing to the EDM of a fermion . (b). The Barr-Zee diagram contributing to the cEDM of quark q. (c). The 2-loop mechanism

generating Weinberg operator.

for the NH case, we obtain the excluded parameter space in the
mg, —my, plane shown in the left panel of Fig. 2 in purple.

For the T — uu i, it can take place at tree level as shown in
Fig. 1 (b) via the exchange of H? and a,. This process also receives
comparable contributions from diagrams attaching the photon line
in Fig. 1 (a) to a muon pair. Currently the experimental upper
bound for the branching ratio is Br(t — uui)®*P < 2.1 x 10~8
at 90% CL [1]. Using this bound we have evaluated possible con-
straints on the masses of a; and H? shown in Fig. 2 in red color.

The enhanced coupling of H? and a; to leptons may also have
impact on the anomalous magnetic dipole moment of muon g — 2.
We have the one and two loop contributions from Fig. 1 (a) with
the initial tauon replaced by the muon and Fig. 3 (a) with the iden-
tification that ¥ = u, respectively. We find the 1-loop contribution
with an intermediate 7 is dominant over the 2-loop contribu-
tions by a factor of @(10%). As can be seen from Fig. 2, with
low mass of order 180 GeV, it is possible to produce correction
Aay ~ (28.02£7.37) x 1071% [22] to solve the muon g-2 anomaly
problem. But this has been ruled out by other constraints.

We find the mass difference AMp, of the Bs — B system pro-
vides the most stringent constraint. The SM has a well predicted
value for AMp, with AMM = (17.25 £ 0.85) ps~' [12] which
agrees with experimental data AMp"" = (17.757 +0.021) ps~" [1]
well. This means that any new physics contributions are con-
strained. We will allow the new physics contribution AM';SP and
the SM prediction AM3Y in the 30 allowed ranges. Exchanges of
HY and a; can contribute to AM?SP at the tree level as shown in
Fig. 1 (c). In the vacuum saturation approximation (VSA), we obtain

HY and a; contributions to the mass splitting AMgSP for Bs — By
mixing as the following

1 VV1i2 2
AME = i(sgcg)z (—)

Viva

5 (1 1 \mi+mZ mj
N2 \m2 2 2 2

12\mf  m ve o (ms+mp)

2

1 1 mgmy my 1 2
N+ *_Bs+ —B m, ,
(m?ﬂ m%) v [(ms+mb>2 sHghv][Jams.

(12)

where By and Bs are the bag correction factors defined as

via [23]:  (Bs|(byuPLs)(by*PLs)|Bs) = (2/3)f3.m} By and
— - — 2 .4
(Bs|(bPgs)(bPgs)|Bs) = —(5/12)%35. For numerical analy-

sis, we take By = 0.849 and Bs = 0.835 [24] with fp, =227.2 MeV
for the Bs decay constant, and my = 4.18 GeV and mg = 93 MeV for
b and s quark masses.

In the orange region of Fig. 2, we display constraints from the
above considerations. We find that the Bs — Bs mixing gives the
most stringent constraint. The H? and a; masses are constrained
to be larger than O(1 TeV). This makes discovery of H? and a; at
the LHC difficult. But some of the parameter space for the allowed
masses for H? and a; may be probed by a 100 TeV collider.

If vi # vy, the constraint will be even stronger. As AMgsP is
proportional to p = vvi/(viv2), when vi becomes not equal to
vy with a fixed vy, the value p will become larger and result in
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a stronger constraint on the masses for H? and aq. Therefore the
constraint provided above represents the most conservative one.

5. Electron and neutron EDM

Due to CP violation in the Higgs potential, H?,2,3 and a  mix-
ing will be generated at tree level through terms in the potential
such as (H|Hy)2e= 2, (H Hy)(H! Hye=i», (HIHy) (HT Hy)e o,
(HiH3)(HIHye P and (H{Hy)(H!H3)e . We will parame-
terize the mixing approximately by H? — H? + kjja; and a; —
a; — Kj,‘H?. The mixing parameters k;;j are free parameters which
depend on the parameters in the potential. If the mixing is mainly
due to a; and H; mass mixing term mlzj Kjj is given approximately
by mizj/(mgj - mﬁ,l_) which we assume to be much smaller than 1.
An interesting effect of such a mixing is that a non-zero electric
dipole moment (EDM) dy of a fermion f will be induced at loop
levels.

For the electron EDM (eEDM), the 1-loop contribution is similar
to Fig. 1 (a) with the external T and wu being substituted by the
electron. However, the dominant contribution is from the 2-loop
Barr-Zee type diagram [25] shown in Fig. 3 (a) with the b-quark
and 7 lepton circulating in the loop, we have

e,
e = ggn3Me[Gmp, ©) +3Gme, 0], (13)
where

2 2 2 2
_ KV2 2 V]Z m m
G(m,e) _2v2v2 (1 —cm—v2 ) |:f <_m2 ) +g<m—2 )
1712 2 ap ay
2 2
m m
my, my,

with ¢, = cg (clz) for m =my(my). The loop function f(z) and g(z)
can be found in [20].

For the neutron EDM (nEDM), there are several contributions
such as those from (a) the EDM —%quIUWySqF“", (b) the color
EDM (cEDM) —1 fo2:GT%0,,,5gG**", and (c) the Weinberg op-
erator %CW fabCwa@b’WSG;’“ [26]. The nEDM from the above ef-
fective interactions are estimated to be [20]

o ~ 4 (fdd - 1du> +eny (‘—‘fd T gfu> +efrtCu , (15)
3 3 A 9 9 A

where f; =95 MeV is the pion decay constant. The QCD running

factors from the electroweak to the hadronic scale A ~1 GeV are

approximately 7¢ ~ 0.166, 75 ~ 0.0117, and & ~ 1.2 x 1074, re-

spectively.

In our model, the dominant contribution is from 2-loop dia-
grams shown in Fig. 3 which contribute the EDM in (a), the cEDM
in (b), and the Weinberg operator in (c), respectively. The 2-loop
contributions to EDM and cEDM of up quark from the mixing of
H? and aq vanish, i.e., d, = f;, = 0. Then we have the following
compatible contributions

2L _ €%m
= —m Gm,d 3G(m ,d s
i = 5883 ¢ [G(mp,d) +3G(me,d)]
2L s
2 2 2
a_ 1 K3 _ 02 Vh my N [ M
=t (1?2 ) |n( ) —n( ) |
T VIViL 153 mg, my,

The loop function h(z) can be also found in [20].

In the right panel of Fig. 2, we show the eEDM in purple and
nEDM in orange as the function of the CP violating parameter «.
The solid lines represent the current experimental limits, in which
dS® < 1.1 x 1072 cm [27] and d5® < 1.8 x 10726e cm [28] at
90% CL. The other different types of lines represent the different
choices of mgy, and my, allowed by the Bs — B, mixing constraint.
One can see, when || runs from 10~ to 0.5, the eEDM and
nEDM both get improved by several orders of magnitude rela-
tive to the SM predictions where d3M < O(1073%) e cm [29,30] and
d:M ~ ©(10732) e cm [31], which could be reached by future EDM
experiments to test such possibilities.
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