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Abstract

We assign the scalar tetraquark and the D-wave tetraquark state for X(4700) and calculate the width of 
the decay X(4700) → J/ψφ within the framework of light-cone sum rules. The strong coupling gXJ/ψφ

is obtained by considering the technique of soft-meson approximation. We also investigate the mass and the 
decay constant of X(4700) in the framework of SVZ sum rules. Our prediction for the mass is in agreement 
with the experimental measurement. For the decay width of X(4700) → J/ψφ, if we assigns X(4700) as 
a scalar csc̄s̄ tetraquark state, we obtain � = (109+35

−24) MeV. On the contrary, if X(4700) is assigned as a 
D-wave tetraquark state, we obtain � = (17.1+6.2

−4.0) MeV which is much smaller than the scalar one.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
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1. Introduction

In 2016, the LHCb Collaboration analyzed the B+ → J/ψφK+ decay with 3 fb−1 data of pp

collision at 
√

s = 7 and 8 TeV [1,2], confirmed there are four resonances in the J/ψφ mass spec-
trum, i.e., X(4140), X(4274), X(4500) and X(4700). The spin parity number of X(4140) and 
X(4274) states are determined to be JPC = 1++ with 5.7σ and 5.8σ significance, respectively. 
The JPC of X(4500) and X(4700) states are 0++ with 5.2σ and 4.9σ significance, respectively. 
Their masses and widths are [1]

X(4140) :M = 4146.5± 4.5+4.5
−2.8 MeV,

� = 83± 21+21
−14 MeV,

X(4274) :M = 4273.3± 8.3+17.2
−3.6 MeV,

� = 56± 11+8
−11 MeV,

X(4500) :M = 4506± 11+12
−15 MeV,

� = 92± 21+21
−20 MeV,

X(4700) :M = 4704± 10+14
−24 MeV,

� = 120± 31+42
−33 MeV.

(1)

So X(4700), X(4500), X(4140) and X(4274) could be an important fraction of exotic mesons, 
and their study is necessary. Because the mass spectrum and hidden-flavor decay widths of 
X(4140) and X(4274) have already been systematically calculated with sum rules [3] in other 
previous works. Therefore, what we need to concern are X(4700), X(4500). In this paper, we 
only consider the X(4700).

Since these resonance-like peaks appear in the J/ψφ invariant mass spectrum, and J/ψφ

contains a cc̄ pair and a ss̄ pair, which implies that these states may be charmonium. The pre-
dicted mass of χc0(6P) is about 4669 MeV in the screened potential (SP) model [4], which is 
very close to that of X(4700). But its predicted total width is only about 16 MeV, too narrow to 
be comparable with 120 ± 31+42 MeV, the observed width of X(4700). Such discrepancy makes 
−33
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it difficult to understand the structure of X(4700) in this way. In the constituent quark model, 
the authors in Refs. [5,6] calculated the quark-antiquark spectrum for JPC = 0++ channels, and 
showed that X(4700) could appear as conventional charmonium states with quantum numbers 
53P0 since it lies in the predicted mass and width ranges for 53P0. According to Non-Relativistic 
QCD (NRQCD) results, X(4700) is also compatible with a charmonium χc0(4P) [7]. However, 
the higher charmonium states like χcJ (nP ) would have numerous decay modes to open charm 
mesons, unfortunately there is no relevant mass spectrum appears in the B → D

(∗)
(s) D̄

∗
(s)K decays. 

In addition, the coupling of the higher charmonium states to J/ψφ and to J/ψω should be very 
similar, but the BaBar collaboration measured the J/ψω mass spectrum in B+ → J/ψωK+
decay and did not find any structures resembling the J/ψφ mass peaks [1,2], which contradicts 
a charmonium interpretation for the X(4700).

Though X(4700) can’t be a pure charmonium, it could be explained as a hybrid state, a char-
monium state contains excited gluon fields. According to NRQCD, the mass of 0++ hybrid 
1p0(H3) state is 4566 MeV which is close to the spectrum of X(4700). However, the charmo-
nium fraction of 0++ hybrid is very small. So it is difficult to understand X(4700) observed in 
the J/ψφ channel since J/ψ mainly contains cc̄ pair.

Besides hybrid, charmonium state can also be mixed with a light hadron to form a bound 
states, called hadrocharmonium. Considering that X(4700) is observed in the J/ψφ spectrum, it 
could be a bound state of J/ψ −φ or �(2S) −φ. However, the J/ψ −φ potential was found too 
weak, in lattice QCD, to form a bound states [8]. Furthermore, the �(2S) − φ bound state has 
already been assigned to X(4274) [9] so that rules out the possibility that X(4700) be a s-wave 
�(2S) − φ bound state. Anyway, X(4700) could be other hadrocharmonium states in specific 
regions of the parameter space. Such explanation may require different binding mechanisms [9].

To extrapolate the intrinsic structure of X(4700), a myriad of theoretical studies has turned to 
the csc̄s̄ tetraquark state.

It was suggested in Ref. [10,11] that X(4700) can be assigned as the 2S excited csc̄s̄
tetraquark state. X(4700) could also be explained as the radial excitation tetraquark state, for 
instance, of the hidden charm tetraquarks with quark content 1√

6
(uū+ dd̄ − 2ss̄)cc̄ in a diquark-

antidiquark model [12], or the S-wave radial excited compact tetraquark states within the frame-
work of the color flux-tube model with a multibody confinement potential [13]. In addition, 
X(4700) could be assigned as an first radial excitation of X(4350) tetraquark state through 
the color-magnetic interaction model [14], or a 2S radial excited compact tetraquark state with 
JPC = 0++ in the chiral quark model [15].

Quite apart from the above excited tetraquark states explanation for X(4700), there are several 
others. For example, it has been considered as a 0++ axial-vector diquark-antidiquark bound 
states in the diquark model [16], or a compact tetraquark state with IJP = 00+ in the framework 
of the quark delocalization color screening model [17]. In particular, it can also be treated as a D-
wave csc̄s̄ tetraquark states [18] or a ground tetraquark state [19] by using the sum rule approach 
develop by Shifman, Vainshtein and Zakharov (SVZ sum rules) [20].

Although the above theories have claimed the resonance peak in the J/ψφ mass spectrum 
corresponds to the genuine resonance, there are other opinions [21]. In Ref. [22,23], the authors 
have investigated the open-charmed mesons, J/ψK∗+, ψ ′K+, and ψ ′φ re-scattering effects or 
threshold cusps in the process B+ → J/ψφK+, in which X(4700) can be simulated by the ψ ′φ
re-scattering via the ψ ′K1 loops. Anyway, within the available experimental data, none of these 
theoretical interpretations can be completely accepted or excluded to the nature of X(4700). At 
this point, the structure of X(4700) is not yet fully settled.
3
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As we mentioned, with the method of SVZ sum rules, X(4700) has been investigated in 
Ref. [18] and Ref. [19] in which its mass is predicted. Because of the deficiency of hidden-charm 
decay width, we consider the hidden-charm decay channel in this article. In this paper, we fol-
low the same assumption that X(4700) is a D-wave tetraquark state and a groud tetraquark state 
simultaneously. We evaluate the mass of X(4700) in SVZ sum rules. The results are compared 
with the prediction in Ref. [18,19], and with the values in PDG [24] to ensure the credibility of 
our calculation. We then extend to evaluate the decay constant of X(4700), which is needed in 
the numerical calculation of the strong coupling gXJ/ψφ . While calculating gXJ/ψφ , the interpo-
lating currents are still taken from Ref. [18,19], and the method of light-cone sum rules (LCSR) 
is used and the full technical details are presented, in particular, the technique of soft-meson 
approximation is considered. Based on these calculations, we finally obtain the decay width of 
X(4700) → J/ψφ. Then we compare the results of two different structures. As a charmoni-
umlike state, the main decay mode of the X(4700) could be the open-charm decay channels. 
Although the scalar tetraquark assignment yields a large width when we compare it with the total 
width of X(4700), but this conclusion still has it’s limitations before we consider the open-charm 
channels. The plan to calculate the open-charmed decay has been progressing. The calculations 
of the open-flavor decay widths will be the subject of a subsequent paper, the full results will 
provide us with more information to give a more rational conclusion. Our present study can be 
regarded as a supplement to other previous works.

Our paper is organized as follows: In Section. 2 the strong coupling gXJ/ψφ will be derived 
with the approach of light-cone sum rules. And we also calculate the mass and decay constant of 
the X(4700) state within two-point SVZ sum rules approach. The numerical results and discus-
sions are shown in Section. 3. We reach our summary in Section. 4.

2. Calculation framework

2.1. The mass and the decay constant of X(4700)

To calculate the mass and the decay constant, we start from the two-point correlation function:

	SVZ
I (p) = i

∫
d4xeipx 〈0|T {JX

I (x)J
X†
I (0)}|0〉 , (2)

where I = (1), (2) and JX
(1), J

X
(2) are the currents interpolate the X(4700) in two different struc-

tures. They are given by [18,19]

JX
(1)(x) =εijkεimn[sT

j (x)Cγμγ5ck(x)][s̄m(x)γ5γ
μCc̄T

n (x)],
JX

(2)(x) =cT
a (x)Cγμ1[Dμ3Dμ4sb(x)](c̄a(x)γμ2CsT

b (x) + c̄b(x)γμ2Cs̄T
a (x))

×(gμ1μ3gμ2μ4 + gμ1μ4gμ2μ3 − gμ1μ2gμ3μ4/2)

(3)

where a, b, i, j, k, m, n are the color indexes and C is the charge conjugation matrix.
We first calculate the correlation function in terms of the phenomenological expression by 

inserting in Eq. (2) with a complete set of hadronic states:

	
SVZ,phen
I (p) = 〈0|JX

I |X(p)〉 〈X(p)|JX†
I |0〉

m2
I,X − p2

+
∞∫
′

dŝ
ρ
SVZ,phen
I (ŝ)

ŝ − p2 , (4)
s

4
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where ρSVZ,phen
I (ŝ) stands for the contributions of the higher resonances and the continuum 

states. The subtraction terms are not shown because they will vanish after the Borel transfor-
mation. After performing polarization sum we can derive

	
SVZ,phen
I (p) = m2

I,Xf 2
I,X

m2
I,X − p2

+
∞∫

s′
dŝ

ρ
SVZ,phen
I (ŝ)

ŝ − p2 . (5)

As we can see, there is a pole appearing on the right-hand side of Eq. (5). The way of removing 
the pole is to perform the Borel transformation on Eq. (5), which yields

	
SVZ,phen
I (M2) = m2

I,Xf 2
I,Xe

−m2
I,X/M2 +

∞∫
s′

dŝρ
SVZ,phen
I (ŝ)e−ŝ/M2

. (6)

Now we turn to consider the correlation function in the OPE side, after contracting the heavy 
and light quark in term of Wick Theorm, we obtain

	
SVZ,OPE
(1) (p) =i

∫
d4xeipxεijkεimnεi′j ′k′εi′m′n′Tr[S̃jj ′

s (x)γμγ5S
kk′
c (x)γ5γα]

Tr[Smm′
s (−x)γ5γμS̃nn′

c (−x)γαγ5],
(7)

and

	
SVZ,OPE
(2) (p) = i

∫
d4xeipx

Tr[γμ1(
−→
D μ3

−→
D μ4S

bb′
s (x − y)

←−
D ν3

←−
D ν4)γν1γ5S̃

aa′
c (−x)]|y=0

(Tr[γμ2S̃
bb′
s (−x)γν2S

aa′
c (−x)] + Tr[γμ2S̃

ba′
s (−x)γν2S

ab′
c (−x)]

− Tr[γμ2S̃
ab′
s (−x)γν2S

ba′
c (−x)]

+ Tr[γμ2S̃
aa′
s (−x)γν2S

bb′
c (−x)](gμ1μ3gμ2μ4 + gμ1μ4gμ2μ3 − gμ1μ2gμ3μ4/2)

×(gν1ν3gν2ν4 + gν1ν4gν2ν3 − gν1ν2gν3ν4/2),

(8)

where

S̃ab
q (x) = CSab

q (x)C. (9)

For propagators of the u, d and s quarks in coordinate-space. An expression for propagators is 
as follows [30,31]:

Sq,ab(x) = iδab/x

2π2x4 − δabmq

4π2x2 − 〈q̄q〉
12

− i

32π2

λn

2
gsG

n
μν

1

x2 (σμν /x + /xσμν)

+ iδab/xmq〈q̄q〉
48

− δab〈q̄gsσGq〉x2

192
+ iδabx

2/xmq〈q̄gsσGq〉
1152

− iδabx
2/xg2

s 〈q̄q〉2
7776

− δabx
4〈q̄q〉〈g2

s GG〉
27648

.

(10)

Notice the situation here is different from LCSR, where we do not encounter the light quark 
propagator expressed in the coordinate-space. We have to face divergences in the double integrals 
like ∫

d4x

x2n

∫ ∫
d4k1d

4k2e
ipx−ik1x−ik2x

2 2 2 2
. (11)
(k1 − mc)(k2 − mc)

5
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As shown in Ref. [32], by using Fourier transformation

1(
x2

)n =
∫

dDp

(2π)D
e−ip·xi(−1)n+12D−2nπD/2�(D/2− n)

�(n)

(
− 1

p2

)D/2−n

(12)

and perform dimension regulation [33] and extract the imaginary part of results, we can obtain 
the results without any divergences.

The correlation function 	SVZ,OPE
I (p) can be represented as the dispersion integral

	
SVZ,OPE
I (p) =

∞∫
4m2

c

dŝ
ρ
SVZ,OPE
I (ŝ)

ŝ − p2 , (13)

where ρSVZ,OPE
I (ŝ) is the corresponding spectral density.

By performing the Borel transformation on 	SVZ,OPE
I (p) and adopting the quark-hadron du-

ality, one can obtain

	
SV Z,OPE
I (M2,∞) ≡

∞∫
4m2

c

dŝρ̃SVZ,OPE
I (ŝ)e−ŝ/M2

= m2
I,Xf 2

I,Xe
−m2

I,X/M2 +
∞∫

s0

ρ
SVZ,phen
I (ŝ)e−ŝ/M2

.

(14)

Then subtract the continuum contribution yields:

m2
I,Xf 2

I,Xe
−m2

I,X/M2 =
s0∫

4m2
c

dŝρSVZ,OPE
I (ŝ)e−ŝ/M2

(15)

The mass of the X(4700) state can be evaluated from the sum rule

m2
I,X =

∫ s0
4m2

c
dŝ ŝρSVZ,OPE

I (ŝ)e−ŝ/M2∫ s0
4m2

c
dŝρSVZ,OPE

I (ŝ)e−ŝ/M2
, (16)

where the spectral densities are provided in Appendix A.2.

2.2. The strong coupling gXJ/ψφ in the LCSR

Before starting to predict the width of X( 4700 ) → J/ψφ, we need to calculate the strong 
coupling gXJ/ψφ , in the framework of QCD LCSR. Let’s strat by defining the two-point corre-
lation function:

	LC
I,μ(p + q, q ) = i

∫
d4xeipx 〈φ(q )|T {J J/ψ

μ (x )J
X†
I (0 ) } |0〉 , (17)

where p, q are the four-momentum for J/ψ and φ respectively. Therefore X(4700) has four-
momentum p′ = p + q according to the momentum conservation. J J/ψ

μ is the interpolating 
current of J/ψ [25,26]
6
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J J/ψ
μ (x) =c̄i (x)γμci(x) (18)

where i is the color index.
Next we need to establish a relation between the correlation function 	LC

I,μ(p′, q) and the 
strong coupling gXJ/ψφ . For a general dispersion relation, we have

	LC
I,μ(p′, q) = 1

π2

∫ ∫
ds1ds2Im	LC

I,μ(s1, s2)

(s1 − p2)(s2 − p′2)
+ · · · (19)

where the subtraction terms and the single dispersion integrals are not shown, all of them will 
vanish after applying the double Borel transformation to Eq. (19). Inserting in Eq. (17) with two 
complete sets of hadronic states and using Eq. (19), we obtain the phenomenological expression 
of the correlation function noted by 	LC,phen

I,μ (p′, q)

	
LC,phen
I,μ (p′, q) =〈0|J J/ψ

μ |J/ψ(p)〉 〈φ(q)J/ψ(p)|X(p′)〉 〈X(p′)|JX†
I |0〉

(p′2 − m2
I,X)(p2 − m2

J/ψ)

+
∞∫

s0′1

∞∫
s0′2

ds1ds2 ρ
LC,phen
I,μ (s1, s2)

(s1 − p2)(s2 − p′2)
+

∞∫
s0′1

ds1 ρ
LC,phen
I,1,μ (s1)

(s1 − p2)

+
∞∫

s0′2

ds2 ρ
LC,phen
I,2,μ (s2)

(s2 − p′2)
.

(20)

Here contributions of the higher resonances and the continuum states are denoted by ρLC,phen
I,μ (s1,

s2), s0′1 and s0′2 denote the lowest thresholds of continuum states. ρphen
I,1,μ(s1) and ρphen

I,2,μ(s2) are the 
additional contributions to make the double dispersion integral finite [27]. The strong coupling 
gXJ/ψφ is defined as an invariant constant parameterizing the hadronic matrix element

〈φ(q)J/ψ(p)|X(p′)〉 =gXJ/ψφ[−(q · p)(ε∗ · ε′) + (q · ε∗)(p · ε′)], (21)

and the decay constants here are defined as:

〈X(p′)|JX†
I |0〉 = mI,X fI,X,

〈0|J J/ψ
μ |J/ψ(p)〉 = mJ/ψfJ/ψ εμ,

(22)

where ε, ε′ are the polarization vectors of the J/ψ and φ respectively, mJ/ψ(X) and fJ/ψ(X) are 
the mass and decay constants of J/ψ(X(4700)).

By inserting Eq. (21) and (22) back to Eq. (20), and performing the polarization sum, we can 
derive

	
LC,phen
I,μ (p′, q) = mJ/ψfJ/ψ mI,XfI,X gXJ/ψφ

(p′2 − m2
I,X)(p2 − m2

J/ψ)
[(p · q) ε′

μ − (p · ε′) qμ] + · · ·

= 	
LC,phen
I (p′, q)[(p · q)ε′

μ − p · ε′qμ],
(23)

where we choose the structure proportional to ε′
μ to work with. The relevant form can be written 

as
7
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LC,phen
I (p′, q) = mJ/ψmI,XfJ/ψfI,XgXJ/ψφ

(p′2 − m2
I,X)(p2 − m2

J/ψ)
+

∞∫
s0′1

∞∫
s0′2

ds1ds2ρ
LC,phen
I (s1, s2)

(s1 − p2)(s2 − p′2)
+ · · · . (24)

Applying the Borel transformations on variables p2 and p′2 = (p + q)2 to the correlation func-
tion yields

Bp2(M
2
1 )Bp′2(M2

2 )	
LC,phen
I (p′, q) = mJ/ψmI,XfJ/ψfI,XgXJ/ψφ exp[−

m2
J/ψ

M2
1

− m2
I,X

M2
2

]

+
∞∫

s0′1

∞∫
s0′2

ds1ds2 exp[− s1

M2
1

− s2

M2
2

]ρLC,phen
I (s1, s2).

(25)

To proceed, we represent the OPE result for the correlation function in the form of the double 
dispersion integral

	
LC,OPE
I (p′, q) =

∞∫
s′
1

∞∫
s′
2

ds1ds2 ρ
LC,OPE
I (s1, s2)

(s1 − p2)(s2 − p′2)
+ · · · (26)

with the double spectral density

ρ
LC,OPE
I (s1, s2) = Im	

LC,OPE
I (s1, s2)

π2 . (27)

By choosing the structure proportional to ε′
μ and performing the Borel transformations on vari-

ables p2 and p′2 = (p + q)2, we find out

	
LC,OPE
I (M2

1 ,M
2
2 ) =

∞∫
s′
1

∞∫
s′
2

ds1ds2 exp[− s1

M2
1

− s2

M2
2

]ρLC,OPE
I (s1, s2). (28)

Then we employ the quark-hadron duality: assume the integral of the hadronic spectral density 
ρh
I (s1, s2) in the region {s1 ≥ s0′1 , s2 ≥ s0′2 } is equal to the integral of the OPE spectral density 

ρ
LC,OPE
I (s1, s2) in a certain region of {s1 ≥ s01 , s2 ≥ s02}

∞∫
s0′1

∞∫
s0′2

ds1ds2 exp[− s1

M2
1

− s2

M2
2

]ρLC,phen
I (s1, s2) =

∞∫
s01

∞∫
s02

ds1ds2 exp[− s1

M2
1

− s2

M2
2

]ρLC,OPE
I (s1, s2).

(29)

Equating the double dispersion (25) and (28), and substituting (29) to (25), the result of LCSR 
for the strong coupling reads:
8
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gXJ/ψφ = 1

mJ/ψmI,XfJ/ψfI,X
exp[ m2

J/ψ

M2
1

+ m2
I,X

M2
2

]

×
s01∫

s′
1

s02∫
s′
2

ds1ds2 exp[− s1

M2
1

− s2

M2
2

]ρLC,OPE
I ( s1, s2 ).

(30)

Nevertheless, our situation differs from the standard one. From Eq. (17), we see that the in-
terpolating currents of X( 4700 ) is located at the space-time point x = 0, and the interpolating 
current of J/ψ is located at the point x. Therefore by contracting the c̄ and c quark fields, there 
remain two light quarks s and s̄ sandwiched between the φ state and the vacuum states, i.e., 
〈φ(q )| [ s̄(0 )s(0 )] |0〉. We encounter the situation that the correlation function depends not on 
〈φ(q )| [ s̄( x )s(0 ) ] |0〉 but 〈φ(q )| [ s̄(0 )s(0 ) ] |0〉, so that the φ distribution amplitude disap-
pears and reduces to normalization factor. Such situation is possible to appear in the kinematical 
limit q → 0 which means ( p + q ) = p, and the correlation function depends only on one vari-
able p2. Here, following Ref. [27], we adopt the approach of soft-meson approximation, taking 
the limit q → 0 and dealing with the double pole terms.

The approximation of q → 0 simplifies the hadronic side of the sum rules, but leads to a more 
complicated expression on its hadronic representation. The ground state depends only on the 
variable p2:

	
LC,phen
I (p ) = mJ/ψmI,XfJ/ψfI,X

(p2 − m2
I,X )2

gXJ/ψφ + · · · , (31)

where m2
I = m2

J/ψ+m2
I,X

2 and the Borel transformation on the variable p2 applied to this correlation 
function yields [27]

	
LC,phen
I (p′, q ) = 1

M2 (mJ/ψmI,XfJ/ψfI,XgXJ/ψφ + AM2 )e
−m2

I
M2 + C, (32)

where the constant A incorporates all unsuppressed contributions, and C contains all exponen-
tially suppressed contributions. To remove unsuppressed contributions, we perform the operator 
that the script in [28]

(1− M2 d

dM2 )M2em2
I /M

2
(33)

on both sides of the sum rules expression: the phenomenological side and the OPE side. So 
Eq. (30) becomes

gXJ/ψφ = 1

mJ/ψmI,XfJ/ψfI,X
(1− M2 d

dM2 )M2

×
ŝ′∫

ŝ0

dŝ exp[ m2
J/ψ

2M2 + m2
I,X

2M2 − ŝ

M2 ]ρOPE
I ( ŝ ).

(34)

Because of soft-meson approximation, the continuum state depends not on two variables s1 and 
s2 but one that relabel as ŝ.
9
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2.3. OPE side calculation

We already know that gXJ/ψφ is related to the OPE part of the correlation function, so we are 
going to calculate it. According to the Wick Theorem, we can obtain

〈φ(q )|T {J J/ψ
μ (x )J

X†
(1) (0 ) } |0〉 = 〈φ(q)| [ s̄a

α(0 )sd
β (0 ) ] |0〉

× [γ5S̃ib
c ( x )γμS̃ie

c (−x )γνγ5

− γνγ5S̃
ib
c ( x )γμS̃ie

c (−x )γ5 ]αβ,

(35)

and

〈φ(q )|T{J J/ψ
μ (x )J

X†
(2) (0 ) } |0〉 = 〈φ(q )| [ ( s̄b←−D μ4

←−
D μ3 )α(0 )sb

β(0 ) ] |0〉
× [γμ1S̃

ac
c ( x )γνS̃

ac
c (−x )γμ2 ]αβ

+ 〈φ(q )| [ ( s̄b←−D μ4
←−
D μ3 )α(0 )sa

β(0 ) ] |0〉
× [γμ1S̃

ac
c ( x )γνS̃

bc
c (−x )γμ2 ]αβ .

(36)

Therefore, the correlation functions become

	OPE
(1),μ(p′, q ) = i

∫
d4xeipx 〈φ(q)|T{J J/ψ

μ (x )J
X†
(1) (0 ) } |0〉

= i

∫
d4xeipxεijkεimn 〈φ(q )| [ s̄j

α(0 )sm
β (0 ) ] |0〉

× [γμγ5S̃
kl
c ( x )γνS̃

nl
c (−x )γνγ5 ]αβ,

(37)

and

	OPE
(2),μ(p′, q ) = i

∫
d4xeipx 〈φ(q )|T{J J/ψ

μ (x )J
X†
(2) (0 ) } |0〉

= i

∫
d4xeipx{〈φ(q )| [ (s̄b(0 )

←−
D μ4

←−
D μ3)αsb

β(0 ) ] |0〉
× [γμ1S̃

ac
c (x)γνS̃

ac
c (−x)γμ2 ]αβ

+ 〈φ(q )| [ ( s̄b(0 )
←−
D μ4

←−
D μ3 )αsa

β(0 ) ] |0〉
× [γμ1S̃

ac
c ( x )γνS̃

bc
c (−x )γμ2 ]αβ},

(38)

where we introduce the notation

S̃q( x ) = CST
q ( x )C, (39)

and Sq(x) is the propagator of quark q . For the heavy quark propagator on the light-cone we 
employ its expression in terms of [20]

Sab
c (x) = i

∫
d4k

(2π)4
e−ikx[δab(/k + mc)

k2 − m2
c

− gsG
αβ
ab

4

σαβ(/k + mc) + (/k + mc)σαβ

(k2 − m2
c)

2 ]

+ gsDαGn
βλt

n
ij (f

λβα + f λαβ)

3(k2 − m2
c)

4 − g2
s (t

atb)ijG
a
αβGb

μν(f
αβμν + f αμβν + f αμνβ)

4(k2 − m2
c)

5
,

(40)

with
10
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f λαβ = (/k + mc)γλ(/k + mc)γα(/k + mc)γβ(/k + mc),

f αβμν = (/k + mc)γα(/k + mc)γβ(/k + mc)

γμ(/k + mc)γν(/k + mc),

(41)

here we use the shorthand notation

G
μν
ab ≡ G

μν
i t iab, i = 1,2, · · · ,8. (42)

It is convenient to perform the summation over the color indices by performing the replacement

s̄d
α (0)sd ′

β (0) = 1

3
δdd ′ s̄α(0)sβ(0), (43)

and using the expansion

s̄α(0)sβ(0) ≡ 1

4
�a

αβ s̄(0)�as(0), (44)

where the sum runs over the Dirac structures a

�a = 1, γ5, γμ, iγ5γμ,
σμν√
2

. (45)

Substituting the summation Eq. (43) and the expansion Eq. (44) into Eq. (37) and Eq. (38), we 
obtain

	(1),μ(p′, q) = i

∫
d4xeipx 〈φ(q)|T {J J/ψ

μ (x)J
X†
(1) (0)}|0〉

= i

∫
d4xeipxεijkεimn 〈φ(q)|[s̄j (0)�asm(0)]|0〉

× Tr[γμγ5S̃
kl
c (x)γνS̃

nl
c (−x)γνγ5�

a],

(46)

and

	(2),μ(p′, q) = i

∫
d4xeipx 〈φ(q)|T {J J/ψ

μ (x)J
X†
(2) (0)}|0〉

= i

∫
d4xeipx{〈φ(q)|[(s̄b(0)

←−
D μ4

←−
D μ3)�

esb(0)]|0〉
× Tr[γμ1S̃

ac
c (x)γνS̃

ac
c (−x)γμ2]

+ 〈φ(q)|[(s̄b(0)
←−
D μ4

←−
D μ3)�

esa(0)]|0〉
× Tr[γμ1S̃

ac
c (x)γνS̃

bc
c (−x)γμ2]}.

(47)

The Feynman diagram of 	(1),μ(p′, q) is shown in Fig. 1 and the Feynman diagrams of 
	(2),μ(p′, q) is shown in Fig. 2. Fig. 1 corresponds to the leading order and next-leading 
order contribution of 	(1),μ(p′, q). Fig. 2 corresponds to the leading order contribution of 
	(2),μ(p′, q), which is the dominant one compare to, for example, the one-gluon exchange con-
tribution.

Now we can substitute the propagator in Eq. (46) by the perturbative term of Eq. (40). Using 
the Particle Distribution Amplitudes (DAs) of φ in Appendix A.1 and contract the color index by 
the SU(N) algebra

εabcεdecδadδbiδei = −CA(1− CA) = 6, (48)
11
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Fig. 1. The leading order and one-gluon exchange diagrams contribute to 	(1),μ(p′, q), which are the main contribution.

we will encounter four-dimensional integrals in the momentum spaces. After above operation, 
some terms in Eq. (46) will proportional to, for example

∫
d4k1

(2π)4

∫
d4k2

(2π)4

e−i(k1−k2)xk1 · k2
2 2 2 2

[(p · q)ε′
μ − p · ε′qμ]. (49)
(k1 − mc)(k2 − mc)

12
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Fig. 2. The leading order diagram contribute to 	μ(2)(p
′, q). The one-gluon exchange vanish in 	(2),μ(p′, q).

The main steps to calculate some four-dimensional integrals like (49) can be done by dimension 
regulation. Choose the structure proportional to ε′

μ, we can derive the corresponding spectral 
density

ρOPE
(1) (ŝ) = −

f
‖
φ mφ

√
ŝ
(
ŝ − 4m2

) (
2m2 + ŝ

)
12π2ŝ

−
f

‖
φ m2

cmφ 〈αs

π
GG〉 (

6m2 − ŝ
)√

ŝ
(
ŝ − 4m2

)
144π2ŝ2

(
ŝ − 4m2

)2
−ζ⊥

4φf ⊥
φ mcm

2
φ(2m2

c − ŝ)
√

ŝ(ŝ − 4m2
c)

2π2ŝ2(4m2
c − ŝ)

+ ζ̃⊥
4φf ⊥

φ mcm
2
φ

√
ŝ(ŝ − 4m2

c)

2π2ŝ(4m2
c − ŝ)

, (50)

and

ρOPE
(2) (ŝ) =

1∫
0

duu2φ⊥
2 (u)

√
2mcm

2
φf ⊥

φ

√
ŝ(ŝ − 4m2

c)

2π2ŝ
, (51)

where mφ and f ⊥
φ are the mass and decay constant of φ respectively. φ⊥

2 (u) is LCDA. ζ⊥
4 and 

ζ̃⊥
4 are three-particle distribution parameters defined in Appendix A.1, mc is charm-quark mass. 
The strong coupling is then evaluated by Eq. (34). In addition, we can easily obtain the decay 
width of X(4700) → J/ψφ by applying the usual feynman diagram method [29]

�I(X(4700) → J/ψφ) = (gXJ/ψφ)2

24πm2
I,X

λ(mI,X,mJ/ψ,mφ)

(
3+ λ(mI,X,mJ/ψ,mφ)

m2
J/ψ

)
,

(52)

where

λ(a, b, c) =
√

a4 + b4 + c4 − 2 ∗ (a2b2 + b2c2 + c2a2)
. (53)
2a

13
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3. Numerical calculation

3.1. Input parameters

In this section, we analyze the numerical results for the coupling constant and the decay 
width of X(4700) → J/ψφ, and present the mass and decay constant of X(4700) as well. We 
adopt the following parameters for the numerical calculation. The current charm-quark mass, 
mc = (1.275 ± 0.025) GeV, the J/ψ-meson mass mJ/ψ = (3096.900 ± 0.006) MeV and φ(980) 
mass mφ = (990 ± 20) MeV from the Particla Data Group (PDG) [24]. The J/ψ and φ(980) 
decay constants are taken as fJ/ψ = 0.405 GeV [29], fφ = 0.18 ± 0.015 GeV [34]. The current-
quark-mass for the s-quark is ms = 93+11

−5 MeV from PDG. The decay constants of φ is taken as 

f
‖
φ = 0.215 GeV. The Gegenbauer moments, a‖

1 = a⊥
1 = 0 and a‖

2 = 0.18, a⊥
2 = 0.14 [35]. The 

parameters ζ⊥
4 and ̃ζ⊥

4 are taken as ζ⊥
4 = −0.01 and ̃ζ⊥

4 = −0.03 [35]. In addition, we also need 
to know the values of the non-perturbative vacuum condensates. The related parameters are [36]

〈q̄q〉 = −(0.24± 0.01)3 GeV3,

〈s̄s〉 = (0.8± 0.1) × 〈q̄q〉 ,

〈αs

π
GG〉 = (0.012) GeV4,

〈gs s̄σGs〉 = m2
0 × 〈s̄s〉 ,

m2
0 = 0.8 GeV2,

mc = 1.275± 0.025 MeV.

(54)

The sum rule predictions for the mass, the decay constant and the coupling constant depend 
on two parameters: Borel mass M2 and continuum threshold s0. The value of s0 is being corre-
lated with the onset of excited states of X(4700). But according to the experimental data, there 
is no resonance activity related to the first excited states of X(4700). We should turn to another
way. From Table 1 which entail the masses calculations of charmonia and bottomonia, we can 
find the mass discrepancy between the ground state and first excited state are all around 0.5 GeV. 
Besides, the experimental data in Table 2 which extract from PDG prove most of the calcula-
tions in Table 1. Furthermore, one can refer to previous QCD sum rules caculations that assign 
X(4140) and X(4685) as the 1S and 2S tetraquark states respectively and that assign Zc(3900)
and Zc(4430) as the 1S and 2S tetraquark states respectively and so on (see Table 3). The mass 
difference between the 1S and 2S tetraquark states are about 0.4 ∼ 0.6 GeV. So we accept the 
mass discrepancy and employ

(4.70+ 0.40)2 GeV2 ≤ s0 ≤ (4.70+ 0.60)2 GeV2, (55)

or rewrite it as

(5.20− 0.10)2 GeV2 ≤ s0 ≤ (5.20+ 0.10)2 GeV2. (56)

After fixing s0, we use two extra criteria to constrain the Borel mass M2:

1. To obtain the minimal value of M2, we require that the contribution of the condensates 
like 〈q̄gsGq〉 and higher dimension condensates in the OPE is smaller than 5% of the total 
contribution:
14
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Table 1
Quark model masses calculated for the first three levels of charmonia and bottomonia [37].
Masses 
M(GeV) \ n

cc̄ bb̄

n = 1 n = 2 n = 3 n = 1 n = 2 n = 3

M3P0

(
χq0

)
3.37 3.88 4.30 9.81 10.2 10.7

M3P1

(
χq1

)
3.54 3.97 4.33 9.89 10.3 10.6

M1P1

(
hq

)
3.53 3.96 4.37 9.88 10.3 10.6

M3P2

(
χq2

)
3.54 3.98 4.34 9.89 10.3 10.6

Table 2
Masses of experimentally observed states in Particle Data Group listings [38].
Masses 
M(MeV )\n

cc̄ bb̄

n = 1 n = 2 n = 3 n = 1 n = 2 n = 3

M3P0

(
χq0

)
3414.75 − − 9859.44 10232.5 −

M3P1

(
χq1

)
3510.66 − − 9892.78 10255.46 10512.1

M1P1

(
hq

)
3525.38 − − 9899.3 10259.8 −

M3P2

(
χq2

)
3556.20 3922.5 − 9912.21 10268.65 −

Table 3
The mass difference between the 1S and 2S hidden-charm tetraquark states with the possi-
ble assignments [39].

JPC 1S 2 S Mass difference References

1++ X(4140) X(4685) 566 MeV [40,41]
1+− Zc(3900) Zc(4430) 591 MeV [42–44]
0++ X(3915) X(4500) 588 MeV [45,19]
1+− Zc(4020) Zc(4600) 576MeV [46,47]

CVG≡
∣∣∣∣∣	̃

〈q̄gsGq〉+···
I

(
M2,∞)

	̃OPE
I

(
M2,∞) ∣∣∣∣∣ ≤ 5%, (57)

where dots denote higher dimension contributions.
2. Ensure that the one-pole in Eq. (5) is valid, we require that the pole contribution (PC) should 

be larger than 30% to determine the upper limit on M2

PC= 	̃OPE
I (M2, s0)

	̃OPE
I (M2,∞)

≥ 30%. (58)

As depicted in Fig. 3 and Fig. 4, CVG and PC decrease as M2 grows higher. The green dot 
betokens that CVG turns into 30%, where the maximal Borel mass M2 can be obtained. And 
the red dot present PC converges with 5% horizontal for JX

(1) and JX
(2), from which point, we 

can select the minimum Borel mass. Subsequently, we require the working region of the Borel 
parameter for mass and decay constant of JX

(1) to be in the region of

3.60 GeV2 ≤ M2 ≤ 4.13 GeV2, (59)

and JX to be in that of
(2)
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Fig. 3. Convergence (CVG) and pole contribution (PC) for JX
(1) .

Fig. 4. Convergence (CVG) and pole contribution (PC) for JX
(2) .

3.63 GeV2 ≤ M2 ≤ 4.17 GeV2. (60)

3.2. The mass and the decay constant

In Fig. 5 and Fig. 6 we present the results of the mass mI
X and the decay constant f I

X as 
functions of the parameters M2 at fixed values of s0 ∈ {(5.20 − 0.10)2, (5.20 + 0.0)2, (5.20 +
0.1)2}. As we seen in the first figure in Fig. 5 and Fig. 6, the yellow curves correspond to the 
measurements of the Belle Collaboration [48] as shown in PDG. The blue, red and black curves 
show clear dependence of our prediction on s0 and M2. By choosing appropriate parameters, 
our predictions are consistent with the measurements. At a fixed point of M2 = 3.9 GeV2, the 
masses of JX

(1) and JX
(2) are

m
(1) = 4.70+0.06 GeV, (61)

X −0.05
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Fig. 5. The mass [first] and the decay constant [second] of a scalar tetraquark state X(4700) as a function of the Borel 
parameter M2 at different fixed values of s0.

and

m
(1)
X = 4.67+0.04

−0.07 GeV, (62)

respectively.
The uncertainty comes from the various condensates, and the strange and charm quark masses. 

Base on the Belle Collaboration measurements [48], X(4700) has mass of 4704 ± 10+14
−24 MeV. 

The predicted results of the two assignments are consistent with the experimental results. There-
fore we can conclude that it might be a D-wave csc̄s̄ tetraquark or a scalar tetraquark state. We 
then extend the same technique to evaluate the decay constant of X(4700), the results of JX

(1) and 

JX
(2) at the same bench mark point reads

λ
(1)
X ≡ m

(1)
X f

(1)
X = 0.19+0.013

−0.014 GeV
5, (63)

and

λ
(2) ≡ m

(2)
f

(2) = 0.164+0.010 GeV7. (64)

X X X −0.011
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Fig. 6. The mass [first] and the decay constant [second] of a D-wave tetraquark state X(4700) as a function of the Borel 
parameter M2 at different fixed values of s0.

The mass and decay constant given above will be used as input parameters to find the decay 
width of X(4700)→ J/ψφ.

3.3. The coupling constant and the decay width

We start to evaluate gXJ/ψφ and give the decay width of X(4700)→ J/ψφ in order to confirm 
which hypotheses are more suitable. For M2 and s0, we use the same values as in the analysis 
of the mass. The result is shown in Fig. 7 and Fig. 8. Fig. 7 provides the result for the scalar 
tetraquark state. The parameters M2 and s0 are varied inside of the regions: (3.60 −4.13)2 GeV2

and (5.10 − 5.30)2 GeV2. Our prediction for gXJ/ψφ , take the average value, is

gXJ/ψφ = 6.7+1.0
−0.8 GeV. (65)

The width of this decay can be obtained by Eq. (34):

�(X(4700) → J/ψφ) = (109+35) MeV. (66)
−24
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Fig. 7. The strong coupling gXJ/ψφ of a scalar tetraquark state X(4700) as a function of the Borel parameter M2 at 
different fixed values of s0.

Fig. 8. The strong coupling gXJ/ψφ of a D-wave tetraquark state X(4700) as a function of the Borel parameter M2 at 
different fixed values of s0.

The total width of X(4700) from PDG [24] shows that

�(4700) = 120± 31+42
−33 MeV, (67)

which is close to our prediction within the error. The result seems like to indicate that if we assign 
X(4700) as a scalar csc̄s̄ tetraquark state then X(4700) → J/ψφ will the predominant process. 
However, since we only consider the hidden-charm meson decay channel in this paper, although 
the scalar tetraquark assignment yields a larger width when we compare it with the total width of 
X(4700), this conclusion still has it’s limitations before we consider the open-charm channels. 
The plan to calculate the open-charmed decay has been progressing, and those calculations will 
show us more information.

For D-wave tetraquark state, the results are shown in Fig. 8. The prediction for gXJ/ψφ is

gXJ/ψφ = 2.65+0.44 GeV. (68)
−0.33
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The width of its decay can be obtained by Eq. (34) to be

�(X(4700) → J/ψφ) = (17.1+6.2
−4.0) MeV, (69)

which is much smaller than the width of X(4700) in PDG.

4. Summary

In this work we assign X(4700) as a D-wave tetraquark state and a scalar tetraquark state 
to study the mass and the decay constant of X(4700), and also it’s decay X(4700) → J/ψφ. 
The mass of X(4700) is evaluated through two-point sum rules, and both results of the two 
assignments are in agreement with the mass of X(4700) in PDG. We also calculate the decay 
constant of X(4700) in the SVZ sum rules. We then perform the calculation of the coupling 
constant gXJ/ψφ and the decay width by using the approach of the light-cone sum rules. We 
find that the scalar tetraquark assignment yields a larger width when we compare it with the 
total width of X(4700), while being a D-wave tetraquark state, the decay of X(4700) → J/ψφ

is much smaller. Since we only consider the hidden-charm meson decay channel in this paper, 
although the scalar tetraquark assignment yields a larger width when we compare it with the total 
width of X(4700), we can not conclude that X(4700) → J/ψφ should the predominant process 
before we consider the open-charm channels.
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Appendix A

A.1. The relations between the light-cone distribution amplitudes (LCDAs) and the matrix 
elements

The matrix elements of the φ can be expanded in terms of the corresponding distribution 
amplitudes. Here we provide the expressions for the 〈φ(P )|q̄(0)�aq(0)|0〉 type matrix elements 
[49]: 〈

φ(P,λ)
∣∣q̄(0)γμq(0)

∣∣0〉 = f
‖
φ mφε∗(λ)

μ (70)〈
φ(P,λ)

∣∣q̄(0)σμνq(0)
∣∣0〉 = if ⊥

φ

(
e∗(λ)
μ Pν − e∗(λ)

ν Pμ

)
. (71)
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We also provide the expressions for 〈φ(P )|q̄(0)gGαβ�aq(0)|0〉 type matrix elements [35,50]:

〈
φ(P,λ)

∣∣q̄(0)gG̃αβγμγ5q(0)
∣∣0〉 = f

‖
φ mφζ

‖
3φ[e(λ)

α

(
PβPμ − 1

3
m2

φgβμ

)
− (α ↔ β)] (72)

+ 1

3
f

‖
φ m3

φζ
‖
4φ

(
e(λ)
α gβμ − e

(λ)
β gαμ

)
,〈

φ(P,λ)
∣∣q̄(0)gGαβiγμq(0)

∣∣0〉 = −f
‖
φ mφκ

‖
3φ[e(λ)

α

(
PβPμ − 1

3
m2

φgβμ

)
− (α ↔ β)]

− 1

3
f

‖
φ m3

φκ
‖
4φ

(
e(λ)
α gβμ − e

(λ)
β gαμ

)
, (73)〈

φ(P,λ)
∣∣q̄(0)gGαβq(0)

∣∣〉 = −if ⊥
φ m2

φζ⊥
4φ

(
ε(λ)
α Pβ − ε

(λ)
β Pα

)
, (74)〈

φ(P,λ)
∣∣q̄(0)gG̃αβγ5q(0)

∣∣0〉 = f ⊥
φ m2

φζ̃⊥
4φ

(
ε(λ)
α Pβ − ε

(λ)
β Pα

)
, (75)〈

φ(P,λ)
∣∣q̄(0)gGαμσβμq(0)

∣∣〉 = f ⊥
φ m2

φ[1
2
κ⊥
3φ

(
ε(λ)
α Pβ + ε

(λ)
β Pα

)
(76)

+ κ⊥
4φ

(
ε(λ)
α Pβ − ε

(λ)
β Pα

)
],

where the dual gluon field strength tensor is defined as G̃μν = 1
2εμνρσ Gρσ . The generic notations 

of ζ are G-conserving and κ are G-breaking parameters. ζ3φ , ̃ζ3φ , κ3φ are twist-3 and ζ4φ , ̃ζ4φ , 
κ4φ are twist-4 parameters given in [35].

The covariant derivative is defined as

←−
D μ = ∂μ + igT aAa

μ, (77)

and it is also valid in the Fock-Schwinger gauge

xμAa
μ(x) = 0, (78)

after performing some deduction, we can derive the following relations [51]:

Aa
μ(x) =1

2
xvGa

vμ(0) + 1

3
xvxα

[
DαGvμ(0)

]a + 1

8
xvxαxβ

[
DαDβGvμ(0)

]a + · · · .

(79)

Therefore, insert the gluonic fields back to the covariant derivative and calculate
〈φ(P )|q̄(0)

←−
D μ

←−
D ν�

aq(0)|0〉, we obtain the desired results:

〈φ(P )|q̄(0)
←−
D μ

←−
D ν�

aq(0)|0〉 = 〈φ(P )|∂μ∂ν[q̄(x)]|x=0�
aq(0)|0〉 (80)

+ 〈φ(P )|q̄(0)
igT b

2
Gb

μν�
aq(0)|0〉

= ∂μ∂ν[〈φ(P )|q̄(x)�aq(0)|0〉]|x=0

+ i

2
〈φ(P )|q̄(0)gGμν�

aq(0)|0〉 ,

where 〈φ(P )|q̄(0)gGμν�
aq(0)|0〉 type matrix elements are given before. In addition,

〈φ(P )|q̄(x)�aq(0)|0〉 type expressions are provided below [49]:
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〈
φ(P,λ)

∣∣q̄(x)σρνq(0)
∣∣0〉 = −i

(
e(λ)
ρ Pν − e(λ)

ν Pρ

)
× f ⊥

φ

1∫
0

dueiupxφ⊥
2 (u,μ), (81)

〈φ(P,λ) |q̄(x)γθγ5q(0)|0〉 = −1

4
εθνρσ e(λ)νP ρxσ fφmφ ×

1∫
0

dueiupxg
(a)
⊥ (u,μ), (82)

〈
φ(P,λ)

∣∣q̄(x)γρq(0)
∣∣0〉 = Pρ

(
e(λ)x

)
fφmφ ×

1∫
0

dueiupx�‖(u,μ) (83)

+ e(λ)
ρ fφmφ

1∫
0

dueiupxg
(v)
⊥ (u,μ),

where

g
(v), twist 2
⊥ (u,μ) = 1

2

⎡⎣ u∫
0

dy
φ

‖
2(y,μ)

ȳ
+

1∫
u

dy
φ

‖
2(y,μ)

y

⎤⎦ , (84)

g
(a), twist 2
⊥ (u,μ) = 2

⎡⎣ū

u∫
0

dy
φ

‖
2(y,μ)

ȳ
+ u

1∫
u

dy
φ

‖
2(y,μ)

y

⎤⎦ , (85)

and

�‖(u,μ) = 1

2

⎡⎣ū

u∫
0

dy
φ

‖
2(y,μ)

ȳ
− u

1∫
u

dy
φ

‖
2(y,μ)

y

⎤⎦ . (86)

Here ū = 1 − u, ȳ = 1 − y. In term of Gegenbauer polynomials, φ‖,⊥
2 is given as [35]

φ
‖,⊥
2 (u,μ) = 6uū

{
1+

∞∑
n=1

a‖,⊥
n (μ)C

3/2
n (2u − 1)

}
, (87)

the Gegenbauer polynomials C3/2
n (x) and coefficients an at the renormalization scale μ are given 

in details in [49].

A.2. Spectral densities

In this section we provide the spectral densities for J(1) and J(2). In the following expressions, 
H(x) is defined as:

H(x) =
{
0 x ≥ 0

1 x < 0.
(88)

The spectral density for J(1) can be divide into:

ρ̃OPE
(1) (ŝ) = ρ̃

pert

(1) (ŝ) + ρ̃
〈q̄q〉
(1) (ŝ) + ρ̃

〈 αs
π

GG〉
(1) (ŝ)

+ ρ̃
〈q̄gsσGq〉

(ŝ) + ρ̃
〈q̄q〉2

(ŝ) + ρ̃
〈 αs

π
GG〉〈q̄q〉

(ŝ) (89)
(1) (1) (1)
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with

ρ̃
pert

(1) (ŝ) =
1∫

0

dx

1∫
0

dy
y

(
m2

c + ŝx(x(−y) + x + y − 1)
)2

768π6(x − 1)3x3(y − 1)3

×
(
m4y

(
3y3 + 7y2 − 3y + 3

)
− 12m3

cmsy
(
y2 − 1

)
− 2m2

c(x − 1)x(y − 1)(36m2
s (y − 1)

+ ŝy(9y3 + 20y2 + 9y + 6))

+ 30mcmsŝ(x − 1)x(y − 1)2y(y + 1)

+ 3ŝ2(x − 1)2x2(y − 1)2y(7y3 + 15y2 + 9y + 3)
)

×H
(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))
, (90)

ρ̃
〈q̄q〉
(1) (ŝ) = −

1∫
0

dx

1∫
0

dy
〈q̄q〉

16π4(x − 1)2x2(y − 1)

×
(
2m5y(y + 1) − 2m4mq(x − 1)x

(
3y3 + 5y2 − 3y + 5

)
+ 2m3

c(x − 1)x
(
y2 − 1

)(
m2

s − 3ŝy
)

+ 2m2
cms ŝ(x − 1)2x2

(
12y4 + 9y3 − 15y2 + y − 7

)
+ mŝ(x − 1)2x2(y − 1)2(y + 1)

(
4ŝy − 3m2

q

)
− 4msŝ

2(x − 1)3x3(y − 1)2
(
5y3 + 9y2 + 5y + 1

))
×H

(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))
, (91)

ρ̃
〈 αs

π
GG〉

(1) (ŝ) =
1∫

0

dx

1∫
0

dy
〈αs

π
GG〉

512π4(x − 1)x(y − 1)(
×m4

c

(
3y3 + 7y2 + y + 1

)
−m2ŝ(x − 1)x

(
12y4 + 15y3 − 17y2 − 7y − 3

)
+ 2ŝ2(x − 1)2x2(y − 1)2

(
5y3 + 11y2 + 5y + 1

))
×H

(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))
,

ρ̃
〈q̄gsσGq〉
(1) (ŝ) =

1∫
0

dx

1∫
0

dy
〈q̄gsσGq〉

192π4(x − 1)x

×
(
2m3

c(2x − 7)(y + 1)

+8m2
cms(x − 1)x

(
3y2 + 4y + 3

)
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−3mcŝ
(
2x2 − 9x + 7

)
x

(
y2 − 1

)
− 24msŝ(x − 1)2x2

(
2y3 + y2 − y − 2

))
×H

(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))
+

1∫
0

dx

(
〈q̄gsσGq〉 (

64m2
cms − 8msŝx(x + 3)

)
384π4

+ 〈q̄gsσGq〉 (
m

(−2m0x + m0 + 8m2
s

))
384π4

)
×H(m2 − x(x + 1)s), (92)

ρ̃
〈q̄q〉2
(1) (ŝ) =

1∫
0

dx

1∫
0

dyH
(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))

×(−g2
s 〈q̄q〉2 (

m2
c

(
3y2 + 4y + 3

))
162π4

−g2
s 〈q̄q〉2 (−3ŝ(x − 1)x

(
2y3 + y2 − y − 2

))
162π4 )

+
1∫

0

dx
〈q̄q〉2
324π4 H(m2 − x(x + 1)s)

×
(
g2

s

(
−2m2

c − mcms + ŝ(x + 3)x
)

+ 27π2
(
4m2

c + 2mcms − m2
s (x − 6)x

))
, (93)

ρ̃
〈 αs

π
GG〉〈q̄q〉

(1) (ŝ) =
1∫

0

dx
imc 〈αs

π
GG〉 〈q̄q〉

144π3

H (m2 − x(x + 1)s). (94)

The spectral density for J(2) can be divide into:

ρ̃OPE
(2) (ŝ) = ρ̃

〈 αs
π

GG〉
(2) (ŝ) + ρ̃

〈q̄gsσGq〉
(2) (ŝ) + ρ̃

〈 αs
π

GG〉〈q̄q〉
(2) (ŝ) + ρ̃

〈q̄gsσGq〉〈q̄q〉
(2) (ŝ)

+ ρ̃
〈q̄gsσGq〉〈 αs

π
GG〉

2 (ŝ) + ρ̃
〈q̄q〉2〈 αs

π
GG〉

(2) (ŝ) (95)

with

ρ̃
〈 αs

π
GG〉

(2) (ŝ) =
1∫

0

1∫
0

dxdy
i 〈αs

π
GG〉y2

9216π4(x − 1)4x3(y − 1)3

×
(
m8

(
2x

(
18y4 + 54y3 + 49y2 + 33y − 3

)
+ 36y4 + 117y3 + 109y2 + 34y + 6

)
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−12m6
c ŝx(y − 1)

(
x2

(
30y4 + 84y3 + 79y2 + 38y − 3

)
+2x

(
3y3 + 2y2 − 7y + 2

)
− 30y4 − 90y3 − 83y2 − 24y − 1

)
+12m4

c ŝ
2(x − 1)2x2(y − 1)2

×
(
x

(
90y4 + 240y3 + 224y2 + 90y − 6

)
+

(
90y3 + 255y2 + 229y + 64

)
y
)

−4m2
c ŝ

3(x − 1)3x3(y − 1)3

×
(
x

(
315y4 + 810y3 + 740y2 + 264y − 15

)
+ 315y4 + 855y3 + 745y2 + 202y − 3

)
+3ŝ4(x − 1)4x4(y − 1)4

×
(
2x

(
84y4 + 210y3 + 187y2 + 61y − 3

)
+ +168y4 + 441y3 + 373y2 + 98y − 2

))
×H

(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))
, (96)

ρ̃
〈q̄gsσGq〉
(2) (ŝ) =

1∫
0

1∫
0

dxdy
5ms 〈q̄gsσGq〉

576π4(x − 1)2x2(y − 1)2

×2
(
m6

c

(
6y3 + 7y2 + 8y − 1

)
y

−m4
c(x − 1)x(y − 1)

(
3sy

(
24y3 + 33y2 + 26y − 3

)
− m0

(
12y3 + 15y2 + 14y − 1

))
+m2

c ŝ(x − 1)2x2(y − 1)2
(
12ŝy

(
10y3 + 15y2 + 10y − 1

)
− m0

(
48y3 + 69y2 + 50y − 3

))
+ŝ2(x − 1)3x3(y − 1)3

(
m0

(
40y3 + 62y2 + 40y − 2

)
− ŝy

(
60y3 + 95y2 + 58y − 5

)))
×H

(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))
, (97)

ρ̃
〈 αs

π
GG〉〈q̄q〉

(2) (ŝ) =
1∫

0

1∫
0

dxdyH
(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))

×−mc 〈αs

π
GG〉 〈q̄q〉 (

m2
c + ŝx(x(−y) + x + y − 1)

)
2 2
16π (x − 1) x(y − 1)
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×
(
m2

c(y + 1)y + 2mcms(x − 1)(y − 1)

− 2ŝ(x − 1)xy
(
y2 − 1

))
, (98)

ρ̃
〈q̄gsσGq〉〈q̄q〉
(2) (ŝ) =

1∫
0

1∫
0

dxdyH
(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))

× −5g2
s 〈q̄gsσGq〉 〈q̄q〉

3888π4(x − 1)x(y − 1)

×
(
m4

c

(
12y3 + 15y2 + 14y − 1

)
−m2

c ŝ(x − 1)x
(
48y4 + 21y3 − 19y2 − 53y + 3

)
+ 2ŝ2(x − 1)2x2(y − 1)2

(
20y3 + 31y2 + 20y − 1

))
, (99)

ρ̃
〈q̄gsσGq〉〈 αs

π
GG〉

2 (ŝ) =
1∫

0

1∫
0

dxdyH
(
y

(
xŝ(x(−y) + x + y − 1) + m2

c

))

×
(

−5 〈αs

π
GG〉mc 〈q̄gsσGq〉 (y + 1)

(
2m2

)
768π2(x − 1)

−5 〈αs

π
GG〉mc 〈q̄gsσGq〉
768π2(x − 1)

× (y + 1)
(
3ŝx(x(−y) + x + y − 1)

))
, (100)

ρ̃
〈q̄q〉2〈 αs

π
GG〉

(2) (ŝ) =
1∫

0

dxH
(
m2

c − x(x + 1)ŝ
)

×1

6
〈αs

π
GG〉m2

c 〈q̄q〉2 − 1

12
〈αs

π
GG〉mcms 〈q̄q〉2 x. (101)
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