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Abstract We investigate the null geodesics and the shadow
cast by the Kerr–Newman–Kiselev–Letelier (KNKL) black
hole for the equation of state parameter ωq = −2/3 and for
different values of the spacetime parameters, including the
quintessence parameter γ , the cloud of string (CS) parameter
b, the spin parameter a and the charge Q of the black hole. We
notice that for the increasing values of the parameters γ and
b the size of the shadow of the KNKL black hole increases
and consequently the strength of the gravitational field of the
black hole increases. On the other hand with increase in the
charge Q of the black hole the size of the shadow of the black
hole decreases. Further with the increase in the values of the
spin parameter a of the KNKL black hole, we see that the dis-
tortion of the shadow of the black hole becomes more promi-
nent. Moreover we use the data released by the Event Horizon
Telescope (EHT) collaboration, to restrict the parameters b
and γ for the KNKL black hole, using the shadow cast by
the KNKL black hole. To this end, we also explore the rela-
tion between the typical shadow radius and the equatorial
and polar quasinormal mods (QNMs) for the KNKL black
hole and extend this correspondence to non-asymptotically
flat spacetimes. We also study the emission energy rate from
the KNKL black hole for the various spacetime parameters,
and observe that it increases for the increasing values of both
the parameters γ and b for fixed charge-to-mass and spin-to-
mass ratios of the KNKL black hole. Finally, we investigate
the effects of plasma on the photon motion, size and shape of
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the shadow cast by the KNKL black hole. While keeping the
spacetime parameters fixed, we notice that with increase in
the strength of the plasma medium the size of the shadow of
the KNKL black hole decreases and therefore the intensity
of the gravitational field of the KNKL black hole decreases
in the presence of plasma.

1 Introduction

To test gravity in the strong field regime, black holes can
provide a laboratory for this purpose. Particle dynamics in
the vicinity of black holes can give new insights about the
structure of spacetime. Black hole shadow is a consequence
of one of the predictions of the General Relativity (GR) about
the bending of light by a gravitational source. To study the
shadow of a black hole, the analysis of null geodesics in
such spacetimes becomes important. Photons while moving
in the close vicinity of black holes follow circular orbits,
also known as light rings. Due to the light rings, the central
black hole appears as a dark disc in the sky and known as
the black hole shadow. The idea about the observation of
the black hole shadow was first presented by Falcke et al.
[1]. The two important parameters of an astrophysical black
hole are assumed to be its mass and spin. The issue of the
estimation of the masses of black holes has already been
resolved and black holes are now classified according to their
masses in four types as stellar, intermediate, supermassive,
and miniature [2]. The issue of the measurement of the spin
of a rotating black hole is still underway and the study of the
black hole shadows is assumed to be helpful in estimating the
spin of rotating black holes [3]. The recent observation of the
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gravitational waves from a system of two merging black holes
[4], and the image of the shadow of the central supermassive
black holes of Messier 87 (M87*) galaxy [5], and the Milky
way galaxy [6], have further developed interest in the study
of black hole spacetimes.
The null geodesic of the Kerr–Newman black hole is prop-
erly studied in [7–9]. The investigation of null geodesics and
the associated optical properties of black holes, such as black
hole shadows, have been remain an active topics of research
in rotating black hole spacetimes [10–12]. The shadow cast
by the Schwarzschild black hole was investigated by Synge
in 1966 [13]. After the work of Synge, Luminet has given a
mechanism for calculating the angular radius of the shadow
of a black hole [14]. The shadow cast by a non-rotating black
hole, like the Schwarzschild black hole, is given by a stan-
dard circle. In the case of rotating black holes, the black hole
shadow elongates along the axis of rotation of the spacetime
due to its dragging effects. Hioki and Maeda suggested two
observables for the characteristic points of the boundary of
the shadow cast by the Kerr black hole [15]. One of these
observables gives description of the size of the black hole
shadow, and the other one gives the deformation or devia-
tion of the shape of the shadow from a perfect circle. These
observables about the description of the size and shape of
the shadow of rotating black holes have been analysed in a
variety of rotating black holes [16–27]. Other similar works
can be found in Refs. [28–54].
The quasinormal modes (QNMs) of black hole spacetimes
are related to the solutions of the perturbed equations sub-
ject to the boundary conditions appropriate for purely out-
going gravitational or electromagnetic waves at infinity, and
purely in going such waves at the black hole horizon [55].
The emission of the gravitational radiations by black holes do
not allow normal mode of oscillations [56], and therefor the
emitted frequencies of oscillation become quasinormal (com-
plex). The real part of these complex frequencies corresponds
to the actual frequency of the oscillation and the imaginary
part represents the damping of the frequency [57]. Using
the notion of geometric-optics and the conserved quantities
along geodesics in black hole spacetimes, an equation has
been derived which links the equatorial and polar QNMs to
the radius of the shadow cast by a black hole [58]. The equa-
tion relating the QNMs to the shadow radius has been applied
to investigate the radius of the shadow cast by some particular
black holes, including the Kerr black hole, the Kerr–Newman
black hole and the five dimensional Myers–Perry black hole
[58]. In the present work we modify the equation derived in
[58], for non-asymptotically flat spacetimes and apply it to
the KNKL black hole.
In the year of 1974, Hawking used quantum field theory in
the curved background and gave the idea that a black hole
can radiate, and this phenomenon is known as the Hawking
radiation [59]. Due to the Hawking radiation, which reduces

the mass and the rotational energy of a black hole, it is pos-
sible for a black hole to evaporate in a certain period of time.
The evaporation of a black hole can be thought of in terms
of the rate at which the energy is emitted by the black hole.
The energy emission rate of black holes therefore is a topic
of interest. The rate at which the energy emitted by a black
hole is directly linked with the radius of the shadow cast
by the black hole and has been investigated for different
black holes in the literature [60–63]. The effects of differ-
ent black hole spacetimes parameters have been analysed
on the energy emission rate of black holes. For the Einstein–
Maxwell-Dilaton–Axion black hole, Wei and Liu have inves-
tigated the energy emission rate which decreases with the
Dilaton parameter for fixed values of the spin parameter of
the black hole [64]. Papnoi et al. have reported that the rate of
the emission of energy in the five dimensional Myers–Perry
black hole decreases as the value of the spin parameter of the
black hole increases [65]. For some regular rotating black
holes, namely, Ayon-Beato–Garcıa, Hayward, and Bardeen
black holes, Abdujabbarov et al. have analysed the emis-
sion energy rate [66]. For these regular black holes they have
observed a decrease in the emission energy rate with the elec-
tric as well as the magnetic charge of the black holes. In a
recent work the emission energy rate for a charged rotating
black hole surrounded by perfect fluid dark matter has been
investigated by Atamurotov et al. [67]. They have shown
that for the increasing values of the perfect fluid dark matter
parameter and charge of the black hole, this emission rate
decreases.
Another interesting astrophysical scenario is that, photons
mostly go through a plasma medium in the surrounding of
black holes. The plasma medium can have very important
impact on the angular positions of an equivalent image of the
black hole shadow and therefore, give various wavelengths
in observations. This is one of the reason people consider the
plasma medium in the analysis of the shadow cast by black
holes. To explore the formation of jets emitted by black holes
a simplified model of plasma has been considered in black
hole environments [68]. Kogan and Tsupko have discussed
the effects of the nonuniform plasma medium on the grav-
itational deflection angle of photon by the Schwarzschild
black hole [69]. The shadows cast by the Schwarzschild and
Kerr black holes have been considered in the plasma medium
by utilising the radial power-law density [70], where it has
been noticed that for both the black holes the size and also
the shape of the shadows get effected due to the presence
of the plasma. The dependence of the plasma on the gravi-
tational deflection angle of photon and the shadow cast by
the charged-Kerr black hole have been studied in [71]. Other
recent interesting works related to the study of the effects of
plasma on the shadows cast by black holes in the GR and
other modified theories of gravity can be found in the litera-
ture [72–78].
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From the mathematical point of view black holes are the
singular solutions of Einstein’s fields equations of GR. Black
hole solutions have also been found in other alternative the-
ories of gravity [79–81]. In the GR first such solution was
obtained by Schwarzschild for a point gravitating source [82].
The Schwarzschild solution was later generalized for an axi-
ally symmetric rotating gravitating source by Kerr [83]. The
Kerr black hole solution is assumed to be the most suit-
able solution describing an astrophysical black hole [84],
and therefore is widely studied in different contexts [85–89].
The Kerr black hole solution has been further generalized
in the presence of charge [90], dark energy [91], CS [92]
and other fields [93,94], both in the asymptotically flat and
asymptotically de-sitter/anti-de-sitter backgrounds. The cur-
rent accelerated expression of the Universe can be possibly
explained with the existence of a repulsive gravitational force
for which the dark energy is a potential candidate. There are
different notions of the dark energy introduced in the liter-
ature. The quintessential dark energy for which the equa-
tion of state parameter ωq is given as −1 < ωq < −1/3,
has been considered widely in the different gravitational the-
ories [95–97]. In astrophysical situations, the dark energy
and in particular the quintessence can produces gravitational
effects in the black hole spacetimes on the deflection angle of
light that coming from distant stars, and should be taken into
consideration in such scenario. To look at the imprints of the
quintessence on the black hole spacetimes, a black hole solu-
tion in the presence of the quintessence has been obtained by
Kiselev for the first time [98]. A rotating Kislev solution with
charge has also been presented [92]. To quantize gravity, the
string theory is an attempt in this direction. According to the
string theory the fundamental ingredients of the Universe are
one-dimensional strings instead of point particles. The first
static black hole solution in the background of CS has been
obtained by Letelier in 1979 [99]. These CS are assumed to
be formed in the very early stages of the structure formation
in the Universe due to the symmetry breaking [100]. Toledo
and Bezerra have combined the ideas of Kiselev and Letelier
about the black hole solutions, and have obtained the coun-
terpart of the Kerr–Newman solution in the presence of both
the quintessential dark energy and CS [92]. Recently, some
interesting work has been done for black holes in the presence
of dark energy and CS [101–103]. In the current work we are
going to explore the photon motion and the shadow cast by
the Kerr–Newman–Kislev–Letelier (KNKL) black hole. We
show that how the photon sphere and shadow of the KNKL
black hole varies with the quintessence parameter, the CS
parameter and the black hole parameters, namely, charge and
spin of the black hole. Besides, we also examine the effects
of a plasma medium on the photon motion and the shadow
cast by the KNKL black hole. The shadow size increases with
the quintessence and CS parameter while it decreases with
the charge of the KNKL black hole. Further we investigate

the rate of energy emission by the KNKL black hole which
increase with the quintessence and CS parameters for fixed
values of the spin and charge of the KNKL black hole.
The paper is organized as follows: In Sect. 2 we briefly review
the KNKL black hole and it horizon structure. In the same
section we study the null geodesics in the KNKL black hole
spacetime. We investigate the shadow cast by the KNKL
black hole in the Sect. 3, where we also analyse the two
observables relating to the size and shape of the shadow of the
KNKL black hole. Further in the same section we calculate
limits on the parameters γ and b for the KNKL black hole,
from the data provided by the EHT collaboration. The rate
of emission energy for the KNKL black hole is discussed in
Sect. 4. Section 5 is devoted to the study of the equatorial and
polar QNMs and their correspondence with the radius of the
shadow cast by the KNKL black hole. In the Sect. 6 we look
at the effects of plasma on the null geodesics and shadow of
the KNKL black hole. We present conclusion and discussion
in the Sect. 7.

2 Null geodesics in the Kerr–Newman–Kiselev–Letelier
black hole

The KNKL black hole metric can be presented as [92]

ds2 = −�

�
(dt − a sin2 θdφ)2 + �

�
dr2 + �dθ2

+ sin2 θ

�

(
adt − (r2 + a2)dφ

)2
. (1)

For the above metric (1), the metric coefficients are

� = r2 + a2 cos2 θ, (2)

� = (1 − b)r2 + a2 + Q2 − 2Mr − γ r−3ωq+1. (3)

Here we discuss the effect of quintessence parameter γ ,
CS parameter b, spin parameter a and charge Q of the black
hole on the structure of the horizons of the KNKL black hole.
Note that M is the mass parameter and the ADM mass of the
system can be obtained by rescaling the coordinates (see,
[104]). The horizon of the black hole spacetime (1) can be
obtained by setting � = 0. Solving � = 0 numerically, the
behaviour of the radius of the horizon for different values of
the parameters γ and b is shown in Fig. 1 for fixed values of
the spin parameter a and charge Q of the KNKL black hole.
From the Fig. 1 one may see that the radius of the horizon
of the KNKL black hole increases with the increasing values
of the parameters γ and b, and therefore, the radius of the
horizon of the Kerr black hole is smaller than the radius of
the horizon of the KNKL black hole. For further discussion
on the horizon structure of the KNKL black hole one may
see Ref. [92].

In order to have the shape of the shadow cast by the KNKL
black hole we first investigate null geodesics in the spacetime
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Fig. 1 The plots show the horizons structure of the KNKL black hole for different values of the parameters

geometry of the KNKL black hole. We adopt the Hamilton–
Jacobi formalism to study the null geodesic structure of the
KNKL black hole spacetime, as follows [105]

∂S

∂τ
= −1

2
gμν ∂S

∂xμ

∂S

∂xν
, (4)

where E = gtμ ẋμ and Lz = gφμ ẋμ correspond to the energy
and momentum of the particle, τ is the affine parameter and
gμν is the metric tensor. Here the action S is separated as

S = 1

2
m2

0τ − Et + Lzφ + Sr (r) + Sθ (θ), (5)

where m0 is the mass of the particle and Sr (r), Sθ (θ) are the
function of r and θ only. Using the method of separation of
variables and utilizing Eq. (60) into the Eq. (4), we obtain
the following equations for the motion of photon (m0 = 0)

R =
[
(r2 + a2)E − aLz

]2 − �
[
K + (Lz − aE)2

]
, (6)

� = K + cos2 θ
(
a2E2 − L2

z sin−2 θ
)

. (7)

We obtain the following geodesic equations in the space-
time metric of the KNKL black hole

�
dt

dτ
= a(Lz − aE sin2 θ)

+r2 + a2

�

(
E(r2 + a2) − aLz

)
, (8)

�
dr

dτ
= ±√

R, (9)

�
dθ

dτ
= ±√

�, (10)

�
dφ

dτ
= (Lz csc2 θ − aE) + a

�

(
E(r2 + a2) − aLz

)
.

(11)

To obtain the boundary of the shadow cast by the KNKL
black hole we consider the geodesic equation involving ṙ
and can be written as

(
�
dr

dτ

)2

+ Vef f = 0. (12)

The effective potential in the equatorial plane (θ = π/2) is
given as

Vef f = �(K + (Lz − aE)2) − ((a2 + r2)E − aLz)
2

2r4 .

(13)

In Fig. 2, we show the general behaviour of the effective
potential against the radial coordinate r for some different
values of the CS parameter b and the quintessence parameter
γ , for fixed values of the spin and charge of the KNKL black
hole. The unstable circular orbits of photons can be seen
from the graphs of the effective potential, where the maxima
or peaks correspond to these orbits. From the same graphs for
the effective potential, we notice that the peaks are decreasing
and moving towards the right with increase in the value of the
parameters b and γ for fixed values of the spin a and charge
Q of the KNKL black hole. Therefore we observe that the
unstable circular orbits are shifting away from central object
with the increasing values of the parameters b and γ . We
further observe that the circular orbits of photons become
more and more unstable as the values of the parameters b
and γ goes on decreasing. from the behaviour of the effective
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Fig. 2 Effective potential around KNKL black hole for the massless particle

potential seen here, we confirms the repulsive nature of the
quintessential dark energy. It further indicates that the CS
can also have repulsive nature in the spacetime of the KNKL
black hole.

3 The shadow cast by the
Kerr–Newman–Kiselev–Letelier black hole and the
observables

Here we determine the shape of the shadow of the KNKL
black hole. For this we define the following impact parame-
ters ξ = Lz/E and η = K/E2, and therefor, the R in terms
of these new parameters can be expressed as

R =
[
(r2 + a2) − aξ

]2 − �
[
η + (ξ − a)2

]
. (14)

Photons coming towards a black hole follow three types of
trajectories, i.e., falling inside the black hole, scattering away
from the black hole or moving in unstable circular orbit in
the vicinity of the horizon of the black hole. Out of these
three types of trajectories, the unstable circular orbits near
the horizon of a black hole are responsible for determining
the shape of the shadow cast by the black hole. The unstable
circular photon orbits can be obtained from the following
conditions

R(r) = 0 = ∂R(r)

∂r
. (15)

The two parameters ξ and η determine the shape of the
shadow cast by a black hole. Considering Eqs. (14) and (15),
for the KNKL black hole we have ξ and η as

ξ =
(
a2 + r2

)
�′ − 4�r

a�′ , (16)

η = r2
(
16�

(
a2 − �

) − r2�′2 + 8�r�′)

a2�′2 . (17)

To discuss the geometry of the shadow cast by the KNKL
black hole the celestial coordinates α and β are defined as
[106]

α = −r0
P(φ)

P(t)
, (18)

β = −r0
P(θ)

P(t)
, (19)

where P(φ), P(θ), and P(t) are the tetrad components of the
photon momentum with respect to locally nonrotating ref-
erence frame [106].The r0 is the observed distance and it is
very large but finite r0 = D = 8.3 kpc for the Sgr A* or
r0 = D = 16.8 Mpc for the M87*.

We are determining the shadow of the KNKL black hole
in the equatorial plane for which the angle of the inclina-
tion is θ0 = π/2, therefore, Eqs. (18) and (19) assumes the
following form

α = −√−gtt (r0)ξ (20)

β = ±√−gtt (r0)
√

η. (21)

To analyse the shape and size of the shadow cast by the KNKL
black hole we plot the two celestial coordinates α and β for
different values of the parameters b and γ for fixed values of
the spin parameter a and charge Q of the black hole in Fig. 3.
We observe that for increasing values of the parameters b
and γ the radius of the shadow cast by the KNKL black
hole increases. In the same Fig. 3 we plot the coordinates
α and β for different values of the spin parameter a and
charge Q of the KNKL black hole, keeping the parameters
b and γ fixed. Here we notice that the shadow radius for the
KNKL black hole gets smaller as the values of the parameters
a and Q go on increasing. Again the repulsive nature of
both the quintessence and CS can be confirmed from this
behaviour of the graphs for the shapes of the shadow cast by
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Fig. 3 Shadow cast by the Kerr–Newman–Kiselev–Letelier black hole

the KNKL black hole. Further, form the Fig. 3 we observe
that the increasing values of the spin parameter a enhances
the distortion of the shadow of the KNKL black hole, for fixed
values of the other spacetime parameters. Thus the shadow
cast by a fast rotating black hole would be more distorted
as compared to the one cast by a slowly rotating black hole.
This observation may be helpful in constraining the spin of
a rotating black hole. Here we see that all the spacetime

parameters have an influence on the shape and size of the
shadow cast by the KNKL black hole.

Here we denote the radius of the circular shadow of the
black hole by Rsh and the distortion parameter δs is given by

δs = Dcs

Rsh
, (22)
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Fig. 4 Plots show the dependence of the radius of the black hole shadow on the different spacetime parameters

Fig. 5 Plots show the dependence of the distortion of the black hole shadow on the different spacetime parameters

here Dcs denotes the difference between the right endpoints
of the shadow cast by the black hole. The other observable
Rsh is given as

Rsh = (αt − αr )
2 + β2

t

2(αt − αr )
. (23)

In the Figs. 4 and 5, we plot the observable Rsh and δs as
a function of the parameters b and γ and charge Q. We see
that the observable Rsh increase with the parameters b and
γ and hence the size of the shadow cast by the KNKL black
hole increases. While the effect of the charge Q on the size
of the shadow of the KNKL black hole is just opposite to
that of the parameters b and γ . From the Fig. 5 we notice
that the observable δs which is responsible for the distortion
in the shape of the shadow cast by the black hole increases
with both Q and a. While it decreases with the parameters b
and γ . This observation may constrain both the charge and
spin of the black hole.

3.1 Constraints on the parameters b and γ from the data
provided by the EHT for M87* and SgrA*

With the assumption that the supermassive black holes at the
centre of the galaxies M87 and Milky way are surrounded
by the CS and quintessence, we obtain upper limits on the
quintessence parameters γ and the SC parameter b, using the
data provided by the EHT collaboration for the two super-
massive black holes M87* and SgrA*. The angular diameter
of the black hole shadow, the distance of the black hole from
earth and the estimated mass of the black hole at the centre of
the galaxy M87*, are given as θM87* = 42±3µas, D = 16.8
Mpc and MM87* = 6.5 ± 0.90 × 109 M�, respectively [2].
For the supermassive black hole Sgr A* at the centre of the
Milky way galaxy, the data obtained by the EHT collabo-
ration is as θSgr A* = 48.7 ± 7 μ , D = 8277 ± 33 pc and
MSgr A* = 4.3±0.013x106M� (VLTI) [6]. Utilising the data
provided by the EHT collaboration, we explore the diame-
ter of the shadow of the black hole, per unit mass using the
expression given as [22],
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Table 1 The upper values of γ and a are tabulated for the supermassive BHs in the galaxy M87* and the Sgr A*. Note that we set M = 1

Estimated values of parameters for M87* BH

Parameters Q = 0.0 and a = 0.5 Q = 0.5 and a = 0.5

b 0.0000 0.0200 0.0400 0.0000 0.0200 0.0400

γ 0.0358 0.0297 0.0235 0.0435 0.0386 0.0339

Estimated values of parameters for Sgr A* BH

Parameters Q = 0.0 and a = 0.5 Q = 0.5 and a = 0.5

b 0.0000 0.0200 0.0345 0.0000 0.0200 0.0400

γ 0.0110 0.0050 0.0000 0.0201 0.0154 0.0104

dsh = Dθ

M
. (24)

The diameter of the shadow can then be obtained from the
expression d theo

sh = 2Rsh. Thereby, the diameter of the image
of the shadow cast by the black hole is dM87*

sh = (11±1.5)M

for the supermassive black hole M87* and dSgr A*
sh = (9.5 ±

1.4)M for the supermassive black hole Sgr A* at the centre
of the Milky way galaxy. taking in account the data released
by the EHT collaboration, we have the constraints on the
parameters b and γ for the supermassive black holes, one
at the centre of the galaxy M87 and the other at the centre
of the Milky way galaxy. For fixed values of the spin a and
charge Q of the KNKL black hole, we show our results in the
Table 1. We observe that the upper limit of the CS parameter
b increases when the quintessence parameter γ decreases.
This study of constraining the two parameters b and γ , for the
KNKL black hole, suggests that the effect of the SC may be
stronger then the effect of the quintessence on the spacetime
geometry of the KNKL black hole.

4 Rate of emission energy

Due to the quantum fluctuations in a black hole spacetime the
creation and annihilation of pairs of particles take place in
the vicinity of the horizon of the black hole. During this pro-
cess particles having positive energy escape from the black
hole through the quantum tunneling. In the region where the
Hawking-radiation takes place the black hole evaporates in a
definite period of time. Here in this section we study the asso-
ciated rate of the energy emission. Near a limiting constant
value σlim , at a high energy the cross section of absorption of
a black hole modulates slightly. As a consequence the shadow
cast by the black hole causes the high energy cross section
of absorption by the black hole for the observer located at
infinity. The limiting constant value σlim , which is related to
the radius of the photon sphere is given as [64,67]

σlim ≈ πR2
sh, (25)

where Rsh denotes the radius of the black hole shadow,. The
expression for the rate of the energy emission of a black hole
is [64,67]

d2E
dωdt

= 2π2σlim

exp[ω/T ] − 1
ω3, (26)

where T = κ/2π is the expression for the Hawking tem-
perature and κ is the notation used for the surface gravity.
Combining Eq. (25) with the Eq. (26), we arrive at an alter-
nate form for the expression of emission energy rate as

d2E
dωdt

= 2π3R2
sh

eω/T − 1
ω3. (27)

Variation of the energy emission rate with respect to the
frequency of photon ω, for fixed values of the spin a and
charge Q of the KNKL black hole and for different values
of the parameters b and γ is represented in Fig. 6. We see
that with an increase in the values of the parameters b and
γ , the peak of the graph of the rate of the energy emission
increases. This indicates that for the lower energy emission
rate the evaporation process of the black hole is slow. It should
be mentioned that for convenience we denote Eωt as d2E

dωdt in
the Fig. 6.

5 Equatorial and polar QNMs and their relation with
typical shadow radius

In this section we explore the relation between the typical
shadow radius and QNMs. This correspondence is interesting
and can be tested in the near future. In particular we know that
QNMs are modes related to ringdown phase of the black hole
and can be given in terms of the real and imaginary part as
follows ω = ω�−iω� while the shadow radius is relevant for
testing GR in the strong gravity regime using supermassive
black holes. It has been shown that for asymptotically flat and
static metrics there is a relation between angular velocity and
real part of QNMs [107]. In particular one can then easily
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Fig. 6 Plots show the dependence of the emission energy on the different spacetime parameters

relate the shadow radius and the real part of QNMs in terms
of the relation [58,108]

Rsh = l + 1
2

ω�
. (28)

Note, however, that this relation can be violated in modified
theories of gravity like Einstein–Lovelock theory, shown in
[109]. Moreover in Ref. [110] it was shown that the QNM
frequency in the Eikonal limit reads

ωQNM =
(
l + 1

2

)
�R − iγL

(
n + 1

2

)
(29)

where

�R = �θ + m

l + 1
2

�prec, (30)

in which �θ gives the orbital frequency in the polar direction.
Moreover �prec is known as the Lense–Thirring precision
frequency of the orbit plane and γL is the Lyapunov exponent
of the orbit. It is well known that apart from the mass of
the black hole (which is proportional to the shadow radius),
due to the black hole spin the shadow gets distorted and the
apparent shape of the shadow depends on the viewing angle.
Therefore it is not possible in general to find a closed form
or analytical expression for the shadow radius.

• Case I: Viewing angle θ0 = π/2

Let us consider here the special case with the viewing angle
θ0 = π/2. Moreover, we consider equatorial orbit which can
be used to compute the typical shadow radius. To do so, we
use the fact that the Lense–Thirring precision frequency is
related to the orbital frequency and Keplerian frequency via

�prec = ±�φ ∓ �θ (31)

with

�φ = −∂r gtφ ±
√(

∂r gtφ
)2 − (∂r gtt )(∂r gφφ)

∂r gφφ

. (32)

One can apply the same approach as the WKB analysis
for Kerr quasinormal modes, then by writing 2

∫ θ+
θ−

√
� dθ =

2π(L − |Lz |), which physically can be viewed as the Bohr–
Sommerfeld Condition and can be compare with the eigen-
value problem in the θ direction for the Kerr quasinormal
modes (see for details in Ref. [110]). It was argued that

K + L2
z 	 L2 − a2E2

2

(
1 − L2

z

L2

)
, (33)

and now if we divide the last equation by E2, we can obtain

η + ξ2 	 L2

E2 − a2

2

(
1 − L2

z

L2

)
. (34)

At this point we can make use of the correspondence [110]

Lz ⇐⇒ m (35)

E ⇐⇒ ω� (36)

L ⇐⇒ l + 1

2
(37)

where one has ω� = L�R . In the limit m = l >> 1, also
known as the Eikonal limit, we have μ = m/(l + 1/2) = 1
with

�prec = �φ − �θ, (38)

one can then ind

�R = �θ + �prec = �φ. (39)
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In other words, these QNMs are related to the Kepler fre-
quency which can be written as [111]

ω±
� = (l + 1

2
)
−∂r gtφ ±

√(
∂r gtφ

)2 − ∂r gtt∂r gφφ

∂r gφφ

, (40)

provided m = l >> 1. We use the following definition to
specify the typical shadow radius

R̄sh := 1

2

(
α+(r+

ph) − α−(r−
ph)

)
, (41)

where α±(rph) = ±√
f (r0) ξ and η(r±

ph) = 0. Now if we
use Eq. (34) it follows that

ξ± = ±
√√√√ (l + 1

2 )2

ω2�(r±
ph)

− a2

2
(1 − μ2). (42)

Combining these equation we arrive at [111]

R̄sh =
√

f (r0)

2

√√√√ (l + 1
2 )2

ω2�(r+
ph)

− a2

2
(1 − μ2)

+
√

f (r0)

2

√√√√ (l + 1
2 )2

ω2�(r−
ph)

− a2

2
(1 − μ2), (43)

where

f (r0) = 1 − b − 2M

r
+ Q2

r2 − γ r−3ωq−1|r0 . (44)

and r0 is the location of the observer. In other words due to the
CS parameter the spacetime topology is globally conical and
not asymptotically flat hence the shadow radius measured
by the distant observer is modified. The correspondence is
precise if we consider the eikonal limit, that is, if we set
μ = ±1 (namely [(m = ±l)], yielding

R̄sh(μ = ±1) =
(
l + 1

2

) √
f (r0)

2

(
1

ω�(r+
ph)

− 1

ω�(r−
ph)

)
.

(45)

We can obtain the static case when ω+
� = −ω−

� = ω�
yielding

R̄sh = √
f (r0)

l + 1
2

ω�
. (46)

We see that for asymptotically flat spacetime f (r0) → 1 and
the last equation reduces to Eq. (27). Using the metric func-
tions and after some algebraic manipulation in the Eikonal
limit we can use Eq. (40) which can be further simplified as
follows [111]

ω±
� = (l + 1

2
)

1

a ±
√

2r±
ph

f ′(r)|
r±ph

. (47)

We can rewrite the typical shadow radius equation, to obtain
a simple equation

R̄sh =
√

2 f (r0)

2

⎛
⎝

√√√√ r+
ph

f ′(r)|r+
ph

+
√√√√ r−

ph

f ′(r)|r−
ph

⎞
⎠ . (48)

The last equation is nothing but the result which was obtained
previously in Ref. [110], where the points r±

ph were deter-
mined by solving [58,111]

r2
ph − 2rph

f ′(r)|r±
ph

f (rph) ∓ 2a

√
2rph

f ′(r)|r±
ph

= 0. (49)

In Table 1 we present the numerical values for the equa-
torial QNMs of the KNKL black hole for a given domain of
parameters. With the increase of l we normally expect the
precision to increase. By means of Eq. (44) we can easily
obtain the typical shadow radius using the values for QNMs.

• Case II: Viewing angle θ0 = 0 and θ0 = π

Our second example is to consider the polar orbit θ = 0
along with the viewing angle for the observer: θ0 = 0 &
θ0 = π . For the polar orbit, we know that the azimuthal
angular momentum is zero, i.e., Lz = 0. Using the circular
geodesics i.e., ṙ2, it follows that

(r2 + a2)2 − [r2 f (r) + a2]R2
s = 0, (50)

along with

4r(r2 + a2) − 2r f (r)R2
s − r2 f ′(r)R2

s = 0, (51)

in which we have the impact parameter R2
s = K/E2 + a2

(see, [112]). Now by using Eq. (50) we obtain

R±
s = ± a2 + r2

√
r2 f (r) + a2

|rph . (52)

For the typical shadow radius we assume the following def-
inition R̄sh := (

√
f (r0)R+

s − √
f (r0)R−

s )/2, yielding

R̄sh = √
f (r0)

a2 + r2
√
r2 f (r) + a2

|rph , (53)

where rph can be found by solving the relation

(a2 + r2
ph)

2 − 4[r2
ph f (rph) + a2](a2 + r2

ph)

rph f ′(rph) + 2 f (rph)
= 0. (54)
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Table 2 Numerical values of the real part of QNMs for equatorial modes and polar modes. We have set M = 1, Q/M = 0.5, a/M = 0.5, γ =
0.001, ωq = −2/3 and b = 0.001

Equatorial modes Polar modes
l ω+

� ω−
� ω�

1 0.394368035 −0.250600581 0.306612155

2 0.657280058 −0.417667636 0.511020260

3 0.920192081 −0.584734690 0.715428363

4 1.183104105 −0.751801745 0.919836467

5 1.446016128 −0.918868799 1.124244572

6 1.708928152 −1.085935854 1.328652675

7 1.971840175 −1.253002909 1.533060779

8 2.234752199 −1.420069964 1.737468883

9 2.497664222 −1.587137018 1.941876987

10 2.760576245 −1.754204073 2.146285091

Using Eq. (32) and taking Lz = 0, for the typical shadow
radius we obtain

R̄sh = √
f (r0)

√
(l + 1/2)2

ω2�(rph)
+ a2

2
. (55)

One can easily observe that for the nonrotating case the
shadow radius reduces to Eq. (45) as we expect. On the other
hand if we combine Eqs. (45) and (52) the real part of QNMs
can be expressed as follows

ω� =
(
l + 1

2

) √
2(r2 f (r) + a2)

2(a2 + r2)2 − a2(r2 f (r) + a2)
|r=rph .

(56)

Finally, in Table 2, we have presented the numerical values
for the polar QNMs. We expect that with the increase of l the
precision of the numerical values for the QNMs frequency
increases.

6 Shadow cast by the Kerr–Newman–Kiselev–Letelier
black hole in the presence of plasma

In GR mostly the influence of the medium on the light rays
passing through it is neglected. Nonetheless, for instance the
Solar corona influences the travel time of the radio signals
and also their angle of deflection very close to the Sun. This
phenomena suggests the presence of a medium which can
give us some nontrivial physics. Therefore, it is of interest to
study the astrophysically relevant processes like black hole
shadow in the presence of a plasma medium. Consequently
in this section we investigate the shadow cast by the KNKL
black hole in a plasma medium.

6.1 Dynamics of photon in a plasma medium

Here we use the Hamiltonian for the light ray moving around
a black hole which is surrounded by plasma to obtain the
equation of motion in the following form [113,114]:

H = 1

2

[
gμν pμ pν + ωp(x)

2
]

, (57)

where the electron plasma frequency ωp is defined as [115]

ωp(x)
2 = 4πe2

me
Ne(x), (58)

with the charge and mass of electron as e andme, respectively.
The number density of electrons is Ne.

In the case of photon the Hamilton–Jacobi equation is
given as

H
(
x,

∂S

∂x

)
= 0. (59)

Here we adopt the method of separation of variables and
write the action in the following separable form

S = −ω0t + pφφ + Sr (r) + Sθ (θ), (60)

where the angular momentum and energy of the particle are
pφ , ω0, which are the conserved quantities. Recently, it is
presented and discussed for the rotating BH [73], that the
plasma frequency can be written in the following form [73,
75]:

ωp(x)
2 = h(r) + g(θ)

ρ2 , (61)

where the functions h(r) and g(θ) are related to the radial
and the angular parts [73], respectively. We use (60) and (61)
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Fig. 7 Plots show the dependence of the black hole shadow in plasma on the different spacetime parameters

into Eq. (59) and get the following expression

0 = a2� sin2 θ − (r2 + a2)2

�
ω2

0 + 4aMre−l/r

�
ω0 pφ

+�(S′
r )

2 + (S′
θ )

2

+ � − a2 sin2 θ

� sin2 θ
p2
φ + h(r) + g(θ), (62)

in the KNKL black hole spacetime with a plasma medium.
Next we use the Carter constant K to separate the equation
into the following two parts as [75]

(S′
θ )

2 +
(
aω0 sin θ − pφ

sin θ

)2 + g(θ) = K, (63)

1

�
− �(S′

r )
2((r2 + a2)ω0 − apφ)2 − h(r) = K. (64)
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Using the Eq. (62) we can get the equation of motion in the
spacetime of the KNKL black hole with the plasma medium
as [75]

ρ2 dt

dτ
= a(pφ − aω0 sin2 θ) + r2 + a2

�
P(r), (65)

ρ2 dr

dτ
= ±√

R, (66)

ρ2 dθ

dτ
= ±√

�, (67)

ρ2 dφ

dτ
= pφ

sin2 θ
− aω0 + a

�
P(r), (68)

where P(r) is given by

P(r) = (r2 + a2)ω0 − apφ, (69)

the functions R and � are related to the radial and angular
equations of motion, respectively, and are expressed as

R = P(r)2 − �
[
Q + (pφ − aω0)

2 + h(r)
]
, (70)

� = Q + cos2 θ
(
a2ω2 − p2

φ sin−2 θ
)

− g(θ), (71)

where Q = K − (pφ − aω0)
2.

6.2 Shadow of the Kerr–Newman–Kiselev–Letelier black
hole in the presence of plasma

To discuss the shadows of black holes we evaluate the bound-
ary of the circular light rays. We use the conditions given as
R = 0 = R′ to obtain the constants of motion in terms of
the radius r of the circular orbits of photons as [75]

Q =
(
apφ − ω0

(
a2 + r2

))2

�
− (pφ − aω0)

2 − h(r), (72)

pφ = ω0

a

⎡
⎣r2 + a2 − �

a�′

⎛
⎝

√
4r2 − h′(r)�′(r)

ω0
+ 2r

⎞
⎠

⎤
⎦ .

(73)

Now we use the celestial coordinates to present the sil-
houette of the shadow cast by black hole in the presence of
plasma. It can be represented in the following form [75,106]

α = − pφ

ω0 sin θ0

√
f (r0), (74)

β = ±
√

f (r0)

ω0

√
Q + cos2 θ0

(
a2ω2

0 − p2
φ

sin2 θ0

)
− g(θ0).

(75)

To consider the size and the shape, as functions of the
spacetime parameters, we will consider the well-known case
of the dust that is at rest at infinity and was first used by
Shapiro [116], for the plasma in our current analysis. In the
rotating spacetime the mass density, and by Eq. (58), the

squared plasma frequency, go as r−3/2, being independent
of θ to a very good approximation [75]. However, such a
plasma distribution cannot be put into the separable form
given by Eq. (61). Therefore, following Refs. [73,75], we
take the frequency to have an additional angular dependency
by choosing as [75]:

h(r) = ω2
c

√
M3r , (76)

g(θ) = 0, (77)

from that [75]

ω2
p = ω2

c

√
M3r

r2 + a2 cos2 θ
, (78)

where ωc is a constant [75] and M represents the mass of the
black hole.

We combine Eqs. (74)–(77), in the equatorial plane to get
the shadow cast by the KNKL black hole and the plots in the
Fig. 7 show the shadow of the black hole for the different
values of the spacetime and the plasma parameters. From
the Fig. 7, we observe that with an increase in the plasma
parameter the size of the shadow of the KNKL black hole
decreases, for fixed values of all other spacetime parameters.
Further we see that the shadow of the KNKL black hole
increase for the increasing values of the parameter γ and
b, if we keep the plasma parameter and the other spacetime
parameters fixed. Hence the presence of plasma shrinks the
shadow cast by the KNKL black hole. Further, the nature
of both the parameters γ and b is still repulsive even in the
presence of the plasma medium.

7 Conclusions and discussions

In this study we have discussed the photon motion and the
related phenomena of black hole shadow in the KNKL black
hole spacetime. In particular we have investigated the influ-
ence of the CS parameter b and the quintessence parameter
γ on the photon motion and the black hole shadow. In Fig. 1
we have seen that the size of the horizon of the KNKL black
hole increases for the values of the parameters γ and b, for
fixed values of the spin a and charge Q, and therefore both
the parameters b and γ are repulsive in nature. In the Fig. 2
we have plotted the effective potential for the photon, where
it is decreasing with the increasing values of the parameters
b and γ . For the increasing values of the parameters b and γ ,
the unsuitability of the photon circular orbits also decreases.
In the Fig. 3, We have seen that the size of the shadow cast
by the KNKL black hole increase with increase in the values
of the parameters b and γ , for fixed values of the spin a and
charge Q of the black hole. Hence the repulsive nature of
the quintessence and CS is confirmed again, for the KNKL
black hole spacetime. In the same figure we have also seen
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that the size of the KNKL black hole shadow decreases for
the increasing values of the parameters a and Q, when the
values of the other parameters are kept constant. In the Fig. 4
the radius of the shadow cast by the KNKL black hole is
plotted against the parameters b and γ where it increase with
b and also with γ for different values of other spacetime
parameter. We have represented the distortion parameter δs
for different values of the spin parameter a and charge Q of
the KNKL black hole. In the Fig. 5 We have observed that the
parameter δs decrease with b and γ . In the same Fig. we have
noticed that the distortion of the shadow cast by the KNKL
black hole increases as the values of the parameters a and Q
are increasing. It may be concluded that the shadow cast by
a fast rotating and highly charged black hole would be more
distorted. This observation may be helpful for estimating the
values of the spin a and the charge Q of black holes.

Using the date of the EHT collaboration for the angular
diameter of the supermassive black hole shadow, the dis-
tance of the supermassive black hole from earth and the esti-
mated mass of the supermassive black hole at the centre of
the galaxy M87 and Milky way, We have calculated the upper
limits on the CS parameter b and quintessence parameter γ

in the case of the KNKL black hole. We have seen that the
parameter b increases when the quintessence parameter γ

decreases. This behaviour of the two parameters b and γ ,
shows that the SC may have stronger effects on the space-
time geometry of the KNKL black hole, as compared with
the effects of the quintessence on it.

Further we have observed that for fixed values of the spin a
and charge Q of the KNKL black hole, the rate of the emis-
sion energy increases for the increasing values of both the
CS parameter b and the quintessence parameter γ , against
the frequency ω of the photon. Thus the quintessence and
also CS accelerate the Hawking radiation process and there-
fore, the KNKL black hole may evaporate quicker than the
Kerr–Newman black hole. Note here that by setting the CS
parameter b to 8πη2, where η is the global monopole charge,
the metric resembles the Kerr–Newman black hole with a
global monopole charge. This scenario was studied recently
in Ref. [117] with different equations of state: ωq = −1/3;
ωq = 0; and ωq = 1/3.

Using the correspondence between geometric-optics of
the parameters of a QNMs and the conserved quantities along
geodesics we found and analyzed the typical shadow radius
and equatorial and polar QNMs. The typical shadow radius
is affected by the CS parameter.

Increasing the value of the plasma parameter and Keeping
all the other spacetime parameters constant, we have seen
that the size of the shadow cast by the KNKL black hole
decreases. This decrease in the size of the shadow cast by
the black hole is due to the refraction of the electromagnetic
radiation in the plasma medium around the KNKL black hole.
Further, we have noticed that with the increasing values of

the CS parameter b and the quintessence parameter γ , in
the presence of plasma the size of the shadow cast by the
KNKL black hole increases for the fixed values of the other
spacetime parameters and as well as the plasma parameter.
Thus we have seen that the behaviour of the quintessence
and also of the CS is still repulse even in the presence of the
plasma medium.

Acknowledgements F.A. acknowledges the support of Inha Univer-
sity in Tashkent and research work has been supported by the Visi-
tor Research Fellowship at Zhejiang Normal University. This research
is partly supported by Research Grant FZ-20200929344 and F-FA-
2021-510 of the Uzbekistan Ministry for Innovative Development. G.
Mustafa is very thankful to Prof. Gao Xianlong from the Department
of Physics, Zhejiang Normal University, for his kind support and help
during this research. Further, G. Mustafa acknowledges the Grant No.
ZC304022919 to support his Postdoctoral Fellowship at Zhejiang Nor-
mal University.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: There is no exper-
imental or observational data available for this work.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3. SCOAP3 supports the goals of the International
Year of Basic Sciences for Sustainable Development.

References

1. H. Falcke, F. Melia, E. Agol, ApJ 528, L13 (2000). https://doi.
org/10.1086/312423. arXiv:astro-ph/9912263

2. W.M. Farr et al., Astrophys. J. 741, 103 (2011). https://doi.org/
10.1088/0004-637X/741/2/103. arXiv:1011.1459

3. R. Takahashi, ApJ 611, 996 (2004). https://doi.org/10.1086/
422403. arXiv:astro-ph/0405099

4. B.P. Abbott et al., Phys. Rev. Lett 116, 061102 (2016). https://doi.
org/10.1103/PhysRevLett.116.061102. arXiv:1602.03837 [gr-
qc]

5. K. Akiyama et al., ApJ 875, L1 (2019). https://doi.org/10.3847/
2041-8213/ab0ec7. arXiv:1906.11238 [astro-ph.GA]

6. K. Akiyama et al., Astrophys. J. Lett 930, L12 (2022). https://doi.
org/10.3847/2041-8213/ac6674

7. Z. Stuchlik, Bull. Astron. Inst. Czechoslov. 32, 366 (1981)
8. Z. Stuchlík, S. Hledík, Class. Quantum Gravity 17, 4541 (2000).

https://doi.org/10.1088/0264-9381/17/21/312. arXiv:0803.2539
[gr-qc]

9. A. de Vries, Class. Quantum Gravity 17, 123 (2000). https://doi.
org/10.1088/0264-9381/17/1/309

10. A. Belhaj, H. Belmahi, M. Benali, Phys. Lett. B 821, 136619
(2021). https://doi.org/10.1016/j.physletb.2021.136619

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
http://arxiv.org/abs/astro-ph/9912263
https://doi.org/10.1088/0004-637X/741/2/103
https://doi.org/10.1088/0004-637X/741/2/103
http://arxiv.org/abs/1011.1459
https://doi.org/10.1086/422403
https://doi.org/10.1086/422403
http://arxiv.org/abs/astro-ph/0405099
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
http://arxiv.org/abs/1602.03837
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
http://arxiv.org/abs/1906.11238
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.1088/0264-9381/17/21/312
http://arxiv.org/abs/0803.2539
https://doi.org/10.1088/0264-9381/17/1/309
https://doi.org/10.1088/0264-9381/17/1/309
https://doi.org/10.1016/j.physletb.2021.136619


Eur. Phys. J. C (2022) 82 :831 Page 15 of 17 831

11. A. Abdujabbarov, B. Toshmatov, Z. Stuchlík, B. Ahmedov, Int. J.
Mod. Phys. D 26, 1750051–239 (2017). https://doi.org/10.1142/
S0218271817500511

12. P.-Z. He, Q.-Q. Fan, H.-R. Zhang, J.-B. Deng, Eur. Phys. J. C 80,
1195 (2020). https://doi.org/10.1140/epjc/s10052-020-08707-z.
arXiv:2009.06705 [gr-qc]

13. J.L. Synge, Mon. Not. R. Astron. Soc. 131, 463 (1966). https://
doi.org/10.1093/mnras/131.3.463

14. J.P. Luminet, Astron. Astrophys. 75, 228 (1979)
15. K. Hioki, K.-I. Maeda, Phys. Rev. D 80, 024042 (2009). https://

doi.org/10.1103/PhysRevD.80.024042
16. C. Bambi, K. Freese, Phys. Rev. D 79, 043002 (2009). https://doi.

org/10.1103/PhysRevD.79.043002. arXiv:0812.1328 [astro-ph]
17. T. Johannsen, Astrophys. J. 777, 170 (2013). https://doi.org/10.

1088/0004-637X/777/2/170. arXiv:1501.02814 [astro-ph.HE]
18. F. Atamurotov, A. Abdujabbarov, B. Ahmedov, Phys. Rev. D 88,

064004 (2013). https://doi.org/10.1103/PhysRevD.88.064004
19. N. Tsukamoto, Z. Li, C. Bambi, J. Cosmol, A.P. 2014,

043 (2014). https://doi.org/10.1088/1475-7516/2014/06/043.
arXiv:1403.0371 [gr-qc]

20. A.A. Abdujabbarov, L. Rezzolla, B.J. Ahmedov, MNRAS
454, 2423 (2015). https://doi.org/10.1093/mnras/stv2079.
arXiv:1503.09054 [gr-qc]

21. P.V.P. Cunha, C.A.R. Herdeiro, Gen. Relativ. Gravit. 50,
42 (2018). https://doi.org/10.1007/s10714-018-2361-9.
arXiv:1801.00860 [gr-qc]

22. C. Bambi, K. Freese, S. Vagnozzi, L. Visinelli, Phys. Rev. D 100,
044057 (2019). https://doi.org/10.1103/PhysRevD.100.044057.
arXiv:1904.12983 [gr-qc]

23. M. Afrin, R. Kumar, S.G. Ghosh, Mon. Not. R. Astron.
Soc. 504, 5927 (2021). https://doi.org/10.1093/mnras/stab1260.
arXiv:2103.11417 [gr-qc]

24. V. Perlick, O.Y. Tsupko, Phys. Rep. 947, 1 (2022). https://doi.org/
10.1016/j.physrep.2021.10.004. arXiv:2105.07101 [gr-qc]

25. M. Afrin, S.G. Ghosh, Astrophys. J. 932, 51 (2022). https://doi.
org/10.3847/1538-4357/ac6dda. arXiv:2110.05258 [gr-qc]

26. M. Okyay, A. Övgün, JCAP 2022, 009 (2022). https://doi.org/10.
1088/1475-7516/2022/01/009. arXiv:2108.07766 [gr-qc]

27. L. Amarilla, E.F. Eiroa, Phys. Rev. D 85, 064019 (2012). https://
doi.org/10.1103/PhysRevD.85.064019. arXiv:1112.6349 [gr-qc]

28. N. Tsukamoto, Phy. Rev. D 97, 064021 (2018). https://doi.org/
10.1103/PhysRevD.97.064021. arXiv:1708.07427 [gr-qc]

29. F. Atamurotov, S.G. Ghosh, B. Ahmedov, Eur. Phys. J. C 76,
273 (2016). https://doi.org/10.1140/epjc/s10052-016-4122-9.
arXiv:1506.03690 [gr-qc]

30. A. Abdujabbarov, F. Atamurotov, Y. Kucukakca, B. Ahmedov, U.
Camci, Astrophys. Space. Sci. 344, 429 (2013). https://doi.org/
10.1007/s10509-012-1337-6. arXiv:1212.4949 [physics.gen-ph]

31. A. Abdujabbarov, F. Atamurotov, N. Dadhich, B. Ahmedov, Z.
Stuchlík, Eur. Phys. J. C 75, 399 (2015). https://doi.org/10.1140/
epjc/s10052-015-3604-5. arXiv:1508.00331 [gr-qc]

32. U. Papnoi, F. Atamurotov, Phys. Dark Universe 35,
100916 (2022). https://doi.org/10.1016/j.dark.2021.100916.
arXiv:2111.15523 [gr-qc]
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