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ABSTRACT: We explore the quantum algebraic formalism of the gauge origami system in
C*, where D2/D4/D6/D8-branes are present. We demonstrate that the contour integral
formulas have free field interpretations, leading to the operator formalism of gg-characters
associated with each D-brane. The gg-characters of D2 and D4-branes correspond to screening
charges and generators of the affine quiver W-algebra, respectively. On the other hand, the
qq-characters of D6 and D8-branes represent novel types of gg-characters, where monomial
terms are characterized by plane partitions and solid partitions. The composition of these
qq-characters yields the instanton partition functions of the gauge origami system, eventually
establishing the BPS/CFT correspondence.

Additionally, we demonstrate that the fusion of gg-characters of D-branes in lower
dimensions results in higher-dimensional D-brane gg-characters. We also investigate quadratic
relations among these gg-characters. Furthermore, we explore the relationship with the
representations, g-characters, and the Bethe ansatz equations of the quantum toroidal gl;.
This connection provides insights into the Bethe/Gauge correspondence of the gauge origami
system from both gauge-theoretic and quantum-algebraic perspectives.

We finally present conjectures regarding generalizations to general toric Calabi-Yau
four-folds. These generalizations imply the existence of an extensive class of gg-characters,
which we call BPS gg-characters. These BPS ¢g-characters offer a new systematic approach
to derive a broader range of BPS/CFT correspondence and Bethe/Gauge correspondence.
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1 Introduction and summary

Rise of BPS/CFT correspondence. Towards a non-perturbative understanding of string
theory and quantum field theory, exact computations of physical observables have played
significant roles. Among these observables, the instanton partition functions of supersymmetric
gauge theories have emerged as significant quantities that can be precisely computed through
localization techniques [1-7]. These partition functions exhibit remarkable characteristics,
particularly in the realm of rich geometric and algebraic properties. Our specific interest
lies in the algebraic structures of these partition functions, which have, in turn, led to the
revelation of a novel duality known as the BPS/CFT correspondence [8-16]. The BPS/CFT
correspondence claims that correlation functions of BPS observables in supersymmetric gauge
theories are dual to correlation functions of infinite-dimensional algebras. A well-known
example of this duality is the Alday-Gaiotto-Tachikawa (AGT) duality [17-19] (see also [20]
for a review), which established a connection between instanton partition functions of 4d
N = 2 theories and conformal blocks of 2d conformal field theories (CFT), where both
theories originate from a 6d N/ = (2,0) theory compactified on a Riemann surface. A 5d
lift-up of the AGT duality called the 5d AGT duality [21-23], was subsequently discovered
and the partition functions are dual to correlation functions of quantum algebras. Over
the last decade, efforts have been dedicated to generalizing both the gauge theory side and
the infinite-dimensional algebra side to achieve a more comprehensive understanding of the
BPS/CFT correspondence [24-34].

Generalized gauge theory. The usual instantons appear as topologically nontrivial field
configurations minimizing the action of the Yang-Mills theory on R* and the moduli space
comes from the ADHM construction [35, 36]. After introducing a nontrivial background flux
called Q-background, Nekrasov showed that the instanton partition function takes the form of
Z =3, ¢ Z[)\] where the terms are a summation of two-dimensional partitions [1, 2, 37, 38].
Over the last few years, researches on generalizations of the Yang-Mills instantons have been
conducted and we now know that there are higher dimensional generalizations of instantons
having ADHM-like constructions [39—43]. The instanton partition functions are given as a
statistical sum of random partitions as Z = Y, q/*Z[A], where A is a random partition.
Considering 6d and 8d theories, the random partitions A will be plane partitions [41, 44—
46] and solid partitions [15, 16], respectively (see also [47]). In type IIB string theory on
R'9. such kind of setup appears as the low energy limit of the worldvolume theory of the
D1-branes probing the D(2p + 1)-branes (p = 2,3,4) [48-51]: 2d (p = 2), 3d (p = 3), 4d
(p = 4) partitions. Mathematically, the p = 3 case gives the equivariant Donaldson-Thomas
invariants of C3, while the p = 4 case is called the magnificent four model and gives the
equivariant Donaldson-Thomas invariants of C*.

Another direction of generalizations of the Yang-Mills instantons is the generalized gauge
theory [10-12], which is a theory defined on several, generally, intersecting components as
S = U; S; where on each space-time component §; there is an original field theory. On
each space-time component S;, we have a gauge group G; and at the intersection S; N S;
we have bifundamental fields transforming under G; x G, and thus it could be understood
as a generalized quiver gauge theory. From the viewpoint of each field theory on S;, the



intersection of other components plays the role of defects. The first example of such general
gauge theory is the so-called spiked instanton system, which was introduced in [10, 11]. The
spiked instantons arise from the low energy limit of D1-branes probing intersecting D5 (and
anti-D5)-branes. Later, it was generalized to D1-branes probing intersecting D7-branes in [52]
(see also [53, 54]), and the arising instantons are called the tetrahedron instantons. Note
that these instantons are generalizations of the higher dimensional instantons introduced
in the previous paragraph.

Gauge origami. The setups discussed previously are collectively called the gauge origami
and the arising partition function is called the gauge origami partition function [12]. Consider
a type IIB theory on Z x C where Z is a toric Calabi-Yau four-fold and C = C, C*, T? and
the low energy limit of the D1-branes probing D(2p + 1)-branes. The D1-branes wrap C
while the D(2p + 1)-branes wrap the product of C and non-compact toric submanifolds of
Z in a way preserving a suitable number of supersymmetries. Depending on C, the arising
partition function becomes rational, trigonometric, and elliptic, respectively. The gauge
origami partition function generally takes the form as

Zorigami = Z ﬂlA‘ H Z[AEO‘)] H Z(Aga) ’Agﬁ)) (11)
nw@y G (1,0)7#(5,5)

where 7 labels the possible types of toric submanifolds and « labels the number of D-branes
wrapping them. The partition function is a summation of random BPS crystals, which are
(o)

generalizations of the partitions, and they are denoted A;"’. These crystals are expected to
be, generally, truncations of four-dimensional BPS crystals which are generalizations of the
three-dimensional BPS crystals [55-58]. The Z [Al(a)] part comes from the contribution of each
D(2p + 1)-branes while the Z (Aga) | Agﬂ )) part comes from the bifundamental contributions at
the junctions. In this paper, we mainly focus on the case when Z = C* and C = C* ~ R x S!
which gives the K-theoretic magnificent four [15, 16], tetrahedron instanton [52], and spiked
instanton [59] setups. From the string theory viewpoint, we take the T-duality of the
D1-D(2p + 1) system and consider a DO-D(2p) system, where each D(2p)-brane gives a

(2p 4+ 1)-dimensional gauge theory and the DO-branes play the roles of instantons.

Quantum algebra of gauge origami. An interesting property of the gauge origami
partition function is the existence of an infinite set of non-perturbative Dyson-Schwinger
equations related to the symmetries of adding and removing instantons [10]. The gg-characters
are physical observables characterizing them, and interestingly, there is an operator formalism
of them called the quiver W-algebra [60-63] (see [64] for a review). From the gauge theoretic
viewpoint, such algebras are associated with the Dynkin diagram corresponding to the quiver
structure of the gauge theory. In the gauge origami formalism, the gg-characters and quiver W-
algebras appear from the gauge origami system in Z = C? x C2?/T", where I" denotes the finite
subgroup of SU(2) associated with the quiver structure through the McKay correspondence.
Placing D4-branes wrapping the C? part gives the 5d A/ = 1 (affine) quiver gauge theories
and the D4-branes wrapping the C?/T give the gg-characters or the quiver W-algebras of the
theory. Physically, they are codimension four defects of the quiver gauge theory [65].

One of the reasons why such algebras are considered important is because they give
the BPS/CFT correspondence for the present case. One can construct screening currents



from the quiver structure and the vacuum expectation value of them gives the instanton
partition function of the quiver gauge theory. Moreover, after defining the highest weight, the
commutativity with the screening charges determines the generator of the quiver W-algebra
uniquely and they are the operator version of the gg-characters. These quiver W-algebras
include the well-known ¢-Virasoro [66], ¢-W y [67, 68], and Frenkel-Reshetkhin’s deformed
W-algebras [69, 70].

Although the quiver W-algebras indeed gave a way to discuss the BPS/CFT correspon-
dence from the quantum algebraic viewpoint, the applicable theory is still limited and needs
to be extended. For example, while the gg-characters associated with Z = C?/Y x C?/T
were studied in terms of partition functions in [9, 10, 71-73], it seems that the complete
operator formalism of such cases is still missing in the literature.! Moreover, the quiver
We-algebra is only applicable to discuss two stacks of D-branes in transverse directions while
we have multiple intersecting D-branes in the gauge origami system. Based on recent studies
such as the tetrahedron instanton system we also have D-branes wrapping not only complex
two-dimensional surfaces but also complex three-dimensional manifolds. Most importantly,
we need to generalize the operator formalism to describe gauge origami systems associated
with general toric Calabi-Yau four-folds Z. See [76-80] for discussions along this direction.

The goal of this paper is to fill in this gap by generalizing the concept of quiver W-algebras
and showing the BPS/CFT correspondence of the gauge origami system associated with
C*. We will only give some conjectures for generalizations to toric Calabi-Yau four-folds
and details are postponed for future work [74].

Summary of the results

Let us summarize the main results of this paper.

D2/D4/D6 gg-characters. We introduce a D2 gauge origami system which we call the
coupled vortex system (section 3.6). This theory comes from the low energy limit of the DO-
branes probing the D2-branes spanning C, C C* (a = 1,2, 3,4; see section 3.2 for notations),
which is obtained through a dimensional reduction of the D4-brane gauge origami system.
This coupled vortex system also plays an important role similar to higher-dimensional branes
in the gauge origami systems.

Considering a stack of D2-branes, D4-branes and D6-branes spanning transversely in C%,
we derive the D2/D4/D6 gg-characters in terms of partition functions in section 3.8. The
D4 gg-character is known to be characterized by 2d partitions. The D2 gg-characters are
qq-characters where the monomial terms are 1d partitions, while the D6 gg-characters are
gq-characters whose monomial terms are 3d partitions (plane partitions).

D-brane vertex operators. We introduce vertex operators A(z), Sq(x), Xa(z), Wa(z), Z(z)
corresponding to DO, D2, D4, D6, and D8-branes wrapping the possible subspaces pt, C,,
C?%, C3, C* (a € 4, A € 6), respectively. The main result of section 4 is as follows.

"We hope to report it in a future work [74] (see also [75]).



Theorem 1.1 (Theorem 4.1). For each D-brane (D0, D2, D4,D6,D8), we define the corre-
sponding vertex operators as

D-brane space-time vertex operator

DO-brane pt x St A(x)

D2-brane | C, x S (a € 4) Sa(x) (1.2)
D4-brane | C4 x S! (A € 6) Xa(z)

D6-brane | C2 x S! (a € 4) Wa(x)

D8-brane C* x St Z(x)

We have multiple copies of vertex operators if there are multiple ways that the D-branes
can wrap. Then, the contour integral formula of the k-instanton partition function takes the

form as

dry k
2= I1 oot O T] Al s TT Vi) £ [0). (1.3)
I=1 i
where V;(x) is an operator written from {S,(z),Xa(z), Wa(x),Z(z)}.

The vertex operators have a ¢g-Cartan matrix understanding associated with quivers and
thus are generalizations of the conventional quiver W-algebras (see section 4.6).

Operator formalism of gg-characters. We introduce the operator formalism of the
qq-characters of the gauge origami system and show the BPS/CFT correspondence. For
each D(2p)-brane, we can associate a gg-character. The D2 gg-characters Q,(x) (a € 4) are
four copies of the screening charge of the Ao quiver W-algebra [60] and the D4 gg-characters
Ta(xz) (A € 6) are six copies of the generator of the Ay quiver W-algebra. The D6 qq-
characters Tz(z) (a € 4) are the new gg-characters where the monomial terms are labeled
by plane partitions. These gg-characters represent the quantum algebras associated with
complex 1,2, 3-dimensional submanifolds. We will see that their compositions indeed give
the gauge origami partition function which shows the BPS/CFT correspondence.

Theorem 1.2 (Theorems 5.6, 6.6, 7.10). The gauge origami partition function is in general
given as a correlation function of the gg-characters,

Zorigami = <O’ (H) Ti(xi,a) |0> ; 1€4060 4\/' (14)
i,

For the case C = T?, the corresponding partition function is given by a torus correlator
of the gg-characters instead of the vacuum expectation value. We can also use the elliptic
version of the vertex operators discussed in section 12 to discuss the case C = T?.

In the context of quiver W-algebra and also the quantum integrable system, the com-
mutation relation between the vertex operators plays a fundamental role. We obtain an
interesting commutativity among qg-characters: the D2, D4, D6 qg-characters associated
with subspaces of C* that are transverse with each other commutes.



Theorem 1.3 (Theorem 7.5). The qg-characters associated with the elements i,j € 40654
commute with each other up to trivial zero modes (see (6.55)) when 7 and j are transverse
with each other:

Tz(x)T](a:') — fij(a;, .CC,)T]'(:L’/)TZ‘(IL’) =0 <<= iNj= (Z), (15)
where f;;(x,z') are zero mode factors.

Moreover, infinite fusion of D2 (D4) gg-characters give D4 (D6) gg-characters (Thm. 6.9,
7.12). Using the fusion process and fusing an infinite number of D6 gg-characters, we define
the D8 gg-characters (section 8.1). We also show the BPS/CFT correspondence of the
magnificent four model up to sign factors.

Theorem 1.4 (Theorem 8.5). The composition of the D8 gg-characters gives the partition
function of higher rank magnificent four system up to sign factors, which establishes the
BPS/CFT correspondence for the magnificent four:

(O Tgran (@n)  Tagay (@) [0) = > gl HZD8 K] [ 2000 (s, Ki | w5, K;)
p(L) ... p(N) i=1 7>
X HZESHIQB (x4, 0D | 25, D).
7>
(1.6)

We then give conjectures related to generalizations to toric Calabi-Yau four-folds (sec-
tion 4.6.2, 4.6.3, 4.6.4, 7.5, Conj. 4.9, 4.7, 7.17). The gg-characters appearing in such
generalizations are called BPS gg-characters.

Quantum toroidal algebra, Bethe ansatz. We also show that the gg-characters associ-
ated with C* geometry have a correspondence with quantum toroidal algebras (section 9.1).
In particular, we show that the D2/D4/D6 system corresponds to the vector/Fock/MacMahon
representation of quantum toroidal gl;. We also consider the quiver quantum toroidal algebras
associated with toric Calabi-Yau three-folds and construct generic gg-characters, that we
call the BPS gg-characters (section 9.5). In section 10, through the semi-classical analysis
of the gauge origami system, we obtain the universal form of the Bethe ansatz equations
(BAEs) for the gauge origami system on C*.

Theorem 1.5 (Theorem 10.1). The BAE obtained as the saddle point equation of the
D2/D4/D6 system partition function is generally written as follows,

| = Qe 0)Q 1) Qa5 x) (1.7)

Q(aq17)Q(g22)Q(qzx)

where the three parameters obey qiqsqs = 1 and the corresponding Q-functions for the
D2/D4/D6 system are given by (10.24), (10.8), (10.16), (10.40), (10.43).

In fact, it turns out that this BAE is associated with quantum toroidal gl;. We can
further discuss the representation dependence by imposing the flavor contribution.



Theorem 1.6 (Theorem 10.2). Let Q(x), a(x), d(x) be polynomials in x € C* with the
parameters obeying qi1q2qs = 1. The saddle point equation of the D2 gauge origami system
with flavor D8-D8 branes gives the BAE involving the additional polynomials a(x) and d(z)
specifying the representation of quantum toroidal gl;,

a(z) Q(a; ')Q(q; ')Q(a3 'z)

= ) Q@) Qase)Qlasr) (18)

This structure is analogous to Yangian and quantum affine algebra, where the BAE has

a universal form, which does not depend on the representation, while the (highest-weight)
representation data appear only in the a and d polynomials.

In addition to the saddle point equation, that gives rise to the BEA, we also study
the g-character, the semi-classical reduction of the gg-character. For generic g-characters,
we have the following relation.

Theorem 1.7 (Theorem 10.4). For any g¢-characters obtained in the semi-classical limit,
T (2), T'(z) € {Qi1,23(x), T12,2313(x), TTH3(2)}, we have

[T(z), T'(2")] = 0. (1.9)

From this point of view, one may obtain a wide class of commuting operators from the
g-character, that would be identified with the commuting Hamiltonians of the corresponding
quantum integrable system. We also mention generalizations of these arguments to other
Calabi-Yau geometries and discuss the corresponding BAE.

Geometric realization of gg-characters. Although we have focused on the algebraic
aspects so far, the gauge origami construction also provides geometric insights on gg-character
and the underlying quantum algebraic structures. For example, for the Fock module of
quantum toroidal gl;, the gg-character is given by the equivariant integral over the Hilbert
scheme of points on C2, which is given as a quiver variety associated with Ay quiver (Prop. 11.1).
Considering the higher rank framing space, the quiver variety gives rise to the Quot scheme,
and one can then obtain the tensor product module. Generalizing this construction, we have
the geometric realization of the gg-character of the MacMahon module of quantum toroidal gl;.

Theorem 1.8 (Theorem 11.4). Let x € C*. The gg-character of the MacMahon module of
quantum toroidal gl; is given as follows,

TialY] = 3 TioalY],  Tio[Y] = /[sm LAY Y (T) (110
’UZO 1,v

where the integral is equivariantly taken over the virtual fundamental cycle of the moduli
space of v DO branes on a single D6 brane, isomorphic to the Hilbert scheme of points on
C3, My, = Hilb?(C3). We denote the observable bundle and the formal bundle over 9 ,, by
Yl,v and Y.

The qg-character of the tensor product of the MacMahon module can be similarly given
by the equivariant integral over the moduli space of the higher rank D6-brane system, which is
isomorphic to the Quot scheme, M, , = Quots(OF™). Physically, this integral computes the



codimension six defect partition function of the tetrahedron instanton system. This formalism
should be straightforwardly extended to generic representations of quantum toroidal gl; by
replacing the moduli space with the corresponding one.

Organization of this paper

The paper is organized as follows. In section 2, we introduce the notations related to 1d, 2d,
3d, and 4d partitions, highlighting their relationships with lower dimensional partitions and
defining g-coordinates for boxes of the partitions. In section 3, we delve into explicit formulas
and properties of the instanton partition functions of the gauge origami system. This section
covers various aspects, including the physical setup, contour integral formulas, partition
functions, their decompositions, and the concept of gg-characters. Free field realizations of the
contour integral formulas for each system are given in section 4. Vertex operators associated
with the DO, D2, D4, D6, D8-branes are introduced. We also discuss the quiver structure and
generalizations to toric Calabi-Yau four-folds. Sections 5, 6, 7, and 8 are dedicated to the
study of D2, D4, D6, and D8-brane gg-characters, examining their relationships with various
gauge origami systems. We discuss the fusion process, generalizations, quadratic relations,
and each system’s BPS/CFT correspondence. In section 9, we delve into quantum toroidal
algebras and discuss the relation with BPS gg-characters. Section 10 explores applications
of the D-brane gg-characters, including their role in semi-classical analysis and the Bethe
ansatz equations of the gauge origami system. Geometric realization of the gg-characters and
elliptic generalizations are discussed in section 11 and section 12, respectively. In section 13,
we finally conclude our findings and engage in discussions about the implications of our
work. Additionally, we provide some supplementary formulas used in the main sections of
the paper in the appendix.

2 Multi-dimensional partitions

Let us summarize the notation we use for multi-dimensional partitions. We follow the
convention and the terminology of [15, 16, 80].

2.1 Partitions

One-dimensional partition. A one-dimensional partition is a row of boxes stacked only
in one direction as

HEEEN e

Such a kind of partition is specified by a non-negative integer k € Z>g.
We can also introduce one-dimensional partitions where the boxes are extended semi-
infinitely to the left of a border as

(2.2)



For these kinds of partitions, an integer k € Z specifies it. The integer k£ denotes the number
of boxes counted from the border to the right. If no boxes are on the right and the rightest
box is left to the border, then k will be negative.

Two-dimensional partition (Young diagram). A two-dimensional partition is a non-
decreasing sequence of non-negative integers

)\Z()\lz)\gz...z)\g()\)ZO), ‘)\’:)\1—{—-"4-)\5()\) (23)

where |)| is the size, and ¢(\) is the length of the partition. A partition will be drawn as a
collection of square boxes O, and this collection is called the Young diagram.? For example,
a partition A = (5,3,2,1) will look like

(2.4)

A box O positioned in the 'th row counted from the bottom and j'th column counted from
the left in the Young diagram is assigned a coordinate (i,7), 1 <i < /{(A), 1 <j < \;. We
denote the set of all possible 2d partitions/Young diagrams as P. The transpose is denoted
as A" in the usual sense. We call this type of description the (1,1)-type description where we
followed the terminology in [15]. This is because we are assigning a one-dimensional partition
with only non-negative integers A; > 0 to each i = 1,...,. Note that there are two (1, 1)-type
descriptions of the 2d partition, depending on whether we are using A or the transpose \'.

Three-dimensional partition (plane partition). The plane partition is a stack of
cubes that obeys a generalization of the condition (2.3). We denote the set of all possible
plane partitions as PP. There are two descriptions of the plane partition which we call
(2,1)-type and (1,2)-type.

The (2, 1)-type description understands the plane partition 7 as a 2d partition A, where
there is a map mapping each box 0 = (i,j) € Ar a number m;; obeying the following
condition (see figure 1 and 2)

Tig 2 Titlgy  Tij = Tij+1- (2.5)
The size of the plane partition is defined as the number of cubes included in the configuration

|| = Zm,j- (2.6)
i7j

We have three descriptions depending on which two-dimensional plane we project the plane
partition to get the Young diagram. Given three axes 1,2,3, we use the symbol m when

2In this paper, Young diagrams and 2d partitions are not distinguished. Sometimes, we will also omit the
2d and just say partitions for 2d partitions when it is obvious. Similarly, plane partitions and 3d partitions,
solid partitions, and 4d partitions are not distinguished.

,10,



Figure 1. Plane partition.

Figure 2. (2,1)-type and (1, 2)-type description of the plane partition.

the plane partition is projected to a Young diagram in the 12-plane, @ when the Young
diagram is projected onto the 13-plane, and % when it is projected onto the 23-plane. This
is the 3d analog of the transpose of the Young diagram. Like the Young diagram case, a
cube 7 in the plane partition 7 is assigned a coordinate (i, j, k) (i,7,k > 1) as figure 1. In
this description, we have

(i,j, k‘) enm o 1<k< Tij- (27)

The other (1,2)-type description understands the plane partition as a non-increasing
sequence of Young diagrams (see figure 2):

7= (AW A®  ABE) AR = AR AR

2.8
A - A(k+1)7 Vk ( )

— 11 —



Figure 3. 4-cube.

where A®) = A+ means V(i,5) € A*+tD) = (i,5) € A®) and h(r) is the height of the
plane partition which is defined as

h(r) =min{k >0|(1,1,k+1) & x}. (2.9)
The size is defined as

=3 |AR)] (2.10)
k

in this description. Similarly, the = (4, j, k) in the plane partition obeys the condition
o N
(t,j,k)em & 1<j <A (2.11)

Note that we also have three possible descriptions of this type depending on which axis
we define the height of the plane partition.

Four-dimensional partition (solid partition). A solid partition is a four-dimensional
analog of the Young diagram and plane partition. It is a stack of 4-cubes (see figure 3)
obeying similar conditions to (2.3) and (2.5). We denote the set of all possible solid partitions
as SP. We have three ways to describe the solid partition: (3,1), (2,2), and (1, 3)-types.

1. (3,1)-type: this description is similar to the plane partition’s (2, 1)-type description.
We project the solid partition to a plane partition 7, and for each cube (7,7,k) € 7,, a
height function p; ;1 is defined. The height function obeys the condition

Pijk = Pitljks  Pigk = Pig+lks  Pighk = Pijk+l- (2.12)

The size is defined as

ol=" > pijk (2.13)

(i,9,k)€™,

4-cubes fF in the solid partition are assigned coordinates in a natural way (i, 7, k,[)
and obey

Depending on which three axes we project the solid partition to obtain a plane partition,
we have four choices for this description.

— 12 —



Figure 4. (2,2)-type description of solid partition.

2. (2,2)-type: another way to describe the solid partition is to understand it as a Young
diagram A, where on each (7,j) there is another Young diagram ,ufij) obeying the
conditions (see figure 4):

2 p p p
Hig) = HGg+1y Fig) = i) (2.15)
where ufi’j) > ,LL@,J,) means
p p
(k1) € iy = (k1) € 1 - (2.16)

Under this description, the size is defined as
= 3 1 (2.17)
(4,5)€Xp
and
(i,4,k.1) € p = (K1) € iy - (2.18)
We have six possible descriptions of this type depending on the choice of the two axes.
3. (1,3)-type: This description resembles the (1,2)-type description of plane partition.
The solid partition is understood as non-increasing sequences of plane partitions (see
figure 5):
p= 0N a® ), OW =t (2.19)

where TI® = T10+1D) means
(i,5,k) e I = (4,5, k) e IO, (2.20)
Under this description, the size is defined as
ol = > (] (2.21)
l
and obviously,
(i,4,k,1) €p & (i,4,k) e TV, (2.22)

We again have four possible descriptions for this type.
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Figure 5. (1, 3)-type description of the solid partition. The horizontal axis is one of the four axes of
the solid partition. The solid partition is decomposed into multiple plane partitions IV TI(2) . .

2.2 Coordinates and g-contents

For later use, we introduce the g-contents (g-coordinates) of the multi-dimensional partitions.
The boxes (cubes, 4-cubes) of the multi-dimensional partitions are described by at most four
components: (i, j, k,1). We introduce four independent parameters® ¢, (a = 1,2,3,4) and
define the additive coordinates of the boxes in the multi-dimensional partitions as

a+(i—1)eg (€ Z>yoriel) 1d partition
a+(i—Deg+(J—Dey, (4,5 € Z>1) 2d partition
o) = a+(i—Deg+(J—1)ep+ (k—1)e. (4,7, k € Z>1) 3d partition
a+(i—Deg+ (G —Dep+ (E—Dec+ (U —1)eq (i,7,k,1 € Z>1) 4d partition

(2.23)

where a is the coordinate of the origin of the multi-dimensional partitions and a, b, ¢, d are all
different elements of {1,2,3,4}. For low dimensions, we have the following figures.

o 1d partitions: depending on whether ¢ € Z>1 or Z gives the coordinates of the two
types in (2.1), (2.2)

a a+ (i —1)eg

{ (2.24)
€a

3Later, these parameters are identified as the Q-background parameters after imposing the Calabi-Yau
condition 22:1 €q = 0.
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e 2d partitions:

€p
a+(i—1eg+ (7 — ey
j (2.25)
1
€a
1 /)
a
e 3d partitions:
€c
a+ (i —1es+(J— Dep + (k— e
k (2.26)
. J
1 P
€q €p

We also define the multiplicative coordinates of the boxes called ¢-contents or ¢-

coordinates by taking the exponential:

ugi™t (i € Zsy ori € Z) 1d partition
© (@) uqz_lqg_l (1,5 € Z>1) 2d partition (2.27)
q(@) = eV = o )
ugsq} 1qf*1 (i,j,k € Z>1) 3d partition

uqiflqgflqéffqufl (1,7, k,l € Z>1) 4d partition
where ¢, = e (a = 1,2,3,4) and u = e*

Other types of description. Looking at the ¢-coordinates, we can also see how the
higher-dimensional partitions can be decomposed into multiple lower-dimensional partitions.

e 1d partitions: the 1d partitions can be understood as a collection of the g-coordinates
as {ugi 1 |1 <i<k,k€Zso}or {ugit|i<k, kelZ}.
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2d partition: the boxes included in the Young diagram are labeled by (7,7), (1 <j <
Ai, 1 < < £(\)) with coordinates {uqéﬁlqg_l}. We can decompose this set as

)
i1, j— <\ i1y j— :
) 1S5S = U {d e 11 <5 < A} (2:28)
=1

This means the 2d partition is a collection of 1d partitions where the origins of the
1d partitions are shifted as ug’~'. This gives the (1,1)-type decomposition of the 2d
partitions.

3d partition: it is understood as a collection of g-coordinates {uqz_lqgflq(’f_l} where
(i,j,k) € m. The (2,1)-type description comes from the decomposition

{va g ' Gk enh= U {wa g Ha 1<k <my}, (229
(4,3)EXr

which means the plane partition is decomposed into 1d partitions with length m;; and
coordinates of the origins as uqf;lqg_l. The (1, 2)-type description comes from

{ugi ' b | k) e mh = U {(ugf a7 g [ Gy e AW (2.30)
k

The plane partition is then decomposed into multiple 2d partitions A*) whose coordi-
-1

nates of the origins are uqf
4d partition: the solid partition is a collection of g-coordinates {uqz_lqg_lqé“_qui_l}
where (i, 7, k,1) € p.

1. (3,1)-type: it is decomposed into multiple 1d partitions with length p; ;. and

. i1 -1
origins at ugt g ¢t L.

i — —1 _ — .. — —1 — _
{ud ' Gk eph = U {(ugh g b el 1 <I< i}
(ivjvk)eﬂ—P
(2.31)
2. (2,2)-type: it is decomposed into multiple 2d partitions ,ufij) with origins with

. . i— —1
origins at ug); 1qg .

{ug'd b Gk eph = U {(ugi g ek e kD e pf ) )
(ivj)e)‘l?
(2.32)

3. (1, 3)-type: it is decomposed into multiple 3d partitions IO with origins at uqfl_l.

{udi Mt Gk D) € pf = U { (ual Dai Mgl el | Gogik) € O

l
(2.33)
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3 Instanton partition functions of the gauge origami system

In this section, we review the physical setup (section 3.1), the equivariant index formalism
(section 3.2), contour integrals and explicit instanton partition functions (section 3.3, 3.4, 3.5,
3.6) of the gauge origami system introduced first by Nekrasov in the context of BPS/CFT
correspondence [10-16]. We are, in particular, interested in the following three setups: spiked
instantons [11, 12], tetrahedron instantons [52, 53, 81|, and the magnificent four [15, 16, 80].
We additionally introduce a system that we call a coupled vortex system whose characteristics
are yet to be studied.

We also study the decompositions of the partition functions and show that partition
functions of higher dimensional theory are obtained by infinite products of the partition
functions of lower dimensional theories in section 3.7. The decomposition depends on how
the multi-dimensional partitions are described as discussed in detail in section 2. We finally
introduce the gg-characters in terms of partition functions in section 3.8.

3.1 Physical setup

In this section, we review the gauge origami construction which is a generalization of the
ADHM construction of instantons of supersymmetric gauge theories. Roughly speaking,
the gauge origami system is a generalized gauge theory whose space-time S contains several
intersecting components as

s=Us: (3.1)

We have a gauge group G for each component S; and matter fields in the intersection S; NS;
transforming under the gauge group G; X G; and thus are bifundamental multiplets. In this
sense, we can understand such theories as generalized quiver gauge theories.

The gauge origami system is described as a low-energy-limit of the world volume theory on
multiple intersecting D-branes in type II string theory. Let Z x R? be a ten-dimensional space-
time where Z = C*. Generally, Z can be a toric Calabi-Yau four-fold. We denote the four
complex coordinates of C! as {2, }acq Where 4 = {1,2,3,4} (see section 3.2 for the notations).
We have four types of subspaces: C, C2, C3, C*. There are four possible C and C? subspaces:

Cu, C2 (aca), (3.2)

where a is the complement of a € 4: a € {123,124, 134,234} (see section 3.2 for details of
the notations). For C2, there are six possible subspaces:

CicCh Ace6=1{121314,23,24,34}. (3.3)

Depending on which type of subspaces the D-branes wrap different gauge origami systems
appear. In this paper, we are interested in the following four setups: spiked instantons,
tetrahedron instantons, magnificent four, and the coupled vortex system. The spiked instanton
setup is a gauge origami system whose gauge theory is described by multiple D-branes wrapping
the six possible subspaces C% (A € 6). On the other hand, the tetrahedron instanton setup
is a setup appearing on D-branes wrapping the four possible subspaces C2 (a € 4). We
can also consider a system where D-branes wrap the entire C* and this is the magnificent
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four system. These three setups were previously studied, but for future use, we introduce
a system we call the coupled vortex system. We expect such theories to be described by
D-branes wrapping the four possible subspaces C, (a € 4) but a detailed analysis of this
system is postponed for future work.

Let us review each system in more detail.

Spiked instanton

The spiked instanton system comes from intersecting D-brane configurations* [10-12, 59]:

Type IIB D(—1)-D3-D3 | C* x R? rational
Type IIA D0-D4-D4 | C* x R x S! | trigonometric (3.4)
Type IIB D1-D5-D5 C* x T? elliptic

Depending on the total space-time C* x C (C = R?, R x S!, T?), the generalized gauge theory
will be a combination of 4d (C = R?), 5d (C = R x S'), 6d (C = T?) theories and the arising
instanton partition function will be rational, trigonometric, and elliptic.

We focus on the type ITA setup as in table 1. To do the supersymmetric localization,
the C* part of the system is placed under an Q-background. We label each stack of n4
D4 (D4)-branes by D44 (D4,4) where the subindex indicates which C% subspace they wrap.
For each stack of D4 (D4)-branes wrapping C% x S!, we have a 5d N' = 1* U(na) gauge
theory. On the junctions of D44 and D4p defined on C4 N Cp (A # B € 6), the open
strings connecting them give bifundamental contributions of U(n4) x U(np). Note that for
the intersecting brane configuration to preserve two supercharges, we need to include two
stacks of anti D-branes in the system [11, 59]. In later sections, we will not distinguish
the D4-branes and anti D4-branes.

The DO-branes in the system play the roles of instantons. There are three types of
instantons in the spiked instanton system. The first type is the instantons in the Ay quiver
gauge theory coming from each stack of D44 (A € 6)-branes. The instanton contribution
coming from the bifundamental multiples connecting 5d theories such as D4, and D4, are
called folded instantons. The last type is the crossed instantons coming from two orthogonal
stacks of D-branes such as D412 and D434. Namely, we have

instantons of Ao quiver theory,
spiked instantons = ¢ folded instantons, (3.5)
crossed instantons.
Let us briefly review the generalized ADHM construction of the spiked instantons. For
each gauge group we associate a vector space Ny = C"4 (A € 6). Another vector space

K = C* is associated to the k DO-branes corresponding to the instantons. Similar to the
ADHM construction, there are maps acting on {N4}ace and K:

IA:NA%K, JA:K%NA, BQZK%K (3.6)

“Note that this is a system obtained by taking T-duality of the setup where D1-branes probe D(2p+1)-branes
as explained in section 1.

,18,



(C1 (Cg (Cg (C4 R x Sl
11213141516 [718|9]0

DO o o | o |0 | 0| 0| 0|0 0| —
Ddig | — | — | — | — | @ | @ | o | & | 0| —
Ddys | — | —| e || —|—|o|e || —
Ddygy| — | — | @ | @ | @ | @ | —| — | 0| —
Ddos | @ | @ | — | — | — | — | @ | @ | 0| —
Didgy | @ | @ | — | —| || —|— || —
D43y, | @ | @ | @ | @ | — | — | — | — |e]| —

Table 1. Brane configuration of gauge origami of spiked instanton. Point-like directions of the
D-branes are denoted e, while the directions where the D-branes are extending are denoted —.

where A € 6, a € 4. From the world-volume theory of the instantons, the maps I4, J4 are

understood as open strings connecting the D44 and DO-branes. The maps B, correspond to

the four transverse directions of the DO theory which are the four complex coordinates of C*.
We then introduce the following moment maps:

HA = [BCH Bb] +1aJa, A= ab, (a’ < b)7

SA = ,U'A + EAAMTLP A S ﬁ; (37)
pr =Y [Ba, Bi] + Y (Ially — J}Ja)
ac4 Acb

where €, 1 = €aped (A = ab, A = cd) for a < b, ¢ < d is the total antisymmetric tensor
with €1934 = 1. We also have the property 5111 = €,4454 which implies s4 is a real map
giving six real conditions. Note also that pa,sa, urg € Hom (K,K). The moment map
equations are then given as

{sa=0}/U(k), (A€6), {ur=C-1:}/Uk), (¢>0) (3.8)
where we turned on the FI parameter. We additionally have the following condition
{044 =0}/U(k), 04a = Bala + capaBlJ, (3.9)

where a,b € A, (a # b) and 0,4 € Hom (N4, K). Note that these conditions do not appear
in the original ADHM construction. They are conditions appearing only when we consider
DO-branes and intersecting D4-branes. We also impose the condition

{Ya=0}/U(k), Ya=Jgla—ILJ}:Ng— Ny (3.10)

obeying T4 = —7 ;. This condition comes from the open strings connecting the D4, and
D4 ;-branes. The instanton moduli space is then defined as®

=

Mir = {(B,1,J) | 54 =0, ji = C- 1, 00a =0, Ta=0}/U(k). (3.11)

5Tn order to apply the equivariant localization formalism, the real moment map equation would be replaced
with the stability condition, and the quotient is then accordingly replaced with the geometric invariant theory
(GIT) quotient with the automorphism group GL(K), that is a complexification of the unitary group U(k).
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Using the following identity [11, eq. (54)]:
S Trsasli+ Y Trogaol, + > Tr ATl
A€b A€6,acA A€b

=23 (lpall? + 1alal») + > (I1Balall* + || JaBal*)
Ac6 A€6,acA

the conditions (3.8), (3.9), (3.10), we have

(3.12)

sA=0—pus=0(A€6),
Oan =0 — ByIy =0, JsB,=0(Ac6,acA)), (3.13)
Ta=0—J;04=0(Acb).
From the world-volume theory of the instantons viewpoint, the condition ur = 0 is equivalent
to the D-term condition and the conditions are equivalent to the J-term and E-term conditions.
When there is only one stack of D4-branes, say D4;9-branes, we have Ny = 0 (A # 12)

and we can simply set Iy = J4 = 0(A # 12). From (3.13), we have B3, B4 = 0 on the
solutions, and then the moduli space indeed reduces to the standard one [11]:

{(3127 L, Ji2)

[B1, Ba] + I12J12 = 0,
> [Ba, B + (Ii2fy — JipJ12) = ¢ 1 U(k) (3.14)

a=1,2
Let us discuss the symmetries of the ADHM variables (B, I,.J). We first have the U(k)
symmetry coming from the gauge symmetries of the DO-branes:
(Ba, T4, Ja)aca,nce — (97 ' Bag, 9~ ' 1a,Jag), g € U(k). (3.15)

We also have the J[4cq U(na) symmetry acting as

(BasIa,J4) — (Ba,1aha,hy'Ja), h = (ha)ace € [] U(na). (3.16)
A€6

This symmetry is called the framing rotation in [11] because they are flavor symmetries
from the world-volume theory of the DO-branes viewpoint. We finally have a symmetry
corresponding to the spatial rotations of C*:

(BasIa,Ja) — (¢aBas1a,94J4) (3.17)

where ¢, (a = 1,2,3,4) and g4 = ¢uqp. Obviously, this symmetry preserves the conditions
coming from ug. For the conditions coming from s4,0,4, T 4 to have this symmetry we need

71929394 = 1. (3.18)

For example, we have g — qapua and for A = 12, s10 — qiapt1o + q3_41u£4. Thus, with the
condition (3.18), we have s12 — ¢q12512. Other conditions can be checked similarly and the
symmetry transformation of the generalized ADHM constraints are

SA—qAg 'sAg,  Oar — Gag Ganha, Yar— ¢ h ' Taha, (3.19)

where g € U(k), ha € U(na). The reason why it is called the spatial rotation is because
{Ba}aeca correspond to the four complex coordinates of C* and {g, }aca act as the maximal
torus U(1)® of the group SU(4) C Spin(8) rotating the C*.
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(Cl (CQ Cg (C4 R x Sl
1121314567890

DO e | oo | 0| 0| 0|0 | o 0| —
Dbiogz | — | — | — | —|—|—|®|e e —
Dbiog | = | — | —|— ||| —|—|e| —
D6igg | — | —| @@ | —| — | —|—|e| —
Dbozy | @ | @ | — | — | = | —|—|—|e]| —

Table 2. Brane configuration of gauge origami of tetrahedron instanton.

Tetrahedron instanton

The spiked instanton system is a system where D-branes wrapping C2 C C* appeared.
Recently, the gauge origami system was generalized to stacks of D-branes wrapping C3 ¢ C*
and is called the tetrahedron instanton system [52, 53, 81]. The intersecting D-brane
configuration is given by

Type IIB D(—1)-D5 C* x R? rational
Type IIA D0-D6 | C* x R x S! | trigonometric (3.20)
Type IIB D1-D7 C* x T? elliptic

We focus on the type ITA theory as in table 2 with the Q-background in C*. Similar to
the spiked instanton case, we label each stack of nz D6-branes as D65(a € 4) depending on
which C2 subspace they wrap. For each D6z-brane, we have a 7d ' = 1 U(nz) theory. We
also have bifundamental contributions coming from the junctions of D6; and D6y, for a # b.
The DO-branes play the roles of instantons and are called the tetrahedron instantons. In this
case, there are only two types of instantons. The first type of instantons are the instantons on
C3 coming from the D65 theory. The second type is a folded instanton contribution coming
from D6; and D6, where a # b. In this case, we only have this type because any two stacks
of D6-branes spanning different subspaces will share 4+1 dimensions. Therefore, focusing on
one of the stacks of D6-branes, other stacks of D6-branes are codimension-two defects.

Let us review the instanton moduli space of the tetrahedron instanton system discussed
in [52] (see also [53, 81]). For each gauge group U(ng) (a € 4) coming from the D6z-branes, we
associate a vector space Nz = C"* (a € 4). We also associate the k& DO-branes with a vector
space K = CF. The open strings connecting the DO-branes give B, € Hom (K, K) which is
the same with the spiked instanton setup. Maps Iz € Hom (N3, K) correspond to the open
strings connecting the DO and D6-branes. We then introduce the following moment maps:

pa = [Ba, By, A=uab(a<b)

1
SA = pa+ GAA,U«E = [Ba, By] + §€abcd[Bi7 le]v A =ab (3.21)
pr = Y_[Ba, Bl + Y Ll
acd ac4d

where all of them belong to Hom (K, K). The moment map equations are given

{pwr = ¢- 1k} /U(K) (¢ >0), {sa=0}/U(k). (3.22)
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We also have the contributions coming from the open strings connecting the D0 and D6-branes:
{oa = 0}aeca/U(k), 04 = ByIz € Hom (N3, K). (3.23)
The instanton moduli space of the tetrahedron instanton system is defined as
M = {(B,1) | pm = C- 1 =54 = 03 = 0} / U(). (3.24)
Note that similar to the spiked instanton case, using
ZTr [Ba, By][Ba, By ZTr sabsab, (3.25)
a<b 203

the condition s4 = 0 is replaced with a stronger condition s = 0, which coincides with
the F-term condition of the world-volume theory of the D0-branes. When there is only one
stack of D6-branes, say D6;923, we can set Iz = 0(a # 4) and indeed obtain the standard
moduli space of the D0-D6 theory [41, 44, 45, 47].

We also have similar gauge symmetries of DO and flavor symmetries coming from D6g.
The gauge symmetry is

(Ba, Iy)apea — (97" Bag,g ' 1;), g € U(k), (3.26)
while the flavor symmetries are given

(Bas I) ¥ (Ba, Thy),  h = (ha)aca € [] Ulna). (3.27)
ac4

The rotational symmetry is given as
(Baa IB) — (anmIB)' (328)

Note that the condition (3.18) comes from the invariance of s4 = 0. The symmetry trans-
formation of the generalized ADHM constraints are

SA > qag 'sAg, 0at— qug ‘oaha (3.29)
where g € U(k), hg € U(ng).

Magnificent four

Instead of considering D-branes wrapping subspaces of C*, we can consider D-branes wrapping
the entire C* [15, 16, 80]. It is called the magnificent four system. The brane configura-
tion is given

Type IIB D(~1)-D7-D7 | C*xR> | rational
Type 11A DO-D8-D8 | C* x R x S' | trigonometric (3.30)
Type IB DL-D9-DI | C'xT> |  elliptic

Again, we focus on the type IIA case. The D8 and D8 branes wrap the C* x S'. In order to
stabilize the configuration, the D8-branes need to appear in pair with D8-branes. Considering
n D8-D8 branes, we get a U(n|n) supergroup gauge theory. Similar to other cases, the
DO-branes play the roles of C*-instantons.
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(Cl (CQ (Cg (C4 R x Sl

DO| e | ¢ | ¢ | ¢ | @ | ¢ | @ | @ |0 ]| —
D8 - | —-|—-|=|=|=|=-|—=1]e®]| —

D8 |— |- |- |- |-|-|-|-le]-

Table 3. Brane configuration of magnificent four.

We denote the vector space coming from the D8-branes as n = C" and the vector space
coming from the instantons as K = C*. We have maps B, € Hom (K, K) and I € Hom (n, K)
corresponding to the D0-D0 and D0-D8 strings. We define the moment maps as

pr =Y _[Ba, B + 11,
ac4
A = [Ba, By, A=ab(a<b), (3.31)

1
Sab = [Ba,Bb} + §€abcd[B;ra le]
and the instanton moduli space is defined as

Mo = {(B, 1) | pm = C- 1 = 54 = 0} [ Uk). (3.32)
Similarly, using (3.25), the condition s4 = 0 is replaced with u4 = 0. The difference with
the tetrahedron system is that there are no conditions coming from oz = 0.
The symmetries of the ADHM variables and ADHM constraints are similar to the
tetrahedron case:
(Baal)aeé’_> (gilBagmgilI)’ g EU(k’),
(BasI) —> (Bay Ih),  h € U(n), (3.33)
(Ba, I) — (¢aBa, 1)
and
sa—>qag 'sag, geUk). (3.34)

Coupled vortex system

Analogous to the setup introduced before, one would like to consider a system where D-branes
wrapping C C C* appear. For the moment, we do not know what kind of system it would be
but based on the previous discussions, we expect it will be a theory of intersecting 2d/3d/4d
gauge theories coming from the following:

Type IIB D(—1)-D1 | C* x R? rational
Type IIA D0-D2 | C* x R x S' | trigonometric (3.35)
Type 1IB D1-D3 C* x T? elliptic

We expect that vortex-like objects appear and we call it the coupled vortex system. Focusing
on the D0O-D2 setup, the brane set-up should look like table 4. We will have a 3d U(n,)
theory on each C, x S! and there should be bifundamentals connecting such 3d theories.
Note that in this case, any two stack of D2-branes D2, and D2y, where a # b will share
a one-dimensional space S'.
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For the moment, we do not know how to define the moduli space of this system. The
discussion here is still a conjecture and a detailed analysis is postponed for future work
(see [82, eq. (60)], [41, 83] for related works).

We denote the vector space coming from the D2-branes as N, = C"* and the vector space
coming from the instantons as K = C*. The contributions coming from the D0-D0 and D0-D2
strings give B, € Hom (K,K) and I, € Hom (N,, K). We also have J&? € Hom (K,Ng)
where b # a corresponding to open strings in the opposite direction.

We conjecture that the D-term condition for this system is®
pr =3 [Ba, Bi]+ > LIT -3 Y JP1JP) € Hom (K, K) (3.36)
acd acd acdbta
and
{pr = ¢ 1:}/U(k) (¢ >0). (3.37)

Additional contributions coming from the F-term are necessary. We conjecture that there
is a condition generalizing (3.7) and (3.8):

{sa=0}/U(k), (3.38)
where
sa=pa+ ey € Hom (K, K), pa=[Ba, B+ (3.39)

The explicit form of the right-hand side of p4 is unknown. Moreover, we expect that we
have two more sets of conditions

{000 = 0}/UGR) (b#a), {5 =0}/U(K) (3.40)

where 0y.4,6, € Hom (N, K) are generalizations of (3.9). The conditions above should also
be invariant under the following symmetries

(Bm I, Jéb))aeg,bea — (gilBagv gilja’ Jc(Lb)g)v g e U(k),

(Ba, Lo, J) — (Ba, Inha, hy ' 0, b= (ha)aca € [] U(na), (3.41)
ac4
(Bay Loy J) v (qaBas Loy qap T),

where the U(1)? transformation of J,gb) is still a conjecture. The transformation of the
generalized ADHM constraints is expected to be”

SA QAg_ISAg, Obia — ng_lo-b;ahav Ogq —> qglg_la-ahaa (342)

where g € U(k),hq € U(ng).

SLike other cases, ur is a sum of the D-term conditions of the vortex moduli space after setting Jéb) =0on
the moduli space. Recall that the standard vortex theory comes from the moduli space {(B,I) | [B, BT] +
IIT = ¢ -1, }/U(k) (see [82, eq. (60)]).

"The charges were assigned so that we can reproduce the contour integral formula that will be proposed in
section 3.6. The contour integral formula in (3.155) is rewritten as

k
sz?oc?{If_[lef;IpHHga () e (7). g

4a=1I1=1

The ADHM variables (Bq, Ia, J(b)) (b # a) give the denominators

B, HH 1—qaxr/zs)" ", HHH —Vaafzr)”t, IO HHHHl—qabmf/vaa)

acd I#J a€d a=1I=1 a€d b#aa=1I1=1
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Cq Cy Cs Cy R x St

DO ° ° . ° ° ° ° o | o —

D21 | —| —| e | e | e | e | e | e | e —
D2 | @ | ¢ | — | — | e | 0| 0| e |e| —
D23 | ¢ | @ | @ | @ | —| — | @ | @ || —
D2j| ¢ | ¢ | @ | @ | 0| 0| —| — || —

Table 4. Brane configuration of coupled vortex system.

3.2 Equivariant index formalism

In this section, we briefly review the equivariant index formalism and introduce the notation
we use in this paper. Some of the notations were already used in the previous section. We
basically follow the notations of [12]. Explicit applications to the gauge origami system
introduced in the previous section will be discussed in later sections.

Index functor. For a vector bundle with the virtual character
chX =3 mie™, (3.43)
i

where n; € Z here is the multiplicity and x;’s are the Chern roots, the index functor to
convert the additive components to multiplicative components is defined as

x, (4d)
I[X] = H[[xﬂ” [z2] =<1 —e7%, (5d) (3.44)
' (e *;p),  (6d)

The theta function here is defined in appendix A.2. The hierarchical structure between
rational, trigonometric, and elliptic functions appears here by taking the limit as

O(e *;p) Pl e T =+ O(z?). (3.45)

Depending on the type Z x C where Z is a toric Calabi-Yau four-fold and C = C,C*,T?,
the index is obtained from (3.44).

while the ADHM constraints s4 = 0, 04, = 0, 64 = 0 give the numerators

k na k ng
sA:O:HH(l—quI/xJ), Ub;a:()(b;éa):1_[1_‘[1_[1_[(1—q1,va,o¢/aslr)7 &G:HHH(I—qglva,a/wf).

I<JAc6 I=1a€4a=1b#a acdlI=1a=1
Including the Haar measure contribution
Uk): [T = 2r/29),
I#J

we obtain the contour integral formula. See [47, 64] for example for a review on how to relate the ADHM
variables and constraints with the contour integral formula.

,25,



Most of the computations in this paper will be done explicitly using the trigonometric
notation, so when not mentioned we are using the following convention:

Iz] = (1 -2 ') =exp (— i ix”) (3.46)

but using the formula in (3.44) one can convert the results to rational and elliptic ones.
For the elliptic case, we distinguish the index as I,[z] and a brief computation will be
done in section 12.

Note that the character of the dual of bundle X is defined as

ch XV = Znieizi (3‘47)
and we have the reflection property
T[XY] = (—1)"* det X I[X] (3.48)

where rkX = ). n; and det X = [[, e™*. The index in the 5d notation can be written using
the character of the anti-symmetrization,

A'X =D (-D)"A" X, I[X]=chA*X". (3.49)
n=0

Since A"X = 0 for n > rkX, the summation is finite if rkX < oco. Then, the twisted index
gives rise to the characteristic polynomial

I[Xy"] =T[(1—y/yi) = i(—y)k ch AFXY = ch ASX, chX =y, (3.50)
7 k=0 %

We also have the p-th Adams operation on X defined as

ch Xl = 3" ngerss, (3.51)

From now on, the characters and the bundles will be identified and we omit the ch and

simply write it as
X => nie". (3.52)
i

Four and six. The set of non-negative integers are denoted as [n] = {1,2,...,n} where
n € N. Let 4 denote the set [4], 6 denote the set of 2-element subsets of 4, and 4V denote
the set of 3-element subsets of 4 as

4=1{1,2,3,4}, 6={12,13,14,23,24,34}, 4Y = {123,124,134,234}. (3.53)

The order is defined in the lexicographic order as 12 < 13 < 14 < 23 < 24 < 34. The
complement A of A € 6 is defined for example as

A=12, A=34. (3.54)
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Cixs G

Figure 6. The four vertices of the tetrahedron correspond to the C, (a € 4), the six edges connecting
two vertices of the tetrahedron correspond to the C% (A € 6), the four faces surrounded by three
vertices and the three edges connecting them correspond to the complex 3d subspace C2 (a € 4), and
the whole tetrahedron correspond to the Cj.

Note that 4 ~ 4V ul}der the map a € 4 <+ a € 4”. We introduce the set 3 as the quotient
6/ ~ where A ~ A is
(12) ~ (34), (13) ~(24), (23)~ (14) (3.55)
and choose the representative as A = a4, a € [3]. We also use
A = (ab), sup(A)=0b, inf(4)=a (3.56)

for a < b.

From the geometric viewpoint, the set 4 denotes the complex dimension 1 and 3 sub-
manifolds of the Calabi-Yau four-fold, while the set 6 denotes the complex dimension 2
submanifolds. We can summarize the data of this in a tetrahedron (see figure 6).

Data. The coordinates of C* are denoted z; (i = 1,2,3,4). The Q-deformation param-
eters are

Ga = e, gﬁa =0, (357)

where we simply omit the S! radius. This is the Cartan torus of SU(4), which acts on the
four complex coordinates as

(21, 22, 23, 24) — (q1 21, @222, G323, q424) (3.58)

with the condition ¢1g2q3q4 = 1.
We also use the notations:

QaZQa:€€a7 Pa:/\.Qazl_Qaa Pvzl_qa_la ac4 (359)

a

and for any subset S C 4

Qs =[] Qs Ps=]]Pa (3.60)

acsS a€esS
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For example, we have

PA:(l—ql)(l—QQ), A:12, (3 61)
Pabc: (1_Qa)<1_Qb)(1_QC)7 a,b,CEé.
Some properties of the index are
u=q=1 Pi=PPP;P;, qg=q5', PY=(-1)lg5'Pg, (3.62)

for any subset S C 4. Note here, we denote S as the complement of the subset S. For
later use, we also define Pg = [[,c5Pa-
For example, we have

Py =Piz=(1—q)(1 —q2)(1 —g3). (3.63)

For the subsets S C 4, we use the following notation

a, a=1,2,34,
S=q4,  A€s, (3.64)
a, a € {123,124,134,234}
We can also decompose P4 as
P, =P3+P3y, Pys=Pj. (3.65)

Using the reflection property of the index in (3.48), we obtain the reflection properties of
the index of the bundles P, as

M[Puz] = q; 'TPYzY], T[Puyx] =1PLz"], I[Pawer] =IPY.a"], I[Pyr]= I[Pyz"]
(3.66)
where a,b,c € 4 and a # b,b # c,a # c.

Structure functions. Let us introduce special functions which we call structure functions
that will be used frequently later:®

Va(z) = 1[-Pyaz"] = 11__7‘1;"3 a €4,
(I — gaz)(1 — qv)
(1=2)(1 = qaqpx)’
Lz = @) (1 — g5 ') . (3.67)
- (1_37)1_11'7&@(1—(]51%_11')’ ik
T (1 — i) [T, (1 — g ')

(1 —2)2 Lz (1 = gigjz)

8The terminology structure functions comes from an observation that if we take @ = 4 = 123, and take the

Sap(r) = I[-PLx"] = ab € 6,

Aca(z) = H[—lev] =

limit g4 — 1, the function gz (z) will be

gias(z) = (1 - qz)(1 — g22)(1 — gsz)(1 — g5 ‘@) a1 (1—quz)(1 = qoz)(1 — gsz)
(1—2)(1—q; 'q '2)(q; 'y ') (1 — q; ' g5 ') (1—qi'2)(1—q;'z)(1—a5')

where q1,2,3 — q1,2,3 and qi19293 = 1. It resembles the structure function of the quantum toroidal gl; (see

section 9.1).
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Obviously, we have the following properties:

Sab() N Spe() o Sac(T)

abc\T) = = = )
Jab ( ) Sab(ch) 5bc<an) Sac(be) (3 68)
Va(z) V() ga(x) '
Sap(x) = = ,  Aca(z) = , a,b,ce4.
(@) Va(@r)  Vb(qaw) c:(#) 9a(qa)
Using (3.48), (3.62), and (3.66), we also have the following reflection formulas:
Va(x) = [[-Pya"] = qul[~Pat] = ¢uValg 'a™") 7",
Sap(x) = I[-Pya"] = [[-Pupa] = 8a(q, 'q o) 260
() =T [~PYa"] =T[-Paz] = galaaz™) (369
Aga(z) =T |-PyaV| = 1[-Paa] = Acs(a ™).

Example: AO quiver gauge theory on (C%2 x St (5d N = 1* theory).
The k-instanton moduli space of U(n) gauge theory on C%, denoted by 9, j. is parametrized
by the topological data (n,k) where k is the instanton number. The framing space and

instanton space are
N=C" K=CF (3.70)
and the automorphism groups GL(N), GL(K) give the characters

n k k
N = Z et = Z Veys K= Ze¢’ = Z:B]. (3.71)
a=1

I=1 I=1

The observable sheaf, which is obtained from the universal sheaf via localization, is defined as
Y =N — P12K (372)

and the vector multiplet contribution, which is obtained by the tangent bundle over the
instanton moduli space TM,, ., is given as

Y'Y NYN
P P

Vyect., = - N'K - Q\,K'N + P{,K'K. (3.73)
Without adding any other multiplets, the index of this contribution computes the partition
function of the pure super Yang-Mills theory. To add an adjoint hypermultiplet with mass m,
we need to add the following term to the vector multiplet contribution

YVY

Hadj = _Madj Pilz y

Mg = €™ = p. (3.74)

Then, the 5d N' = 1* theory partition function will be given by the index of

Vi _ .
vo Y= Mag)Y (3.75)
P
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1

Using the convention q3 = u=, ¢4 = ,uq1_21 obeying q1¢2q3q4 = 1, we have

_YYPYY NYPYN
P Py

_ NYPYN
Py

— P:\{NVK — QYQP:\{K\/N + P\1/23K\/K =V + Vinst,

(3.76)
Vinst = _PngK - Q\I/QP?;K\/N + PYQ?)K\/K'

The instanton partition function will be Z, 1) = I[Vins] which gives the contour integral
formula.

Proposition 3.1 (Losev-Moore-Nekrasov-Shatashvili (LMNS) formula [37, 38, 84]). The
k-instanton partition function of 5d /' = 1* U(n) gauge theory defined on C2 x S! is given
by the following contour integral,

1 1— k
Zow =y (2 q1><q112—) QQ)sm(%))

]{H dxy q3 )ﬁ(qffﬁ]) b S12(qzxr /)

27TL$[I 1 (xI)P(q§41x1) oy, S12(zr/x )

(3.77)

where « = v/—1 and the gauge polynomials

Ple) = IINVa] = [[ (1 _ ”‘”‘), Ple) = I 'N] = [] (1 - ‘”) (3.78)

a=1 x a=1 Vo

This integral is taken over the Cartan torus of GL(K), which is interpreted as the Jeffrey-
Kirwan residue [85] of the integrand.

The total instanton partition function is then given as
o0
Zinst. = Z qu(n,k)7 (379>

where q* = exp(2kmu7) is the topological term with the complexified coupling constant,

T = % + %, with @ the theta angle and g¢? the gauge coupling.

The contour integral will actually localize on the fixed points classified by n-tuples of
Young diagrams [1, 2, 8]

7= (Wa)aztms A=OADMgci 0y A= A& =k,
Z (3.80)

i
{zrhr=1,.k — {X120.(O) = vaq] 1Q% }azl,...,n,mz(i,j)e)\(o‘)‘

The instanton partition function is then obtained by summing the residues coming from each
pole. The character of the instanton bundle K at each fixed point A is given by

= z”: > X12.0. (). (3.81)

a=1pge)(a)
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Inserting this in (3.76) and taking the index, we obtain the contribution to the instanton
partition function of 5d A/ = 1* theory from each fixed point \ as

ﬁ N12(g30a, A& [vg, ()

ZD4T, X5 q3] =
2 [Ua aq3] wimt ng('l)a, (o) |’Ug, )\(5)) (382)

where we defined the Nekrasov factor as

Niz(vr, A o, A®) = T (1_‘112?(11)227111(5)) 11><1 X12,0, (0 )> ] (ﬁzle:D
oeX(2 2 ”

oeX() ex(®
IG)\(Z)
(3.83)

The instanton partition function will then be given as follows.

Proposition 3.2 ([1, 2]). The instanton partition function of 5d N'= 1* U(n) gauge theory
is given by summation over n-tuple partitions,

Zinst. = Z qlMZl%ZL[ﬁ? X ; Q3]‘ (384)
X

The index D4 comes from the fact that this theory comes from n D4-branes in the C* set-up
with 2-background.

Nekrasov factors for 5d theory. Using the quadrality in g, (a € 4), we define similar
Nekrasov factors? which can be used to discuss gauge theories on C4 x S! (A € 6):

N (01, A g, A@)) = (1_QAXA,U1(D)) (1_ ) S, (XAul D)>’
A( 1 | 2 ) H V2 DEIEQ) XAUQ( ) 61}1) XAUQ(.)

oeX(®)
.e)\(2>
(3.86)
where we defined the box content as
Xabo(@) =vgi gl ™', A=abe6, O=(i,j) €A (3.87)

Lemma 3.3. The recursion formulas of the 5d Nekrasov factors are given as follows,

Na(vi, AV +0]vg, A@)
NA(Ul 1 | V9, (2)) = yf(;/),w (QAXA,M (D))

Na(v1, AV |09, A@ +-m) 4
Na(v1, AD [vg, A@) AW

(3.88)

(XA,’U2 (.))7

9The Nekrasov factors can be written using the arm and leg length of each box in the Young diagrams,
ax(@) =X —j and £x(0) = A} — i for o= (4,), such as

Nab(v1, A ve,v) = H (1 - QQﬁA(D)q;a"(DU H (1 - Qqa_e”(m)q?(mﬂ) , Q=uv1/va. (3.85)

oex Ocv

From the algebraic viewpoint, using the product form in (3.86) is much useful so we will use it rather than
the simplified form in (3.85).
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where we define the Y-functions,
i) I;I(A)( — Xa0(0)/7)
o= (-2 (52) - 5 ,
Aol) DI;IA [I (1-qgaxan(@/x)
oeER(N)

N DEE{A) (I —2/xa,@)
Ho <1‘>£8A< xw)): T (1-aie/xa.0)

oeER(N)

(3.89)

This Y-functions have been introduced to describe the Seiberg-Witten curve of generic
quiver gauge theory [71]. Physically, it can be understood as the contribution of the
codimension four defect operator (Wilson loop along S! in the current setup) under the
instanton background [65]. See also section 3.8.

3.3 Magnificent four

Let us first consider the magnificent four setup introduced and discussed in [15, 16] (see also
section 3.1). Mathematically, the partition function is interpreted as the generating function
the Donaldson-Thomas invariants of the Calabi-Yau four-fold C* [76, 86] and physically, it
corresponds to the setup discussed in [87-90]. Let us review how to derive the instanton
partition function.

The associated cotangent bundle of C* is decomposed into

4
Q=P Qi, chQi=g (3.90)

i=1
where the Calabi-Yau condition is imposed ¢1g2¢g3q4 = 1. The framing and instanton bundles
N = n — n, K with the characters are given by

n n k k
= Z Z —7q), K= Ze‘m = Zx[. (3.91)
a=1 a=1 I=1 I=1

Note that the contribution of n in N corresponds to D8-branes, that are indispensable to
stabilize the brane configuration. The observable sheaf is then defined as

Y =N-P4K (3.92)
and the vector multiplet contribution is given as
YVY o . NVN

=V + Vi, V=

V =
P, Py’

Vinst = ~NVK — KYN + PyK"K. (3.93)

Due to the lack of a perfect obstruction theory for the CY four-folds, we need to take the
“square root” part of the total bundle V (see e.g., [91, 92]), which we choose

Vinst = Vinst + Vi\gsty Vinst = ~-NVK + P 3K K (394)
where we used
Py =Piaz+ PY23. (3.95)
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We note that other decompositions using P34, P134, and P94 gives the same result up
to sign factors [15, 16].

Following the procedure in the previous section, we have the following expression for
the instanton partition function.

Proposition 3.4 ([15, 16]). The total partition function of the magnificent four system is
given by

Z =y d" " (3.96)

Each contribution is given by the contour integral over the Cartan torus of GL(K), which is
interpreted as the Jeffrey-Kirwan residue of the integrand,

ZP8 = [ Ving] j{H al ﬁ igij; H 91 (wl) B (3.97)

27['L£L‘]I 1 s, Ty

where we define

Miva(l— a7 tq ") vea
(1—qa ") liza(l — @)’ -

P =1L (1), P :ﬁl(l—_)

a=1

Ga =
(3.98)

Note that this contour integral formula is compatible with the symmetries of the moduli
space given in (3.33), (3.34) (see also the discussion in footnote 7).

Actually, the poles (the equivariant fixed point in the moduli space) of the multi-integral
are classified by n-tuples of solid partitions and we can rewrite the instanton partition
function in a sum of solid partitions:

U= (Ua)oczl,...,ny ﬁ: (p(a))azl,...,ny ‘P’ = Z ‘P(a)‘ = k7

(3.99)
- i—1 j—1 k=1 I—
{371}1=1,.A.,k — {Xg,va (&) = vaqi 1(1% Q§ 1‘]5; 1}a:1,...,n,@:(i,j,k,l)-
Note that the hyper cubes in the origin of the solid partitions have coordinates v, (¢ = 1,...,n)
but not v, (o = 1,...,n). This is because in the contour integral formula (3.97), only the

factors coming from P(x) give poles but P(x) will not. At the fixed point g, the character
of the bundle K will be

=2 > Xaw(@ (3.100)

a=1 ep(a)

Since a D8-brane will appear with a D8 as a pair, it is natural to use the following notation
n

Ua=Kava, a=1,...,n, N=> (1-Kq)va (3.101)

a=1
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where!'’ K, physically represents the distance between the D8, and D8, branes. Inserting
this to (3.94) and taking the index, we obtain

n
_
zZpilv, 55 K] =[] 22300 Kol T] 2R3 (va, o)
a=1 B>a

Uﬁvp(ﬁ))7

2D k) = [ LB @) (

-1
ge, (1= v/xa0(®@) — . )> ,

Xé,v(
1-K = (& 1— K, a6
ZDB—DS(xhp(l) ‘x27p(2)) — H ( 171/ X4, 2()) H <K2 2 X4, 1()/332>

I

&

Ki|Ka2 E ( : ,
@ ep® 1 —21/Xa.0, () et 1 = X4,2, ()22
-1
5]
X H Aca () .
mepV) Xa,z: ()
& ep@

(3.102)
The factor ZEZ[p;K] comes from the U(1]|1) gauge theory for each D8-DS8 stack. The
subindex 4 comes from the fact we are using P; = Pj93 for the square root part. For
later use, we introduce

_ 1
Z2800: K1 =[] (1 - Kv/xa,0(®)) M s () eca (3.103)

doy (L= 0/xau(®@) it '

JE

&

Xé,v( )

The factor Z?f“gf(xl, pW) | 2o, p?) comes from the open strings connecting the two different

stacks D8,-D8, and D85—ﬁ85.

Proposition 3.5 ([15, 16]). The total instanton partition function of K-theoretic U(n|n)
magnificent four system is given by summation over n-tuple solid partitions,

—

ZD8 _ Z qltﬂ(_l)oa(ngi[ﬁ,ﬁ;f(], ac4 (3.104)

inst. ™
peESP

where o,(p) is the sign factor depending on the choice of the orientation associated with the
square root bundle.

One-loop perturbative part. For the one-loop perturbative part, we need to take the
index of the square root part of V. To do this, we first omit the singular part, specify an
ordering in the parameters {v,} and then take half of them:

o NVN 1
V = = — (1—KX)(1—K5)U5/UQ—>\QI+\7V,

Ps Pai7

: : (3.105)
V= . > (1-K))(1 - Kp)vs/va.

4v5>va

YLater in section 9.1, we will see that this notation of {K,}« is motivated from the central charge of the
MacMahon representation of quantum toroidal gl;.
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The index will then be
]I[\Qf] = H ZDS_DS(UOUKQ |U,B7K5) = ZP-lSoopa

1-loop
a<f
- (3.106)
: (1= K3 (1=K7) (ur)"
Z]??DS(UlyK1|U27K2)=eXp — - 2 1 ()
1-loop 7;)71 P!in] o

The one-loop perturbative part can be written using the ¢-shifted factorial or ¢-deformed
multi-gamma functions in appendix A.1 and (A.11).

3.4 Tetrahedron instanton

The instanton partition function of the tetrahedron instanton was first computed in [52]. We
also note that the contour integral formula of the C3-partition function was given in [45, 47].
Let us review the explicit formulas.

The total index of the tetrahedron instanton system resembles the magnificent four
system. The different part is that the total observable sheaf Y will be a sum of the observable
sheaves!! of Y; corresponding to the theory on C3 x S':

YVY
V=-"5- Y=) PYs Ys=N;-PiK; (3.107)
4
= ac4
which gives
o . P/P
V=V, V=3 5NN,
abed = (3.108)
Vinst. — Z (_PbN(}K(\i/ - P(\l/NZi/Kl; + PéK(\i/KB) )
a,bed
where
na na ka ka
Nfz — Z eaa,a — Z Va,as Ka = Z ed)a’l = Z La,l, a € é (3109)
a=1 a=1 I=1 I=1
Note that the observable sheaves can be rewritten as
Y=Y P.Ns—Ps> Ki=> P,N;—PsK (3.110)
ac4d acd ac4d
where K = > -4 Kz is the vector space introduced in section 3.1. For later use, we

decomposed the instanton bundle into components Kz so that the instanton partition
function after localization has a nice decomposition formula. Similar to the magnificent
four setup, we need to take the square root part of V. For the instanton part, we choose
the following square root part:

Py

Vinst. = Z (—P;/N(\I/Ka + PV K(\;Ka) - Z Z P;/N(\E/KB + Z PéKgKI;,
acd a acd b#a a<b (3.111)

Vv
Vinst. = Vinst. + Vinst.

' Note here that the subindex @ of Yg, N, Kz does not mean that these bundles are products of bundles
with index a such as N123 = N1N2N3.
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where the first two terms give the partition function of the theory on Ci x S! and the
last two terms give the bifundamental contributions coming from open strings connecting
C2 x S! and (Cg’ x St

The contour integral formula is obtained by inserting (3.109) into (3.111) and taking
the index.

Proposition 3.6 ([52]). The k-instanton partition function of the tetrahedron instanton

system is given by the contour integral,

ka

Z@ I[Vinst.] k,fHH dma{ H HHV <be>

acd [= 127”1:“’1ab64a 17=1

(3.112)

T (22) T I A (220)

acd I£] a, a<bI=1J=1

where

gt =1Ig k' =]]ka (3.113)

a€d acd

The total partition function is then given by

o0
Zhwo=d a0 > E” (3.114)
k=0 (kd)aca, ’
>, ha=h

We also note that this contour integral formula is compatible with the symmetries given
n (3.26), (3.27), (3.28), (3.29).
The poles of the contour integral are classified by plane partitions:

- - 1,...,na - - =1,..,na 7|
¥ = (Va)aca = (va, Ol)a€4 7= ( d)aca = (Wéa))geg " gl = Z Z |7T* )
a€d a=1 (3.115)
1 1» 7 :17--'7 a -1 k—
{Ia I}ae4 C— {Xa vg a(@)}z€é7 @;:réa)a Xabc,v(@) = Uqa qb dc L

At the fixed points, the character of Kz will be

Na
il =2 D Xawea(@), a€4. (3.116)

o=l gen(e)

Inserting this in (3.111) and taking the index, we have

Ztet 1nst H H ZDﬁ (a)} H H Z(RS DG(UZLOU W(ga) | Ya,B; Tréﬁ))
a€d a=1 a€d 1<a<f<ng
(3.117)
B
I Z P i o5 5.m),
a<ba=1p=1
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where

b6 1 11 L= 6av/Xan(@) 7 (Xaw@))
Za W—@g 1 —v/xa0(D) @E[,;"“ (Xa,v(@)> ’

20000y, 70 g 5 ®) = ] (qbl—qb‘ lxam@)/“?) I (1_%”1/)‘%(@))

o ger(l) 1= Xawm (@)/v2 gen(2 1- Ul/X[,,w @)
X H .A(Cél <m>
g Xb,vs o
gen(@

(3.118)

Proposition 3.7. The total instanton partition function of the tetrahedron instanton system
is given by summation over plane partitions,

ngﬁt = Z qlﬂzgginst.[g7 i] (3119)

We remark that, for this case, compared to the magnificent four system, we do not need
any sign factor as proved by [53]. Later we will also see this property in the algebraic formalism.

Nekrasov factors for 7d theory. Following the 5d Nekrasov factors in (3.86), we may
define the Nekrasov factors for the tetrahedron instanton system as

661_7[7-2 (1 ; Ul/Xa’v2 (@)) Xa v1 (@)
entn = e e () e

Fem Gem2

It is a part of the following index
I [NgJK@2 — uKY Ngo — PZ{K({lKa,g} (3.121)

which represents a different square root from what we used in (3.111). The square root we
use here is symmetric in the sense that we have both Ng; (i =1,2) and Kg; (i = 1, 2).

Lemma 3.8. We have the following recursion relations for the 7d Nekrasov factor:

Na(m,m +@\U2,7T2) av -1 -1
=Ws a,v
N&(Ul, 7T1 |U2,7T2) m2,V2 (qa X ) 1(@)) (3 122)
Nz (v1, 1 | v2, T2 + 6) - ’
— Wa a,v )
Nz (v1, 1 | v, 72) w101 (a2 @)
where
W2 (@) = (1 0/2) [] g0 Can@®@/2) o I] (= xaw@/2) T[] (1 a2 xawl@)/2)
gen FeA(r) geR(m)
(3.123)
and

Xa,o ()

Wi (@) = (1 — i) 11 9a (qa$> _1. (3.124)
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Moreover, using the results in appendix B.3, we have

Res o 'Wh,g, (g 'e) !

Na(v, 7 +3|v,m+6@) qaV r=X1,, () (3.125)
Na (v, 7| v, ) Xa,» () Res o~ 1Wi (z)-! '
r=x3,, (@) '
We can define the vector U(1) contribution of the D6 theory as
D6 1
Zg " [n] = (3.126)

N&(U)W | 7),71')

which resembles the partition function of the pure SYM in the 5d theory. The two factors
2D6[7] and ZD6[r] differ by extra Chern-Simons like term and topological term

229 = [ (- X222 2o (3.127)

gen qaV
The recursion relation of ZP%[x] is then (see Thm. B.1)

Res x*Iler’v(a:)*l

Z%Di[ﬂ- _|_@] _ J?ZXZ;,U(@) _ (3128)
B Re Wi
T=X7 , () 7

One-loop perturbative part. Similar to the magnificent four system, we omit the singular
part and choose the following square root part for the perturbative part:

, PP,
V= Z P "Ubg/vaa (3.129)
(6,8)>(a,q)

where we specified an order in the pair of indices (a, ), "%, Taking the index gives

¥ = JI 2hes aa alvgs,b) = 2%,
(,8)>(a,0) s
3.130
_ 1PWP[“ n
ZP?OCE) (a”'17 a ‘ :E2’ = exXp ( Z _ <:E;) .

For a = b, the one-loop factor is written using the multi ¢-shifted factorial or the g-deformed
triple gamma function. See appendix A.1 and (A.10).

3.5 Spiked instanton

The spiked instanton system introduced in [11, 12] can be understood similar to the previous
two setups. The total observable sheaf Y will be a sum of the observable sheaves of Y4 (A € 6)
corresponding to the theory of D4-branes on C% x S
YVY
, Y= P;Yy Y =Nu-P,K, Ac6 (3.131)
P4 Ace

V:
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which gives V = V + Vinst wherel?

JPYP5

V= Y NiLENg Vi = ) (-NYPYKp — K4PpNp + P4KiKp)
A,Be6 4 A,B€6
(3.132)
and
nA naA ka ka
No=) e = vp0 Ka=) "= 24, Ac6. (3.133)
a=1 a=1 I=1 I=1
Note again that the total observable sheaf can be rewritten as
Y =) PiNi-PsK (3.134)

Ac6

where K = ) 1.6 K4 is the total instanton bundle introduced in section 3.1. This is a
similar situation as (3.110).

Similar to the previous cases, we actually have to extract the square root part. We
choose the following decomposition

Vinst. = — Z (P\ENXKA Pl\flf( )PXK,\QKA)
I ; (3.135)
- > Y NiPYKp+ Y P4KiKp
Ac6 B#£A A<B

where the first line gives the contribution of the affine quiver gauge theory with adjoint
MAass (g 4) ON each C? x S! and the second lines gives the folded and crossed instantons
contributions.

Proposition 3.9. The k-instanton partition function of the spiked instanton system is given
by the following contour integral,

g ka dl’ na ka -1
Z]E)4:]I[Vinst.] k" %H H A4 H H HSA (IAI>IEII;EQWP (xAJ>
€

Ac6 I— IZTerAIAGGa 17=1

T ﬁﬁsA( ) I I A (22)

A€6 B£A a=1T=1 A<BI=1J=1
(3.136)
where we define i
= I 9anay E= 11 ka! (3.137)
Acé Acé
The total instanton partition function is
(o]
Zggt Z CIIC Z Z]EM-
k=0 (ka)ace (3.138)
ZA ka=k

20One of the defining conditions of the spiked instanton moduli space {Ya = 0}ace gives rise to the
contribution ZAGG gaN%N 4, which is now incorporated in the perturbative part.
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The contour integral formula is compatible with the symmetries given in (3.15), (3.16),
(3.17), (3.19).
Note here that the index in (3.135) is slightly different from the one used in (3.76). The
term we used is PZ—‘NXK A while a straightforward generalization of (3.76) will be
P\/

infl

) (N9Ka + 3" KYNG ). (3.139)

After taking the index, the contour integral formula differs with (3.77):

na ka VAo nAkA na ka AT AL
H H H SA TAT H qlnf H H H Vlnf(A vinf(ﬁ) ’ . (3140)

Ac6a=11=1 A Ac6a=1T1—1 VAo

This overall factor will be eventually related to the topological term for each affine quiver
gauge theory. It seems that using the index in (3.135) is natural from the quantum algebraic
viewpoint so we will use this. Note that in the limit S! — pt, such terms will disappear
and have no effect.

The poles of the contour integral (3.136) are classified by 2d partitions:

7= (vaa)ies™™, A= Xa)aes = A\)oe ™, 1A= ZZ\A

- Ac6 a=1 (3.141)
----- =1,..., i1 j—1
{xA I}Aeﬁ A — {XAﬂ)A,a ) ieg,merf\liyav Xab,v@) = vq, 1qu7 .
At the fixed points, the character of K4 will be
na
Kalz, =2 D Xanaa(0), A€6 (3.142)
a=l1 Dez\ff)
Inserting this and taking the index, we have
- B
Z s [0, = [ H ZRTT 1T 255 (waes AY [va s, AY)
A 1 A
el ceass (3.143)
A nB
< TT TI II 285> wae A (v 6, 05)),
A<Ba=1p=1

where

R it Na(@uenv, Alv,A)
—IAl A AW inf(A) A
20N =002 2N sy = Gt ()™ Ny (v, N[0, 0)

ZDEDI(y,, AD |y, A?)) = H Sy < XAm ) H 5A< > H Acs (XAUl( )>

oex®) meN(2) oea® XB,vz (.)
(2)
= (3.144)

XB, U2(

The property and low levels of the U(1) contribution are given in appendix B.4.

Proposition 3.10. The total instanton partition function of the spiked instanton system is
given by summation over 2d partitions,

D4 X Y
Zlnst - qu ZSpk 1nst )\] (3145)
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One-loop perturbative part. Omitting the singular part, we use the following square
root part for the one-loop perturbative part:

-y

(B.B)>(Aa) 4

PYP

vB,3/VAq; (3.146)

where we specified an order in (A, a)izé“"n"‘. Taking the index, we have
H[‘o/] = H ZEﬁ;c]?pZL(UA,CM’ A | UB,3) B) = ZE%OOp?
(B,B)>(A,)
_ 3.147)
o ¢ plptal o \n (
D4-D4 _ A" B 1
Zl—loop ($1,A|$2,B) = exp (Z EW <$2) .
n=1 4

For a = b, the one-loop factor is written using the multi ¢g-shifted factorial or the g-deformed
double gamma function. See appendix A.1 and (A.9).

Supergroup analogue. Actually, the contour integral formulas and instanton partition
functions for the 5d gauge theories have a supergroup generalization introduced in [93] (see
also [94-98] for related works). The explicit contour integral formula for the 5d N = 1*
U(ny|n_) gauge theory is given in appendix D and (D.3). The strategy to derive it is to
change all of the characters of N, K to supercharacters:

schN =chNt —chN", schK=chK"—-chK". (3.148)

This generalization gives extra vector-like and bifundamental-like contributions which enables
us to understand the supergroup gauge theory as a type of quiver gauge theory (see [93, 96, 98]).
To obtain the supergroup gauge theory using D-branes, one needs to include ghost/negative
D4-branes, denoted as D4~, to the system additional to the normal® D4-branes, which we
denote D4™. For such cases, DOT-branes play the role of positive instantons while DO~ -branes
play the role of negative instantons (see [97]).

After changing all the characters to supercharacters, one can obtain the supergroup
analog of the gauge origami of the spiked instanton system. For the simplest case, where
there are only D-branes on C2, x S!, see (D.3) for the contour integral formula. See for
example [93] or [99, section 2] for the explicit formulas for general quiver gauge theories. The
generalization to the gauge origami system is straightforward so we omit it.

3.6 Coupled vortex system

Following the previous sections, it is natural to consider a theory where D2-branes intersect.
We propose a D2-analogue partition function of the gauge origami system. The total index is
written similarly with Y, but this time it is a sum of Y, (a € 4):

YYY

A%
Py

Y = Z P&Yaa Ya = Na - PaKa) (3149)
ac4

13We also call it positive D-branes.
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which gives

. . Py P;
V=V+4Vy, V=)> N/—2-PIN,
be4 P4
GUES (3.150)
Vinst. = Z (_NXP%/KIJ - K;/PENb + PéK;/Kb)
a,be4
where
Na Na ka kaq
Ng=) €= 50, Ko=) €™ = u,;. (3.151)
a=1 a=1 I=1 I=1

Similar to the tetrahedron instanton (3.110) and spiked instanton (3.134) cases, the total
observable sheaf can be rewritten using the total instanton bundle

Y =) PsN,-P4K

= (3.152)

where K = 37 4 Kq.
Mimicking the other cases, we decompose the instanton part as Vinst = Vinst + vivnst
and choose the square root part as

Vinst = ZLPI(G J(a (N;/Ka — q;lNaK(\){ — P;/K;/Ka/)
ac

=3 Y NYP/K, + > P4K/K,.

ac4 b#a a<b

(3.153)

Here, we denote the three indices in 4 \ {a} as i(a),j(a), k(a) and chose two of them for each
a € 4 to define the index. The first line gives the 3d theory on each plane C, x S! and the
other terms give the bifundamental interactions between the 3d theories.

Proposition 3.11. The total instanton partition function of the coupled vortex system is
given by

o0
D2 k D2
Zing. = 4" Y 27 (3.154)

k=0 Za ka=k

where each contribution is given by the following contour integral,

—1
al

)Hgma (a) < > )
1247 Za,J

—1
b J) (3.155)

ka

2 =t = 55 f TTTT e 11 £ 11 (22

& Gear= 12mxafabe4a 17=1

xHﬁH.A@(

a<bl=1J=1

with

IS

Hgala)Ja)’ E‘: ka.

L (3.156)

2
n
'
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For simplicity, let us consider the case of a U(n) theory on C4 x S!. We choose a = 4,
i(4) = q2, j(4) = g3 to be the masses and then we obtain

D2 gf L Voy zr\ !
2= T W, T () I ()

. 2mixy Pttt
_G / 1T -4 77 1 Ve /e T (1 — i) (3.157)
k! ol 2mxr jaie} (1 —vo/xy) H?:l(l — qiqulva/x[)

<11 (1 —zr/zy) i1 — ¢ 'q 'wr/y)
I£J (1- ql_lxl/l"J) H?:z(l —qirr/ry)

The pole structure implies that the fixed points should be classified by the one-dimensional
partitions in section 2. Looking at the g;(z) part, the pole at x; = v, starts the growth of
the one-dimensional partition, while the zero at z; = q4_1va terminates the growth in the
opposite direction. The g;(z)~! part is decomposed into

(1—z7/25) " (1 — qugozr/2y)(1 — qagzzr /2 y) (1 — a7 'qg tor /2 y)
(1 —qazr/xy) (1 —goar/2)(1 — gszr/zs) (1 — g tar/2y)

(3.158)

where the first term gives the contribution of the N' = 2 vector multiplet and the second
term gives the contributions of the three N' = 2 adjoint chiral multiples with adjoint masses
q1, 92,93 (in the multiplicative notation).

Generally, we assume that the fixed points are classified by one-dimensional partitions
labeled by Z>q as the vortex partition function [41, 82, 100-102]:

T= (va0)2a™ ™, k= (Fa)oea = (KO 1B =30 S k),

ac4 a=1 (3.159)
{#arboca™™ = (Nawea OYaca ™™ Xowea(©) = vaad™" (=1, K).
The character of K, at the fixed points will then be
na N | g
Kalg, =D > Xawaa@ =D Vasa ] (3.160)
a=1 e ple) a=1

To evaluate the partition function, we need to insert this and take the index. Before doing
that let us introduce the D2-version of the Nekrasov factors.

Nekrasov factors for 3d theory. We define the D2-version of the Nekrasov factors as

g (]‘ — U1 /Xa,'UQ (.)) X (D)

No(v1, ki |vg, ko) = —— Vq ( i ) . 3.161
T 0 aen©7o) WV \\w (8.161)

ock: ncko

Lemma 3.12. The following recursion formulas hold for the 3d Nekrasov factors,
Ng(vi, k1 +0O]v2, k2) v 1 Ng(vi, k1| v2, ko +m)
= Uy aXa,v 5 =Ujg a,v
Na(vlg k]_ ‘ UZ, kQ) kz,vg (q X s I(D)) Na(v]_7 kl |'U2, ]’CQ) kl,’Ul (X ) 2(.))

(3.162)
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with

(3.163)

where note that k +o0=% + 1.

We note that the U(1) contributions coming from N,(v,k|v,k) is trivial (see ap-
pendix B.5):

Ng(v, k|v, k) = 1. (3.164)

Proposition 3.13. The coupled vortex partition function is given as follows,

Z\]%%t - quk Zcpl vort k] (3165)
where
Zcpl vort. [U k H H ZD2 k(a)7 ql a qj(a) H H Ztlzj|2aD2 U%OH k((za) ’vaﬁ? kt(zﬁ))
a€d a=1 acd a<f
] (8)
X H H H tlzj\QbDQ Uma,k((la) |vb75)kb ))
a<ba=1p=1
Ng(qv, k| v, k)Ng(qgv, k|v, k
ZGPQ[k,q“qj] — a(qlv7 "U, ) a(%’lh ’U? ) a E 4, Z,] 6 4\ {a},

No(v, k| v, k)Ng(gigjv, k| v, k)’

Za ok ko) = 1 o (wa( )) IT 9 (W) [T Acs <X‘”’1(D)>

ncko o€k ocky Xb,v2 (.)
mcko
(3.166)
One-loop perturbative part. We choose the following square root part of the perturbative
part V as
. PYP;
v= > 20b,5/Va,a (3.167)

B,8)>(a) 4

which gives

]I[‘c’] = H 22120_332 (UG,OH a | Ub,85 b) Zl loop>
(0,8)>(a,a)
[n]o[—n] (3.168)
1 Pg P z\"
ZEIQ(;(]?F?(J: alx',b) = exp ( Z R e <xl> ) .

When a = b, the one-loop factor is written using the ¢-shifted factorial or g-deformed gamma
functions. See appendix A.1 and (A.8) for the explicit formulas.
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3.7 Decomposition of partition functions

The partition functions of the 3d, 5d, 7d, and 9d theories explained in the previous section
can be written in different forms. For each setup, the fixed points are labeled by multi-
dimensional partitions introduced in section 2. Each multi-dimensional partition has different
descriptions (see section 2), which eventually leads to different decompositions of the partition
functions. A similar discussion decomposing the partition functions of 5d theories into 3d
theories was done in [103].

3.7.1 3d theory

Let us focus on the case when we only have n-stacks of D2-branes on C, x S! leading to
a U(n) theory. After localization, we obtain

k.(a)

Na

n
Ya:Na*PaKa:ZUa,a* 1*Qa Z'Uaa 1—q
— Ya

o (@)
Z Va,aqy" = Xa,

=1 (3.169)

a=1

a— x, a—{Uaaqa |a_1 ,’I’La}
>

TEX,
The total index of the coupled vortex system will be rewritten as

YVY PYP;
V = — —abYVy,.
P, a%@l p, ‘valtb (3.170)

Choosing a square root part and taking the index gives the representation using the X,-
variables. Note that the partition function obtained here will be the same as the partition
function in (3.166) up to perturbative factors and topological terms.

3.7.2 5d theory

The two-dimensional partition (Young diagram) has two (1, 1)-type descriptions depending
on which axis we project the Young diagram. We can rewrite the character of Y (a < b) as

Yo = Ny — PoPyKo, = P X, = Py X,

()

. A7
-1 b,
ab = E x, ab = {Uab,aqzz Qba ’

.Z’EXab

=1,. ,nab
=Lnoo [ (3.171)

()T

- ; A

— E: — J—1 b,

- Zz, Xab - {Uab,a(Ib Qaa !
xE?’E‘ab

This comes from the following identities

o0 )\i
- i
—(1-a)1-a) > Y vdi g = (1-qa) quz ', laal < 1,
i=1j=1
(3.172)
oo 7y i 00 - AT
v (1=q) A —@) Y Y vai gy =1 —q)Y vg q’, ol <1
j=11i=1 Jj=1
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Note that depending on the analytic region of the g-parameters, the decomposition will differ.
Since we have the condition ¢1¢2¢3g4 = 1, we can not keep all of the parameters as |g,| < 1,
but at least one of the parameters should be |g,| > 1. For example, if we choose an analytic
region'? |q1 23| < 1, |q4] > 1, then we can rewrite Y4 (A € 6) as

Yi4 = PiXi47 Yij = PiXij = Pj)v(ij, i,j = 1, 2, 3, (3173)

where for Y;;, we can either use the normal Young diagram or the transpose of it.
For A € 6, assume we have the decomposition

Y4 =Py Xa, (3.174)
where s(A) is one of the indices in A and X4 is the corresponding X-bundle after the
decomposition, then the total index of the spiked instanton is
_ YVY _ (PAPS(A))V(PBPS(B)) P

XiXp= Y 5=—X4Xp  (3.175)
Ps 1 Bis P4 Apee PsaPss)

Vv

where 5(A) is the other index in A, namely A = s(A)5(A). Taking the square root part and
the index gives the (1,1)-type description of the spiked instanton partition function.

3.7.3 7d theory

For the tetrahedron instanton system, since the fixed points are classified by plane partitions,
we have two types of descriptions of the partition functions: (2,1) and (1, 2)-type.

(2,1)-type. We can rewrite the character of Yy (@ < b < ¢) as

Yabc = PanXabc = PaPchbc = PchXabca

Xabe = Z z, Xabc: Z xz, iabc: Z z,

TEX b xe)éabc ite)éabc
g ) 1 . 1 k1 Fean | a=1
i—1 _j— abe,ij | a=1,...,nqp = v Tl et | O Dy abe
Xabc {UabC,aqa 4, 9c ‘ i,j:l,..-ygoc}7 Xabc - {Utlb&aqa e 9 ivk:l""’(éoc},

“ Y ()
v J=1 _k—1 Tabc,jk | a=1,...,nqp
Xabc - {’Uabc,aQb dc qaa “ ’ j,k:l,...,aog}7

(3.176)
where , 7, % are the three possible (2, 1)-type descriptions depending on which 2d plane the
plane partition is projected. The above decomposition comes from the following identity

oo oo Tij %)
i—1 j—1 k— i—1 _j—1 Tij
0= (L=g)(L=g)(1=q) Y D > wgi g i = (1= qa)(1—q) > vgi 'q) gt
i=1j=1k=1 ij=1
(3.177)
where we assumed |qq|, |g5| < 1. Under the condition that only one of the g-parameters obey
|ga| > 1(3'a), we can always do this (2, 1)-description.
For a € 4, let i(a), j(a), k(a) be the three indices of @ and assume we have the following
decomposition

Y: = PiyPj(0)Xa (3.178)

1411 this paper, we assume in most cases that only one of the g-parameters will be |ga| > 1.
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where we omit the check mark on Xz for simplicity. Then, the total index of the tetrahedron
instanton system will be
1 Xa)" (PoPin) Py Xp) Py

YVY Piw
Z =Y S X¥X; (3.179)
4 a,be4 Pé a,be4 Pk(a)Pk( b)

(1,2)-type. Under this description, the plane partition is decomposed into multiple Young
diagrams extending in one of the three directions. Let us focus on a U(1) theory on C3y3 xS for
simplicity. For k € Zq we have a Young diagram A\*) and the instanton bundle is written as

Koz = Z Z X12,0g51 @, lasl<1 (3.180)
k=1 pe (k)

Then, we obtain

1

Yiz=v— P1232 > X12,5q6-1(0) =P
k=lgex(® k=1gex(®

o . (3.181)
3 (qulg—l_Pu > leqg_l(m)) =P3> Yiolvgh 1 AW,
k=1 oeA(k) k=1
where we used
Yo[v,A\| =v—Pg X;\Xab,v(m)' (3.182)
o€

This identity shows that the 7d U(1) theory can be understood as a 5d U(oo)-theory stacked
in one of the transverse direction.!® Doing this decomposition for other cases and inserting it
in the gauge origami index, we obtain the description in lower dimensional partitions.

3.7.4 9d theory
For simplicity, let us consider the U(1]1) theory of the magnificent four system:

Y=N-P4K, N=v-u, KZZX&,U()a (3.183)
BEep

where p is the solid partition. We have three possible descriptions: (3,1), (2,2), (1, 3).

(3,1)-type. We choose the fourth direction to be the direction where the height function
is defined and then obtain for |g1 23] < 1

oo Pijgk v 1 %)
“1k-1g1 —1 k=1 Pijk
szql G 45 a —H 1- )—1_ qul Q2 4 at,
igik=1 1=1 ac4 Qa 94 5 k=1
[oe)
-1 k—1 Pij.k — —
Y =Pi23 Z vy q) g5 gyt —v=P1pX -1
1,5,k=1

(3.184)

5Combining with the discussion in section 9.1, one will see that this property is related to the fact
that the MacMahon representation of quantum toroidal gl; is obtained as infinite tensor products of the
Fock representations.
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For higher rank theories such as U(n|n), we have

n ()
_ _ _ i 0,
Y=Pi53X—n, X= E r, n= E Vo Xg= {vaqi 1q2 q:’,f 1q4 ik

rEXy a=1

t,5,k=1,...,00
a=1,...n :

(3.185)

(2,2)-type. For example, in this description, we can decompose the solid partition into
two Young diagrams p = (A12; ps4). The A2, usq will be Young diagrams extending in the 12
and 34 directions respectively. We choose this decomposition for simplicity but of course, we
can use the quadrality to choose other decompositions. For each box in the Young diagram

(i,7) € A2, we have a Young diagram ug 03) (13, for o € Aj2) and thus

K= D 2 Xategig O (3.186)

(4,5)€A12 Deﬂ(l 3)
We then have

Y4—|—n—’u—P12P34 Z Z X34,qu 1% 1(D)
(,5)€A12 DE,u<”)

= Yio[v, A2] + P12 Y Yau[x120(0), 134].
O€A12

(3.187)

(1,3)-type. We decompose the solid partition into sequences of plane partitions as
p=@M, 70 ) (3.188)

after choosing the specific direction to be 4. Namely, multiple plane partitions are piled
up in the fourth direction. We then have

[e.e]
Ki=2 > X @, laal <1, (3.189)

=1 gex®

and the character of Y4 is rewritten as

Y+n:NP4K:P4< Y )
Hloer (3.190)
0o o)
=Py Z UQ4 Z Z Xi gk 1 ( =Py Z Y23 [Uqffl, 71'(1)] .
=1 1=1 genl® =1

This description resembles the 7d (1, 2)-type description where 2d partitions were piled up
to get 3d partitions.

3.8 gg-characters from instanton partition functions

3.8.1 5d theory

Let us review the gg-character of the 5d A = 1* theory on C3, x S'. Using the recursion
formulas of the 5d Nekrasov factors in (3.88), the recursion relation of the U(1) partition
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function ZRA[A] is (see the derivation and the discussion in (B.42))

2%4[)\+D] _ _13}\21]((]51)(12 U(D))y)\—‘rm U(Q4 X12, v(D))
21%4[)\] y)\ 'U(X12 U( ))H)\+D,v(q34 XlQ,v( ))
Y32, (a5 x12.0(0)) Y32, (g1 ' xa2.0(0))

9% (12,0(0) 93 0.0 (054 X120 (0)

(3.191)

= —812 (q4)

where 0 € A(M\) and we used H)\erv(a:) = 812 (x12,0(0) /) H}\%}(m’) Strictly speaking, the
Y-functions in the denominator are singular. The term %\QU(QJ) has a zero in & = x12,,(0)
while the term H}\%rm(qlgx) has a pole at = x12,,(0). However, since the zero and pole will
cancel with each other, we can write in the above way.

We can also write the recursion formula using the dual Y-functions as

ZDH A +d _ Y (as X120 (@) Y53 % (61 X120 (@)
ZDHA Y32 (x12,0(0)) Y32, (434 x12.0(0))

(3.192)
S (0 )lev(q?, X12,0(0)) Y32 (ar "X12.(@))
= —012 (g3
1312v(><12,v( )Y }\%r\év(q% X12,0(0))
Note here that we have the property 812(q3) = S12(q4).
The recursion relations are then rewritten as
= Y32 (a5 ') Y33 (g3 ')
Res [‘aiim,v<q12m>z?é4u+a}+812<q4> . 3%2 o 2h | =0,
T=X12,v
1312\/( )y12V( ) (3’193)
Res [*aiié,v<quw>zﬁ4u+m]+8u<q ) Y ) ZB“[A]] =0
T=X12,v

which means that the singularity of the first term at « = x12,,(0) is cancelled by the second
term. Including the topological term and taking the instanton summation, we obtain

Y12(g5 '2)Y"%(q; ') >
12

<g12(Q12$)>12 +q812(qa) <

g12V(x)
~1gv 912V (g5 2) Y12V (g5 ) (3.194)
<H (Q12m)>12 + q812(qa) < S (e) >12
where X i )
(O)12 = qlx\lzl%ﬁl[)\](’))\m, Ziy = Z q‘)‘|ZlD24[)\], (3.195)

Z1 B\ A

Note here that we are understanding O as an operator acting on the fixed points labeled by
(v, \), where v is the exponentiated Coulomb branch parameter of the U(1) gauge theory on
C%z x S'. The subindex 12 denotes on which gauge theory the instanton expectation value
is taken. Although we were considering when the bulk theory is the U(1) theory, we can
generalize it to U(n) theories. In such cases, the Y2(z) operator will act as

92 (@ —+H%@vva” —»H%%v (3.196)

under an instanton background labeled by (7, X).
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Due to the property in (3.193), the singularities coming from the first term are canceled
by the second term. This procedure to add a term and compensate the pole singularity is
called the iWeyl reflection [71] and is defined as

Y12 (qraw) — q812(qa) Y% (qroz) A(z) 7,

_ ° iy (3.197)
Y12V (qraw) — 4812(g3)Y" Y (qraz) A (z) 7,
where . N _ N . _
Y2(2)Y% (g5 gp ) AV() = 912V (2)9"* V(g5 ¢4 @) (3.198)

912(q5 ') Y12(g; 'w)’ Y12V (g ') 912V gy )
After this iWeyl reflection, new singularities will appear from the new Y-functions coming
from fl(a:) and thus, we need to recursively do this procedure. After summing up all the
terms appearing after the iWeyl reflection, we will obtain a pole-free function in x which
is called the gg-character:

‘j\’lg (.’L‘) = 912((]121') + QS12(C]4>912(Q121’)}T(1')_1 + ...
fjfl2\/(x) = 912(Q12«T) + QS12(Q3)912v(qlgx)./?lv(x)fl 4+
Doing the iWeyl reflection recursively, one can show that the full formula of this gg-character is

T2(z) = Y q"ZD 19" (qrow) [ Alxsae(@)

(3.199)

neP neEp
|| ZD4 HmeA(u) 13120(:’»4,3:(5))
= Z q" 23" (1] =0 ,
pEP [locr(u) 9% (931x34,2(0)) (3,200
T2V(a) = 3 g ZDH Y (q102) [T AY (x310(@)
neP oeEwp
_ Z gl 3041 [ocaq Y12V (x34,0(0))
= 34 = )
pEP [locr(w) 92V (g34x34,2(0))

Obviously, 812(g3) = 812(qa) is the one-instanton contribution of the U(1) affine quiver gauge
theory on C3, x S! (see (B.41)).
Generally, we can do the same calculation for other 5d theories on C4 x St (A € 6).

Proposition 3.14. The gg-characters with respect with the 5d N/ = 1* gauge theory on
C?% x S! where A € 6 are given by

TA@2) = 3 g ZRN YA (qaz) [ Alx1.0) 7
rep oceA

T (@) = 3 aMZRINY Y (gaz) [T AY (xa. @) -
AEP oeEA
The iWeyl reflection of 1gA(ac), YAV (2) is defined as
AQA(qAx) — qSA(qc)?A(qAx)ﬁ(ic)_l, (3.202)
Y4V (gaz) — q8a(qa) ¥ (qax)AY (z) 7,
where {c,d} = A and
Alw) = Y4 ()Y (qa2) AV() = YAY (2) Y4 (qa) (3.203)

 YA(g ) YA (g ) YAV (gl YAY (g te)
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Ddisg | = | = | = | — | @« | @ | @ | @ | 0| —
Didsy | @ | @ | @ | @ | — | — | — | — | @| —

Table 5. The configuration of the two sets of D4-branes wrapping the 12-plane and 34-plane. From
the D45 view point, the D434-brane plays the role of the gg-character.

Note that the explicit form of the operator A (x) depends on the theory we consider.'® We
call the gg-characters ‘j'A(x), ‘j'AV(x) the D4 ;-brane gg-characters (shortly D4 5 gg-characters).
Namely, the gg-characters associated with the 5d theory on the D4 4-brane are the D4 ;
qqg-characters.

D4 gg-characters as codimension four defects. The gg-character is understood as
a codimension four defect with respect to the corresponding bulk theory. Let us consider
C2, x St as the bulk theory. The gg-character is understood as a D4-brane spanning the
codimension four subspace C%, x S! in the transverse direction:

4 3

V

(3.204)

= d

The brane web construction is given in table 5. This is the reason why we called the
qg-character of the D4 theory on (Ci x S the D4 4 qg-character.

The contour integral formula of the gg-character is intuitive. The contour integral comes
from the following character:

PY.P
N3, 11?_,4 Ny — Py NY,K — Ny, P{,K + Py K\, Ko + PYg, Ky Kas + P4K,Kss
= Ny,q15° (N2 — P1oK) — PY,NYLK + PYys KKy + Py, Ky Ky + PaKY,Kay

(3.205)
where K = Kj5 + K34 and we included the perturbative part for convention. Note that
this character is just a part of (3.135) where the terms including Nay4, K34 are kept, namely
the crossed instanton configuration.

Later, we will see in the operator formalism that it will be a unique operator (see (4.68)).
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Consider the case when there is only one transverse D4-brane with N3gy = x. The
contour integral is then written as

I T () o () T o (2)

The red term comes from the transverse D4s4-brane while the blue term comes from the

I Ac: (‘”) ; (3.206)

I<J

D445-brane. One can see that after localization the red term gives the contribution coming
from the Y-functions. When n = 1, after evaluating the poles, one can see we have

pa 12|34 & 12|34
<712(:ZI)>12 = Zcr0|ss. inst.’ <T12V(x)>12 = Zcro|ss. inst. (3207)

Namely, integrating the transverse D4s4-brane first, the operators ‘3'12(37), ﬁ'mv(m) representing
the defect brane arises in the bulk theory and the expectation value of it gives the partition
function of the gauge origami system.

3.8.2 7d theory

Let us do a similar analysis for the 7d theory. We focus first on the 7d theory on C3yy x St
The recursion formula of ZR8 (7] is given from (B.25):

ZD8[m + 69 W%+@,v(‘]123x123,v(@)) . W;Er—\i{@’u(q123X123v(@)) (3.208)
- — = — —(4 ) .
ZD8[] Wi (X123,0(69)) WY (X123, ()
where G € A(m). It is then rewritten as
L Res [ Whia(as) T 2R + 9]+ Wi ()7 2B =0,
. av -1 5D6 Y (3.209)
I:XI};S @ [Wrr—i-@,v((hQ?)x) Zig3[m + 4 +q4W7r,v( T)” 3123[ ]} =0

which shows that the second term cancels the singularity coming from the pole at = x123.4(s)
of the first term. Including the topological term and taking the instanton summation, we obtain

<W4(Q12390)71> +q <Wi($)fl>

123 123 (3.210)
AoV -1 AVAV =1 ’
(W (@22)™) a0 (W @),
where 1
Ohzg =72 QT 2R3 Or e, Zios = Zq‘“'zﬁg (3.211)

This combination is a pole-free function at © = X123,,(6) because the singularity coming
from the first term is canceled by the second term. We can define the iWeyl reflection
analogous to the D4 case as
WH(qrasz) ™" — gWH(quasz) " A(z) 7, (3.212)
WY (qra3z) ™" — qaaW*Y (qrasz) LAY (2) 7

where
R (s . WV,
Az) = _Wia) AV (x) = W (@)

= == (3.213)
W4(Q4 ) W4V(Q4 )
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D2y o | o | 0|0 |0 0| —|— || —

Dbiogg | — | — | — | —|—|—| o |e || —

Table 6. The D24-brane and D6;23 are transverse to each other. The D6 (D2)-brane plays the role
of the gg-character of the D2 (D6) theory.

We can do this procedure recursively and obtain a pole-free function in x which is a gen-
eralization of the 5d case:

(3\’123(73) = Wi(m:ﬂ‘)_l + qwi(qlggl’)_lﬁ(;{;)_l 4+ ..
=W (quzz) W) 4+ -

F123 vV AoV -1 A4 -1V -1 (3‘214)
T2 () = W (quasx) ™ + q@aW (qua3r) A () + -+
= W4V(Q123$)_1 + qQ4W4V($>_l —+ e
The full formula is given as
k ) -
T Z q" W (grasz) ™ T A )= Z " Whgs !
’“OOO = . N (3.215)
TV (2) = > (qq4)* W (quasr) H (¢ 2) ™ =" (aqa) P WY (g 1) !
k=0 i=1 k=0

A similar discussion for other 7d theories on C2 x S' can be done and we have the
following statement.

Proposition 3.15. The gg-characters with respect to the 7d A" = 1 theory on C2 x S! where

a € 4 are
Tz) =Y "W (qaz) ' [[ A(¢ " 2) ! = Z 0" W (gh !
’“;0 =l . N (3.216)
TV(z) = (4ga)* W H = (9qa)* WV (g} 2) 7,
k=0 i=1 k=0

where the iWeyl reflection is defined as

Wa(%ﬂf)_l — qwa(%x)_lﬁ(x)_l, (3.217)
W (gaz) ™ — qga WV (gaz) LAY (2) 7! ‘

and . —

— , = =" (3.218)
Wa(‘]a 15U) WaV(Qa lx)

We call these gq-characters the D2-brane gq-characters, shortly D2 gg-characters. Namely,
the gg-character with respect to the D6; theory on C3 x St is the D2, gg-character.
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Figure 7. D24-brane and D6;53-brane. The D24-brane wraps the C4 inside C* while the D6;93-brane
wraps the C355. From the D2-brane viewpoint, the D6 shares the S' part and is a 1d line defect which
is a codimension two defect. On the other hand, from the D6-brane viewpoint, the D2-brane is a 1d
line defect sharing the S! part and thus is a codimension six defect.

D2 gg-characters as codimension six defects. Similar to the D4 theories, we can
understand the codimension six defects coming from D2-branes in the transverse direction
as D2 gg-characters of the D6 theory (see figure 7). The brane web configuration is given
in table 6. The D2-brane in the transverse direction shares the S! and thus is a line defect,
which is a codimension six defect from the D6-brane theory viewpoint.

Mimicking the construction of the D4 case, we propose that the contour integral formula
comes from the character

P123P4
Py

Ny —2—Nig3 — P/N{puK — PY;NYK + P13 K 53Kz + Py KKy + P4K{53 Ky

= —qaN) (N123 — P123K) — PN K + P15 K53 Koz + Py KKy + PaK 53Ky,
(3.219)
where K = K193 + K4. Note that although considering a subpart of the gauge origami system
of the spiked instantons gives the D4 gg-characters, for the D6 case, we need to consider a
gauge origami system where both D2 and D6-branes appear together. Such generalization
is straightforward by using

Y=> PiY.+ > P.Ys, (3.220)
ac4d ac4d

inserting into YVY /P4, and doing the similar analysis in sections 3.3, 3.4, 3.5, 3.6. We
omit such discussions and only focus only on (3.219).

Let us consider the case when we have one D24-brane N4 = x and n D6-branes Nio3 =
Y t—_1Va. The contour integral is written as

b T2 T g o G H T () T (32)

—qmsx/l’ p T/ joy Ty
(3.221)
The red term comes from the transverse D2-brane, while the blue term comes from the bulk

D6-branes. After localization, the red term gives the W-functions. Similar to the D4-case,
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integrating out the D24-brane leads to a codimension six defect operator T123(z), 7123V (z) and
the expectation value of it with respect to the bulk D623-theory gives the partition function
of the gauge origami system where there are D2, and D6123-branes spanning transversely.

3.8.3 3d theory

Let us consider 3d theories on C, x S'. We focus on the a = 4 case. The recursion formula
of the 3d partition function is (B.52) (see also (B.55)):

ZP?k+0yq1,q2)
ZEQ[]C;QL%] a
C Valgy) Welar "X (@) UL (g5 'Xa (@) UL, (05 Xa,0(0) Uk oo (4125X4.0(0))
Va(q23)Va(a13) UL, (d53 xa,0 (@) UR , (a13 x40 (@) UR (015 xa,0(@) U (Xa0(@)
ZP%k+0q1,q2)
ZP?%[kq1,q0)
 Valq1)Valge) Wi (ar "Xa,0(0)) UL (05 Xa0 (@) ULY (g5 X0 (@) WY o (d125X4.0(0))
Valai2) UL (g25 Xa(0) UpY (015 Xa,0 (@) UL (g1 Xa0(@) UL, (x40 (@) o
3.222

-1
where we used Uk, , () = Va (a0 (0)/2) UL, () and UEY, () = Vi (g7 2 /xan (@) ULY ().
This is rewritten as

x:I):({fS(D) W ro(qaz) P 202k + 05 q1, g2
L Valas) Ui o(ar ') U (03 ') Uiy (g5 ') 1 ZP% ks q1,q ]} 0
— — — y 41, 42 =Y,
Va(q23)Va(q13) ué,v(q%lf) ui,u(‘hglﬂ”) u%,v(fh;w) uiyv(x) !
,Res Ui Yolqsz) " 2Pk + 0501, ¢o]

N Va(q1)Va(qz) ué,Z(Qflm) Ui’\;(qg’lx) Uﬁx(qg’la}) 1
Valqi2) UL (g5 w) UL Y (g3 ) WY (g ) Wi ()

ZP%k; qmzz]} =0

(3.223)
Including the topological term and taking the instanton summation, the following function
is pole-free in © = x4.,(5):

N _ Vi(qs) U (g ') U (g5 ') U (g5 ') >
u4 T 1 4 <A 1 e 2 3 - ,
(@™ ), 4 99, o) \ T W g a0/

S -1 Iy avy -1 (3.224)
<ﬂ4v( q4x>_1> N qV4(q2)V4(ql) U™ (g o) U (gy o)UY (g5 ')
4 Va(gi2) u4V(q 12 :C)U4V(q1 15C)u4v(QQ3 z)UHY () 47

where !

(O)y =5 > a2k 41, 0] Ok, Zq *[k; 01, o) (3.225)
4 >0
Hence, using
Va(q3) Sl-ai'et Vala)Valg 1-g;'q "

_ A i =— 3.226
Va(g23)Va(q13) g 1—gq V4(Q12 o H 1—gq ( )
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the iWeyl reflection is analogously defined as

J— 717
W (qaz) ™t — qH - q@ —— Bl gee) M A)

L (3.227)
114\/(Q496)71 — —Q4qnlq+qqlu4v(%$) LAY (z)~ !
i=1 !

where N L L L
fl(m) _ Au4(q1_2 :U)Au4(q1_3 ac)Au4(q2_3 :B)Au4(x) ’
U gy '2)UH (g o) UA (g5 o) U (ga) (3.228)
AV(z) = Aﬁ4v(ql_zlxlﬁéw(ql_slx)Aﬁ4v(QQ_31x)Aﬁ4v(x) .
U (g7 ') U (g5 ') UMY (g5 2) UMY (gaa)
Using the iWeyl reflection recursively, we can construct the gg-characters as

~ ~ B 1—
TH(a) = Wan) ™" +q (— [[loue

(3.229)
~ o~ 3 1— qzlq_l —~ ~
T () = T (gar) "+ q [ —aa [ %) T (ga)

Generally, the complete formula will be

THa) = > (agy M ZRS U (qar) ™ [T Alxa @)1,
TEPP gen
(3.230)
:J~4V Z q|7r‘ZD6 u4\/ q4$ -1 H‘A X4x( ))—1.
TePP

genr
A derivation of this will be done using the operator formalism in section 7

We can do the same analysis for other 3d theories and obtain the following statement

Proposition 3.16. The gg-characters with respect with the 3d theory on C, x S' where
a € 4 are

T2) = Y (ag. HMZPO U (ga2) ™ [] Alxae @)

TePP gemr

(3.231)
rJ-'aV Z q‘ﬂ-IZDG[ uaV qa —1 H .A Xax 1,
TePP oen
where the iWeyl reflection is defined as

~ —q_lq_l ~
U (gqz) ! — qH & 7t Ua(qaac)_lfl(a:)_l,

(3.232)
7ra — - chlq‘_l TraVv —-17V -1
U™ (ga) 1|—>—qaqH71_ U (gow) AV (2)
=1 3
where
3 & =~ 3 &
- a u QQQ’L ~ U (z ue GaqiT
Az) = H ~ AV(z) = = (z) 1= M - ). (3.233)
 U(gar) 1= Ua( ) UV (gq) i1 UV (g; 'x)
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We call these gq-characters the D6-brane gq-characters, shortly D6 gg-characters. Namely,
the gg-character with respect to the D2, theory on C, x S! is the D65 gg-character.

D6 gg-characters as codimension two defects. We can switch the roles of the D-branes
for the 7d theory case and consider the D2 theory as the bulk theory and the D6 theory as the
defect theory (see figure 7 and table 6). This setup gives rise to a codimension two defect, a
line defect in the 3d theory. The D6g-brane will then give the gq-character of the D2,-theory.
Let us focus on the case a = 4 and Ny,3 = x. The contour integral formula comes from

P{Pio;
= —q123NYp3 (Ny — P4K) — PYpsNyK + Py K{53Kios + PYy KKy + P4Kiy3Ky,
(3.234)

Similar to the D2 case, this will come from a gauge origami system where both D2 and
D6-branes are included. The contour integral is written as

T st T T ()T T () T (2) o2

)

The red term comes from the transverse D6-brane, while the blue term comes from the bulk
D2-brane. After localization, the red term gives the U-functions. Similar to other cases,
integrating out the D6j-brane leads to a codimension two defect operator T4(z), T4V () and
the expectation value of it with respect to the bulk D24-theory gives the partition function of
the gauge origami system where there are D24 and D6193-branes spanning transversely.

4 Free field realizations of contour integral formulas

In the previous section, we introduced the contour integral formulas and non-perturbative
partition functions of the magnificent four (3.97), tetrahedron instantons (3.112), spiked
instantons (3.112), and the coupled vortex system (3.155). Since we expect BPS/CFT
correspondence of these systems, the contour integrals themselves should be related to vertex
operators. In this section, we determine the explicit forms of the vertex operators and show
that their compositions give free field realizations of the contour integral formulas. The
main strategy is to relate D-branes in the physical setup with vertex operators. We discuss
the operator formalism of the magnificent four in section 4.1, the tetrahedron instanton in
section 4.2, the spiked instanton in section 4.3, and the coupled vortex system in section 4.4.
Zero modes of the vertex operators are discussed in section 4.5. In section 4.6, we discuss
the relation with graded quivers and that the vertex operators are defined from the quiver
g-Cartan matrices. We also generalize the discussion to toric Calabi-Yau four-folds and
give some conjectures.

The main statement is as follows.

,57,



Theorem 4.1. For each D-brane (D0,D2,D4,D6,D8), we can define the corresponding
vertex operators as

D-brane space-time vertex operator | reference

DO-brane St A(z) (4.2)

D2-brane | C, x S! (a € 4) Sa(2) (4.41) (A1)
D4-brane | C4 x S (4 € 6) Xa(x) (4.29)

D6-brane | C3 x S! (a € 4) Wa(z) (4.15)

D8-brane C* x St Z(x) (4.6)

In the contour integral formula, the DO-branes giving instanton contributions arise from'”

A~1(z), while other D-branes arise from S, (), X (), W5 (z), Z(x). To include anti D-branes,
we need to reverse the power of the operators as S, (z) ™1, X4(z)™1, Wa(z) ™1, Z(z) L.

4.1 Magnificent four

Let us start with the magnificent four system. Actually, the vertex operator of this system
was already introduced in [77] in the context of double quiver gauge theory. See also [104].

We first introduce the vertex operator corresponding to the DO-brane which represents
the instantons and vortices in the physical setup (see section 3.1). In the algebraic context,
it is called the root current:

A(z) = ap(x) : exp (Z anx_") o |an,am] = —%Pg]éfﬁm,o, (4.2)
n#0

where ag(x) is the zero mode that will be determined later. The right-hand side of the

commutation relation of the root current represents the CY, geometry C*. In the context

of quiver W-algebra [60] and double quiver gauge theory [77], this is just the root current

of the affine quiver W-algebra which is denoted by the (A, ﬁo) theory in the terminology
of [77]. The operator product of the A-operator is

— N\ —1

A@)AE) = ap(x)a0 (') Ac (Z) A@AG) 5, (4.3)

where we used the convention

| —]

ap(z)ap(z’) = ag(x)ag(2’) : ag(z)ap(z’) : . (4.4)

For the zero modes ap(z), we impose the condition that the OPE factor will be the same
rational function. Namely, using (3.69), we impose

ao(az)ag(x/) = ao(x’)ao(x) (45)

and then we have the OPE factor symmetric in x and /. We set ag(z)ag(z’) = 1 (see
section 4.5 for the derivation and explicit form of the zero modes).

1"In this paper, when we write V(x) ™' for a vertex operator V(z), we are meaning : V(z) ! :. The normal
ordering of them is implicitly imposed.
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To discuss the operator formalism of the magnificent four system, we need to introduce a
vertex operator corresponding to the D8-brane (and D8). We denote this vertex operator
as Z(z):

11
Z(aj) = Zo(x) * €xXp (Z Z’nxn> 5 [Znyzm] = _*wén—i—m’(), (46)
4

n#0 n P,

where the relation with the root current is

1 n
[amzm] = _*5n+m,0a Zp = % (47)
n 13
Explicitly, we have
Z(z)A(z') = zo(z)ao(z') (1 — 2" /z) : Z(z)A(2') (4.8)

A(z")Z(z) = ap(z)zo(x) (1 — z/2") : A(x')Z(x) :

Since, in the magnificent four, the D8-brane appears with the D8-brane, we introduce a
vertex operator corresponding to the brane-antibrane coupled system as

Z(x) - _ 1-K™
VAN : = 75(z)  exp zyx " an =(1-K ™)z, = ———ay, (4.9
(@) = g = 2 (% ) (1=K = S (49

where K € C* is a generic parameter. This parameter is the parameter introduced in (3.101)
and corresponds to the distance between the D8 and D8 branes physically. This gives

(4.10)

For the zero modes, we impose that the contraction with the root current will be the same
rational function after analytic continuation:

7K (x)ag (') = K tag(a')z (z). (4.11)

We impose ag(z')z (z) = 1 (see section 4.5). Note that we are relaxing the conditions
and only imposing conditions on the zero modes of the brane anti-brane coupled vertex
operator ZX but not the Z-operator.

Proposition 4.2. The contour integral formula of the magnificent four system shown in (3.97)
is given as

g+ zDs — ¢ g %H LN 7S (4.12)

2mx1

where we used

k n
= TTAen 2= T2 8128 11 e/ 17 ()

asiio1 LTva/Trojoy
(4.13)

-1

and (O) = (0] O010).
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We can generalize the correlation function by including an extra parameter p = e>™7

as tr (pLO (’)) which will give an elliptic deformation (a torus correlator). Lo is the degree
counting operator. Taking the limit p — 0 from this elliptic deformed correlator gives the
L7 (0] ©10). Under this elliptic deformation, the
arising algebra will be quiver elliptic W-algebra and will be discussed in section 12. For the

vacuum expectation value: tr (pLO (9)

trigonometric case, we simply use the vacuum expectation value of the operators.

Note that we need to determine an order in the operators when doing explicit compu-
tations. In most of the cases, we simply assume [[¥_, O(z7) = O(z}) - - - O(x2)O(z;) for an
operator O(x). Actually, because of the zero modes conditions (4.5) and (4.11), the order
of the operators is not relevant after analytic continuation. Note also that the OPE of the
ZX (z) operators give the perturbative factor introduced in (3.106):

n

250 (vy) - 250 () = T 2P508 (va, Ko | v, Kp) « [ 25 (va) - - (4.14)

1-loop
B>a a=1

4.2 Tetrahedron instanton

The tetrahedron system is obtained by adding D6-branes and D0-branes. To reproduce the
free field realization of the integral formula in (3.112), we introduce the following vertex
operator that represents the D6-brane wrapping C3 x S':

[n]
—n 1Py
WEL( ) Wg, 0 L exp (% Wa,nT ) o [W(’Ln, Wb,m] = n m6n+m707 (415)

where a € 4 and wgo(x) are zero modes. The relation with the root current is

, (4.16)

[anywé,m] = _EPLn]6n+m,Oa Wa,n = P[_n]

which gives the operator product

A(x)Wg(z') = ao(x)wayg(a:’)\?a(a:’/x)fl s A(z)Wa(2') : (4.17)
Wa (2" )A(z) = wao(2')ao()Va(g, 'z /a') : Wa(z')A(x) : .

Using (3.69), we impose the zero mode conditions as

r

ao(z)wa 0(2') = qawao(z)ag(x). (4.18)

| —]

Explicitly, we impose ag(z)wao(z') = 1 (see section 4.5). The tetrahedron instanton system
is then given as follows.

Proposition 4.3. The tetrahedron instanton partition function (3.112) is equivalent to the
following vertex operator correlation function after analytic continuation,

kprk ka
qbZPs = g fH I -2l doar_ a1y (4.19)

acd I— 127”%1 -
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where

ka e
= H qka7 Ak = H H A(zar), Wp=: H H Wi (vaa) i (4.20a)

acd ac4 I=1 a€d a=1

-~ I T HV (ZM‘)WH Acs (‘r“)_l (4.20b)

a,bed a=11=1 b1 )< (b,J) Lo,

Note that the order of the operator product in Az does not change the result. The OPE
of the W-operators give the one loop perturbative part in (3.130):

Wy (v, 5)Wa(va,a) = ZPED8 (s o, vgﬁ,li)) : Wy (vp,5)Wa(vaa) @ - (4.21)

1-loop

Relation with magnificent four. Let us focus on the 7d U(1) theory on C2 x S'. Starting
from the 9d U(1]1) theory of the magnificent four and tuning the parameter K = ¢, we have

VAL (z) =:

i~ Wa(x), (4.22)

where the equality ~ is up to extra zero modes depending on the explicit form. In our
notation in section 4.5, this becomes an exact identity. Generally, starting from a 9d U(n|n)
magnificent four theory with parameters (Ka)n_1, n = >_,c4a and tuning

(Ka)a=1 — (Kaa)az1, Kaa=4a (4.23)

a=1
we have
(ATTZEY = (AW, (4.24)
and thus, we obtain the tetrahedron instanton system. Note also that setting K = ¢, ! gives

~ —1 Z(x

which allows Wg(z) to appear in the denominator.

:=Wal(g '2)™ (4.25)

Physically, this property suggests that the D8-branes and anti-D8-branes annihilate in a
specific distance under the 2-background and eventually reproduce the, generally intersecting,
D6-branes system [15, 16, 52, 81|, which is also interpreted as a tachyon condensation [105].

Supergroup generalization. Following the construction of the magnificent four system
n (4.9), we can write down the contour integral formula with D6 operators appearing in
the denominator:

. Wa(’Ul)"'Wa(’Un) .
' Wa(u1) - - - Wa () .

(4.26)

The contour integral formula is proportional to

JILIT 2o W (127

aca =] 2TTa1 "
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where

A= 1 H Alzan), Wym =[] II:IW : (4.28a)

 acal=1 = e 152 Waua )

na kg B mg kg Un -1 T -1
W) = TLETEV (2] TTTTTv (222) T1 e (220)
(a,]

abed a1 =1 o1 ) abeap=1J=1 Lo,0 D)< (b,J) Lp,g
(4.28D)

We expect that the operators in the denominators of (4.26) correspond to D6-branes similar
to the situation of the magnificent four system. We leave a detailed analysis of the evaluation
of this contour integral formula and its relation with the 7d supergroup gauge theory for
future work. We will see in later sections, that after tuning the parameters {ugz g} to special
values, we can further reduce the system and obtain the contour integral formula of the
spiked instanton system.

4.3 Spiked instanton

Let us next consider the spiked instanton system where D4-branes wrapping C% x St, (A € 6)
appear. We introduce the following vertex operators for A € 6:
1 PZ !

Xa(z) =xa,0(x) : exp Z XanT " | XA, XBm] = —*Warwrm,oa (4.29)
n#0 n PA PB

where x40(z) is the zero mode. The relation with the A-operator is
an

1 m
XAn = —, [an, XA,m] = ——P[—]5n+m,0. (4.30)
P[ n] n A
A

Explicitly, the contraction formulas are

 —

A(x)Xa(v) = 8 5(v/2) tag(2)xa0(2) : A(z)Xa(v) -,
Xa(V)A(x) = 8 5(qaz/v) xa0(z)ag(x) : Xa(v)A(z) : .

We impose the following condition on the zero modes so that the operator product of the

(4.31)

right-hand side is the same rational function after analytic continuation (3.69):
ag(z)xa0(2') = xa,0(z")ao(x). (4.32)

We will use ag(z)x4,0(z’) = 1 (see section 4.5 for explicit forms).
The vertex operators X4(z) we introduced here are just the Y-operators in [60] up to
shift of variables

Xa(x) = Ya(gy' ). (4.33)

Explicitly, if we consider the affine quiver ﬁo gauge theory on C%, x S!, the Y-operator!®
in [60] will be described as Xz4(qy5 ).

8The Y-operators are operators representing defects on the bulk gauge theory we are focusing on. For
the gauge theory on the D4-brane wrapping C%, x S', the point defect is the transverse D4-brane wrapping
C34 x S'. Thus, the Y-operator is related with the operator X4 (z).
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Proposition 4.4. The contour integral formula (3.136) of the spiked instanton configuration
is rewritten as

k ka
qEZE q= g %H H diUAI 71X > (434)

Ace =1 2TITAL
where
ka ka na
at= 1] o, G =1] (gsup(A)> o A= [T [TAGAD, Xo=:T] [T Xa(va):
Ace Ac6 Ac6I—1 Ac6a=1

(4.35a)

HﬁﬁsA<UM) II A«:4(x“>_1. (4.35b)

A,BE6T—1a=1 TB.I/ (4 1<(B,J) TB,J

The one-loop perturbative part in (3.147) is obtained by the OPE of the X operators:

XB(vBg)Xa(van) = ZEfﬁgl(vA,a,A |vg,g, B) : Xp(vB g)Xa(vaa) : - (4.36)

Relation with tetrahedron instanton. Similar to the situation in (4.22), where the
D8-D8 coupled system is reduced to the tetrahedron system, using (4.26) and specializing
the parameters, we can obtain the contour integral formula of the spiked instanton system.
This comes from the following relation:

. Wabc(l') .
. Wabc(QCJU) ’

where ~ means they are equivalent up to zero modes. In our notation of the zero modes,

Xab(T) =~ (4.37)

it will become an exact identity (see (4.66)). For example, we have

nio niz2
Wi23(v12,q)
| I Xia(v a L= | I —_— 4.38
12(v12 o Wizs(gsviza) (4.38)

which means by considering the D6-D6 system spanning C3$,; x S! and tuning the positions
of them with the parameter g3, we can obtain the 5d theory on C%, x S!.

Supergroup generalization. As mentioned in section 3.5, to obtain supergroup analogs
of the gauge origami system of the spiked instanton, we need to include negative D-branes
DO0~, D4~ to the system. Due to the fact that the corresponding vertex operators of DO™
and D4% are A(z)~! and X4(x) in the contour integral formula, it is natural to relate the
DO~ and D4~ branes with A(z) and X4(x)~!. Therefore, the contour integral formula for
the supergroup analog of the spiked instanton system should be proportional to

Fa dx'};[ dxy ;

A Ak X 4.39
j{};[(illljl_ll 27TL$L 27nx;kl< kT ﬂ+\n_> ( )
where
ka k. Hni . .
k B . =1 A(UA, ) '
=11 I AGED™Y Ak H (as) Ko =2 [] oot
Aeg I=1 Ae6 J=1 Aee 521 Xa(vy 5)

(4.40)
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This complete formula indeed reproduces the contour integral formula in (D.3) for the affine
quiver supergroup gauge theory case. By evaluating the poles properly, we expect this gives
the supergroup analog of the gauge origami system.

4.4 Coupled vortex system

Similar to the previous cases, let us consider the D2 coupled vortex system in (3.155). We
introduce an operator corresponding to the D2-brane wrapping C, x S'(a € 4) as

[n}
Sa(z) =sq0(z) : exp (%;0 Sant ) Lo [SamyShml = nmérﬁm’o, (4.41)

where s, o(x) is the zero modes and the relation with the A-operator is

an

_ _tpln _ _9n
[anasa,WL] - nPa 5n+m,07 Sa,n P([l_n] . (442)
The operator product formulas are
A(2)Sq(2") = ag(2)sq.0(x)ga(z' /2) '+ A(x)Sa(2) 3,
(@Sa(e/) = 20()so(e)ga(a’/2) "+ A@)Sa(e) )
Sa(z)A(z) = sa,0(2")a0(%)ga(ga/2") : A(2)Sa(2") 1,
where we impose the zero modes condition as
a0(2)54.0(2") = sa0(z')ao(). (4.44)

so that the rational function arising on the right-hand side will be the same after using (3.69).

Explicitly, we have ag(z)sq0(2") = 1 (see section 4.5). Under this condition, the contour
integral in (3.155) is written as follows.

Proposition 4.5. The contour integral formula for the coupled vortex system shown in (3.155)
is given by the following correlation function of the vertex operators,

ka

hzD? — 7{1‘[1‘[ ATl a1y (4.45)

acd I= 127”%1 -

where

ka e
E=TId* Ac=TIIIA@wD), Su=:]III Sa(vaa): (4.46a)

acd ac4 I=1 a€d a=1

=11 ln_[ [1 9 (Ua’a>(all_[ Acs <x“> } (4.46D)

a,bcd a=1[—1 To,1 )< (b,) To,J

The one-loop perturbative part in (3.168) is obtained from the S-operators:

St(vb,8)Sa(Ta,a) = ZP%OOPQ(UQ’Q,CL | vb,8,0) : Sp(vp.8)Sa(Taa) : - (4.47)
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The D2-brane S-operators are related to the screening currents of quiver W-algebras [60].
Let us consider the two screening currents S;(z) and So(x). Focusing on Sy(z), we have

1 1-qt

[S2,n, S2,m]) = 7 (1= ¢3)(1 = ¢1)dntm,0 (4.48)

nl—gy
which gives one of the screening currents of the affine quiver W-algebra [60, eq. (3.33)].
The screening current Si(z) gives the other screening current. The other two screening
currents S3(z), S4(x) are introduced in a symmetric way using the quadrality. Thus, using
two screening currents S,(x), Sp(2’) (a # b) we will obtain six affine quiver W-algebras.

Remark 4.6. Observing the operators (4.6), (4.15), (4.29), (4.41), one can see that the D2,
D4, D6, D8 vertex operators S,(z), Xa(z), Wg(z),Z(x) are all related with the DO-brane
operator in a similar way as
an
Ap = @a An = Sany XAmn, Wan, Zn (449)
where S is a subset of 4 depending on the subspace the D-branes are spanning. For example,
we have the following formal expansions:

o0
Sam ==y Y G an, |gal <1,
m=0

In,_mn

00
Xabn = ng Z qqa 9% 3an, ‘Qa,b| < 17 (450)
I,m=0
0
Waben = —ope D 00" a0 an,  |Gapel <1,
k,l,m=0

where we used

1
1—

oo
Zqzv qa| < 1,
_ ) =0 (4.51)

da IR
;"> a4t laa] > 1.
=0

Note that we need to be careful of the analytic region of the g-parameters when doing such
formal expansions. Due to the condition ¢i1q2g3g4 = 1, we can only impose at most three
parameters as |¢,| < 1 and thus, the z, will be expanded as

oo
Zn=—qis Y, @' G " an, a2zl <1 gl > 1. (4.52)

jvkvlamZO

Other formal expansions in different analytic regions are obtained using (4.51).

4.5 Zero modes conditions

Let us impose some conditions on the zero modes ag(z),Z (), wa o(7),x4,0(),Sq.0(z) and
determine the free field realizations of them. Using the observation (4.49), we can see that
the operator product with operators associated with D-branes intersecting only at a point will
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give rational functions. We impose the zero modes so that the operator product will be the
same rational functions after the analytic continuation. For the cases, when the A-operator
involves, the conditions are given in (4.5), (4.11), (4.18), (4.32), (4.44). For the cases when
the S-operators involve, we impose the following conditions:

e D2,-D2; (a #b):

Sa(®)Sp(2") = sa0()sp0(x")85(qax’ /x) : Sal)Ss(x') -, (4.53a)
Sp(2")Sa () = sp,0(x")sa,0(2)8 5 (g’ /) = Sa()Sp(2) - (4.53Db)

which gives the zero mode condition

L |

Sa,0(2)sp,0(2") = spo(2)sq0(z), a#b (4.54)

o D44-D2. (c,d € A):

1 —qua'/x

Xa(x)Se(z') = XA,O(:L‘)SC,O(:B,)W : Xa(2)Se(a’) =, (4.55a)
— _ _1.73 o
Se(@")Xa(x) = sco(x')xa0(z) L-dy 2/ Xa(z)Se(2) : (4.55b)

—1_—1 :
1—qyqq x/2
which gives the zero mode condition

| 1

xa0(2)sc0(2') = 434z seo(a)xa0(x) (4.56)

o D2,-D6g:
Wi (2)Sa(z') = wao(z)sa0(z’) = qallx’/a: : W (2)Sa(2') -, (4.57a)
Sa(2")Wa () = sa0(z")wa,o(z) ! W5 (x)Sa (') : (4.57Db)

which gives the zero mode condition

Wao(2)sa0 (') = (-xx) 50 0(2)Wao(2) (4.58)

a

We can do the same analysis for the D4-brane operators as

X ()X 4(2') = xa.0(2)%1,0(+") (1 _ qA"’;) X)X 5(2) (4.59)
X z(z)Xa(x") = x5(2")xa,0(2) <1 - qAZ> : Xa(@)X 4(2") : (4.59b)

and impose the condition

xa0(@)xg o) = <—q A ,) x0(2)xa0(2) (4.60)
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but to make the discussion simple, we do not impose this condition. '’

Under these conditions, the free field realizations of the zero modes are given as

ap(z) = €%, suo(z) = 335“*062‘1*0, wg(x) = xw;l,oe%,oewmo’ (4.61a)
xao(z) =40 Z(z) = 2% €% %0 (4.61b)

with
a0 =to, Sa0=—(loggs) "to, Zu0=—(logqa) "D, (4.62a)
Wao = —loggato, Wao=—loggalog(—ga)to, Wao=—logg.d,  (4.62b)
x40 = loggcloggato, (A= cd), (4.62c)
7K = —log Kty, 7§ = —log Klog(—K)ty, z& = —log Ko, (4.62d)

where we introduced two independent sets of zero modes
[0k, to] = [0t = 1, [to, o] = [0, 3] = [to, D] = [t0, ] = 0. (4.63)
The normal ordering is defined as
cOcto = to0, :Oito: = tobk. (4.64)

See Lem. C.1 for the proof that the above explicit form of zero modes obeys the zero
modes conditions.
Under the above conditions, we actually have extra relations

ag(z) = : :‘;(();”2) L Xapo(z) = m L wao(n) = 28 (2) (4.65)
which imply
. Sa(z) o Wael@) o Z(@) 5,
A(z) 5.(0a) Xap(z) = Wone(goz) Wa(x) = Zlgn) | Z%(x). (4.66)

See Cor. C.2 for the derivation of these relations. Note that in our notation, the relation
between the D2 and D4 operators are

Xa()
Sa(x) = sa0(w) 1 o< 4.67
tl( ) 070( ) xab(qu) ( )
where extra zero modes appear in front. Using these relations, we also have
Xab(2)Xap(qab)
A(z) = ag(x) : o~ : 4.68a
( ) 0( ) Xab(Qaw)Xab(wa) ( )
_ ao(l') . Wabc(x)Wabc(Qabm)Wabc(Qacl')Wabc(chx) . (468b)
Wabc(an>Wabc(‘]bx)Wabc(ch)Wabc(Qabcx)
Z(x)? VA
_ ao(l‘)l (J}) Ha<b (Qwa) (468(3)

[Toca Z(qa7) [pea Z(0a @)

The contraction formulas of the D-brane vertex operators obtained after using the explicit
form of the zero modes are summarized in Prop. C.3

9This condition only affects the zero modes when we are considering the quadratic relations of the
qq-characters which will be derived in section 6.5.
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4.6 Quiver structure and generalizations

The vertex operators A(x),Sq(z), Xa(x), Wa(z),Z(z) are all defined by the commutation
relations with the root current A(x). Let us show that we can understand the commutation
relations using graded quivers [106-109] (see also the references therein) and that the com-
mutation relations have a g-Cartan matrix understanding. We also briefly discuss how to
generalize our construction to other complicated geometries.

4.6.1 C* geometry

We first denote Py, P4,P5,Pa(a € 4,A € 6) as cq,ca,Ca, 1234 and call them the full
q-Cartan matriz:

ca=1—¢qa, cCap= (1_Qa)(1_Qb)a Cabc = (1_Qa)(1_Qb)(1_QC)a

(4.69)
c1231 = (1 = q1)(1 — q2)(1 — g3)(1 — qu).

The full ¢g-Cartan matrix can be decomposed into the half q-Cartan matrixz CIA’MQM as

+:1

_ .t - - _ +V
Ca = Cq +Ca’ Ca ’ Co = —4aCq,

_ .t - + - _ +V
Cab = Cgp + Cabr Cap — 1- Ga, Cap = 4abCqp >

— T - + - _ +v 4.70
Cabe = Cope T Copes Cabe = I —Ga— b — 4es Cabe = —4aqbqcCupcs ( )
3
o+ - + , - 4V
C1234 = Ciagq + Clagqs  Claza = 1 — Z Ga + q4 Z Qi, C1234 = C1234-
ac4 i=1

We can write this decomposition in a compact form as

cs =Ps=ck+cs, c5=][(-a)c’, ScCa (4.71)
1€S

Note that the decomposition is not unique and is related to how we choose the square root
part of the index as what we did in section 3.2. Since each vertex operator corresponds to
the D-brane wrapping subspaces C,,C%,C2 C*, the g-Cartan matrices should include the
information of these geometries. Let us show that the g-Cartan matrices can be read from
quivers dual to each of the geometry C,, C%,C3,C*. To show this, let us first introduce the
concept of graded quivers following the convention of [108, 109, section 2].

Graded quivers. A quiver is denoted Q = (Qq,Q1), where Q) is a set of nodes and Q4
is a set of arrows. For each arrow [ : i — j, (i,7 € Qp), we have the source node s(I) =i
and the target node t(I) = j.

We fix m to be a nonnegative integer and denote the graded quiver as Q = (Qg, Q1). The
set of nodes does not change Qg = Qo but the set of arrows changes to a set of graded arrows.
A graded arrow I : i — j has a source node s(I) =i € Qq, a target node t(I) = j € Qo
and additionally a degree |I| which is an integer in {0,1,...,m}. For every graded arrow
I € Q1, we also introduce its opposite I, : j — i, where the source node and target node
are reversed and the degree is given |I,p| = m — |I|. Namely, we will focus on a particular
kind of graded quiver, such that every arrow has an opposite arrow.
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For every node i € Qq, additionally, there is a loop #; with s(¢;) = i, t({;) = i and
degree —1. We also introduce the opposite of them as ¢; with degree m + 1. These are
the only arrows with degrees not in {0,1,...,m} and will be not drawn explicitly in the
quiver diagram.

For later use, we denote an arrow from ¢ to j with degree c as

o i (4.72)
and the opposite of it as
(@1 )op = B (4.73)

We then can pair the double arrows as (<I>(c) @%n_c)) and illustrate them as

ij

G r—15) (174

Following the terminology in [108], we refer to this pair of arrows as (¢, m — ¢) arrow. The
different types of arrows are then labeled by 0 < ¢ < m/2.

From the physical viewpoint, the graded quiver contains information of the components
included in a quiver gauge theory. The quiver nodes are identified with the gauge groups,?’
the loops with degree —1,m + 1 are identified with vector multiples, and the arrows with
degrees {0,1,...,m} are matter fields. Different degrees of arrows represent different matter
fields, and thus the graded quiver enables us to describe a larger class of quiver gauge
theories in various dimensions. Each arrow connecting quiver nodes %, j will change under
the (anti—))fundamental representation of the source and target nodes. Note that a self-loop

arrow <I>£ZC will be a matter multiplet transforming in the adjoint representation.

We may choose an orientation of the double arrow by drawing either <I>§Jc-) or égT_C). In

the quiver diagram, only one of them will be explicitly drawn.?! When m is even, we have a

pm/2) g(m/2)
iJ » g

arrows. Note again that the self-loops ¢; are not explicitly drawn in the quiver diagram.

pair of degree ¢ = m/2 arrows ( ). These arrows will be drawn in unoriented

22

For later use, let us briefly explain the connection between graded quivers and supersym-
metric gauge theories. Graded quivers of degree m correspond to (6 — 2m)-dimensional gauge
theories with 23~ supercharges. Consider a Type IIB string theory where D(5 — 2m)-branes
probe the CY (m + 2)-folds. The Calabi-Yau manifold arises as the classical moduli spaces of

20We may assign integers N; to each quiver node and then the gauge group is identified as U(N;).

2For a detailed discussion of this choice see [108, section 2].

22In addition to the quiver diagram, we can assign graded quiver superpotentials which imposes relations on
the path algebra obtained from the graded quiver. When relating the quiver arrows with the g-deformation
parameters of the g-Cartan matrix, they will play important roles, but in this paper, we omit the discussion of
it and postpone it for future work.
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the gauge theories [110-113]. Depending on m, the arising gauge theory is given as

m gauge theory geometry
0| 6d AN = (1,0) theory | D5-branes probing CYs
1
2

(4.75)
4d N =1 theory D3-branes probing CY3

2d N = (0,2) theory | D1-branes probing CYy

o m = 2 case: the m = 2 graded quivers correspond to 2d N = (0, 2) quiver gauge theories.
The graded arrows are described in (¢, m — ¢) double arrows with 0 < ¢ < m/2. In
this case, we have (0,2) and (1,1) double arrows. From the gauge theoretic viewpoint,
we have vector superfields, chiral superfields, and the Fermi superfields. The vector
superfields are associated with each node of the quiver. The chiral (Fermi) superfields
correspond with the degree ¢ = 0 (¢ = 1) arrows of the graded quiver. We denote the
chiral superfields as X;; and they are identified with the arrows as (X;;, X;;) <> (0,2)

arrow. The Fermi superfields A;; are identified with the arrows as (A;j, Ayj) < (1,1)
arrow. The quiver diagram is then described as

(4.76)

The left diagram is the quiver diagram with double arrows as (4.74), while the right
diagram is the quiver diagram with single arrows. The Fermi superfields are drawn in
unoriented arrows because the degrees are self-conjugate. For examples of quivers having
multiple nodes, see [113, 114]. Quivers of these types are denoted as Q = (Qg, Q1) in
later discussions.

e m =1 case: the m =1 graded quivers correspond to 4d N' = 1 quiver gauge theories.
We only have one type of double arrows which is (0,1). They correspond to the chiral
superfields of the gauge theory which we denote X;;. The quiver diagram is illustrated as

(Cr—10) «— O———0) um
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Some examples are

A 000 -

C?/Zy x C conifold

Such kind of quivers are denoted as @ = (Qo, Q1) in later sections.

m = 0 case: the m = 0 graded quivers correspond to 6d A/ = (1,0) theories. The nodes
correspond to the vector supermultiplets, while the (0,0) double arrow corresponds to
the hypermultiplets. The discussion for the tensor multiplets is omitted. The quiver
diagram is described as

(0)
—
(0)

where we denoted the hypermultiplets using X;.

Some examples of these quivers are

@ m

-~

C? (Ap) C2/Zy (An_1)

The quivers coming from the toric Calabi-Yau two-fold are the affine A-type Dynkin quivers.

Note that we can also consider affine D and E-type quivers though they are not toric.

Moreover, by decoupling one of the arrows of the quivers, we can also consider finite-type

A, D, and E Dynkin quivers.

These types of quivers coming from m = 0 are denoted as I' = (I'g,I'1) or T = (Yo, Y1)

in later sections.
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Gauge origami viewpoint. The gauge origami system can be understood a 2d N = (0, 2)
quiver gauge theory with flavor branes. Consider the type IIB theory on Z x C where Z is a
toric CY, and C = C, C*, T?. Consider a situation where there are multiple D1-branes?
wrapping C probing Z. The arising theory is a 2d N' = (0,2) quiver gauge theory. We then
consider D3, D5, D7, D9-branes wrapping non-compact cycles of Z while preserving two
supersymmetries. These branes will play the role of flavor branes from the D1-brane theory
viewpoint. On the other hand, from the viewpoint of the theory inside Z, we have a generalized
gauge theory where the D-branes inside Z intersect with each other, and the D1-branes play
the role of the instantons of the theory. Depending on C, we can study the dimensional
reduction (matrix models/supersymmetric quantum mechanics/field theory), and the gauge
origami partition function is the index of the system. When Z = C*, this is obvious from the
discussion in section 3.1. Taking T-duality of the setups in (3.4), (3.20), (3.30), (3.35), for

all cases, we indeed have a D1-brane theory with flavor branes wrapping the subspaces of C*.

C*-case. Let us consider the case when CY4 = Cily3,. The dual gauge theory is just
the maximally supersymmetric Yang-Mills in 2d which is the 2d N' = (8,8) SYM. This
is because placing the D1-brane in the transverse direction of C* will give a SYM theory
with 16 supercharges. Note that it can be obtained by a dimensional reduction of the 4d
N =4 SYM. In the 2d N = (0,2) language, we have one vector superfield, four adjoint
chiral superfields X1, X5, X3, X4, and three Fermi superfields A, Ao, A3. The quiver diagram
is then described as

X1, X2, X3, X4 @:@ Av, Ao, Ag (4.81)

Note that the chiral superfields X1, X5, X3, X4 are identified with the four complex coordinates
of the transverse Ciysy.

After identifying the superfields with the commutative parameters in the ¢-Cartan matrix,
we can define the half ¢g-Cartan matrix of this quiver as

Clyzg =1 — (X1 + Xo + X3+ Xy) + (A1 + Ay + Ag). (4.82)

The term 1 corresponds with the vector superfield, the terms X; (i = 1,2, 3,4) correspond with
the chiral superfields, and the red term A; (i = 1,2,3) corresponds with the Fermi superfields.
To relate with (4.70), we need the identification

X1 q, Xoerq, Xz<rq, X4 aq,
(4.83)
AL < quqa, Ao & s, Az < @3qs.

For the conjugated fields such as Aj, the parameter a7 1q;1 is assigned.
Actually, this identification can be understood from the superpotential of the theory.
The potential of the 2d N/ = (0,2) theories takes the form

W =3 (Aaa(X) + AaFu(w)) (4.84)

23We may add fractional D1-branes to make the gauge group for each quiver node differ.
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where a runs all the Fermi fields. For the C* case, the J and E-terms are

J E
A XoXs — X3Xo  XuXi — X1X4
Ao X3X1 — X1 X3 XuXo — XoXu
Ay X1Xo — Xo X1 XuX3— X3Xu.

(4.85)

The vacuum of this potential is obtained from the vanishing J and E-terms which come
from OW/0A, = 0. This is called the F-term condition.

Physically, the parameters ¢; (i = 1,2,3,4) are identified with the U(1)* C Spin(8)
rotational symmetries of the C*. For the vacuum defined from J, = E, = 0 to be invariant
under the rotational symmetry, we need ¢;q; = ¢;¢;- Each monomial term of the W also needs
to be invariant under this symmetry. For example, from A; X5 X3 we can see that the charge
of A should be q2_1q3_1. Then, the charge of Ay will be q2q3 and for the term MX, X, coming
from the E-term to be invariant, we need ¢2g3qigs = 1. Other terms will give the same
condition and this is the Calabi-Yau condition imposed on the g-deformation parameters.

The other half g-Cartan is obtained as

Closa =1 dz' +ap Zqz (4.86)
acd
Obviously, looking at the parameters assigned, we can see that the second term corresponds
with the conjugate of the chiral superfields, while the third term corresponds with the
conjugate of the Fermi superfields. Therefore, we can say that the total ¢g-Cartan matrix
C1234 = Ciagq4 + Clag4 18 associated with the graded quiver illustrated in the double arrows
notation as in (4.74).

C3-case. Let us move on to the C3-case. The dual gauge theory is the maximally super-
symmetric Yang-Mills in 4d which is the 4d N' = 4 theory. In the 4d N' = 1 language,
there are one vector superfield and three adjoint chiral superfields X1, X9, X5. The quiver

X1, X3, X3 @:) (4.87)

Given this quiver diagram, we can read the half ¢-Cartan matrix as

diagram is described as

ol =1—(X] 4+ X5 + X3). (4.88)

The three chiral superfields are identified with the three complex coordinates of the transverse
C3. Depending on which subspace C2 (a = 1,2, 3,4) we are considering, the identification
with the ¢-deformation parameters will be different:
C=Cly: cyy=1-(01+a+ap)
C’=C} oy =1— (1 +q@+aq),
124 © Ci24 ( ) (4.89)
C'=Cly: cfyu=1- (01 +a+a),
C ( )

3=(C§34: 0234—1 q2 +q3 + q4).
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Since, in the gauge origami system, we are not imposing the Calabi-Yau condition on
C? but only on C*, the three ¢-deformation parameters of the half ¢-Cartan matrix are
independent. In other words, we start from C* and impose the CY condition only on the 2d
N = (0,2) graded quiver. The 4d N =1 quivers are understood as a subquiver of the CYy
quiver and with g-parameters associated. We then read the ¢-Cartan matrix from it.

The other half g-Cartan matrix and the total g-Cartan matrix can be understood similarly
but we need to be careful about how we assign the U(1) charges since we are not imposing
the CY condition on C3. We will not discuss it in this paper. A detailed discussion of
this part will be done in [74].

Let us comment on what will happen when we impose the CY condition on C353. The
superpotential of the theory is given by

W = X![X}, X34]. (4.90)

After identifying the chiral superfields as X/ <+ q; (i = 1,2,3), a similar analysis as the 2d
case shows that we need the conditions q;q; = q;q; and q1q2q3 = 1. Therefore, we only
have two independent parameters. Actually, such kind of parameter assignment was done
similarly in [32, 115] where the authors defined the quiver Yangian using melting crystal
methods [57, 116-119] and brane tiling techniques [57, 110, 112, 120-122]. Discussion on the
relationship with such algebras will be discussed in section 9.

C2-case. The dual gauge theory is the 6d AN/ = (1,0) SYM. The quiver is a single node
with a single unoriented arrow. The node corresponds to the vector multiplet, while the
unoriented arrow corresponds to the hypermultiplet denoted as &:

i <:::z:> (4.91)

The hypermultiplet corresponds to either the two complex coordinates of the transverse
C2. Let us consider the case that the transverse geometry is C2,. We then can identify
the half g-Cartan matrix as

ch=1-q. (4.92)

Note for this case, since the arrow is unoriented, it is arbitrary to choose either ciz =1—q
or CTQ = 1 — g9 to be the half ¢g-Cartan matrix.

Depending on which subspace C4 (A € 6) we are considering, we have the following
six types of g-Cartan matrices:

C*=C2: cfh=1-q, (4.93)

where we chose one of the indices to define the g-Cartan matrix.

We also note that when we impose the Calabi-Yau condition on the C? part, we have
only one deformation parameter and the total ¢g-Cartan matrix is ¢ = (1 — q)(1 — q~!). This
corresponds to the unrefined limit in the context of 4d (5d) gauge theory.
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C-case. For this case, we do not know the corresponding gauge theory and the gauge
theoretic origin. However, from the analogy of the discussions before, we expect the quiver
should be drawn with one node and no arrows:

O (4.94)

We assign the half ¢-Cartan matrix to this quiver as ¢© = 1.

Quiver to algebra. Given the quiver structure and the corresponding ¢-Cartan matrix
of each subspace of C*, we can construct the vertex operators introduced in sections 4.1,
4.2, 4.3, 4.4. The g-Cartan matrix dual to the entire C* geometry gives the commutation
relations of the root current:

1 n
[am am] = _55n+m,00[12]34- (4'95>

For general toric CYy, the modes of the root currents will be modified as a,, — {ai,"}ieéo
where @) is the set of nodes of the corresponding quiver (see the next subsection) and the
right-hand side of the commutation relations will be the ¢g-Cartan matrix. Modes of other
vertex operators corresponding to a subspace S comes from

a, = Apcs ™ (4.96)

where cg is the corresponding g-Cartan matrix. In this sense, the definition of all of the
vertex operators just comes from the corresponding graded quiver ¢-Cartan matrix, and thus
it is a generalization of the quiver W-algebra introduced in [60].

4.6.2 CYy

Let us study what will happen for toric Calabi-Yau four-folds. Let Z be a toric CYy
and Q = (Qp, Q1) the corresponding graded quiver. The dual quiver is classified®* by 2d
N = (0,2) quiver gauge theories. The oriented arrows of this graded quiver correspond to
chiral superfields while the unoriented arrows correspond to Fermi superfields. The isometry
group of a toric CYy contains U(1)* and the superfields have charges of them. For each
matter superfield, we can assign the U(1)* charges of the toric CY4. One linear combination
of them corresponds to the U(1) R-symmetry of the 2d theory while the left non-R U(1)3
symmetries are called the mesonic flavor symmetry [108, 113, 114, 123, 124]. For each
superfield, we associate the g-deformation parameters corresponding to this mesonic flavor
symmetry. Namely, if we have a superfield with a U(1)? charge (a, b, c), we associate ¢¥q545,
where q1, q2, q3 represent the three independent U(1) charges.

These g-deformation parameters associated with the arrows are denoted as {qr} 10, -

We denote the set of oriented arrows (chiral superfields) as @50) and the set of unoriented
arrows (Fermi superfields) as @gl). Under this decomposition, the g-deformation parameters

. 0 1
are decomposed into {qz}él = {‘J§ )}Ieég‘)) U {q§ )}Ieégl)'

248Quch theories can be compactly summarized in a 3d model called brane brick models [108, 113, 114, 123, 124]
which are generalizations of brane box models [125]. These brane brick models are generalizations of the
brane tilings [57, 110-112, 120-122] used to describe 4d A" = 1 quiver gauge theories dual to toric Calabi-Yau
three-folds (see [126] for a review and references).
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The half ¢g-Cartan matrix is then given as

>od"+ Y d (4.97)

Ie{j—i} Ie{j—i}

The total g-Cartan matrix will be

czij = 2045 — Z q(0)+ Z q§1)

Ie{j—i} Ie{j—i}

1 1 (4.98)
o+ Y 4
Ie{i—j} Ie{i—j}

which obeys c\Z/ﬂ-j = czji- We can also obtain the structure function as

—1

I a=ga) T 0-g” )
Azij(x) =T[—c} ;a"] = <z climd) —— (499)

(1—2)* 1 (1-q’2) 11 (1-g" a)
Ie{j—i} Ie{i—j}

Let us move on to the operator formalism. When considering general toric CYy, we have
multiple quiver nodes, and thus the operators will be labeled by the quiver nodes. Based on
the discussion of the C* case, the DO-brane operator (root current) is defined as

1
Ai(z) = aio(x) : exp (Zamw n) L faimajm = ntm,0C (4.100)

n#0

where i € Q9. We can also introduce a D8-brane wrapping CY4 whose corresponding vertex
operator is defined as

Zi(z) = ZzO + €Xp (Z Zind n) 5 Z Zj, nczﬂ (4.101)

n#0 J€Qo

We omit the discussion of the zero-modes. A detailed discussion will be done in a future
publication.
The operator product formulas are given as

| —

Ai(z)A;(2') = ago(x)ajo(x') Az (' /x) " A(@)Aj(z))
Zi(2)Aj(z") = zio(x)ajo(z’) (1 - x'/a:)(sij : Zi(z)Aj(2)) (4.102)

L

Aj(2))Zi(x) = aj0(a)zio(x) (1 — z/2) % : Z;(x)A,(2) : .

Using them, we can define a similar contour integral formula as the magnificent four system
which we propose to be the generalization of the magnificent four system to general toric CY .

Conjecture 4.7 ([74]). Let Z be a toric Calabi-Yau four-fold. We denote the corresponding
graded quiver as Q = (Qo, Ql) and the associated g-deformation parameters as {q;} €0, We
then have the following.
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1. After imposing suitable conditions, the g-deformation parameters reduce up to three
independent parameters.

2. The corresponding DO and D8-brane operators are defined as in (4.100) and (4.101).

3. The partition function where there are D8-branes wrapping the entire Z is propor-
tional to

dx;,
k|f{HH LA Z,) (4.103)

27TL
ZGQO I 1

where

k;
= H H Ai($i,1)a = H H Z 'Uza - (4104)
i€Qo =1 i€Qo @=1
This gives the BPS/CFT correspondence of this setup.
4. The poles are classified by 4d analogs of the 3d BPS crystals [57].

Following the discussion of the C*-case, one would like to study the gauge origami system
where lower dimensional D-branes appear. To do this practically, we need to study the
subspaces of the toric CY4 case-by-case. However, for special cases when the total CYy is
decomposed into a product of smaller spaces, we can give a general discussion. These will
be studied in the following subsections.

We note that there is another way to construct the magnificent four system where Z is
general toric CY4. One can understand Z as a combination of C* patches. The partition
function of Z is understood by gluing the results of C*. Studies from this approach were
done in [76, 80] where the authors introduced a vertex formalism. The relation with our

construction here is not so clear for the moment.

Remark 4.8. We expect the above conjecture is also applicable to non-toric Calabi-Yau four-
folds such as the non-Abelian orbifolds. Given the quiver and proper parameter association,
we can define the g-Cartan matrix and the contour integral formula, but the evaluation of
the poles might be non-trivial.

4.6.3 CY3 x C

Consider the Calabi-Yau four-fold with the form Z = X x C, where X is a toric CY three-fold
(see also [54, 76, 127]). We denote the corresponding quiver?® of X as Q = (Qo,Q1). For
each arrow I € ()1 of the quiver diagram, we assign a g-deformation parameter q;. Given
the geometry, the F-term condition of the superpotential determines the relations between
the g-deformation parameters. After this condition, the number of independent parameters
will be three. In this paper, we will not give the procedure to determine them. Practically,
we need to study case by case.
We denote the corresponding ¢-Cartan matrix as

_ _ - 1 v
CZij = CXyi]'(l - Q4)7 CX,ij = Cx ij + Cxij Cy i — —44 Cxji> (4105)

Z58trictly speaking, the quiver here should be the quiver of the entire CY four-fold Z. The quiver of X is
understood as a subquiver of Z. However, at the level of g-Cartan matrix, we only need to take the product
of the ¢g-Cartan matrix associated with X and C, so we use the quiver of X which is associated with 4d
N =1 theories.
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where
ki =0%— D>, ar (4.106)
Ie{j—i}
We are assuming that the ¢-deformation parameters satisfy the F-term conditions. Note
also that we have the property cz;; = c\Z/7 ;i Which is the reality condition of the g-Cartan
matrix. The structure functions associated with Z and X are

(1—que)s(1—gi'e)’ I (1-qma) T (1-q ')

Ie{j—i} Ie{i—j}
Azij(x) =I[—cya"] = — ——
! = Q-2 [ (1-q¢'qg's) I (- )
Ie{i—j} Ie{j—i}
(1—q21m)5ijI{H ,}(1—qw)
€U
ox,ij(x) =I[—cx 2] = - ———.
! i 1—a)% I (1-q;'q e
Ie{i—>j}
(4.107)

We then can introduce the DO-brane operators (root currents) and the D6-brane operator
associated with X. The operators are labeled by the quiver nodes i € )y as

Ai(z) = a;0(x) : exp Z ainr "], Wi(z) =wio(z) : exp Z winz ] : (4.108)
n#0 n#0
where .
[3ins3jm] = _55n+m,OC[Zn,]ij7 Bim = Y Winch il (4.109)
JEQo
For later use, we also define the screening current corresponding to the C part of Z:

Si(x) =sio(z) : exp (Z smx_”) L Sip = din__ (4.110)

—n
n=£0 1—gq

The zero-modes need to obey similar conditions as what we did for the C* case in section 4.5,
but we do not discuss them in this paper. A detailed derivation will be done in [74].
The operator products of the operators are

Wia)5,(0') = wio(a)s () s WS, (0 -
S, (' )Wa(x) = s;.0(2"Wio(2) 1 Wi(2)S;(2') -,

(1= qaa/a)

— 1—42'/x i
Wi(z)A,; (z') = Wi,o(if)aj,o(ﬂﬁl) <I_q41$,/x> : VVz'(fU)Aj(l‘,) :

o ( 1—az/a (4.111)

5ij
A (& Wi(2) = 3j0(2' )i () HWE)  Wi(2)A; (&) 5,

Ai(:p)Aj(x’) = ai,o(l'/)ajp(.%'/)AZ’ij (:B//.%'>_1 : Ai(.%')Aj(.%'/) o

Ai(2)S;(2') = aio(a')sjo(x )oxij (' /) i Ai(@)S; () -,

wn
<

S
—
>
=

5
S~—

Il

sjo(x")aio(e")px ji (qaz/2") = Sj(x")Ai(z) : .
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Using this, we can define the contour integral formula that computes the partition function
of the system where multiple D6-branes wrap the subspace X of the total CY4 Z. Let us
summarize what we have obtained as a conjecture.

Conjecture 4.9 ([74]). Let Z be the Calabi-Yau four-fold with the form Z = X x C, where
X is a toric CY3. Denote the corresponding quiver as @ = (Qo, Q1) and the associated
g-deformation parameters as {qr}rcg,. We then have the following.
1. After imposing suitable conditions, we can reparametrize the parameters and reduce
them up to three independent g-deformation parameters.
2. The corresponding D0 and D6-brane operators are A;(z) and W;(z) defined in (4.108).
3. The partition function of the tetrahedron instanton system where multiple D6-branes
wrap the X subspace is proportional to

k,
1 j{ : dl’i T 1
— ¢ I I == (A 'Wa) (4.112)
k! 1€Qo I=1 2muwgr -
where .
AE = H H Ai(l’i,]), WE = H H Wi(vw) .. (4.113)
i€Qo I=1 i€Qo a=1

Moreover, this gives the BPS/CFT correspondence of this system.
4. The poles of this contour integral formula are labeled by the 3d BPS crystals of [57, 126].

Remark 4.10. After taking the limit g4 — 1, assume the g-deformation parameters are
transformed to {qr}rcg, = {ar}req,. There will be only two independent parameters in
{ar}req,. Under this limit, we have

U, i () [lregjmi (1= Q_Ill’)
Hle{z‘—>j}(1 —q; )

Px.ij(x) : (4.114)
where the right-hand side is the structure functions® of the toroidal quiver algebra/quiver
quantum toroidal algebra introduced in [32-34, 115, 128, 129].

4.6.4 CY2 X CY2

Let us next consider the case when the CY4 Z takes the form of CY9xCYs. The corresponding
quiver structure for such geometry is decomposed into a product of two quivers: Q = T xI'. We
denote the nodes and arrows of I', T as I'g 1, To,1. Each node of Q is written as (i,7) € ToxTy.
Each arrow of @ is decomposed into the following two types:

I:(6,9)— @5, G=4), I:(,5)—@G,5), (i=1). (4.115)

The first arrow is identified with an element of T; while the second arrow is identified with
an element of I'y. Note that the quivers Y, T are dual to 6d N = (1,0) theories. We focus
on the case when the quiver structures are affine A, D, E type and the CY, is denoted as
C2%/Y x C?/T. See [12] for the formulas of the gauge origami partition function.

26The notation of the structure functions differs from the original papers. They come from how we define
the explicit zero-modes of the operators.
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We denote the g-deformation parameters associated with the arrows of Y1,I'y as
{qr}1er,ur,. Following the discussions of previous subsections, the ¢g-Cartan matrix can
be written as

CZ,ab = CY4i’CI 55/, QA = (Zvj)a b= (ilvj,)a

orir = (L+qu)dw — Y, a— Y. qdgl (4.116)
IeYq:4'—1 IeYq:i—d/ :
crgy = (1 +a)8 — Y, ar— >, quq;’
Iely:j'—j IeTr :j—5'

where the CY condition is imposed as ¢i2q34 = 1. Explicitly, we have

cz,ab = (24+qi12+q34) 0410,
+ 3w+ Y. warteat Y. qeatat Y. atagt

L' —i I/ —i Lii—! Lii—i’
J:j'—j J:j—g' J:j'—j J:g—g'

= ar(l4ga)di— > (M+q2)gy 65— > ar(l+q2)diw— Y (1+q3a)q; 0
T4/ —1 IR I:5'—j I:5—j'

(4.117)
Note that we have the property cé ab = CZpba- We also assume the other parameters g; obey
the F-term conditions. The ¢-Cartan matrices arising here are the ¢g-Cartan matrices of the
double quiver gauge theory recently introduced in [77].
The structure functions are given as

I (1—q2) IT (1-qog ')

S , -1 , V] — I3/ —1 10—/ ,
T, ((E) [ Cy i T ] (1 _ x)‘sii’ (1 _ Q12$>6ii' (4118)
I @—qx) II (1- Q34q1_1$)
_ Iij’—j I:j—y’

Sr () =1[—cf Y] =
Fv.]] ( ) [ Fa]] ] (1 _ :L,)(Sjj/(l _ Q34x)6ﬂ'/
Let us introduce the DO and D4-brane operators. This time, the operators will have a
double index labeled by Ty and I'g. The DO-brane operators are introduced as

. , _— . 1
A%(r) = ajo(x) @ exp Z e N —E5n+m,00[{‘1}ii'6¥l,]jj/ (4.119)
n#0
for 7,7’ € Yo, j,j' € I'y. For the D4-brane operators, we can introduce two types depending
on whether they wrap either C2/Y or C?/I':

‘ ‘ ' - . L _
(@) =4 jox) s exp (Z X jn® n) : ain = Z XT,i,nC[T,Z;a
n#0 k€Yo (4.120)

Xij(@) = o (@) : exp (Z X%,j,nw‘”) Al = 3 e

n#0 kelg
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The operator products are given as

. v . v ; :/
A (@)A) (2') = aj g (2)aj o(2') Azap (2’ /)70 Aj(@)AG (') . a= (i), b= (7)),
. . . . .
AL (@)X (@) = @l g (@)X 1 o (@) S (& fa) %+ AL () Xep o (') 2,

1
A ()XF o (') = a% o (@)xf o o(@) Sy (2 ) 000"+ Al() X o (') =
(4.121)
The gauge origami system of this setup was studied for some examples in [77] and the free
field realization of the contour integral formula is

j d:cj I .
= f II 115 i X Xrw), (4.122)
jely I=1 T
€Yo
where
Ac= ] TTA 50, Xen=: ] [IXi(ia) s Xow=: ][ HX’ L (4.123)
€Yo I=1 i€Yoa=1 i€Yoa=1
IS j€lo j€lo

Remark 4.11. Denoting the above system as C3,/Y x C%,/T, since we are assigning stacks of
D-branes in a transverse way, the arising instantons are crossed instantons. Let us focus on
the case T = Z, and I' = Z,; whose orbifold action on the complex four coordinates are

(21, 22,23, 24) — (W21, w29, 0% 23,0%24), w= 2P g = 2ma (4.124)

where 71 + 72 = 0 (modp) and s; + s2 = 0 (modgq). When there are only D4-branes on
the C3%,/7Z, surface, the arising instanton partition function is the Z, invariant part of the
partition function of the 110 quiver gauge theory. This is the same situation for the D4-branes
wrapping (C§4 /Zq, where the Z, invariant part appears as the result. Generally, we can
also consider the case where D4-branes wrap other complex two-dimensional surfaces such
as Cy/Z, x C3/Z,, where the orbifold action mixes with each other. For example when
q =1 (Cy/Zy, x Cs), the arising partition function corresponds to instantons with surface
operators [130]. Including such D-branes enables us to consider the most general spiked
instanton setup of the entire C%,/Z, x C%,/Z,. The D4 vertex operators appearing for this
case can not be written as (4.120) but both the g-Cartan matrices cy ;;, cr; mix with each
other. A detailed analysis of this will be done in [74]. We also note that starting from affine
type g-Cartan matrices and taking a specific limit of the g-parameters, one can obtain the free
field realizations of the contour integral formulas for finite type ¢-Cartan matrices (see [77]
for examples and details).

5 D2-brane gg-characters

We introduce the screening charges and discuss the relation with the D2 gg-characters in
section 5.1. We then use these D2 gg-characters to show that they reproduce the partition
function of the gauge origami system of D2-branes in section 5.2.
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5.1 D2 gg-characters and screening charges

Definition 5.1. We define the screening charges as

Qu(z) = ) Saldhz) (5.1)

kEZ

for a € 4. We also call these screening charges the D2 ¢g-characters whose motivation will
be discussed later.

Theorem 5.2. The screening charges with different indices commute with each other:
[Qa(2), (a")] =0, a#b, (5.2)
for a,b € 4.

Proof. Let us focus on the commutation relation between Q;(z) and Qq(x). Other cases are
obtained by using the quadrality. The operator products between S;(x) and S4(z) are

54(33)51(.%'/) = 823 (q4x’/x) . 54(32)51(33') o

S1(2/)S4(z) = Sas(qraz/a) : S1(2))Sa(x) - . (5:3)
We then have
[Sa(gi),S1(2")]
=05l (5 (2 Vs a1 -5 (2 ) sSuldolSiadie):
=0l (5 2 )suah oA a6 )0 (2 ) sSilalosi (o)
= ) (5 (q;'lx) 1Sa(gy ™ 2)S1(qugs ™ w) =8 (qqk) :Sa(df2)S1(q1df) :>
(5.4)
where we used AD) = Si(z)  Sa(z) (5.5)
"Si(qir) T Salquw) T .
The commutation relation between the screening charge Q4(x) and S;(2’) is
[94(2),S1(a")) = W}% (6 (q%) 5 <q“§kx>) SidnSiadin):  (56)

which is a total difference. Thus, we finally have
[Q4(z), Q1(2")] = 0. (5.7)
O

We call the screening charges D2-brane gq-characters because each term is related by the
iWeyl reflection (see (3.212) for the iWeyl reflection in terms of partition functions). We define
the operator version of the iWeyl reflection in (3.212) of the D2-brane operator as the following.
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Definition 5.3. The iWeyl reflection of the D2-brane operator is
Sa(z) = : Sa(x)A™Y(x) : = Sa(gar) (5.8)
where we used (4.66) in the second identitiy.

Starting from the screening current S,(z) and using the iWeyl reflection sequentially,
we get a sequence

“1(g “1(gaz ~1(gky
Su(z) 220 5 (guw) 210D, So(qha) 2107, (5.9)

which generates half of the screening charge:
THx) =) Sald)z), ac4 (5.10)

k>0

To define the screening charge, the above T} (x) is not enough and we need the other
half part. It is generated by the iWeyl reflection in the opposite direction as

2
VCTI NP Ol DO AloeD) g g =1p) Aet) g (5.11)

and gives the other half of the screening charge as

T, (2)=> Saldiz),  Qu(z)=TkH(z)+T, () (5.12)
k<0

We still call T (z) and T, (z) D2 gg-characters. We may rescale the root currents as
A(z) — q 'A(z) and then obtain

Qa(@) =D a"Sa(gam), To(2) =3 a*Salgam), To(w) =3 a*Salta). (513

keZ k>0 k<0

Each term of the screening charge has a nice pictorial interpretation using the one-
dimensional partition labeled by k € Z in (2.2):

Su(¢kz), kezZ <— (5.14)

da

The screening charge Q,(z) is understood as a collection of possible one-dimensional partitions
labeled by k € Z with the g-coordinate of the origin x:

Qu(z) <= o x a keZ (5.15)

Using (4.66), we have

k
Sa(dbe) =: [[ A'(gi ') (5.16)

1=—00
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which means we can interpret each box of the one-dimensional partition with the g-coordinates
rq.1 as the operator A~!(xg:™1). The screening charge Q,() is then understood as a
collection of the possible one-dimensional partitions labeled by k € Z.

We can do the same discussion for the D2 gg-characters T (2). We omit the discussion for
T, (z) and focus on T} (z). In this case, each term of T} (z) is represented as a one-dimensional

partition labeled by k € Z>¢ in (2.1) and T} (z) is interpreted as a collection of the possible
one-dimensional partitions labeled by k € Z>(¢ with the g-coordinate of the origin z:

T+(l‘) < x q ke ZZU . (5.17)

In the context of quiver W-algebra, the iWeyl reflection is usually generated from the
highest weight only in one direction. For the screening charge, actually, the gg-character is
associated with the vector representation of quantum toroidal gl; (see section 9.2) which
is not a highest weight representation, and thus, we need to generate the monomial terms
in two directions.

We also note that the coefficient factors of the screening charges are 1, which is identical
to the U(1) partition function of the D2 theory introduced in section 3.6 (see appendix B.5
and (B.49)): ZDP%[k;qi,q;] = 1.

Remark 5.4. Note that the D2 gg-characters T} (z) are the operator version of the D2
gq-characters introduced in (3.216):

TH(@) +— T%), TV(@=), acd. (5.18)

a

The highest weight and the root current have the following correspondence:
Sa(z) <+— Wa(qam)_l,wav(qax)_l, ac4d

Az)' —  A) L AY(@) (5:19)

Note also that the gg-characters TF () (a € 4) do not commute with the screening charges
Q,(x) nor themselves:

[thzt(w)7 Qb(x,)] 7& 0, [Tt:zt(x)’ Tét(x,)] 7& 0, abed (5'20)

For the commutativity of the screening charges, we need the sum of both T (x).

Remark 5.5. Although the above D2-brane gg-character (screening charge) is a sum of
monomial terms labeled by an integer k € Z, using the results of section 7, we can introduce
a D2 and D6 coupled gg-character where the monomial terms are labeled by k € Z>g. In this
case, the generating current is

. Sa(@)
“Wi(g; tgate) 7

Focusing on @ = 1, b = 4, one can show that the gg-character that commutes with the

b#ac4. (5.21)

screening charge Q4 (z') is

D6, Si(¢ix) D2,-D6; l-gl'e!
Tpo. 6. (7) =y ZP2Dba[g] . e, ZP2DOg] = S (5.22)
P21-D% ,;0 Wilg; 'qp ') l:Hl 1-q
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with the property
[TD21-D76;1 (), 94(95/)} =0. (5.23)
The coefficient factor here gives the partition function of a 3d N = 2* theory with an adjoint

matter whose mass is ¢; © described in [41, eq. (3.10)]. A detailed analysis of such systems is
postponed for future work.

5.2 Coupled vortex system and D2 gg-characters

The contour integral formula in (3.155) can be expressed using vertex operators as in (4.45).
Let us see that the expanded form of the partition function (3.166) can be expressed using
the D2 gg-characters.

Let us consider finite products of the screening charges S,(vga), (¢ €4, a =1,...,n4).
The operator product of two screening currents is

k(ﬁ) (@)
St (Ub 84" ) Sa <va,aq§“ )

=: Sy(vp) H Ail(Xb,vb,B( a(Va,a) H Al (Xa,va,0 (©)) : (5.24)
ach? ock(®)
=2ZPE02(vg.0,a | v, 5, ) 202 P2 (a0, K [ v,5, K],

where a # b. Generally, for finite products of screening currents, we have

4 n,
— (a) - o
[TIIS:unar = I 2 00aalunsd) 1 23 P2 (0,0, k) |06 5, by )
a=1a=1 (b,8)>(a,a) (b:8)>(a,c)

4 na (@)
X : H H Sa(Va,ads® )

a=1a=1

(5.25)
where the left-hand side is an ordered operator product and the ordering is defined as
k(ﬁ) (@)
< Sp(upa,” ) Sa(Vaads® ) = (b,8) > (a, ). (5.26)

Therefore, we have the following claim.

Theorem 5.6. The gauge origami partition function involving D2-branes is given by the
correlation function of a finite number of screening currents,

-

5 - (a)
Zl loochpl vort. Q E 0| H H S Ua aqs ‘O> . (527)

a=1oa=1
Corollary 5.7. The total partition function can be written using half of the screening charge
as

Zl loopZ\I/?)%t - Zq|k|zl loop cpl vort 0| H H T+ vaOé ’0 (528)
a€d a=1

Remark 5.8. Realization of the 3d partition function on C, x S' with finite number insertion
of the screening charges has been discussed in [131-133]. See also [103, 134] for the case with
different types of the screening charges.
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Coulomb branch formula. The vortex partition function discussed above is given by
summation over infinitely many topologically distinct sectors (Higgs branch formula). There
is another description of the 3d partition function, which is given by the contour integral
over the Cartan torus of the gauge group (Coulomb branch formula) [102, 135]. Let us show
that this Coulomb branch formula is also obtained from the vertex operator formalism.
The screening charges Q,(z) can be written using the Jackson integral with the base z as

Qu(x) = A dg.2Sa(2), (5.29)

where the contour integral is denoted C,. Let us first consider the 3d theory on C, x S'.
Finite products of the screening charges are then given as

e
Zzaf = HQa(xa) :f j{ % dqazna-“dqazl Sa(zna)-~5a(zl)
7 a=1 C‘l,xna Ca,xg ca,xl

(5.30)
Na Na
= H dg.zi DNa(Z34q) - H Sa(za) :
Caerr-Caong a=1 a=1
where
B (@'/%; ga) oo [Tiza (997’ /7; ¢a)
Au(Z5qa) = HAa(Zi/Zj)a Ag(2'[x) = ; 1o L el fl ; 2> ) (5.31)
i<j (an /1‘§CIa)oo Hi;éa(%’ z /:E;Qa)oo
and we assumed |g,| < 1. Note that A,(2'/z) is just ZEIQC;EpQ(x’,a |z, a).
One-loop contributions of 3d /' = 2 on C, x S! are given by
zvee = | [(@i/25: qa) oo » Zadj = | [ (Hadj®i/ %5 Ga) e » (5.32)

i#]j i#£]j
where pi,q; = €™2di. Meanwhile, the OPE factor of the screening currents is rewritten after
using the theta function in (A.12) as

o (2i/25500)00 b (@09a2i/ 255 Ga) oo
i<j (9azi/%j3 qa)oo Hb;éa(qb_lzi/zj? da)oo

_ H Hb;éa H(Qb_lzj/Zi;Qa) (Zi/zj;Qa)oo
1<j Q(Zj/zi; qa) i#] Hb;éa(Qb_lzi/Zj; Qa)oo

(5.33)

which is thus identified with 1 vector multiplet and 3 adjoint chiral multiples with masses
qQ 1 (b # a).?" Additional theta function factors are identified with the boundary contribution
JC, x S' = T?. In addition to the adjoint matters, we can also add the fundamental matters
using the flavor brane vertex operators (see section 10.3).

Note that due to the condition ¢1g2q3g4 = 1, we can only choose up to three of the
g-parameters to be |g,| < 1. For the analytic region of |g,| > 1, the above formulas will be
modified after using the reflection formula in (A.3) (see also (A.8)).

2THence, this factor A, (2 ¢a) agrees with (a trigonometric version of) the measure part of the vertex function
associated with the Hilbert scheme of points on C?* [54, Prop. 7.12] up to the boundary contribution.
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Let us next consider the contribution between C, x S' and C, x S! where a # b. For
simplicity, let us focus on a = 1,0 = 2:

Ql(x)Qg (a:’) = jI{ -7{ dqlqu22/834 (qlz’/z)
Ci,z 0271/
1-— ! 1-— !
= 7{ ]{ dqlqugz’< q132'/2)( qilZ /2)
Cra JCy (1 —q2'/2)(1 — gy 7' /2)

The contribution coming from 834(z) is understood as the chiral and Fermi multiplet living on
the 1d intersection S' [103, 134]. Therefore, we conclude that the partition function obtained
by [luea ZZ“{:G is an intersecting gauge theory. Choosing the contour integral properly, we

(5.34)

expect that we can reproduce the coupled vortex partition function in (3.166).
Conjecture 5.9. By specifying the contour integrals properly, we have the following identity:

ZP% o Zaene. = (O T] 2. 10). (5.35)

1-loop“~vort. — a,Zq
ac4

Namely, the coupled vortex system is obtained by finite products of screening charges.

6 D4-brane gg-characters

In this section, we introduce the operator version of the D4 gg-characters introduced in
section 3.8. These gg-characters are not new gg-characters but they were already introduced
in [10] and the corresponding algebraic structure is known to be the affine quiver W-algebra [60].
We introduce six types of D4 gqg-characters corresponding to the six possible configurations of
D4-branes in C* in an equal footing in section 6.1. We then discuss the relation with the spiked
instantons in section 6.2 and show that their compositions give the gauge origami partition
function of the spiked instantons. We also show that the partition function can be rewritten
using the screening currents in section 6.3. We then extend the D4 gg-characters to general
D4 gg-characters which give a supergroup analog of the gauge origami partition function in
section 6.4. The quadratic relations of the D4 gg-characters are discussed in section 6.5.

6.1 D4 gg-characters and affine quiver W-algebra

Let us consider the gg-character generated by the D4 operators Xa(z) (A € 6). The D4
qq-character generated here is identified with the generator of the affine quiver W-algebra
of I' = Ag in [60]. Let us review the derivation of it.

Each term of the gg-character is decomposed into two parts, the operator part and the
coefficient part. The operator part is determined by the iWeyl reflection which is defined
as the following (see also (3.202)).

Definition 6.1. The iWeyl reflection of the D4 vertex operator X4(x) (A € 6) is
Xa(x) — : Xa(x)AHz):, Ac6. (6.1)
Using the property in (4.68a), we have

1 Xab(qam) Xap (qpx)
1 Nab\ 4 ab\db
o aFbeA4. 6.2
Xab(qabT) # 6.2)

Xap(x) — 1 ap(x)
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The operator part of the gg-character is obtained by changing the root current to the
X-operators and applying the iWeyl reflection recursively. The operators will be classified
by two-dimensional Young diagrams as

2) [TA ™ (Xabe @) : = : a0(x) " [lee an) Xab(Xab,z(0)) 63

vt [Tee rx) Xab(gabXab (D)

Following the correspondence in (5.14) and (5.15), we can visualize each monomial terms
of the D4 gg-character using the Young diagrams:

Qb

1,.J-1
xqs g

@) [[A ' (Xabe(@) : +— j (6.4)
oEA

da

X

Similar to the D2-case, each A™!(x4p.(0)) corresponds to the box of the Young diagram.
The operator X,(z) defines the vacuum and physically gives the one-loop perturbative part
(see section 6.2). In the algebraic context, it is called the highest weight of the gg-character.
Moreover, as will be shown in 6.3, it uniquely determines the gq-character, we also call it
the generating current of the qg-character.

The gg-character is defined by adding the monomial terms in (6.3) for all possible Young
diagrams with specific coefficients. The coefficients are determined by the commutativity
with the screening currents.

Definition 6.2. We define the D4 gg-character for A € 6 as

= > ZRYN : Aan(a) : (6.5)
AEP
where and
Aan(z ) [TA " (xa@) - (6.6)
oEN

Note that the coefficients Z~B4 [A] do not depend on the choice of a € A. One may redefine
the zero-modes of the root currents as A(x) — q~'A(z) and obtain

z) = qMZRYN :Aun(2):, Acs. (6.7)
AEP

Theorem 6.3. The D4 gq-characters commute with the screening charges associated with
the transverse directions

[Ta(x),Q(2)] =0, Vace A. (6.8)
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Proof. Let us focus on A = 12 and a = 4 and derive the D4 gg-character. Other cases are
obtained using the quadrality. Using the formulas in (C.12), we have

3 Hm(qmsx)

A12’>\($)54(IL’ ) [ ] A12,)\(x)54(33/) )
(6.9)
13)\ x(Q12fU )

3 HA 2 (quasa’)

Sa(z") Ao\ (z) = [q ] : Mg\ (2)Sa(2’)
+

where [ f(z) ]} means expansions of f(z) in 2 respectively. Assume that the gg-character
takes the form of

Tio(z) = Y FRUNApa(z), Fo] =1 (6.10)
AEP

where F24[)\] are some coefficients, then the commutation relation is

[T1a(z),Sa(")]

D4 ) X12,2(0) es ! b (7 iAo Sa(z’):
%:F ups ( Ll >z':qﬁxlz,$<m> Y32 ( Y12, (gs2’) Mo)3ale) (6.11)

+ZF1DQ4 > <X12;(D)>I Res o/' LelCl) tA1ga(2)Sa(2)

DER(N) "=, X12,(0) 95 z(% Y32 (asa”)

Shifting the second term as A = X + 0, it will be

« 1 9 0. @) _
7q312 Z F )\+D (Xlzi,vl(D)> Res 2 1HD7’I,IA12,)\/(x)A 1(X12,x(D))S4(:C/).

A oeA(N) @'=q3,' x12,2 (0) H;?+D,I(QS‘T )
(6.12)
Using
: A127/\’ (x)A_l(X12,x(D))S4(X12,x(D)) T= A127>\/(LE)S4(Q4X127$([})) : (613)
and imposing the condition (see the recursion formula in Thm. B.2)
_ 1312 (I/)
Res e A N
FR'A+0  w=g e B 2D o] ZBR+T
e Res o1 0bea@ B TZDMGe] 2R
P=agixize@  rt0e(B)
we then obtain
1 912 (')
[T12( ) S4 = —q3 -1 Z Z 3;'/ ) A12’)\($)S4(q4X127x([]));

AEPOEA(N) z —‘13 "X12,2(0) (

< qax12,2(0) X12 x( )
eoid

which is a total difference. Therefore, under the condition Fya[\] = ZB4[\], the gg-character
commutes with the screening charge Q4(2’):

[Ti2(z), Qu(2)] = 0. (6.16)
O
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Remark 6.4. Note that these D4 gg-characters T 4(x) (A € 6) are the operator version of the
D4 gg-characters introduced in (3.201):

Tiz) +— T), TV (@), Acs. (6.17)
The highest weight and the root current have the following correspondence:

Xa(x) <+  Y(qaz), Y4V (qaz), Ac6
Alz)™ +—  A@) LAY ()

6.2 Spiked instantons and D4 gg-characters

(6.18)

Similar to the integral formula, the expanded version of the spiked instanton partition
function can be expressed using the D4 gg-characters.

Lemma 6.5. The operator product of {A ()} ace is

Ap () Aa(z) = ZEﬁ;(?}f(azj Al B)ZB@D‘l(x, Ma' ) App(z)Aan(z) : . (6.19)

When A = B, it gives the vector and adjoint hypermultiplet contributions, while when A # B,
it gives the bifundamental-like contributions connecting gauge theories defined on different
subspaces.

Theorem 6.6. The gauge origami partition function of the spiked instantons is written using
the D4 qg-characters:

Zl loopZB;lt - quMZl loop spk 1nst 0‘ H H TA UAOt |0 (620)
A€6 a=1

Depending on the value of A, B € 6, we get different instanton contributions:
« A= B: instantons in Ay quiver gauge theory
o AN B € 4: folded instantons
e B = A: crossed instantons

To summarize, we have the following table of BPS/CFT correspondence.

BPS CFT
5d N'=1* U(1) on C2, x S! (D4 x 1) (0] Tab( )]0)
5d N =1* U(ng) on C2, x St (D4ap X nap) | (0] Tap(vny,) - - - Tan(v2) Tap(v1) 0)
crossed instanton: D415-D434-D0 (0] T12(v) T34(v") |0) (6.21)
folded instanton: D415-D443-D0 (0] T12(v)T13(v") |0)
gauge origami of spiked instantons (0] H6 ﬁ Ta(vaa)|0)
A6 a—1

Remark 6.7. It has been argued in [136] that the partition function of the 5d N' = 1* theory
on C? x S! is given by the gg-character correlation function, and the 6d theory partition
function is given by the corresponding torus correlation function.
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6.3 Spiked instantons and screening currents

Since the two-dimensional partition can be understood using the (1, 1)-type description, it
is natural to expect that the partition functions have an operator representation using the
screening currents. Using the character form in (3.175), we omit the singular terms that
might occur and extract the square root part of the total index by specifying an order:

Py Py x
V=X e XiXpov= Y e (D) )
ABes PsyPsm) (. aj<e,p) P Pam \
TEX 4,2 EXp

Up to one-loop perturbative factors, I[v] is identical to the partition function in (3.143), (3.144).
Using (4.41), we then have the following BPS/CFT correspondence.

Proposition 6.8. The index of (6.22) is the vacuum expectation value of the screening
currents and is equivalent to the partition function in (3.143) and (3.144) up to one-loop
perturbative factors.

]I[V] - <0‘ H Sé(A) (.T)) ‘O> ~Z 1- 100szpk inst. [6a X] (623>
AE€EB,zEX

Note that we are implicitly defining an ordering in the products of the screening currents as

e Sg(B) (37/) s Sg(A) (l’) cer (a;, A) < (:CI, B). (6.24)
The symbol “~” means that they are identical up to one-loop perturbative factors.

Fusion of D2 gq-characters. Since the gauge origami partition function can be written
using both the screening currents and the D4 gg-characters, one would like to ask if we
have any relation connecting both descriptions. An interesting fact is that up to one-loop
perturbative factors, the D4 gg-characters are just infinite products of the screening charges.

Theorem 6.9. The D4 gg-characters are infinite products of D2 gg-characters (screening
charges):

HQb (zgi™1), a#bea, (6.25)

_%
where the product is ]o_o[ f(x) = f(z1) fxa)---.

Proof. We only give a sketch of the proof (see [60] and [64, eq. (6.2.23)—(6.2.27)] for a similar
discussion). The vertex operator Agp \(z) of the D4 gg-character satisfies

Aapa( Hsb (zg ) : (6.26)

where the equality is up to zero modes. By direct computation, one can show that up to

one-loop perturbative factors, we have?®

~ N Hsb g g, (6.27)

AeP i=1

28Gtrictly speaking, we have to be careful of the zero-modes appearing on both hand sides. Moreover, the
infinite product of the screening currents needs to be regularized properly.
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Using the property that for i < j and A\; < A;

Se(was Lap")Se(zqd 1q)’) = 0, (6.28)
we obtain
Qp(2)(ga) Z Sy(zqf ZSb Tqaqh) ZSb(wq{j”)Sb(xqaqll)). (6.29)
keZ l€Z k>l

By computing the nontrivial coefficients appearing after taking the contractions of the
screening currents, one obtains the statement. O

Corollary 6.10. The total partition function is written using infinite products of screening

charges
na oo
_, i—1
Zl loopzlagt - Z q‘)\lzl loop spk 1nst 0‘ H H HQ UAaaq;(A)) ‘0> : (630>
A€ a=11i=1

Remark 6.11. We can visualize the above procedure using the correspondence in (5.14)
and (5.15). The equation (6.27) is the consequence of the fact that the 2d partition has a
(1,1)-type description. Each term Sy(zq’~ 1q{)\ ) is understood as a one-dimensional partition
extending in the g, direction as mentioned in section 2. Piling the one-dimensional partitions
in the orthogonal direction, we get the two-dimensional partition and the corresponding
vertex operator Agp x(x). We call this the fusion process. Namely, fusions of D2 gg-characters

(screening charges) give the D4 gg-character.

b b

N (6.31)
A2

o - “
Aapa(2) Sy (2q")So (20.00) So (wg2a*) - -

6.4 General D4 gg-characters

The highest weight of the D4 gg-character discussed in the previous section was X4(x) (A € 6)
and the coefficients appearing are the U(1) partition function of the affine quiver gauge theory
on (C2A x S'. Higher rank D4 gg-characters are obtained as

T (2) = Xa(wr) -~ Xa(@n) : + - (6.32)
where x = (z1,...,2,) are generic parameters. Imposing the commutativity with the

screening charges Q,(2') (a € A), the coefficients appearing will be the partition function
of the 5d N' = 1* U(n) gauge theory on C% x S!.
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We can also include negative highest weights as

nlm XA($1)XA(xn)
T (2)y) = L 6.33
A (—’7) XA(yl) xA(ym) ( )
where z = (21,...,2,) and y = (y1,...,Ym) are all generic parameters. One can show that

after imposing the commutativity with the screening charges Qq(z')(a € A), the coefficients
will be the partition function of the U(n|m) supergroup gauge theory. The derivation can be
similarly done as the non-supergroup gauge theory (see appendix D).

Definition 6.12. The iWeyl reflection of the operator X 4(x)~! is defined as
Xa(z)™h — : Xa(z) A(gy ) - (6.34)

which we call the negative iWeyl reflection. The normal iWeyl reflection will be called
positive iWeyl reflection in contrast.??

Doing the negative iWeyl reflection recursively, we obtain the monomial terms
Aab,)\(‘r) = xab(x)il H A(Xab,:}c(m)) 5 Xab,a:(m) - xq(;in_ja (635)
oeEA

which gives the following D4 gq-character.

Theorem 6.13. The D4 gg-character generated by X, !(z) is

T (@) = 3 2RV [N Aaa(a) 5, (6.36)
rep

where ZP47[A] is the U(0|1) partition function (see appendix D). It commutes with the
screening charges Q,(z') (a € A):

T (@), 0,(2')] =0, ae A (6.37)
By rescaling the root current as A(x) — q~'A(z), the gg-character is
T (@) =3 g WZRY A Aana(e) : . (6.38)
AeP

Note that the higher rank D4 gg-characters are simply obtained by taking compositions
of T(Al‘o) () and Tg)ll)(x) up to one-loop perturbative factors:

m

T (3 HT(1|0 H TO( (6.39)

Obviously, for fixed A € 6, arbitrary products of Tﬂ‘llo) (z) and Tg)ll)(m) commute with
the screening charges Q,(z) (a € A) because each of the gg-characters commute with the
screening charges. For example, consider the product T12(2)T12(2’) and the commutation
relation with Sy(2”). We then have

[Tra(2) T12(2"), Qu(z")] = [T12(x), Qu(z")] Tia(2") 4+ Tia(2)[T12(2"), Q(z")] = 0. (6.40)

29We omit the positive when obvious.
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Using

Tio(2)Tia(e') = 20600 (2, 12] 2, 12) (: Xya(2)Xaa (") + - +) (6.41)

we can see that Tio(z)Ti2(2’)/ Eﬁj‘?;(x, 12]2’,12) is a gg-character whose highest weight
is : X12(a;)X12(x’) b

More generally, we can introduce gg-characters starting from operators like : Xjo(z)Xy3(2’) :
where D4 vertex operators associated with different C? subspaces appear. The resulting
qq-character is proportional to the product Tia(z)T13(z’).

Theorem 6.14. Let a,b,c,d € 4 be the four elements in the set 4. We choose one of the
screening charges Qg4(z). The highest weight of the D4 gg-character commuting with this
screening charge is generally written as

Nab Tbe Nac
Hl Xab(xab,a) BHI Xbc(xbc,ﬂ) Hl Xac(l'ac,’y)
n|m ] —» o= = Y=
T (Z1]) = I (6.42)

Mpe Mac
H xab(yab,a) H xbc(ybc,ﬂ) H Xac(yac,'y)
a=1 /=1 y=1

- - - =1,... — =1,...
where 71 = (naln nb07nac)7 m = (mab7mb07 mca)y L = (xAvO‘)je{;zb,’I::?ac}’ y= (yA,a)aAe{;lb,ﬂgc}'

The monomial terms are obtained by doing the positive and negative iWeyl reflections
respectively, while the coeflicients are obtained by imposing the commutativity with the
screening charge Q4(z):

T (%] ), Qa(a”)] = 0. (6.43)

ab:bc:ac

Moreover, the gg-character obtained here is proportional to the products of the D4 gq-
characters associated with A = ab, be, ac:

Tome@ @) o T[T T (@alya) (6.44)
Ae{ab,bc,ac}

where 24 = (TA,a)a=1,...n4> YA = (YA,a)a=1,..,m,- Note that the coeflicients appearing are
the supergroup analog of the gauge origami partition function of vector and folded instantons.

Remark 6.15. The above theorem claims that for example if we fix the screening charge
Q4(x), finite products of D4 gg-characters of A = 12,23, 13 will give higher rank gg-characters.
Such kind of gg-characters have nice physical meanings because the appearing coefficients
are related to the gauge origami partition function of intersecting D4-branes inside the C3,4
subspace. However, since the gg-characters such as T z(z) (A = 14,24, 34) do not commute
with Qu(z), we can not use X4 (z)*' (A = 14,24, 34) as highest weights. Thus, the gg-character
whose coefficients are the most general gauge origami partition (e.g. crossed instantons) does
not appear by just imposing the commutativity with one of the screening charges.

Remark 6.16. Using the fact that screening charges of different types commute with each
other, S; 23(x) can also be the highest weight of the gg-characters commuting with Q4(x).
Such kinds of gg-characters are expected to be physically related with a D2-D4 coupled
system. We leave the analysis of these cases for future work.
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6.5 Quadratic relations of crossed instantons

The gg-characters {T 4(z)} ace are expected to generate a larger algebra than the affine quiver

W-algebra. As usual deformed W-algebras, studying the quadratic relations of the generators

is another way to understand the algebraic structure. Since deriving the complete quadratic

relations of the {T 4(x)}ace is beyond the scope of this paper, we just give a part of the

quadratic relations which can be derived easily.

Theorem 6.17. The D4 gg-characters T4(z) and T z(x) for A € 6 (anti-)commute with

each other up to trivial zero-modes factors:
aTa(2)T 4(2") + qa2'T 4(2") Ta(z) = 0.
Proof. Let us consider the commutation relations between T1a(z) and Ts4(2’):
Tio(z Z FRYA : Appa(z) :,

Taa(x Z [EREYCOE
The contraction formulas give

AN tot /
Ao\ (2) Az, (2') = {334|12(1’ 7N|J77)‘)L 'zl

Mstu(@ )Mz (@) = [Z18] 5. A2 )]

Ao () Aga (@) 2,

oy D12 )Aza,u(2) 2,

where
2505 (0, e \) = ZREN, Alw, ) ZREPY W, e, ).

Noting that the one-loop factors of the crossed instantons are rational functions

ZPlop (2, X2, X) = (1 - qaa’/2),

we then obtain

/

Tiale)Ta(e) - (-2 ) Taa(w!) Tiale)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

1 2(0
—ZF1]324 RZARITEES ReSD) (;) Z§Zt12($@u|xa>\)5(m)iAlz,A(iv)AM,u(x')i

X12,z X34,z (I)

mEA() =X34,,/ (W)

oER(A)

2\ -1 (O
+ Z Res (7/) Zgit‘ @ plz,\)é (Xlz’()) tA1oa () Az (2 :
) _X12,1(D) x X34,x’(.)

oc A(N) —X34,m/(')

,95,

(6.51)



Similar to the proof in Thm. 6.3, we redefine the sum of the first term as A — A = X + 0,
w— = ' +m After this, the first term will be

—1
x O
Z Z FRAN +alFLMy —m Res) (a:’) Z§4t| @ ) —mz, N +0)

X12,2 (0

N, meR(p') E a
oeA(N) =X34,2/ (W) (6.52)
X12.(0) /
e N EE Ty Asa v .
X 0 <X34,m’(.)> 127 +0(7)Azg . —w()
Using
Res (2) 7 22,
FRIA+OFR (n—w =xaw® (6.53)
FRANFRYu) Res (&) 2350 (@ [z A+ )]
:X34,,ac’(.)
and
(222200} pp (s ae) =6 (2220 ) ) (659
Xsa0 () ) 7T B S o(m)) T HIRsAE ) '
we obtain the claim. O

Remark 6.18. The extra factors in front of the gg-characters come from the operator product
of the zero modes x4 o(z). We may modify the zero modes so that they obey (4.60) (see also
footnote 19) and then get an exact commuting relation [T 4(z), T 5(2’)] = 0. Instead of doing
that, we simply relax the commutativity condition and say that operators O(x) and O'(z’)
commute when they satisfy

O(x) — f(z,2)O'(2') =0 (6.55)

where f(z,2) are zero modes factors.

7 D6-brane gg-characters

We introduce the operator version of the D6 gg-characters in section 7.1. We show that
monomial terms of the gg-character with the highest weight Wg(z) are classified by plane
partitions and that it commutes with the screening charge Q,(z’). We then show that the
D6 gg-characters reproduce the tetrahedron instanton partition function in section 7.2. The
D6 gg-characters can be obtained by fusion of an infinite number of D4 gg-characters (see
section 7.3). Description in lower dimensional gg-characters are discussed in section 7.4.
Finally, in section 7.5, we introduce general D6 gg-characters where truncations of plane
partitions appear. We also give a conjecture of the D6 gg-characters associated with toric
CY, taking the form toric CY3 x C. The gg-characters we introduce in this section imply
the existence of a large class of gg-characters which we call BPS gg-characters.
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7.1 D6 gg-characters and plane partition

Following the construction of the D4 gg-characters and the affine quiver W-algebra, let us
construct the D6 gg-characters. The D6 gqg-characters are gg-characters whose generating
currents are the D6 vertex operators Wg(x) (a € 4) in (4.15). Similar to the D4 case, each
term of the D6 gg-character is decomposed into the vertex operator and the coefficient
parts. The operator part is determined by the iWeyl reflection of the operator part defined
as the following.

Definition 7.1. The iWeyl reflection of the D6 vertex operator Ws(x) (a € 4) is
Wa(z) — : Wa(z)A () :;, ac4. (7.1)

Using the property in (4.68b), the root current is rewritten in the D6 vertex operators as

[I Walgz)
ie\{a} ,
1 Wal(g 'ga'a)

ie\{a}

W (z) — @ ag(z) 'Walg, 'z)

(7.2)

The operator part is obtained by changing the root currents to the D6-operators and
applying the iWeyl reflection to the numerators recursively. After iWeyl reflections, the
operators are classified by plane partitions. Let us study some terms after applying the iWeyl
reflection. The operators obtained after n-times of iWeyl reflections are called operators at
level n. We focus on the case W3(z) and then have

1 Wilgios2) T Wa(giz)

W3 :
(@) = 20(z) H1§i<j§3 Wi(gig;r)

(7.3)

e Level 0: we only have one operator
Wy (z). (7.4)

We can associate this operator with a vacuum configuration of the plane partition in
the space (1,2,3) where there is no box:

Wi(z) (7.5)
1 2

The spectral parameter x corresponds to the g-coordinates in the origin. The operator
Wj(z) represents the addable box of this plane partition configuration which is the box
in the origin.

o Level 1: after applying the iWeyl reflection once, we have

1 Wilqiase) T Wa(giz)

: Wy(2)A™ (z) 1 = ag(w) ez Wi (gug;2)
1<j< t1)

(7.6)
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The level 1 current can be described as

_i Walgg o) [Ty Wa(gix) :

s aplx
(@) [Licj<s Walgigjx)

(7.7)
1 2

An observation is that the red terms Wy(g;z) (i = 1,2,3) correspond to the addable
boxes of this plane partition configuration. The variables ¢;x (i = 1,2, 3) correspond to
the g-coordinates of the addable boxes. The blue term W;l(qglx) corresponds to the
removable box of the configuration, which is the box in the origin with coordinate x.

Level 2: since we have three numerators in the level 1 operator, we will have three
possible level 2 operators depending on which term we do the iWeyl reflection.

1L.mi=1 m1=1

2)(3)(1%)(1471)

W) AL ()A (gz) o (122)(123)

(7.8)

1

where we simply denote W;(qfq5q5q¢x) as (192°3°49). The g-coordinates of the
addable boxes of this configuration are ¢?z, oz, g3z and correspond to the red
terms in the numerator. The g-coordinate of the removable box of this configuration

is x¢q1 and correspond to the blue term with variable q[lqlm.

2. 1,1 = 1,7‘(1’2 =1

(1)(3)(2%)(12%3)

Wy (z)A™ (2)A ™ (qa) : o (122)(223)

\ (7.9)

2

Similarly, the red terms correspond to the addable boxes and the blue terms
correspond to the removable boxes of the plane partition configuration.

3. T, = 2

(1)(2)(3)(128%) .10)

: Wg(%)A_l(l')A_l(QSx) - X (132)(232)

1 2

Again, the red terms correspond to the addable boxes and the blue terms correspond
to the removable boxes of the plane partition configuration.
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We can do this procedure recursively and then obtain the following statement.

Lemma 7.2. The operators generated from the iWeyl reflection starting from Wg(x) are
classified by plane partitions:

Agr(x) =: Ws(x) H A_I(X;m(@)) ;, a €4 (7.11)
gem
Converting the root currents into the D6-operators, we have

[T Walxax(@) T Walgg 'Xae(@)

_ e A(r) GeR()
Wa(z) [T A (xas @) 2
genr

(7.12)

where we have some extra denominators determined recursively.?’

The D6 gg-character is a sum of the vertex operators Az -(z) with some specific co-
efficients:
Ta(z) = Y FY%mAsx(). (7.13)
TePP
We impose the condition that this gg-character commutes with the screening charge Q,(z).
After imposing this condition, the coefficient is determined uniquely.

Definition 7.3. We define the D6 gg-character for a € 4 as

Ta(z) = Y ZX[r]Asr(2), ac4, (7.14)
TePP

where the coefficients Z20[x] are identified with the U(1) partition function of the 7d gauge
theory on C2 x St in (3.117). Rescaling the zero-modes A(x) — q~'A(x), we have

Ta@) = Y " 2% Aan(o). (7.15)
TePP

Theorem 7.4. The D6 gg-characters Tz(z) (a € 4) commutes with the screening charge
Qu(z):
[Ta(x), Qu(z)] = 0. (7.16)

Proof. Let us focus on Tj(x) and see how the commutativity appears. Using the formulas in
Thm. (C.12) and the property in (4.66), we have

(Wi(2),Sa(2")] = quad (qaz /") : Wy(x)Sa(qaz) :
21— g 7.17
[3 WZL(CU)A_I(-T) 5 S4(ﬂf/)] =z (gg//;c) H1<Zijiil(1 _q'Lq)iqj) . W123(33)S4(Q4£C) I ( )

where for the second term, we only extracted the pole coming from z’ = z. Thus, for the
pole coming from Wj(x) to disappear up to a total difference, we need the combination
H1§i<j§3<1 — 4iq5) )

Wi(z) —q T

30The explicit form of the right-hand side is related to the shell formula of the plane partition [137]. In this
paper, the information of the denominator is not necessary so we will not write the explicit form.

Wy (z)A™ (z) : (7.18)
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where the coefficient is Z}BG[@] (see appendix (B.20)). Generally, using

/

Aar(@)Sa(') = —quz [ Wi, (a7"2) 7]+ Aar(@)Sa(2!) -,
i Iy (7.19)
54(33‘/)1\&7”(.%‘) = —Qq4T {Wfr,m(Qle,)_l]+ : Az‘z,ﬂ(x)sll(x/) :

and the property in (3.123), we obtain

[Ta(x),Sa(2")]

/

—qr Y 2?%( S Res o'W (g'a))7s () A (2)S4(qax7., ()

SEA(n) z'=qax; , (@) Q4X47x(@)

+@§ﬂ)x/—5fi<@>x/ Wealai )0 (Xéiz@> :A4’W(x)54(X4’z(@)):)'
(7.20)

Shifting the second term as 7’ = 7 — g, the second term will be rewritten as

- 1.3 PR x!
Z Z2% +a) Z Res ' 1Wi,+@’z(q4 ] <X>> 1Adr4a(7)Sa(Xg, (@)
4,z

' €PP @eA(w’)m/:Xi‘”(@) 4 ®
(7.21)
Using Thm. B.1, we have
PG 49(2)S4(Xg (@) 1 = A (2)Sa(gaxa () =
- Res o/~ 1\/\74 et
Z0m 48 v=aux,® o0 )” (7.22)
22186[”] Res 2/~ 1W§r+@ g ta)!
r'=x3 ,(O)
and then we obtain
[T123(2),Sa(2")]
=@z ) Z Y Res a'T'Wi(¢'e) 2) [T A™ (3, (@)S4(01x3,. (@)
TePP geA(r) " =04Xi.2 (O ) gen
/ /
wlol = )5 >
Xi,2() 91X1,.(D)
(7.23)
which gives the claim. O

The Thm. 5.2, 6.3, 7.4 are summarized in the following theorem.

Theorem 7.5. Let T be the tetrahedron corresponding to the C* geometry (see figure 6).
We denote the set of vertices, edges, and faces of Tasv ={a | a € 4}, e = {4 | A € 6},
f ={a| a € 4} respectively. We also introduce the union of them as § =vUeUf. For each
element of ¢ € §, we can associate a gg-character. If i € v, we associate the D2 gg-character
(screening charge), if i € e, we associate the D4 gg-character, if i € f, we associate the D6
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qq-character. The qg-character associated with the elements ¢,7 € T commute with each
other up to trivial zero modes (see (6.55)) when ¢ and j do not intersect in T:

Ti(:v)Tj(x') — fij(x, w’)Tj(x')Ti(x) =0 <~ iNj= Q), (7.24)

where f;;(z,2’) are zero modes.

Q4(x)

Qs(x)

Q1(x)
T123(%)

T2(®) Qa(®)

Remark 7.6. Note that the D6 gg-characters Tz(x) (a € 4) are the operator version of the D6
gq-characters introduced in (3.231):

Ta(z) +—  T%), TV(x), acA4. (7.25)

The highest weight and the root current have the following correspondence:

U (gox) U™ (qur) ™', ac4
Alz) ™ AY (z) 7

Wa(l’

Am)-! (7.26)

—
—
Remark 7.7. Choosing the screening charge Q4(x), Thm. 7.5 claims that the kernel of Q4(x)
is generated by Q1 23(2), T12.23,13(z), T123(x). We expect that this will give a larger algebra
compared with the affine quiver W-algebra given by the kernel of two screening charges. We
leave a detailed analysis of this for future work.

Remark 7.8. We have shown here that the D6 gg-character Tg(x) is uniquely determined
by the commutativity with the screening charge Q,(z) and that the coefficient factor is the
U(1) partition function of the 7d theory on C2 x S!. Compared with the magnificent four
system where we need to take care of the sign problem [15, 16, 80], our discussion here gives
an algebraic proof showing that there will be no sign problem for the 7d case. This is indeed
compatible with a mathematical proof given in [53].

7.2 Tetrahedron instantons and D6 gg-characters

The expanded version of the tetrahedron instanton partition function can be expressed using
the D6 gg-characters.

Lemma 7.9. The operator product of {Ag (z)}aeq is

A (22) Ay py (1) = 2020000 (21, 302,5)35%'])6(501,”(1) |22, ) 1 Ay (@1)Ag p (22) <.
(7.27)
When a = b, it gives the vector multiplet contributions, while when a # b, it gives the
bifundamental contribution connecting gauge theories defined on different C? subspaces.
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Theorem 7.10. The gauge origami partition function of the tetrahedron instanton is written
using the D6 qg-characters:

Zl loopzlasﬁt - Z q|7"|21 loongg?lnst _’ 0| H H T ’Uaa ’0 (728)
ac4 a=1

Explicitly, we have the following table of BPS/CFT correspondence.

BPS CFT
7d U(1) theory on C3, . x S! (D64pe x 1) (0] Tape(v) |0)
7d U(ngp) theory on C3,, x ST (D6ape X 1ape) | (0] Tave(Vnyy,) *+ * Tabe(v2) Tape(v1) |0)
generalized folded instantons: D6123-D6234-D0 (0] T123( ) Ta34(v") |0)
gauge origami of tetrahedron instantons (0] g H Ta(vaa)|0)

(7.29)

7.3 Fusion of D4 gg-characters to D6 gg-characters

Let us see that the D6 gg-characters are obtained by fusion of the D4 gg-characters. By
studying the zeros and pole structure, one can show the following lemma.

Lemma 7.11. Given two Young diagrams A1), A(?), the contraction of the operators A ax(x)
are given in Lemma 6.5 as

A e (@) Ag yo (1) = ZDi00H (@1, A |29, A) ZR5EPH (01, AV |22, ANP)) 1 Ay vy (m2) A gy (1) -
(7.30)
When the Young diagrams obey A?) = A1) with the parameters as zo = ¢u21 (a € /_1), we
have

ZRiPH (@1, AV a1, AP) =0, ac A (7.31)
which gives

Ayga@ (@2) Ay \o (1) = 0. (7.32)

Using the above lemma, finite products of the D4 gg-characters are given as

N (3] =~ ~
Ta(g) o) Talgan)Tal@) = > a2 PYIZRIO] . ZRA V)
AN <A (2 =)
X A g aon (g0 ') Ay @ ()N y o) (2)
(7.33)

for Va € A. Using the operator product and extracting the one-loop perturbative factor,
we define the renormalized N-fusion D4 gq-character as

=(N
T;;a(x)_
Noa@ al ZD4ry D4 D4 1 -1
S g X PO 2RO ] 28 2, A g, A0 HAAM) z):
A(N)j.A.jA(U =1 1<j

(7.34)
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Note that this is the rank N gg-character in (6.32) with spectral parameters tuned as
T = (2;)), and z; = ¢¢ 'z for a € A. Taking the limit N — oo and considering infinite
products of the gqg-characters, we can see that they are related to the D6 gg-character.

Theorem 7.12. Taking the limit N — oo of the renormalized N-fusion D4 qg-characters
T’ggz(x) give the D6 gg-character Tgp.(2):

Tom() 2% Tope(a). (7.35)
Equivalently, we have
HTab($Qé_1) = Tabc(l') (736)

where the symbol “~” means the equality is true up to one-loop perturbative factors.

Proof. Let us focus on the case ng%(m) and Tia3(z). Since the infinite products diverge,

we need to regularize it properly (see for example [138]). Moreover, we need to take the
inductive limit so that at large IV, 'T'%V%(a:) = Tg;l)(x) and we denote this ngcg(:n) We
only give a sketch of the proof so see [138] for details. The operator 'T'go% (z) is expanded as

o0 o0
Tha@= > e ML ZR O[] 258 @i A0 2, A) : T] Ay aeo (65 )
P=<---=A2)<A(1) =1 1<j =1
(7.37)
where x; = qii;lx. Since the right-hand side is expanded in all possible Young diagrams {)\(i)}
obeying the condition A = A(+1  the right-hand side is expanded in all possible plane
partitions (see the (1,2) description in section 2): 7 = (A, A®) ... 0,0, ...). Let us show
that the coefficients and the operator part indeed can be written using the plane partition.
The infinite product of the U(1) part is given by

-1
[12200 =] T s (Xm( )> I1 o ("”’“(m)> - (7.38)

=1 i=1pe)\®) DE)\(i) XlQ,xi (.)
meA(®)
We can rewrite the vector multiplet part as
[T 2568 (@i, AD |25, A9)) =
1<j
-1
o (7.39)
<3 men(® X12 x,( ) e () X12,z; ( (D X12 zj (-)
mcA()
Using
Xz, (0) X2 @)
X12,2;(8) X12,
1< <N per(® X122 i#] ne X122;
mc)() .e)\(j)

- 103 —



and

s () 1o ()

1<i<j<oo geA(®) mc ()

00 -1 >
=11 II S (xz ) II 11 (}_q4x/X12,mi(D))7

i=1ge () X12,x; (D) i=1ge ) 1- :C/XIQ,%; (D))

the coefficient part will be

o o . A 1- 42/ X1, (@) X\

ZOOT] 25554 (2, A9 2, A9) = ( 2 g1 | =* = ZP0[x].

i_l_ll 12[ ]11;[] 12|12 ( | J ) 51;[7r (1_x/XZ,z(@)) gl;lﬂ 4 le’x(@) 4 [ ]
Her

The operator part is obtained from

[T Ao (@ 2) = [ Xe@@ o) [T T AGaza @) =:Wi2) [T Ala.@) "
i=1 i=1

i=1 ge) gen 3
7.43
where we used .
= - 7 Walss )
T Xa2(dy i) = 471‘ : = Wj(z). (7.44)
Z-:rll s g Wi(‘]?ﬁ) 4
We then get the identity Tg;o%(a:) = Ti23(x). O

Remark 7.13. The fusion procedure can be visualized as the case of the fusion of D2 to D4.
Using the correspondence in (6.4) (see also section 2), we have

Agp a3 (g2x) (7.45)

Aab,/\<2) (ge)

Aab,,\<1> (z)

Aabc,w (Z‘) a b

7.4 Description in lower dimensional gg-characters

The previous theorem already implies that the gauge origami partition function of tetrahedron
instantons can be reproduced algebraically using infinite products of lower dimensional qq-
characters. Let us explicitly see this procedure.

(1, 2)-type description and D4 gq-characters. Using the decomposition of the character
in (3.181), the gauge origami partition function can be rewritten using the vertex operators
Ay x(z) as follows.
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Lemma 7.14. We have the following identity up to one-loop perturbative factors:

Nabe

R v k) -
Zl loopZ tet.inst. [ E] = <0‘ H H H Z )\((zbca ab,)\(? ($Q§ 1) ’0> ’ (746)
(abc)e4aY a=1k=1 avea

where the plane partitions on the right-hand side are rewritten in the (1,2)-type description
as Young diagrams on the left-hand side.

Using the property (7.32), we also have the following theorem.

Theorem 7.15. The gauge origami partition function of the tetrahedron instanton system is
written using infinite products of D4 gg-characters.

Nabe OO

Zl loopzlggt - Z q‘ﬂ‘zl loopZt]:e))tGmst [_’ i] = <0| H H HTab anc > (747)
(abc)ed a=1i=1

Description in screening currents. We can also represent the partition function of
the tetrahedron instanton system using the screening currents. Using the character form
n (3.179), we omit the singular terms that might occur and extract the square root part
of the total index by specifying an order in the elements as

Py, [
V=Y e XX v= ) () (7.48)
wbea k(a)Pk(b) (war<te ) FlaPrw) \ &
$€Xa,x/€XE

Using the contraction formulas of the screening currents in (4.41), the gauge origami partition
function of the tetrahedron instantons is rewritten using the screening currents.

Theorem 7.16. We have the following identity up to one-loop perturbative factors:

0‘ H Sk(a 1 loopZtet inst. [_' i] (749)

ac4
LIJEX(L

Note that we are implicitly defining an order in the products of the screening currents as
: 'Sk(b) (l‘/) s Sk(a) (35) RIS (:C, CL) < (x/, b). (7.50)
7.5 General D6 gg-characters

We can consider higher rank analogs of them similar to the D4 ¢g-character
T (@) = Waa1) - Walan) i+ (7:51)

This time the coefficients appearing in the expansion of the right-hand side correspond to
the partition function of the U(n) gauge theory on the D6-brane on C3 x S!.

Analogous to the D4 case, one would like to add negative weights as the highest weights.
General D6 gg-characters including negative weights are written as

W- c o Wa
T (4] ) = - ?(wl) %(xn)
Wa(y1) - - Wa(ym)
The explicit coefficients are then obtained by imposing the commutativity with the screening
charge Q,(2).

o (7.52)
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Similar to the D4 case, one might think we need to introduce the negative iWeyl reflection
introduced to reproduce the supergroup analog of D4 qg-characters. However, noticing that

Wa(z) 1S, (2) = :1:'_1(1 —q; ' Jx) s Wa(z) 1S, (2) : (7.53)

gives no new poles, W, (z)~! and S,(z’) commute with each other. Thus, compared to the
D4 case where we need to introduce negative iWeyl reflections to cancel the poles arising
from the operators in the denominators, for the D6 case, we do not need to do such kind
of procedure. The right-hand side of (7.52) is expanded by the plane partitions generated
by Wa(z;) (i = 1,...,n) and no plane partitions generated by W5 (y;)~! (j = 1,...,m). We
expect the coefficients appearing on the right-hand side give the instanton partition function
of the 7d U(n|m) theory on C3 x S!. We leave a detailed analysis of this for future work.

For later use, let us consider the case when there is only one positive and one nega-
tive weight:

Wa(.’E)

T[(—llll)(x]K:z)::iw (K1) P4
a X

(7.54)
where K is a generic parameter. The contraction W3(Kx)~! with the screening current
S4(2’) will give a pole free rational function but when K is generic, no poles will be canceled
and the coefficients are only modified:

Su(e) A o) = K| (1= 2w g 1) 1] s @A )
+
a 1 : a D6 1 - Kz/xa:(8) ~
Wo L (2') — Wi (') = WEE ('), ZP%[n] — 2 700,
@) = Ay Wrald) = Wer @, 200 = g o %
(7.55)
where
Afr(z) = HA (Xax(@)) 1. (7.56)
@Eﬂ'
Thus, we will obtain
T (@ | Ke) = 3 ZPO[K, 7]AK (o),

TePP

EPG[K, 7r] _ H (1 — K«T/X&,x(@)) (1 — QQ«T/X&,x(@)) H o <Xa,x@> -1 | (7.57)

gen (1 = Kqar/Xa (@) (1 — 2/Xa.(3)) ger ¢ Xa,z» ()

Note that after rescaling A(x) — q~'A(z) we can change the topological term to q/™l. For later
use, let us list some properties of these operators. The operator products of {AZ (z)} are

K K D6-D6 - 7 D6-D6 1 2
A3 2oy (@) A ) (21) = Z160p (21,8, K1 | 22,0, K2) 25070 e (21, 7V | 29, @)

(7.58)
K. K
X . Ag,;(z) (332)/\(—17;(1)(331) :
where
ZDGD ( _ K | BK) lDﬁD-CIi)G(xba‘xQ? )ZP?OCE)G(le17a”K2x2’B) (7 59&)
1-loop \L1; @, 131 | X2, 0, 112 ZD6-D6 ( f¢ ;) ZD6-D6 K B s .
1100p( 171, a | T2, ) 1-loop (1,a| Koxo,b)
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ZD6D6 (3 2| gy 7@y = ZDED6(5, ()| 3, 7(2)) (7.59b)

a; K1 |b; K2 alb
_ K N
< 11 ( 1y, <Xa,m1(@)>) 11 Va< 121 )
ger (1) qsz'fUQ @671'(2) XB7I2(@)

Pit reduction of D6 gg-characters. When the parameter K is generic, the coefficients
are modified slightly without changing the structure of the qq-character. However, when we
tune K to specific values, the zeros appearing will cancel the poles, the iWeyl reflection will
be restricted, and the right-hand side will not be expanded with arbitrary plane partitions but
only by specified plane partitions. This can be understood also from the extra factors in the
coefficients. When K is tuned, the coefficient ZC—]?G[K , 7] will be zero for some plane partition
configurations and such terms will disappear from the gg-character. This procedure is well
known in the literature of MacMahon representations and is called the pit reduction [137, 139].
A plane partition with a pit P is a plane partition that does not contain a box at the position P.
Let us focus on the case when a = 4. For example, when we tune the parameter K
as K = g3z, we have
. Wy(x)
- Wy(gs)
and the D6 gg-character will reduce to the D4 gg-character. This process is just placing a

L= X12({L') (760)

pit in g3z and reducing the plane partition in (123) and restricting it to a Young diagram
in the (12)-plane:

= (7.61)

1 2 1 2

Physically, this is interpreted as the Higgs mechanism and also the tachyon condensation
as discussed in section 4.2.

When K = XZLI()/CC = qlL 1qéw 1q§\7 1 we will get a pit reduction of the plane
partition:

T4<m)::wi—(‘r):+...: Z

Wi(x1,.(@)) (7.62)

m:plane partitions
with a pit at

The highest weight has the following structure

L i—1 M—-1 _N-1 -1
Wi(

, Wy () o Mt e xﬁ i@ s x)ﬁvvmq';l),
.W4( f IQé\/[ IQéV ! ) . '1‘:1 W4<Qi£]é\/f 1q:]))\/' ! j=1 Wj(q %é\f CC) k=1 W4($q3) .
L M N
= [[Xos(di ') gy H 13 g ) I Xi2(zg5™)
‘ j=1 k=1

(7.63)
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which implies the pit reduction of the plane partition is related to the general D4 gg-characters

Tg!g%zm@) in Thm. 6.14 after specializing the parameters as

o3 =L, mz=M, nia=N, F1p=(xg} ' )i_,, F13= (@ ') '2)L,, Fro= (¢ 'y 'ag M),

(7.64)
This fact is nothing special from the plane partition viewpoint. This is because we can pile L
Young diagrams spanning the (23)-plane, M Young diagrams spanning the (13)-plane, and
N Young diagrams spanning the (12)-plane on top of each other to obtain all possible plane
partitions with a pit at (L, M, N). Note also that this decomposition in Young diagrams
is not unique and so we have multiple descriptions in the D4 qg-characters. Physically,
the system corresponding to the D6 gg-character with a pit-reduced plane partition is just
the gauge origami system with folded instantons where the Coulomb branch parameters
are tuned in a specific way.

Generally, we may add another pit to the plane partition and this is called the double-
constrained plane partition which was introduced in [140] (see also the references there) to
discuss minimal models of W-algebras. Let (Lj, My, N1) and (L2, Ma, No) be the coordinates
of the two pits. The parameter K needs to obey the conditions of the two pits

K=q" g g =g gy g (7.65)
Imposing this condition causes the g-parameters to be not generic anymore. The physical
meaning of these types of gg-characters and their relation with minimal models are still unclear
for the moment. We note that the condition above is just the Burge condition [141, 142],
and thus the BPS/CFT correspondence arising should be an analog of the AGT dual of
minimal models of W-algebras. See also [143] where some examples of these truncations
were studied from the gg-character viewpoint.

Plane partitions with boundary conditions. The gqg-characters are uniquely determined
from the highest weight after imposing the commutativity with the screening charges. We
further can construct a gg-character where each term corresponds to plane partitions with
asymptotic Young diagrams A, 4, v in the three axes:
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The left figure is the vacuum configuration of the plane partition with boundary conditions
and the right figure is the configuration with boxes added to the vacuum configuration. The
highest weight reproducing this configuration is

Wa(z) [ A ' (xae(@)) - (7.67)

FEP TR

where P, ,,, is the set of boxes in the vacuum configuration. We denote the gg-character
obtained from this highest weight as

Ta (@) =1 Wa(z) H A_l(X&,m(@)) e (7.68)

ﬂephuw

As an example, let us focus on a = 4 and consider the case where the boundary conditions
are (A, u,v) = (0,0,0). The highest weight is

1YW i Si(dlz) | Wi(x)
HA (g1 = Wy( )gsl(qi‘lx) =) (7.69)

The contraction is

W) o, (g W)
S ) = e g ) S

which gives poles at 2’ = ¢ox,q3x. One can show that the terms that cancel the poles
g

S4((_[4:L’ ) . (770)

coming from these terms are
cW3(2)A Y (goz)S1(z) s, s Wy(a)A ™ (gz2)Sy(2) 1 (7.71)
which correspond to the following plane partitions:

3 3
(7.72)

1 1

By doing this procedure recursively, one will see that each term of the expansion of the
qq-character indeed corresponds with the elements in Py .

Web of gq-characters. We may represent the gg-character T )., using a trivalent ver-
tex as

(7.73)
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where the three legs correspond to the three axes of the plane partitions with boundary
conditions A, u, v. This reminds us of the topological vertex [117-119, 144-146]. In the context
of the topological vertex and the plane partition, one can glue the legs with the same boundary
conditions. We expect that we can do the same gluing procedure for the D6 gg-characters
and obtain gg-characters associated with complicated webs of the trivalent vertices such as

: (7.74)

Note that the trivalent vertex in (7.73) and the left and right diagrams in (7.74) are the
brane webs dual to the toric diagrams of the C3, C?/Z4 x C and the resolved conifold,
respectively. Since the gg-character associated with the trivalent vertex captures the partition
function of the D-branes on the C? subspace of C*, we expect that the glued gg-characters
will capture the partition functions of D-branes on general toric CY3 manifolds included
in the CY3 x C geometry. Such kind of generalizations are left for future work. We may
also add boundary Young diagrams to each of the edges generally. They are expected to
be gg-characters obtained after gluing Tg x. ().

We can combine the two kinds of gg-characters Ta (x), Tayuw(x) and construct gg-
characters where plane partitions with boundary conditions and a pit occur. The gg-character
is uniquely determined from the highest weight as

)
1

H A Xabc:r( )) M I (775)

L,M,N . abC(
Ta ( ) = M—
b @GP%M,V

abc/\ v e L—1 N-1
a Wabc(qa q c

x)

We represent this gq-character using a trivalent vertex as

M (7.76)

A

and gluing of these gg-characters should lead to a larger class of gg-characters. We call this
large class of gg-characters, the web of gg-characters.?! For the moment, we do not know
how to glue these gg-characters explicitly and we leave it for future work.

31There is a similar concept called web of W-algebras [28] where the authors associated brane webs including
integers inserted in the faces surrounded by the legs with W-algebras (7.76). Each trivalent vertex corresponds
to the corner VOA [27] and the glued algebra gives the web of W-algebras. See also [147] where examples for
the gluing process were explicitly done in the trigonometric language.
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BPS gg-characters. Another way to construct gg-characters associated with the CYy
with the form CY3 x C is to use the vertex operators introduced in (4.108) (see the notations
there). We can define the screening charge corresponding to the C-part as

z) = Z Si(¢iz), i€ Qo (7.77)
keZ
We then can introduce D6 gg-characters associated with the CYg3 part as
Ti(x) =W;(z) + - (7.78)
satisfying
[Ti(2),Q;(2")] =0, Vi,j € Qo. (7.79)

An interesting property is that the monomial terms of this gg-character are classified by the
3d BPS crystals [57, 126]. We present this property as a conjecture which will be clarified
in a future publication. Details will be explained in [74].

Conjecture 7.17 ([74]). Let Z be a toric CY, which takes the form as Z = X x C where X
is a toric CY3. The corresponding quiver of X is @Q = (Qo, Q1) with g-deformation parameters
{qr}1cq,. Given this quiver, we can construct a three-dimensional crystal called BPS crystals
(see [57, 126] for details). The BPS crystals are sets of colored atoms where the colors are
labeled by @Qo. Namely, given a 3d BPS crystal A, we have a color projection map ¢ : A — Qq.
The BPS crystal has an atom in the origin which we denote 0. Each atom & of the BPS
crystal is associated with a coordinate function®? xx .(5):

@ =2x ][ ar (7.80)
Iepath[o—{T)
Given two atoms with color ¢ and j, the difference of the coordinates comes from the parameter

qr1:i—j which is associated with the arrow connecting the two atoms.
Under this condition, the gg-characters are given

Ti(e) = 3 a2 Wite) [T Ay (xa(®)) -

A @eA(l)

A i
TE (@) =3 gt 2Pk A<>~ 7 T Al (oxa(@) -
A @EA(U

(7.81)

where A is the crystal whose atom at the origin is with color i € Qg. The coefficients
ZZDG[A@], zZPY[K, A®] are determined from the commutativity with the screening charges:

[Ti(x), Qj(a")] =0, [T (), Q;(z")] =0 (7.82)

Similar to the C*-case, we can introduce pit reductions by adding extra W;(z) at the
denominators or tuning the parameter K. The monomial terms will then be classified by the
subcrystals of the 3d BPS crystals. Such types of subcrystal were studied in [128, 129]. Since
the gg-characters obtained in this way have a strong relationship with BPS crystals, we call
them BPS ¢g-characters. Later in section 9.5, we will see that such BPS ¢g-characters have
a relation with the quiver quantum toroidal algebras/toroidal quiver BPS algebras [33, 34].

32This coordinate function is a one-parameter deformation of the coordinate function of [33, 34]. We will
discuss the derivation of this in [74]. For this paper, we only note that after taking the limit g4 — 1, this
coordinate function will become the coordinate functions defined in [33, 34].
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8 Towards D8-brane gg-characters

We use the fusion process of the D6 gg-characters to define the D8 gg-characters in section 8.1.
We then study the contractions of the D8 gg-characters and show that they reproduce the
instanton partition function of the magnificent four system up to sign factors in section 8.2.

8.1 Fusion of D6 gg-characters to D8 gg-characters

After constructing D2, D4, D6 qq-characters, we would like to obtain D8 gg-characters that
reproduce the magnificent four partition function in (3.102). In the lower-dimensional
cases, thanks to Thm. 7.5, we can define the gg-characters by choosing the highest weight
and imposing the commutativity with the screening charges. The highest weight and the
corresponding screening charges were chosen so that the associated subspaces do not intersect
in the C* geometry. However, for the D8 operators Z(z), 7¥ (z), the only operator that makes
the operator products become rational functions is the root current A(z). In this sense, it is
natural to construct a screening charge related to the DO operator. For the moment, we do
not know how to construct such kind of screening currents. Instead, we will use the fusion
process discussed in Thm. 6.9, 7.12 to define the D8 gg-characters. Since we are interested in
studying the relation between the magnificent four system, where D8 and anti D8-branes
appear, we use ZX (z) as the highest weight.

Definition 8.1. We define the D8 gg-characters as
Tha(z)= > 208 i,(z), a€4, (8.1)
peESP
where
AK( =: HA (xa2(@)) : (8.2)
Hep
Rescaling the root current as A(xz) — qflA(J:) we can modify the topological terms as
Tha(@) = Y a¥ 22800, K] : Z5(2) [[ A (xa(@)) ©, a €4 (8.3)
peSP FEep
Let us show that this is obtained by taking the infinite products of the D6 gg-characters.
Using Lem. 7.9, one can obtain the following property which is a D8 analog of Lem. 7.11.

Lemma 8.2. For a € 4, we have
Ag x@ (22) Mgz (21) = 0 (8.4)

when x9 = g,x1 and 73w 7).

ZD6 D6

it (z1, 7D | 20, 7(D).

Proof. Let us focus on the case a = 4. It is enough to study the zeros of
Using the formulas in (3.117), (3.123), we have?3

Zﬁg'm(ﬂfl,ﬂ(l) |2g, 7))
I[I (O-qxa,, @ /x:.,@) Il (-xi.,O)/xi,.,O)
N H 1 q4 X4z1( )/m) H BeA(r (D) FeR(w(1)
e @) T 06, @/6,@) 1 -6, @)/xa., @)
ger(®) ﬁiew()@eA(ﬂu)) BeR(x (D)
(8.5)

33Gtrictly speaking, we need the information of the denominators of WS ,(x) in (3.123), which is omitted here.
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When 72 = 7() | there is a cube @’ = (i, j, k) that is addable to 7(!) that is included in 7(?):
36’ = (i,5,k) € A(=V), @' ex®. (8.6)

When z; = a1, the term (1 — qaxg,, (@')/X7,,(@")) = (1 — qa21/22) then gives the zero.
Thus, we obtain the claim. ]

The above discussion is also true for Aéfﬂ(x), where K is generic.
Lemma 8.3. For a € 4, after using (7.58) and (7.59), we have
AL o) (@) AR (1) = 0, (8.7)
when 9 = g,x1 and 73 » 7@ and K1 5 are generic.

The finite products of the D6 gg-characters T (z) = (1|1 (x|Kz) are then expanded as

N
TE@n) . TE@) = Y aZm I L 20905, 7 OAK o (en) - - AE o (1),
7)< <(1) i=1
(8.8)
where x; = qfl_lx (i =1,...,N). Using the operator product and extracting the one-loop
perturbative part, we define the normalized N-fusion D6 gg-character as
N
Tg(N)(x) = Z qEz 1\”()|HZD6 K, 7@ HZE%%S xl,w(i)|:Ej,7r(j)):HA£fﬂ(,;)(xi):.
a(N)<...<r(1) 1<J =1
(8.9)

Taking the limit N — oo and considering the infinite products, we can obtain the D8
gq-character defined in (8.1), (8.3).

Theorem 8.4. The normalized N-fusion D6 gg-characters Tﬁf(N) (z) (a € 4) give the qq-
characters Tga(:n):

=K(N N
T (@) 222 7K (@), (8.10)
Equivalentl h.
quivalently, we have -
TIT5 (g ) ~ Tha(2), (8.11)
=1

where the symbol ~ means the equality is up to one-loop perturbative factors.

Proof. Let us focus on the case a = 4. Similar to what we have done in the fusion of D4
qq-characters, we need to regularize properly the infinite products. We only give a sketch of
the proof of how to take the infinite products:

1 (z) =
() i N T
Z qZZ | |HZD6K7T HZE?(]‘DEK :El,w()|xj,7r(])) : HA{W@)(JZ@') T,
=1

== <7 (D) i<y
(8.12)

- 113 -



Since the right-hand side is expanded in arbitrary plane partitions where the g-coordinates are
tuned properly, we may understand the right-hand side as a sum of arbitrary solid partitions.
This comes from the (1,3)-type description of the solid partition: p = (), 73 ... 0, . ).
The topological term is then rewritten as qzzl w® ql?l. Let us consider the coefficient

parts. The infinite product of the U(1|1) part is given

T 2000,20) = T [T (o K/ X0n @)U~ 21413, (@) IIEM<X4%¢m> g

i=1 i=1 ger (1) 1 - K$i+1/le,:pi (@))(1 - xi/le’mZ (@)) @EWE%; X4,z (@)
ger'
(8.13)
The other part is given by
bens Yy (25/xi0,)) Vi (2i/X1.0,0))
HZ4K\4K(xi’7T |5EJ" H H
i<j Sigen Va (K%/Xu (@)) @ew) V4 (Kxi/xz_l,xj (@))
XH H AC4 <X4mz( ))
i gen(® Xi,z, (@)
gen( (8.14)

Using

-1

Xiz, (@) Xa, Z(@)

i>igen(® X4,z; i£j geni) X4z,
ger(?) gen)

H II H & (:Ej/xaxl @)> H 11 (1_K$i+1/le,xi(@))

i=1gex() j=i+1 V4 (ij/ 41‘ (@)) i=1gecx(i) (1 - $i+1/Xl_l,x7; (@))

21V (/X @) o (1—%Mn%@D(I—Kw%hA@)

1111 =11 11

Cigentiod Va (K2i/X10,0))  jcigentn (7 %/ Xaa, @)1 = Kj/xa, @)
(8.15)
we obtain
oo
[T 2201 7O T] 225 i (i 7 25,7 9)
= 1<j

= o (- K. 0) Yi @)
- g@el;l(w (1 — /X1, )) 1,_][@61;[((?; g <X4 x; (@) (8.16)

17 (1= Kz/x42(3)) ((xae@®
=11 II @ <X4,x(/)> ’

ge, (1= 2/xa.(H) @& cp

which is exactly Zfﬁ [p; K]. For the operator part, we can also show

AL o (@) = z) [T A (xae(@)) (8.17)
=1

Eep
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where we used

: ﬁ 7\/\/4@?’;1‘%) P— ﬁ 72,{{((]5[%) D= ZK(x) (8.18)
i=1 WZ(KQZ_lx) -1 2K (q4)
Therefore, we obtain the claim. O

Depending on which D6 gg-character Tz(z) we use to take the infinite products, we have
four possibilities of the D8 gq-character. The operator part is invariant under the permutation
of the deformation parameters g1, g2, g3, g4 but the coefficient part 222 [p, K] is not invariant
under the permutation. For example, for lower levels, we have -

ZD300, K| ZD3(p.K]  ZDSIp. K]  ZDS[0.K)
4:21P ] g;3[:0a ] 44[P7 ] 41[Pa ]
ZR8p K] Z0800 K] Zg5[p, K] 20, K
p:{{{2}}}7 ZD8[ ) = ZD8 = D8 = D8 =1, (819b)
42 [p, K] 4;3[,0’ K] 24;4[07 K] Z4 1o, K]
zPp K] 2850 Kl 2Pl K] 2P%lp K]
p:{{{lvl}}}v ZD8[ ) ¢ :_ZD8 =" ZDs DS =1, (8190)
4:2 [p, K] 4;3[% K] Zg;4 12 K] Z4 1 [p, K]
Zpilo, Kl 2Zp5le K] Z05(p K] ZRilp, K]
p={L N Sz E s E b (8199)
4;2[!07 ] é;?:[p? ] 4;4[p7 } 4;1[107 ]

where we described the solid partition as

p= {{0117p12,---}a---,{,Oil,sz---,,Oz‘mi},---,{Pll,---aplml}}a Pij = (Pm,---,/h‘jnij)
(8.20)

and the g-coordinates of the hypercubes are
vt b g g, 1<a <l 1<b<mg, 1< c<ng, 1<d< pae. (8:21)

As mentioned in section 3.3, the partition function of the magnificent four has a sign factor
(—1)"“(”) depending on the solid partition. In our construction here, this did not appear and
thus the appearing coefficient is equal to the U(1) magnificent four partition function only
up to sign factors. One of the reasons this happened is because we naively took the infinite
products. For the lower-dimensional gg-characters, the infinite products were controlled
so that even after taking the infinite products, it still commutes with at least one of the
screening charges. To obtain the D8 gg-character with the correct sign factors, a different
procedure to derive the D8 gg-character is necessary.

8.2 Higher rank magnificent four and D8 gg-characters

We still can use the D8 qg-characters we constructed in the previous section to derive the
partition functions of the rank N magnificent four®® [16] up to sign factors. The operator
products of Aifp(az) are

A&z

a2 ()AL (1) = ZR000 (21, Ko |0, Ko) ZRSRS (w1, 01 |22, pP) s A2 ) (w2) Ay (1) <

1-loop
(8.22)
The rank N magnificent four partition function is then written using the vertex operators
as the following theorem.

34Note that the higher rank version is called the magnificent four with color in the original paper.

- 115 -



Theorem 8.5. The composition of the D8 gg-characters gives the partition function of higher
rank magnificent four system up to sign factors:

(O Tgay (@n) - Taa (z)[0) = > g HZD KT 20000 (i, Ki | 25, K;)
p(1) . p(N) i=1 j>i
X HZI?BHI()S xz,p(i) |a:j,p(j)).
7>t
(8.23)

This is the BPS/CFT correspondence of the magnificent four.

Remark 8.6. One can also use the other (2,2), (3, 1)-type descriptions and use infinite products
of screening charges or D4 gg-characters to rewrite the partition functions. Note that the
fusion process we used was essentially the (1, 3)-type description.

9 Quantum toroidal algebras and BPS gg-characters

In this section, we review the quantum toroidal gl; and point out observations regarding
the gg-characters we introduced in the previous sections. We will show that the D2, D4, D6
qq-characters are related with the vertical representations of the quantum toroidal gl;. At
the end, we have the following correspondence:

section | gg-characters quantum toroidal gly
9.2 D2 gg-character vector representation
9.3 D4 gg-character Fock representation
9.4 D6 gg-character | MacMahon representation

We then move on to the gauge origami system on toric CY4 Z = X x C where X is a toric
CY3 and show that the BPS gq-characters introduced in Conj. 7.17 are related to the vertical
representations of general quantum toroidal algebras associated with toric CY3, which were
recently introduced in [33, 34].

9.1 Quantum toroidal gl

The quantum toroidal gl; is an infinite-dimensional quantum algebra with two independent
deformation parameters [24, 25, 137, 148, 149]. We follow the notations in [150] (see also [151,
section 5.2, 5.3] for a review).

Definition 9.1. Let q1, g2, g3 be the deformation parameters®® with the condition q;q2q3 = 1.
The quantum toroidal gl;, which is denoted &, is generated by three Drinfeld currents

=Y Enz ™, F(z)= )Y Fpz ™, K*(2) = K*exp <Z:F . Hirzj”) (9.1)

meZ meZ r>0

35In the literature, the deformation parameters of the algebra are denoted qi1,¢2,q3. We use a different
notation to prevent confusion with the parameters qi, g2, g3, g4 introduced in this paper. As mentioned in
footnote 8, the structure function g(z) is related to the structure function g;(z) after taking the limit g4 — 1.
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and central elements
C, K = (K" (9.2)
The defining relations are
E(:)B(w) = g(=/w)Ew)E(2), F(:)F(w) = g(=/w)  Fw)F(z),
KK (w) = K=()K* (), K~ (2)K* (1) = WKW)K—@,
KH(CUTD/22) B(w) = g(=/w) Bw)K=(COF/22), ©3)

K*(CUE/22)P(w) = gz /w) " F(w)K*(COD/2),
B P =3 (5( ) K50 -6 () 5 w)

z w
where
g(z) _ ?:1(1 - sz) o — ﬁ( r/2 . qfr/Q) (9 4)
?:1(1 - q;12)7 i=1 ' ' ’
and g = 1/k;.

Additionally, one needs the so-called Serre relations which are cubic relations of E(z), F(z).
We do not need them so we do not write the explicit form (see [150]). The function g(z) is
called the structure function of the quantum toroidal gl;.

The quantum toroidal gl; has a Hopf algebraic structure. We only list down the
coproduct structure:

)
)
2)=K (2)® K+(Cl_1z), (9.5)
)= K (Cy'2) @ K~ (2),

)

where C1 = C ® 1 and C = 1 ® C. Using this coproduct, we can construct tensor product
representations.

The representations of the quantum toroidal gl; are obtained by determining the values
of the central elements C, K~. We have two classes of representations called vertical repre-
sentations and horizontal representations. Vertical representations are representations when
the central element C' is trivial: ¢ = 1. We have three types of them

e vector representation [25]: (C,K~) = (1,1)
o Fock representation [149]: (C,K~) = (1, q};/2) (c=1,2,3)
« MacMahon representation [137]: (C, K~) = (1, KY/?) (K € CX)

Multi-dimensional partitions appear as the bases of the representation spaces of these
representations. For the vector representation, 1d partitions labeled by integers appear. For
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the Fock and MacMahon representations, 2d and 3d partitions appear respectively (see [150]
and [151, section 5.3.1] for the derivations).

On the other hand, horizontal representations are representations where the central
charges are (C,K~) = (qtl;/2, 1)(c = 1,2,3) [24, 139, 152-155]. Drinfeld currents are rep-
resented in vertex operators for these representations. See for example [150] and [151,

section 5.3.2] for the explicit derivation of these representations.

9.2 Vector representation and D2 gg-character

There are three types of vector representations with central charges (C, K~) = (1,1) and
the actions of the Drinfeld currents are

K*(z) [UE-C) = [\I/M(c) (z)ri [u]§-c) =[S, (qu/z)]i[u]y:)’

J

E()u)}” = €6 (ual/z) )\, (9.6)
F()[ull? = F6 (ual™/2) W]}y, c=1,2,3, jez

where

. (1 - qc_+11)(1 - qgj1) . (1 - qc—lz)(l - qC+12)
7= G-a) = D050 amams) 6.

We denote these representations V.(u), (¢ = 1,2,3). The bases {[u]gc) }jez are represented
by 1d partitions (see also section 2.2):

i—1
‘ uqy,

[u]s” = dc

dc
(9.8)

The operator K*(z) acts diagonally, E(z)/F(z) adds/removes boxes to/from the config-
uration.

To relate the D2 gg-characters with the vector representations, we choose one specific
direction, which is C4, in the gauge origami system. The motivation for choosing this direction
will be explained in section 10. Let us study the relation of the gg-characters included in
the C353 x S'. The operator products of S.(2) (¢ = 1,2,3) with Sy(qu2) are

Se(aiu)Sa(ar2) = [Sz(ual/2)]” : Selalu)Sa(asz) : (9.9)
S4(qs2)Se(ug!) = [Sa(uqi /z)}i £ So(¢fu)Sa(gaz) : . (9.9b)

After taking the limit g4 — 1, we can see that we have

SCTL(UQg/Z) — SC(uq‘g/z)a d1,92,493 — 91,92, 93 (910>
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Comparing with (9.6), after taking the limit g4 — 1, we can relate the monomial terms of the

D2 gq-characters with the bases of the vector representation of quantum toroidal gl; as®®

Su(qz) — K*(2),  Si(ugl) — [u)\Y. (9.11)

This correspondence strengthens the interpretation in (5.14). Due to this observation, we
can call the D2 gg-characters the vector gg-characters.
9.3 Fock representation and D4 gg-character

Fock representations are representations with central charges (C, K~) = (1, ql/ 2), (c=1,2,3).
We denote them F.(u), (¢ = 1,2,3), respectively. The actions of the Drinfeld currents

are given
e Vit ]
Kﬂz)ru,»(c):[w; ()], Ju, N = | 2SN
R ES ¢ ()
y)\,u(z) +
B ) = 2 3 §(xP@/z) Res =TV A +0),
DEA ) _Xu () ’
C 1 [ — c — Cc — C
F(z)]u,/\)():—i 1235 5 (X2 0)/z) Res Y (051 2) Ju, A — )
1 oeR(N) =x (@)

(9.12)

where

V(z) = (1 —u/2) [[ 500 @/2), @ =uqiitadT} (.j>1).  (9.13)
oEN

Note that the eigenvalue \Ifgfzt(z) can be rewritten as
) () = g, /2L 9z Gt/ 2 IIs <Z ) (9.14)
“ 1-u/z oEA Xq(f) (=)

The bases are represented by 2d partitions (see also section 2.2 for the notation):

Je—1
1 §—1
uqz+1qﬂ 1
u, A)(©) = i (9.15)
. Je+1
2

36Note that this is not a strict correspondence. In the limit g4 — 1, some of the vertex operators will diverge
and they do not obey the defining relations of the quantum toroidal gl;. Moreover, for the moment, we do not
know how to relate the other operators E(z), F(z).
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Similar to the D2 case, we choose C4 to be a specific direction in the gauge origami
system. Focusing on Ti2(z) and using (6.9), we obtain

z

[ YR 1)]
: Xpo(uw) [T AT (xa2,(@)) ¢ Sal@a2) = |g5 ' i i : Xio(w) [T A (xa2,0(@)S4(@2) -,
oEA L yk,u( z) - oEA
(9.16a)
[ ()]
Sa(gaz) : Xpz(uw) [TA  (x12,(@)) : = 6131/:373 :Xio(u) [TA (x12.4(0))Sa(qaz) :
oEX L /\ﬂl() J+ oEX
(9.16b)
and at the limit ¢4 — 1, we have
W) = V) xiza@ = X ©). (9.17)

Thus, at the limit ¢4 — 1, we can relate the monomial terms of the D4 gg-characters with
the bases of the Fock representation of quantum toroidal gl; as

Sa(quz) — K=(2), : Xpa(u) [T A (x12,0(@) + — |u, )@ (9.18)
oEN

In this sense, we can call the D4 gq-characters the Fock ¢g-characters.

Remark 9.2. Actually, the Fock representation can be derived by an infinite number of tensor
products of the vector representation [25]. The coproduct structure enables us to consider
the action of the Drinfeld currents on tensor product representations @ ;V._1(u;). We tune
the spectral parameter as u; = uqf;ll and take the limit N — oco. After proper regularization
of the infinite products, we obtain ®f§1VC,1(qull) ~ F.(u). This property corresponds
with the fact that the D4 gg-character can be obtained by the fusion process of the D2
qq-characters as discussed in Thm. 6.9.

Higher rank gg-characters. Let us show that the higher rank D4 gg-characters correspond
to the tensor product representations of the vertical Fock representations. We onlyﬂfocus on
the gq-characters with no negative weights. The monomial terms appearing in Tg!g%;m@ |0)
(see Thm. 6.14) are

ni2 ni3 na23
H Ao, (12,0) ] Mg (z13.8) [ A3 (w23,) : (9.19)
p=1 y=1

where Aq, p5, v, are Young diagrams. The coefficient appearing after taking the operator
product with Sy(gsz) is

) 13 —1 : -
ﬁ% wﬁqz ywm—ﬁ(q?’z)ﬁql 1m0, (41 2) (9.20)
i yAa,le N (Z) le %N/B 13 B( ) 7:1 yV’szQS ’Y( )

After taking the limit g4 — 1, it corresponds with the Cartan eigenvalue of the tensor product
representation @44 F3(z12,4) ® ®”13 Fa(z138) @ ® 1 Fi(223,). Note that the Cartan
eigenvalues of tensor product representations are simply the products of the Cartan eigenvalue
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of each representation. This is because at C' = 1, using the coproduct structure (9.5), we
have AK*(2) = K*(2) ® K*(z). Note also that the ordering of the tensor products does
not matter because of the existence of the universal R-matrix®" [24, 158, 159].

We can do the same analysis for the negative weights where supergroup analogs appear.
The corresponding representations in the quantum toroidal gl; were constructed in [99, 159,
160], where vertical Fock representations with negative levels were introduced. One can show
that the representations in [99] correspond with the D4 gg-character generated by X4(z)™*

9.4 MacMahon representation and D6 gg-character

MacMahon representations are representations with central charges (C,K~) = (1, K'/?)
where K € C* is a generic parameter. The action of the Drinfeld currents is given as

K (2)u,m) = [P (2)]3 fu, m),

A= > # Qf@>¢lkszm%“”m”+@’ (9.21)

e A(r) 2=xu(8)

2)|u, ) = Z #6 < (@)) Res 271, ,(2) |u,m — ),

BER(T #=xu(0)

where # is some coeflicient factor and

1—-Ku/z z
Xu(@) = uai M@y ay T au(z) = KOVA— g<)' (9-22)
1—u/z 51; Xu(5)

We denote this representation M (u, K). The explicit coefficients of the right-hand side of
E (z), F (z) are omitted. The gg-character T1a3(x) and screening current S4(z') gives

z

: _ 4,K [ \—
W4 KU H A~ X4 u S4(Q4Z) = —q4u |:W7r,u (Z) :| W4 Ku H A~ X4 u S4(Q4z)

@Eﬂ @Eﬂ
(9.23a)
Sa(4a2): HA (@)= —aru [WEE ()] HA (X3.0(6))S(a2) :.
@€ﬂ @EW
(9.23b)

Taking the limit ¢4 — 1, we have xz,(3) — xu(&) and

i 1—-Ku/z z
gilz) — g(2), Wfr’ffz_l—>7 g< ) 9.24
i) — s, W™ — T e (g (921
which gives the identification
Si(quz) — Ki(z), H A1 X4u i— |u, ). (9.25)

germ

Thus, at the limit ¢4 — 1, we can relate the monomial terms of the D6 gg-characters with
the bases of the MacMahon representation of the quantum toroidal gl;. In this sense, we

3TRecently there have been attempts to construct the gg-character using the R-matrix of the quantum
toroidal gly [156, 157].
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call the D6 gg-characters the MacMahon ¢g-characters. Under this identification, we can
see that the distance between the D6 and D6 branes, denoted as K, appear as the central
charge of the MacMahon representation.

Remark 9.3. Instead of considering the U(1]|1) theory of D6-branes, we can consider the
U(1) theory by taking the limit K — 0, co. After taking the limit g4 — 1, the eigenvalue
U u(2)| K —0,00 1s DO longer a rational function with the same degrees in the numerator and the
denominator. Note that such kind of representations are not the representation of quantum
toroidal gl; but of the shifted quantum toroidal gl; (see [128, 129, 161]).

Remark 9.4. Similar to the relation between the vector representations and the Fock repre-
sentations, the MacMahon representation also can be obtained by infinite tensor products of
the Fock representations [137]. Consider the tensor product ®X; F.(u;) and tune the spectral
parameters as u; = uq’, '. We then take the limit N — oo and regularize it. After this
process, we get @, Fo(uqi™!) ~ M(K,u). Note that the nontrivial parameter K appears
from the regularization process. This property corresponds to the fusion process of the D4

qq-characters to D6 qg-characters discussed in Thm. 7.12.

General D6 gg-characters. Similar to the D4 case, a higher rank version of D6 gg-
characters corresponds to the tensor products of the MacMahon representations:

N N N B . N
TTAR @) s Salaur) = [ (—aawa) TT [WES (7Y« TT AL ) (@0)Sa(aam)
i=1 i=1 i=1 =1
. . oo o (9.26)
S4(qaz): H Ai}(z‘) () : = || (—qazi) H {Wﬂ’mf%(z)_lkr : HAZ;,;@) (x)Sa(qaz) : .
i=1 i=1 i=1 i=1

After taking the limit ¢4 — 1, one can see that it matches with the Cartan eigenvalue of
the tensor product @Y, M(z;, K;).

As discussed in section 7.5, after specifying the value K, we can obtain the pit reduction
of the D6 gg-characters, which eventually gives the D4 gg-character. This situation is the
same in the quantum toroidal gl;. Setting K = q. in (9.22), the Cartan eigenvalue will
be (9.14). The residue of W, ,(2)|k=q. at z = qcu will vanish and thus the action of E(z)
will stop the growth of the plane partition in the direction q.. We then obtain the F.(u)
representation.?® For a general pit located at (L, M, N) in the MacMahon representation,
the central charge is K = qlL_lqéV[ _1qév ~1. A similar analysis can be done and we will see
that the MacMahon representation will be reduced to Fi'¥ @ F&M @ FPN with the spectral
parameters tuned properly (see for example [150, section 5.1.4]).

We can also do the same analysis for the case when the plane partitions appearing
have nontrivial boundary Young diagrams. For these cases, the eigenvalue of the vacuum
configuration is determined as

e (o) = kL EYE g( 2 ) (9.27)

Apv,u 1— u/z BEP Xu(@)

38The coefficients of the action of E(z), F(z) on the bases in the MacMahon representation after setting
K = q. is different from the coefficients in the Fock representation. This comes from the degree of freedom to
rescale the bases.
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After taking the g4 — 1 limit, the coefficient appearing after taking the operator product
of (7.67) and S4(gs2z) will become this vacuum Cartan eigenvalue.

9.5 BPS gg-characters and quiver quantum toroidal algebras

Up to the previous section, we managed to relate the gg-characters with the vertical rep-
resentation of the quantum toroidal gl;. To construct the explicit representation of £, the
essential part is how to determine the bases and the eigenvalue of K*(z). The action of
the other Drinfeld currents is determined schematically as (9.21), where the coefficients are

proportional to the residue of the eigenvalue. Moreover, the eigenvalue has a general structure

\IJA,u(‘T) = ¢@,u(x) r}g\g <Xu(@)) (9'28)

where A is either the 1d, 2d, 3d partitions or general truncations of the plane partition. The
eigenvalue is a product of the vacuum function 1y ,(2), and the contributions come from the
boxes in the configurations. Actually, one can show that the zero and pole structure of the
vacuum function vy, (2) determines how the bases should be constructed [128, 137, 162].

This property is similar to the procedure to obtain gg-characters. To determine the qg-
characters, we first started by choosing a screening current. We then choose a highest weight
and impose the commutativity with the screening current. The gg-character is automatically
determined in this way. The highest weight therefore has a one-to-one correspondence with
the vacuum function of the vertical representations of &:

(1 = ge—1u/z)(1 = qeq1u/z)

Sc < )
(u) (= u/2)(1 — G 19cr10/2)
_1/91 —Qqeu/z
Xa(U) < c 1/21—11//,/27 (929)
Wigs(u) o1zl Ku/z
W123(Ku) 1-— U/Z '

Note that this is just a rewriting of the conclusion obtained in sections 9.2, 9.3, 9.4.
Recently a large class of quantum toroidal algebras associated with toric Calabi-Yau
three-folds®® were constructed [33, 34]. They are called quiver quantum toroidal algebras

or toroidal quiver BPS algebras.*’

We denote such algebras as £ w), where @ is the
corresponding quiver and W is the superpotential. The above correspondence between the
qq-characters and the vertical representations implies that we should have generalizations
to such cases too. Let us show that the BPS gg¢-characters introduced in Conj. 7.17 are the

qq-characters corresponding to the representations of such algebras.

9.5.1 Quiver quantum toroidal algebra

Let us introduce the definition of the algebra & ) following [34]. Let X be a toric Calabi-
Yau three-fold. To X, one can associate a quiver Q = (Qo, Q1) and a superpotential W. For

39There are also quantum toroidal algebras associated with non-toric CYs. They are related to affine D and
E-type algebras. The discussion here can also be generalized to those cases.
4OWe use the former terminology.
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each arrow of the quiver, we can associate parameters {qs}seq,. The superpotential imposes
nontrivial conditions on them and the independent parameters are reduced up to two. We
assume such conditions are imposed implicitly in the parameters.

Definition 9.5 ([33, 34, 128, 129]). The algebra & ) is generated by the Drinfeld currents:

o0
Ei(z) = Z Eimz"", Fi(z)= Z Fimz™™, KF(2)= Kij[,zrii exp <:|: ZHi,irz:F’) ,

meZ MmEZL r=1
(9.30)
for ¢ € Qg, where rfﬁ € 7Z. For each node i € Qg, we assign a Zo grading:
0 (3l e s.t. I is a loop),
=0 Grew 2 (9.31)
1 (otherwise).

We have one universal central element which is denoted as C. The defining relations are

K (2)Kj (w) = K (w) K7 (=),
=z, Cw)

K;(Z)K;r(w) = WK;F(W)K;(Z%
KF(CF 2)Ej(w) = 37 (z,w)Ej(w)KF(CF 2),
KE(C' ) Fj(w) = 7 (z,w)  Fy(w)KE(CF 2), (9:32)

B F )] =0 (5 () K =6 (5) K w)
Ei(2)Ej(w) = (—=1)"W1&= (2, w) Ej (w) Ei(2),
Fy(2)Fj(w) = (=1 WIF=(z,w) 7 FiFy(2),
where the structure functions =7 (z,w) are defined as

1/2 ~1/2
Ni:j(z w) = (—1)Xi~i HIe{j*i}(qI z—q; "w)
o @2,

[lreqimjy(ay "2 —ay "w)
=Y

¥
H]e{i—m’}(_q}ﬂw)

(9.33)

where x;_; is a factor determined by imposing the associativity condition

~j=i

P72, w) P (w,z) =1 (9.34)

and =7 (2) is defined in (4.114).

Remark 9.6. We add the factor 2" to the mode expansion of Kzi(z) and relaxed the
algebra. Such modifications will be important only when we consider the mode expansions
of representations. Moreover, they are related to shifted quantum algebras. They are not
important in this paper so we will not discuss them.
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Setting C' = 1, one can see that K,Li(z) commutes with each other and we have diagonal
bases. Such diagonal bases are labeled by 3d BPS crystals [57] and we have a natural action
of the algebra on them (see [32] for details). The 3d BPS crystals are a set of colored atoms
where the colors are labeled by Qg (see Conj. 7.17 for the notations). The color projection
map ¢ : A = (o maps the color of the crystal to the quiver nodes. Similar to the discussion
in Conj. 7.17, we can define a coordinate function:

w@=ux J[ ar (9.35)

Iepath[o— ]

The difference with the coordinate function in Conj. 7.17 is that we use the g-deformation
parameters q;. There, we have an additional parameter ¢4, while here we do not have
such a parameter.

Under this situation, the representation is schematically given as

KEE) fu, A) = [90,()] . A),

2, Ay = #\/ZRes 1, (2 >5( . )luaA+@>v (9.36)

oe Al xu(®) Xu(@)

2) lu, A) Z #\/ Res z—lllls\i?u(z)é (Xu?@) lu, A — 67)

FER(A) 2=xu(8)

where A is the 3d BPS crystal configuration and A(A), R(A) are addable and removable
atoms from the configuration and # is some coeflicient factor. The eigenvalue \Ifx)u(z)
schematically has the form

v, =) [T I @7 x®)

JGQO @GA’
c(@=j

(9.37)

where @bézi(z) is the vacuum function. Namely, the eigenvalue is a product of the vacuum
function and contributions coming from all of the atoms in the crystal configuration. The
contribution to \I/S\Z)u(z) coming from an atom at the coordinate x, (&) with color j € Qq
comes from @77(z, x,()). The poles of the eigenvalue \I/X)u(z) are the g-coordinates of
the addable and removable atoms with color i € Qg and thus the action of F;(z), F;(z) are
determined by the residue of them.

The possible configuration is uniquely determined by the vacuum function wéll(z)
(see [128] for examples). We only focus on 3d BPS crystals with only one atom at the
origin. For such cases, the vacuum function is given

. K12, _ g1/2,\ %
@bé,L(Z):( : “) . (9.38)

Z—U

This vacuum function gives the BPS crystals where the atom at the origin has color a. We
denote such crystal configurations as A(® for later use.
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Remark 9.7. When X = C2?/Z, x C, the corresponding quantum toroidal algebra is the
quantum toroidal gl,, [163-165], which we denote &, for later use. Applications of these
algebras to supersymmetric gauge theories were done in [166]. For general abelian orbifold
cases such as X = C3/Z, or X = C*/(Zy, x Z,), the representations and some applications
were studied in [72, 75, 129, 167].

9.5.2 BPS gg-characters

Let Z be a toric CY,4 with the form Z = X x C where X is a toric CY3. We denote the
corresponding quiver of X as @ = (Qo, Q1) (see section 4.6.3 for the notations). As discussed
in section 4.6.3 and Conj. 7.17, we have a screening current S;(z) and a screening charge

corresponding to the C part of Z. The gg-character TK (x) is obtained from the highest

weight : W, (%)) and the monomial terms are expanded in the 3d BPS crystal AU). Let us

study the operator products of the monomial terms with the screening current:

.W

(Ku) H AC(@ XXu(@)) <Q4Z>
FeAG)
1- KLz /u\ " qaz
:hji(uvz) <1—z/u> H @Xc(@)z( ( )>’ Ku H A @) XXu ))Si(fMZ)i,
FeA @) @em])
W (u _
Si(01): gy a1 Ay Oxal@):
J FEAW)
N 1—-Ku/z\% Xxu@ Y Wi(w) -1 .
:hji(uaz) <l—u/z> ' @X,ic(@)( > > W H AC(@)(XX,u(@))Sz‘(CI4Z)~7
BeAl) geA)

(9.39)
where h;;(z,u), hji(z,u) are extra factors coming from the zero-modes.
After taking the limit g4 — 1, one can see that the contraction becomes the eigenvalue
in (9.37) up to extra factors which do not affect the zero and pole structure:

045 5.
1-Ktz/u) ™ qaz a1 (1=K 'z/u\™ c(@):ﬂ'( ; )
() T e (25 = (50) T e (g

geA) FeAl)
(9.40)
where x x ., (5) wl, Xu(69). We thus have the following identification
W, (u) _ ;
, + L 1 : ()
wmem@wwm%gﬁ@m@pém>. (9.41)

Therefore, we conclude that the BPS gg-characters associated with Z = X x C are
related to the vertical representations, the BPS crystal representations, of quiver quantum
toroidal algebras. Actually, the terminology BPS ¢g-characters came from the fact that
they are related to these BPS crystals.

10 Semi-classical analysis and Bethe ansatz equation

We have discussed the gauge origami system on C* with four associated equivariant parameters,
€1,2,3,4 obeying the CYy condition, 3,4 €, = 0. In the multiplicative notation, this is written
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as q1q2q3q4 = 1. It has been known that the asymptotic behavior of the partition function in
the semi-classical limit, ¢, — 0, provides various physical information. For example, for 4d
N = 2 theory on Cis, one can extract the Seiberg-Witten prepotential from the partition
function in the limit €; 9 — 0 [1]. Moreover, one can observe the relation between gauge
theory and quantum integrable system in the limit, €; finite, e — 0, which is called the
Nekrasov-Shatashvili limit (Bethe/Gauge correspondence) [168]. In particular, the saddle
point equation obtained from the gauge theory partition function in the NS limit is identified
with the Bethe ansatz equation (BAE) in this context. In this section, we explore the NS-type
limit of the gauge origami system and examine the corresponding BAE.

In general, the partition function defined on x,esC, (S C 4) behaves in the semi-
classical limit as follows,

1
Zg 0 oxp (ES]:S + - ) ; es=]]ea, (10.1)
acsS

where Fg is identified with the “prepotential” associated with gauge theory on x,c5C,. We
may also consider a partial semi-classical limit to obtain the following,

Zg <20 exp (Wa+--~> : (10.2)
€

a

where W, (= F,) is the twisted superpotential associated with 2d (resp. 3d) gauge theory on
C, (C4 x S1). In the context of Bethe/Gauge correspondence, this twisted superpotential
is identified with the Yang-Yang functional, and the corresponding critical point condition
(twisted F-term condition) provides the BAE,

exp <6g;)a> =1. (10.3)

In fact, this is immediately obtained from the behavior of the partition function under the

instanton adding/removing operation presented in this paper. Applying this process to the
gauge origami system on C*, we obtain the following BAE in the NS-type limit.

Theorem 10.1. Let 3 = {1,2,3}. We denote ¢, — q4 (a € 3) in the limit ¢4 — 1 obeying
g19293 = 1. Consider a gauge origami system having the support on the Cy4-plane, where
D-branes wrap the subspace S x S!, where S =S x C4 with S C 3 is generally

S =nCy+ (L1CYy + MiC3y + N1 C3y) + (LaClsy + MrClyy + NoCiyy). (10.4)

The corresponding BAE of this gauge origami system obtained in the limit ¢4 — 1 is

_ Qs(a7'7)Qs(ay '2)Qs(a3'2)
Qs(917)Qs(922)Qs (a3)

where the corresponding Q-functions for the D2/D4/D6 system are given by (10.24), (10.8),
(10.16), (10.40), (10.43).

1:

(10.5)

We provide the proof of this Theorem for each system in the following.
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10.1 D4 system

We start with the D4 system, which realizes 5d N' = 1 gauge theory compactified on a circle
with the adjoint matter, i.e., 5d N' = 1* theory. The corresponding BAE was obtained
n [168, 169]. We here rederive the BAE from our analysis presented in appendix B.

Consider 5d U(1) gauge theories defined on C2, x S!, where a € 3. See section 10.4
for U(n) case. Namely, the gauge theories share a subspace C4 x S'. Under generic Q-
background, the structure functions Hi‘}v (x) (a € 3) can be written using the (1,1)-type
description in section 3.7.2 as

@\ !

o1 — /a; as Ty

S — = v [ (10.6)
i—11— qa:cm/:c =1 r

where
28 = vgi ). (10.7)

Introducing the Q-functions [9] under generic instanton background

Qua(z) = ﬁ (1 ') /x) (10.8)

i=1
we may rewrite the Y-functions as
Qa4($)

Yot (z) = —2L 10.9
A ( ) Qa4(Qa lx) ( )

The D4 partition function behaves as Thm. B.2 and (B.42):

gMIZDIN g YRL(g "Xat,0(@) Y54 0.0 (00 ' Xad,0 (D))

NZDA[N at0(0 a

AP Y50 (Xt Oy (05 o) o)
Sa4 (QC4Xa4,U (D)/w) 13)\ u(qacx)y/\ v(qabm)

8@4(qbc4Xa4,v (D)/.ﬁl’,’ y)\ v (ngcl’)y)\ U(Qa-r)

where a,b,c € 3 and © = q4Xqa(0). In the NS limit g4 — 1, the left hand side becomes
exp (8W4 / 856) and 8y4(x) — 1. Hence, the twisted F-term condition reads

HA U(Qacl‘)g)\ U(Qabx)
1= 10.11
13/\ U(Qabrﬂ?)g)\w(% ) ( )

Denoting the solution to this twisted F-term condition as A, (critical configuration; limit
shape), we can rewrite the Y-functions in terms of the Q-functions, where the z-variables
will take values xfjal) [r=x,. The BAE is then written as

_ Qua(ag ') Qaa(g, ' 7)Qaa(a; '2)
Qa4(902)Qqa(apx)Qaa(ge)

where ggpc — dap,c under g4 — 1 (see also section 9.1). Using the structure function of the

{a,b,c} =3 (10.12)

quantum toroidal gl; in (9.4), we can rewrite this BAE as

= —q f[g (x(“)/x) : (10.13)
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Note that we have the condition q,qpq. = 1. This is the BAE for the elliptic Calogero-
Moser /Ruijsenaars-Schneider model, which is the integrable system associated with fTo quiver
gauge theory [71, 170, 171]. Note that in the quantum integrable model side, the parameter
gq corresponds to the Planck constant, while one of the parameters qp, q. correspond to
the mass parameter. The instanton counting parameter q becomes the elliptic parameter
of the potential function. The weak coupling limit corresponds to the trigonometric limit.
See, for example, [172].

10.2 D6 system

We then consider the D6 system and derive the corresponding BAE. We consider 7d U(1) gauge
theories defined on (CEM x S! (ab € {12,23,13}). Under generic Q-background, the structure
functions Wa(z) (ab € {12,13,23}) associated with the plane partition configuration m can
be written using the (2, 1)-type description in section 3.7.3 as

~ (ab) (ab) ~ (ab) \ 1
W?rbg(x) _ H (1 - le;i’jb/l')(l - QQb$v;i,bj/$) _ H Sup M (1014)
’ ij=1 (1 — C]a%(j?i,)j/f)(l - Qb%(j?i,)j/@ ij=1 z

where we introduced

b — —1 T4
xz(fzj)] = vq, 1qi 1q4 7. (10.15)

Similar to the D4-case, we introduce the Q-functions as
- (ab)
al
Qua(z) = [T (1-252)/2) (10.16)
ij=1
and then the W-functions are rewritten as

Wbl () — Quba () Qapa (g, @) .
o Qupa(ga ') Qupa(q; ')

The recursion formula of the D6-partition function comes from (B.25) and Thm. B.1:

(10.17)

q|ﬂ+@‘§}3bi [7-(— + @] _ Wgﬁé@w (Qab4Xab4,v (@))

q|7r‘Z~C?bi [71’] B Wgr?g (Xab4,v (@))

Xab4,v (@) ) W?fff (Q(sz)
Qv ) Wibd(g; ")

(10.18)

= —qYGabs (

where & = quXapa,o(F). Taking the NS limit ¢4 — 1 and using ggpa(x) ol 1, we obtain
the twisted F-term condition as

Wab4 T
1= _q%_ (10.19)
erlr,v (Q4 :E)
Denoting the critical configuration m, and using the Q-functions, we have the following BAE:
 Quba(9g ') Qupa(a, ') Qapa(a ')
Qab4(qax)Qab4(qu)Qab4(qcl‘)

1= . a,bcc3 (10.20)
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where after taking the limit ¢4 — 1, we used q; 23 with the condition q1q2q3 = 1. Using the
structure function of quantum toroidal gl; in (9.4), this is rewritten as

1=—q H g (al)/7). (10.21)

1,j=1
10.3 D2 system

Let us consider next the D2 system and derive the corresponding BAE. We consider the
3d gauge theories on C4 x S'. First, let us consider the U(1) gauge theory. The U-function
is written as (3.163)

Ui o(z) = (1 —20/7), 20 =vq}. (10.22)
We can define the Q-function with the U(1) instanton (vortex) background as
Qa(z) = (1 — 2y /). (10.23)

We can do the same procedure we have done in previous sections, by studying the recursion
relation of the U(1) partition function. However, for the U(1) case, the partition function
is actually trivial (see appendix B.5, (B.48), (B.49)). Hence, we will obtain a trivial BAE
for such a case.

To obtain a nontrivial BAE, we need to consider the U(n) gauge theory on C4 x S!.
The Q-function is generalized to

Q4(£L‘) = H (1 - xv,a/x) y  Lyy = ani?a. (10.24)

The recursion formula of the D2 U(n) partition function comes from (B.55):

-

q|k+D|ZD2[ ) k ] _ H uks UB (w)ukg vg (Qz] )uiﬁ U3 (qi4 )ukg vg( 411')
_ uka Vo (qi4 :IZ) uia Vo (q]41) uioﬂrm Vo (Qij ) uéoﬂrm,va (‘7})

u%oﬁm,va (¢iw) uka+m,va (gj) U4a Var (qz]i) u%a,va (q4_137)

where = q4x4,,(0). Noticing that uk—l—DU( )/ui,v(x) = V4(x4,0(0)/x) and that we have
V4(x) — 1 under the limit g4 — 1, we obtain the following BAE:

Qa(q; '2)Qu(ay '#)Qu(az 'z)
Q4(q17)Q4(q27)Qsa(qsz)

Using the structure function of the quantum toroidal gl;, we have

(10.25)

1=— (10.26)
n

1=—q]] g(@u./2). (10.27)

We note that this BAE appeared in [169] from a 3d N' = 2 theory with 3 adjoint chiral

matters with the twisted mass €1 2 3, where the gauge group rank corresponds to the number
of Bethe roots.
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Flavor branes. Based on previous sections, we expect that the vortex partition function
on C, x S! including a flavor D8-DS8 brane is obtained from the operator product

O1Z5 () TT Selvend™™ ) 10). (10.28)
a=1

The non-perturbative partition function is then modified to

1 1= K~ X0, (0)/1
Z\],)O% — K a,Va,c % Z\]?O%
. O!;Il DEI;([O‘) ( 1- Xa,va,a (D)/:U’ ’ (1029)

We may interpret that the D8 and D8-branes give the fundamental chiral and anti-chiral
multiplets. Since the D2 theory we are considering is a reduction from a 16 SUSY theory,
it is natural to consider the same number of chiral and anti-chiral multiplets, that form
a hypermultiplet.

Using this, the recursion formula is modified to

92 2D2(5, k + o - 11 Uiy 5 (@) Uiy 0 (0500 U (qiilx)u%ﬁyvﬂ(qj?llx)
Z - 1 1

_ uia,va (Qijllx) uia,va (q]'_l) uia+m,va (Qijx) u%& 40,00 (CC)
uia‘i{]ﬂ)a (gix) uia‘i‘mﬂ)a (g;) u%a,va (qz;i) u%a,va (q4_1x)
1 — Kp/Xaw. ()
X .
T X0 O (10.30)

After taking the NS limit ¢4 — 1, we have the BAE involving the additional polynomials,

e K/t Q4(qf1x)Q4(q51$)Q4(q§1$)’ (10.31)

L—p/z Qu(q17)Qa(q27)Qa(qs)

where we used K — K at the limit4! g4 — 1. This corresponds to the trigonometric version
of the expression shown in [54, Prop. 7.13], where they obtained the BAE associated with
the MacMahon representation.

After specializing the parameter as K= di, 92,493, ql_l, q2_1, qgl, we obtain a physical
setup where the D6; (i = 1,2,3) branes or D6; (i = 1,2,3) branes will play the role of a
flavor branes:

1— qipu/2 Qulay '2)Qu(a; '2)Qalqz ' @)

1=—
L p/r Qa(q17)Qs(q22)Qus(qs)
o - 71 ', (10.32)
1 1—q; p/xQu(qy 2)Qa(qy )Qa(qs )
IL—p/z Qu(q12)Qu(d27)Qa(qsz)
We may also add multiple flavor branes. Generally, the BAE is modified to
11— Kapa/o Qulay '2)Qu(a; '2)Qu(as '2)
1=— . 10.33
Clal;[l 1 —pio/z  Qui(q17)Q4(q27)Q4(q3) ( )

“VWe use different symbols for the parameters K and K , because for example when K = qféﬁ, we have
K= qfé’g) after taking the limit. When K is generic, they are identified as K = K.
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Specializing the parameters as {K,} — {q1, ¢2,¢3} (which means {?a} — {q1,4q2,93}) give

L M N
L 1—qrue/x 1 — qovg/x 1 —qzwy/x
1= CIH 1 —ug/x /31_[1 1 —vg/x 71;[1 1 —wy/x
. Qu(a; '2)Qa(g; '2)Qu(gs ')
Qa(917)Q4(g22)Qa(as)

np= L+M+N

(10.34)

where we relabeled {1} 5 — {ua Yk, U{Uﬁ}g/[:1U{wv}£,V:1~ The most general case is

1—qu T 1 qflu; Y1 —q U+/-TM_ —qflvi/l’
qH 1 // H e / H B H 2 B

ua /o 1 —ua/z e 1—v+/x e 1—vg/a
N+

<11 1 —qawy/z ]ﬁ 1 — g5 w) /2 Qu(ay ') Qu(as '2)Qa(qz @)
1 —w/x L—wy/z  Qu(q12)Q4(q22)Q4(q3)

(10.35)

=1 =1

which comes from {K,} — {¢i', ¢, ¢!} and {pa}", — {ui} L U {vﬁ} L U{w j[}
This is a gauge theoretic derivation and generahzamons of the BAES of [158 eq. (5 5)

(6.1)], [173]. The equations (10.31) and (10.33) are the BAEs of MacMahon representation

and its tensor product representations. Other equations (10.32), (10.34), (10.35) correspond

to the BAEs of the representations F; (F;), Fi'¥ @ FS¥M @ FEY, and F?LJF ® f?Li ®

]__gg)zm ® ]__®M,

negative central charges as F;. The prefactors are determined from the representations.

® .7-? M & fg@Nf, respectively, where we denoted the representation with

Another specialization is to take the limit K, — 0,00, which gives the following BAE:

1= _q ﬁ — L Qufay '#)Qa(a; '2)Qu(az'z)

ta/T  Qa(q17)Qs(q22)Qa(g3) (10.36)

This corresponds to the setup where the D8-brane is decoupled from the setup. We expect
the underlying quantum algebra to be the shifted quantum toroidal algebras for these cases.

To summarize, we have the following BAE from the D2 system with additional fla-
vor branes.

Theorem 10.2. In the NS limit of the D2 system with flavor, we obtain the BAE involving the
additional polynomials a(x) and d(x) specifying the representation of quantum toroidal gl;,

_ @) Qu(ay ') Qu(az 1 7)Qu(az '7)
- qd(x) Q4(q17)Q4(q27)Qus(qsz) (10.37)

This is analogous to Yangian and quantum affine algebra, where the representation data

appears only in the a and d polynomials.

10.4 General case

Generalizations to U(n) theories of the D4 and D6 theories can be done similarly to the
D2-case. The BAE will have a general structure as in (10.5) of Thm. 10.1. The explicit form
of the Q-functions is only modified. For the 5d U(n) theory on C2, x S!, equation (10.8)
is modified to

[e.9] n (a)

Quaw) = [T IT (1= 25/x), i) = vagi'ay" (10.38)

1=1a=1

-132 -



We can also consider more general configurations where folded instantons also appear.
Consider a gauge origami system where the D4-branes wrap the subspace S x S!, where

S=LC3, + MC2, + NC3,. (10.39)

Namely, we have U(L), U(M), U(N) affine quiver gauge theories on C3, x St, C3, x S, C3, x S!
respectively, with the folded instantons configurations connecting the different gauge theories.
The Q-function is generalized to

co L co M oo N
=TT -2 T T -2/ H H (1-a (10.40)
i=1a=1 j=1p=1 k=1~=1

For a 7d U(n) theory on C3,, x S!, equation (10.16) is modified to
(a)
b i—1 T,
Qab4 H H ( oezy ) xéaz)J = 'ana qz 1q4 T (1041)

i,j=1a=1

The folded instanton system where D6-branes wrapping

gives the Q-function

oo M
HH1—xa2§”] Jo) T TI( —2b /) H H 212 Jx).  (10.43)

i,j=1a=1 k,=1p=1 m,n=1y=1

For all cases, by direct computation, one can show that the arising BAE has the form

_ Qs(ay'2)Qs(ag '2)Qs(a3 ' x)
t= QS(qlx)QS(q2$)Q3(q3ZL‘) ’ (10‘44)

Therefore, we obtain Thm. 10.1.

Remark 10.3. We note that when only one of L, M, N is non-zero in (10.40), the dual
integrable system is the elliptic Calogero-Moser/Ruijsenaars-Schneider model. When only
one of L, M, N is zero, the dual integrable system is the double elliptic Calogero-Moser
system (and its trigonometric version) corresponding to the Calogero system associated with
superalgebras [174-177] as discussed in the context of gauge origami [14, 178] (see also a
related paper [73]). We expect that the most general case when L, M, N # 0 gives a triple
elliptic Calogero-Moser system which is an elliptic generalization of the triple Calogero-
Sutherland system [179, eq. (2.15)]. For the (10.43), we do not know the corresponding
integrable systems and they are yet to be studied.

10.5 Quantum toroidal gl; and g-characters

In general, the gg-character is reduced to the g-character in the NS limit, which can be
identified with the T-operator of the corresponding quantum integrable system [70, 180]. We
have discussed in section 9 that the gg-characters of D2/D4/D6 systems correspond to the
vector/Fock/MacMahon representations of quantum toroidal gl; denoted by &, and actually

- 133 -



they are reduced to the g-characters of the corresponding representations of € considered
n [159]. The BAE obtained for £ by [158] is based on the Fock representation, which is
consistent with our analysis (10.12). Hence, we propose that the BAE obtained from the
D6 system (10.20) is of the MacMahon representation of €.

Let us reproduce the g-characters of [159] from a gauge theoretic perspective. Consider
a gauge origami system where there are D-branes on subspaces including the C4 x S':

2 1
a A . .
(th' C.U | c)xc4><s (10.45)

ac3 Ae{12,13,23}

Namely, we are considering a generalized gauge theory where we have D2-branes on C4 xS', D4-
branes on C2, x S! (a € 8), and D6-branes on C3, x S' (A = 12,13,23). Using (5.27), (6.23),
and (7.49) (see also sections 3.7.1, 3.7.2, and 3.7.3), the partition function of such theory
is written using the screening current S4(z) as

Z[k, X, 7] = = (0] T Sa(x)|0) = (0|2) (10.46)
rzeX
where
X=xuUulJXuu U X 12) = [ Sa(=)|0) (10.47)
a€ld abe{12,23,13} reX
and
<a) i—1 Afﬁl)i a=1 Nad
Xy = {U4 Oéq4 o= 17 cee ,714} 5 Xa4 = Y Vad,09; 94 Z’:lll_':_:og (CL S 3)

" (10.48)
—1 Tabe K%

_ i—1_j
Xab4 - {'Uab4,ozq(lz qy, 44

i,7=1,...,00

a=1,.. ,nabc} (ab=12,13,23).

The partition function is given as Z = Y~ Z[X]. Let us consider the expectation value of
the gg-characters associated with the D-branes spanning the subspace C3o5 x St respectively:

Qi23(x), Ti2,13.23(x), T123().

For the D2 qg-characters, the expectation value is

To(2) = (Qa(@)) = > a* (Salghn)) = Z (Z 0" 1 [8a (xqsqu’)ﬁ/) Z[X)

kEZ X \k€Z a'eXx
(10.49)
for a € 3, where the expectation value of an operator O is defined as
(0/0|z)
(O) = ——— (10.50)
(012)

For the D4 qg-character, the expectation value is

Ta(z) = (Ta@) = > aMZR N (Aan()
A

A (gra) T (10.51)
fz (quIZM AT [%%W] )Z[X],
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for A = 12,13,23. For the D6 gg-character, we have
Ti23(x) = (T123(z quﬂzm <A1237r( )>

fZ (Z HZIK ) ] [(—q4x>W§:§<q41x’>]f'> z[x].

z’'eX
(10.52)
After taking the NS limit, the fixed point configurations X transforms to a saddle point
configuration*? denoted as X,. Note also that under this limit, one can show that the U(1)
contribution of the D4 and D6 partition functions become trivial:

ga—1 qa—1

ZAN 251, Ae{12,13,23), ZRS[r] £ 1. (10.53)
The expectation values of the gg-characters then become

Ta(x) 22% 34 ( II Sa(zal/ ) a€3 (10.54a)

kEZ '€ Xy

-1,
Ty 25 3| I quM . {iik=3 (10.54b)
' €Xy y)\,x(x)

RN T N - 1— Kz/a ' .
Tizs(z) — ( )Zﬂ:q wg{ <1_x/m, ngg(Xx(@)D, (10.54c)

where we used the results in section 9.1. The right-hand sides on (10.54a), (10.54b), (10.54c)
are the vector, Fock, MacMahon g-characters of [159, eq. (3.15), (3.17)] respectively. We can
do the same analysis for general D4, D6 gg-characters using the results in sections 9.3, 9.4

and obtain a large class of g-characters after taking the NS limit.

Even before taking the expectation values of the gg-characters, we have interesting
properties under the NS limit. Under the limit ¢4 — 1, the vertex operators S,(z) (a € 3),
Xa(z) (A =12,23,13), Wia3(z), A(x) all commute with each other. This is because generally
these operators are expressed using the modes a,, as (4.49):

an
—n (10.55)
pL™
where S C 3, S # 0: S € {1,2,3,12,13,23,123}. The commutation relation is
[n]
n m 1 P
l?_n] ?_m]] = im0 =gy < (- i) 50 (10.56)
PS PS’ PS PS/

where we used S,8’ € 3. Denoting the NS limit of the gg-characters themselves as
Qu(x) = Qu(z) (a €8), Ta(z) = Ta(z) (A=12,13,23), Tios(z) = Tias(z) (10.57)

we have the following result.

12 After taking the NS limit and denoting the saddle point configuration by X., we have
(0|2) = sz ~Zx,,  (00|2) = ZOXZX ~ Ox, Zx.

and then the expectation value is given by the on-shell value, <O(|0(‘9Z‘Z> ~Oyx,.
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Theorem 10.4. For any g¢-characters obtained in the NS limit ¢4 — 1, 7T (x),7T'(z) €
{Q123(2), T12.23,13(2), T{hs(z)}, we have

[T(z), T'(2")] = 0. (10.58)

The commutativity in (10.58) implies the existence of commuting Hamiltonians. Con-
structing the explicit Hamiltonians of the corresponding integrable models for the most
general gauge origami system on the lines of [14, 73, 178, 181] are left for future work.
Moreover, it would be also interesting to relate the triple bilinear identity discussed in [182]
to the triality of the g-characters.

Remark 10.5. Despite the coincidence of the BAEs in (10.12) and (10.20), we would have
different commuting Hamiltonians and spectra for these two cases since they have different
g-characters as in (10.54b) and (10.54c). Moreover, we see the difference between the
perturbative part of the Q-functions, (10.8) and (10.16),

Qui(@) 225 (w/z100) s Qua(@) =25 (0/25 qas ) (10.59)

which are given by the g-deformed gamma function for the D4 system, while it is given by
the g-deformed double gamma function for the D6 system.

Generalizations to other geometries. Based on the correspondence with BPS gg-
characters and quantum toroidal algebras in section 9.5, we can also study the g-character
limit and the BAE. To do a detailed discussion, we need the explicit form of the co-
efficients ZPS[K,A®] in Conj. 7.17. We hope to report a detailed analysis in a future
work [74]. Based on the expression using the structure function of quantum toroidal gl;
in (10.13), (10.21), (10.27), we propose the following BAE.

Conjecture 10.6. Let Z = X x C where X is a toric CY3 be the space-time of the gauge
origami system. Consider a gauge theory including C. The recursion relation of the partition
function of this gauge theory gives the following BAE after the NS limit (g4 — 1):

1=—q; [[ ¢ @7 (2 /2), (10.60)
where the product is taken over some set of variables. We may add flavors that gives
a; (LE) c(x)=c(z’) (.1
R X E) 1;[90 (@)= (2! /) (10.61)

where a;(x),d;(z) are additional polynomials specifying the representations of the quiver
quantum toroidal algebra.

We note that this BAE also appeared in [183, eq. (2.53)] (see also [54]). We expect
that the BPS gg-characters we introduced in this paper give a different derivation of the
Bethe/Gauge correspondence. We also note that after taking the NS limit, the BPS ¢g-
characters will transform to ¢-characters, which we call BPS g-characters. Similar to the
g-characters of the quantum toroidal gl;, the BPS g-characters obtained in this limit are the
g-characters of the quiver quantum toroidal algebras. We note that they commute with each
other and thus imply the existence of commuting Hamiltonians. We expect that the BPS
qq-characters and g-characters we have introduced will be a tool to systematically derive
Hamiltonians for new integrable models.
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11 Geometric realization of gg-character

In addition to the algebraic construction based on the vertex operators, the gg-character
allows geometric construction associated with the geometric representation theory of the
corresponding quantum algebra [10, 184].

11.1 Quantum affine algebra

Let I' = (I'p,I'1) be a finite-type Dynkin quiver with I’y the set of nodes and I'; the set
of edges. Let gr be the corresponding simple Lie algebra. We consider finite dimensional
modules of quantum affine algebra Uy, (gr) specified by I'g-tuple of polynomials with constant
term one (Drinfeld polynomials) [185, 186]. We denote the set of degrees of polynomials by
w = (W;)ier, € Zg%, the set of their roots by 2 = (2ia)iery,acfw,]> and the corresponding
finite dimensional module by My,.,. As My, is known to be a type 1 module, we have the
weight space decomposition as Uy, (gr)-module,

My = @Mw,v;ga (11.1)
v

where v = (vi)ier, € ZL% parametrizes the weight lattice, > ier, (Wit — via;) € P(gr) with
(wi)ier, the fundamental weights and («;)ier, the simple roots of gr. Then, gg-character
is defined as a map from the Grothendieck ring Rep Uy, (gr) of finite dimensional Uy, (gr)-
modules of type 1 to the formal power series of the form, (0°Y;(z)*!);cr, zecx -

Proposition 11.1 ([10]). Let M, be the Uy, (gr)-module defined above. The gg-character
associated with M,,., is given by the equivariant integral over the quiver variety 9, ,
parametrized by (w,v) as follows,

Tw;z[Y] = Z Tw,v;g[Y] ) (11-2)

where L
Tuwwe[Y] =gy 2 700 /m hA"YY Y ch AL T My td (TMy,,) . (11.3)

We denote Y, Y = > icr, Yo, Y where Yy o = (Yuui)ier, and Y = (Y;)ier, are the

w,,1

observable bundle and the formal bundle over 9, , that defines the Y-function by
‘dz(af) :Ch/\;_1Yi, 1€1ly. (11.4)

The dimension of the quiver variety is given by %dim My,o = Ziepo wiv; — Zm-epo vic;;vj
where ¢t = (Cij);rjero is the half Cartan matrix associated with quiver I

In fact, this formula is understood as the equivariant x,,-genus of the quiver variety
with the additional insertion YXWY, which is physically interpreted as the coupling with the
defect brane as discussed in section 3.8. From this point of view, in the limit go — 1, it is
reduced to the Euler characteristics of the corresponding quiver variety, which provides the
geometric realization of the g-character. In order to consider the non-simply-laced algebras,
we need to consider the fractional quiver variety [184]. See also [187].
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Remark 11.2. In the geometric formula, two parameters q; and g2 play different roles: ¢ is the
quantum deformation parameter of the algebra Uy, (g), while g2 is the twist parameter for the
cotangent bundle insertion. Although they have different meanings, the resulting expression
is in the end symmetric for ¢; and g2 for the simply-laced algebra [10]. On the other hand,
the gg-character is not symmetric under ¢; and ¢y for non-simply-laced cases [62, 184]. See
also [69].

Remark 11.3. It has been known that there exists another (non-commutative) deformation of
the g-character, which is called the t-analog of g-character [188-190]. From the geometric
point of view, the t-analog is the deformation based on the Poincaré polynomial compared
with the Euler characteristics, while the gg-character corresponds to the x4,-genus of the

quiver variety.

11.2 Quantum toroidal gl

Prop. 11.1 also applies to affine quivers, which gives rise to the gg-character of quantum toroidal
algebra. For example, for I' = /Alo, we obtain the gg-character of the Fock representation of
quantum toroidal gl; that we denote by €. Motivated by our analysis of the gq-character
based on the vertex operator formalism, we have the geometric formula for the gg-character
of the MacMahon module (and its tensor product) of €.

Theorem 11.4. Let w € Z; and (zq)a=1,..0 € (C*)*. The gg-character of degree-w
tensor product of the MacMahon module of quantum toroidal gl; is given by the following
equivariant integral,

TualY] =) TuwwalY],  Twwal[Y]= / Cch Y Y id (TDy,) ,  (11.5)
v>0 LR

where the integral is taken over the virtual fundamental cycle of 9, ,, the moduli space

of v DO and w D6 system (rank w tetrahedron instanton on C3,3), which is isomorphic to

the Quot scheme, My, , = Quots (O™). We denote the observable bundle and the formal

bundle over 9, , by Y, and Y that defines the Y-function as before.

Proof. We consider the case w = 1 for simplicity. As this integral is understood as the equiv-
ariant integral, it localizes on the equivariant fixed points, which are characterized by plane
partitions 7 with |w| = v. Trivializing the formal bundle, ch’ Y — 1, it is reduced to the equiv-
ariant integral over the moduli space without any insertion, which gives rise to the K-theoretic
tetrahedron instanton partition function on C3y3, corresponding to ny = w =1 and ngz = 0
for a # 4 in our notation (see section 3.4). Hence, we have the coefficient Z~le)6[7_r'] in Def. 7.3
as the contribution from each fixed point. On the other hand, the character of the observable
bundle (3.107) is given by ch Y, ,| =2 (1 — (1 —q) Do jk)er (J’i_lqg_lq’;‘l)). Hence,
from Lem. 7.2, ch A*Y,, Y providgs Aj () at the fixed point m under the replacement of
Wj(z) with Y(x) = ch A3_, Y. The higher rank case w > 1 works totally in the same way. [

The moduli space M, ,, has more constraints than the ordinary D0-D4 instanton moduli
space, which are implemented by the potential of the quiver variety [52, 54]. As a result, the
virtual dimension of the moduli space becomes zero in this case, and hence, compared to the
previous formula (11.3), we have no additional go-twisted cotangent bundle insertion.

- 138



11.3 Quantum toroidal gl,,

Let us also comment on the geometric formula of the gg-character of quantum toroidal gl,,
that we denote by &,,. We also have vector/Fock/MacMahon representations for &, [165]. We
can apply the previous formula (11.3) to affine quiver gn_l to obtain the Fock representation
of &, [143]. For the MacMahon representation, we apply the formula (11.5) with the moduli
space of D0-D6 system on C3/Z, to construct the gg-character.

Conjecture 11.5. Let i = (4;)jco,... n—1 € (Z/nZ)" with i; = 6; j. Let Mj., be the MacMahon
module of color i of &,. For w = (wj)ico,..n—1 € Z2%y and = = (Tia)ico,..n—1,a=1,...w; €
((CX)|“’|, we consider the tensor product module of the MacMahon modules,

Mz = ® ® Miz; o - (11.6)

1€0,...,n—1 a=1,...,w;

Then, the gg-character of €,-module M,,; is given by the equivariant integral over the moduli
space of D0-D6 system on C3/Z,, denoted by 9, , = Quot(‘é);/zn(o@'w‘), v = (V;)i=0,..n—1 €
72, as follows,

TualYI= Y TuwelY],  TuwwelY]= / _chA%Y Y td (T9yy) . (11.7)
ezt [P 0]
In this case, the integral localizes on the fixed points parametrized by the colored plane
partition, which characterizes the MacMahon module of &, [165].
The geometric formula presented here could be straightforwardly extended to vari-
ous gg-characters discussed in previous sections by replacing the moduli space with the
corresponding one.

12 Quiver elliptic W-algebra

As mentioned in section 3.1, instead of considering the gauge origami system on C* x R x S!,
we can consider it also on C* x R? or C* x T2. For the former case, the arising algebra
is the rational version of the quiver W-algebra [191] (see also [192]), while for the latter
case, the arising algebra is the quiver elliptic W-algebra [61]. For the rational case, one
needs to take care of the perturbative one-loop part carefully but a similar computation
can be done. In this paper, we only discuss the elliptic counterpart of the gg-characters
introduced in previous sections.

We denote the elliptic parameter p = e2™7 € C*. The elliptic deformation is obtained
by modifying the index as in (3.44):

Mz] =1 — 2! = I,[z] = 0(z~*;p), (12.1)

where the theta function is defined in (A.12). Note that in the limit p — 0, we obtain
the trigonometric index.

At the operator level, we need to double the number of modes and introduce two
independent operators [61]. For example, the root current will be modified as

A(z) = ag(x) : exp (Z anx_") — Ae(x) = ap(x) : exp (Z (aéfﬁw_" + aé}ﬁ”)) 2

n#0 n#0
(12.2)
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where )
1 Pg"
[2g0s 3g) = :Ffiawm,o. (12.3)
nl
In this process, the modes will be elliptically deformed. We only deform the nonzero modes
and leave the zero modes undeformed.

The operators for D2, D4, D6, D8 branes are similarly defined as

(£)
a
. 0 — . E : ) .- =) . # _ _“On
D2: Sa(a:) - sa,O(x) P exp ( = (Sa,a,nx " + Se,a,nxn)) B SO,a,n - P[;Fn] , ac€ 47
n

n#0 a
(12.4c)
0 (+) (-) w2
+ — — + \n
D8: Z%(x) =zp(x) : exp Z (ze’nas "4 ze’naz"> o Zg, = ek (12.4d)
n#0 4
Similarly, elliptic analogs of the structure functions (3.67) are
0(ga; p)
0 )
Vi(e) = L-PYo¥] = Zerh),
0(qa; p)0(gv; p)
80 () =L [-PYzV] = 4 —
ab( ) p[ ab ] 9($;p)9(qaqu;p)
(12.5)

[Ti20 0(giw; p)0(ga; p)
0(x;p) [iza 0(ga ' a; "5 p)
[Taca 0(qa;p) [loca 0(qy ' =;p)

0(2;p)* [1ace 0(qaz; p)

The D-brane gg-characters are defined by changing the operators to the elliptic deformed

a(2) = L[-P{a"] =

Aga() = L[-Pyz"] =

vertex operators:

D2 elliptic gg-character: QY (z)= Z q¥sl (¢x), (12.6a)
keZ

D4 elliptic gg-character: TY(z)= Z q‘Alz}fj[/\] X% (2) H A%(xa.0) 7t (12.6b)
A mISPN

D6 elliptic gg-character: Té(z)= quﬂ Z}EgSZm [7]: W (z) H A’ (xa.(@) " (12.6¢)

gen

D8 elliptic gg-character: T4 ¢ (z Z q‘p‘Z(],)f1 [0, K]:Z59( H A% (xao (@) . (12.6d)

pESP Eep

One can show that the commutativity with the elliptic deformed screening charges also holds
similar to the trigonometric gg-characters. We also can obtain elliptic deformations of the
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general D4, D6 gg-characters and even the BPS ¢g-characters introduced in the previous
sections. Since it is a straightforward generalization, we omit the results of them.

13 Conclusion and discussions

We introduced vertex operators corresponding to the D(2p)-branes (p = 0,1,2,3,4) and gave
the free field realizations of the contour integral formulas of the gauge origami partition
function in C*. Interestingly, they can be understood in terms of graded quivers associated
with 2d A = (0,2) quiver gauge theories, which enabled us to generalize the conventional
quiver W-algebra. Based on this free field realization, we managed to construct D2, D4, D6
qq-characters and show the BPS/CFT correspondence for the coupled vortex, spiked instanton,
and tetrahedron instanton systems. We also managed to give many generalizations and
conjectures of the gauge origami setup from the quantum algebraic viewpoint.

The D2 gqg-characters play the roles of screening charges and the D4, D6 gg-characters
are uniquely determined after setting the highest weight and imposing the commutativity
condition with the screening charge. An interesting property was that the monomial terms
are classified by truncations of plane partitions and the patterns of them were determined
from the highest weight. Moreover, we have a one-to-one correspondence with the MacMahon
representation and its generalizations (e.g. truncations, boundary conditions, etc.) of the
quantum toroidal gl;, and the Bethe ansatz equations were derived in a natural way.

Despite the fact that all processes in D2, D4, and D6 were relatively successful, the D8
case was not so successful because we could not construct the screening charge associated
with it, and as a result, the D8 gg-character we constructed could only reproduce the partition
function of the magnificent four model up to sign factors. The construction of the complete
D8 gg-character is one of the ultimate goals because this D8 gg-character is expected to be
the mother of all other D-brane gg-characters in the gauge origami system.

Let us list down possible directions for future work.

Gauge theoretical interpretation of general D6 gg-characters. As discussed in
section 7.5, general D6 gg-characters have a one-to-one correspondence with truncations
of plane partitions. Using the BPS/CFT correspondence (see Thm. 1.2), we can obtain
generalizations of the tetrahedron instanton partition functions by constructing the gg-
characters and studying their compositions. Let 71,72 be the two different truncations of
the plane partition. After constructing the associated D6 gg-characters Tr, ,(z), the vacuum
expectation value of the composition of them takes the form:

2
Z = Zq|7r1|+\7r2| HZ[Wi]Z[Wl,WﬂZ[WQJH]. (13.1>
=1

1,2

The physical interpretation of both Z[m;] and Z[m;,7;] is necessary. Studying the relation
with open BPS states might help to solve this problem [193-195]. Recently, the relation
with a different algebra (shifted quiver Yangian) was studied in [128]. Understanding the
connection with the representations appearing there might help.
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Gauge origami of general toric Calabi-Yau four-folds. As mentioned in section 1
and 3.1, the gauge origami system is understood as a setup where D1-branes are probing
intersecting D-branes wrapping cycles in the Calabi-Yau four-fold. In [52], the authors defined
the elliptic genus [196-198] of the tetraheron instanton system and evaluated the poles by
using the JK-residue techniques [85]. Generalization of this computation to general gauge
origami setup is necessary. Since toric Calabi-Yau four-folds are related to brane brick models,
the computation in [124] might help. Comparison with the contour integral formulas we
proposed in Conj. 4.7, 4.9 might be interesting too.

BPS gg-characters and crystal melting. In the main section, we gave multiple con-
jectures (Conj. 4.7, 4.9, 7.17) related to generalizations to toric Calabi-Yau four-folds. We
hope to come back and solve these conjectures by discussing the relation with brane brick
models and brane tilings in a future work [74]. Since all of the BPS gg-characters associated
with the gauge origami system of a Calabi-Yau four-fold Z are expected to be understood
as truncations of a four-dimensional analog of the 3d BPS crystals [57], it is necessary to
generalize the discussion of [57] to Calabi-Yau four-folds. Truncations of them are also
necessary to be studied.

Finite type quivers and gg-characters. Although the gg-characters we introduced in
this paper are associated with “affine”-type quivers which give an infinite number of monomial
terms appearing in the gg-character, we can consider gg-characters with a finite number
of monomial terms. Such kind of gg-character should be understood as a singular limit of
the g-parameters appearing in the g-Cartan matrix. For example, consider the (C%Q X C§4
gauge origami system and place a D41o-brane and a D434-brane spanning transversely. The
D45 theory is a 5d N’ = 1* theory with adjoint mass gq3. We can take the limit g3 — 0, 00
while keeping the product gzqs fixed. In this process, the 5d N' = 1* theory on C?, x S!
becomes the pure SYM theory whose quiver structure is the A;. Namely, the quiver structure
changes Ao — Aj under this limit. Actually, one can show that the two ¢g-characters
Tia(z), T34(x) will be deformed as

T12($) i Tpure SYM (l‘),

(13.2)
Tsa(x) — Tgvie(z),

where Tpure sym(2) is the gg-character reproducing the instanton partition functions of the
pure SYM, while T,.vi(z) is the generator of the ¢g-Virasoro algebra [74]. Generalizations
of this discussion to other quiver W-algebras is a possible future work.

Relation with intertwiners and quantum toroidal algebras. A recent work [136] de-
rived the D4 gg-character from a new elliptic quantum toroidal algebra denoted as Uy ¢ (81 tor)
by studying the intertwiner formalism based on [199] (see also [75, 161, 166, 192, 200-210)]
for related works). The elliptic quantum toroidal algebra Uy ,(gl; to,) is an algebra with
four parameters q,t,p,p* = py~2, where v is the central element of the algebra. In their
paper, they studied the vertical representation with v = 1 and the horizontal representation
with v = (¢/ q)l/ 2. In the horizontal representation, we have p*/p = ¢/t which implies the
identification (q1,q2,q3,q4) = (¢,t~%,p,t/(qp)). Note at the limit p* — 1, we have p = t/q.
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We also note that their elliptic parameter p is related to the Q-deformation parameter of C*

and is different from the elliptic parameter in section 12. Our elliptic parameter p is related

to C = T? but not C* and from the algebraic viewpoint, it is rather related to [211-213].
The two screening currents in [136, section 5.1] are identified as

St sun, S, < S3n (13.3)

and the T'(u) operator [136, section 5.2] is identified with the D415 gg-character Tia(u). As
the authors studied one type of D4 gg-characters spanning the C2, out of the other six
possible cases, the BPS/CFT correspondence of the most general spiked instanton system
could not be reproduced. It would be interesting to consider other types of gg-characters in
the context of elliptic quantum toroidal algebra as well. Since the algebra still has a triality
symmetry which is the subgroup of the quadrality symmetry, we expect we can construct
three types of vertical and horizontal representations (see [69, 139, 153-155, 214]).

Studying interwiners relating these three different types of representations following
the line of [207, 208] should give the partition function of intersecting 5d gauge theories.
However, we note that since the elliptic parameter p (or p*) is already breaking the quadrality
symmetry, the partition function obtained in this way might be the gauge origami partition
function of D4-branes wrapping the subspaces of the C? part and thus we still can not obtain
the full spiked instanton partition function. This is a situation similar to what happened
in this paper, where we can choose one screening charge Q4(z) and the commutativity with
this screening charge gives general gg-characters reproducing the gauge origami system in
the C3,3 subspace. To obtain the complete partition function, we may need a new algebra
symmetric in ¢ 234 with gi1g2g3q4 = 1.

Commuting Hamiltonians and quantum integrable models. In section 10, we
discussed the Bethe ansatz equation of the gauge origami system and related it with the
g-characters and the associate quantum toroidal algebras. Thm. 10.1, 10.2, 10.4, and
Conj. 10.6, imply new types of quantum integrable models. Explicitly deriving the commuting
Hamiltonians is an interesting topic. Recent studies [14, 73, 178, 215, 216] gave a way to
derive the commuting Hamiltonians by studying surface defects in the gauge origami system.
Generalizations of them might help solve this problem.

We also note that the similar Bethe ansatz equations in Conj. 10.6 were proposed
in [183] (see also [54, 181, 217] for related works) by studying the R-matrices of the quiver
Yangians following previous works [218-223]. It was shown in [183] that under suitable
assumptions, there is no universal R-matrix for some representations, and thus there are
obstructions in the Bethe/Gauge correspondence. However, the BPS g-characters obtained
under the NS limit of the BPS gg-characters look to commute with each other and therefore
imply commuting Hamiltonians. Therefore, naively we expect to still have Bethe/Gauge
correspondence. To fill in this gap, detailed discussions on the BPS gg-characters and their
truncated versions are necessary. In the historical paper [70], the g-characters associated
with quantum affine algebras and their relations with deformed W-algebras [69] and the
R-matrices were discussed. Generalization of these works to quantum toroidal gl; was done
in [158, 159]. Understanding the BPS gg-characters, BPS ¢-characters, and Bethe ansatz
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equations from the R-matrix of quiver quantum toroidal algebras following [69, 70, 158, 159]
is also a topic that must be studied.
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A Special functions

A.1 g-functions
We define the ¢-shifted factorial as

n—1

(z:0)n = J] (1 —2¢™). (A.1)

m=0

Taking the limit n — oo for |¢| < 1, we have

(10000 = [[ (1 - 24™) = exp (— 3 m<1_mqm)> . (A4.2)

m=0 m=1

For the analytic region |g| > 1, it is given through analytic continuation

(z:0)00 = (2475471 - (A.3)
Note that we have the property
(%3 ¢)oo = (1 = 2)(2¢; ¢)oo (A.4)
and o mq_ gm
2;q) 0o z —q™
(2Q)n = (Z(qn?é)oo = exp (— PoE _qqm ) . (A.5)
We also define the multiple version of the g-shifted factorial for |q1], ..., |qx| < 1,3
(25015, Q)oo = I =z ). (A.6)

0<ny,...,nE <00

43This multiple g¢-shifted factorial is interpreted as a g-analog of the multiple gamma function,

. _ (. (-1)*
Fk(%Qlyquk) - (Z7q17---,q1c)oo

Trlgisqus-- -5 ax)

obeying the relation,

=T a(mqu, iy qr)-
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For other analytic regions, we use

X m 1
P (‘ 2 m(l—qiﬂ)---(l—qzﬂ) (A7)

m=1

and do a similar process as (A.3).
The one-loop perturbative functions appearing in (3.106), (3.130), (3.147), (3.168) can
be rewritten using the ¢-shifted factorial. For example, for the D2-case in (3.168), we have

o [n]p[—n] n
1P."P. T
ZEIQ&%Q(%CL’%/ﬂ) = exp (— E —_Za_a </) )

2o pp
(2/2";qa)oo T1 (¢i9az/2"; qa)oo
i#a - : ’C_Ia| <1, oS
(an/x/;Qa)oo 1;[ (Qi m/xl;Qa)oo ( : )
1#+a
| (/a7 oo TT (g Mg b2 /2" 07 ) oo
s l4a| > 1
— — — b a .
(g2 'z /a3 qi oo 11 (g /2 oo
17+a

For the D4-case when A = ab, A = cd and |qq|, || < 1
> 1 P[[‘]P[jn} 2\
D4-D4 / — _ A A il
Zl—loop (ZL‘, A | Z 7A) = eXp ( nz::l n PZL] (x’)

_ (/7" 4a; @)oo (9eqa®/'; Ga> @)oo
(qe /%5 qas @)oo (qa2 /%' Gas @)oo

(A.9)

Other formulas in other analytic regions are written using the reflection formula in (A.3).
Similarly, for the D6-case with |¢;| < 1 (i € a), we have

D6y 2 (ol 1PPL e\
ZE?og)ﬁ(xaa‘xlva) = exp (— EW (ﬂ)
n>0 Pé

(x/x/, dv, e, Qd>oo
(qa/"; qb, 4e» 4d) oo

(A.10)

where b,c,d € a.

For the D8-case, we have to take care of the analytic region. Since we are imposing the
Calabi-Yau condition ¢1¢2g394 = 1, we can not simply take all of the parameters in the same
analytic region. We choose |q1], |q2|, |¢3| < 1 and |g4] > 1. For simplicity, we set K, Ko = 0.
The one-loop perturbative factor is then written as

D8 D8 / L 1 (az\"
Zl—loop ('T7O|:C 70) =€exp | — Z ?

n>0EP7[én]
e 1 " Z\" (A.11)
- p(gn(l—q{‘)(l—qé‘)(l—ﬂ)(l—QZ“) <x’> )

= (¢ /7 q1, a0, 03,07 )L

Other analytic regions can be obtained similarly using the reflection formula (A.3).
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A.2 Elliptic formulas
Let us also introduce the elliptic formulas used in the main section:
1 z™
0(x;p) = (2;p)oo(Pr ™ " ip)oo =exp | — > ———— |, [pl <1 (A.12)

We have the following reflection property
0(z~p) = —2'0(x; p). (A.13)

To study the commutativity of the elliptic gg-characters and the elliptic deformed screening
currents, one can use the following formulas.

Theorem A.1l.
1 ! é(z) 1 !

o) = -z 1-z1 ()i O(x;p) * 0(x=1;p)

(A.14)

Proof. The first equation is well known. The second one is obtained using the first one as

1 1 1
0;p)  (@P)o@r Lip)oo (1 2)(3p)oc(p2 1 p)os
B 1—271 ) (zp;p)sc(prlip)es (mip)2  O(z~1;p)
]

B U(1) partition functions and structure functions

In this section, we summarize some properties of the functions frequently used in the main text.
We also give the explicit formulas of the U(1) partition functions for the D2, D4, D6 theories.

B.1 Structure functions
The structure functions in (3.67) were defined as

Va(z) = [[-PYa"] = -2

1—za’

(1 - an)(l - be)
(1 -2)(1 = qagp)’
[iza(1 — gi)(1 — gaz) (B-1)
(1= &) izl —ga'q; ')
[T (1 — qiz) Ty (1 — g ')
(1 —2)? Ly (1 — qigjz)

Sap(x) =1[-PLx"] =

ga(z) =1[-Pjz"] =

Aca(z) = ]I[—Pixv] =

We have the following properties

_ Sab(x)

~ ga(x)
st Aoi(r) = (B.2)
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and the reflection formulas

Va(#) =¢Valgy 2717, San(@) =8ap(amy ™), gal@) =galgaz™") ", Aci(a)=Acs(z™).

(B.3)
The following functions were also defined to study the recursion formulas of the Nekrasov
factors for D2, D4, D6 theories. They are determined from the index of the observable bundles
Y, in (3.149), Y4 in (3.131), Y5 in (3.107) for each theory after localization:

¢ (@) =1[Y Y] (179)1'[\7 (X‘“’ >—<1UZZ>,

o€k
v XA, (O . HDEA()\)(l_XA"U(D)/x)
Yoo =¥ ie] = (1- )HSA( . )‘HmeRmu—qAxA,v(m)/x)’

oeA

W2 (a ):ﬂ[Ygx]:Q_Z)Hga<xa,;(@))o( I (1_Xa,;(@)> 1 (1_qa—1Xa,;(@)).

gen Fe A(r) e R(m)
(B.4)

Although we did not use it in the main text, we formally can define a similar function for
the D8-D8 case using Y in (3.92)

ME (z) = 1[YVa] = (1;42 .HA ( (.>). (B.5)
Eep

We can also define the dual functions as

Ul =1 [Yar) = (1= ) T v (q“ xa,v@))_l: (1—30

ock
AV _ V] _z -1z
Bo (@) =1{Yar") = (1 v) [[ 84 (qA XAU(D)> ’
DEX ’ B.6
5 (B.6)
Wi =1(¥ee] = (1) Toe (1)
’ V/ aén X@,U(@)
1—2x/v) x
NEY () = I[Yaa¥) = 20 1T 4 :
e (S SO LSl Sow )
Note that we have the following reflection formulas
a €z a €z
Ui = (-2 ) u@, v = (-2) v
9a (B.7)

a z a
Wii@) = (<5 ) Weu@) MY (o) = KOG ),

B.2 Examples of structure functions

Let us list some explicit formulas for low levels. For the D2 case, one can easily use the

formula in (B.4) so we omit it.
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D4 structure function. We focus on Y12 (x), and other cases are simply obtained by the
symmetries of the parameters. The 2d partitions are denoted as

{)\1,)\2,...,)\((}0} (B.S)
where the g-coordinates are
v g, 1<i<I), 1<j< A\ (B.9)

)

Up to level |A| = 3, we have the following functions.

Young diagram A H}\Qv(m)
? (1—-v/x)

{1} (1—%111)_/;:12(211)—/?)1;/@

{1,1} (1—(2%171/;);21”—/?)1;/9;)

{2} (1-q1v/z)(1—q3v/x)

(l—qlqgv/x)

(1-qfv/z)(1-gav/x)

{1,1,1} (o asers)
(1-a3v/2) (1—q1g20/x) (1-a3v/)
{2, 1} (1-g3qav/z)(1—quqdv/x)
{3} (1—Q1’U/1‘)(1—qgv/cc)

(l—qlqgv/x)

D6 structure function. For the D6-case, we focus only on lew (z). The plane partitions

are denoted as lists of numbers as

{{7’[‘11,71’12, .. .71'1”1},{7721,7['22, .. -7T2n2} e {ﬂ'ml,ﬂ'mg,. . -Wmnm}} (BlO)

where we used the (2,1)-type description. The g-coordinates of the boxes in the plane
partition will be

vqi_lqé_lqg_l 1<i<m, 1<j<n; 1<k<m. (B.11)

)

Denoting the number of boxes as k = |7|, we have the following functions up to level k = 3.
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plane partition 7 wa ()

0 (1-3)
1) (120 (1) (1)

{w e e

e [ ]
IRy ( <lLQQv)(1q%%v)(qu%v) )

x x x

(1-23)(1-2) (1- ) (12
{{2}} (1q1q2v)(1<mi§v))( >

xr

(1) (1-42) (-2
{{1,1}} (Iql(qgv)@)qlgsv)

2
1 3293Y
x

(

(122 (1-25

z —
1 919293v _a3v 1_q1q2q§v
x x x

(1-21) (1-3) (-2

{{27 1}} q142v v q2q3v q143v q243v
1 U5 (1) (B0 (16 ()%

| 2qrm1€%oq;&1“@ig |

{{171’1}} <1_Q1Z§”>(1 Q1q3v)<1 ng?)”

(1) oy (1) (1) (3l
fenan Y A T T Sy e
(1-25) (1= -2z (1- )51 )

x x

1—éﬁ<ri%ﬁ>1—%ﬂ<1qw oyt (1 mense
{{1,1},{1}} ( (12§q2v><1q1(q§v)(1)q§q3u)(l a152030 (1< q2q3u) )

q??lﬁwfﬁv ooz
{0 ). (13ﬁgv><lq§ﬁv>(gq2?v) )

x x

B.3 D6 partition functions
The partition function of the 7d U(1) theory on C2 x S! is given from

ZEIL)G[W] = m7 2}36[7"] = H <— da? > Z;?G[ﬂ'}, (B12)

gen Xa,v (@)

where

o 0@ . (xa:E)
et J;(l—q;lx@,v(@/v)};g“(xa,v(@)>' (B.13)

For simplicity, we only consider a = 4 and Z}BG [7]. Note that this comes from the following

character:
Vinst = —N193K123 + 4K 53N123 + PY53K 53K 93,
_ 1
Nis=v, Kiz=> xi.0)= Y vii '¢d a5 " (B.14)
e (z,y,2)€m
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The generating function of the plane partition is referred to as the MacMahon function,
which is given as

o
1
Zs@) =S q" =] e 1+q+3¢° +6q°+13¢* +--- . (B.15)
™ n=1

For levels of instanton k = |r| < 3, the U(1) contribution is given as the following.

o k=0, =10
1 (B.16)
o k=1, n={{1}}: ( ' ' |
1 —q1q2)(1 — q1g3)(1 — q2q3
(G- a1 —a)(1 - a) B17)
o k=2
B o a(l-q2)(1—4iq)(1—q1g3) (1 —qiqs) (01 — 4243)
T ) @) (@)@ —a2) (1—a5) (01— 4s)
r={{2)}: (1—q1g2)g3(—q102+43) (1 —q103) (1 — q293) (1 — 0163 ) (1 — 4243
. (1=q1)(1—q2)(1—aq3)(—q1+g3)(—g2+g3) (1 —¢3) ’
= {{1,1,}}: @(1—q1q2)(1—q163) (1= q193) (g2 — q193) (1 — q293) (1 — 43 q3) (B.18)

(1—q1)(1—q2)(—q1+4q2)(1—43)(1—q3) (g2 g3)
e k=3

m={{3}}:

(1—q142)43 (—q1q2+q3) (1 —q1q3) (1 —q203) (—q102+73) (1 —q163) (1 — 243 ) (1 — q1.43) (1 — q243)
(1-q1)(1—g2)(1—q3)(—q1+a3)(—q2+a3) (1 —3) (—q1 +3) (g2 +q3) (1 —q3)

m={{2,1}}:

2 (1-q192)° g3 (—1 63 +43) 1—q1g3)> (1—203) (1 - 4303) (g2 —q1G3)

(1-q1)(1=q2)* (—q1+¢2) 1—¢3)* (—q1+43) (—43+43) (@2 —G3)

m={{1,1,1}}:

$(1-9192)(1-9163)(1-6163) (1= q193) (92— 9193) (45 — 9193) (1 = q293) (1 —¢393) (1 g3 g3)
(1-q1)(1—q)(—q1+q2)(1—a2) (—q1+43) (1—43) (1 —q3) (g2 —q3) (43— q3)

m={{2},{1}}:

a1 (1—=q142)%a3(— 2 a2+ a3) (1 —q1q3) (1 —q3q3) (1 — g293) 2 (1 — q1¢3) (1 — q243)
(1—¢1)?(1—q2) (1 —q2) (1 —q3)?(—a +q3)(—q2+43) (¢1 — G3)

m={{L,1}{1}}:

0192(1—q192) (1 —q7q2) (1 —q103) (1 —q143)* (g2 — aias) (1 — q2q3)* (g1 — 45.q3)
(1-q1)2(1—q2)*(—¢} +q2) (01— 43) (1 —q3) (g1 —q3) (92— q3)

m={{1},{1},{1}}:

@ (1—q1g2)(1—q3q2) 1= q2) (1 —q1g3) (1 — 47 q3) (1 — 43 q3) (1 — g243) (1 — 4243) (41 — G243)

(1—q1)(1—¢3)(1—¢3)(1—g2) (g1 —q2) (a3 — q2) (1 —q3) (g1 —q3) (¢? —q3)

(B.19)
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Therefore, in the simplest case when there is only one box in the plane partition, we have

A = F] e
(B.20)

Under the NS limit ¢4 — 1 and g1 23 — q1,2,3, the partition function becomes trivial:
Z}SG[W] = 1. For example, we have

o — s e

Hence, under this limit the total U(1) partition function becomes the MacMahon function:
= —1
2P0 U] =Y qmM 2P0 £ Zs(q) =D 4. (B.22)
m ™

Recursion formulas. For low levels, using the explicit form of the partition functions,
we can write down the recursion formula for 2}86 [7] as

™ T+ X1.(6) ZP5[r +a)/ ZP5 (]

1— 1— 1—
0 {1y v (el aa)(ldun)

{13} {1}, {1}} vq1 a1(1—g}q2)(1-47gs) (a1 —q243)

(1-a2)(q1—a2)(q1—3)

{{1}} {{2}} Q3 Q3(q3_Q1QZ)(1_Q1Q§)(1—q2qg)

(g3—q1)(g3—q2)(1—q3)

{{1}} {1, 1}} Vo ¢2(1-q143 ) (a2—¢143)(1-4343)

(g2—q1)(1—43) (q2—g3)

WL OB 0L o g™
L an v (1—q3)(q1— qz)qz(l 7163)(1—q193)(02—a}q3 ) (1—q243) (11 —a3 43)

(1-q1)(1-q2) (2~ a2 ) (11 —43 ) (a2 —a3) (1— 33 ) (a1 —q203)

(
0| 2 an v (1-¢2)(1—q1g2)(q1—g3) 3)((13 0392)(1—q2q3) (1-q143) (01 —q243)

(1—q1)(1—a}q2) (1—g3) (93—} ) (a3—42) (91 —9293) (1 —a3 )

a1 (1-q192)(g3—q1) (g3—a3q2) (1-q}q3) (1—q243) (103 ) (01 —q243 )
{H2h {2k v (1—q1)(q1—q2)(1—g3) (a3—43 ) (a3—q192) (11 —43 ) (1—q243)

2(1-q192)(3—q2) (3~ 0103 ) (1—q193) (1-q343) (143 ) (2 —q143)
{2y {213} Va2 (1-g2)(g2—q1)(1—q3)(03—q192) (43— 43 ) (q2—a3 ) (1—quq3)

{{2}} {{3}} vq§ a3 (63 —a192) (1-9143 ) (1-9243)

(63—a1)(a3—a2)(1-43)

il T e C

q1(e2—q1)(1—q2q2) (1-43) (1—q143) (02— a}q3 ) (1—q243) (11 —43 43)
{L 0 | HL L v (1-q1)(1—q2)(q2—a?) (1—3 ) (q1—a3) (22—q193) (1— 43 g3)

(
(1-q192)(1-63) (92—93)a3(a3—9143) (1—q143) (a2—143 ) (1—g243)
{L18 {211 v (1-g2)(1-q13 ) (1—q3)(a3—q1) (a3—43 ) (12— q193) (q2—3)
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Using the explicit forms of W;IF,U (z), we can compute the following function for low levels:

Res( ):L‘_1W;1r7v(l')_1
r=Xx3,, (0
- - — (B.23)
_I;GS( a) WTI’-'F@’U(qZ,L )
= 4,v
where note that ~ Res  2/"'W2 (¢;'2/)"' = Res a2 'W2} (x)~!. The results are
I/:q4XZ,x(@) ’ Z:XZI,U(@) ’
es x 1 4 z)~ !
™ T+ X1,,(69) =
4,0 es  x—1WA -1.)-1
r:gv@) Wrie (0 2)
0 {y v i
_ (ae2-1)(afas—1) (21 ~4203)
{1 {1 {1 v a1(q2—1)(q1—q2)q2(q1—q3)g3
(a192—43) (9143 -1) (a243 1)
{1 {24 vas q1q2(q1—3)(q2—qs)q3 (g2 1)
 (ndd- )(41(15 2)(q3q3—1)
{1 {111} vez C qi(g1—a2)a2(42—1)(q2—g3)as
9  (ata2—1)(atas—1)(a? —a243)
{{1h {1k | ({1h {1} {1}} vay (1) (—a2)az(—a3) a5
(1) (a1—a2)(a1a3-1)(q1a5—1) (aF93—a2) (9293 —1) (01— a3 43)
0 {nak Va2 (1—Dq1(F—a2)(e2—1)q2 (01 —2 ) (q2—a3)a3 (a3 43— 1) (q1 —q23)
(@2—=1)(q1q2—1)(q1—93) (a}q2—a3) (q2q3—1) (@103 —1) (01 —q243)
{1 {2k {1 vas (1—1)q12(q3a2—1) (a3 —a3) (q2—qs) (93— 1)q3(q1 —q243) (01— a3 )
_ (12— 1)(1—93) (3 92— q3) (a3 93 —1) (q2q3—1) (a3 —1) (01 —q243)
H2h {2 {1 va (1—Dq1(1—q2)q2(?—g3) (q192—q3) (g3—1)g3 (1 —a3 ) (q2q3—1)
 (q1q2—1)(92—43) (9193 —a3) (9193 —1)(¢393—1) (a5 1) (9145 —a2)
{24} 2.1 vaz a1(q1—g2)(q2—1)a2(q102—q3) (a3 —q3) (43— 1)z (02— a2 ) (g3 —1)
2 (Q1q2—tI§)(q1qg—1)(q2qg—1)
{2} {31} vas 719203 (1—a2) (02— a3) (6 -1)
9 _ (aa3—1)(q13—93)(a3a3—1)
{111} L L1 Va2 qna2(a1—a3) (a5 -1) (42 —qs) g
(1—q2)(d?a2—1) (a2 -1)(q103—1)(q3qs—q2) (q293—1)(q1 —q2q3)
{13 {11 {1 va (a1 (F—a2)(e2- Va2 (0163 ) (1 —gs)as(a1gs—a2) (a3 a3 — 1)
(q192—1)(95-1)(92—93) (9195 —43) (9193—1) (9193 —42) (4295 —1)
{14 {21} v q1(a2—1)a2 (9193 -1) (a1—3) (43— ) (43— 1)as(q193—a2) (a2 —43 )

We then have the following relation.

Theorem B.1. The recursion formula of the U(1) partition function Z2%[x] is related with
the functions W2  (x):

~ R. = lwa -1,.1\-1
M o x/:(IaXeTlS,v(@) M) (B.24)
ZNL—]?6[7T] = Res( ) /- 1wgr+@v( o 1;/)71 .
z'=Xa,v (@

Proof. The nontrivial part of this recursion formula is the minus sign appearing on the

right-hand side. To obtain this minus sign, one needs to take care of the collision terms
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carefully. A general proof for this recursion formula can be obtained following the discussion
in [64, section 5.1.1]. O

The above formula is written in a simple form as

" Res / 1wa —1,.1\—1
ZD8(r + ) _ @'=qaXa, (@) olda )"

B Res o Weg (g @)

quiglu(@)( ~ Xaw(@)/a) Wr, (@) (B.25)

Hm (1= xau(@)/2) Wi, g, (qa '2’) 1

' —Xxa, (@)
Wi 60(4a 'Xap (@)
Wi, (Xa (@)

The numerator and denominator are both singular and the inserting xa . (69) diverges. However,
such singular terms cancel with each other so the total formula itself is well-defined.

B.4 D4 partition functions

The U(1) contribution of the 5d affine quiver gauge theory is given from

NA(q £l _’U7)“’U7)‘) =
Ddry. 1 inf(A) D4 IAI
A N g a)) = Na(, A0 8) Za N = a2 RN Giusa)s (B.26)
where
qAX A0 (O) v XA ()
Na(v, A0, \) = <1—’) (1— > SA< ’ . (B27
oAl @1;[\ v fg XA () ﬁg XA0() (B.27)

FeEN

For simplicity, we only consider A = 12 and Z2![);¢3]. Note that this form comes from
the character

Vinst = N12P3 K12 - N12q12 P3K + K P123K127
R (B.28)
Np=v, Kp=) ZWTIC}%_I-

i=1j=1

The generating function for the 2d partition is given as

qu/\l —

— =1+q+29°+3¢° +5q" +-- . (B.29)

n= l
For low levels, the U(1) contribution Z{3*[\; ¢3] is given as follows.

e k=1, A={1})
(1 —q1g3) (1 — gags3)
(1-q1)(1—go)

(B.30)

- 1583 —



A= {2} (1 —q1a3) (g2 — q1g3) (1 — q2q3) (1 — ¢3q3)
' I—q)(1—q2) (g2 — @) (1 —q3)

_ (1= qg3) (1= ¢3q3) (1 — q203) (a1 — q243)
A T - @) (- (@ - o)

(B.31)

A= {3} (1 —q1q3) (2 — 193) (@3 — q1a3) (1 — q203) (1 — @3g3) (1 — g3g3)
' (1—Q1)(1—Q2) (QQ—Q1)(1—Q2) (@3 —q1) (1—¢q3)
A= {21 (1 —qug3) (qz - qlqgg (1 ¢243)* (01 — a343)
(1—q)* (1 —qo) (2= @) (1 — B3)
A= {1,1,1}: (1 —q1g3) (1 — qfas) (1 — qiqs) (1 — q2q3) (@1 — q243) (47 — q243)
B 1-aq)(1-qf) (1-a}) (1 - ) (a1 — @) (¢ — @)

(B.32)
Therefore, in the simplest case when there is only one instanton, we have
(1 —q193)(1 — q293)
Zul{1hie) = (I=q)(1—g2)
(B.33)

D4 (T =q)d —geq3) (1 —qug3)(1 — q1q4)
Zrlil) = I-q)1—q)  (1—aq)(l—qgaqu) = Sual).

Note that we have 834(q1) = 834(q2).

Under the NS limit ¢4 — 1 and ¢123 — qi1,2,3, the U(1) instanton partition function
trivialize: Z{3[\] = 1. For example, we have

(1 —q1g3)(1 — q1q4) (1 —q193)(1 —q1)
B = )0 g (T a)(—aay)

= 1. (B.34)

The U(1) instanton partition function becomes the generating function of the 2d partition:

—1
Zinst.| Z g ZHHN S Za(g) =D P, (B.35)
A
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Recursion formulas for U(1) contribution.
down the recursion formula for the U(1) contribution coming from ZE*[); gs].

A AEE (@) ZRN + o 03]/ 2B 5]
W] @ | e “i;iziiéi:zzi”
{L1} {21} | v (1=at)(a1-a2) (1—a105) (a2—07 43 ) 1~ 205) (@1 ~a3a)

(1-q1)(1—q2) (q2—a?) (01 —43 ) (1—a}a3 ) (1 —q23)

(1-¢3qs) (43 —q243)

2
i (1-a})(si —a2)
2 (¢2—q193)(1-d3q3)
{2+ ] {8} | va (@—a)(1-2)
2y | 2,1} v (2—q1)(1—¢2) (1—q193) (02— q?q3) (1—q2a3) (11— 43 43)

(1-q1)(1—q2) (q2—a?) (1 —2 ) (a2 —q193) (1—a2q3)

Using the explicit forms of %\?v

low levels:

The results are

r=q3 'Xx12,0(0)

-1 13}31, (z)
Y32, (a3)

Res T

szg_41X12,'u (D)

@)

—1
p—1 _D4me ™)
Y32 0. (a32)

Res

12 -
E{es ;z*l%‘i(;gi)
T=qq »(@ v
A A+D |Xi20(0) 95 X12,0(0) ——
Res p—1_A+00v 7
z:q:a_41><12,v(5) %’ﬁm,v(qsﬂ
0 {1} v —qglw
q1){1—q2
2g5—1)(q1—q2q3)
il R e
(QQ—qu:’,)(ngs—l)
{1} | {2} Vg2
(th—qz)(q%—l)qg,
_(Q1+1)(f11*qz)(qlqgfl)(q%q37q2)(q2q3,1)(q17q§q3)
{17 1} {27 1} ’Uq2 (q%_q2)(q2—1)(q1—q%)Q3(q%q3_1)(ql_q2q3)
3 71)((]27(12(13)
{1,1}{1,1,1}] vg? _(zlga ?
- 73 —1)(at—g2)as
53— : 3:—1
il I b
_ (@1-g2)(@2+1D)(0195—1) (4703 —42) (9293 —1) (1 —d303)
{2} | {2,1} vq1 (1-1)(a3—q2)(01—a3)as(q193—q2) (4393 —1)
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Using the explicit formulas, let us write

(B.36)

(z), we can also compute the following function for

(B.37)

(B.38)



Comparing the two relations, one will see we have the following relation

Res 37_11;12\ 1(}( i) D4 ~D4
2=q; 'x12,0(0) Aot S Zly [A 4053 _ 2D A+ (B.39)
Res  z-1 9340, (@) ° 2D g) ZRHA

12
— xT
P Q341X12,v (D) y}d»[],'u (q3 )

Generally, we have the following theorem.

Theorem B.2. The recursion relation of the U(1) partition function of the 5d A/ = 1* theory
is written using the residues of the Y-functions as

_ HAU(I)
e R
ZR4\ +g T=q, g 4y XA (©) A Gint(A)
ZA [)\] Res xflA/\""Diﬂ’
T=qAXA,v(0) Y3 0,0 (Gins4) )
At one-instanton level, we explicitly have
ZOM{LY = 8=5(q0) = S(a) (B.41)

Proof. The nontrivial part is the minus sign arising on the right-hand side. This formula can
be obtained following the discussion in [64, section 5.1.1]. O

The recursion relation above can be written in a rather symmetric way:

Zprd (1_q;1xab,v<m>> Y, ()
Z3' A 24z Xab,o @) z Y42, (ge)

-1
v im (1 . dabXab,w (D) ) y)\JrD v( ) (B42)
T—>qabXab, v(D) x y/\+[] v (QC )

1é/\v(qc Xabv( ))13,\4_[”,((](1 Xabv( ))
)\,U(Xab,v( ))H)\+Dv(ch Xabv( ))

where A = ab, A = cd (c < d) and 0 € A()\). The numerators come from the fact that they
have no pole when taking the limit. For the denominators, both of them are singular but the
singular part will cancel with each other and the above formula itself is well-defined.

B.5 D2 partition functions

The U(1) contribution of the 3d gauge theory is given from

Na(giv, k| v, E)Ng(gjv, k| v, k)

zD2 i qi] = B.4
a k5] Na(v, k| v, k)Na(gigjv, k | v, k) -
where
g (1 = v1/Xa,0. (m)) Xaw, ()
N, = ks v, | 2o B.44
(ke ko) = o O 0) le_k[ <><avz<->> -

o€k, ncko
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The D2 Nekrasov factor explicitly is given

ko—k1
IT(1-2a™),  k>h
=1 v2
vy 1 — g2k
Na(vl, k1 ’vg,kg) =1 717a =41, ki1 = ko, (B45)
U1 —dq
k1—ko
H <1 — mqé_1> , k1 > ko.
=1 v2

For simplicity, we only consider the case a = 4. Note that the character for the U(1) case is

vinsi, = P (NYKy — g 'N4KY - PYKYKy), A€ {12,13,23},

koo ok (B.46)
_ 1
N4:U, K4:qui 1:117(]4.
— 1—aq
J
Explicitly, we can show that the partition is trivial:
NYK, — q; 'N4KY — PYK{/K,
1 _ _
——— (1-d+1-g" - -ghHa-dh) (B.47)
1 —qa
=0.
Thus, the U(1) partition function is given
2% (ks qi,q5] = 1. (B.48)
Generally, we have
2%k g, q5] = 1. (B.49)

The recursion formula of the Nekrasov factor Ny (v, A |v, A) in terms of the U-functions is

R /—1ua " n—1
Na('l), k+o | v, k+ D) N qu JB':Xae,i(D) x k-i—D,v(q € )
No(v, k| v, k) B Xa,(0) Res l”_IU%v(az’)—l

x/:XtL,U(D)
_ (_ vgh ) U, (Xa (@)
Xaw(0) ) Uk 0o (daXa,0(D))

Note that the second equation is still well-defined although the numerator and denominator

(B.50)

are singular themselves. This is because the singularities cancel with each other. Note also
that k +0 = k + 1 for the vortex partition function.
For the adjoint contributions, we have

No(mv,k+0o|v,k+0) u%,v(m_IXa,v(D))

Ng(mu, k| v, k) N ugimyv(mqaxw(m))
— (_ qu ) uz,v(m_IXa,v(D))

MXa,w(0) uerD,y (MGaXaw(D))

(B.51)
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In this case, both the numerator and denominator themselves are already non-singular and
well-defined. Combining these, we have

ZD2(k + 0,4, q5]
2(1132[]{’ qi, QJ]
a

k‘7’[}(qi_1Xa,v(D)) Ii7v(QJ1Xa,v(D)) u%+D7U(Qijana,v @) u%-&-m,v(%xa,v(m))
u%+g7v(Qiana,v(D)) u%+g7v(QanXa,v(D)) Ui,v(qifxa,v(m)) u%ﬂ;(Xa,v(D))

(B.52)

Although, indeed we can rewrite using the U-functions, the right-hand side will trivialize
after computation.

Since the D2 Nekrasov factor (B.45) does not disappear generally, the partition function
for the U(n,) (a € 4) case does not disappear. Denoting the U(n,) partition function as
ZD2[5, k4], we have

ZD0%[0a, ko) = T] 2% ti(a) G60)] T 20222 (Wasars K |V 5, KEP))
a=1 a<f
. Na(‘]i(a)va,om kc(ba) |Ua,67 kc(lﬁ))Na(Qj(a)va,ay k((la) ‘Ua,ﬂv kéﬁ))
=11 @ @) @ @) (B.53)
a, Na(Qi(a)Qj(a)va,a,ka |Ua,ﬁ7ka )Na(va7a7ka ‘Ua,ﬂaka )
_ Na(Qi(a)Ua,m C(La)‘”a,,b’vkéﬂ))'\Ia(Qj(a)va,aakc(la)|va,ﬁa gﬁ))
a2 Na(ti(a) G(a) Vs K6 [V, 567 WNa (Va0 K5 0,5, K5
where we used Ng(v, Alv,\) = 1.
Let us focus on the a = 4 case:
; N4 (giva, kg, kP))Ny(gjva, k@ |vg, kP))
270 K =] Do LN (e F @ e Y (B.54)
N4(’Ua,k’ ‘Uﬁ7k )N4<qu]va7k "U/B,]{? )

a?B

where we kept the U(1) part for convention. The recursive relation is given as

ZP([5,k+0]
ZP(5, K
11 Uk, 0 (94X 4,00 OUL, o, (70X 4,00 O)UR, 4, (65 Xa0a @OIUE, (47 X400 (D))
4

Bta ukﬁ,vﬁ(X4,va(D))U%ﬁ,vﬁ(Q£1X4,va(D))uiﬁ,vﬁ((J4iX4,va(D))uiﬁ,vﬁ(%g’m,va(m))

UL o (4 Xawa @) Uk, o (05 Xawa @) Uk o, (@500 X400 (@) UL 0. (@aXa,0, (D))

Wi o0, (004X, (@) Wi o0, (60Xa0. @) UL (05 Xa0a @) Ui, o, (Xa0. (O))
(B.55)

><_

where we shortly wrote 7 = (va)"_;, k = (ka)"_, and assumed 0 € A(k(®)), Ja.

C Zero modes of vertex operators

Let us check that the zero modes discussed in (4.61) and (4.62) indeed satisfy the conditions
in (4.5), (4.44), (4.32), (4.18), (4.11), (4.54), (4.56), (4.58). Moreover, the notation we use
also obeys (4.65).
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Lemma C.1 (Zero modes). The free field realizations

a0(z) = €, suo(z) = 2 (1084a)""to ,—(log ga) 'O x5 (%) = 108 ¢a log gyt
? ) Y ab, )
Wao(z) = 2~ logdato ,—logqa IOg(_Qa)EOS—IOgQaat’ 26((1‘) — g log Kt ,— log K log(—K)to ,— log K
(C.1)
obey (4.5), (4.44), (4.32), (4.18), (4.11), (4.54), (4.56), (4.58).

Proof. Let us consider the commutation relations of the zero modes with ag(z). Obviously,
using (4.63), we have (4.5), (4.44), (4.32):

ao(z)ao(z) = ap(z')ao(z), ao(x)so(z") = so(z)ag(x), ap(z)xa0(z’) =xa,0(z")ao(z).

For the D0-D6 and D0-DS8 relations, we have
wa,0(2)ao(z’) = g, 'ao (¢ )wao (@), Z (x)ao(z’) = K 'ag(a)zg (x), (C.3)

which give (4.18), (4.11). Let us next consider the commutation relations of the zero modes
with s, o(z). For the D2,-D2;, (a # b) case, we obviously have

Smo(x)sb’o(.%',) = sb70(x')sa,0(x) (04)

which gives (4.54). The D2.-D44 case where A = ab, A = cd is given as

_logaclogaq 5
SC,O(w)Xab,O<m/) —e log qc [ t’to]xab,o(fl?/)sc,O(x) (C 5)

= qcilxab,O(l',)sc,O(x)'
Switching ¢ <> d, we also obtain
54,0(2)%ab,0(2) = ¢z Xap,0(2')sa,0(2), (C.6)

and obtain (4.56). The D2,-D6; case (4.58) comes from

Sa,0(2)Wa0(z') = —qaz’ : s 0(@)Wao(z') 5, wao(2')sa0(x) =z : seo(x)wao(z’) :  (C.7)

Corollary C.2. The zero modes obey the relations in (4.65).

Proof. The relation between s, o(z) and ag(z) is given

*(lqua)_lto
Sa,0\T X
. (z) = — —— =" = ap(x) (C.8)
Sa,O(an) (qa;p) (log qa)~1to
The relation between wgpeo(z) and x5 0(x) is given
: Wabc,O(l‘) — éoquio _ elogqcloquio :Xab,O(x) (09)
Wabc,O(ch)
where {a,b,c,d} = 4. For z{ () and wg o(x), we have
28 (z) = wao(x). (C.10)
Using this relation, one can also show that we have the relation
: Wa,0(2) = ) (x) : (C.11)
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Proposition C.3 (Contraction formulas). Under the above free field realizations of the zero
modes, the contraction formulas are

A@)Sa(e!) = ga (2'/2) "+ A@)Sale!) - (C.012a)
Sa(z)A(z) = ga(qaz /") : A(x)Sa(2) -, (C.0.12b)
A(x)Xa(2') = 8 5(z'Jz) ™« A(a)Xa(2)) -, (C.0.13d)
Xa(z)A(z) = 8 5(qaz/2") ™ : Xa(z)A(z) -, (C.0.13e)
A(z)Wa(z') = Vg (' /) " A(x)Wa(2') -, (C.0.14d)
W, (z)A(z) = q; Ve (g x/2") : Wa(z")A(z) (C.0.14e)
A(z)Z5 (') = % A(2)ZE (@) -, (C.0.15d)

5 ! R . 5 n .

ZE@A(z) = K 1@ CA(z)ZE () -, (C.0.15¢)
Sa(x)Sp(x) = 87 (qax’ /) : Sa(x)Sp(2') -, (C.0.16d)
Sp(2")Sa(x) = S (qp /") : Sa(x)Sp(a) (C.0.16e)
Xa(z)Sc(z') = Vg (qax’ /x) : Xa(2)Se(2') 1, (C.0.17d)
Se(z")Xa(z) = q;' V4 (qd a2 x/m) : Xa(2)Se(2') 1, (C.0.17e)

N 1 . x x/ .
Wi (z)Se(z') =z it Wa(z)Sa(2') 1, (C.0.18d)
"Wz(z) = (—gux 1w, 7)Sq () : e
Sa(z)Wa(z) = (—¢q )1 " : Wa(2)Sq(2") - (C.0.18e¢)

D Supergroup gauge theory

In this section, we review the instanton partition function of supergroup gauge theories in
5d theories. From the D-brane perspective, we need to include ghost D4-branes, denoted
by D47, in the system. The partition functions were first derived by [93] (see also [97] for
a review). The quantum algebraic perspective was studied in [99] for A, D-quiver gauge
theories. The discussion here is complementary to the discussion in [99].

D.1 Contour integral formula and partition functions

We consider 5d gauge theories on C%, x S!. The instanton partition functions of superunitary
groups U(n4|n_) are described by changing the character to super characters:

N=N"-N", K=K"—-K~,

ne n+ ki N ki
:Ze“a:Zvai, Ki:Ze¢I:Zin.
a=1 a=1 I=1 I=1

(D.1)
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The partition function is given by inserting these characters to (3.76) or generally to (3.135).

Let us focus on the affine quiver gauge theory case whose character is*!

Vinst. = P NVK+P123K\/K
=~ Y GoPYNVKT + 3 00'PYKIVKY. (D.2)

o,0' =% o,0' =%

The contour integral is then given by

k+gk_ ].;;o, daC 4 oo
I
212k+|k = [vinse.] = ko Vk_ '?{H L 2mag Hicnlll_[1834< )
o\ 0 D.3)
p (
ST Tow()
o,o0’'=t I=1,. ks J
J=1,..,kr
(Io)#(J,0")

The instanton partition function is schematically written as

Zinst. = Y 420N (D.4)
k4+>0

Note that the topological term is in the opposite power compared to the normal group
case. The supergroup analogue of the gauge origami of the spiked instantons is obtained
in a similar way.

The contour integral will localize on the poles classified by (n,n_)-tuples of Young

diagrams:
— o
U= (0ot A= Z A = ko
= (D.5)
{xg}lzl,...,ka - {Xlz’v&" (D)}azl s DE/\ ) U {Xlz vn = )}azl,...,n,,me)\(f‘)
where
)Zl2,v (D) = UquQEjv o= (Zaj) (D6>

The character of the instanton bundle for the negative instanton contribution is

= 2 > X12,07 () (D.7)

a=1 56\

The explicit form of the instanton partition functions is expressed by the Nekrasov factors
for supergroup gauge theories (see [99]):

© (o @ (5
NZU/(’UL)\(U |v2,)\(2)) _ H (1 _ QAXAij)) H (1 ( )) H Sa (XAvl( ))
XA,UQ U

oex(®) oeX(2) oex(® XA v (.)
me(2
(D.S)

4We use the character in (3.135) where the topological term is slightly modified.
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where
v\d), =+,
(o) _ {XA @, o (D.9)

XAv =
’ XA7U(D)7 o= —.

These are the supergroup analogs of the Nekrasov factors introduced in (3.86). See [99] for
the explicit form of how the partition function looks like using the Nekrasov factors.
For later use, let us write down the U(0|1) partition function:

oy NG @y Al @A)

L ) _ D.10
Zx N = s NG~ (2, A |2, \) o

For example, the one instanton contribution for A = 12 is given by the

ZH {1} = Saa(a), (D.11)

which is equivalent to the one instanton contribution for the U(1]0) case.
The recursion formulas of these Nekrasov factors are given as

, (0)
N7 (v, A + 0] vg, A?)) _ 9AX A | yAo! (o)
N (01, AD w9, A@) | wp 932 4, (14X,0(0));

N%’, (v1, A1) | va, A2 4 m))
N (01, A0 | 03, AC)

(D.12)

=YD, (o, @)

where o
. v Xa0(®)
Yo (a) = (1 - ) I]84 (A) . (D.13)
’ x x
oeEA
For ¢ = —, we shortly use (see [99] for the derivations)

[locapy (1 — gaxa.(©)/2)
[loerpy(1 = Xa0(@)/2)

9o (2) = Y3, () = (D.14)

D.2 Supergroup analog of affine quiver W-algebra

Let us give a proof of Thm. 6.13. It is enough to consider the gg-character generated by
Xia(x)~L. Let FB* [\ be an undetermined function and let us find the condition it should

obey so that the gg-character commutes:

TV (@) = STFBY WRioa(2), Rioa(e) = Xia(@) " [[ARi2e©@):.  (D.15)
A oeX

First of all, let us check the commutativity for the first term. The operator product is given

1 _ /
X1z (q122)S4(2) = m : Xia(2) 1S4 (2) 1,

(1 — quoz’/x)(1 — qr32’/2) (1 — g’ /)

iz (0mAw) ) = T U a1 )1 = a2

: Xf21(Q1255)A($)S4(55/) :
(D.16)
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and thus we have
X5 (q122), Sa(2)] = (1 — g3)6 (2’ /) : Xya(2) ' Su(2) -,

P N |
Xt A 2510 = (1 ) 2T (e X (g A)Si(e')

(D.17)
Therefore, if we do the i-Weyl reflection as

(1—q13)(1 — g33)
1-gH1-g")

the terms coming from the first pole cancel up to total difference. Note that the coefficient

Xi2(z) = g3 X1 (2)A(g12 @) = 83a(ar) - Xip (2)A(grp 2) 1, (D.18)

834(q1) is just the one instanton contribution coming from U(0|1) (see (D.11)).
Generally, using

Id/\ x(@h?x ) +

9}\?9;(%293’)
yl2 /
=D 5<Q4X12x( )) Res 1 D027 (D.19)
oeR(N) 2'=94X12,2(0) y)\ x(qmw )
Y x
+ Z 5(X12x )) Res 1— 113)\x(q123 )
oo A0 2/ &'=X12,2(0) Y32 (q122)
and
A ‘d :U(Q123:E) -~
S() Mg (z) = [gz=2"l1 2 Sy(a)Apgn(x) ¢,
‘d)\ x(Q1237 )
92 (qr2’) + (D.20)
= 41237 -
A127)\(£L‘)S4($/) = 7)\ : 54(1‘/)/\127)\(.%')
Id/\av(qux) _
Then, the commutation relation with the screening current is
[T (@), S4(a")]
- X12,2(D) -1 937 (q1232")
= (—q FRY X 0 <q ) Res e T
(—a3) )\EZP 2 [N De%;/\) T T'=qsx12,2(0) HMC(QHOC) (D.21)

yl2 /
+ Z 5(X12x ) Res '~ 17%,’\1(%23:6) : Aoa(2)Sa(2)) -

e AN x'=X12,2(0) 13)\1;((]12-%' )

After shifting the first term using A = X + 0, the first term transforms to

_ 9}\? (Q1239€/)
FD4 )\/ 5 ( X127x (D)> R —1 - “+0,x
—a) Y. D Fi AT s T T

NEPeA(N) / ?'=04X12,2(0) YN iaa(@22))  (D.22)

Xt Ao v4a(2)Sa(qaX12,.(0)) :
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Using

t Ao vo(2)Sa(qaXi2,:(0)) ==t A2 (2)A(X12,2(0))S4(qaX12,2(0)) :=: A1z (2)S4(X12,+(0)) :

and imposing the condition

—1 932, (q1232)

- Res o' "=
FID24 (A +0] . z'=X12,z(0) Y32, (q1227)
B3N Res g1 Gns(027)
x'=q4X12,2(0) %ﬁgyz(tﬂﬂ’)

we obtain

T (2), 24()] = 0.

(D.23)

(D.24)

(D.25)

The condition actually implies F3* [A\] = Z2* [A]. This can be shown by doing a similar

analysis in appendix B.4.
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