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1 Introduction

Analyzing supergravity theories [1, 2] and superconformal quantum field theories (SCFT)
without gravity [3] in six dimensions geometrically, using F-theory on elliptic — or more
general genus one fibered Calabi-Yau 3-folds E ↪→ M → B, has been very successful.
While supergravity theories are defined on compact Calabi-Yau 3-folds M , the SCFTs are
geometrically engineered on non-compact local models, that are often realizable as limits of
compact M , consisting of elliptic fibered surfaces S over curves Cβ ∈ B, β ∈ Hcomp

2 (B,Z)
with negative self intersection β2 < 0. In particular, in [3] it was proposed how to use
topological string theory on M with a skrinking dP9 surface S and its mirror W to extract
information about the BPS spectrum of a prototypical (0, 1)-SCFT, called the E-string,
after compactifying it on a circle to five dimensions. This idea has been pushed much further
for the non-gravitational theories by considering all possible fugacities [4] and more general
configurations of contractable curves in the base [5]. In [6–8] the elliptic genus, a BPS index
exhibiting by construction the modular transformation and the quasi-periodicity of Jacobi
forms, has been calculated using localization of an auxiliary two-dimensional non-abelian
gauged linear sigma model describing the world sheet theory of the exceptional string in
their infrared limit.

In [9] it was realized that modular covariance and the pole structure of the BPS index
expansion of the topological string partition function Z(t, λ), depending in the A-model
on the topological string coupling λ and all complexified Kähler parameters t, suggest
for general, and in particular compact elliptic Calabi-Yau manifolds, a base degree [β] ∈
H2(B,Z) expansion of Z(t, λ) whose coefficients Zβ(τ, z) are meromorphic Jacobi forms of
a very specific structure. Firstly, after an easily calculable shift [9], the Kähler parameter
of the elliptic fiber becomes their modular parameter τ , while λ, or in case of refined
BPS counts the refinement parameters ε1, ε2 (λ2 = −ε1, ε2), as well as the Cartan Kähler
parameters of all enhanced gauge groups, which become together with the flavor fugacities
in the non-compact cases the elliptic parameters z. The denominators of the Zβ(τ, z) are
fixed by the pole structure while the numerators are elements in the finitely generated ring
of weak Jacobi forms whose weight and index1 is fixed geometrically in terms of the class
of the base curve class β. This finiteness allows to reconstruct the Zβ(τ, z) for compact
Calabi-Yau manifolds to a large extend and for certain local limits completely [9], even in
the refined case [10, 11]. In the general cases with enhanced gauge symmetries the ring of
modular objects are Weyl invariant Jacobi forms [11]. The approach [9] opened a successful
strategy to obtain the automorphic transformation properties that restrict Zβ(τ, z) entirely
geometrically on the Type II side2 by constructing the monodromies of the periods on the
mirror W or, more efficiently, the auto-equivalences of the derived category of coherent
sheaves on M [16, 17]. In particular, in [17] it was shown that for genus one fibrations

1The contribution of the Cartan gauge elliptic parameters to index can be also understood by their chiral
anomaly [10].

2A very systematic confirmation for the Jacobi form structure in the local cases are the elliptic blow up
equations [12–15] derived from Nakajima and Yoshoka’s, five dimensional blow up equations for M -theory
on M , which also allow in most cases to fix all the boundary conditions for the refined partition function.
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that do not have a section but only N -sections the relevant Jacobi forms exhibit modular
transformation only under the finite index subgroups Γ1(N) of SL(2,Z).

If the F-theory compactification on M has a six-dimensional perturbative Heterotic
limit, which requires that M exhibits a (compatible) K3 fibration K3 ↪−→ M → P1

b, the
subset of the five-dimensional BPS spectrum with charges corresponding to curves in the
K3 fiber can be checked against worldsheet supersymmetric indices of the Heterotic string
in six or four dimensions. In six dimensions, the corresponding invariants are encoded
in the elliptic genus of Heterotic strings on K3, which is a lattice Jacobi form, while in
four dimensions [18] it can be related to the new supersymmetric index (NSI) of [19]. The
latter is essentially equivalent to the Noether-Leftshetz generator of the K3 fibration [20–
22], which is a vector-valued modular form, and is in turn encoded in the genus zero
topological string invariants that correspond to curves in the K3 fiber [20]. The fact
that this information can be extracted by mirror symmetry, as proven by Givental and
Lian-Yau, led to a proof of the Yau-Zaslow formula [23] in terms of symmetric products
of K3 for all classes [24]. While the elliptic genus and the new supersymmetric index
contain equivalent information, they are very different automorphic objects. One of the
main results of this paper is, that they can in fact be directly translated into each other
via a certain isomorphism between vector-valued modular forms and lattice Jacobi forms
that has been first introduced in [25]. This is explained in section 3 and illustrated at the
hand of several examples in sections 6 and 7. It becomes particularly powerful in cases
with a higher rank gauge group and Heterotic Wilson lines or when the gauge group is not
realized perturbatively in the Heterotic duality frame.

If M exhibits an elliptic and not only a genus one fibration, the base degree one
topological string partition function Zβ=F (τ, z), with F being the base of the K3 fiber and
a curve of self-intersection F 2 = 0 in the base B for the genus one fibration, is identical
to the elliptic genus.3 However, if M is genus one fibered without a section but with N -
sections, the Type IIA theory on M is dual to Heterotic strings on (K3 × T 2)/ZN and
the corresponding new supersymmetric index does not only contain information about the
elliptic genus but also the twisted twined elliptic genera associated to the K3. Similar to
the topological string partition functions Zβ , the twisted twined elliptic genera are lattice
Jacobi forms for Γ1(N). However, as we discuss in section 7, Zβ=F is not identical to
the untwisted untwined elliptic genus. In particular, to reconstruct the BPS spectrum of
Heterotic strings on (K3×S1)/ZN , the higher base degree invariants with β = n ·F for n =
1, . . . , N have to be taken into account and encode different twisted sectors. Nevertheless,
the same isomorphism between vector-valued modular forms and lattice Jacobi forms can
be applied to relate the twisted twined elliptic genera and the new supersymmetric index.
The only difference is, that the Γ1(N) lattice Jacobi forms are vector-valued lattice Jacobi
forms under SL(2,Z) transformations.

In cases where the K3 has itself an elliptic or genus one fibration, it might be viewed as
comparable to the surface S that arises for the non-critical strings. However, there are two

3Strictly speaking, it corresponds to a refinement of the elliptic genus with the topological string coupling
as an additional elliptic parameter.
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important differences. The K3 fiber is not rigid, as F 2 = 0, and hence not contractable
without simultaneously shrinking M . This amounts to the fact that the tension of the
Heterotic string can not be sent to zero without at the same time lowering the Planck
scale such that in the tensionless limit the theory becomes trivial. Moreover, the higher
base degree partitions functions Znβ0(τ, z) can be obtained from the primitive base degree
one class β0 contribution Zβ0(τ, z), which is equivalent to the Heterotic elliptic genus, by
applying Hecke transforms Tn to Zβ0(τ) [26]. This is related to the fact that the ngϕ,0,
where ϕ denotes the class of a curve in the K3 fiber, depend only on the self-intersection
ϕ2 of the class ϕ in the corresponding Picard lattice. The latter behaviour is captured
by Noether-Lefschetz theory which we review in section 3. Physically, the properties just
discussed can also be related to the fact that the Heterotic string has, as opposed to the
non-critical strings considered in [6–8], no non-trivial bound states. As we already pointed
out, a new observation in this paper is, that in the case of genus one fibered Calabi-Yau
spaces with N -sections one needs, for a primitive class β0 in the K3 fiber, information
of Zkβ0(τ, z), k = 1, . . . , N to reconstruct the NSI or equivalently the Noether-Lefschetz
generators, from which follow the topological string partition function Znβ0(τ, z) for all
higher n.

As further pointed out in [20, 77] the higher genus informations can be obtained using
the Hilbert Scheme formula for symmetric products of K3, an approach which also has been
refined [27]. There is considerable interest in the refinement of the BPS invariants from ngκ ∈
Z to N jl,jR

κ ∈ N. First of all, because it is the actual state count that should play a role in
all of the weak gravity conjectures mentioned below, but also because the N jl,jR

κ decompose
and therefore detect representations of symmetry groups acting on the moduli space of the
BPS states M̂κ, as for example the one of the Matthieu group M24 in [27]. However,
as reviewed in [28], mathematicians currently struggle with the canonical definition of
the orientation data necessary to define the N jl,jR

κ ∈ N in the compact case. Likewise a
physical understanding in the supergravity context is, apart from the attempts in [28–30],
to be developed. This is in contrast to the local or gauge theory case, because here one
has a global U(1)R symmetry in the five dimensional Nekrasov background that allows the
definition of a refined index [31] and a canonical choice of the orientation data [32], i.e. the
choice of the square root (KY,s)

1
2 of the canonical bundle of the d-critical locus (Y, s) in

the moduli space of the BPS states M̂κ. The latter makes a mathematical definition of the
N jR,jL
κ in the local case possible, as for example for the toric Calabi-Yau cases, where can

be captured by the Bialinicki-Birula decomposition of M̂κ in the localisation formulas [33].
In this work we extend the refinement conjecture of [27], reviewed in section 4, to many
more examples of elliptic K3 fibrations in section 6 as well as to the genus one fibrations in
section 7. As the K3 fiber can move, our new refinements results are somewhat in between
the local cases and the generic compact cases. Together with the techniques explained in
the previous paragraph this allows us to reconstruct the NSI, the higher genus invariants
as well as their refinements in many new cases and independent of the question if there is
a perturbative Heterotic dual.

Another main purpose of this paper is to extend and use this good understanding of
an important sector of the spectrum of F- and M-theory compactifications on elliptic or
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genus one fibered Calabi-Yau 3-folds,4 to prove the non-Abelian weak gravity conjecture
that has been proposed in [55].

The weak gravity conjecture [35] (WGC) is based on the (argued) inconsistency of
strongly gravitational quantum physics processes, which lead to a huge number of black
hole remnants [36]. To avoid these problems and allow for possible decay channels, one
requires that there must exist a species of superextremal states, i.e. their mass fulfills
mel .

√
2q gelmPl, where q is the charge and gel is the gauge coupling. Together with

electro-magnetic duality and with dynamics modelled on the t’Hooft Polyakov monopole it
also follows that the theory has as a cutoff scale Λ . gelmPl. This corroborates5 with the
requirement that gravity cannot respect global symmetries, for which the arguments are
more rigorous [37, 38]. In particular, when the limit gel → 0 is attempted in an effective
description of a gauge theory embedded in a quantum theory of gravity, this should be at
infinite distance in the moduli space and lead to one or both of the following scenarios:

1. Gravity decouples, i.e. mPl →∞.

2. A tower of light states appears, invalidating the effective description of the theory.

In particular, the states in the second scenario are conjectured to always be excitation of
a string that becomes weakly coupled in the limit [39].

In string theory, the latter breakdowns are argued to be inevitable [40] as the natural
metric given by the kinetic terms of the moduli field in M is not geodesically closed and
starting with a string effective action at a point p0 in the bulk of the moduli space M
and moving by a distance d(p, p0) in the natural metric, the masses of infinite towers of
states evolve in typical [40], and potentially all situations like mp = mp0e

−αd(p,p0). Here
α has been argued to be of order one in natural units in the refined swampland distance
conjecture [41, 42]. The breakdown of the effective description due to a tower of states
also suggests a refinement of the WGC to the so-called sublattice weak gravity conjecture
(sLWGC) proposed in [34, 43]. Based on a derivation in perturbative string theory and
stability under Kaluza-Klein reduction, the sLWGC states that there exists a full rank
sublattice Γext ⊂ Γ of the charge lattice Γ, such that for every ~q ∈ Γext there is a (not
necessarily stable) particle of charge ~q.

Compactifications on Calabi-Yau manifolds with N = 2 supersymmetry have proven
to be a rich testing ground for the swampland distance conjectures. The metric on the
four-dimensional vectormultiplet moduli space that arises from Type IIA/B strings on
Calabi-Yau 3-folds, can be readily calculated and the physics associated to the various
limiting points is relatively well understood. In this way the distance conjectures have been
tested in the Kähler moduli space [42, 44–46] and complex structure moduli space [47]. An
intriguing connection has also been made between the distance of limiting points in the

4On higher dimensional elliptically fibered Calabi-Yau manifolds, especially 4-folds, the situation for the
monodromies and the topological string amplitudes at genus zero and one bears many similarities, which is
especially obvious if the latter exhibit a Calabi-Yau 3-fold fibration with a compatible genus one fibration
structure of the above type.

5The arguments are of course not independent as [37] also ague with the unwanted stability of remnants
in the presence of global symmetries.
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complex structure moduli space, the associated limiting Hodge structure and monodromy
orbits of brane charges [48, 49]. While the conjectured identification between the brane
orbits and the infinite towers of states still poses open problems and a rigorous analysis
of the existence and stability of the associated states remains to be done, the relation to
mixed Hodge structures exemplifies the deep mathematical nature of the conjectures and
might hint towards a general proof in this setup. Using mirror symmetry these results have
also been extended to the Kähler moduli space [44]. The hypermultiplet moduli space has
been less studied but results in the context of Type IIB compactifications can be found
in [50, 51].

The infinite tower of states at points of maximal unipotent monodromy (MUM), that
exists generically in Calabi-Yau 3-folds compactification at infinite distance in their complex
moduli space6 Mcs has been explained as being mirror dual to the BPS bound states of
D2-D0 branes as counted by the topological string on the mirror by the unrefined BPS
indices [45] in the large volume limit. The states that are counted by the standard Fourier
expansion of the Jacobi forms Zβ(τ, z), the elliptic genera, or the NSI in the fibered CY-3
folds are also such large volume states. While by the nature of the expansion the base
curves are always assumed to have large volume, the information encoded the modular
and the elliptic argument in Zβ(τ, z) is exact at least for each β. This allows stringent
and relatively easy checks of some of the weak gravity conjectures. For example, as in
6d F-theory the volume of the base sets the Planck scale vol ∼ m4

Pl and the volume of
a base curve Cβ2 supporting a 7-brane Yang-Mills theory sets the Yang-Mills coupling
to vol(CYM

β ) ∼ g−2
el ∼ vol, one can attempt to challenge the weak gravity conjecture by

holding vol(B) finite, while sending vol(CYM
β )→∞. It was meticulously shown in [53] that

in this scenario β2 = 0 and the K3 in the limit leads to a light Heterotic string spectrum
with small string tension, i.e. scenario 2). Using the properties of lattice Jacobi forms and a
careful analysis of the modified extremality bound for dilatonic Reissner-Nordström black
holes, this led to a proof of the sLWGC for F-theory on elliptically fibered Calabi-Yau
3-folds [53, 54].

The original sLWGC applies to the charges of particles under Abelian factors of the
gauge group and thus in particular to non-Abelian gauge groups on the Coulomb branch.
However, a subsequent refinement [55], which is again based on a proof in perturbative
string theory, makes an even stronger claim for theories with non-Abelian gauge groups:

The non-Abelian sLWGC. For any quantum gravity in d ≥ 5 dimensions with zero
cosmological constant and unbroken gauge group G, there is a finite-index Weyl-invariant
sublattice Γ of the weight lattice Lw(G) such that for every dominant weight λR ∈ Γ
there is a superextremal resonance transforming in the G irreducible representation R with
highest weight λR.

While for Abelian gauge groups this reduces to the sLWGC, the implications for non-
Abelian theories are stronger and suggest a unified strong coupling scale for the gauge
theory and gravity [55]. In this paper we build upon the proof of the sLWGC by [53, 54]

6Very rare one parameter models called orphans do not exhibit a MUM point and are currently the only
known exceptions [52].
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and, deriving a novel relation among lattice theta functions and Weyl characters, extend
it to show that F-theory on Calabi-Yau 3-folds indeed satisfied the non-Abelian sLWGC.
This is done in section 5 and illustrated at the hand of multiple examples in section 6. We
discuss the validity for genus one fibrations in 7.
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2 BPS saturated amplitudes in Heterotic/Type IIA duality

A key quantity for our tests of the weak gravity conjectures and the starting point for our
refinement is the BPS saturated one loop amplitude that leads to the effective gravitional
couplings

Ig =
∫
M4

d4xFg(t, t̄)T 2g−2
− R2

− , g ∈ Z≥0 (2.1)

in the 4d N = 2 supergravity action [56–58]. Here T− is the anti-self-dual part of the
graviphoton field strength, R− is the anti-self-dual part of the Riemann curvature tensor,
and Fg(t, t̄) is an effective gravitational coupling that depends at generic points in the
moduli space7 only on the vector multiplet scalars t, t̄.

Conjectural Heterotic/Type IIA dual pairs in 4d with N = 2 supersymmetry involve
the Heterotic string on K3×T 2 and the Type IIA string on a K3 fibered Calabi-Yau 3-fold
M . The Ig can be calculated at least with partial moduli dependence on both sides and
serve as an important check of the duality. In the perturbative regime of the Heterotic
string ghet → 0, all Fg can be calculated by a BPS saturated one-loop amplitude, which
depends in general on all vector multiplet moduli —excluding the photograviton modulus—
and the Heterotic dilaton

Shet = 4π
g2

het
+ iθ . (2.2)

7A mixing of the complex structure (hyper multiplet) and Kähler structure (vector multiplet) moduli
dependence is expected e.g. at singular points that allow transitions between Calabi-Yau spaces.
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Typical moduli from Abelian Heterotic vector multiplets are the Kähler structure T and the
complex structure U of the two torus T 2. Depending on the gauge bundle configurations
on the Heterotic side, one can have up to 15 more perturbative Abelian vector multiplets
V = (V1, . . . , Vr) from the unbroken gauge group (we consider mainly the E8×E8 version)
G ⊂ E8×E8, where r = rk(G), whose moduli correspond to Wilson lines along the cycles of
T 2. The Heterotic one loop computation involves an integration of the worldsheet complex
structure over the fundamental domain that can be solved by the unfolding trick [59], which
is more systematically implemented by the lattice reduction method of Borcherds [60, 61].
Examples of these calculations can be found in [22, 61–63], as well as recent extensions to
CHL-Heterotic orbifolds on (K3×T 2)/ZN [64–66]. In the perturbative Heterotic limit, the
Borcherds lift calculation implies that Fg(t, t̄) are automorphic forms under the T -duality
group SO(2 + r, 2; Z). The latter group acts on the combined moduli space

MT,U,V = SO(2, 2 + r)
SO(2)× SO(2 + r)

/
SO(2 + r, 2; Z) , (2.3)

which is spanned by the moduli (T, U,V ) [67, 68].
On the Type IIA side, the holomorphic limits of the Fg(t) = limt̄→∞ Fg(t, t̄) are calcu-

lated by the genus g contribution of the topological string expansion. The latter localizes
on holomorphic maps and the Fg(t) = ∑

κ∈H2(M,Z) r
β
g e

2πit·β are generating functions of
Gromov-Witten invariants rκg ∈ Q for these holomorphic maps Φ : Σg → Cβ ⊂M . Here Σg

denotes a closed oriented world-sheet of genus g that is mapped by Φ into a holomorphic
curve Cκ in the homology class κ ∈ H2(M,Z). Note that in order to calculate the Fg, M
can be a generic Calabi-Yau 3-fold, i.e. not necessarily K3 fibered. We insist however that
it has a mirror manifold W , which happens in our case by Batyrev(–Borisov) construction.
This is to ensure that part of the actual calculation of the Fg(t, t̄) can be done by mirror
symmetry, i.e. using the period geometry and the holomorphic anomaly equations on W .
In this way we can get fairly easily the F0(t) and F1(t, t̄) contributions. The higher genus
Fg can be calculated using the holomorphic anomaly equations [56] and boundary condi-
tions [69] at the singular divisors in the moduli space. However, automorphic symmetries
can be established for Calabi-Yau manifolds with elliptic (genus one) fibration structure
on the Type II side and allow to use Jacobi-form ansätze for base degree expansion of the
topological string partition function Z(λ, t), as in (3.1). That, together with F0, F1 and
vanishing conditions, determines at least the first terms in this expansion exactly to all
genus [9].

The Schwinger-loop calculation takes place in supergravity and is therefore universal
on the Heterotic and on the Type II side. On the latter it relates the topological string
free energy F (λ, t) to the BPS saturated amplitude [70, 71]8

F (λ, t) =
∞∑
g=0

Fg(t)λ2g−2 =
∑

κ∈H2(X,Z)

∞∑
g=0

∞∑
m=1

ngκ
m

(
2 sin

(
mλ

2

))2g−2
e2πimt·κ (2.4)

8We omitted in (2.4) the classical terms coming from F0(t) and F1(t). For an updated review on
topological string theory and mirror symmetry, we refer the reader to the survey [72].
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and allows therefore to extract the BPS indices ngκ ∈ Z. Geometrically, the latter have
on the Type IIA side a definition in terms of the dimensions of cohomology groups of
the moduli space M̂κ of an M2 brane that wraps the curve Cκ. On this cohomology H∗κ
one has a Spin(4) ∼ SU(2)L × SU(2)R Lefschetz action. It splits the cohomology H∗κ into
irreducible representations of this group SU(2)L × SU(2)R, denoted by their highest spin
[jL] and [jR], as H∗κ = ⊕

jL,jR
N jLjR
κ [jL][jR]. The corresponding multiplicities are denoted

by N jLjR
κ ∈ N. Note that the group SU(2)L×SU(2)R can be identified with the little group

of the 5d Lorentz representations of the effective theory of M-theory compactification on
X and the N jLjR

κ are multiplicities of 5d BPS states with indicated spin and a mass
proportional to the charge [κ]. In particular, these are the relevant states that run in the
loop of the amplitude that leads to (2.1). Notice further that the right spin representations
of the states do not exhibit a spin dependent coupling to R− and T− in this amplitude.
Therefore their contribution is obtained by merely summing over their multiplicities with
alternating sign due to the spin statistic factor, i.e. what actually contributes is the trace

Tr[jR]⊂Hκ(−1)FR =
∑
jR,jL

(−1)2jR(2jR + 1)N jL,jR
κ [jL] =

∞∑
g=0

ngκ [Lg] . (2.5)

A more detailed analysis reveals that the relevant SU(2)L representation that contributes
canonically is indeed [Lg] =

(
2[0L] +

[
1
2L

])⊗g
. This explains the way in which the BPS

indices ngκ contribute to (2.4) and (2.1).
For important physical considerations, as the counting of states that contribute to

the microscopic entropy of N = 2 black holes or the existence of superextremal states as
demanded by the weak gravity conjecture, the actual multiplicities N jLjR

κ ∈ N of states
in the charge sector defined by κ is the canonical quantity. However for generic compact
Calabi-Yau 3 folds this quantity depends not only on the Kähler structure — where it
is defined for large radius — but also on the complex structure as explained in [28]. A
lot of effort has been made to give a general mathematical definition of N jLjR

κ ∈ N, their
piecewise stability as well as calculation techniques in certain mostly non-compact or N = 4
supersymmetric circumstances [28]. Certainly the knowledge of N jLjR

κ ∈ N degeneracies as
contrasted with their index ngκ on compact Calabi-Yau manifolds is important for quantum
gravity questions. In this paper we follow a conjecture of [73] to extract the N jLjR

κ ∈ N for
K3 fibrations with higher rank of the Picard group and for Type IIA theories, which are
dual to ZN CHL Heterotic strings, i.e. with N -sections. This sheds light on the question,
whether the cancellation is small, i.e. whether the ngκ are a good measure for the actual
degeneracies and the effect of the cancellation is sub leading for high [κ]2.

In the base expansion the volumes of base curves vol(Cβ) ∼ Im(Ti) are assumed to
be large, i.e. Qi = e2πiTi is small. The large volume BPS states are therefore encoded in
the Fourier expansion of small q2πiτ and ζi = e2πizi of the Jacobi forms. In other words
an expansion where also the genus one fiber, its sections over the base curves and the
curves whose volumes correspond to the exceptional curve classes that correspond to the
Cartan Kähler parameters of non-Abelian gauge groups are large. In this case [κ] = [β, φ] ∈
H2(M,Z) denotes now the classes in H2(M,Z) distinguished w.r.t. to [β] ∈ H2(M,Z) while
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[φ] = [τ, ζ] consists of the fiber class [τ ], its sections and the Cartan Kähler classes [ζ] ofM .
For an in-depth discussion of these curve classes and their dual divisor classes, see [16, 17].

A strong non-trivial check of Heterotic ↔ Type II duality, with respective compact-
ifications K3 × T 2 ↔ M in which M is K3 fibered, is comparing the Heterotic 1-loop
amplitude with the topological free energy (2.4). This is done by choosing an appropriate
basis of Kähler moduli in M , such that t = (Shet, T, U,V ). In particular, we identify
Shet = VolC

(
P1

b
)
, where P1

b is the base of the K3 fibration. Thus, in the holomorphic limit,
the assertion of Heterotic/Type II duality reduces in the perturbative regime to

lim
Shet→∞

F (λ, Shet, T, U,V ) = F 1-loop
het (λ, T, U,V ) . (2.6)

The Heterotic one loop calculation from the worldsheet point has been first described
in [58] and concretely evaluated for the STU-model [74] in [61]. The topological string zero
sector for the corresponding STU Calabi-Yau 3-fold M , the standard elliptic fibration over
the Hirzebruch surface F2 realized as resolved hypersurface of degree 24 in the weighted
projective space P4(1, 1, 2, 8, 12), has been solved by mirror symmetry in [75].

The Heterotic one-loop amplitude is calculated typically for an orbifold of an T 4 × T 2

Heterotic worldsheet theory and splits, according to the number of insertions of the anti-
self-dual graviphoton T 2g

− into (2.1), into integrals over SL(2,Z) invariants integrands over
its fundamental region F [58, 61, 62]

Fg =
∫
F
d2ττ2g−3

2
P̂g(τ)
Y g−1

∑
J

Θg
ΓJ (τ)fJ(τ). (2.7)

Here J is the label of the orbifold sectors, τ2 = Im(τ), Y is the space time modular real
expression which goes into the Heterotic Kähler potential as K = − log(Y ), Pg(τ) are
combinations of almost holomorphic Eisenstein series generated by

e−πλ
2τ2

φ−2,1(τ, λ) =
∞∑
g=0

(2πλ)2g−2P̂g(τ), (2.8)

and fJ(τ) is a twisted-twined oscillator sum depending on the orbifold sector. Here
φ−2,1(τ, λ) is the weak Jacobi form defined in (B.25). This sector dependence is also re-
flected in the twisted-twined Narain theta function Θg

ΓJ (τ) defined for the invariant Narain
Lattice ΓJ of signature (b+, b−) with an insertion of the right momentum as

Θg
ΓJ (τ) =

∑
p∈ΓJ

p2g−2
R exp

(
πi(p+ βJ/2)2

+ + πiτ̄(p+ βJ)2
− + πi(p+ βJ/2, αJ)

)
, (2.9)

where the ± indices denote the projection into an orthogonal decomposition of the ΓJ into
P : ΓJ ⊗ R ' Rb+ ⊥ Rb− . It is important to note that integrand in (2.7) is also spacetime
modular invariant. Combining this spacetime modular invariance with the worldsheet
modular invariance leads to the unfolding trick that results in a simpler integrand over a
simpler domain and makes the integration possible [18, 60, 61].

It has been realized [20] that in the standard cases the all genus information on the right
hand side of (2.6) can be obtained from base degree zero genus zero sector of the topological
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string on M encoded in n0
ϕ,0, where ϕ denotes all classes in the K3 fiber, combined with

the product formulas for the Betti numbers of the Hilbert scheme for symmetric product
of the K3 fiber [76, 77] and information of the embedding of the second homology classes
of the Calabi-Yau 3-form in the Picard lattice of the generic fiber.

Moreover, the genus zero information has been noticed in [20] to be equivalent to the
information in the loop amplitude that yields the threshold correction in the Heterotic
string. This amplitude has been calculated for the STU model in [18]. It is quite similar to
the amplitude (2.7) and is integrated with the same methods discussed above. This yields
indeed the genus zero BPS numbers of [75]. The point of [18] was to relate this BPS satu-
rated amplitude to an BPS index, which is in this case the so-called new supersymmetric
index of the Heterotic string [19, 22]

Z(τ, τ̄) = 1
η2(τ)TrR(−1)FFqL0− c

24 q̄L̄0− c̄
24 . (2.10)

Geometrically the genus zero base degree zero information is equivalent to the Noether-
Lefschetz generators of the K3 fibration [21] and this fact has been used to prove the SYZ
conjecture [23] in [24], which will be explained in more detail in the next section.

However, there is a counter example to the claim that the genus zero base zero BPS
invariants allow always to reconstruct the r.h.s. of (2.6), namely the Enriques Calabi-Yau
manifold with SU(2) × Z2 holonomy which has trivial genus zero instanton sector and so
is the new supersymmetric index (2.10) due to the enhanced supersymmetry in the genus
zero amplitude. Nevertheless, the Heterotic calculation has been performed in [62, 78] for
all ten fiber classes of the Enriques Calabi Yau and an iteration for higher base wrapping
has been given. The results agree with the higher genus BPS numbers for a reduced Type
II Calabi-Yau 3-fold compactification with two Kähler classes in the fiber.

Of course, the left hand side of (2.6) as obtained by the all ngϕ,0 is still a holomorphic
function, while the full one loop amplitude is real, but it has been shown in [57] and more
completely in [78] that the Heterotic amplitude fullfills the holomorphic anomaly equations
of [56], so that the full information can be reconstructed on both sides of (2.6).

In the next section we argue that a simple calculation in mirror symmetry provides
the necessary information to reconstruct the automorphic forms for SO(2, 2+r; Z) in (2.6).
There, the computations rely purely on the geometrical information provided by the K3
fibrations. In the section 4 we follow up with the refinement of the formulas (2.1), (2.4)
to (4.1), (4.6), and discuss the extension of the Heterotic/Type IIA duality at the basis of
the refined invariants.

3 Higher rank Noether-Lefschetz loci and Lattice Jacobi forms

As we reviewed above, on the Heterotic side the BPS protected observables are encoded in
the so-called new supersymmetric index which is a vector-valued modular form. From the
Type II perspective this can be identified with the generator of Noether-Lefschetz numbers
that is associated to a lattice polarized K3 surfaces. The lattice polarization is determined
by the embedding of the vertical cohomology (see below) of the K3 fibered Calabi-Yau
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3-fold into the cohomology of the K3 fiber.9 The information contained in the Noether-
Lefschetz numbers is equivalent to the knowledge of the Gopakumar-Vafa invariants of
degree one with respect to the P1 base of the K3 fibration.

When the Calabi-Yau exhibits also an elliptic or genus one fibration structure, the
Gopakumar-Vafa invariants are in turn encoded in lattice Jacobi forms. More precisely,
the topological string partition function Ztop. admits an expansion

Ztop.(λ, τ, z, t) = Z0(λ, τ, z) ·

1 +
∑

β∈H2(B)
Zβ(τ, λ, z) exp

(
2πiβiti

) , (3.1)

where λ is the topological string coupling, τ is proportional to the complexified volume of
the generic fiber, z are complexified volumes of components of reducible fibers that on the
Heterotic side correspond to Wilson line parameters and t are the complexified volumes
of curves in the base of the fibration. The coefficients Zβ(τ, λ, z) are lattice Jacobi forms
for a congruence subgroup of SL(2,Z) and τ acts as the modular parameter while λ and z
are elliptic parameters. At least for low base degrees they can be fixed with the knowledge
of genus zero Gopakumar-Vafa invariants which can in turn be calculated using mirror
symmetry. This has been called the modular bootstrap.

If the genus one fibration is compatible with the K3 fibration, the base of the genus
one fibration has to be a Hirzebruch surface. In case the fibration exhibits a section and is
therefore elliptic, the elliptic genus of the Heterotic string corresponds to the base degree
one topological string partition function Zβ , where β = F is the fiber of the Hirzebruch
base. However, we will show in section 7 that if the K3 fibration only exhibits a compatible
genus one fibration with N -sections, different twisted sectors that contribute to the elliptic
genus are captured by the partition functions Zn·F , n = 1, . . . , N .

In this section we will review Noether-Lefschetz theory as well as the theory of lattice
Jacobi forms and clarify the relation between the new supersymmetric index (Noether-
Lefschetz generator), which is a vector-valued modular form, and the elliptic genus (that
for elliptic fibration corresponds to the topological string partition function ZF ) which can
be expressed in terms of lattice Jacobi forms. Our discussion in this paper will not only
accomodate multiple Wilson line/elliptic parameters but also incorporate the following two
generalizations:

• We allow twists of the coroot lattice. In the language of [2] these signal non-
perturbative gauge symmetry on the Heterotic side.

• In section 7 we include Type II compactifications on genus one fibrations that are
not elliptic. On the Heterotic side this corresponds to a compactification on (K3 ×
T 2)/ZN .

9More generally, Noether-Lefschetz theory does not necessarily require K3 fibrations with global Calabi-
Yau condition. In these cases, applications of Noether-Lefschetz theory for counting holomorphic curves in
the K3 fibers are possible [21]. However, in order to obtain physical theories with eight supercharges, we
always consider K3 fibrations that are Calabi-Yau.
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For the elliptic cases we demonstrate how the Noether-Lefschetz generator can easily be
obtained using the modular bootstrap. Note that a direct calculation of the new super-
symmetric index using Heterotic techniques is not available when the gauge symmetry is
not perturbative. Moreover, Heterotic compactifications on (K3×T 2)/ZN have only been
considered for N ≤ 3.

First we are going to review the Noether-Lefschetz theory associated to polarized K3
surfaces and K3 fibrations. We will then use the theory of Jacobi forms and theta blocks
to obtain the Noether-Lefschetz generators efficiently from the topological string partition
functions.

3.1 Noether-Lefschetz theory

A K3 surface with generic complex structure has a Picard lattice

Pic(S) = H2(S,Z) ∩H1,1(S,C) , (3.2)

of rank zero and therefore does not contain any holomorphic curves. We are mainly in-
terested in enumerative problems associated to K3 manifolds and here we review the im-
portant ones. Since the Gromov-Witten invariants are not sensitive to complex structure
deformations, one expects that the ordinary Gromov-Witten theory associated to K3 sur-
faces is trivial. This picture is confirmed by standard application of mirror symmetry to
K3 surfaces, which reveals that at the MUM points in the mirror dual family the double
logarithmic solutions receive no instanton corrections. A beautiful BPS number count has
been associated to projective K3 surface S with an h-dimensional linear system of genus
h curves that is generically degenerate to a rational curve with h simple nodes [23]. The
numbers of such degenerate rational curves C with self intersection C2 = 2h− 2 of formal
genus h is the qh coefficient of the generating functions q = e2πiτ

∑
n≥0

χ(Hilbn(S))qn =
∞∏
n=1

1
(1− qn)24 = q

η24(q) . (3.3)

In the five dimensional theory that is obtained by compactifying M-theory on K3 × T 2

the BPS states contributing to Gopakumar-Vafa invariants or the BPS index vanish due a
multiplicative factor [LR] =

(
2[0R] +

[
1
2R

])
that comes form the T 2 factor and vanishes in

the trace (2.5) over the Lefschetz decompositions of the cohomology of the moduli space
M̂κ [76]. Removing this zero and using the Lefschetz decomposition of the cohomology of
Hilbn(S) as well as the sum over the right spins as in (2.5), one can associate invariants for
higher genus curves ngϕ,0 to the fiber S [76]. In this way, one obtains with10 y = eiλ = e2πiz

the generating function

∑
n≥0

χy(Hilbn(S))qn =
∞∏
n=1

1
(1− yqn)2(1− qn)20(1− y−1qn)2 =

∞∑
κ=0
g=0

ngϕ,0

(
2 sin

(
λ

2

))2g
qκ ,

(3.4)
10Here 2i sin(ix) = −2 sinh(x) = y−1−y and χy(X) =

∑
p,q

= yp(−1)qhpq(X) is the Hirzebruch y genus.
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which is an extension of (3.3) and can be suitably rewritten in terms of weak Jacobi
forms (B.25) as in (3.22). This can be extended in two ways. First to include the wrappings
of the T 2. With the elliptic genus of X

Ell(X, τ, z) = TrH∗(X)(−1)F yFLqH =
∑

m≥0,l∈Z
cX(m, l)qmyl , (3.5)

one can calculate Ell(S, τ, z) = 2φ0,1(τ, z) = 2y + 20 + 2/y + O(q) and further with the
orbifold formula for the elliptic genus of the desingularised symmetric product [79] one gets

G(τ, z, u) =
∞∑
m=0

Ell(Symm(S), τ, z)pm =
∏

m>0,n≥0,l∈Z

1
(1− pnqmyl)cS(mn,l) , (3.6)

where p = e2πiu. Furthermore, for the reduced BPS indices on the K3 × T 2, one obtains
the generating function [76]

∞∑
ϕ,β=0
g=0

ngϕ,β

(
2 sin

(
λ

2

))2g−2
qϕpβ = − G(τ, z, u)

φ−2,1(τ, z) . (3.7)

A second extension of (3.4) is the so called refinement which keeps now track also of
the right spin in the SU(2)L×SU(2)R Lefschetz decomposition of H∗(Hilbn(S)). The effect
is to replace (3.4) or more conveniently its modular version (3.22) by (4.14).

Lets consider a K3 surfaces that appear as the fiber in Calabi-Yau 3-folds M as in
S ↪→ M → P1

b. Given such an embedding in M the Noether-Lefschetz theory for a K3
family describes a minimal rank Picard lattice in the generic member of the K3 fiber,
which supports holomorphic curves in the latter indepently of the complex structure of M .
Therefore one gets nontrivial ordinary Gromov-Witten theory in the A-model localization
to holomorphic maps. Moreover, by mirror symmetry the latter can be reconstructed from
the period geometry of the B-model on the mirror W to M . The theory hence contains a
fixed Picard lattice and enumerative invariants for curves Cϕ with ϕ in this Picard lattice
that still depend only the intersection C2

ϕ = ϕ · ϕ = 2g − 2 and whose higher genus GW
theory is up to some technical subtleties concerning the realizable intersection ϕ · ϕ in the
lattice determined by (3.4). Moreover, the information encoded in the genus zero Gromov-
Witten invariants, which is for hypersurfaces or complete intersections in toric varieties
due to Batyrev’s [80] or Batyrev/Borisov’s [81] construction and the formalism for multi
parameter models developed in [75, 82] easily available, determines the Noether-Lefschetz
generators. More precisely, one need only the numbers genus zero invariants n0

ϕ,0 with
zero degree w.r.t. P1

b. This idea has been implicitly used in [20], in order to check known
Heterotic/Type II pairs and find new one loop results for candidates on the Type II side
that have no known Heterotic dual in [20]. This leads to invariants that are physically
captured by the new supersymmetric index in Heterotic strings on K3× T 2, as well as by
certain Gopakumar-Vafa invariants associated to the dual Type II strings on a K3 fibered
Calabi-Yau 3-fold. Generically as discussed in [20], the n0

ϕ,β for non-zero wrapping β of the
base P1

b do depend on the fiber class ϕ not only via ϕ ·ϕ = 2h− 2 as in (3.7). Nevertheless
some close formulas that share light of the non-perturbative Heterotic string for non trivial
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base wrapping can be obtained in special situations [20]. In particular, for the Enriques
Calabi-Yau 3-fold [62] and with a meromorphic Jacobi form Ansatz.

We now review the aspects of Noether-Lefschetz theory that will be necessary for
our computations in the upcoming sections. In our presentation we closely follow the
references [21, 24, 83]. For a very useful review on K3 compactifications from the physical
point of view we refer the reader to [84].

Λ-polarized lattices. Let S be aK3 surface. We say that a primitive class L ∈ Pic(S) =
H2(S,Z) ∩H1,1(S,C) is a quasi-polarization if∫

S
L2 > 0 ,

∫
C
L ≥ 0 for all C ∈ H2(S,Z) . (3.8)

Let Λ be a rank r lattice of signature (1 , r − 1) with a torsion-free embedding of the
following form

Λ ↪→ U ⊕ U ⊕ U ⊕ E8(−1)⊕ E8(−1) ∼= H2(S,Z) . (3.9)

Here U is the hyperbolic lattice of rank 2 and signature (1 , 1), whereas E8(−1) is the E8
lattice with intersection form defined by the negative Cartan matrix of the exceptional Lie
group E8. We say that S is a Λ-polarized K3 surface if there is a torsion-free embedding

 : Λ ↪→ Pic(S) , (3.10)

such that

• The embeddings of Λ in U3 ⊕E8(−1)3 and H2(S,Z) are isomorphic via an isometry
that restricts to the identity on Λ.

• (Λ) contains a quasi-polarization.

The polarization lattice Λ has an intersection form IΛ : Λ×Λ→ Z. Let {v1, . . . , vr} be an
integral basis of Λ. It is useful to consider IΛ as the matrix with entries (IΛ)i j = IΛ(vi , vj).
In this fashion, the discriminant of Λ reads from ∆(Λ) = |det(IΛ)|.

We will denote the moduli space of Λ-polarized K3 surfaces byMΛ, see [24] and [85]
for a math and [84] for a physics review.

Polarized K3 surfaces from K3 fibrations. Our main interest will be Λ-polarized
K3 surfaces that arise from K3 fibrations

S M

P1
b

π , (3.11)

equipped with holomorphic line bundles (L1 , . . . , Lr). The tuple (M ,L1 , . . . , Lr , π) is a
one-parameter family of Λ-polarized K3 surfaces if

• The fibers (Sp, L1,p, . . . , Lr,p) of (M,L1, . . . , Lr) at p ∈ P1
b define Λ-polarized K3

surfaces via the replacement vi 7→ Li,p for every p ∈ P1
b.
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• There is a quasi-polarization λπp = ∑r
i=1 λ

π
i Li,p ∈ Λ that satisfies (3.8) with respect

to the K3 fiber Sp for all p ∈ P1
b.

The quasi-polarization vector λπ defines a notion of positivity. We say that a vector
(d1, . . . , dr) ∈ Zr is positive if ∑r

i=1 λ
π
i di > 0.

We are interested in the enumerative geometry of curves ϕ ∈ H2(M,Z) that live in the
K3 fibers ofM , i.e. that project to points in P1

b. These classes of curves are furnished by the
π-vertical cohomology H2(M,Z)π which is defined by the following short exact sequence

0 H2(M,Z)π H2(M,Z) H2(P1
b,Z) 0 .π∗ (3.12)

For a set of divisors (L1, . . . Lr) the degree of ϕ ∈ H2(M,Z)π is obtained via the projection

ϕ 7→
(∫

ϕ
L1, . . . ,

∫
ϕ
Lr

)
= (d1, . . . , dr) . (3.13)

Noether-Lefschetz divisors. Let L be a rank r + 1 lattice with an even symmetric
bilinear form 〈· , ·〉 and a primitive embedding ι : Λ ↪→ L. Consequently, the lattice L has
an additive struture of the following form

L = ι (Λ)⊕ Zv , v ∈ L . (3.14)

Consider the extended basis {v1, . . . , vr, v}, where Λ = SpanZ{v1, . . . , vr}. The bilinear
pairing 〈· , ·〉 of L is encoded in the following matrix

Lh,d1,...,dr =


〈v1 , v1〉 . . . 〈v1 , vr〉 d1

... . . . ...
...

〈vr , v1〉 . . . 〈vr , vr〉 dr
d1 . . . dr 2h− 2

 . (3.15)

There are two invariants for the data (L, ι), namely

• the discriminant ∆(h, d1, . . . , dr) = (−1)r det(Lh,d1,...,dr),

• the coset, defined as the image of map δv represented by vi 7→ di, is denoted
δ(h, d1, . . . dr) ∈ GΛ/±, where GΛ = Λ∗/Λ is the discriminant group, an abelian
group of order ∆(Λ).

Generically a Noether-Lefschetz divisor
[
P∆,δ

]
⊂ MΛ is the closure of the locus of

Λ-polarized K3 surfaces where (Pic(S), ) has rank r+ 1, discriminant ∆, and coset δ. We
defined the Noether-Lefschetz divisor [Dh,(d1,...,dr)] as[

Dh,(d1,...,dr)
]

=
∑
∆,δ

m (h, d1, . . . , dr | ∆, δ) ·
[
P∆,δ

]
⊂MΛ . (3.16)

Here m(h, d1, . . . dr | ∆, δ) denotes the number of elements ϕ ∈ L of type (∆, δ) such that

〈ϕ,ϕ〉 = 2h− 2 , 〈ϕ, vi〉 = di . (3.17)
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Noether-Lefschetz numbers. The Noether-Lefschetz number NLπh,(d1,...,dr) is defined
as the classical intersection of the Noether-Lefschetz divisor (3.16) with the image of P1

b in
MΛ, i.e.

NLπh,(d1,...,dr) =
∫
P1

b

ı∗π

[
Dh,(d1,...,dr)

]
, (3.18)

where ıπ : P1
b →MΛ is the morphism associated to a one-parameter family of Λ-polarized

K3 surfaces (M,L1, . . . , Lr, π).
The key fact of Noether-Lefschetz theory in this context observed is that the generator

of Noether-Lefschetz numbers is a vector-valued modular form of weight k = 11 − r
2 and

type ρ∗Λ of the form [86],

Φπ(q) =
∑
γ∈G

Φπ
γ (q)eγ ∈ C

[[
q

1
2∆(Λ)

]]
⊗ C [GΛ] , (3.19)

where {eγ} is a formal basis in C[GΛ]. The coefficients of Φπ
γ (q) are determined by the

Noether-Lefschetz numbers via

Coeff
(
Φπ
γ , q

∆NL

)
= NLπh,(d1,...,dr) , where ∆NL = ∆(h, d1, . . . , dr)

2∆(Λ) . (3.20)

For a short review on vector-valued modular forms and the definition of the representation
ρ∗Λ we refer the reader to appendix B.1.

The GW-NL correspondence theorem [21, 83]. For degrees (d1, . . . , dr) positive with
respect to a quasi-polarization λπ,

ng(d1,...,dr) =
∞∑
h=0

rgh ·NL
π
h,(d1,...,dr) . (3.21)

Here ng(d1,...,dr) is the Gopakumar-Vafa invariant associated to a curve class ϕ ∈ H2(M,Z)π
with positive degree (d1, . . . , dr). Moreover, rgh are the coefficients of the KKV formula
expansion that reads [76]

∞∑
h=0

∞∑
g=0

(−1)grgh
(
y

1
2 − y−

1
2
)2g−2

qh−1 = 1
η24(τ)φ−2,1(τ, λ) , (3.22)

with q = exp (2πiτ), and y = exp (2πiλ). For concreteness we show some rgh numbers in
table 1.

As pointed out in [20] and mathematically more rigorously in [21, 24], the invariants
ngϕ depend only on the genus g and the lattice data associated to the degree (d1, . . . , dr), i.e.
discriminant group GΛ element and intersection form in Λ. As a last remark, it suffices to fix
the Noether-Lefschetz generator (3.19) in order to reproduce all Gopakumar-Vafa invariants
for curve classes inH2(M,Z)π. This is a consequence of Gromov-Witten/Noether-Lefschetz
correspondence together with the symmetry of the quadratic form ϕ2.
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rgh h = 0 1 2 3 4 5
g = 0 1 24 324 3200 25650 176256

1 −2 −54 −800 −8550 −73440
2 3 88 1401 15960
3 −4 −126 −2136
4 5 168
5 −6

Table 1. Non-vanishing BPS invariants rg
h forK3 surfaces with h ≤ 5. For a physical interpretation

of these numbers, we refer the reader to [76].

3.2 Jacobi forms of lattice index and elliptic genera

Our second objects of interest that, at least in the case of elliptic K3 fibrations, exhibit a
more direct relation with the topological string partition function, are the elliptic genera
of the six-dimensional Heterotic strings, that are dual to limits of F-theory on the K3
fibration. The elliptic genera are lattice Jacobi forms and we will first introduce some of
the associated theory that will also be crucial to make the connection with the Noether-
Lefschetz generators and the new supersymmetric index.

Let L denote an integral lattice L equipped with a symmetric non-degenerate bilinear
form (· , ·) : L× L→ Z. A Jacobi form of weight k and index L is a holomorphic function
φ(τ, z) of variables τ ∈ H and z ∈ L⊗ C which satisfies the following properties:

• Modular transformation. For all γ =
(
a b

c d

)
∈ SL(2,Z) it satisfies

φ

(
aτ + b

cτ + d
,

z

cτ + d

)
= (cτ + d)ke

2πic(z,z)
cτ+d φ(τ, z) . (3.23)

• Elliptic transformation. For all λ,µ ∈ L it satisfies

φ(τ, z + λτ + µ) = e−2πi( 1
2 (λ,λ)+(λ,z))φ(τ, z) . (3.24)

• Fourier expansion. The Fourier expansion of φ is of the form

φ(τ, z) =
∑
n≥n0

∑
λ∈L∗

c(n,λ)qne2πi(λ,z) , (3.25)

where q = exp(2πiτ), n0 ∈ Z and L∗ is the dual lattice of L.
If the Fourier coefficients c(n,λ) of φ vanish for n < 0, we say that φ is a weak Jacobi

form. If on the other hand c(n,λ) vanishes unless 2n − (λ ,λ) ≥ 0 (2n − (λ ,λ) > 0), we
say that φ is a holomorphic Jacobi form (cusp Jacobi form). Otherwise, we say that φ is
a weakly holomorphic Jacobi form. We respectively denote by

J !
k,L ⊇ Jwk,L ⊇ Jk,L ⊇ J

cusp
k,L , (3.26)
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the vector spaces of weakly holomorphic, weak, holomorphic and cusp Jacobi forms of
weight k and index L. It is possible to extend this definition of Jacobi forms by including
characters or by considering odd lattices. We refer the reader to the reference [87] for a
broader view of the theory of lattice index Jacobi forms.

The theta expansion of lattice Jacobi forms. The Jacobi theta functions associated
to an integral lattice L are defined as

ϑL,µ(τ, z) =
∑
λ∈L∗

λ≡µ mod L

q
1
2 (λ,λ) exp (2πi(λ, z)) , (3.27)

and they span a C-vector space

Θ(L) = SpanC

{
ϑL,µ | µ ∈ L∗/L

}
, (3.28)

which has dimension |L∗/L|. Every lattice index Jacobi form φ ∈ Jk,L has a theta expansion
of the following form [87, 88]

φ(τ, z) =
∑

µ∈L∗/L
hµ(τ)ϑL,µ(τ, z) . (3.29)

Moreover, the space of Jacobi theta functions Θ(L) follows invariance under the metaplectic
group Mp(2,Z) [88]. This enables to establish an isomorphism via the theta expansions of
Jacobi forms (3.29), which reads [25, 87]

Jk,L ∼=
(
Mk− r2 ⊗Θ(L)

)
. (3.30)

Here Mk− r2 denotes the Mp(2,Z)-module generated by all spaces Mk− r2 (4N), where the
latter denotes the space of holomorphic functions f : H → C that transform as f(γτ) =
wγ(τ)2k−rf(τ) under γ ∈ Γ(4N). See appendix B.1. This means, there exists an N ∈ N
such that hλ ∈Mk− r2 (4N) for each λ ∈ L∗/L. In fact, the projection

h : Jk,L → Mod
(
Mp(2,Z), k − r

2 , ρ
∗
L

)
, φ(τ, z) 7→ h(φ) ≡

∑
µ∈L∗/L

hµ(τ)eµ , (3.31)

yields an isomorphism with between Jacobi forms and vector-valued modular forms [25,
88, 89].

3.3 Elliptic genera and Noether-Lefschetz theory

We discussed in the previous section that there is a correspondence between the Noether-
Lefschetz numbers and the Gromov-Witten invariants in K3 fibrations. In a natural man-
ner, there is also a correspondence between Noether-Lefschetz theory and lattice Jacobi
forms defined by the Λ-polarized lattice of K3 fibrations. To make this concrete, we will
consider K3 fibrations with polarization lattice Λ of the form

Λ = U ⊕ L1(−m1)⊕ · · · ⊕ La(−ma) , (3.32)
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where each lattice LI(−mI) is given by the coroot lattice of a simple Lie algebra gI with
a twist determined by a number mI ∈ N.

To obtain the Λ lattice (3.32) we first regard Calabi-Yau 3-folds M that admit an
elliptic fibration

E M

Fn

πe , (3.33)

which develops Kodaira singularities over curves in the base given by the Hirzebruch surface
B = Fn. The latter is defined as a P1-fibration p : Fn → P1

b and the fiber F ∼= P1 has
vanishing self-intersection. It is this last property that enables us to find an elliptic K3
surface S with fibration structure

E S

F

$ . (3.34)

In this way, the Calabi-Yau 3-fold M has also a K3 fibration π : M → P1
b with fibers given

by S in (3.34). With this construction in mind, let us comment now on the appearance of
the Λ-polarized lattice (3.32).

On the one hand, for an elliptic K3 surface S with section there exists always an
embedding U ↪→ Pic(S,Z) [90]. On the other hand, the sublattices LI(−mI) are spanned
by fibral divisors obtained by resolving singularities over components of the discriminant
locus Sb

gI
⊂ B. Each irreducible curve Sb

gI
corresponds to a singularity of an ADE simple

Lie algebra g̃I , as the fiber splits into rk(g̃I) + 1 curves that form the topology of the affine
Dynkin diagram associated to g̃I . If the monodromies along Sb

gI
act on these fibral curves,

their invariant orbits result in a folded affine Dynkin diagram associated to a non-simply
laced Lie algebra gI . Otherwise gI = g̃I . Fibering the monodromy invariant orbits of fibral
curves over Sb

gI
, where I = 1, . . . , a yields a set of fibral divisors {EiI}iI=1,...,rk(gI),I=1,...,a

that follow the intersection rules [91]

EiI · EjJ · π
∗
eD

b = −mI

(
α∨iI ,α

∨
jJ

)
δIJ , mI = Sb

gI
·Db ∈ N , (3.35)

where Db is the divisor associated to the volume of the base P1
b, {α∨iI}iI=1,...,rk(gI),I=1,...,a

are the coroots of gI , and (· , ·) is the Killing form of the Lie algebra g = ⊕a
I=1 gI . Hence,

we associate the fibral divisors {EiI} ⊂ H1,1(M,Z) with the generators of the coroot lattice
L∨(gI) up to a twist factor. In other words, LI(−mI) ≡ SpanZ{EiI}.

Let us discuss now the Noether-Lefschetz theory for the lattice configuration (3.32). It
is convenient to choose the basis of curves for H2(M,Z)π, such that it projects the degree
of a curve β ∈ H2(M,Z)π as follows

β = `CU + nCT +
a∑
I=1

rk(gI)∑
iI=1

λiII CiI 7→ (`, n,λ1, . . . ,λa) , (3.36)
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where we introduced the curves CU ≡ F +E , CT ≡ E , and {CiI} is the set of curves dual to
the fibral divisors {EiI}. In this way, this basis of curves follows the intersection relations

CU · CT = 1 , CiI · CiJ = −m−1
I (ωiI ,ωjJ ) δIJ , (3.37)

whereas the rest of the intersections among curves vanish. Note that the vectors {ωiI}
denote the fundamental weights, which are dual to the simple coroots {α∨iI}. Hence,
we identify λI with an element in the weight lattice Lw(gI) with twist m−1

I . With this
information, we are able to compute from (3.20) that

∆NL = n`−
a∑
I=1

1
2mI

(λI ,λI) + 1− h , (3.38)

which encodes the Noether-Lefschetz discriminant. The other Noether-Lefschetz invariants
are the cosets determined by the discriminant group of the lattice ⊕aILI(−mI). Thus, we
observe the 1:1 correspondence

NL generator: Φπ(τ) ←→ Elliptic genus: ZF (τ, z, λ), (3.39)

where the elliptic genus is that of a string that results from a D3 brane wrapping the
base curve β = F ∈ H2(B) in the F-theory picture. More precisely, this is given by the
respective coefficient in the expansion (3.1) that follows a modular Ansatz

ZF (τ, z, λ) = Φ(τ, z)
η24(τ)φ−2,1(τ, λ) , Φ(τ, z) ∈ J10,L , (3.40)

where the L is the lattice given by L = ⊕
L∨(gI)(mI) equipped with the Killing form in

g = ⊕a
I gI . This equivalence is obtained via the isomorphism (3.31) h : Φ(τ, z) 7→ Φπ(τ). In

the language of Jacobi forms, the Noether-Lefschetz discriminant form (3.38) is translated
into the Jacobi form discriminant

∆J = 2n−
a∑
I=1

1
mI

(λI ,λI) . (3.41)

Moreover, the basis of theta functions (3.28) takes the role of the discriminant group GΛ.
We elaborate further on this last piece in the upcoming paragraph.

For simplicity of the discussion, we restrict first to the case that g is a simple Lie
algebra. Then the lattice Jacobi forms of interest are those associated to the coroot lat-
tice L = L∨(g)(m) with m-twist, i.e. the lattice is equipped with the m-scaled Killing
form m (· , ·) of g. The discriminant group of L∨(g)(m) can be defined by the following
quotients [92]

GL = (L∨(g)(m))∗/L∨(g)(m) ∼= (Lw(g)/
√
m)/(

√
mL∨(g)) ∼= Lw(g)/mL∨(g) . (3.42)

It is convenient to use the last quotient form to express the theta functions (3.27) for
L∨(g)(m) in terms of the weight lattice Lw(g) and the m-scaled coroot lattice mL∨(g).
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In this way, we arrive to the following expression for each µ ∈ GL theta function of
L∨(g)(m) [93, 94]

ϑgm,µ(τ, z) =
∑

ω∈Lw(g)
ω≡µ mod mL∨(g)

q
1

2m (ω,ω)e2πi(ω,z) . (3.43)

The extension for a semisimple Lie algebra g = ⊕a
I=1 gI generalizes as follows

ϑgm,µ(τ, z) =
a∏
I=1

ϑgImI ,µI (τ, zI) , (3.44)

where m = (m1, . . . ,ma), zI ∈ L∨(gI)⊗ C, and

µ = (µ1, . . . ,µa) ∈ Lw(g1)/m1L
∨(g1)⊕ · · · ⊕ Lw(ga)/maL

∨(ga) . (3.45)

Let us finally relate the Noether-Lefshetz generators to the new supersymmetric in-
dex (2.10) introduced in section 2, which corresponds to the 4d N = 2 dual Heterotic
theory on K3× T 2. In [22] it was argued that

Z(τ, τ̄) =
∑
γ∈GΛ

θΛ′(−1)+γ(τ, τ̄)
Φπ
γ (τ)

η24(τ) , (3.46)

where θΛ′(−1)+γ are the vector components of the Siegel theta function (B.11) for the
extended polarization lattice Λ′ = U(−1)⊕Λ, where U(−1) ∼= H0(S,Z)⊕H4(S,Z). In our
configuration (3.32) the Siegel theta function follows the form

θΛ′(−1)+µ(τ, τ̄) =
∑

λ1∈L1(m1)+µ1

· · ·
∑

λa∈La(ma)+µa

∑
(k0,w0)∈U

∑
(k,w)∈U(−1)

q
p2
L

(v)
2 q̄

p2
R

(v)
2 , (3.47)

where v = (λ1, . . .λa; k0, w0; k,w). Replacing eµ 7→ θΛ′(−1)+µ(τ, τ̄) (3.19) maps
the Noether-Lefschetz generator into the new supersymmetric index of the Heterotic
string (2.10). Note that in both (3.47) and (2.10) we have suppressed the dependence
on the four-dimensional vector moduli T, U,V , which are encoded in the left-right moving
momenta pL/R. We will discuss the generalization of this map for K3 fibrations that are
not elliptic but only exhibit a genus one fibration in section 7.2.

4 Refined fiber invariants for K3 fibered CY 3-folds

In this section we shortly review the proposal for defining refined amplitudes for the het-
erotic string on K3 × T 2 following [95, 96], as well as the proposal of [73] to refine the
counting function for BPS states in M-theory compactifications on K3 fibered Calabi-Yau
3-folds by using Noether-Lefschetz theory in the K3 fiber. We will apply this formalism to
K3 fibers with higher Picard rank at the end of sections 6.1, 6.2 and 6.3, as well as for K3
fibers with genus one fibrations at the end of section 7.4. Furthermore, we specialize the
Heterotic amplitude to an SU(2) enhancement point of the STU model to make a check on
the physical consistency of the proposal of [73].
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4.1 Refined Heterotic string theory on K3× T 2

Attempts for defining a worldsheet description for the refined topological string theory have
been addresed in the works [29, 30, 95–97]. There, the authors realized the Ω-background
in Heterotic string theory on K3×T 2. In this configuration, the previous authors consider
one-loop BPS amplitudes of the form

Ig,n =
∫
M4

d4xFg,n(t, t̄)R2
−T

2g−2
− T 2n

+ + · · · , (4.1)

which is the refinemenet of (2.1). In the same fashion, R− and T− are defined as in the
unrefined case, wheras T+ is a self-dual insertion that differs in the proposals [95, 96]. See
both references for details and comparison.

As a reminder, we review briefly the Ω-background next. We can realize this back-
ground from a 6d N = (1, 0) theory with topology R4 × T 2 and metric [98]

ds2 =
(
dxµ + Ωµdz + Ω̄µdz̄

)2
+ dzdz̄ , (4.2)

where (z, z̄) are coordinates on T 2 and the Ωµ entries in (4.2) fulfil the equation

T = dΩ = ε1dx1 ∧ dx2 + ε2dx3 ∧ dx4 . (4.3)

Here the linear combination ε± = 1
2(ε1 ± ε2) define equivariant rotation parameters of

C2 ∼= R4, which can be expressed in the spinor notation as

ε2− = −det
(
Tαβ

)
, ε2+ = − det

(
Tα̇β̇

)
, (4.4)

where α, β, α̇, β̇ = 1, 2 are spinor indices for SU(2)L×SU(2)R. In addition to the non-trivial
metric (4.2), another SU(2)I R-symmetry is necessary to preserve the amount of super-
symmetry. The effect of the latter symmetry is to compensate metric induced holonomies
on the spinors (4.4), which must be covariantly constant. If gravity can be decoupled,
a further SU(2)I R-symmetry emerges. In this case the degeneracies of BPS states are
protected. Consequently, it makes sense to introduce the BPS supertrace [99]

ZNek(ε−, ε+, t) = TrBPS (−1)2(JL+JR) e−2ε−JLe−2ε+(JR+JI)e−βH , (4.5)

where J∗ is the Cartan generators of each SU(2)∗ symmetry group. Moreover, the combi-
nation J ′R ≡ JR + JI enables a twist of SU(2)R such that the BPS degeneracies Nβ

jL,j
′
R
are

invariant [33]. From now on, we will denote by jR the spin of the twisted J ′R generator.
Furthermore, the refined Schwinger loop calculation yields the multicovering formula for
the refined topological free energy F(ε−, ε+, t) = logZNek(ε−, ε+, t) [33, 100]:

F(ε1, ε2,t) =
∑

β∈H2(M,Z)

∑
jL,jR∈ 1

2Z≥0

∞∑
m=1

(−1)2jL+2jR
Nβ
jL ,jR

m

[jL]xm [jR]ym
(X m

2 −X−
m
2 )(Y m

2 −Y −
m
2 )

e2πimt·β .

(4.6)
where

X = exp (2πiε1) = xy , Y = exp (2πiε2) = y

x
, (4.7)

and for j ∈ 1
2Z≥0

[j]u ≡ u−2j + u−2j+2 + · · ·+ u2j−2 + u2j . (4.8)
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Coming back to the refined worldsheet proposals [95, 96], we highlight two remarkable
properties of such theories. In the first place, the latter authors are able to recover the
unrefined worldsheet theory by switching off ε+ = 0. Secondly, at a point of SU(2) enhanced
gauge symmetry they reproduce the perturbative Nekrasov partition function below [95, 98]

ZNek(ε1, ε2)
∣∣∣
pert.
∼
∫
ds

s

−2 cos(2ε+)
sin
( sε1

2
)

sin
( sε2

2
)e−m2s . (4.9)

In the next section, we will consider the Type IIA dual side on a K3 fibered CY 3-fold
M , where we argue the decoupling of gravity mel → ∞ by taking the limit VolC(P1

b) →
∞ [101, 102]. With this in mind, we will examine the refinement proposal of [73]. We will
argue that this proposal satisfies the requirement (4.9). In addition to that, it provides a
solution to the refined amplitudes (4.1) in the Heterotic weak coupling limit, which gives
back the unrefined theory when ε+ = 0.

4.2 The KKP conjecture

Following the formulation of [73], we introduce refinements for the Noether-Lefschetz num-
bers (3.18), which are representations of SU(2)L × SU(2)R lying in the space

Z≥0 [0 , 0]⊕ Z≥0

[
0 , 1

2

]
. (4.10)

There are two kind of refined Noether-Lefschetz numbers to be considered: RNLπ,◦h,(d1,...,dn)
and RNLπ,�h,(d1,...,dn). The former ones are defined as follows

RNLπ,◦h,(d1,...,dn) = NLπh,(d1,...,dn) · [0 , 0] . (4.11)

The other Noether-Lefschetz refinement requires more explanation. Let an effective divisor[
Dh,(d1,...,dn)

]
be divided in two components

Dh,(d1,...,dn) = Sı + Tı , (4.12)

where Sı is the sum of divisors not containing ıπ(P1
b) and Tı is the sum of divisors containing

ıπ(P1
b). Having said this, we define the refinement RNLπ,�h,(d1,...dn) in the following way

• If ∆(h, d1, . . . , dn) < 0, then RNLπ,�h,(d1,...dn) = 0.

• If ∆(h, d1, . . . , dn) = 0, then RNLπ,�h,(d1,...dn) =
[
0 , 1

2

]
.

• If ∆(h, d1, . . . , dn) > 0, then

RNLπ,�h,(d1,...dn) =
∫
P1

b

ı∗πSı · [0 , 0]− 1
2

∫
P1

b

ı∗πTı ·
[
0 , 1

2

]
. (4.13)

As we will see, the KKP conjecture is a refined version of the GW-NL correspondence
theorem (3.21). Therefore, an important ingredient will be the refinement of the KKV
formula (3.22), which we introduce next.
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R0
jL,jR

2j+ = 0

2j− = 0 1

R1
jL,jR

2j+ = 0 1

2j− = 0 20
1 1

R2
jL,jR

2j+ = 0 1 2

2j− = 0 231
1 21
2 1

R3
jL,jR

2j+ = 0 1 2 3

2j− = 0 1981 1
1 252
2 1 21
3 1

R4
jL,jR

2j+ = 0 1 2 3 4

2j− = 0 13938 21
1 2233 1
2 21 253
3 1 21
4 1

Table 2. Non-vanishing refined BPS invariants Rh
jL,jR

for K3 surfaces with h ≤ 4.

The refined BPS invariants RhjL,jR for K3 surfaces, where jL, jR ∈ 1
2Z≥0, were defined

in [73] via the refined KKV formula:
∞∑
h=0

∑
jL,jR∈ 1

2Z≥0

RhjL ,jR
[jL]y

X
1
2−X−

1
2

[jR]x
Y

1
2−Y −

1
2
qh−1 = 1

η24(τ)
1

φ−1, 12
(τ,ε1)φ−1, 12

(τ,ε2) . (4.14)

For illustration, we show a few BPS invariants RhjL,jR in table 2. Let the K3 invariants
RhjL,jR be divided into two parts

RhjL,jR = Rh,◦jL,jR + Rh,�jL,jR , (4.15)

where the Rh,�jL,jR contributions read from the formula

∞∑
h=0

∑
jL,jR∈ 1

2Z≥0

Rh,�jL ,jR
[jL]y

X
1
2−X−

1
2

[jR]x
Y

1
2−Y −

1
2
qh−1 = q−

5
6

η4(τ)
1

φ−1, 12
(τ,ε1)φ−1, 12

(τ,ε2) . (4.16)

With this information at hand, we can compute refined BPS numbers along K3 fibers via
the KKP conjecture, which we state now.

Refined P-NL correspondence conjecture: [73]. A 1-parameter family of Λ-polzarized
K3 surfaces

π : M → P1
b , (4.17)

with Calabi-Yau total space determines a division (4.15) satisfying the following property.
For degrees (d1, · · · , dr) positive with respect to the quasi-polarization λπ,

∑
jL,jR

N(d1,··· ,dn)
jL,jR

[jL, jR] =
∑
jL,jR

∞∑
h=0

Rh,◦jL,jR ⊗ RNLπ,◦h,(d1,··· ,dn)

+
∑
jL,jR

∞∑
h=0

Rh,�jL,jR ⊗ RNLπ,�h,(d1,··· ,dn) .

(4.18)

– 24 –



J
H
E
P
0
5
(
2
0
2
1
)
0
3
0

We give a few remarks about the numbers N(d1,··· ,dn)
jL,jR

that we obtain from (4.18). First,
recall the 5d Hilbert space of BPS states due to M2-branes wrapping a curve κ ∈ H2(M,Z),
whose structure reads ∑

jL,jR∈ 1
2Z≥0

Nβ
jL,jR

([1
2 , 0

]
⊕ 2 [0 , 0]

)
⊗ [jL , jR] . (4.19)

Here Nκ
jL,jR

count the multiplicities of the SU(2)L×SU(2)R representations [jL, jR]. This
physical constraint implies that Nκ

jL,jR
∈Z≥0. For a positive degree (d1, . . . ,dn)∈H2(M,Z)π,

the refined BPS number N (d1,...dr)
jL,jR

can be calculated via the stable pairs of moduli spaces of
M [33, 73]. As argued from previous section, we expect these BPS counts to be invariant
under complex structure deformations of M , as well as N(d1,...,dn)

jL,jR
=N

(d1,...,dn)
jL,jR

. In this
work, we give plenty of evidence for N(d1,...,dn)

jL,jR
∈Z≥0. Furthermore, we observe that our

computations always fulfil the additional constraint∑
jL,jR∈ 1

2Z≥0

(−1)2jR(2jR + 1)N(d1,...,dn)
jL,jR

[jL] =
∑

g∈Z≥0

ng(d1,...,dn)I
g
L , (4.20)

where ng(d1,...,dn) are the unrefined Gopakumar-Vafa invariants in (3.21) and IgL denotes the
SU(2)L representation that reads

IgL =
(

2 [0] +
[1

2

])⊗g
. (4.21)

Now, we argue that the KKP conjecture leads to a consistent refinement for the type
II theory side, whose dual is the Heterotic on K3 × T 2 with Ω-background. In the refer-
ence [96], it was shown that an SU(2) enhancement point leads to a symmetrized pertur-
bative Nekrasov partition function. The latter authors found out that in the 5d limit

F(ε1, ε2, t)
∣∣∣
SU(2)

∼ (γε1,ε2(x|β) + γ−ε1,−ε2(x|β)) , (4.22)

where [98]11

γε1,ε2(x|β) =
∞∑
m=1

1
m

e−m·βx
(eβmε1 − 1) (eβmε2 − 1) . (4.23)

To compare this result with the KKP conjecture, we take the STUmodel as an example.
The latter contains an SU(2) enhancement at the conifold locus T − U = 0. This has
been identified with the lattice points (k,w) ∈ U that have an intersection kw = −1, i.e.
(k,w) = (1,−1) or (k,w) = (−1, 1) [61]. As a first step, we calculate the topological free
energy contributions associated to these lattice points. For this, we introduce the notation
x ≡ ±(1,−1) ·(T, U) = ±(T−U), β ≡ 2πi and recall that the only non-trivial GV invariant
for these lattice points is n0

±(1,−1) = −2. Thus, the corresponding contributions read

F (λ,T,U)
∣∣∣
SU(2)

=−2
∞∑
g=0

∞∑
m=1

e−βx
m

(
2sin

(
mλ

2

))2g−2

=−2λ−2Li3
(
e−βx

)
−2

∞∑
g=1

λ2g−2(−1)g+1 B2g
2g(2g−2)!Li3−2g

(
e−βx

)
,

(4.24)

11As mentioned in [96], we only regard the cut-off independent contribution.
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where B2g are Bernoulli numbers. Notice that this result coincides with (4.22) and (4.23)
in the case ε2 = −ε1, as described in appendix A.0.3 in [98]. The refinement of this com-
putation amounts to replacing n0

±(1,−1) = −2 with N±(1,−1)
0, 12

= 1 as the only non-vanishing
contribution. With this in mind, we calculate the refined multicovering formula (4.6) at
the SU(2) enhancement point

F(ε1, ε2, T, U)
∣∣∣
SU(2)

=
∞∑
m=1

1
m

ym + y−m(
X

m
2 −X−

m
2
) (
Y

m
2 − Y −

m
2
)e−m·βx

= − (γε1,ε2(x|β) + γ−ε1,−ε2(x|β)) .
(4.25)

In other words, with only Noether-Lefschetz information and the KKP conjecture we obtain
the expression (4.22), which was shown in [96] to be equivalent to (4.9).

5 The non-Abelian sublattice weak gravity conjecture

Perhaps the oldest and most widely accepted swampland conjecture states that a complete
theory of quantum gravity can not exhibit any global symmetries [37]. There are several
arguments supporting this claim, see [103] for a review of this and also the other swampland
conjectures that will be discussed below, but the most intuitive reason is that black holes
can swallow objects that carry arbitrary amounts of global charge and subsequently evap-
orate. Quantum gravity effects will only become relevant at the very end of this process to
potentially alter the classical “no-hair” behaviour. However, at that point the black hole
does not have enough mass to radiate particles that carry a sufficiently large amount of
global charges. The only alternative is that the black hole does not evaporate completely
but turns into a remnant. For this to be the possible fate for all states that can form such
black holes the number of distinct remnant species in the theory would need to be infinite.
While there are convincing arguments that this leads to a thermodynamic catastrophe [36]
it is difficult to turn them into a general proof.12 Nevertheless, many refinements of the
conjecture have been proposed and they are generally motivated from properties of string
compactifications, that seem to be universal in that no counterexamples are known.

One of these refinements is the weak gravity conjecture [35]. It states that for a theory
of gravity that is coupled to a U(1) gauge symmetry there should always exist a stable
superextremal particle, i.e. one of mass m and electric charge q such that

gel q ≥
m√

2mPl
, (5.1)

where gel is the electric gauge coupling constant and mPl is the Planck mass. The analogous
constraint on magnetic charges implies that there exists a cutoff scale Λ . gelmPl above
which the effective field theory description breaks down and additional degrees of freedom
must be taken into account. Together this ensures that all electrically or magnetically
charged black holes in the theory can decay. The weak gravity conjecture implies the
absence of global symmetries in the sense that a global symmetry can be interpreted as a
gauge symmetry with vanishing gauge coupling. Plenty of arguments have been brought
forward to support this conjecture and we again refer to [103] for a review of the literature.

12For a derivation in the context of AdS/CFT duality see [38].
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The generalization of the weak gravity conjecture to theories with multiple U(1) factors
leads to a so-called convex hull condition [104] which ensures that superextremal states exist
in every rational direction of the charge lattice. However, it was subsequently observed that
in all known constructions an even stronger statement holds true [34, 43]. The latter authors
used Kaluza-Klein reduction of Einstein-Maxwell theory on tori and toroidal orbifolds as
well as modular invariance in string theory to show that, at least in those examples, not
only one superextremal particle exists but there is a sublattice Γext of the lattice Γ of
charges that are compatible with the Dirac quantization condition such that at every site
of the sublattice there exists a (possibly unstable) superextremal state. Furthermore, it was
suggested that the mass scale associated with this sublattice gives rise to the cutoff scale Λ
and in the limit of small gauge coupling the tower of particles in the corresponding direction
of the charge lattice becomes massless and leads to a breakdown of the effective theory.

A striking check of this “sublattice weak gravity conjecture” (sLWGC) has been per-
formed in F-theory on elliptically fibered Calabi-Yau 3-folds [53, 54]. First the authors have
shown that in the moduli space of the corresponding six-dimensional supergravity a limit in
which a gauge symmetry becomes global while keeping the Planck mass finite is necessarily
at infinite distance. Moreover, in order for such a limit to exist in the first place, the base
of the fibration has to be itself fibered over a P1, and therefore be a Hirzebruch surface, or
it is a blow-up thereof. The volume of the fiber of this surface is then inversely proportional
to the (squared) gauge coupling constant and a tensionless Heterotic string arises in the
decoupling limit. At least for theories with purely Abelian gauge group, the particle-like
excitations of this string were then found to contain the sublattice of superextremal states
that is required by the sLWGC. To verify superextremality, the condition (5.1) had to be
modified to take into account the Yukawa forces that are present in the dilatonic Einstein-
Maxwell theories that arise from F-theory [54]. The presence of the sublattice was then
shown to be a consequence of the properties of the Jacobi and lattice Jacobi forms that
appear in the elliptic genus of the tensionless string.

An extension of the sLWGC for non-Abelian gauge groups has been formulated in [55].
Non-Abelian gauge theories are already constrained by the sLWGC applied to the Cartan
torus of the gauge group. However, it was observed in [55] that a stronger statement,
namely that superextremal particles should exist in every representation of the gauge group,
is supported by perturbative string theory and stable under compactification.

In this section we will show that the non-Abelian sublattice weak gravity conjec-
ture (nAsLWGC) can, for F-theory on genus one fibered Calabi-Yau 3-folds, again be
derived as a consequence of the properties of lattice Jacobi forms.

5.1 The non-Abelian sLWGC and lattice Jacobi forms

Let us first repeat the precise proposal for a nAsLWGC that has been made in [55]:
The non-abelian sLWGC. For any quantum gravity in d ≥ 5 dimensions with zero
cosmological constant and unbroken gauge group G, there is a finite-index Weyl-invariant
sublattice Γ of the weight lattice Lw(G) such that for every dominant weight λR ∈ Γ
there is a superextremal resonance transforming in the G irreducible representation R with
highest weight λR.
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Note that for purely Abelian gauge groups this reduces to the ordinary sLWGC. In
particular, the condition that a resonance is superextremal means that its charge to mass
ratio is greater than that of a large, extremal Reissner-Nordström black hole with parallel
charge vector.

Let us now consider this proposal in the context of F-theory on a Calabi-Yau 3-fold
such that the effective theory admits a limit in which the gauge coupling would go to zero.
It follows from the general results in [53] that the base of the elliptic fibration contains a
curve of self-intersection zero and geometrically the limit amounts to this curve shrinking
to zero volume. The string that arises from a D3-brane that wraps this curve becomes
tensionless and is dual to a, not necessarily perturbative, critical Heterotic string. More
precisely, the string is weakly coupled if the base of the fibration is a Hirzebruch surface.
In general additional tensor multiplets signal the presence of NS5-branes and therefore of
non-perturbative effects. Nevertheless, in each case we can calculate the elliptic genus and
this will be a modular or, in the non-perturbative case, a quasi-modular Jacobi form. Let
us stress that the non-perturbative effects due to the presence of NS5-branes are different
from those that lead to a non-perturbative gauge group. In those cases where the gauge
group is not perturbative but the base of the Calabi-Yau 3-fold on the F-theory side is a
Hirzebruch surface, the elliptic genus of the dual Heterotic string will still be a modular
Jacobi form.

The elliptic genus encodes a subset of the particle-like string excitations via a trace
over the Ramond-Ramond sector along a torus

Z(τ, z) = TrRR(−1)FF 2qHL q̄HR
nV∏
a=1

(ζa)Ja , (5.2)

where F is the Fermion number, HL/R are the left- and right-moving Hamiltonians and
q = exp(2πiτ) is the modular parameter of the torus. Moreover, the rank of the gauge
group is nV and it acts as a global symmetry with generators Ja on the worldsheet theory.
The corresponding fugacities are denoted by ζa = exp(2πiza). In terms of modular objects
the elliptic genus takes the general form

Z(τ, z) = Φ10,m(τ, z)
η24(τ) , (5.3)

where Φ10,m(τ, z) is a holomorphic, Weyl invariant lattice Jacobi form of weight 10 with
index matrix m. It therefore admits an expansions (3.29)

Φ10,m(τ, z) =
∑

µ∈L∗/L
hµ(τ)ϑL,µ(τ, z) , (5.4)

with ϑL,λ(τ, z) being Jacobi theta functions associated to the, in general twisted, coroot
lattice L of the gauge group.

The elliptic genus essentially encodes only the left-moving excitations and the states
have to be paired with right moving excitations, taking into account the level matching
condition, to lead to actual states of the theory. In particular, the numerator Φ10,m in (5.3)
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always contains a non-zero constant term that arises from the left-moving tachyon. This
implies that there is always a contribution13

Φ10,m = h0(τ)ϑL,0(τ, z) + . . . , (5.5)

with h0(τ) = −2 +O(q) [105]. It was shown in [54] that the states from this sector, with
the corresponding Jacobi theta function given by

ϑL,0(τ, z) =
∑
λ∈L∗

λ≡0 mod L

q
1
2 (λ,λ) exp (2πi(λ, z)) , (5.6)

are superextremal with respect to a dilatonic Reissner-Nordström of the corresponding
Cartan U(1) charges. Moreover, they form a sublattice of the U(1) charge lattice and
therefore are sufficient to satisfy the original sublattice weak gravity conjecture.

We will now argue that, at least for simple gauge groups, this sector in fact satisfies
the stronger claim of the non-Abelian sLWGC. To this end we need to see how the states
encoded in (5.6) arrange into representations of the gauge group G with Lie algebra g.
More precisely, we will rewrite the right-hand side in terms of Weyl characters. Let us first
recall some definitions.14 Let (R, Vλ) be an irreducible, finite-dimensional representation of
a complex semisimple Lie algebra g with Cartan subalgebra h. Here Vλ is a highest weight
module with highest weight λ, and R is the g-representation associated to Vλ. The Weyl
character of (R, Vλ) is the function χλ : h→ C with

χλ(z) = trVλ (exp (2πiR(z))) . (5.7)

From now on we assume that the gauge group is a simple Lie group with algebra g.
However, we remark that the upcoming derivations can be generalized for semisimple Lie
algebras via the product formula (3.44). Thus, for a simple Lie algebra the index m of
the elliptic genus as a lattice Jacobi form will then be m times the negative of the coroot
lattice intersection form, where m is some positive integer. The numerator of the elliptic
genus admits an expansion in terms of Weyl invariant lattice theta functions

Φ10,m(τ, z) =
∑

λ∈Lw(g)/mL∨(g)
hλ(τ)ϑ g

m,λ(τ, z) , (5.8)

with the states encoded in −2 ·ϑ g
m,0(τ, z) again forming the superextremal sublattice. The

expansion

ϑ g
m,0(τ, z) =

∑
w∈W (g)

∑
w·λ∈mL∨(g)
λ∈P+(g)

sign(w)q
1

2m (w·λ,w·λ)χλ(z) , (5.9)

follows from a more general relation that we are going to prove in the next section. Here
W (g) is the Weyl group and the shifted Weyl reflection

· : W (g)× Lw(g)→ Lw(g) , (5.10)
13We thank Timo Weigand for explaining this point to us.
14For further guidance on Lie algebras and representation theory, we refer the reader to appendix A.
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acts as w · λ = w(λ + ρ) − ρ. Moreover, P+(g) = Lw(g) ∩ W(g) is the set of dominant
weights, i.e. those in the fundamental Weyl chamber W(g).

We can further decompose the expansion into

ϑ g
m,0(τ, z) =

∑
λ∈mL∨(g)∩P+(g)

q
1

2m (λ,λ)χλ(z)

+
∑

w∈W (g)
w 6=id

∑
w·λ∈mL∨(g)
λ∈P+(g)

sign(w)q
1

2m (w·λ,w·λ)χλ(z) , (5.11)

It is easy to show that (w · λ, w · λ) > (λ,λ) for λ ∈ P+(g) if w 6= id. This follows from
the inequality

(w ·λ,w ·λ) = (w(λ+ρ)−ρ,w(λ+ρ)−ρ)

= (λ,λ)+
(
λ+ρ,ρ−w−1(ρ)

)
︸ ︷︷ ︸

≥0

+
(
ρ,λ+ρ−w−1(λ+ρ)

)
︸ ︷︷ ︸

≥0

≥ (λ,λ) , (5.12)

where ρ is the Weyl vector

ρ = 1
2

∑
α∈Φ+(g)

α , (5.13)

with Φ+(g) being the set of positive roots. The inequality is in turn a consequence of
proposition 2.4 and note 4.14 of [106]: If γ ∈ W(g) and w ∈W (g), then (γ − w(γ), τ) ≥ 0
for every τ ∈ Int (W(g)); γ + ρ ∈ Int (W(g)) iff γ ∈ W(g). Here Int (W(g)) denotes the
interior of W(g).

The second line of (5.12) ensures no cancelations for the first line in (5.11). This
implies there is a superextremal resonance transforming in the irreducible representation
associated to every dominant weight λ in the sublattice mL∨(g) ⊂ Lw(g).

5.2 Weyl invariant character sums over dominant weights

We now introduce a generalized version of the identity (5.6) and prove it:

Claim I. Let g be a complex simple Lie algebra. For any positive integer m ∈ N and Weyl
invariant subset {µi, i=1,...,k} ⊆ Lw(g)/mL∨(g) we can define the lattice subset

K =
(
µ1 +mL∨(g)

)
⊕ · · · ⊕

(
µk +mL∨(g)

)
, (5.14)

and the corresponding sum of theta functions satisfies the relation

ϑgm,µ1(τ, z) + · · ·+ ϑgm,µk(τ, z) =
∑

w∈W (g)

∑
w·λ∈K
λ∈P+(g)

sign(w)q
1

2m (w·λ,w·λ)χλ(z) . (5.15)

In order to prove the claim I, we need to discuss the Weyl character formula. The
trace (5.7) that defines the Weyl character χλ(z) results into a weighted sum over the
highest weight module Vλ. We recall that the latter decomposes as a direct sum of weight
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spaces, i.e. Vλ = ⊕ωVω. This means that the Weyl character χλ(z) admits an expansion
of the form

χλ(z) =
∑
ω∈Vλ

mωe2πi(ω,z) , (5.16)

where mω ∈ N is the multiplicity of each weight space Vω ⊂ Vλ associated to a weight ω.
Alternatively, we can expand the characters using the famous Weyl character formula [107]

χλ(z) = 1
∆W (z)

∑
w∈W (g)

sign(w) exp [2πi (w(λ+ ρ), z)] , (5.17)

where ρ is again the Weyl vector and ∆W (z) is defined by

∆W (z) ≡
∏

α∈Φ+(g)

(
eπi(α,z) − e−πi(α,z)

)
=

∑
w∈W (g)

sign(w) exp [2πi (w(ρ), z)] . (5.18)

Here Φ+(g) denotes the set of positive roots in g. Note that w(λ) is the Weyl reflection w
applied to the weight λ and should not be confused with the shifted Weyl reflection w · λ
defined in (5.10). With this information at hand, we proceed to prove claim I.

Proof of claim I. First, we prove the relation∑
ω∈Wλ

e2πi(ω,z) =
∑
ω∈Wλ

χω(z) , (5.19)

where we introduced Wλ ≡ {w(λ)}w∈W (g) for a given λ ∈ Lw(g). This is equivalent to
showing that ∑

ω∈Wλ

∆W (z) · e2πi(ω,z) =
∑
ω∈Wλ

Aω+ρ(z) , (5.20)

where Aω+ρ is the numerator of the Weyl character formula (5.17), i.e. χω(z)=∆−1
W Aω+ρ(z).

It directly follows from expanding the left-hand side of the equation (5.20)∑
ω∈Wλ

∆W (z) · e2πi(ω,z) =
∑

w′∈W (g)

∑
w∈W (g)

sign(w′)e2πi(w′(ρ)+w(λ)),z)

=
∑

w∈W (g)
Aw(λ)+ρ(z)

=
∑
ω∈Wλ

Aω+ρ(z) ,

(5.21)

where we have used the fact∑
w∈W (g)

e2πi(w(λ),z) =
∑

w∈W (g)
e2πi(w′w(λ),z) , w′ ∈W (g) . (5.22)

Now we proceed to prove the formula (5.15). Recall that the left-hand side reads

ϑK(τ, z) ≡ ϑgm,µ1(τ, z) + · · ·+ ϑgm,µk(τ, z) . (5.23)
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Using the identity (5.19) this can be rewritten as

ϑK(τ, z) =
∑
ω∈K

q
1

2m (ω,ω)e2πi(ω,z)

=
∑

λ∈K∩W(g)

∑
ω∈Wλ

q
1

2m (ω,ω)e2πi(ω,z)

=
∑
ω∈K

q
1

2m (ω,ω)χω(z)

=
∑

w∈W (g)

∑
w·λ∈K
λ∈P+(g)

q
1

2m (w·λ,w·λ)χw·λ(z) .

(5.24)

where we used the fact the K ⊂ Lw(g) is Weyl invairant.
Moreover, a simple calculation reveals the following identity

χw·λ(z) = 1
∆W (z)

∑
w′∈W (g)

sign(w′)e2πi(w′(w·λ+ρ),z)

= sign
(
w−1)

∆W (z)
∑

w′∈W (g)
sign(w′w)e2πi(w′w(λ+ρ),z)

= sign(w)χλ(z) .

(5.25)

Inserting the identity (5.25) into the last expression in (5.24) gives the conjectured expres-
sion (5.15).

To prove the non-Abelian sublattice weak gravity conjecture, we were particularly
interested in theWeyl invariant theta function ϑm,0(τ, z) = ϑmL∨(g)(τ, z) which corresponds
to the sublattice mL∨(g) ⊂ Lw(g) [55]. However, our claim I is more general. In the
following we provide two examples to illustrate this.

Example 1. Let us consider the gauge algebra g = A2 and lattice L(m) with twist
given by the index m = 2. The discriminant group GL = Lw(g)/mL∨(g) has dimension
dim(GL) = mrk(L∨(g))det(L∨(g)). In this case we therefore find dim(GL) = 12. With this
in mind we take the following weights as representatives for the cosets {µi} of GL

• (0, 0) , • (0, 1) , • (0, 2) , • (2,−1) ,
• (2, 0) , • (2, 1) , • (1, 0) , • (1, 1) ,
• (1, 2) , • (3,−1) , • (−1, 2) , • (−1, 3) ,

(5.26)

where ω1 = (1, 0) and ω2 = (0, 1) are the fundamental weights basis vectors in Lw(A2).
Each representative in (5.26) is labelled with a color • that indicates the class of points
associated to each coset [•] ≡ µi in GL. The corresponding cosets are illustrated in figure 1.
Let us take the Weyl invariant sublattice [•] = 2L∨(A2) to exemplify the formula (5.15).
For this we introduce the short-hand notation

ζ
(a,b)
± ≡ ζa1 ζb2 + ζ−a1 ζ−b2 , (5.27)
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Figure 1. Schematic representation of the lattice L∗(2) in terms of the weight lattice Lw(A2).
Each coset in the discriminat group G is represented by a color in (5.26), e.g. the dark blue dots •
represent the sublattice 2L∨(A2). The long arrows indicate the scaled root system 2Φ(A2) contained
in 2L∨(A2), whereas the short arrows indicate the root Φ(A2) system contained in L∨(A2).

where ζi ≡ exp(2πi(ωi, z)). Having said this, we provide a few q-expansions for ϑ[•](τ, z).
First by uisng formula (3.43), and then by using formula (5.15). This reads

ϑ[•](τ,z) = 1+
(
ζ

(2,4)
± +ζ(2,2)

± +ζ(4,2)
±

)
q2+

(
ζ

(6,0)
± +ζ(6,6)

± +ζ(0,6)
±

)
q6+O(q8)

=χ(0,0)+
(
χ(2,2)(z)−χ(0,3)(z)−χ(0,0)−χ(3,0)(z)

)
q2

+
(
χ(0,3)(z)+χ(0,6)(z)−χ(1,4)(z)+χ(3,0)(z)−χ(4,1)(z)+χ(6,0)(z)

)
q6

+O(q8) ,

(5.28)

Comparison of both expansions can be verified by using the Weyl character formula (5.17).
Moreover, we provide more Weyl invariant subsets of the type (5.14)

K0 = [•] , K1 = [•] , K2 = [•] ,
K3 = [•]⊕ [•]⊕ [•] , K4 = [•]⊕ [•]⊕ [•] , K5 = [•]⊕ [•]⊕ [•] .

(5.29)

We provide the Weyl character expansions for the rest of the theta functions ϑKi(τ, z)
in (B.28). Essentially, combinations of the Weyl invariant subsets in (5.29) fulfill claim I.

Example 2. Let us now consider the gauge algebra g = G2 with no twist. In this case we
have that dim(GL) = 3. We choose the following weights as representatives for the cosets
{µi} of GL

µ0 = (0, 0) , µ1 = (4,−2), µ2 = (2,−1) . (5.30)

When taking the combinations of theta functions

L∨(G2) : ϑ1,µ0(τ, z) , (5.31)(
µ1 + L∨(G2)

)
⊕
(
µ2 + L∨(G2)

)
: ϑ1,µ1(τ, z) + ϑ1,µ2(τ, z) , (5.32)

the relation (5.15) holds. Note that the lattice subsets L∨(G2) and µ1 + L∨(G2) ⊕ µ2 +
L∨(G2) are invariant under Weyl reflections in W (G2). See figure 2.
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Figure 2. Weight lattice Lw(G2). We indicate each Weyl chamber by a colored shaded region,
e.g. the orange region corresponds to the fundamental Weyl Chamber W(G2). The fundamental
weights are indicated by ω1 and ω2. The arrows indicate the root system Φ(G2). We denote by •,
�, and N those points associated to L∨(G2), µ1 + L∨(G2), and µ2 + L∨(G2) respectively.

6 Examples

In this section we are illustrating the non-Abelian sublattice weak gravity conjecture, as well
as the refinement of the Nother-Lefschetz invariants, at the hand of several examples. First
we are studying a family of elliptic fibrations with I2 singular fibers that via F-theory lead to
an SU(2) gauge symmetry with matter in the fundamental representation. Next we move on
to analogous families with I3 singular fibers and correspondingly an SU(3) gauge symmetry
in F-theory. In both cases there will be one geometry where the gauge symmetry in the
Heterotic string, that is dual to the corresponding Type IIA compactification, is realized
perturbatively. Most of the time, the gauge symmetry is non-perturbative and therefore
the usual perturbative Heterotic techniques can not be applied. Finally we consider one
elliptic fibration where a family of singular fibers is folded by monodromy around points in
the base such that the resulting gauge symmetry in F-theory is G2. Note that genus one
fibrations without sections will be discussed separately in section 7.

6.1 G = SU(2) geometries

We study elliptic fibrations MSU(2)
a,b over the Hirzebruch surface F1 that exhibit one inde-

pendent section E0 and one fibral divisor Df . The fibrations exhibit families of I2 singular
fibers over a curve Sb

A1
in the base that are resolved by Df , The points of the correspond-

ing polytopes as well as the generic parts of the linear relations among them are listed in
table 3 and we consider the 20 geometries for values a = −5, . . . ,−1 and b = a− 3, . . . , a.
Another three geometries correspond to a = 0 and b = −3, . . . ,−1. The case (a, b) = (0, 0)
leads to a geometry with h1,1 = 5 and will not be considered.

In every case there is a unique triangulation that is compatible with the projection
onto the last two coordinates. Indeed, the corresponding fibration of the associated toric
variety induces the elliptic fibration of the Calabi-Yau hypersurface. The intersection of
the fibral divisor with the vertical divisors π−1(B) and π−1(F ), that respectively stem from
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C1 C2 B F

1 0 0 0 1 0 ∗ ∗
0 1 0 0 0 1 ∗ ∗
−3 −2 0 0 1 −1 ∗ ∗ ← holomorphic section E0
−1 −1 0 0 −2 3 ∗ ∗ ← fibral divisor Df

0 0 1 0 0 0 0 1
a 2 + a −1 0 0 0 −1 1 ← vertical divisor π−1(B)
0 0 0 1 0 0 1 0
b 3 + b −1 −1 0 0 1 0 ← vertical divisor π−1(F )
0 0 0 0 0 −3 ∗ ∗

Table 3. The points of a set of reflexive polytopes that lead to elliptically fibered Calabi-Yau
manifolds with families of I2 fibers. Some parts of the linear relations among the points are given
in the last four columns.

the base and the fiber of the Hirzebruch surface, are determined by

D2
f · π−1(B) = 2(a− b)− 6 , D2

f · π−1(F ) = −2a− 12 . (6.1)

Using the general results from [108] we find that the Euler characteristic χ of MSU(2)
a,b is

χ = −6(32 + a− a2 + 2b+ 2ab) , (6.2)

while the genus g of Sb
A1

and the number of isolated I2 fibers n2 are given by

g = 1
2(5 + a)(10− a+ 2b) , n2 = 2(24− 2a+ a2 − 4b− 2ab) . (6.3)

The polarization lattice (3.32) of the K3 fibration has rank rk(Λ) = 3. Moreover,
the theory of lattice index Jacobi forms reduces to that of ordinary Jacobi forms that has
been introduced in [109]. The expansion of the topological string partition function (3.1)
encodes the elliptic genera of two types of strings. Six-dimensional E-strings arise in F-
theory from D3-branes that wrap the base of the Hirzebruch surface and the elliptic genus
can be identified with ZB(τ, λ, z). In particular, the index of ZB(τ, λ, z) as a Jacobi form
with respect to the geometric elliptic parameter z is

mB = −1
2D

2
f · π−1(B) = 3 + b− a . (6.4)

It actually turns out that ZB(τ, λ, z) depends only on mB and we find

Z
(mB)
B (τ, λ, z) = 1

η(τ)12
E4,mB (τ, z)
φ−2,1(τ, λ) , mB ∈ {0, 1, 2, 3} . (6.5)

Here Ek,m are the Jacobi-Eisenstein series of weight k and index m introduced in ap-
pendix B.2. The expression (6.5) is a generalization of the elliptic genus of an E-string as
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first observed in [3]. Here the E4,m can be identified with the Jacobi theta function of the
E8 root lattice as follows [110]

E4,m(τ, z) = ϑE8(τ, zλm) , for a λm ∈ E8 , such that (λm,λm)E8
= 2m, (6.6)

where

ϑE8(τ, z) =
∑
λ∈E8

q
1
2 (λ,λ)E8 exp

(
2πi (λ, z)E8

)
, (6.7)

and (· , ·)E8 is the Killing form associated to the E8 Lie algebra.
On the other hand, the six-dimensional strings that arise from D3-branes wrapping the

fiber of the Hirzebruch surface can be identified with dual Heterotic strings. The elliptic
genus is given by ZF (τ, λ, z) in the expansion (3.1) of the topological string partition
function and the index

mF = −1
2D

2
f · π−1(F ) = 6 + a , (6.8)

of ZF (τ, λ, z) only depends on a, but ZF (τ, z, λ) itself also depends on the value of b. The
contribution of massless states to the Heterotic elliptic genus is given by the chiral index
of the dual F-theory spectrum [53] and this fixes

ZF (τ, λ, z)
∣∣∣
λ−2

= −2q−1 + (2g − 2) (χλ3 − 1) + n2
(
χλ2 + χλ2̄

)
− χ+O(q) , (6.9)

where χλR is the Weyl character associated to the representation R and the label λ−2

indicates restriction to genus zero contributions. Note that we substract the uncharged
states from the adjoint representation since they are already contained in the contribution
from the Euler characteristic. This fixes the numerators of the elliptic genera

Z
(mB ,mF )
F (τ, z, λ) = 1

η(τ)24
Φ(mB ,mF )(τ, z)
φ−2,1(τ, λ) , (6.10)

to take the form

Φ(mB ,1)(τ, z) = −
(13

12 + mB

6

)
E4E6,1 −

(11
12 −

mB

6

)
E4,1E6 ,

Φ(mB ,2)(τ, z) = −
(13

12 + mB

12

)
E4E6,2 −

(11
12 −

mB

12

)
E4,2E6 ,

Φ(mB ,3)(τ, z) = −
(15

12 + mB

6

)
E4,1E6,2 −

( 9
12 −

mB

6

)
E4,2E6,1 ,

Φ(mB ,4)(τ, z) = −
( 1

12 + mB

24

)
E4Ẽ6,4 − 2E4,2E6,2 +

( 1
12 + mB

24

)
Ẽ4,4E6 .

(6.11)

Now, we proceed to apply the technology exposed in sections 4 and 5 to address the
refinement of 5d BPS invariants and the non-Abelian sLWGC for 6d (1,0) supergravity
theories with SU(2) gauge symmetry. The essential point of these computations is to
regard the theta expansion of Jacobi forms

φ(τ, z) =
∑

µ∈Z/2mZ

hµ(φ)ϑA1
m,µ(τ, z) , ϑA1

m,µ(τ, z) =
∑
r∈Z

r≡µ mod 2m

q
r2
4m ζr , ζ ≡ e2πiz , (6.12)
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where φ ∈ Jk,m(A1) is a generic Jacobi form of weight k and index m. Here we introduced
the notation hµ(φ) to denote the hµ theta-coefficient of φ. Having this expansion in mind,
we look into the theta expansions for the holomorphic Jacobi forms (6.11) that determine
the elliptic genera (6.10). Thus, we summarize our main applications in the following way:

• The h-map projection (3.31) on Φ(mB ,mF ) fixes the Noether-Lefschetz generator, i.e.

Φπ =
∑

µ∈Z/2mFZ

hµ
(
Φ(mB ,mF )

)
eµ . (6.13)

This object determines all Noether-Lefschetz numbers via the GW-NL theorem (3.20).
Furthermore, we obtain refined BPS numbers for all curve classes in the K3 fiber of
M

SU(2)
a,b by using the KKP conjecture formula (4.18).

• We consider the term associated to the Weyl invariant sublattice 2mFZ

Φ(mB ,mF )(τ, z)
∣∣∣
2mFZ

≡ h0
(
Φ(mB ,mF )

)
ϑA1
mF ,0(τ, z) , (6.14)

which is given by genus zero contributions of the elliptic genera (6.10). As proved in
section 5.1, we find that the non-trivial series contribution

− 2
∑

r∈2mFZ≥0

q
r2

4mF χλr+1(z) ⊂ Φ(mB ,mF )(τ, z)
∣∣∣
2mFZ

, (6.15)

as well as Weyl-invariance of ϑA1
mF ,0(τ, z), suffice to manifest the non-Abelian sLWGC.

We provide supplementary material [111] in which we exemplify explicitly the ap-
pearance of the contribution (6.15) in the Weyl characters expansions (6.9) for all
the SU(2) models associated with the Jacobi forms (6.11).

To elaborate on explicit computations for the theta expansions, from now on, we keep
the discussion to the elliptic genera ZF (τ, λ, z) corresponding to the cases (mB, 2). We
remind the reader that this case corresponds to one with non-perturbative gauge symmetry.
As a starting point, we reckon the theta expansions (6.12) of the Jacobi-Eisenstein series
E4,2 and E6,4. The Taylor expansions thereof read

E4,2(τ,z) = 1+q
(
14ζ±2+64ζ±+84

)
+q2

(
ζ±4+64ζ±3+280ζ±2+448ζ±+574

)
+O

(
q3
)
,

E6,2(τ,z) = 1+q
(
−10ζ±2−128ζ±−228

)
+q2

(
ζ±4−128ζ±3−1496ζ±2−3968ζ±−5450

)
+O

(
q3
)
.

(6.16)

Next, we introduce the following basis

α(τ) ≡ ϑ2,0(τ, 0) , β(τ) ≡ ϑ2,1(τ, 0) , γ(τ) ≡ ϑ2,2(τ, 0) , (6.17)
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where α, β, γ ∈ M1/2(8). See appendix B.1. An Ansatz for the Jacobi-Eisenstein se-
ries (6.16) in terms of the basis (6.17) leads to the following expresions

h0(E4,2) = α7 + 21α5γ2 + 35α3γ4 + 7αγ6 ,

h1(E4,2) = 32α3β3γ + 32αβ3γ3 ,

h2(E4,2) = 7α6γ + 35α4γ3 + 21α2γ5 + γ7 ,

h3(E4,2) = 32α3β3γ + 32αβ3γ3 ,

h0(E6,2) = α11 − 57α9γ2 − 342α7γ4 − 434α5γ6 − 187α3γ8 − 5αγ10 ,

h1(E6,2) = −64α7β3γ − 448α5β3γ3 − 448α3β3γ5 − 64αβ3γ7 ,

h2(E6,2) = −5α10γ − 187α8γ3 − 434α6γ5 − 342α4γ7 − 57α2γ9 + γ11 ,

h3(E6,2) = −64α7β3γ − 448α5β3γ3 − 448α3β3γ5 − 64αβ3γ7 .

(6.18)

In this way, we obtain the following vector-valued modular forms

h(E4,2) =
∑

µ∈{0,1,2,3}
hµ(E4,2)eµ

=
(
1+84q+574q2

)
e0+

(
64q

7
8 +448q

15
8 +1344q

23
8
)

e1

+
(
14q

1
2 +280q

3
2 +840q

5
2
)

e2+
(
64q

7
8 +448q

15
8 +1344q

23
8
)

e3+O(q3) ,

h(E6,2) =
∑

µ∈{0,1,2,3}
hµ(E6,2)eµ

=
(
1−228q−5450q2

)
e0+

(
−128q

7
8−3968q

15
8 −27264q

23
8
)

e1

+
(
−10q

1
2−1496q3/2−14088q5/2

)
e2+

(
−128q

7
8−3968q

15
8 −27264q

23
8
)

e3+O(q3) .
(6.19)

Note that the series expansions of (6.16) and (6.19) encode the same information in their
Fourier coefficients. With these pieces of information, the calculation of the h-map projec-
tion (3.31) for Φ(mB ,2)(τ, z) reduces to

Φπ = −
(13

12 + g

12

)
E4 · h(E6,2)−

(11
12 −

g

12

)
h(E4,2) · E6 , (6.20)

which is a vector-valued modular from of weight 19/2 that transforms under the Weil
representation ρ∗L∨(A1). Here we expressed (6.20) in terms of the genus g of the curve Sb

A1
,

as mB = g for the (mB, 2) cases.
To proceed with the computation of BPS invariants, we introduce the Jacobi form

discriminant ∆J , equivalently the Noether-Lefschetz discriminant ∆NL, given by

∆J = 2n`− r2

2m , ∆NL = ∆J

2 + 1− h , (6.21)

where (n, `, r) are the degrees of the curves (3.37) correponding to the TUV parameters
in the Heterotic language (2.6), and m = 2 for the current cases of discussion. Making
use of the GW-NL correspondence theorem (3.21), we obtain the GV invariants shown in
table 4. We note that all GV invariants ngϕ with the same curve class intersection form
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g\∆J
2 −1 −1

2 −1
8 0 1

2
7
8 1 3

2
15
8

0 −2 −2+2g 80+16g 324−36g 10384−192g 68656+624g 124652−896g 1019376−3312g 4169808+8208g
1 0 0 0 4 4−4g −160−32g −636+72g −20756+372g −137792−1344g
2 0 0 0 0 0 0 −6 −6+6g 240+48g
3 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0

Table 4. ng
[∆J /2] GV invariants of the K3 fiber with Λ =U⊕L∨(A1)(−2).

N[−1]
j−,j+

2j+ = 0 1

2j−= 0 1

N[− 1
2 ]

j−,j+
2j+ = 0

2j−= 0 2g−2

N[− 1
8 ]

j−,j+
2j+ = 0

2j−= 0 80+16g

N[0]
j−,j+

2j+ = 0 1 2

2j−= 0 332−36g
1 1 1

N[ 1
2 ]

j−,j+
2j+ = 0 1

2j−= 0 10392−200g
1 2g−2

N[ 7
8 ]

j−,j+
2j+ = 0 1

2j−= 0 68336+560g
1 80+16g

N[1]
j−,j+

2j+ = 0 1 2 3

2j−= 0 123352−752g 1
1 1 332−36g 1
2 1 1

N[ 3
2 ]

j−,j+
2j+ = 0 1 2

2j−= 0 977834−2538g
1 10390−198g
2 2g−2

Table 5. Refined BPS invariants N[∆J /2]
j−,j+

of the K3 fiber with ΛS =U⊕L∨(A1)(−2) and g= 1,2,3.

ϕ2 = ∆J are equivalent,15 where ϕ ∈ H2(M,Z)π. Hence we denote by ng[∆J/2] that class of
GV invariants.

The refined version of the latter computation is the KKP conjecture (4.18). For the
cases g ∈ {1, 2, 3}, we obtain the BPS numbers that appear in the table 5. For the case
g = 0, we note that the values ∆J

2 = −1
2 and h = 0 yields the Noether-Lefschetz numbers

NLh,(n,`,r) = −2. This indicates a Noether-Lefschetz divisor of the form
[
Dh,(n,`,r)

]
= Tı.

See (3.18). Taking into account this observation in (4.13), we obtain the refined BPS
number shown in the table 6.

As a complement, we provide further BPS numbers Nϕ
j−,j+

in the supplementary mate-
rial [111] in which we regard the KKP conjecture for the rest of the SU(2) models associated
with the Jacobi forms (6.11).

15Generally speaking, if the respective degrees of ϕ,ϕ′ ∈ H2(M,Z)π belong to different cosets in GΛ, the
numbers ngϕ and ngϕ′ can differ in the case that ϕ2 = ϕ′2. However, in the examples we show here it always
occurs that ngϕ = ng

ϕ′ when ϕ
2 = ϕ′2.
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N[−1]
j−,j+

2j+ = 0 1

2j−= 0 1

N[− 1
2 ]

j−,j+
2j+ = 0 1

2j−= 0 1

N[− 1
8 ]

j−,j+
2j+ = 0

2j−= 0 80

N[0]
j−,j+

2j+ = 0 1 2

2j−= 0 332
1 1 1

N[ 1
2 ]

j−,j+
2j+ = 0 1 2

2j−= 0 10392
1 1 1

N[ 7
8 ]

j−,j+
2j+ = 0 1

2j−= 0 68336
1 80

N[1]
j−,j+

2j+ = 0 1 2 3

2j−= 0 123352 1
1 1 332 1
2 1 1

N[ 3
2 ]

j−,j+
2j+ = 0 1 2 3

2j−= 0 977836 1
1 1 10392 1
2 1 1

Table 6. Refined BPS invariants N[∆J /2]
j−,j+

of the K3 fiber with ΛS =U⊕L∨(A1)(−2) and g= 0.

C1 C2 C3 B F

1 0 0 0 0 0 1 ∗ ∗
0 1 0 0 0 1 0 ∗ ∗
−1 0 0 0 1 −2 0 ∗ ∗ ← fibral divisor D1

f

−2 −1 0 0 −2 1 2 ∗ ∗ ← fibral divisor D2
f

−3 −2 0 0 1 0 −1 ∗ ∗ ← holomorphic section E0
0 0 1 0 0 0 0 0 1

2a− 2 a− 2 −1 0 0 0 0 −1 1 ← vertical divisor π−1(B)
0 0 0 1 0 0 0 1 0

2b− 3 b− 3 −1 −1 0 0 0 1 0 ← vertical divisor π−1(F )
0 0 0 0 0 0 −2 ∗ ∗

Table 7. The points of a set of reflexive polytopes that lead to elliptically fibered Calabi-Yau
manifolds with families of I3 fibers. Some parts of the linear relations among the points are given
in the last five columns.

6.2 G = SU(3) geometries

We now want to study geometries MSU(3)
a,b where the corresponding gauge group via F-

theory is SU(3). As base we choose again B = F1 and the points of the corresponding
polytopes as well as the generic parts of the linear relations among them are listed in
table 7. We consider (a, b) for a ∈ {−1, 0, 1} and b ∈ {a− 1, a, a + 1} as well as (−2,−2),
(2, 1), (2, 2) and (4, 6). Using the general results from [108] we find that the geometry
indeed contains a curve of I3 singularities as well as isolated reducible fibers that via F-
theory lead to matter in the fundamental representation of the associated SU(3) gauge
symmetry. The genus g of the curve Sb

A2
and the multiplicity n3 of the matter loci are

given by

g = 1 + 1
2(a− a2) + b+ ab , n3 = 3(16 + a+ a2 + 2b− 2ab) , (6.22)
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while the Euler characteristic of the Calabi-Yau is

χ = −12(16− 2a− a2 − 4b+ 2ab) . (6.23)

We denote the fibral divisor that corresponds to the point (−1, 0, 0, 0) by D1
f and find

the intersections (
D1
f

)2
· π−1(B) = 2(a− b)− 2 ,(

D1
f

)2
· π−1(F ) = −2a− 4 .

(6.24)

The corresponding indices with respect to the geometric elliptic parameter are

mB = 1 + b− a , mF = a+ 2 . (6.25)

In order to perform the modular bootstrap we need rank two Jacobi forms that are invariant
under the Weyl group of A2 [11]. A basis of the corresponding ring is given by the three
Jacobi forms [112]

φ3 = − i

η(τ)9

3∏
i=1

θ1(τ, ui)
∣∣∣∣
u∗→z∗

,

φ2 =
( 3∑
i=1

duiθ1(τ, ui)
θ1(τ, ui)

)
· φ3

∣∣∣∣
u∗→z∗

,

φ0 =
(
−2dτ −

E2
2 + 2

3
(
d2
z1 + d2

z2 + dz1dz2

))
◦ φ2 ,

(6.26)

which are of index one and the weight of φ−k is k. In the definitions we introduced the
derivative dx = (2πi)−1∂x, while u∗ → z∗ is the change of parametrization

u1 = z1 , u2 = z2 − z1 , u3 = −z2 . (6.27)

We can again consider the elliptic genera of Heterotic strings that in F-theory arise
from D3-branes that wrap the fiber of the Hirzebruch surface. Using the generic form

ZF (τ, λ, z1, z2)
∣∣∣
λ−2

= Φ(mB ,mF )(τ, z1, z2)
η24(τ)φ−2,1(τ, λ)

= −2q−1 + (2g − 2) (χλ8 − 2) + n3
(
χλ3 + χλ3̄

)
− χ+O(q) ,

(6.28)

we can fix the numerators

Φ(mB ,1) = E4E6φ0 − 12−2
[
(13 + 2mB)E3

4 + (11− 2mB)E2
6

]
φ2 ,

Φ(mB ,2) = −2−1E4E6φ
2
0 + 12−2

[
(13 +mB)E3

4 + (11−mB)E2
6

]
φ0φ2

− 72−1E2
4E6φ

2
2 + 2−1 · 12−3(1 +mB)

(
E2

6 − E3
4

)
E4φ

2
3 ,

Φ(mB ,3) = 4−1E4E6φ
3
0 − 576−1

[
(3 · 13 + 2mB)E3

4 + (3 · 11− 2mB)E2
6

]
φ2

0φ2

+ 48−1E2
4E6φ0φ

2
2 − 12−4

[
(9− 2mB)E3

4 + (15 + 2mB)E2
6

]
E4φ

3
2

+ 2−2 · 12−4(3 + 2mB)
(
E3

4 − E2
6

)
(12E4φ0 − 2E6φ2)φ2

3 .

(6.29)
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Figure 3. Weight lattice Lw(A2). The black dots represent the coroot lattice L∨(A2). The red and
blue dots represent the cosets associated to ω1 and ω2 respectively. The red shaded region represents
the fundamental Weyl chamber W(A2). The arrows point out the roots in Φ(A2) ⊂ L∨(A2).
Moreover, we label the set of dominant weights λR in L∨(A2) by circles �. To each point � there
is an associated superextremal resonance transforming in the irreducible representation R.

Note that we are not aware of a higher rank generalization of Eisenstein Jacobi series
and therefore used the generic generators for the ring of Weyl invariant A2 lattice Jacobi
forms. We remind the reader that each Jacobi form Φ(mB ,mF ) in (6.29) corresponds to a
K3 fibration with polarization lattice

Λ = U ⊕ L∨(A2)(−mF ) . (6.30)

To make contact with the applications of sections 4 and 5, in the upcoming, we exemplify
the theta expansion calculations for the elliptic genera (6.28), or equivalent the numera-
tors (6.29). For simplicity of the exposition we restrict to the cases when mF = 1. However,
similar computations are possible for non-perturbative gauge cases, in which mF > 1.

We know that the discriminant group is of the form GL∨(An) ∼= Z/(n + 1)Z [90].
Consequently, we can decompose the weight lattice Lw(A2) in terms of cosets. Without
loss of generality, we choose the fundamental weights as representatives of such cosets, i.e.

Lw (A2) ∼= L∨(A2)⊕
(
ω1 + L∨(A2)

)
⊕
(
ω2 + L∨(A2)

)
. (6.31)

See figure 3. Given a L∨(A2)-lattice Jacobi form φ, we want to perform its theta expansion

φ(τ, z1, z2) = h0(φ)ϑA2
1,0(τ, z1, z2) + hω1(φ)ϑA2

1,ω1(τ, z1, z2) + hω2(φ)ϑA2
1,ω2(τ, z1, z2) . (6.32)

As an example, we regard the ring generators (6.26) of W (A2) invariant Jacobi forms.
To calculate the theta coefficients hµ(φ), we use the basis of vector-valued modular forms
M1/2(24) in (B.8). For this, we introduce the notation

θN,`(τ) ≡ ϑA1
N,`(τ, 0) . (6.33)
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Then, the theta coefficients for the J∗,∗(A2) generators (6.26) read

h0(φ3) = 0 ,
hω1(φ3) = η−9(θ6,1−θ6,5) ,
hω2(φ3) =−hω1(φ3) ,

h0(φ2) = 3η−9
(
θ2

6,0θ6,3−θ6,3θ
2
6,6

)
,

hω1(φ2) = 1
2η
−9
(
4θ6,2θ6,3θ6,6+θ6,1θ

2
6,6+θ6,5θ

2
6,6−4θ6,0θ6,3θ6,4−θ2

6,0θ6,1−θ2
6,0θ6,5

)
,

hω2(φ2) =hω1(φ2) ,
h0(φ0) =−2∂RSh0(φ2) ,
hω1(φ0) =−2∂RShω1(φ2) ,
hω2(φ0) =−2∂RShω2(φ2) .

(6.34)

Here ∂RS : Mk(Γ) → Mk+2(Γ) is the Ramanujan-Serre derivative, which acts on a holo-
morphic modular form f ∈Mk(Γ) with Γ ⊆ SL(2,Z) as follows [113]

∂RSf = dτf −
k

12E2f . (6.35)

To explain the Ramanujan-Serre derivative in (6.34), we notice that the heat differential
operator L = −2dτ + ∆A2 acts on the theta functions as LϑA2

1,µ = 0, where ∆A2 is the
Laplacian operator associated with the Killing form in A2. Then, by the definition (6.26),
we have that

φ0 =
(
L − 1

2E2

)
◦ φ2 = −2

∑
µ

∂RShµ(φ2) · ϑA2
1,µ , (6.36)

where we identified that each hµ(φ2) has weight k = −3. Notice that the theta coeffi-
cients (6.34) are all the information we need to obtain the theta expansions of Φ(mB ,1).

Now, we consider the non-Abelian sLWGC. The contributions of the Weyl invariant
sublattice L∨(A2) to the elliptic genus arise from the term

Z(τ, z1, z2)
∣∣∣
L∨(A2)

≡ 1
η24(τ)h0

(
Φ(mB ,1)

)
ϑA2

1,0(τ, z1, z2) . (6.37)

Let us regard the Fourier expansions of (6.37) as follows

Z(τ, z1, z2)
∣∣∣
L∨(A2)

=
∞∑
n=0

pn−1(z1, z2)qn−1 , (6.38)

where pn(z1, z2) is a Poincaré polynomial in Z[ζ±1 , ζ±2 ]. Due to our claim I in section 5.2, we
can express these polynomials in terms of Weyl characters χ(λ1,λ2)(z1, z2), where (λ1, λ2) is
a dominant weight corresponding to an irreducible representation of SU(3).16 In table 8,
we provide the Weyl character expansions of polynomials pn−1(z1, z2) up to n = 4. On the
one hand, we find superextremal states at each excitation level

n(λ1, λ2) = 1
3
(
λ2

1 + λ1λ2 + λ2
2

)
, (λ1, λ2) ∈ Lw(A2) ∩ L∨(A2) , (6.39)

16For instance, the weights (1, 0) and (1, 1) correspond to the fundamental representation 3 and the
adjoint representation 8 respectively.
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n pn−1(z)

0 −2χ(0,0)

1 (352−72mB)χ(0,0)−2χ(1,1)(z)
2 (120480−504mB)χ(0,0)+(348−72mB)χ(1,1)(z)
3 (5444788−2592mB)χ(0,0)+(121180−648mB)χ(1,1)(z)−2χ(3,0)(z)−2χ(0,3)(z)
4 123698662−10512mB+(5686448−3744mB)χ(1,1)(z)+(350−72mB)

(
χ(3,0)(z)+χ(0,3)(z)

)
−2χ(2,2)(z)

Table 8. Weyl character expansions of Z(τ,z)|L∨(A2). We indicate by red color those contributions
associated with the superextremal resonances. Note that mB ∈{0,1,2}.

which corresponds to nearly tensionless strings of mass M2
n = 4T (n− 1) and tension T =

Volω(F ) [54]. On the other hand, as proved in section 5.1, there is a contribution deriving
from (5.11) that counts at every (λ1, λ2) ∈ P+(A2) ∩ L∨(A2) superextremal resonances
transforming in the SU(3) irreducible representation R with highest weight (λ1, λ2). In
table 8, we marked such contributions with red color. With these two points together, the
Weyl invariant sublattice L∨(A2) ⊂ Lw(A2) satisfies the non-Abelian sLWGC.

More generally, the non-Abelian sLWGC holds for all SU(3) geometries with polar-
ization lattice Λ = U ⊕ L∨(A2)(−mF ). There, the Weyl invariant sublattice that fulfils
the conjecture is mFL

∨(A2) ⊂ Lw(A2). To illustrate this, we provide supplementary ma-
terial [111] in which we reproduce higher order Weyl characters expansions of the elliptic
genera (6.28), together with the terms in the first line of (5.11).

In the following we regard the computation of BPS invariants obtained by using the
GW-NL correspondence theorem (3.21), as well as the KKP conjecture (4.18). In our
example of interest, i.e. those geometries that give rise to elliptic genera with numerator
Φ(mB ,1), the Noether-Lefschetz generator read

Φπ =
∑

µ∈{0,ω1,ω2}

[
E4E6hµ(φ0)− 12−2

(
(13 + 2mB)E3

4 + (11− 2mB)E2
6

)
hµ(φ2)

]
eµ .

(6.40)
The Noether-Lefschetz discriminant ∆NL is given by

∆J = 2n`− 2
3(λ2

1 + λ1λ2 + λ2
2) , ∆NL = ∆J

2 + 1− h , (6.41)

where (n, `, λ1, λ2) are the degrees of the curves (3.37) correponding to the TUV param-
eters in the Heterotic language (2.6). With this information we calculate BPS invariants
associated to the K3 fiber. We provide a few GV invariants in the table 9 and their
corresponding refinements in the table 10.

6.3 G = G2 geometry

Let us now discuss an example of the non-simply laced Lie algebra G2. To this end we
consider the geometry introduced in [114] that corresponds to the toric data in table 11.
It is an elliptic fibration over the Hirzebruch surface F2 and we choose a basis of fibral
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g\∆J
2 −1 −1

3 0 2
3 1 5

3 2
0 −2 24+12mB 348−72mB 26580+168mB 121176−648mB 1747434+1104mB 5687144−3888mB

1 0 0 4 −48−24mB −684+144mB −53304−408mB −244424+1728mB

2 0 0 0 0 −6 72+36mB 1012−216mB

3 0 0 0 0 0 0 8

Table 9. ng
[∆J /2] GV invariants of the K3 fiber with polarization lattice Λ =U⊕L∨(A2)(−1). Here

mB ∈{0,1,2}.

N[−1]
j−,j+

2j+ = 0 1

2j− = 0 1
N[− 1

3 ]
j−,j+

2j+ = 0

2j− = 0 24 + 12mB

N[0]
j−,j+

2j+ = 0 1 2

2j− = 0 356− 72mB

1 1 1

N[ 2
3 ]
j−,j+

2j+ = 0 1

2j− = 0 26484 + 120mB

1 24 + 12mB

N[1]
j−,j+

2j+ = 0 1 2 3

2j− = 0 119780− 360mB 1
1 1 356− 72mB 1
2 1 1

N[ 5
3 ]
j−,j+

2j+ = 0 1 2

2j− = 0 1641186 + 468mB

1 26508 + 132mB

2 24 + 12mB

N[2]
j−,j+

2j+ = 0 1 2 3 4

2j− = 0 5203476− 1512mB 2 1
1 2 120136− 432mB 2
2 2 356− 72mB 1
3 1 1

Table 10. Refined BPS numbers N[∆J /2]
j−,j+

of the K3 fiber with polarization lattice Λ = U ⊕
L∨(A2)(−1). Here mB ∈ {0, 1, 2}.
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C1 C2 C3 C4 C5
−1 0 0 0 0 0 0 0 1

0 −1 0 0 0 0 0 1 0
2 3 0 0 1 −2 0 0 0
2 3 −1 0 −2 1 0 0 1 ← fibral divisor E1
2 3 −2 0 1 0 0 1 −2 ← fibral divisor E2
1 1 −1 0 0 0 0 −2 3
2 3 2 1 0 0 1 0 0
2 3 0 −1 0 0 1 0 0 ← vertical divisor π−1(F )
2 3 1 0 0 1 −2 0 0 ← vertical divisor π−1(B)
0 0 0 0 0 0 0 0 −3

Table 11. Toric data associated to an elliptic fibration that leads to a G2 gauge symmetry in
F-theory.

divisors that leads to the polarization lattice

Λ = U ⊕ L∨(G2)(−1) . (6.42)

As discussed in pervious sections, our main object to compute is the elliptic genus
ZF (τ, λ, z) resulting from D3 branes wrapping the Hirzebruch surface fiber curve F . For
this, we consider the basis for the ring of G2 Weyl-invariant Jacobi forms given by [112]

ϕ6(τ, z) = 1
2φ

2
3(τ,x)

∣∣∣
x∗→z∗

,

ϕ2(τ, z) = φ2(τ,x)
∣∣∣
x∗→z∗

,

ϕ0(τ, z) = φ0(τ,x)
∣∣∣
x∗→z∗

,

(6.43)

where {φ3, φ2, φ0} is the basis of A2 Weyl-invariant Jacobi forms as defined in (6.26).
Moreover, we introduced in (6.43) the reparametrization

x1 = z2 − 2z1 , x2 = −z1 . (6.44)

We observe that the elliptic genus that follows an expansion of the form

ZF (τ, λ, z)
∣∣∣
λ−2

= −2q−1 − 2χλ14(z) + 2n7χλ7(z)− χ− 2n7 + 2rk(G2) +O(q) . (6.45)

Here the Weyl characters are those associated with the Lie algebra G2 and not A2. More-
over, 14 is the adjoint representation of G2 that has an associated highest weight λ14 = ω2;
7 is the fundamental representation with associated highest weight λ7 = ω1. See figure 2.
In this particular geometry, we identify that n7 = 16. For further discussion on counting
matter representations via Gromov-Witten invariants, see the references [115, 116]. Thus,
the explicit form of the elliptic genus reads

ZF (τ, λ, z) = Φ(τ, z)
η24(τ)φ−2,1(τ, λ) , Φ(τ, z) = E4E6ϕ0 −

1
72
(
7E3

4 + 5E2
6

)
ϕ2 . (6.46)
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g\∆J
2 −1 −1

3 0 2
3 1 5

3 2 8
3 3 11

3 4
0 −2 30 312 26664 120852 1747986 5685200 49588776 135063180 886842720 2156305536
1 0 0 4 −60 −612 −53508 −243560 −3656196 −12097980 −109879200 −305208720
2 0 0 0 0 −6 90 904 80472 367458 5671932 19003080
4 0 0 0 0 0 0 0 0 −10 150 1464
5 0 0 0 0 0 0 0 0 0 0 12

Table 12. ng
[∆J /2] GV invariants of the K3 fiber of MG2 .

As in previous sections, we provide supplementary material [111] that contains higher order
Weyl character expansions (6.45) of the elliptic genus (6.46). Moreover, in the supplemen-
tary material, we include the terms (5.11) required to satisfy the non-Abelian sLWGC. In
this case, the Weyl invariant sublattice L∨(G2) ⊂ Lw(G2) fulfils the conjecture.

As exemplified in section 5.2, we take as representatives of the discriminant group
GL∨(G2) the lattice points µ0 = (0, 0),µ1 = (4,−2),µ2 = (2,−1). We remark that generally
speaking the space of G2 theta functions (3.28) differs from those of A2. Despite this
difference, we find out the following equivalences

h0(ϕ2) = h0(φ2) , h0(ϕ0) = h0(φ0) ,
hµ1(ϕ2) = hµ2(ϕ2) = hω̃1(φ2) = hω̃2(φ2) ,
hµ1(ϕ0) = hµ2(ϕ0) = hω̃1(φ0) = hω̃2(φ0) .

(6.47)

Here we used the labels ω̃i to indicate the fundamental weights in Lw(A2). We remind that
the explicit expressions for (6.47) are given in (6.34). Similarly as in the previous section,
we calculate the Noether-Lefschetz generator via the h-map projection of (6.46) by using
the theta coefficients (6.47). Moreover, now the Noether-Lefschetz discriminant ∆NL now
reads

∆J = 2n`− 2
(
λ2

1 + λ1λ2 + 1
3λ

2
2

)
, ∆NL = ∆J

2 + 1− h . (6.48)

Using the GW-NL correspondence theorem (3.21), we obtain the GV invariants shown
in table 12. Note that our results are exactly those provided by the Heterotic 1-loop
computation in table 5.4 of [63]. By using the KKP conjecture (4.18), we obtain the
refinement for the latter invariants that appear in the table 13.

7 Sublattice conjectures for M-theory on genus one fibrations

With our previous discussion we have focussed on F-theory compactifications on elliptically
fibered Calabi-Yau 3-folds that, in order to exhibit an appropriate weak coupling limit for
the gauge theory, also had a K3 fibration. In particular, the identification of the tower of
states that satisfies the sublattice weak gravity conjecture and its non-Abelian extension
was based on the duality with Heterotic strings, compactified on another K3, that arise
from D3 branes wrapping the base of the K3 fiber. More precisely, the elliptic genus of the
Heterotic strings encode certain particle-like exitations and the properties of Jacobi forms
imply that a superextremal subset populates the desired sublattice.
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N[−1]
j−j+

2j+ = 0 1

2j− = 0 1
N[− 1

3 ]
j−j+

2j+ = 0

2j− = 0 30

N[0]
j−j+

2j+ = 0 1 2

2j− = 0 320
1 1 1

N[ 2
3 ]
j−j+

2j+ = 0 1

2j− = 0 26544
1 30

N[1]
j−j+

2j+ = 0 1 2 3

2j− = 0 119600 1
1 1 320 1
2 1 1

N[ 5
3 ]
j−j+

2j+ = 0 1 2

2j− = 0 1641420
1 26574
2 30

N[2]
j−j+

2j+ = 0 1 2 3 4

2j− = 0 5202720 2 1
1 2 119920 2
2 2 320 1
3 1 1

Table 13. Refined BPS invariants N[∆J /2]
j−,j+

of MG2 .

If we compactify on a circle to five dimensions, the excitations of the wrapped strings
turn into BPS particles and the same argument about the sublattice holds. However, we
also have the freedom to perform an orbifolding on the Heterotic side of the duality and
consider compactifications on (K3×S1)/ZN . These are dual to M-theory compactified on
genus one fibered Calabi-Yau 3-folds that do not have a section but only N -sections [17, 65,
117]. In this situation the elliptic genus of the Heterotic strings is replaced by the twisted
elliptic genera and the arguments for the sublattice conjectures have to be modified.

7.1 Genus one fibered K3 surfaces without section

As a starting point, let us consider the 5d Heterotic strings on (K3 × S1)/ZN with no
Wilson lines turned on. The ZN orbifold group acts on the circle via the shift

δ : x 7→ x+ 2π
N
R , (7.1)

and on the K3 via some non-trivial order N automorphism. We choose the momentum
and winding numbers (k,w) along the circle to be quantized in Z ⊕ Z such that the left-
and right-moving momenta satisfy

(pL, pR) = 1√
2

(
k

R
− wR

N
,
k

R
+ wR

N

)
. (7.2)
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Figure 4. Schematic representation of a genus one fibered K3 surface with 2-section.

With this in mind, the momentum lattice Γ1,1
N is equipped with the quadratic form

p2
L − p2

R = 2kw
N

. (7.3)

Note that a state with momentum number k will have eigenvalue exp(2πik/N) under the
action of δ. Moreover, with ψr,k we denote a state in the r-twisted sector on K3/ZN with
eigenvalue g = exp(−2πik/N), where g acts as a ZN automorphism on the CFT associated
with the K3 [118]. Together the invariant states in the spectrum of the compactification
on (K3× S1)/ZN are then of the form [119, 120]

|k,w, ψr,k〉 , r ≡ w mod N . (7.4)

Now we turn back to the M-theory compactification on a genus one fibered Calabi-
Yau 3-fold πN : M → B with N -section. By the latter, we mean a multivalued function
sN : B → M such that |π−1(p)| = N for almost all points p ∈ B. See figure 4. For recent
reviews on F-theory and M-theory that discuss genus one fibrations we refer the reader to
the references [91, 121]. We want the Calabi-Yau to also exhibit a K3 fibration π : M → P1

b
such that in the limit of large P1

b we have a dual description in terms of weakly coupled
Heterotic strings. Recall that a K3 fiber with polarization lattice Λ of rank two has an
intersection form

IΛ
∣∣∣
rk(Λ)=2

=
(

2a b

b 2c

)
, a, b, c ∈ Z , 4ac− b2 < 0 . (7.5)

An algebraic K3 surface with Λ-polarized lattice of rank two admits a genus one fibration
with N -section iff b2 − 4ac = N2 [122–124].

For elliptic fibrations, i.e. when N = 1, five-dimensional light BPS states arise in the
limit VolC(P1

b) → ∞, where the dual Heterotic string is weakly coupled, from M2 branes
that wrap curves of the type [39]

CM2 = kT 2 + w(P1
f + T 2) , (7.6)

with P1
f being the base of the K3 fiber and T 2 the generic fiber of the genus one fibration.

The shift of P1
f by T 2 is fixed by demanding that the self-intersection of CM2 inside the

K3 fiber matches the quadratic form on the momentum lattice. However, on a genus one
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fibration with N -section we find components of reducible fibers that intersect the N -section
only once so that the analogous expansion reads

CM2 = k
T 2

N
+ w(P1

f + T 2) , (7.7)

with self-intersection given by (7.3), i.e.

C2
M2 = 2kw

N
. (7.8)

A crucial implication is, that the coefficients Zn·P1
f
, n = 1, . . . , N − 1 of the topological

string partition function (3.1) encode twisted sectors of the dual Heterotic strings, while
the contributions from untwisted sectors appear in Zn·P1

f
, n = 0modN .

As a next step we extend the construction and turn on Heterotic Wilson lines. On
the M-theory side this amounts to considering K3 fibrations with Λ-polarized lattices of
the form

Λ = U(N)⊕ L(−m) , (7.9)

wherem ∈ N is some twist that signals a non-perturbative realization of the Heterotic gauge
group. So far the situation is completely analogous to that of elliptically fibered K3 surfaces
which we described in section 3.3. The new feature here is that the discriminant group
GΛ associated with the lattice (7.9) decomposes into two factors GΛ ∼= GU(N) ⊕ GL(−m).
Consequently, the Noether-Lefschetz generators of these geometries will be vector-valued
modular forms that transform under the dual of the Weil representation ρ∗Λ : Mp(2,Z) →
End (C[GΛ]), where C[GΛ] ∼= C[GU(N)]⊗C C[GL(−m)].

If we recall that for Heterotic strings on K3× T 2 the elliptic genus could be obtained
from the Noether-Lefschetz generator by inverting the map (3.31), this leads to the question
what happens when the latter transforms non-trivially with respect to

GU(N) ∼= (Z/NZ)2 . (7.10)

It turns out that the objects we obtain are the twisted twined elliptic genera

Z(r,s)(τ, z) = TrHrgs(−1)FF 2qHL q̄HR
nV∏
a=1

(ζa)Ja , (7.11)

that have been introduced by [125] and further studied in [64–66, 118, 126]. Here we use
the same notation that we already defined for the ordinary elliptic genus in (5.2). The
only difference here is that the trace is taken over the r-twisted Ramond-Ramond sector
Hr, whereas the insertion gs projects multiples of the phase eigenvalue of states (7.4).
Moreover, the twisted twined elliptic genera are lattice Jacobi forms for Γ1(N), while the
vector

(
Z(r,s)(τ, z)

)
r,s∈ZN

transforms as vector-valued lattice Jacobi form under SL(2,Z).
In particular, the relevant object to extend the discussion of the sublattice weak gravity
conjecture to M-theory on genus one fibrations is the untwisted, untwined elliptic genus
Z(0,0)(τ, z). Contrary to the elliptic case this receives contributions not only from base
degree one invariants of the topological string partition function but from the first N
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degrees with respect to the base of the K3 fiber. However, before we flesh out the details
of the sublattice conjecture, let us discuss how exactly the twisted twined elliptic genera
can be obtained from the Noether-Lefschetz generator and also how the latter relates to
the new supersymmetric index.

7.2 Twisted elliptic genera and Noether-Lefschetz theory

We will now extend the discussion of the Noether-Lefschetz generator, the new supersym-
metric index and the elliptic genera to Heterotic strings on (K3×S1)/ZN , where we in fact
have to consider the twisted twined elliptic genera (7.11). For simplicity we again restrict
to the case where the Heterotic gauge algebra consists of a single simple factor g. The dual
K3 fibered Calabi-Yau 3-folds S ↪→M

π−→ P1
b then exhibit a polarization lattice

Λ = U(N)⊕ L(−m) , Λ′ = U(−1)⊕ Λ , (7.12)

where Λ′ is the extended lattice defined by U(−1) ∼= H0(S,Z)⊕H4(S,Z). Moreover, L is
a rank rk(g) lattice associated with the Wilson lines parameters, whose intersection form
is given by −m(· , ·) with (· , ·) the Killing form of g for some twist m ∈ N. If the gauge
group is realized perturbatively, the twist is m = 1.

In [126] the authors introduced the shifted Siegel theta function

Γ(r,s)
µ =

∑
λ∈L(m)+µ

∑
k0,w0,k∈Z

∑
w∈Z+ r

N

e−2πi ks
N q

p2
L
2 q̄

p2
R
2 , (7.13)

where they considered the case L = L∨(A1) and µ ∈ Z/2Z. The left- and right moving
momenta can be obtained from the relations

1
2(p2

L − p2
R) = 1

2m (λ,λ)− kw + k0w0 ,

1
2p

2
R = − 1

2〈Im(y), Im(y)〉
∣∣∣λ · V + kU + wT + k0 − w0

〈y,y〉
2

∣∣∣2 , (7.14)

where y denotes the (T, U,V ) Heterotic moduli with intersection pairing

〈y,y〉 ≡ −2TU +m(V ,V ) . (7.15)

Note that here we choose the signs to match the conventions for the quadratic form of [18,
22]. Based on the results from [64–66, 118] we observe that the new supersymmetric index
for Heterotic strings on (K3× T 2)/ZN factorizes as

Z(τ, τ̄) = 1
N

∑
µ∈GL

∑
r,s∈Z/NZ

Γ(r,s)
µ (τ, τ̄)Z(r,s)

µ (τ) , (7.16)

where we denote by GL(m) the discriminant group of L(m) and Z(r,s)
µ are the components

of a meromorphic vector-valued modular form

Z(τ) =
∑

µ∈GL(m)

∑
r,s∈Z/NZ

Z(r,s)
µ (τ)eµ ⊗ e(r,s) , Z(r,s)

µ (τ) = h
(r,s)
µ (τ)
η24(τ) . (7.17)
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We claim that (Z(r,s)
µ )µ∈GL(m) is nothing but the h-map projection of the twisted twined

elliptic genus (7.11). In other words, the vector of twisted twined elliptic genera, which form
a vector-valued Jacobi form under SL(2,Z) transformations, can be obtained by replacing

eµ 7→ ϑL(m),µ(τ, z) . (7.18)

To make the connection with the Noether-Lefschetz generator, we expand the new
supersymmetric index into

Z(τ, τ̄) =
∑

µ∈GL(m)

∑
r,s∈Z/NZ

∑
k0,w0∈Z

∑
w∈Z+ r

N
k∈Z

q
p2
L
2 q̄

p2
R
2

e−2πi ks
N

N
Z(r,s)
µ (τ)

=
∑

µ∈GL(m)

∑
r,`∈Z/NZ

∑
k0,w0∈Z

∑
w∈Z+ r

N
k∈NZ+`

q
p2
L
2 q̄

p2
R
2 Ẑ(r,`)

µ (τ)

=
∑

µ∈GL(m)

∑
(k0,w0)∈U

∑
(r,`)∈Gδ

∑
(k,w)∈Lunt

δ
+(r,`)

q
p2
L
2 q̄

p2
R
2 Ẑ(r,`)

µ (τ)

=
∑

µ∈GL(m)

∑
(r,`)∈Gδ

θΛ′(−1)+µ⊕(r,`)(τ, τ̄)Ẑ(r,`)
µ (τ) ,

(7.19)

where we used several new definitions. First, we introduced the Fourier discrete transform
of a C [Z/NZ× Z/NZ]-valued function F on H, whose component read [127]

F̂(r,`) ≡
1
N

∑
s∈Z/NZ

e−2πi s`
N F(r,s) . (7.20)

Second, following the discussion of section 2.2 from [120], we introduced the CHL lattice
Lδ = N−1Z⊕ Z spanned by the vectors δ = e1/N = (1/N, 0) and e2 = (0, 1), such that

δ2 = e2
2 = 0 , δ · e2 = 1

N
, (7.21)

whereas the untwisted δ-invariant sublattice Lunt
δ ⊂U = SpanZ {e1,e2}∼= Z⊕Z is defined as

Lunt
δ = {(w, k) ∈ U | (w, k) · δ ∈ Z} ∼= Z⊕NZ . (7.22)

Note that by definition (Lunt
δ )∗ = Lδ and the intersection form of Lunt

δ is that of U(N).
Moreover, the CHL discriminant group is given by

Gδ = Lδ/L
unt
δ
∼= GU(N) ∼= (Z/NZ)2 . (7.23)

Third, we introduced the components of the Siegel theta function ΘΛ′(−1)(τ, τ̄) associated
with the lattice Λ′(−1), which we describe in more detail in (B.11) in appendix B.1. With
this in mind, let us now recall the claim of the authors [22]

Z(τ, τ̄) =
∑
γ∈GΛ

θΛ′(−1)+γ(τ, τ̄)
Φπ
γ (τ)

η24(τ) , (7.24)
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where in our case GΛ = GL(m) ⊕GU(N). By comparing (7.19) and (7.17) we find that the
Noether-Lefschetz generator is given by

Φπ
γ (τ)

∣∣∣
γ=µ⊕(r,`)

= ĥ(r,`)
µ (τ) . (7.25)

Together with the NL-GW correspondence theorem (3.21) we have thus found a
straightforward recipe to obtain the twisted twined elliptic genera directly from the topo-
logical string partition function of a K3 fibered Calabi-Yau 3-fold that also exhibits a
compatible genus one fibration:

1. Calculate the genus zero Gromov-Witten invariants, for example via mirror symme-
try, and use (3.21) to determine the Noether-Lefschetz generator (7.25).

2. Invert the discrete Fourier transformation to recover (7.11).

3. Apply the replacement (7.18) to obtain the twisted twined elliptic genera.

Below we will illustrate this procedure at the hand of genus one fibrations with 4-sections.
However, let us first extend the previous discussion of the sublattice weak gravity conjecture
to genus one fibrations.

7.3 The sublattice weak gravity conjectures for genus one fibrations

We will now discuss how the arguments for the sublattice and the non-Abelian sublattice
weak gravity conjecture apply to M-theory on a genus one fibered Calabi-Yau 3-fold M

with N -sections. The existence of a limit in which the gauge coupling goes to zero while
the Planck mass remains finite still implies that the base is a Hirzebruch surface or a
blowup thereof [53]. Moreover, in the same limit a dual Heterotic string, that is now
compactified on (K3× S1)/ZN , becomes weakly coupled and, using the prescription that
we worked out in the previous subsection, one can calculate the twisted twined elliptic
genera Z(r,s)(τ, z) (7.11) which are of the form

Z(r,s)(τ, z) = TrHrgs(−1)FF 2qHL q̄HR
nV∏
a=1

(ζa)Ja = Φ(r,s)(τ, z)
η(τ)24 , (7.26)

with Φ(r,s)(τ, z) being holomorphic, Weyl invariant lattice Jacobi forms for Γ1(N). We can
therefore again perform an expansion (5.4)

Φ(r,s)(τ, z) =
∑

µ∈L∗/L
h(r,s)
µ (τ)ϑL,µ(τ, z) , (7.27)

where ϑL,µ(τ, z) are Jacobi theta functions associated with the, in general twisted, coroot
lattice L of the gauge group and (h(r,s)

µ )(r,s)⊕µ are vector-valued modular or, in the presence
of NS5-branes, vector-valued quasi-modular forms that transform under the dual of the Weil
representation ρ∗ : Mp(2,Z)→ C [Z/NZ× Z/NZ]⊗ C [L∗/L].

The Tachyon is part of the untwisted sector and appears in Z(0,0)(τ, z). We can
therefore apply the same arguments that held for elliptic fibrations to conclude that there
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is a sublattice of superextremal states which satisfies the sublattice weak gravity conjecture
and, in the case of a single simple factor of the Heterotic gauge group, also the non-Abelian
generalization. In fact, the untwisted untwined elliptic genus Z(0,0)(τ, z) is identical to the
elliptic genus of the Heterotic string on K3. The crucial difference to the elliptic case is
now that it is not identical to the genus zero contribution to the topological string partition
function Zβ=F (τ, λ) but receives contributions from Zβ=n·F (τ, λ) for n = 1, . . . , N .

Example. We consider the genus one fibered Calabi-Yau 3-fold

M = (F4 → F1) [SU(2)× Z2]−144
4

that has been discussed in [17]. Here the polarization lattice is of the form Λ ' U(2) ⊕
L∨(A1)(−2). The twisted elliptic genera (7.26) can be fixed via the procedure outlined in
section 7.2 and we obtain the following result:

Φ(0,0)(τ,z) =−11
12E6(τ)E4,2(τ,z)− 13

12E4(τ)E6,2(τ,z) ,

Φ(0,1)(τ,z) =− 1
2592

(
E4(τ)−4E2

2 (τ)
)2
[
2φ2
−2,1(τ,z)E2(τ)

(
7E2

2 (τ)−5E4(τ)
)

+φ−2,1(τ,z)φ0,1(τ,z)
(
E4(τ)−9E2

2 (τ)
)

+4φ2
0,1(τ,z)E2(τ)

]
,

Φ(1,0)(τ,z) =− 1
2592

(
E4(τ)−E2

2

(
τ

2

))2
[
φ2
−2,1(τ,z)E2

(
τ

2

)(
5E4(τ)− 7

4E
2
2

(
τ

2

))

+φ−2,1(τ,z)φ0,1(τ,z)
(
E4(τ)− 9

4E
2
2

(
τ

2

))
−2φ2

0,1(τ,z)E2

(
τ

2

)]
,

Φ(1,1)(τ,z) =− 1
2592

(
E4(τ)−E2

2

(
τ+1

2

))2
[
φ2
−2,1(τ,z)E2

(
τ+1

2

)(
5E4(τ)− 7

4E
2
2

(
τ+1

2

))

+φ−2,1(τ,z)φ0,1(τ,z)
(
E4(τ)− 9

4E
2
2

(
τ+1

2

))
−2φ2

0,1(τ,z)E2

(
τ+1

2

)]
.

(7.28)

Here E2(τ) ≡ E2(2τ)−E2(τ). Indeed, the untwined untwisted elliptic genus is identical to
the one we obtained in (6.11) for the Heterotic strings dual to elliptic fibrations. Morever,
we find out the following exchange transformation under S, T ∈ SL(2,Z):

T � Φ(0,1) S←→ Φ(1,0) T←→ Φ(1,1) 	 S . (7.29)

This observation derives from the trivial relations Φ(1,0)(τ+1,z) = Φ(1,1)(τ,z) and Φ(0,1)(τ+
1,z) = Φ(0,1)(τ,z), whereas the exchange under S transformations follows from the identities

E2

(
− 1

2τ

)
= −2τ2E2(τ) , E2

(
− 1

2τ + 1
2

)
= τ2E2

(
τ + 1

2

)
. (7.30)
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7.4 New supersymmetric index of CHL strings on (K3× T 2)/Z4

In order to construct Calabi-Yau 3-folds that exhibit not only a K3 fibration structure but
are at the same time genus one fibered with four sections, we have to go beyond hypersur-
faces in toric ambient spaces and consider complete intersections. If we consider complete
intersections in codimension two and, moreover, assume that the genus one fibration arises
from a compatible fibration of the toric ambient space, then there is exactly one choice for
the toric fiber that leads to four sections, namely P3. In order to ensure that the geometry
also exhibits a compatible K3 fibration structure, we will first construct K3 varieties as
complete intersections in P3 fibrations over P1. We will then fiber the corresponding ge-
ometries over another P1. For a general choice of the fibrations this will lead to Calabi-Yau
3-folds with h1,1 = 3.

To construct K3 varieties with Picard rank two that are genus one fibered with four
sections, we consider toric ambient spaces that correspond to polytopes ∆◦(n1, n2) with
vertices 



ν1 1 0 0 0
ν2 0 1 0 0
ν3 0 0 1 0
ν4 −1 −1 −1 0
ν5 n1 n2 0 1
ν6 0 0 0 −1

, (7.31)

where we can restrict to n1, n2 = 0, . . . , 2, and determine all nef-partitions ∆◦(n1, n2) =
〈∇1,∇2〉 such that two of the points νi, i = 1, . . . , 4 are contained in each component
∇i, i ∈ {1, 2}. It turns out that we can restrict the values (n1, n2) even further and only
need to consider the four pairs

I : (0, 0) , II : (1, 0) , III : (1, 1) , IV : (2, 0) , (7.32)

in order to obtain all inequivalent models that do not exhibit additional divisors that are
torically realized. Judging from the analogous construction of K3 hypersurfaces in toric
ambient spaces with two- and three-sections we expect that one of the ambient spaces
actually leads to K3 varieties with Picard rank five which arises from a toric four section
that is actually a union of four independent sections. However, once we consider fibrations
of theK3 over another P1, those sections can merge into a genuine four section and therefore
it makes sense to consider those geometries as well. One can check that, independently of
the choice of nef-partition, the four choices for (n1, n2) lead to the intersection forms

II =
(

4 4
4 0

)
, III =

(
2 4
4 0

)
, IIII =

(
0 4
4 0

)
, IIV =

(
0 4
4 0

)
. (7.33)

Only the last two cases are compatible with T-duality on a dual Heterotic compactification
on (K3× T 2)/Z4.

Let us now take the K3 complete intersections and construct K3 fibered Calabi-
Yau 3-folds. To this end we consider the toric ambient spaces that correspond to the
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w\k 0 1 2 3 4 5
0 0 128 χ+224 128 −χ 128
1 128 800−2χ 5120 5χ+21040 70656 217792−12χ
2 χ+224 5120 69632−8χ 626688 4268800+40χ 24164352
3 128 21040+5χ 626688 10345120−58χ 119377920 1078170408+ 819

2 χ

4 −χ 70656 4268800+40χ 119377920 2151677952−552χ 28827891712
5 128 217792−12χ 24164352 1078170408+ 819

2 χ 28827891712 547018864352−6302χ

Table 14. Genus zero Gopakumar-Vafa invariants for fibrations of type III and IV . Here (w,k)
indicates the degrees of the K3 fiber.

polytopes ∆̃◦(n1, n2, ν) with vertices ν̃i = (νi, 0) and ν̃7 = (ν, 0), ν̃8 = (04,−1), where
ν ∈ 2∆◦(n1, n2), and nef partitions that extend those that we considered for the K3 fibers.
The condition on ν ensures that the polytope is reflexive. We find that for geometries with
fibers of type I, III and IV , the corresponding Gopakumar-Vafa invariants of degree zero
with respect to the base of the K3 fibration only depend on the type of (n1, n2) and the
Euler characteristic χ of the complete intersection. The invariants are listed in table 14.
The inequivalent Euler characteristics that we obtain for each type of fiber are

I : − 104,
II : − 92, −96, −100, −104, −108, −116,
III : − 96, −100, −104, −108, −112,
IV : − 96, −100, −104, −112, −116, −128 .

(7.34)

Let us now focus on the cases III and IV .
In the following, we want to find a set of modular forms in M10 (Γ1(N)) that fix the

Noether-Lefschetz generator components (7.25). We can do this via the GW-NL correspon-
dence theorem relation (3.21). By following the discussion of section 7.2, the GV invariants
along the K3 fiber with polarization lattice Λ = U(N) results into the expression

ng(w,k) =
∞∑
h=0

∑
s∈Z/NZ

e−2πi s`
N

N
Coeff

(
Φ(r,s)(τ), q∆NL(h,w,k)

)
· rgh , (7.35)

where Φ(r,s) ∈ M10 (Γ1(N)), r ≡ w mod N and ` ≡ k mod N denote the entries in the
discriminant group (r, `) ∈ GU(N), whereas the Noether-Lefschetz discriminant form reads

∆NL(h,w, k) = kw

N
+ 1− h . (7.36)

Note that we kept the label N for generality of the discussion, although our case of study
here concerns the case N = 4.17 It turns out that the genus zero GV invariants obtained
by mirror symmetry computations suffice to fix the modular forms Φ(r,s). We provide a
few genus zero invariants of this type in the table 14. We remark that the latter objects

17These expressions can also be implemented for the geometries that were studied in [17, 65].
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must fulfil vector-valuedness, as described in the previous sections. To take into account
this property in our 4-section example, we make an Ansatz for the various Φ(r,s) such that
they follow the same vector-valued transformations under SL(2,Z) as the twisted elliptic
genus of class 4B in [64]. For this purpose, we introduce generators for the ring of modular
forms that transform under the congruence subgroups Γ1(N)

EÑ (τ) ≡ − 1
Ñ − 1

dτ log
(
η(τ)
η(Ñτ)

)
, Ñ ∈ N . (7.37)

For the 4-section geometries of current interest, we only need the generators E2 and E4.
With this in mind, we obtain the following result:

Φ(0,0) =−2E4(τ)E6(τ) ,

Φ(0,1) = 1
25

[
2E2

2 (τ)E3
4 (τ)(816+9χ)−E3

2 (τ)E2
4 (τ)(656+7χ)+E4

2 (τ)E4(τ)(96+χ)

−4E2(τ)E4
4 (τ)(5χ+432)+8E5

4 (τ)(χ+80)
]
,

Φ(0,2) =−12E3
2 (τ)E2

4 (τ)+16E2
2 (τ)E3

4 (τ)+4E4
2 (τ)E4(τ)− 1

2E
5
2 (τ)−8E2(τ)E4

4 (τ) ,

Φ(0,3) = Φ(0,1) ,

Φ(1,s) = 1
212

[
−(192+2χ)E4

2

(τ+s
2
)
E4
(τ+s

4
)
−(80+χ)E5

4

(τ+s
4
)

+(816+9χ)E2
2

(τ+s
2
)
E3

4

(τ+s
4
)

+(432+5χ)E2
(τ+s

2
)
E4

4

(τ+s
4
)

+(656+7χ)E3
2

(τ+s
2
)
E2

4

(τ+s
4
)]
,

Φ(3,3s) = Φ(1,s) ,

Φ(2,2s) = 1
27

[
−6E3

2

(τ+s
2
)
E2

4

(τ+s
4
)

+4E2
2

(τ+s
2
)
E3

4

(τ+s
4
)

+4E4
2

(τ+s
2
)
E4
(τ+s

4
)
,

−E5
2

(τ+s
2
)
−E2

(τ+s
2
)
E4

4

(τ+s
4
)]
,

Φ(2,1) = E5
2 (τ)− 1

16(32−χ)E4
2 (τ)E4(τ)− 1

16(272+7χ)E3
2 (τ)E2

4 (τ)+ 1
8(560+9χ)E2

2 (τ)E4
4 (τ) ,

− 1
4(368+5χ)E2(τ)E4

4 (τ)+ 1
2E

5
4 (τ) ,

Φ(2,3) = Φ(2,1) . (7.38)

Note that the corresponding Noether-Lefschetz generator reads

Φπ =
∑

r,`∈Z/NZ

Φ̂(r,`)(τ)e(r,`) , Φ̂(r,`) = 1
N

∑
s∈Z/NZ

e−2πi s`
N Φ(r,s) , (7.39)

as implicitely expressed in (7.35). With this information at hand, we apply the KKP conjec-
ture and obtain the refined BPS numbers N(w,k)

jL,jR
that appear in tables 15, 16, 17, 18, and 19.
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N(1,0)
j−,j+

2j+ = 0

2j−= 0 128

N(1,1)
j−,j+

2j+ = 0

2j−= 0 800−2χ

N(1,2)
j−,j+

2j+ = 0

2j−= 0 5120

N(1,3)
j−,j+

2j+ = 0 1

2j−= 0 20816+3χ
1 56+ χ

2

Table 15. Refined BPS invariants N(w,k)
j−,j+

with w= 1, which corresponds to the twisted sector r= 1.

N(2,0)
j−,j+

2j+ = 0
2j− = 0 224 + χ

N(2,1)
j−,j+

2j+ = 0
2j− = 0 5120

N(2,2)
j−,j+

2j+ = 0 1
2j− = 0 69504− 4χ

1 32− χ

N(2,3)
j−,j+

2j+ = 0 1
2j− = 0 606208

1 5120

Table 16. Refined BPS invariants N(w,k)
j−,j+

with w = 2, which corresponds to the twisted sector r = 2.

N(3,0)
j−,j+

2j+ = 0
2j− = 0 128

N(3,1)
j−,j+

2j+ = 0 1
2j− = 0 20816 + 3χ

1 56 + χ
2

N(3,2)
j−,j+

2j+ = 0 1
2j− = 0 606208

1 5120

N
(3,3)
j−j+

2j+ = 0 1 2
2j− = 0 9476352− 16χ

1 215392− 6χ
2 800− 2χ

Table 17. Refined BPS invariants N(w,k)
j−,j+

with w = 3, which corresponds to the twisted sector r = 3.

A caveat to have in mind are the 4-section geometries of type IV with χ = −116,−128.
In these cases, a special the Noether-Lefschetz numbers Nπ

1,(1,3) and Nπ
1,(3,1) result with

negative value. We attribute these values to Noether-Lefschetz divisors of the type Tι
in (4.12). Then, implementing the formula (4.13), we obtain the refined BPS numbers
shown in the table 19. Moreover, in these cases the following holds N(1,3)

j−,j+
= N(3,1)

j−,j+
.

8 Conclusion

The enumerative geometry that is captured by the topological string partition function on
elliptic and genus one fibered Calabi-Yau 3-folds exhibits a deep relation to the theory of
lattice Jacobi forms. On the other hand, if the Calabi-Yau also exhibits a K3 fibration
one can study the associated Noether-Lefschetz theory which expresses a subset of the
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N(4,0)
j−,j+

2j+ = 0 1 2
2j− = 0 8− χ

1 1 1

N(4,1)
j−,j+

2j+ = 0 1
2j− = 0 70144

1 128

N(4,2)
j−,j+

2j+ = 0 1 2
2j− = 0 3982752 + 11χ

1 71008 + 5χ
2 224 + χ

N(4,3)
j−,j+

2j+ = 0 1 2 3
2j− = 0 102530688 128

1 4052992
2 128 70272
3 128

Table 18. Refined BPS invariants N(w,k)
j−,j+

with w = 4, which corresponds to the untwisted sector
r = 0.

χ = −116 :
N(1,3)
j−,j+

2j+ = 0 1 2

2j− = 0 20468
1 1 1

, χ = −128 :
N(1,3)
j−,j+

2j+ = 0 1 2

2j− = 0 20432
1 4 4

Table 19. Special cases for Refined BPS invariants of type IV geometries.

invariants in terms of vector-valued modular forms. In this paper we have explored the
relation among these theories and then utilized them in various applications.

For elliptic fibrations we could identify an isomorphism between the space of lattice
Jacobi forms and vector-valued modular forms that essentially maps the topological string
partition function ZF with F being the base of the K3, which is equal to the elliptic genus
of a dual Heterotic string on K3 × T 2, to the generator of Noether-Lefschetz numbers.
In the case of genus one fibrations that do not have a section but only N -sections we
found that the relation is more intricate and higher base degrees have to be taken into
account. The reason is that the dual Heterotic strings are compactified on (K3× T 2)/ZN
and invariants with base degree β = n · F, n = 1, . . . , N do not correspond to states with
multiple Heterotic strings but to twisted sectors of a single string. Nevertheless, we worked
out the relation among the twisted twined elliptic genera of the dual Heterotic string and
the Noether-Lefschetz generator. Together with the Gromov-Witten ↔ Noether-Lefschetz
correspondence theorem this allows to determine the former two objects in terms of the
genus zero free energy of the topological string.

We then used the theory of lattice Jacobi forms and proved the non-Abelian sublattice
weak gravity conjecture for F-theory on elliptically fibered Calabi-Yau 3-folds. To this end
we built upon a previous derivation of the ordinary sublattice weak gravity conjecture and
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proved a novel relation that expresses lattice theta functions in terms of Weyl characters.
We also showed that the discussion extends straightforwardly to genus one fibrations.

Let us stress that the original motivation for the non-Abelian sublattice weak gravity
conjecture was stability under compactifications as well as confirmation in simple pertur-
bative string models. The fact that it holds true in the vast landscape of six-dimensional
F-theory compactification is highly non-trivial and begs for a deeper physical understanding
of the conjecture. It would also be very interesting to study the physical consequences that
have been invertigated in [55], in particular a potential unification of the strong coupling
scales for the gauge theory and gravity, in terms of the dual Heterotic strings. Technically
this mechanism seems close enough to the BPS saturated amplitudes calculated here, as
they encode at least in four dimensions threshold corrections to the gauge as well as to
gravitational couplings. However we leave a more detailed discussion of the interesting
estimates for the loop corrections in [55] in the light of the Jacobi-form structure for the
BPS multiplicities for future work. Let us note however that the asymptotic contribution
in the limit of large charge and large spin of exactly these BPS degeneracies in the K3
confirms detailed predictions for the microscopic entropy of 5d small black holes [128].

As another application, we have checked a conjecture on the refinement of the Noether-
Lefschetz invariants for elliptic and genus one fibrations. The calculation of refined enu-
merative invariants for Calabi-Yau 3-folds is a very active area of mathematical research
but few examples have been explicitly worked out. Also from the physical side there are
different proposals to which amplitudes the refined invariants actually contribute. Our
results therefore not only provide non-trivial evidence for the conjecture [73] but provide
important test cases against which each of those proposals can be checked.

As recalled in the introduction one the most stringent consistency condition for a
description of quantum gravity is the absence of global symmetries [37, 38], an argument
that has been extended to higher form global symmetries [129, 130]. In the geometrical
context of string compactificatios it has direct bearings on the question when it is possible
to embed a member of the infinite class of non-gravitational quantum theories based on a
local or non compact Calabi-Yau geometry geometries into the presumably finite number
of topological classes of compact Calabi-Yau manifolds, where finiteness is proven for 3-
folds with elliptic fiberation structure [131]. If it is possible, the global symmetry must
be either broken or gauged. This explains on the one hand why the definition of refined
invariant is so hard [28] on compact Calabi-Yau manifolds. It is precisely because the
global U(1)R symmetry used to define their index in the local cases [33] is broken upon
embedding them into a gobal Calabi-Yau manifold. On the other hand the local elliptic
Calabi-Yau spaces, for which the refined invariants have been calculated by now in almost
all situations [12–15] have rich flavour — and in the case of E-strings higher form global
symmetries. They hence are very interesting class to study how this algebraic censorship
on global symmetries works in their embeddings into compact Calabi-Yau fibrations.
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A Summary of Lie algebras and representation theory

To guide the reader with notions of Lie algebras and representation theory, we include a
summary thereof. We stick mainly to the conventions and notation of [132].

• A Lie algebra g is a vector space equipped with a commutator operation [· , ·] : g×g→
g, that is bilinear, antisymmetric, and satisfies the Jacobi identity

[X, [Y,Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0 ∀ X,Y, Z ∈ g . (A.1)

• We say that a Lie algebra g is abelian if [g, g] = {0}. We say that a Lie algebra
is simple if it is not abelian and it contain no proper ideals, i.e., there is no non-
trivial subset k ⊂ g such that [k, g] ⊂ k. A direct sum of simple Lie algebras is called
semisimple.

• For a complex simple Lie algebra g, the Cartan-Weyl basis consists of the decompo-
sition

g = h⊕
⊕

α∈Φ(g)
gα . (A.2)

Here h denotes the Cartan subalgebra of g, which is spanned my a maximal set of
commuting Hermitian generators {H i}i=1,...,rk(g), where rk(g) ≡ dim(h). Moreover,
Φ(g) is the root system, which is a set of vectors α = (α1, . . . , αrk(g)) ∈ Rrk(g) called
roots. Furthermore, Each gα is the linear span over C of a generator Eα in g. Putting
all together, the Cartan-Weyl basis obeys the following commutator relations

[H i, Hj ] = 0 , [H i, Eα] = αiEα , [Eα, Eβ] =


const · Eα+β if α+ β ∈ Φ(g)

2
(α,α)

α ·H if α+ β = 0

0 otherwise

. (A.3)

• The Killing form on g is the symmetric bilinear map (· , ·) : g× g→ C given by

(X,Y ) = 1
2g tr (adX ◦ adY ) , (A.4)

where adX : g → g is the linear map defined by adX(Y ) = [X,Y ], and g is a
normalization constant that will not be relevant for us. A finite dimensional Lie
algebra g is semisimple if and only if (· , ·) is non-degenerate.

• Through the linear map α(H i) = αi, we associate roots α ∈ Φ(g) with elements in
the dual vector space h∗. In fact SpanC(Φ(g)) = h∗. Thus, we can transfer the Killing
form for elements in the Cartan subalgebra h as follows

(α,β) =
(
Hα, Hβ

)
, Hγ ≡

rk(g)∑
i=1

γiH i for γ ∈ Φ(g) . (A.5)
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• For each root α ∈ Φ(g), then −α ∈ Φ(g). It is possible find an hyperplane H that
contains no roots, such that it divides the root system into two disjoint half-spaces
H±. We can declare the set of positive roots Φ+(g) ⊂ Φ(g) to be those roots lying
on H+. A simple root αi is a root that cannot be written as a sum of positive roots,
where i = 1, . . . , rk(g). There are rk(g) simple roots that provide a basis for h∗.

• To each root α ∈ Φ(g) there is an associated coroot α∨ defined by the normalization

α∨ = 2α
(α,α) . (A.6)

• The set of simple roots {αi}i=1,...,rk(g) with associated simple coroots {α∨i }i=1,...,rk(g)
define the Cartan matrix via the intersections

Cij =
(
αi,α

∨
j

)
. (A.7)

• Given a complex semisimple Lie algebra g, every g-module V has a basis in which
the Cartan subalgebra h acts diagonally. Thus, there is a decomposition

V =
⊕
λ

Vλ , (A.8)

into weight spaces Vλ, such that R(H i) |λ〉 = λi |λ〉 for all |λ〉 ∈ Vλ. Here R : g →
End(V ) is a representation of the Lie algebra g. The vectors λ = (λ1, . . . , λrk(g)) are
called weights of the module V .

• We associate the weights with elements in h∗ via the linear maps λ(H i) = λi. It is
convenient to introduce the basis of fundamental weights {ωi}i=1,...,rk(g) defined by(

ωi,α
∨
j

)
= δij . (A.9)

In this basis, each weight λ has an expansion

λ =
rk(g)∑
i=1

λiωi , ⇐⇒ λi =
(
λ,α∨i

)
, (A.10)

where each λi is the eigenvalue assoiated to the representation R(H i), also called
Dynkin label. Moreover, λ is a weight of a finite dimensional module if and only if
its Dynkin labels λi ∈ Z.

• Given two weights λ = ∑rk(g)
i=1 λiωi and µ = ∑rk(g)

i=1 µiωi, their intersection pairing
reads

(λ,µ) =
∑
i,j

Qijλ
iµj , Qij ≡ (ωi,ωj) , (A.11)

where we identify Qij with the weight space metric.
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• There are three lattices relevant for Lie algebras. These are the weight lattice, the
root lattice and the coroot lattice

Lw(g) ≡ SpanZ {ωi} , L(g) ≡ SpanZ {αi} , L∨(g) ≡ SpanZ

{
α∨i
}
. (A.12)

Note that the weight lattice is the dual lattice over Z to the coroot lattice, i.e.,

Lw(g) =
(
L∨(g)

)∗ =
{
λ |

(
λ,α∨

)
∈ Z ∀ α∨ ∈ L∨(g)

}
. (A.13)

Throughout this paper we use the upperscript ∨ to denote coroots, whereas we reserve
the notation ( · )∗ for dual vector spaces.

• Another integral space of interest is the set of dominant weights defined by

P+(g) ≡ Z≥0ω1 + · · ·+ Z≥0ωrk(g) . (A.14)

• For every finite-dimensional g-module V there exists a maximal weight λR ∈ P+(g),
such that

R(Eα) |λR〉 = 0 , ∀ α ∈ Φ+(g) . (A.15)

If the g-module V is irreducible, then there is exactly one weight with the prop-
erty (A.15). In this case, we call λR the highest weight of the irreducible highest
weight module VλR .

• The highest weight theorem states that for any dominant weight λ ∈ P+(g) there
exists a unique, irreducible, finite-dimensional representation Rλ of g with highest
weight λ. Here Rλ acts on an irreducible highest weight module Vλ. A proof of this
theorem can be found in [107].

• For each root α ∈ Φ(g), there is a map wα : Φ(g)→ Φ(g) whose action reads

wα : β 7→ β −
(
α∨,β

)
α . (A.16)

The Weyl group W (g) is the group generated by all the wα’s with α ∈ Φ(g). The
action of the Weyl group extends to the weight space of g.

• We say that a connected component of the complement of the union of the hyper-
planes {

λ ∈ Rrk(g) | (λ,α) = 0 ∀ α ∈ Φ(g)
}
, (A.17)

is an open Weyl chamber. We callWeyl chamber the closure of an open Weyl chamber.
The Weyl group acts simply transitively on the set of Weyl chambers, i.e. for every
pair of Weyl chambers C, C′ there is exactly one w ∈ W (g) such that wC = C′. We
define the fundamental Weyl chamber W(g) by the set

W(g) =
{
λ ∈ Rrk(g) | (λ,αi) ≥ 0 , i = 1, . . . , rk(g)

}
. (A.18)

– 63 –



J
H
E
P
0
5
(
2
0
2
1
)
0
3
0

B Modular appendix

B.1 Vector-valued modular forms

In this section, we review the theory of vector-valued modular forms based on the litera-
ture [25, 133, 134]. For more details on the subject, we encourage the reader to consult the
latter references.

• The metaplectic group Mp(2,Z) is a double cover of SL(2,Z). Its elements are pairs
of the form (

γ =
(
a b

c d

)
,±
√
cτ + d

)
, (B.1)

where γ ∈ SL(2,Z) and wγ(τ) ≡
√
cτ + d is a holomorphic function on H whose square

is cτ + d. The multiplication in Mp(2,Z) follows the composition law (γ1, wγ1(τ)) ·
(γ2, wγ2(τ)) = (γ1γ2, wγ1(γ2τ)wγ2(τ)).

• Let V be an r-dimensional vector space and let ρ : Mp(2,Z) → End(V ) be a repre-
sentation of Mp(2,Z). A vector-valued modular form of weight k and type ρ, where
k ∈ 1

2Z, is a real analytical function Φ : H→ V that transforms as follows

Φ(γτ) = wγ(τ)2kρ (γ,wγ(τ)) Φ(τ) , for all (γ,wγ(τ)) ∈ Mp2(Z) . (B.2)

We denote the space of such vector-valued modular forms by Mod(Mp(2,Z), k, ρ).
An element Φ ∈ Mod(Mp(2,Z), k, ρ) has a Fourier expansion at the cusp at infinity
of the form

Φ(τ) =
r∑
`=1

∑
n∈Q

c`(n)qne` , (B.3)

where {e`} is a basis of V .

• Let G = L∗/L be the discriminant group endowed with a quadratic form P : L∗/L→
Q/Z defined by λ + L 7→ 1

2(λ ,λ) mod Z, where L is an even lattice with quadratic
form (· , ·). A canonical choice for a representation ρ : Mp(2,Z)→ End (C[G]) is the
Weil representation. The latter is defined by the following action on the standard
basis {eλ}λ∈G of C[G]:

ρ(T )(eλ) = exp (2πiP (λ)) eλ ,

ρ(S)(eλ) = (−i)
sign(L)

2√
|L∗/L|

∑
µ∈L∗/L

e
2πi
(
P (λ)+P (µ)−P (λ+µ)

)
eµ ,

(B.4)

where sign(L) denotes the signature of the lattice L and T, S ∈ Mp(2,Z) read

T =
((

1 1
0 1

)
, 1
)
, S =

((
0 −1
1 0

)
,
√
τ

)
. (B.5)

Moreover, ρ∗ denotes the inverse transpose of ρ.
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• A relevant normal subgroup of Mp(2,Z) is the following one

Γ(4N)∗ =
{(

γ ,
θ(γτ)
θ(τ)

)
∈ Mp(2,Z)

∣∣∣ γ ∈ Γ(4N)
}
, (B.6)

where θ(τ) = ∑
n∈Z q

n2 and Γ(4N) is a principal congruence subgroup of SL(2,Z)
defined by

Γ(4N) =
{(

a b

c d

)
∈ SL(2,Z)

∣∣∣b≡ c≡ 0 (mod N) and a≡ d≡ 1 (mod N)
}
. (B.7)

• We denote by Mk(4N), where k ∈ 1
2Z, the space of holomorphic functions f : H→ C

such that f(γτ) = wγ(τ)2kf(τ) for all (γ,wγ(τ)) ∈ Γ(4N)∗. To span the latter kind
of modular forms, we use as basis the spaceM 1

2
(4N). This can be written as [87, 135]

M 1
2

(4N) =
⊕
d|N

N
d

squarefree

Θnull (Z(2d)) , (B.8)

where Θnull (Z(2m)) is the space of “Thetanullwerte” defined by

Θnull (Z(2m)) = SpanC {ϑm,`(τ, 0) | ` ∈ Z/2mZ} , (B.9)

and
ϑm,`(τ, z) =

∑
r∈Z

r≡` mod 2m

q
r2
2m ζr , ζ ≡ e2πiz . (B.10)

• Let Γ be an even lattice with signature (b+, b−), dual lattice Γ∗, and an isometry
P : Γ ⊗ R → Rb

+,b− . The isometry P defines projections on Rb
+,0,R0,b− written as

P+(p) = pR, P−(p) = pL respectively. The Siegel Theta function ΘΓ of Γ is defined
by

ΘΓ(τ, τ̄) =
∑

γ∈Γ∗/Γ
θΓ+γ(τ, τ̄)eγ , θΓ+γ(τ, τ̄) =

∑
p∈Γ+γ

q
p2
L
2 q̄

p2
R
2 , (B.11)

where τ ∈ H. Further generalizations of Siegel theta functions can be found in [60],
such as the one introduced in (2.9).

B.2 Modular operators

• The Eisenstein series E2k(τ), k > 1 are modular forms for SL(2,Z) of weight 2k and
can be written as

E2k(τ) = 1 + 2
ζ(1− 2k)

∞∑
n=1

n2k−1qn

1− qn . (B.12)

For k = 1 one obtains the quasi modular Eisenstein series E2(τ) of weight 2.
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• The Dedekind η-function

η(τ) = q
1
24

∞∏
i=1

(1− qi) , (B.13)

is also not quite modular but satisfies

η(τ + 1) = e
πi
12 η(τ) , η(−1/τ) =

√
−iτη(τ) . (B.14)

However, ∆12(τ) = η24(τ) is a modular form of weight 12 for SL(2,Z) that vanishes
as τ → i∞.

• Analogous to the ordinary Eisenstein series, the Jacobi Eisenstein series can be de-
fined as orbit sums [109]

Ek,m(τ,z) = 1
2

∑
c,d∈Z

(c,d) = 1

∑
λ∈Z

(cτ+d)−k exp
(
mλ2aτ+b

cτ+d+2mλ z

cτ+d−
mcz2

cτ+d

)
, (B.15)

with a, b such that the Möbius transformation acting on τ is in Γ1. They admit a
Fourier expansion

Ek,m(τ, z) =
∑

n, r ∈ Z

4nm ≥ r2

ek,m(n, r)qnζr , (B.16)

and for Ek,1 the coefficients are

ek,1(n, r) = H(k − 1, 4n− r2)
ζ(3− 2k) . (B.17)

Here H(r,N) are Cohen’s functions [136] and for our purposes it will be sufficient to
know the generating functions

Hr(q) =
∑
N≥0

H(r,N)qN , (B.18)

for r = 3 and r = 5. They can be expressed in terms of Γ0(4) modular forms [136]

F2(τ) = η(4τ)8

η(2τ)4 , θ(τ) = 1 + 2
∑
n≥1

qn
2
, (B.19)

and read

H3 = − 1
252

(
θ7 − 14θ3F2

)
,

H5 = − 1
132

(
θ11 − 22θ7F2 + 88θ3F 2

2

)
.

(B.20)
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• The Hecke operator Vl : Jk,m → Jk,lm acts on a Jacobi form φ ∈ Jk,m

φ =
∑
n,r

c(n, r)qnζr , (B.21)

as

Vlφ =
∑
n,r

 ∑
a|(n,r,l)

ak−1c

(
nl

a2 ,
r

a

) qnζr , (B.22)

and, for m square free, it can be shown that [109]

Ek,m = σk−1(m)−1VmEk,1 . (B.23)

• We introduce the normalized Eisenstein series Ẽ4,4 and Ẽ6,4

Ẽ4,4 =
∑
n,r

e4,1(n, r/2)qnζr ,

Ẽ6,4 =
∑
n,r

e6,1(n, r/2)qnζr .
(B.24)

• The ring of weak Jacobi forms of a single variable and integer index is freely generated
over the ring of modular froms by the two generators

φ−2,1(τ, z) = −θ1(τ, z)2

η(τ)6

φ0,1(τ, z) = 4
[
θ2(τ, z)2

θ2(τ, 0)2 + θ3(τ, z)2

θ3(τ, 0)2 + θ4(τ, z)2

θ4(τ, 0)2

]
,

(B.25)

of index one and respective weight −2 and 0. Here the expressions are written in
terms of Jacobi theta functions, which are defined as

θ1(τ, z) = ϑ 1
2

1
2
(τ, z) , θ2(τ, z) = ϑ 1

2 0(τ, z) ,

θ3(τ, z) = ϑ00(τ, z) , θ4(τ, z) = ϑ0 1
2
(τ, z) ,

ϑab(τ, z) =
∞∑

n=−∞
eπi(n+a)2τ+2πiz(n+a)+2πib(n+a) .

(B.26)

• When we discuss the refinement of the topological string partition function we will
also need the Jacobi form

φ−1, 12
(τ, z) =iθ1(τ, z)

η(τ)3 , (B.27)

of weight −1 and index 1/2.
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B.3 Modular expressions

Weyl invariant theta combinations. Here we provide explicit combinations of theta
functions that obey the formula (5.15). These theta functions are defined by the Weyl
invariant subsets in (5.29)

ϑ[•](τ,z) =
(

1
ζ2

1
+ ζ2

1
ζ2

2
+ζ2

2

)
q

2
3 +
(
ζ4

1 + ζ4
2
ζ4

1
+ 1
ζ4

2

)
q

8
3 +O

(
q

14
3
)

=
(
χ(0,2)(z)−χ(1,0)(z)

)
q

2
3 +
(
χ(4,0)(z)−χ(2,1)(z)+χ(1,0)(z)

)
q

8
3 +O

(
q

14
3
)
,

ϑ[•](τ,z) =
(

1
ζ2

2
+ ζ2

2
ζ2

1
+ζ2

1

)
q

2
3 +
(
ζ4

2 + ζ4
1
ζ4

2
+ 1
ζ4

1

)
q

8
3 +O

(
q

14
3
)

=
(
χ(2,0)(z)−χ(0,1)(z)

)
q

2
3 +
(
χ(0,4)(z)−χ(1,2)(z)+χ(0,1)(z)

)
q

8
3 +O

(
q

14
3
)
,

ϑ[•]⊕[•]⊕[•](τ,z) =
(
ζ

(2,1)
± +ζ(1,1)

± +ζ(1,2)
±

)
q

1
2 +
(
ζ

(3,0)
± +ζ(3,3)

± +ζ(0,3)
±

)
q

3
2 +O

(
q

7
2
)

=
(
χ(1,1)(z)−2χ(0,0)

)
q

1
2 +
(
2χ(0,0)+χ(3,0)(z)−2χ(1,1)(z)+χ(0,3)(z)

)
q

3
2 +O

(
q

7
2
)
,

ϑ[•]⊕[•]⊕[•](τ,z) =
(
ζ2+ 1

ζ1
+ ζ1
ζ2

)
q

1
6 +
(
ζ2
ζ3

1
+ 1
ζ2ζ2

1
+ ζ3

2
ζ1

+ζ2
2ζ1+ ζ2

2
ζ3

1
+ ζ3

2
ζ2

1

)
q

7
6 +O

(
q

13
6
)

=χ(0,1)(z)q
1
6 +
(
χ(1,2)(z)−χ(2,0)(z)−χ(0,1)(z)

)
q

7
6 +O

(
q

13
6
)
,

ϑ[•]⊕[•]⊕[•](τ,z) =
(
ζ1+ 1

ζ2
+ ζ2
ζ1

)
q

1
6 +
(
ζ1
ζ3

2
+ 1
ζ1ζ2

2
+ ζ3

1
ζ2

+ζ2
1ζ2+ ζ2

1
ζ3

2
+ ζ3

1
ζ2

2

)
q

7
6 +O

(
q

13
6
)

=χ(1,0)(z)q
1
6 +
(
χ(2,1)(z)−χ(0,2)(z)−χ(1,0)(z)

)
q

7
6 +O

(
q

13
6
)
. (B.28)
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