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A few years ago it was shown that the superconformal index of the N ¼ 4 supersymmetric SUðNÞ
Yang-Mills theory in the large N limit matches with the entropy of 1=16-supersymmetric black holes in
type IIB string theory on AdS5 × S5. In some cases, an even more detailed match between the two sides is
possible. When the two angular momentum chemical potentials in the index are equal, the superconformal
index can be written as a discrete sum of Bethe ansatz solutions, and it was shown that specific terms in this
sum are in a one-to-one correspondence to stable black hole solutions, and that the matching can be
extended to nonperturbative contributions from wrapped D3-branes. A Bethe ansatz approach to
computing the superconformal index exists also when the ratio of the angular momentum chemical
potentials is any rational number, but in those cases it involves a sum over a very large number of terms
(growing exponentially with N). Benini et al. showed that a specific one of these terms matches with the
black hole, but the role of the other terms is not clear. In this paper we analyze some of the additional
contributions to the index in the Bethe ansatz approach, and we find that their matching to the gravity side is
much more complicated than in the case of equal chemical potentials. In particular, we find some
contributions that are larger than the one that was found to match the black holes, in which case they must
cancel with other large contributions. We give some evidence that cancellations of this type are possible,
but we leave a full understanding of how they work to the future.
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I. INTRODUCTION

Recent years have seen significant advances in precision
holography, where semiclassical bulk information was
precisely reproduced by a computation in the dual con-
formal field theory, mostly in a supersymmetric setting.
The first breakthroughs were in counting the microstates of
supersymmetric black holes by analyzing various super-
symmetric indices, thus reproducing their entropy [1–4].
Further improvements followed, generalizing these results
to many different theories and computing more refined data
on both sides of the correspondence [5–57].
One particularly convenient setup to study was that of

the four-dimensionalN ¼ 4 SUðNÞ supersymmetric Yang-
Mills theory, where the superconformal index of the theory
can be matched to the dual gravitational partition function.
While the index is usually expressed via an integral
formula, the Bethe ansatz approach [58,59] allows us in

some cases to localize the integral and to transform it
into a discrete sum (see Sec. II for details and caveats),
schematically

I ¼
X
u∈BA

Iu; ð1:1Þ

where the us can be thought of as specific configurations of
the complexified holonomies of the SUðNÞ gauge field that
solve some set of transcendental equations (and the sum is
over the set of solutions to these equations). In [4,5] a
particular family of terms in the sum was analyzed, and at
large N each of them contributed to the index at order e#N

2

.
These turned out to precisely match the contributions of
various different gravitational saddle points in the bulk dual
in a one-to-one fashion (and including some order-N
corrections coming from wrapped D-branes).
Unfortunately, the Bethe ansatz approach can only

compute the index for some particular choices of the
chemical potentials appearing in the superconformal index,
those where the two angular chemical potentials of the
theory τ and σ have a rational ratio, τ ¼ aω and σ ¼ bω for
a; b∈N. Each contribution to the index, Iu, is then
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described as a sum over ðabÞN−1 terms, where one shifts the
holonomies of the solution u in some prescribed way.
The detailed analysis of the matching to gravity in [5]

concerned an even simpler case, that in which σ ¼ τ, for
which each Iu is given by exactly one term. In the more
general case, [10] analyzed one of the ðabÞN−1 terms in the
sum (for a particular solution to the Bethe ansatz equations)
and showed that it reproduces the gravitational action of a
specific black hole solution. Another term was analyzed
(for more general solutions of the Bethe ansatz equations)
in [60] and was also found to reproduce the gravity
answers. A natural question is then what happens to the
other terms at large N? Do they give negligible contribu-
tions, do they cancel amongst themselves, or do they match
some other gravitational background?
In this work we analyze some specific additional terms in

the sum at large N, as depicted in Fig. 1. As opposed to the
cases analyzed in [10,60], here we consider configurations
of the holonomies that do not correspond at large N to
uniform distributions on cycles of the complex torus with
modular parameter abω. We find that not only do they
contribute at order e#N

2

, but they do so in a way that is
different from any gravitational background familiar to us.
In some cases their contribution is even larger than that of
the terms analyzed in [10,60]. However, we did not analyze
all the different ðabÞN−1 terms, and it is possible that they
cancel amongst themselves, or with other terms in (1.1).
The paper is organized as follows: in Sec. II we review

the Bethe-ansatz approach. In Sec. III we generalize a proof
of [61] to show that only solutions to the reduced Bethe
ansatz equations contribute to the index, also when the
angular chemical potentials are different. In Sec. IV we
compute the large N expansion of the aforementioned
configurations. In Sec. V we study the caseN ¼ 2; this case
is very far from the large N limit, but in this case we can
analyze all the ðabÞ different terms contributing to Iu, and
we show that cancellations between different terms are
plausible. In Sec. VI we analyze the known gravitational

saddles, and show that they cannot all be explained by a
large N limit of one of the known configurations. An
Appendix contains some details on the special functions
that appear in the computations.

II. REVIEW OF THE BETHE ANSATZ METHOD

The superconformal index can be defined for any four-
dimensionalN ¼ 1 superconformal field theory. One starts
by picking a Poincaré supercharge Q and its superconfor-
mal conjugate Q†. The superconformal index then counts
the difference between bosonic and fermionic supersym-
metric operators that are annihilated by this supercharge.
One can add fugacities for charges that commute with the
relevant supercharge. The superconformal index can then
be written as a trace over the entire Hilbert space of states
on S3. For the case of N ¼ 4 super Yang Mills, the index
counts 1=16-Bogomol'nyi-Prasad-Sommerfield (BPS)
operators and is calculated via1

Iðy1;2; p; qÞ
¼ Tr

�ð−1ÞFe−fQ;Q†gpJ1þ1
2
R3qJ2þ1

2
R3y

1
2
ðR1−R3Þ
1 y

1
2
ðR2−R3Þ
2

�
;

ð2:1Þ

where R1;2;3 are in the Cartan of the SUð4ÞR R symmetry,
with the three complex scalars of the theory having charge
2 under one of them and 0 under the other two, in a
symmetric way. J1;2 are the half-integer angular momenta
quantum numbers of local operators, each rotating an
R2 ⊂ R4. F is the fermion number. Q is chosen to be
the complex supercharge associated with the R-symmetry
generator r ¼ 1

3
ðR1 þ R2 þ R3Þ.

FIG. 1. The eigenvalue distribution for different choices of M (which are divisors of ab) for the basic solution with ab ¼ 6, N ¼ 30,
drawn on a torus with periodicities 1 and abω. The M ¼ 1 case is the one analyzed in [10]. (a) M ¼ 1. (b) M ¼ 2. (c) M ¼ 3.

1Often the powers of the fugacities are written as pJ1þ1
2
rqJ2þ1

2
r.

Compared to this convention, we have swallowed a power of
ðpqÞ1=3 into y1 and y2, such that the index is a single-valued
function. The relation of our variables to those of [62] is
p ¼ t3yjthere, q ¼ t3=yjthere, y1 ¼ t2vjthere, y2 ¼ t2w=vjthere.
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We find it convenient to write the index in terms
of chemical potentials instead of fugacities, which are
denoted by

p ¼ e2πiσ; q ¼ e2πiτ; y1;2 ¼ e2πiΔ1;2 : ð2:2Þ

The index is well defined for jpj; jqj < 1, i.e., for
ImðσÞ; ImðτÞ > 0.
It has long been known that the index has an integral

form [62,63], in which it is expressed in terms of a contour
integral over the Cartan subalgebra of the gauge group, in
our case SUðNÞ,

IðΔ1;2; τ; σÞ ¼ κNðΔ1;2; τ; σÞ
I
TN−1

�YN−1

i¼1

dui

�

× Zðfuig;Δ1;2; τ; σÞ; ð2:3Þ

where

Zðfuig;Δ1;2;τ;σÞ¼
YN
i≠j

Γ̃ðuijþΔ1;τ;σÞΓ̃ðuijþΔ2;τ;σÞ
Γ̃ðuij;τ;σÞΓ̃ðuijþΔ1þΔ2;τ;σÞ

;

ð2:4Þ

κNðΔ1;2; τ; σÞ

¼ 1

N!

�ðp;pÞ∞ðq; qÞ∞Γ̃ðΔ1; τ; σÞΓ̃ðΔ2; τ; σÞ
Γ̃ðΔ1 þ Δ2; τ; σÞ

�N−1
:

ð2:5Þ

Here uij ¼ ui − uj, ðz; qÞ∞ is the q-Pochhammer symbol,
and Γ̃ is the elliptic gamma function, both defined in the

Appendix. The variables ui parametrize the torus TN−1 on
which we integrate. uN is defined such that the e2πius can be
thought of as the eigenvalues of a special unitary matrix,
i.e., via the constraint

XN
i¼1

ui ¼ 0: ð2:6Þ

There are various methods for calculating the contour
integral (2.3). In this paper we focus on the Bethe ansatz
(BA) approach [58,59], which is valid at finite N, and then
expand at large N. This formula manipulates the integrand
and the contour such that the integral can be written as a
sum of residues.
The BA formula applies when the chemical potentials τ,

σ have a rational ratio, i.e., τ ¼ aω, σ ¼ bω, for some
a; b∈N such that gcdða; bÞ ¼ 1, ImðωÞ > 0. We also
define the fugacity

h ¼ e2πiω; p ¼ hb; q ¼ ha: ð2:7Þ

A. Derivation of the BA formula

Following [58], we can manipulate the contour integral
(2.3) by noting that the integrand, Z, is a quasielliptic
function,2

ð−1ÞN−1Qjðfuig;Δ1;2;ωÞZðfuig;Δ1;2; aω; bωÞ
¼ Zðfui − δijabωg;Δ1;2; aω; bωÞ; ð2:8Þ

where for i ¼ 1;…; N, and we define

Qiðfujg;Δ1;2;ωÞ≡ e6πi
P

N
j¼1

uij
YN
j¼1

θ0ðΔ1 þ uji;ωÞθ0ðΔ2 þ uji;ωÞθ0ð−Δ1 − Δ2 þ uji;ωÞ
θ0ðΔ1 − uji;ωÞθ0ðΔ2 − uji;ωÞθ0ð−Δ1 − Δ2 − uji;ωÞ

: ð2:9Þ

Note that acting with this operator shifts one of the uis and therefore breaks the SUðNÞ constraint (2.6). However, acting with

Q̂i ¼
Qi

QN
ð2:10Þ

preserves the constraint. We note that theQis are elliptic functions in each of the uis separately, i.e., they are periodic under
ui ∼ ui þ 1 ∼ ui þ ω.
We can now use (2.8) to modify the contour of integration given in (2.3),

IðΔ1;2;aω; bωÞ ¼ κN

I
TN−1

�YN−1

i¼1

dui

�YN−1

i¼1

1 − Q̂iðfujg;Δ1;2;ωÞ
1 − Q̂iðfujg;Δ1;2;ωÞ

Zðfuig;Δ1;2; aω; bωÞ;

¼ κN

I
C

�YN−1

i¼1

dui

�
Zðfuig;Δ1;2; aω; bωÞQ

N−1
i¼1 ð1 − Q̂iðfujg;Δ1;2;ωÞÞ

; ð2:11Þ

2To prove this, use (3.38) of [58] for every term in Z.
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where the new integration contour, C, is the contour
encircling the annulus

A ¼ fuij1 < je2πiui j < jhj−ab; i ¼ 1;…; N − 1g: ð2:12Þ

Applying the residue theorem,3

IðΔ1;2; aω; bωÞ ¼ κN
X

fuig∈BAEs

Xab
fmig¼1

Zðfui −miωg;

× Δ1;2;aω; bωÞ ·H−1ðfuig;Δ1;2;ωÞ;
ð2:13Þ

where the sum is over all solutions to the BA equations4

Q̂iðfujg;Δ1;2;ωÞ ¼ 1; ð2:14Þ

and H−1 is the Jacobian coming from the change of
variables from the uj to the Q̂is when we apply the
residue theorem to the integral. By

P
ab
fmig¼1

we meanP
ab
m1¼1 � � �

P
ab
mN−1¼1, with mN ¼ −

P
N−1
k¼1 mk, coming from

all the different shifts of the uis by ω that are within A, as
the BA equations (2.14) are periodic under these shifts. In
the Bethe ansatz approach we pick up the poles of the
integrand in the region 0 > ImðuiÞ ≥ Imð−abωÞ, while
every solution to (2.14) can be chosen to be inside the
torus with parameter ω [namely, such that for all i ¼
1;…; N − 1 we have ImðωÞ > ImðuiÞ ≥ 0]. As a conse-
quence, each such solution corresponds to ðabÞN−1 poles of
the integrand, where we shift each ui by ð−miωÞ for
i ¼ 1;…; N − 1, mi ¼ 1;…; ab, with a compensating shift
for uN.
For σ ¼ τ, a ¼ b ¼ 1 and the sum over fmig is trivial.

However, for any other case ab > 1, and the number of
terms in the sum, ðabÞN−1, is exponential in N. We stress
that the dependence on a, b and themi is present only in Z,
and not in κN or H−1, so this complication will only affect
the ability to calculate Z.

B. Hong-Liu solutions

While the full set of solutions to the Bethe Ansatz
Equations (BAEs) for N > 2 is unknown, a specific set of
solutions, named the Hong-Liu (HL) solutions, was iden-
tified [65]. They correspond to symmetric configurations of

the us on the ð1;ωÞ torus, and are denoted by three integers,
fm; n; rg, such that N ¼ m · n, and r ¼ 0;…; n − 1. Their
explicit form is

uj ≡ u|̂ k̂ ¼ ūþ |̂
m
þ k̂
n

�
ωþ r

m

�
; ð2:15Þ

such that |̂ ¼ 0;…; m − 1 and k̂ ¼ 0;…; n − 1, and ū is a
constant chosen to satisfy the SUðNÞ constraint (2.6). The
f1; N; 0g solution is sometimes named the “basic solution,”
and it is given by

uj ¼ ūþ jω
N

: ð2:16Þ

Different HL solutions and different series of fmjg, have a
different degree of dominance in the sum (2.13), and most
of these contributions have not been calculated yet.

III. THE REDUCED BETHE ANSATZ SUFFICES

As discussed in [61], in addition to the shifts of ui by
ð−miωÞ discussed above, every BA solution is related
to N2 additional solutions by shifting all ui → ui þ αþβω

N

ði ¼ 1;…; N − 1Þ, and uN → uN þ ð1 − NÞ αþβω
N , where

α; β ¼ 0;…; N − 1. The differences uij are affected if
and only if either i ¼ N or j ¼ N, and the uiN are just
shifted by ðαþ βωÞ, which leaves the Bethe ansatz equa-
tions invariant.5

If a shift by some ðβN −miÞω takes us outside of the
integration region, then we can shift for that specific shifted
solution ui → ui − abω and uN → uN þ abω to return
back into it. As mentioned in the previous section, this
leaves the Jacobian invariant and multiplies Z by Q̂i. Since
we started from a solution to the BAE and since Q̂i has
periodicity ω, Q̂i ¼ 1 in our case and the contribution to the
index is invariant under this shift. Thus, in computing the
index we can keep the original shifts ui → ui þ αþβω

N and
we do not need to worry about this issue. In fact, by the
same arguments, we can consider such shifts with
β ¼ 0; 1;…; abN − 1. The extra shifts we added by integer
multiples of ω do not give new solutions but rather different
mi shifts of the same solutions, so adding these extra shifts
just multiplies the result by ab, but it will be useful to write
the index as a sum over these shifts for the argument below.
Note that since Z only depends on the differences of the

ui and does not depend on the constraint
P

N
i¼1 ui ¼ 0, for

computing Z we can equally well describe these shifts as
acting only on uN , namely

3As shown in [58], no other poles in the integrand will
contribute, since they are either canceled by poles of the
denominator of a high enough degree, or they are outside the
new contour of integration.

4This is a bit of a simplification, since we assumed that all
solutions are discrete and not part of a continuum. That is known
not to be the case for N ≥ 3. The contribution of continuous
families of solutions will be discussed in [64]. It does not seem to
qualitatively change the behavior discussed in this paper.

5Note that in some cases the shift may take a solution to itself
up to a permutation of the eigenvalues, but this will not affect the
arguments below.
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ui →

�
ui i ≠ N

uN − α − βω i ¼ N
: ð3:1Þ

Since both Z and the Jacobian H−1 are invariant under
integer shifts of the uijs, summing over the α shifts will just
give a multiplicative factor of N. In the case τ ¼ σ
the authors of [61] showed that due to the β shifts, solutions
for the Bethe ansatz equations fQ̂i ¼ 1; i ¼ 1;…; N − 1g,
which are not solutions to the reduced Bethe ansatz
equation fQi ¼ ð−1ÞN−1; i ¼ 1;…; Ng, cancel each other,

such that the index only gets contributions from solutions to
the reduced BAE. We will now argue that the same is true
also for τ ≠ σ.
Picking a solution fuig to the BAE, as described above

we can sum over the shifts β ¼ 0;…; abN − 1 (in addition
to the mj shifts). The Jacobian H−1 is invariant under ωZ
shifts of the us, so we will just need to evaluate the effect of
summing over the βω shifts in Z. The contribution
of the solution (and its shifted relatives) to the index is
therefore

Ifug ¼
N
ab

· κN ·H−1ðfuig;Δ1;2;ωÞ
Xab

fmjg¼1

XabN−1

β¼0

Z
�
ui −miω; uN þ

XN−1

i¼1

miω − βω;Δ1;2; aω; bω

�
: ð3:2Þ

We can write β ¼ abβ1 þ β2 with β1 ¼ 0;…; N − 1 and β2 ¼ 0;…; ab − 1,

Ifug ¼
N
ab

· κN ·H−1 ·
Xab

fmjg¼1

Xab−1
β2¼0

XN−1

β1¼0

Z
�
ui −miω; uN þ

XN−1

i¼1

miω − β2ω − β1abω;Δ1;2; aω; bω

�
: ð3:3Þ

But since shifting only uN → uN − abω amounts to multiplying Z by ð−1ÞN−1QN, as in (2.8), and since QN has ω
periodicity in each ui separately, this is the same as

Ifug ¼
N
ab

· κN ·H−1 ·
Xab

fmjg¼1

Xab−1
β2¼0

XN−1

β1¼0

ðð−1ÞN−1QNðuiÞÞβ1Z
�
ui −miω; uN þ

XN−1

i¼1

miω − β2ω;Δ1;2; aω; bω

�
: ð3:4Þ

Since Q̂i solves the Bethe ansatz equations andQ
N
i¼1Qi ¼ 1, QN is an Nth root of unity, and so the sum

over β1 vanishes unless QN ¼ ð−1ÞN−1. Since all the Qis
are equal to each other, we see that only solutions to the
reduced Bethe ansatz equation

Qi ¼ ð−1ÞN−1 ð3:5Þ

contribute to the index.

IV. LARGE N EXPANSION

Here we will be interested in the large N contribution of
the Hong-Liu solutions to the SUðNÞ index, and in
particular the contribution of the basic solution (2.16).
We will concentrate on the leading order in N terms that are
exponential in N2, whose log is OðN2Þ. As explained
previously, there are ðabÞN−1 different terms in this con-
tribution, coming from the possible shifts by fmiωgN−1

i¼1 of
the basic solution. Therefore, an exponential in N2 depend-
ence must come from individual shifts, and not from the
summation over them. Each choice for the ms gives

log ðIfugðfmigÞÞ ¼ logðκNÞ þ logðH−1Þ

þ log

�
Z
�
fui −miωg; uN

þ
XN−1

i¼1

miω;Δ; aω; bω
��

: ð4:1Þ

The first term does not contribute at order OðN2Þ, as is
obvious from (2.5). The second term was shown to beOð1Þ
in [4], and was exactly computed in [47] for the HL
solutions with m ¼ 0. So we are left with evaluating the N
dependence of the third term, logðZÞ.
Evaluating the last term depends significantly on the

choice ofms. In [10], the authors evaluated it for the choice
mj ¼ j mod ab and showed that6

log ½If1;N;0gðfmj ¼ jgÞ�

¼ −πiN2
½Δ1�ω½Δ2�ω½Δ3�ω

abω2
þOðN logðNÞÞ; ð4:2Þ

which agrees with the on-shell action of dual black
holes, where ½Δ3�ω ¼ τ þ σ − ½Δ1�ω − ½Δ2�ω − 1 and the

6In some regimes of the chemical potentials Δ we need to
replace ½Δ�ω by ½Δ�0ω ¼ ½Δ�ω þ 1.
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function ½Δ�ω simply shifts Δ to a strip, such that it
satisfies

½Δ�ω¼Δ mod 1; such that − Im

�
1

ω

�
> Im

�½Δ�ω
ω

�
>0:

ð4:3Þ
It is not clear how to evaluate logðZÞ for generic choices

of the mj. In this section, we will generalize the result (4.2)
to the choice

mj ¼ M · j mod ab; ð4:4Þ

for any integer M. At large N we expect the leading order
to only depend on the (shifted) eigenvalue distribution,
and one can show that this depends on M only through
gcdðM; abÞ. We will show this momentarily for the
leading order in N. WhenM ¼ 1 the (shifted) eigenvalues
are uniformly distributed along the abω cycle of the
torus, and otherwise they are distributed as a chain of
step functions along it, covering 1

M of the cycle, as
in Fig. 1.
In order to calculate Z for the basic solution (2.16), it is

useful to define the building block

Ψ̃Δ ≡XN
i≠j

log

�
Γ̃
�
Δþ ω

j − i
N

þ ωðmj −miÞ; aω; bω
��

;

¼
XN
i;j¼1

log

�
Γ̃
�
Δþ ω

j − i
N

þ ωðmj −miÞ; aω; bω
��

− N log ½Γ̃ðΔ; aω; bωÞ�;

≡ΨΔ − N log ½Γ̃ðΔ; aω; bωÞ�; ð4:5Þ

which allows us to write Z in (2.4) as

logðZÞ ¼ Ψ̃Δ1
þ Ψ̃Δ2

− Ψ̃Δ1þΔ2
− Ψ̃0: ð4:6Þ

As a result, terms that are linear or constant in Δ will cancel
between the different Ψ̃ s when evaluating the index. In
order to simplify the form of the building block, we utilize
the identity [66]

Γ̃ðu; τ; σÞ ¼
Ya−1
r¼0

Yb−1
s¼0

Γ̃ ðuþ ðrτ þ sσÞ; aτ; bσÞ; ð4:7Þ

to write ΨΔ as

ΨΔ ¼
Xa−1
r¼0

Xb−1
s¼0

XN
i;j¼1

log

�
Γ̃
�
Δþ ω

j − i
N

þ ωðmj −mi þ asþ brÞ;abω; abω
��

: ð4:8Þ

We can now make two simplifications. The first is to
assume that abjN and denote Ñ ¼ N

ab. The justification is
that [10] showed that the effect of ignoring the residue of
N=ðabÞ is subleading at large N, when N ≫ ab. Let us set
i ¼ γabþ c, j ¼ δabþ d, with γ; δ ¼ 0;…; Ñ − 1 and
c; d ¼ 1;…; ab. The building block for

mj ¼ M · j mod ab ð4:9Þ
will then take the form

ΨΔ ¼
Xa−1
r¼0

Xb−1
s¼0

X̃N−1

γ;δ¼0

Xab
c;d¼1

log

�
Γ̃
�
Δþ ω

δ − γ

Ñ
þ ω

d − c
N

þ ωðηdc þ asþ brÞ; abω; abω
��

;

ηdc ¼ ðMd mod abÞ − ðMc mod abÞ: ð4:10Þ

A second simplification can be made by dropping the term ω d−c
N , which also does not affect the result at leading order inN.7

We see that indeed at this point the M dependence enters only through ηdc. Because
8 of the summation over c, d, this

depends only on gcdðM; abÞ, and so without loss of generality from now on we will assume M ¼ gcdðM; abÞ. UsingP
ab
c¼1 fðMc mod abÞ ¼ M

Pab
M
c¼1 fðMcÞ we have

7In Appendix A of [10] this is shown for the case M ¼ 1, and with minor modifications the proof can be generalized to any M∈N.
8Write M ¼ μx where gcdðx; abÞ ¼ 1 and therefore x has a modular inverse modulo ab. Then

P
ab
c¼1 fðMc mod abÞ ¼P

ab
c¼1 fðμxc mod abÞ ¼ P

ab
c¼1 fðμc mod abÞ, and so the sum only depends on μ ¼ gcdðM;abÞ.
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ΨΔ ¼ M2
Xa−1
r¼0

Xb−1
s¼0

X̃N−1

γ;δ¼0

Xab=M
c;d¼1

log

�
Γ̃
�
Δþ ω

δ − γ

Ñ
þ ωðMd −Mcþ asþ brÞ; abω; abω

��
;

¼ M2
Xa−1
r¼0

Xb−1
s¼0

X̃N−1

γ;δ¼0

Xab=M−1

c;d¼0

log

�
Γ̃
�
Δþ ω

δ − γ

Ñ
þMωðcþ dÞ þ ωðM − abþ asþ brÞ; abω; abω

��
; ð4:11Þ

and using (4.7) we have

ΨΔ ¼ M2
Xa−1
r¼0

Xb−1
s¼0

X̃N−1

γ;δ¼0

log

�
Γ̃
�
Δþ ω

δ − γ

Ñ
þ ωðM − abþ asþ brÞ;Mω;Mω

��
: ð4:12Þ

Now we use the modular formula (A17) to rewrite this as

ΨΔ ¼ M2
Xa−1
r¼0

Xb−1
s¼0

X̃N
γ;δ¼1

2
4−πiQðu;Mω;MωÞ − log

�
θ0

�
u

Mω
;−

1

Mω

��
þ
X∞
k¼0

log

2
4ψ

	
kþ1þu
Mω



ψ
�
k−u
Mω

�
3
5
3
5; ð4:13Þ

where

u ¼ ½Δ�ω þ ω
δ − γ

Ñ
þ ωðM − abþ asþ brÞ; ð4:14Þ

and the functions Q, θ0, and ψ are defined in the Appendix. As ΨΔ was originally invariant under shifting Δ → Δþ 1, we
shift Δ → ½Δ�ω, which is exactly the domain where the plethystic expansion for θ0ðuω ;− 1

ωÞ is valid, and where the sum over
the ψ functions converges. Note that ½Δ�ω ¼ ½Δ�Mω.

A. Evaluating Q

After plugging in the expression for the polynomial Q from (A18) and summing over γ, δ, r, s, the first term in (4.13)
becomes

− πi
N2

3abω2
B3

�
½Δ�ω þ 1 −

aþ b
2

ω

�

− πi
N2ð1 − a2

2
− b2

2
þ a2b2 −M2Þ − a2b2

6ab
B1

�
½Δ�ω þ 1 −

aþ b
2

ω

�
; ð4:15Þ

where B1ðxÞ ¼ x − 1
2
and B3ðxÞ ¼ x3 − 3

2
x2 þ 1

2
x are Bernoulli polynomials. The second term cancels in (4.6), while the

first term is the same as in the M ¼ 1 case analyzed in [10].

B. Evaluating θ0
Remembering that Mjab, the second term in (4.13) is

−M2
Xa−1
r¼0

Xb−1
s¼0

X̃N
γ;δ¼1

log

�
θ0

�½Δ�ω
Mω

þ δ − γ

MÑ
þ asþ br

M
;−

1

Mω

��
: ð4:16Þ

After using the Plethystic expansion (A8) for θ0 it takes the form

M2
Xa−1
r¼0

Xb−1
s¼0

X̃N
γ;δ¼1

X∞
l¼1

1

l

ỹlζlðδ−γÞ
MÑ

ζlðasþbrÞ
M þ h̃lỹ−lζlðγ−δÞ

MÑ
ζ−lðasþbrÞ
M

1 − h̃l
; ð4:17Þ

where
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ζv ≡ e2πi=v; ỹ≡ e
2πi½Δ�ω
Mω ; h̃≡ e−

2πi
Mω; ð4:18Þ

and so the second term of (4.13) is

abM
X̃N
γ;δ¼1

X∞
l¼1

1

l

ỹMlζlðδ−γÞ
Ñ

þ h̃Mlỹ−Mlζlðγ−δÞ
Ñ

1 − h̃Ml

¼ abMÑ
X∞
l¼1

1

l
ỹMÑl þ h̃MÑlỹ−MÑl

1 − h̃MÑl

¼ −abMÑ log

�
θ0

�
Ñ½Δ�ω
ω

;−
Ñ
ω

��
; ð4:19Þ

which is exponentially suppressed in N.

C. Evaluating ψ

Last but not least, we have the third term in (4.13). We’ll
expand it using the plethystic expansion for the ψ function,
log ½ψðtÞ� ¼ −

P∞
l¼1 ð tl þ 1

2πil2Þe−2πilt, and then sum over
γ, δ, r, s. When Mjl none of the terms in the plethystic
expansion vanishes. Otherwise, the second term always
vanishes in the sum over r, s, while the first term vanishes
unless Mjal and we are looking at the term with br
multiplying the exponent, orMjbl and we are looking at as
multiplying it. The l s that satisfy M ∤ l but Mjbl are of
the form l → Mlþ M

Mb
t, with t ¼ 1;…;Mb − 1 andMb ¼

gcd ðM; bÞ. Similarly for M ∤ l but Mjal we have l →

Mlþ M
Ma

t with t ¼ 1;…;Ma − 1 and Ma ¼ gcd ðM; aÞ.
Thus, we can rewrite the numerator of the third term in
(4.13) as

−M2
Xa−1
r¼0

Xb−1
s¼0

X̃N
γ;δ¼1

X∞
k¼0

�X∞
l¼1

�kþ1
Mω þ ½Δ�ω

Mω þ δ−γ
MÑ

þ 1 − ab
M þ asþbr

M

Ml
þ 1

2πiM2l2

�
e−2πiMlv

�

−
Xa−1
r¼0

Xb−1
s¼0

X̃N
γ;δ¼1

X∞
k¼0

X∞
l¼0

�XMb−1

t¼1

asMb

Mblþ t
e−2πiðMlþ M

Mb
tÞv þ

XMa−1

t¼1

brMa

Malþ t
e−2πiðMlþ M

Ma
tÞv
�
; ð4:20Þ

where the first line comes from those l s that satisfy Mjl,
while the first term in the second line comes from the l s
that satisfy Mjbl and M∤l, and the second from those that
have M∤l but Mjal, and v is the argument of the ψ
function,

v ¼ kþ 1

Mω
þ ½Δ�ω

Mω
þ δ − γ

MÑ
þ 1 −

ab
M

þ asþ br
M

: ð4:21Þ

For the first line of (4.20) we can sum over δ, γ, r, s to
find

− ab
X∞
k¼0

X∞
l¼1

��kþ1
ω þ ½Δ�ω

ω

l
Ñ þ 1

2πil2

�
e−2πiÑlðkþ1

ω þ½Δ�ω
ω Þ
�

− N

�
M −

a
2
−
b
2

�X∞
k¼0

X∞
l¼1

�
1

l
e−2πiÑlðkþ1

ω þ½Δ�ω
ω Þ
�
; ð4:22Þ

and similarly, from the denominator of the third term in
(4.13) we have

ab
X∞
k¼0

X∞
l¼1

��k
ω −

½Δ�ω
ω

l
Ñ þ 1

2πil2

�
e−2πiÑlðkω−½Δ�ω

ω Þ
�

− N

�
M −

a
2
−
b
2

�X∞
k¼0

X∞
l¼1

�
1

l
e−2πiÑlðkω−½Δ�ω

ω Þ
�
; ð4:23Þ

which are all exponentially suppressed9 in N.
We now move to the second line of (4.20). One uses the

identities

XN−1

n¼0

eλn ¼ 1− eλN

1− eλ
;

XN−1

n¼0

neλn ¼ d
dλ

XN−1

n¼0

eλn ¼ ðN − 1ÞeλðNþ1Þ −NeλN þ eλ

ð1− eλÞ2 ;

ð4:25Þ
to find that

X̃N
γ;δ¼1

e2πix
ðγ−δÞ
MÑ ¼ sin2

�
πx
M

�
sin2

�
πx
MÑ

� ;
Xb−1
s¼0

asexp

�2πi�Mlþ M
Mb

t



M
as

�
¼−

ab

1−e
2πita
Mb

; ð4:26Þ

9We note that these two infinite sums can be resummed into

ab
X∞
k¼0

log

2
4ψ

	
Ñðkþ1þ½Δ�ωÞ

ω



ψ
	
Ñðk−½Δ�ωÞ

ω



3
5

− N

�
M −

a
2
−
b
2

�
log

�
θ0

�
Ñ½Δ�ω
ω

;−
Ñ
ω

��
: ð4:24Þ
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which allows us to sum over r, s, γ, δ, resulting in

ab
X∞
k¼0

X∞
l¼0

XMb−1

t¼1

aMb

1 − e
2πita
Mb

1

Mblþ t

sin2
�
πt
Mb

�
sin2

�
πl
Ñ
þ πt

MbÑ

� e−2πiðlþ t
Mb

Þðkþ1
ω þ½Δ�ω

ω Þ þ ða ↔ bÞ: ð4:27Þ

Similarly, the analogous term coming from the denominator of the third term in (4.13) takes the form

ab
X∞
k¼0

X∞
l¼0

XMb−1

t¼1

aMb

1 − e−
2πiat
Mb

1

Mblþ t

sin2ð πtMb
Þ

sin2 ðπl
Ñ
þ πt

MbÑ
Þ e

−2πiðlþ t
Mb

Þðkω−½Δ�ω
ω Þ þ ða ↔ bÞ: ð4:28Þ

At large N the sine in the denominator of these two expressions gives anOðN2Þ dependence. Moreover, the sum over k can
be easily done, leaving us with an overall contribution of the second line of (4.20)

abÑ2

�X∞
l¼0

XMb−1

t¼1

a

1 − e
2πiat
Mb

M3
bsin

2ð πtMb
Þ

π2ðMblþ tÞ3
e2πiðlþ

t
Mb

Þð−1
ω−

½Δ�ω
ω Þ

1 − e−
2πi
ω ðlþ t

Mb
Þ þ ða ↔ bÞ

þ
X∞
l¼0

XMb−1

t¼1

a

1 − e−
2πiat
Mb

M3
bsin

2ð πtMb
Þ

π2ðMblþ tÞ3
e2πiðlþ

t
Mb

Þ½Δ�ωω

1 − e−
2πi
ω ðlþ t

Mb
Þ þ ða ↔ bÞ

�
þOðNÞ: ð4:29Þ

When M ¼ 1 the sum over t contains no terms, so these contributions are irrelevant. We also note that in the Cardy limit,
ω → 0 with fixed a, b, these terms are exponentially suppressed.

D. Overall contribution

Let us now compute Z, which to leading order in N is10

Z ¼ ΨΔ1
þΨΔ2

−ΨΔ1þΔ2
− Ψ0 þOðNÞ: ð4:30Þ

The chemical potentials satisfy either ½Δ1 þ Δ2�ω ¼ ½Δ1�ω þ ½Δ2�ω, or ½Δ1 þ Δ2�ω ¼ ½Δ1�ω þ ½Δ2�ω þ 1. For the first case,

Z ¼ −πiN2
½Δ1�ω½Δ2�ω½Δ3�ω

τσ
þ N2

ab

X
Δ
ηΔ

�X∞
l¼0

XMb−1

t¼1

a

1 − e
2πiat
Mb

M3
bsin

2ð πtMb
Þ

π2ðMblþ tÞ3
e2πiðlþ

t
Mb

Þð−1
ω−

Δ
ωÞ

1 − e−
2πi
ω ðlþ t

Mb
Þ þ ða ↔ bÞ

þ
X∞
l¼0

XMb−1

t¼1

a

1 − e−
2πiat
Mb

M3
bsin

2ð πtMb
Þ

π2ðMblþ tÞ3
e2πiðlþ

t
Mb

ÞΔω

1 − e−
2πi
ω ðlþ t

Mb
Þ þ ða ↔ bÞ

�
; ð4:31Þ

where ½Δ3�ω ≡ τ þ σ − ½Δ1�ω − ½Δ2�ω − 1, the sum
P

Δ is over Δ∈ f½Δ1�ω; ½Δ2�ω; ½Δ1 þ Δ2�ω; 0g, and we define ηΔ ¼
f1; 1;−1;−1g, respectively. For the second case a similar formula applies11 using the function ½Δ�0ω ¼ ½Δ�ω þ 1,

Z ¼ −πiN2
½Δ1�0ω½Δ2�0ω½Δ3�0ω

τσ
þ N2

ab

X
Δ
ηΔ

�X∞
l¼0

XMb−1

t¼1

a

1 − e
2πiat
Mb

M3
bsin

2ð πtMb
Þ

π2ðMblþ tÞ3
e2πiðlþ

t
Mb

ÞΔω

1 − e−
2πi
ω ðlþ t

Mb
Þ þ ða ↔ bÞ

þ
X∞
l¼0

XMb−1

t¼1

a

1 − e−
2πiat
Mb

M3
bsin

2ð πtMb
Þ

π2ðMblþ tÞ3
e2πiðlþ

t
Mb

Þð−1
ω−

Δ
ωÞ

1 − e−
2πi
ω ðlþ t

Mb
Þ þ ða ↔ bÞ

�
; ð4:32Þ

where now ½Δ3�0ω ≡ τ þ σ − ½Δ1�0ω − ½Δ2�0ω þ 1, the sum
P

Δ is over Δ∈ f½Δ1�0ω; ½Δ2�0ω; ½Δ1 þ Δ2�0ω; 0g, and we define
ηΔ ¼ f1; 1;−1;−1g as before.

10When computing limΔ→0 ΨΔ some of the terms inΨΔ diverge. WhenM ¼ 1, these divergences directly cancel with the second term
in (4.5). In any case, the OðN2Þ terms we focus on here do not diverge, while presumably divergences in subleading orders cancel with
the subleading terms we neglected.

11We neglected an imaginary part that determines the phase of the contribution to the index, which in any case is sensitive to Oð1Þ
terms.
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E. Dominance of new contributions

Are these new contributions to the index always sub-
leading with respect to the M ¼ 1 contribution analyzed in
[10] (and the other contribution analyzed in [60] which is
equal to it in the large N limit)? The answer turns out to be
negative. We can verify numerically that there are choices
of parameters, say ω ¼ 0.45þ 0.84i, Δ1 ¼ 0.07þ 0.13i,
Δ2 ¼ 0.02þ 0.11i, a ¼ 2, b ¼ 3, N ¼ 300, where the
M ¼ 1 contribution is smaller than, say, the M ¼ 6 con-
tribution. This is true both for our approximate large N
value in (4.31) and (4.32) and for the exact evaluation (4.6).
Thus, in some cases this term may be more dominant.

Note however, that there may exist even more dominant
terms for other types of fmjg shifts, that we have not yet
computed. Moreover, this ω is not necessarily in the regime
where this Bethe ansatz solution is the most dominant one,
and so these contributions might be canceled by contribu-
tions from other solutions to the Bethe ansatz equations.
Analyzing these cancellations requires knowledge both
about the phase of Iu, which is sensitive to Oð1Þ terms
in the expansion, and about other fmjg shifts, whose
analysis is beyond the scope of this work.
One might wonder what happens in the Cardy limit,

ω → 0, where the contribution from this solution is usually
the dominant one to the index. In that limit one can show

that the new, M-dependent, terms at large N in (4.31)
become exponentially suppressed in 1=ω, and so the new
contributions are similar to the M ¼ 1 case.

V. THE BETHE ANSATZ FOR SUð2Þ
In this section we discuss the special case of SUð2Þ

gauge group, for which we analyzed in more detail the
behavior of the index for large values of a and b, and in
particular the case of b ¼ aþ 1 (which in the limit of large
a, b should converge to the results for equal chemical
potentials). In this case the solutions to the Bethe ansatz
equation are fully classified (u12 ¼ 1

2
; ω
2
; 1
2
þ ω

2
), and there is

a single variable u ¼ u12 (with u1 ¼ −u2), and a single
integer m labeling the different contributions (for each
solution to the Bethe ansatz). One thing wewill show is that
the contribution to the index from some values of m is
exponentially large in a for large a, such that large
cancellations between different contributions must occur
in the large a limit.

A. Moving Zu
m by nτ

We assume without loss of generality that b > a. For
SUð2Þ we have (2.4)

Zðu;Δ; σ; τÞ ¼ Γ̃ðuþ Δ1; τ; σÞΓ̃ðuþ Δ2; τ; σÞ
Γ̃ðu; τ; σÞΓ̃ðuþ Δ1 þ Δ2; τ; σÞ

Γ̃ð−uþ Δ1; τ; σÞΓ̃ð−uþ Δ2; τ; σÞ
Γ̃ð−u; τ; σÞΓ̃ð−uþ Δ1 þ Δ2; τ; σÞ

: ð5:1Þ

We will denote Zu
m ¼ Zðu −mω;Δ; σ; τÞ, such that the contribution of each solution u of the BA equation to the index is

proportional to
P

ab
m¼1 Z

u
m. This includes both them shifts and the β shifts discussed above, since we showed in Sec. III that

together they give
P

2ab
m¼1 Z

u
m ¼ 2

P
ab
m¼1 Z

u
m.

Before beginning the analysis we derive a formula for how the contribution Zu
m changes under shifts of m. Using (A13)

we have

Zu
mþna ¼ Zðu −mω − naω;Δ; σ; τÞ ¼ Zðu −mω − nτ;Δ; σ; τÞ;

¼ Zðu −mω;Δ; σ; τÞ
Yn
l¼1

θ0ðu −mω − ðal mod bÞω; σÞθ0ðΔ1 þ Δ2 þ u −mω − ðal mod bÞω; σÞ
θ0ðΔ1 þ u −mω − ðal mod bÞω; σÞθ0ðΔ2 þ u −mω − ðal mod bÞω; σÞ

×
Yn−1
l¼0

θ0ðΔ1 − uþmωþ ðal mod bÞω; σÞθ0ðΔ2 − uþmωþ ðal mod bÞω; σÞ
θ0ð−uþmωþ ðal mod bÞω; σÞθ0ðΔ1 þ Δ2 − uþmωþ ðal mod bÞω; σÞ : ð5:2Þ

Since a and b are mutually prime, for n ≤ b we will get n distinct values of ðal mod bÞ in each product.
Let us look at the following a evaluations of Z:

Zu
m−a; m ¼ 1;…; a; ð5:3Þ

and call these points our “basic window.” Even though these values do not enter the sum in the index, we can construct from
them all the terms that do enter the sum. To get Zu

m using (5.2), we need to take
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Zu
m ¼ Zu

ðm−aÞþa ¼ Zðu − ðm − aÞω − aω;Δ; σ; τÞ;

¼ Zu
m−a

θ0ðu −mω; σÞθ0ðΔ1 þ Δ2 þ u −mω; σÞ
θ0ðΔ1 þ u −mω; σÞθ0ðΔ2 þ u −mω; σÞ

θ0ðΔ1 − uþ ðm − aÞω; σÞθ0ðΔ2 − uþ ðm − aÞω; σÞ
θ0ð−uþ ðm − aÞω; σÞθ0ðΔ1 þ Δ2 − uþ ðm − aÞω; σÞ : ð5:4Þ

In general, following (5.2), to construct Zu
ðm−aÞþna we take

Zu
ðm−aÞþðn−1Þa

θ0ðu − ðm − aÞω − ðan mod bÞω; σÞ
θ0ðΔ1 þ u − ðm − aÞω − ðan mod bÞω; σÞ

θ0ðΔ1 þ Δ2 þ u − ðm − aÞω − ðan mod bÞω; σÞ
θ0ðΔ2 þ u − ðm − aÞω − ðan mod bÞω; σÞ

×
θ0ðΔ1 − uþ ðm − aÞωþ ðaðn − 1Þmod bÞω; σÞ
θ0ð−uþ ðm − aÞωþ ðaðn − 1Þmod bÞω; σÞ

θ0ðΔ2 − uþ ðm − aÞωþ ðaðn − 1Þmod bÞω; σÞ
θ0ðΔ1 þ Δ2 − uþ ðm − aÞωþ ðaðn − 1Þmod bÞω; σÞ : ð5:5Þ

We get a recursive expression for Zu
ðm−aÞþna in terms of Zu

ðm−aÞþðn−1Þa and one of b possible factors, labeled by the distinct

label ðan mod bÞ. Using it multiple times will give us an expression for Zu
ðm−aÞþna in terms of Zu

m−a from the basic window,
multiplied by n factors all labeled with distinct labels ðal mod bÞ, l ¼ 1;…; n (if n ≤ b). This is enough motivation to
define the factors

Θu
r ≡ θ0ðu − ð1 − aÞω − rω; σÞθ0ðΔ1 þ Δ2 þ u − ð1 − aÞω − rω; σÞ

θ0ðΔ1 þ u − ð1 − aÞω − rω; σÞθ0ðΔ2 þ u − ð1 − aÞω − rω; σÞ
θ0ðΔ1 − uþ ð1 − aÞωþ ððr − aÞ mod bÞω; σÞ
θ0ð−uþ ð1 − aÞωþ ððr − aÞ mod bÞω; σÞ

×
θ0ðΔ2 − uþ ð1 − aÞωþ ððr − aÞ mod bÞω; σÞ

θ0ðΔ1 þ Δ2 − uþ ð1 − aÞωþ ððr − aÞ mod bÞω; σÞ ;

¼ θ0ðu − ð1þ r − aÞω; σÞθ0ðΔ1 þ Δ2 þ u − ð1þ r − aÞω; σÞ
θ0ðΔ1 þ u − ð1þ r − aÞω; σÞθ0ðΔ2 þ u − ð1þ r − aÞω; σÞ

×
θ0ðΔ1 − uþ ð1þ r − 2aÞω; σÞθ0ðΔ2 − uþ ð1þ r − 2aÞω; σÞ
θ0ð−uþ ð1þ r − 2aÞω; σÞθ0ðΔ1 þ Δ2 − uþ ð1þ r − 2aÞω; σÞ : ð5:6Þ

It is easy to check that Θu
r are invariant under

r → rþ b ⇔ u → uþ σ, such that the last equality is
valid, and indeed we have b different factors and not more.
Note that one can also shift Zu

ðmþ1−aÞ to Zu
ðmþ1−aÞþna using

only the same factorsΘu
r , and so on. So if we calculate all of

the b factors of Θu
r (r ¼ 0;…; b − 1), we get all the factors

needed to produce all the terms in the sum out of our basic
window values (5.3). If we arrange the Θu

r in the specific
order

ðΘu
na mod bÞbn¼1; ð5:7Þ

then we get the ordered factors needed to move Zu
1−a to

Zu
abþ1−a, through all Zu

naþ1−a values. Using

ðΘu
ðnaþ1Þ mod bÞbn¼1

ð5:8Þ

we get the ordered factors needed to move Zu
2−a to Z

u
abþ2−a,

passing through all Zu
naþ2−a values, and so on.

Computing these factors numerically for generic param-
eters, their absolute values and phases generally look
something like Fig. 2 (this is for the solution u ¼ ω

2
, we

will discuss the other solutions later). It should be noted

FIG. 2. We plot Θu¼ω
2

r for a ¼ 9999, b ¼ 10000, τ ¼
−0.67þ 2.3i, Δ1 ¼ 0.3þ 1.1i, and Δ2 ¼ 0.11–0.6i. The black
vertical lines show two points in which jΘu

r j ¼ 1, that represent
the beginning and end of a streak of jΘu

r j values that are larger
than 1. The blue horizontal lines mark the special values of 0 for

log ðjΘω
2
r jÞ, and −π; 0; π for argðΘω

2
rÞ.
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that for some parameters, the jΘu
r j graph looks a bit

different. It can cross the jΘu
r j ¼ 0 line more often, and

it can be relatively flat. With minor changes, the arguments
below will hold also in these cases.
When we take the large a limit, Θu

r approaches a
continuous function of (r=b) (as in Fig. 2). Naively one
may think that since when we take a; b → ∞ with fixed τ,
ω goes to zero, one may be able to approximate the sum
overm as a continuous integral over x ¼ m=a (in the range
½0; b�). However, using the fact that most Θu

r are very
different from one (even for large a), one can show that
even if two adjacent values in our “basic window” approach
each other in the large a limit, this is not true once they are
shifted by a large amount (so that x is of order a). So Zu

m
does not really approach a continuous function of x in the
large a limit.

1. The b = a + 1 case

Consider now the special case b ¼ aþ 1, for which
ðna mod bÞ ¼ ðð−nÞ mod bÞ. Then, the order of the fac-
tors that we multiply by will be just as plotted in Fig. 2 but
reversed, with the specific starting point determined by m.
This case is particularly interesting because for fixed τ, the
limit a → ∞ is equivalent to τ → σ, where we expect to
converge to the results for equal chemical potentials
a ¼ b ¼ 1 [which are given by (2.13) with no sum overm].
Looking at Fig. 2, we see that (5.6) is roughly divided to

a continuous half of Θu
r s with absolute value greater than 1,

and half which are smaller than 1. It can also easily be
shown that the factors in each half are just the inverses of
the values in the other half, with a mirrored order (this is
precisely true when u ¼ ω

2
and 1

2
þ ω

2
, and true for large a for

u ¼ 1
2
). Note that the shape of the figure does not change

when taking a → ∞; τ ¼ const, it just becomes denser
(except at the edges of the graph, in a region that becomes
negligible as a → ∞). The same is true for the basic
window values of Zu

m−a.
Moving the basic window of points by a to

Zu
m;m ¼ 1;…; a, each point will get multiplied by an

appropriate factor from Θu
b−1;Θu

0;Θu
1;…;Θu

b−3, in the order
they are written (Θu

b−2 does not take part). Moving the new
(moved) window again will result in multiplying it by the
same factors in the same order, but moved by one slot (so
this time Θu

b−3 does not take part). Most of the points that
were multiplied by factors with absolute value larger than 1
before, will get this treatment again because of the
topography of Θu

r . Moving a few windows forward from
the basic window (when b is large we have plenty), less and
less points have only been multiplied by factors with
absolute value larger than 1, and more and more get
multiplied by mixed factors. So after a while, a peak in
the absolute value of Zu

m arises in the region of the window
that can be traced to the basic window only through factors
with absolute value greater than 1. This is demonstrated

in Fig. 3. This shows us that the points in which jΘu
r j ¼ 1

are important. We can find these points by noting that

Θu
r ¼ Θu−rω

0 ≡ Θũ
0⟶a→∞

−Qðũ;Δ; τÞ; ð5:9Þ

so finding these points means solving

jQðũ;Δ; τÞj ¼ 1: ð5:10Þ

This is similar to the BAE, except that Q can have a phase
different from 0 or π, and we only search for solutions of
the form αω or 1

2
þ αω for α∈R. The known BAE solutions

immediately provide us with the solutions ũ ¼ 0; τ
2
; τ for

u ¼ ω
2
, and ũ ¼ 1

2
; 1
2
þ τ

2
; 1
2
þ τ for u ¼ 1

2
and u ¼ 1

2
þ ω

2
. It is

important to remember that in most of these points
−QðũÞ ¼ 1, except for ũ ¼ 0; τ, in which −QðũÞ ¼ −1.
We can interpret Fig. 2 in light of this observation. We

indeed have jΘu
r j ¼ 1 at rω ≈ 0; τ

2
; τ, with the phases we

expect.

B. There are large cancellations
between different m-shifted terms

The fact that many Θu
rs are larger than 1 implies that for

large a some Zs, arising from multiplying many of these
Θs, will be exponentially large. One may wonder if perhaps
the sum over m could be dominated by some specific large
values, such that we can neglect the rest of the contribu-
tions. Clearly this is impossible, given that the large a limit
of the sum should be a constant (namely the index for
σ ¼ τ). It turns out that indeed the largest contributions
partially cancel each other, with many terms taking part in

FIG. 3. We plot jZω
2
mj (blue) and logðjZω

2
mjÞ (green) as a function

of m. The horizontal lines mark the beginning and end of a-point
windows (here a ¼ 30, b ¼ 31, and the rest of the parameters are
as in Fig. 2). The values of each window can be calculated from

the values of the former window by multiplying its values by Θ
ω
2
r

with the correct shift.
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this process. What is left from this partial cancellation can
still be very large, but comparable to other terms in the sum.
The picture of Fig. 3, in which there is a peak in each

window, with an increasing absolute value for the peak in
each window, which arises because each window is
multiplied by Θu

r factors with absolute value larger than
1, ends atm ≈ ab

2
. After that point,Θu

r becomes smaller than
1. The maximal point in the sum over shifts by na (for large
enough a) will be the one that comes from the basic
window by getting multiplied by all Θu

r factors in the range
of values of r that obeys jΘu

r j > 1, starting and ending with
jΘu

r j values near 1. Note that the values near the beginning
and end of this range are very close to 1, in fact
infinitesimally close for a → ∞. So around the maximum
we have many other points that are very close to it in
absolute value. But if we look at the phase of Θu

r near the
beginning and end of the streak in Fig. 2, it is approx-
imately π. So we have many large terms summed up with
almost opposite phases, that cancel each others’ contribu-
tions in a noisy manner. As we look further from the actual
maximum, the change in the absolute value between
adjacent terms grows, and the relative phase also slowly
changes from π. But these terms still partially cancel each
other, until we move enough to continuously shift to a
different regime. So what is left after summing all these
large terms is unclear, and can still be very large.
The important feature for these cancellations is that either

at the beginning or at the end of the large jΘu
r j streak, the

phase of Θu
r is not 0. Thus, the only cases that will not have

this kind of cancellations are those in which Θu
r ¼ 1 in the

beginning and end of the region,meaningwhen it begins and
ends with ũ that solves the reduced BAE. As mentioned
above, this is the case with the other two solutions
u ¼ 1

2
; ω
2
þ 1

2
, where the cancellations happen differently.

In these cases, it turns out that the cancellations happen
between the two different solutions, rather than between
different m movements of the same BA solution. In the
large a limit, in the vicinity of the largest jZu

mj, the values of
Zu
m for many different nearby m terms are very similar; this

is because they begin from nearby values in the “basic
window,” which are all then multiplied by almost all values

of Θu
r that obey jΘu

r j > 1. But if Z
1
2
m is very close to Z

1
2

mþ1,

then they are both close to Z
ω
2
þ1

2
m ¼ Z

1
2

mþ1
2

, because Z is

continuous. So the two solutions, u ¼ 1
2
and u ¼ ω

2
þ 1

2
,

produce very similar values of Zu
m for the largest jZu

mj terms.
Numerically we find that H

1
2 ≈ −Hω

2
þ1

2 at large a and (at
least at) small q, so these large contributions mostly cancel
each other. Note that if there are some extra solutions to
(5.10) that break the streak with nonzero phase, it will just
mean that the large contributions will cancel for the original
reason, and not that they do not cancel.
Following the last note, the Θu

r picture is not always
simple, depending on the precise parameters. Sometimes its

absolute value crosses 1 multiple times as discussed above,
and we get several large jΘu

r j streaks, and several small jΘu
r j

streaks. This does not change the overall picture. When
taking large a these regions become denser, and so some
points in the sum become exponentially large in a. In this
case it is not so easy to know what the global maximum is,
since it depends on the sizes of the different large jΘu

r j
streaks and on the value of the factors in these streaks. But
everything we argued before will still be true for the global
maximum in these cases, including the partial cancellation.
The discussion of this subsection is not a feature just of

b ¼ aþ 1. It is true for any b ¼ aþ const when taking
large a, except that these cases will have more jΘu

r j ¼ 1
crossings.
Numerical computations of (2.13) are consistent with the

above discussion. The contribution of the sum over m-
shifted solutions originating from u ¼ ω

2
partially cancels

within itself. This can be seen from the fact that the whole
sum is smaller in absolute value than the maximal term in
the sum, sometimes by orders of magnitude.
The sums originating from u ¼ 1

2
; 1
2
þ ω

2
are sometimes

larger than their maximal value, but they partially cancel
each other. The rest of the cancellation comes from adding
the ω

2
contribution, to get a value that is not exponentially

large in a.
One could have thought that in the a → ∞ limit, each

HL solution to Qðu;Δ;ωÞ ¼ −1 (including its m and β
shifts) will contribute exactly the value that the solution to
Qðu;Δ; τÞ ¼ −1 contributes at σ ¼ τ, matching the sol-
utions via ω ↔ τ. However, we see that this is not true, as
the contributions of some solutions to Qðu;Δ;ωÞ ¼ −1 to
the index grow exponentially for large a. Thus, the
mapping between BA solutions and gravitational solutions
described in [5] needs to be modified for this case of
unequal angular momentum potentials.

VI. ALLOWED SHIFTS FROM THE GRAVITY
SIDE

While most of this paper concentrated on some specific
contributions to the index at OðN2Þ, in this section we
consider the mapping in the opposite direction, and we
argue that when τ ≠ σ there may be some additional
gravitational contributions whose origin within the Bethe
ansatz formalism is unknown at the moment. In order to
analyze the different backgrounds, remember that the
chemical potentials on the gravity side are the same as
those on the conformal field theory up to an integer shift [5]

Δg;1 ¼ Δ1 þ n1; Δg;2 ¼ Δ2 þ n2;

τg ¼ τ þ k2; σg ¼ σ þ k1: ð6:1Þ

On the gravity side the on-shell action (on the first branch)
takes the form
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I ¼ πiN2
Δg;1Δg;2Δg;3

τgσg
; ð6:2Þ

where Δg;3 ¼ τg þ σg − Δg;1 − Δg;2 − 1. The entire parti-
tion function is periodic under integer shifts of any
of the four chemical potentials, while tuning Δg;3 to
preserve this linear relation. However, the on-shell action
is not periodic. In [5] the periodicity was understood as
coming from the contribution of different bulk geometries.
The case where τ ¼ σ was considered, and some of the
different bulk geometries were associated with the shift
ðτg; σgÞ → ðτg þ 1; σg þ 1Þ. These were then argued to be
matched with the contribution of the Hong-Liu solutions
(2.15) with different rs.
Ostensibly, there could be also shifts in the Δgs, which

do not seem to match to any Hong-Liu solution. However,
it turned out [5] that the resulting bulks were all unstable to
brane nucleation, such that the stable bulks matched in a
one-to-one fashion with the contributions coming from the
Bethe ansatz solutions. The brane involved is a Euclidean
D3-brane that wraps an S1 ⊂ AdS5 and an S3 ⊂ S5, and has
an action which is one of

ID3
¼

(
2πN Δg;i

τg

2πN Δg;i

σg

ð6:3Þ

depending on the exact cycles that the brane wraps around,
see details in [5]. Since the branes do not wrap the thermal
cycle, their contribution to the Euclidean partition function
is eiID3 , and so the geometry is stable only if

ImðID3
Þ ≥ 0: ð6:4Þ

We will now repeat this analysis for the case where
τ ¼ aω and σ ¼ bω, so that we have τg ¼ aωþ k1 and
σg ¼ bωþ k2. We will consider only shifts of τg and σg,
so we consider stability bounds that are independent of the
Δgs. The stability conditions coming from combinations of
three D3-branes that wrap the same S1 ⊂ AdS5 and three
different choices of S3 ⊂ S5 are

Im

�
τg − 1

σg

�
≥ 0; Im

�
σg − 1

τg

�
≥ 0: ð6:5Þ

This implies12

ImðτgÞ > ImðτgÞReðσgÞ − ReðτgÞImðσgÞ > −ImðσgÞ;
a > aReðσgÞ − bReðτgÞ > −b;

a > ak2 − bk1 > −b: ð6:6Þ

Starting from a stable bulk solution, shifting τg → τ þ a
and σg → σg þ b is always allowed. These shifts keep
τg
σg
¼ a

b, and correspond to ω → ωþ 1. They reproduce the

Hong-Liu solutions with different r, (2.15). However, (6.6)
can have other solutions. For example, when ða; bÞ ¼
ð2; 3Þ we can also choose k2 ¼ 2, k1 ¼ 1, and this shift is
not reproduced by merely considering the different Hong-
Liu solutions. Conceivably, these other shifts might be
reproduced from the sum over the different fmjg shifts
considered in the rest of this paper, but this is beyond the
scope of this paper.
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APPENDIX: SPECIAL FUNCTIONS

We will use the notations13

q ¼ e2iπτ; p ¼ e2πiσ; z ¼ e2πiu: ðA1Þ

1. q-Pochhammer symbol

The q-Pochhamemer symbol is

ðz;qÞn≡
Yn−1
k¼0

ð1−zqkÞ; ðz;qÞ∞≡Y∞
k¼0

ð1−zqkÞ; for jqj<1:

ðA2Þ

12Note that the inequality is independent of ReðωÞ, as it
cancels between the two terms of the second inequality.

13Note that this convention is more common in the literature
concerning modular functions and transformations. In some
of the literature concerning elliptic functions one uses q0 ¼
eπiτ ¼ ffiffiffi

q
p

, even though it is denoted by q there.

AHARONY, MAMROUD, NOWIK, and WEISSMAN PHYS. REV. D 109, 085015 (2024)

085015-14



There are also a series expansion and a Plethystic repre-
sentation for ðz;qÞ∞,

ðz; qÞ∞ ¼
X∞
n¼0

ð−1Þnq1
2
nðn−1Þ

ðq; qÞn
zn ¼ exp

�
−
X∞
k¼1

1

k
zk

1 − qk

�
;

ðA3Þ

where the first converges for jqj < 1 while the second
converges for jzj; jqj < 1.
By relating the symbol to the Dedekind eta function,

ηðτÞ ¼ e
πiτ
12 ðq; qÞ∞; ðA4Þ

one obtains the properties of the q-Pochhammer symbol
under modular transformations

ðq̃; q̃Þ∞ ¼
ffiffiffiffiffiffiffi
−iτ

p
e

πi
12
ðτþ1=τÞðq; qÞ∞; ðA5Þ

where q̃ ¼ e−2πi=τ. Finally, we have the asymptotic behavior

ðz; qÞ∞ ∼ 1 − z for q → 0;

logðz; qÞ∞ ∼ −
z

1 − q
for z → 0: ðA6Þ

2. Elliptic theta function

The elliptic theta function is

θ0ðu; τÞ≡ ðz; qÞ∞ðq=z; qÞ∞ ¼
Y∞
k¼0

ð1 − zqkÞð1 − z−1qkþ1Þ;

ðA7Þ

which gives an analytic function on jqj < 1 with simple
zeros at z ¼ qk for k∈Z and no singularities. The infinite
product is convergent in the whole domain. We can also
give a plethystic expansion

θ0ðu; τÞ ¼ exp

�
−
X∞
k¼1

1

k
zk þ ðqz−1Þk

1 − qk

�
; ðA8Þ

which converges for jqj < jzj < 1. The periodicity relations
are

θ0ðuþnþmτ;τÞ¼ð−1Þme−πimð2uþðm−1ÞτÞθ0ðu;τÞ; m;n∈Z

θ0ðu;τÞ¼θ0ðτ−u;τÞ¼−e2πiuθ0ð−u;τÞ; ðA9Þ

and under modular transformations

θ0ðu; τ þ 1Þ ¼ θ0ðu; τÞ;

θ0

�
u
τ
;−

1

τ

�
¼ −ieπi

τ ðu2þuþ1
6
Þ−πiuþπiτ

6 θ0ðu; τÞ: ðA10Þ

3. The elliptic gamma function

The elliptic gamma function is defined by

Γ̃ðu; σ; τÞ≡ Y∞
m;n¼0

1 − pmþ1qnþ1z−1

1 − pmqnz
: ðA11Þ

This definition gives a meromorphic single valued function
on jpj; jqj < 1 with simple zeros at z ¼ pmþ1qnþ1 and
simple poles at z ¼ p−mq−n for m, n ≥ 0. The infinite
product is convergent on the whole domain. We can also
give a plethystic definition

Γ̃ðu; σ; τÞ ¼ exp

�X∞
k¼1

1

k
zk − ðpqz−1Þk

ð1 − pkÞð1 − qkÞ
�
; ðA12Þ

which converges for jpqj < jzj < 1. The function has the
following periodicity relations:

Γ̃ðu; σ; τÞ ¼ Γ̃ðu; τ; σÞ;
Γ̃ðu; σ; τÞ ¼ Γ̃ðuþ 1; σ; τÞ ¼ Γ̃ðu; σ þ 1; τÞ

¼ Γ̃ðu; σ; τ þ 1Þ;
Γ̃ðuþ σ; σ; τÞ ¼ θ0ðu; τÞΓ̃ðu; σ; τÞ;
Γ̃ðuþ τ; σ; τÞ ¼ θ0ðu; σÞΓ̃ðu; σ; τÞ: ðA13Þ

Moreover,

Γ̃ðu; σ; τÞΓ̃ðσ þ τ − u; σ; τÞ ¼ 1: ðA14Þ

The elliptic gamma function has SLð3;ZÞ modular proper-
ties. For σ; τ; σ=τ; σ þ τ∈CnR there is a “modular for-
mula” [66]:

Γ̃ðu; σ; τÞ ¼ e−πiQðu;σ;τÞ Γ̃ðuτ ; στ ;− 1
τÞ

Γ̃ðu−τσ ;− 1
σ ;−

τ
σÞ

¼ e−πiQðu;σ;τÞ Γ̃ðuσ ;− 1
σ ;

τ
σÞ

Γ̃ðu−στ ;− σ
τ ;−

1
τÞ
; ðA15Þ

where Qðu; σ; τÞ is the cubic polynomial
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Qðu; σ; τÞ ¼ u3

3στ
−
σ þ τ − 1

2στ
u2

þ σ2 þ τ2 þ 3στ − 3σ − 3τ þ 1

6στ
u

þ ðσ þ τ − 1Þðσ þ τ − στÞ
12στ

: ðA16Þ

In the degenerate case σ ¼ τ the formula above is not
valid. For u∈CnðZþ τZÞ, however, there is a degenerate
relation

Γ̃ðu; τ; τÞ ¼ e−πiQðu;τ;τÞ

θ0ðuτ ;− 1
τÞ
Y∞
k¼0

ψðkþ1þu
τ Þ

ψðk−uτ Þ ; ðA17Þ

where the function ψ is the elliptic digamma function
defined below and the polynomial Q reduces to

Qðu; τ; τÞ ¼ ð2u − 2τ þ 1Þð2uðuþ 1Þ − 2τð2uþ 1Þ þ τ2Þ
12τ2

:

ðA18Þ

Using

Qðuþ 1; τ; τÞ −Qðu; τ; τÞ ¼ ðuþ 1Þðuþ 1 − 2τÞ
τ2

þ 5

6
;

ðA19Þ

one can check that Γ̃ðu; τ; τÞ is invariant under u → uþ 1.

4. Function ψ

Define, for ImðtÞ < 0, the function

ψðtÞ ¼ exp

�
t logð1 − e−2πitÞ − 1

2πi
Li2ðe−2πitÞ

�

¼ exp

�
−
X∞
l¼1

�
t
l
þ 1

2πil2

�
e−2πitl

�
: ðA20Þ

The branch of the logarithm is determined by its series
expansion logð1 − zÞ ¼ −

P∞
l¼1 z

l=l, whereas Li2ðzÞ ¼P∞
l¼1 z

l=l2 is the dilogarithm. One can show that the
branch cut discontinuities of the logarithm and the dilogar-
ithm cancel in the definition of ψðtÞ, such that the latter
extends to a meromorphic function on the whole complex
plane. Some useful properties of ψðtÞ are

ψðtÞψð−tÞ ¼ e−πiðt2−1=6Þ;

ψðtþ nÞ ¼ ð1 − e−2πitÞnψðtÞ for n∈Z: ðA21Þ

In particular, from (A20), ψð0Þ ¼ eπi=12.
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