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We propose a novel coupled dark energy model which is assumed to occur as a g-deformed scalar field and investigate whether it
will provide an expanding universe phase. We consider the g-deformed dark energy as coupled to dark matter inhomogeneities.
We perform the phase-space analysis of the model by numerical methods and find the late-time accelerated attractor solutions. The
attractor solutions imply that the coupled g-deformed dark energy model is consistent with the conventional dark energy models
satisfying an acceleration phase of universe. At the end, we compare the cosmological parameters of deformed and standard dark

energy models and interpret the implications.

1. Introduction

The standard model of cosmology states that approximately
5% of the energy content of the universe belongs to ordinary
baryonic matter of standard model of particle physics. The
other 95% of the energy content of the universe is made
of the dark sector. Particularly, 25% of the content is an
unknown form of matter having a mass but in nonbaryonic
form that is called dark matter. The remaining 70% of the
content consists of an unknown form of energy named dark
energy. On the other hand, it is known that the universe is
experiencing accelerating expansion by astrophysical obser-
vations, Supernova Ia, large-scale structure, baryon acoustic
oscillations, and cosmic microwave background radiation.
The dark energy is assumed to be responsible for the late-
time accelerated expansion of the universe. The dark energy
component of the universe is not clustered but spreads all
over the universe and it generates gravitational repulsion due
to its negative pressure for driving the acceleration of the
expansion of the universe [1-10].

In order to explain the viable mechanism for the acceler-
ated expansion of the universe, cosmologists have proposed
various dynamical models for dark energy and dark matter,
which include possible interactions between dark energy,
dark matter, and other fields, such as gravitation. Particularly,

the coupling between dark energy and dark matter is pro-
posed since the energy densities of two dark components are
of the same order of magnitude today [11-18].

Since there are a great number of candidates for the con-
stitution of the dark energy, such as cosmological constant,
quintessence, phantom, and tachyon fields, different interac-
tions have been proposed between these constituents, dark
matter, and gravitational field in the framework of general
relativity [19-29]. However, the corresponding dynamical
analyses of the interactions between different dark energy
models and the dark matter and the gravity have been studied
in the framework of teleparallel gravity which uses the torsion
tensor instead of the curvature tensor of general relativity
[30-39].

The main motivation of this study comes from the recent
studies in the literature [40-45] which involves the deforma-
tion of the standard scalar field equations representing the
dark energy. In this study, we propose a novel dark energy
model as a g-deformed scalar field interacting with the dark
matter. Since the dark energy is a negative-pressure scalar
field, this scalar field can be considered as a g-deformed scalar
field. The g-deformed scalar field is in fact a g-deformed
boson model, and the statistical mechanical studies of g-
deformed boson models have shown that the pressure of
the deformed bosons is generally negative. Not only do the
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different deformed boson models have a negative pressure,
but also the different deformed fermion models can take
negative pressure values [46-50]. Here, we consider the g-
deformed bosons and propose that the scalar field which
is produced by these deformed bosons constitutes the dark
energy in the universe. We also investigate the dynamics of
the coupling g-deformed dark energy and dark matter inho-
mogeneities in the Friedmann-Robertson-Walker (FRW)
space-time. In order to confirm our proposal, we perform
the phase-space analysis of the model whether the late-time
stable attractor solutions exist or not, since the stable attractor
solutions imply the accelerating expansion of the universe.
We finally compare the cosmological parameters of the g-
deformed and standard dark energy model and interpret the
implications of the comparison.

2. Dynamics of the Model: Coupling g-
Deformed Dark Energy to Dark Matter

In our model, the dark energy consists of the scalar field
whose field equations are defined by the g-deformed boson
fields. Since the idea of g-deformation to the single particle
quantum mechanics is a previous establishment in the liter-
ature [51-53], it has been natural to construct a q-deformed
quantum field theory [54-56]. While the bosonic counterpart
of the deformed particle fields corresponds to the deformed
scalar field, the fermionic one corresponds to the deformed
vector field. Here, we take into account the g-deformed boson
field as the g-deformed scalar field which constitutes the dark
energy under consideration. The g-deformed dark energy
couples to dark matter inhomogeneities in our model. Now,
we begin with defining the g-deformed dark energy in the
FRW geometry.

Quantum field theory in curved space-time is important
in the understanding of the scenario in the Early Universe.
Quantum mechanically, constructing the coherent states
for any mode of the scalar field translates the behavior
of the classical scalar field around the initial singularity
into quantum field regime. At the present universe, the
quantum mechanical state of the scalar field around the
initial singularity cannot be determined by an observer.
Therefore, Hawking states that this indeterministic nature
can be described by taking the random superposition of all
possible states in that space-time. Berger has realized this
by taking the superposition of coherent states randomly.
Parker has studied the particle creation in the expanding
universe with a nonquantized gravitational metric. When the
evolution of the scalar field is considered in an expanding
universe, Goodison and Toms stated that if the field quanta
obey the Bose or Fermi statistics, then the particle creation
does not occur in the vacuum state. Therefore, the scalar
field dark energy must be described in terms of the deformed
bosons or fermions in the coherent states or squeezed state
[56-62]. Also, the g-deformed dark energy is a generalization
of the standard scalar field dark energy. The free parameter
q makes it possible to obtain a desired dark energy model
with a preferred interaction or coupling by setting up the
deformation parameter to the suitable value.
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This motivates us to describe the dark energy as a g-
deformed scalar field interacting with the dark matter. We
can give the Dirac-Born-Infeld type action of the model as
S =« j(fg + €¢q + ¢, + ¢)d"'x, where ¥* = 871G, by =
—(1/2x)gR, and ¢,, and ¢, are the gravitational, dark matter,
and radiation Lagrangian densities. Then, the deformed dark
energy Lagrangian density is given for (+,—,—,—) metric
signature as [63]

6, =95 9" (4,) (W) -9,
where g =

|~ det g, and ¢, is the g-deformed scalar field

operator for the dark energy and V,, is the covariant derivative
which is in fact the ordinary partial derivative 0, for the
scalar field. From the variation of the g-deformed scalar field
Lagrangian density with respect to the deformed field, we
obtain the deformed Klein-Gordon equation:
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Also, we get the energy-momentum tensor of the scalar field
dark energy from the variation of Lagrangian €, with respect

to the metric tensor, such that
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from which the timelike and spacelike parts of TZSZ read as
follows:
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where i, j = 1,2, 3 represent the spacelike components.

In order to calculate the deformed energy density and
the pressure functions of the g-deformed energy from the
energy-momentum components (4), we need to consider the
quantum field theoretical description of the deformed scalar
field in a FRW background with the metric

ds’ = dt’ - a’ (t) [dx’ + dy’ + d2*]. ©)

Then, the canonically quantized g-deformed scalar field ¢, is
introduced in terms of the Fourier expansion [57]

8y = | la, ® fray 1 £, ()
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where aq(k) and a; (k) are the g-deformed boson annihilation
and creation operators for the quanta of the g-deformed
scalar field dark energy in the kth mode. k denotes the spatial
wave vector and obeys the relativistic energy conservation law

w® = —g"k* + m®. Here, f; is a set of orthonormal mode
solutions of the deformed Klein-Gordon equation, such that
exp (ik#x" )
fi () =

T 7)
\/(271)3 2w

where kM = (w, —k) is the four-momentum vector and satisfies
the relations

& (~k+K
Jd3xfkfk*' = %
Q23 (_f _ 1!
[t - %
& (k-K') @
Jastige = =30
e—Ziwt83 k + k!
s fi - k)

We can give the spatial average of the g-deformed scalar field

energy-momentum tensor T¢3 as [59]

T = [t ©)

By using (9), the spatial average of the timelike energy-
momentum tensor component is obtained as

Th = | &x[ 39, - 39" (08,)

This can be determined from (6)-(8) term by term, as follows:
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Combining (11), (12), and (13) gives

T =3 | ke, (e 0 +a; 0, (0], 04)

where w® = m* — k*/a’(t) for the FRW space-time. Corre-

spondingly, the average of the spacelike energy-momentum
tensor component can be determined, such that
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From the identities aq(—k)eZi“’t = a;(k) and a;(—k)efz"“’t =
aq(k), (15) turns out to be
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for the FRW geometry, and k; is the ith spatial component of
the wave vector.

The g-deformation of a quantum field theory is con-
structed from the standard algebra satisfied by the annihi-
lation and creation operators introduced in the canonical
quantization of the field. The deformation of a standard boson
algebra satisfied by the annihilation and creation operators
of a bosonic quantum field theory was firstly realized by
Arik-Coon [51], and then Macfarlane and Biedenharn [52,
53] independently realized the deformation of boson algebra
different from Arik-Coon. Hence, the g-deformed bosonic
quantum field theory of the scalar field dark energy is
constructed by the g-deformed algebra of the operators a, (k)

and a; (k) in (6), such that

ar (K)-day (K)a, (k) =8 (k-K'), (7

a, (k)a, (K') - q’a, (k') a, (k) =0, (18)
[N] = a; (K)a, (k). (19)

a, (k)



Here, q is a real deformation parameter, and [N,] is the
deformed number operator whose eigenvalue spectrum is
given as [51]

(] = (20)

where n; is the eigenvalue of the standard number operator
Nk.

The corresponding vector spaces of the annihilation and
creation operators for the g-deformed scalar field dark energy
are the g-deformed Fock space state vectors, which give
information about the number of particles in the correspond-
ing state. The g-deformed bosonic annihilation and creation
operators aq(k) and a;“(k) act on the Fock states |n) as

follows:
ag (k) [me) = \[m] | - 1),

ay () [ne) = /[ + 1] [ + 1), (21
[N ) = a; (k) a, (k) |me) = [m] |-

By taking the quantum expectation values of the spatial
averages of energy-momentum tensor with respect to the
Fock basis |1, ), we obtain the energy density and the pressure
of the g-deformed dark energy. Using Py, = T, and Py, = -T!
for the energy density and pressure of the g-deformed scalar
field dark energy, we obtain

—09,
J o= (T3 )
- [k Gl [y B0y 00+ 0y (O] ) 22)

—((1+q) [ +1) jd%%,

where g-deformed boson algebra in (17) is used in the second
line. Because the g-deformed boson algebra in (17)-(19)
transforms to be the standard boson algebra and [n; ] = n in
theq — 1limit, the energy density Py, of the g-deformed dark

energy transforms into the energy density p, of the standard
dark energy as

Jp Fx = (2m + 1) J Ph, 2. (23)
s 97

Hence, the energy density Py, of the g-deformed dark energy

can be written in terms of the energy density p; of the
standard dark energy by

~ (1+q2) [me] +1
Po, =

= 24
. 2+ 1 P¢—Aq(”k)P¢- (24)
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Accordingly, the pressure of the g-deformed scalar field dark
energy can be written from (6) as

|”k> = j d’k

—i®
Jp%de = (| - T,
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2w | @ (t)

[ag (0 &} (k) + a; (k) a, ()] ) = ((1+°)
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where g'k; = (1/a*(t))(k} + k3 + k3) = k*/a’(t) is used. In
the g — 1 limit, the g-deformed pressure Py, of dark energy

transforms to the standard pressure p,, of the dark energy,
such that

wz] (e

(25)

2
Jp¢d3x = (2m +1) J Pk [aZZk(t) - wz] . (26)

2w

Consequently, the g-deformed pressure p, of dark energy

can be obtained in terms of the standard pressure py of the
dark energy; thus,

5y - (1+q2) [me] +1

= 27
\ 1 Py = Ay () py. (27)

Also, the commutation relations and plane-wave expansion
of the g-deformed scalar field ¢, (x) are given by using (17)-
(19) in (6), as follows:

¢ ()¢5 (x) —q'¢y (x') by (x) =iA (x - "), (28)

where

3
A(x—x') ! Jﬁsinwk (x=xy). (29

=W Wy

On the other hand, the deformed and standard annihilation
operators, d, and a,, are written as [62]

a, = as\/M. (30)
Ni

From this, we can express the deformed bosonic scalar fields
in terms of the standard one by using (20) in (30) and (6):

21y,

Nl (31)
qbq J(l_qz)nk(p A(q)¢’

where we use the Hermiticity of the number operator N.
Now, we will derive the Friedmann equations for our
coupling g-deformed dark energy to dark matter model with
a radiation field in FRW space-time by using the scale factor
a(t) in Einstein’s equations. We can achieve this by relating
the scale factor with the energy-momentum tensor of the
objects in the considered universe model. It is a common
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fact to consider energy and matter as a perfect fluid, which
will naturally be generalized to dark energy and matter. An
isotropic fluid in one coordinate frame gives an isotropic
metric in another frame which coincides with the first frame.
This means that the fluid is at rest in commoving coordinates.
Then, the four-velocity vector is given as [63]

UM = (1)07030)7 (32)

while the energy-momentum tensor reads

p0 0 O
T, =( YU,U. 0 (33)
v: P+p v+pgv: *
15 I3 15 0 iip
0

Raising one index gives a more suitable form

T! = diag (—p, p» p> ) - (34)

For a model of universe described by Dirac-Born-Infeld
type action and consisting of more than one form of energy
momentum, we have totally three types of energy density and
pressure, such that

Prot = P¢q T Pm T Pr> (35)

Prot = pgbq + Pr (36)

where the pressure of the dark matter p,, is explicitly zero
in the total pressure p, (36). From the conservation of

equation for the zero component VMT(’; = 0, one obtains

p o< a ") Here, w is the parameter of the equation of state

p = wp which relates the pressure and the energy density
of the cosmological fluid component under consideration.
Therefore, pressure is zero for the matter component and
w,, = 0, but for the radiation component w, = 1/3 due to
the vanishing trace of the energy-momentum tensor of the
electromagnetic field. We then express the total equation of
state parameter as

Q. (37)

While the equations of state parameters are given as wy, =
p¢q/ Py, and w, = p,/p, = 1/3, the density parameters are
defined by Qy = py, [ Prot> Q& = Pr/ pro for the g-deformed
dark energy and the radiation fields, respectively. Since the
pressure of the dark matter is p,, = 0, then the equation
of state parameter is w,, = p,./p, = 0 and the density
parameter is QO,, = p,,/po, for the dark matter field having no
contribution to w, (37), but contributing to the total density
parameter, such that

2
Q.. =0, +Q +0Q, = Lot _ (38)
tot T 24, m r_3H2_'

We now turn to Einstein’s equations of the form R, =
KZ(TW - (1/2)g,,T). Then, by using the components of

the Ricci tensor for FRW space-time (5) and the energy-
momentum tensor in (34), we rewrite Einstein’s equations, for
v = 00 and pv = ij:

.. 2
a K
o= (p+3p), (39)
a A
2+2(5) =5 eon, o

respectively. Here, the dot also represents the derivative with
respect to cosmic time t. Using (39) and (40) gives the
Friedmann equations for FRW metric as

[S)

K
H? = ?<p¢q+pm+p,),
: (41)

H=—%<p¢q+p¢q+pm+pr+pr),

where H = a/a is the Hubble parameter and p, = 3p,.
From the conservation of energy, we can obtain the continuity
equations for g-deformed dark energy, dark matter, and the
radiation constituents in the form of evolution equations,
such as

py, +3H <p¢q + p¢q) =-qQ, (42)
p, +3Hp,, =Q, (43)
p,+3H(p +p)=Q -Q (44)

where Q is an interaction current between the g-deformed
dark energy and the dark matter which transfers the energy
and momentum from the dark matter to dark energy and vice
versa. Q and Q' vanish for the models having no coupling
between the dark energy and the dark matter. For the models
including only the interactions between dark energy and
dark matter, the interaction terms become equal Q' = Q.
The case Q < 0 corresponds to energy transfer from dark
matter to the other two constituents, the case Q' > 0
corresponds to energy transfer from dark energy to the other
constituents, and the case Q' < 0 corresponds to an energy
loss from radiation. Here, we consider that the model only has
interaction between dark energy and dark matter and Q" = Q
[64].

The energy density p and pressure p of this dark energy
are rewritten explicitly from the energy-momentum tensor
components (4) obtained by the Dirac-Born-Infeld type
action of coupling g-deformed dark energy and dark matter,
such that [65-68]

o¢g _ 1.2 1 5

p¢q=TOq=5¢q +5m¢q,
. . (45)

_ it _ L1215

Py, =T = 2,7 - S,

where the dark energy is space-independent due to the
isotropy and homogeneity. Now, the equation of motion for



the g-deformed dark energy can be obtained by inserting (45)
into the evolution equation, such that

<}5q+3H¢q+m2¢q = —(bg. (46)

q

In order to obtain the energy density and pressure and
equation of motion in terms of the deformation parameter ¢,
(31) and its time derivative will be used. Because the number
of particles in each mode of the g-deformed scalar field varies
in time by the particle creation and annihilation, the time
derivative of A(q) is given as

2y ; 1 — g2
Ag) - q " Ing A @)
V=) (=) 2\(1-a)n
Substituting (31) and (47) in (45) and (46), we obtain
1o 2 1, 2.2 1.2 2
Po, = 787 ()¢ + 587 (q)m¢" + JA°(9)¢ )
+4(q) A(q) ¢4,
_ 1o 2 1o 22 1. 2
Py, =507 (@) — S8 (g)m " + 20 ()¢ w9)
+4(q) A(q) ¢4,
A(q) ¢ +3A(q) Hp - A(q)m’¢+24(q) ¢ 0)

+A(q) ¢ +3HA(q) ¢ = —Prp,,

Here, we consider the commonly used interaction current
as Q = ﬁKpng)q in the literature [15], in order to obtain
stationary and stable cosmological solutions in our dark
model. The deformed energy density and pressure equations
(24) and (27) are the same as (48) and (49), respectively.
While (24) and (48) are the expression of the deformed
energy density, accordingly (27) and (49) are the deformed
pressure of the dark energy in terms of the deformation
parameter q. The functions of the deformation parameter in
(24) and (48) are

Aq(m) =~ A(q),

(1+q2)[nk]+1 N\]

2m + 1 -

1= q2nk (51)

(1-g)m’

since n values are very large, and n;_ is given as a function of
time:

V16t? + 16t — 14

+1 (52)
12 6

t
I’lkxg'f'

We now perform the phase-space analysis of our coupling
q-deformed dark energy to dark matter model if the late-time
solutions of the universe can be obtained, in order to confirm
our proposal.
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3. Phase-Space Analysis

We investigate the cosmological properties of the proposed
q-deformed dark energy model by performing the phase-
space analysis. We need to transform the equations of the
dynamical system into their autonomous form [26-28, 36, 37,
69-71]. The auxiliary variables are defined to be

K (A(/) + A(/))
Xy = =
V6H 53
e
y(ﬁq - \/gH .

We consider an exponential potential as V' = Voe_"’\‘pq instead
of the potential V = (I/Z)le(/)q2 in Lagrangian (1), as the
usual assumption in the literature, because the power-law
potential does not provide a stable attractor solution [16, 18,
72-76].

We also express the density parameters for the g-
deformed scalar field dark energy, dark matter, and the
radiation in the autonomous system by using (35), (36), and
(48) with (53):

2
K Py, 2 2 54
Do, = 35 =0, Yoy ey
2
=K Pm (55)
™ 3H2
2
_KPp (56)
" 3H¥

and then the total density parameter is given by

2
_Kptot_ 2 2 _ 57
ot = S =Xy t Yy t Q=1 (57)

Also, the equation of state parameter for the dark energy is
written in the autonomous form by using (35) and (36) with
(53):

2 2
Py, X, ™V
wy = — = (58)
p¢ x¢q + y¢q

q

Then, the total equation of state parameter in the autonomous
system from (37) and (54)-(56) and (58) is obtained as

Q
_ 22 2
Weor = Xy = Vg + 3 (59)
We also define s = —H/H?” in the autonomous system by
using (41) and (59), such that
_ H 3 3 s 2 O,
S——ﬁ = 5(1+wwt) = E<1+x¢q—y¢q+?>. (60)

s is here only a jerk parameter which is used in other equa-
tions of cosmological parameters. However, the deceleration
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TaBLE 1: Critical points and existence conditions.
Label X4, Vs, Q,, Q, Qy, Wy, Wior
) 3 2B+ p) +3 AA+B) -3 BA+p)+3 B +P) -B
V6 (1+B) V2(A + B) (A+p)? (A +p)y BA+B)+3 (A+p)
5 3 BATF 3 AA+p -3 . BA+P+3  pA+f) -B
V6 (1+B) V2(A + B) (A+p)? (A +p) BA+B)+3 (A+p)
C @ \jl - A—Z 0 0 1 /\—2 -1 /\—2 -1
6 6 3 3
D 4 2 0 o4 4 1 1
N3 V31 JE pe 3 3
E -1 0 1 1— 1 1 1 1
V6P 332 232 632 3

parameter g,; which is not used in the equations but is not
also a jerk parameter is defined as
H
a=1- (61)
Now, we convert the Friedmann equation (41), the con-
tinuity equations (43) and (44), and the equation of motion
(50) into the autonomous system by using the auxiliary
variables in (53)-(56) and their derivatives with respect to
N = Ina, for which the time derivative of any quantity F
is F = H(dF/dN). Thus, we will obtain X' = f(X), where
X is the column vector including the auxiliary variables and
f(X) is the column vector of the autonomous equations.
We then find the critical points X, of X, by setting X' =
0. We then expand X' = f(X) around X = X, +
U, where U is the column vector of perturbations of the
auxiliary variables, such as 8x¢q, 5y¢q, 6Q,,, and 8Q, for each

constituent in our model. Thus, we expand the perturbation
equations up to the first order for each critical point as U' =
MU, where M is the matrix of perturbation equations. The
eigenvalues of perturbation matrix M determine the type
and stability of the critical points for each critical point
[77-79].

With the definitions for the interaction current and the
potential, the autonomous form of the cosmological system
reads [80-89]

V6., Ve

! e g— S j—
Xg, = 3xg, + 5%y + 5 )ty¢q 5 B,

r \/3)L
Yoq = Doy ™ M Nep (62)

Q =qQ, [—3 + \/gﬁx(pq + 25] ,

m

Ql =Q,[-4+2s].

In order to perform the phase-space analysis of the model,
we obtain the critical points of the autonomous system in

(62). We will obtain these points by equating the left hand
sides of (62) to zero for stationary solutions, by using the
condition Q,,, = 1. After some calculations, five critical
points are found as listed in Table 1 with the existence
conditions.

Now, we will get the perturbations Sx;q, (Syé,q, 8Q) , and

8Q)! for each constituent in our model by using the variations
of (62), such as

[ 3,92 3, Qr]
8x¢q— [—2+2x¢q—2y¢q+ 5 5x¢q

V6
_ A 6

+[Vor—3x, vy, | 8y, + = BOC, (63)

X,
+ ﬁ&ﬂ,,

2

V6
8y¢ = [3x¢qy¢q—7 Ve, 8x¢q

3 6 3, 9, Q 64
" [5 MRt e 7] 8yp, (64

Y.
+ ﬁ(?ﬂ,,

2

!
+ [\/8/3x¢q + 3xqu - 3yéq + Qr] 60, (65)
+Q,,6Q,,
!
801, = 6X¢q0r8x¢q - 6y¢qu8y¢q

(66)
-1+ 3%, ~ 395 + 20,60,



Thus, we obtain a 4 x 4 perturbation matrix M whose
nonzero elements are given as

M,; = \/73[3’

My, = %,

My, =3x¢ Yo, ~ ? Vo,

M= 34 S ¢ 3 T 5
M, = %>

Ms; = 6x4 Q,, + V6BQ,,,

M, = =6y, Q0
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M34 = Qm’
M41 = 6x¢qu,
M42 = _6y¢qQ

2 2
My =-1+ 3x¢q - 3y¢q +2Q,.
(67)

Then, we insert linear perturbations Xg, = Xg ot 6x¢ s
Yo, = Voo T Vg Xy = Qe +0Q,,, and Q- Q.+
6Q), about the critical points for three constituents in the
autonomous system (62). So, we can calculate the eigenvalues
of perturbation matrix M for five critical points given in
Table 1, with the corresponding existing conditions.

In what follows, we find and represent five perturbation
matrices for each of the five critical points. We obtain five sets
of eigenvalues. In order to determine the type and stability
of critical points, we investigate the sign of the real parts of
eigenvalues. A critical point is stable if all the real part of
eigenvalues is negative. The physical meaning of the negative
eigenvalue is always stable attractor; namely, if the universe is
in this state, it keeps its state forever and thus it can attract the
universe at a late time. There can occur accelerated expansion
only for w,,, < -1/3.

M33=\/_ﬁx¢ +3x 3y¢ +Q,, A
o [ 9 H/_]\/Zﬁ (A+B)+3 _ep V6
2(A+p)? 2(A+p) 6(A+p) V2(A+ ) 2 4(A+p)
[ 9o V2B(A+p)+3 ~302B(A+pB)+3) \V2B(A+p)+3
Mm=| L6(A+p) 2 V2(A+B) 2(A+ B’ 2V2(1 + ) (68)
[ 18 +%ﬁ]A(A+ﬁ)—3 ~6(A(A+p)-3)\2B(A+B)+3 A(A+p)-3
Ve (A +p) (A+p)’ VZ(A+p)’ (A+/3>;
3
0 0 0 _4+/\+ﬁ
B:
M
9 . 3. [ ]\/2ﬁ(A+/3 )+3 V6
2(A+ ) 2(A+pB) 6(A+p) VZ(A+B) 2 4(A+pB)
[ -9 +v€A] 2B(A+B)+3 ~32B(A+ B) +3) -\2B(A+pB)+3
| le(A+p) 2 V2 (A +B) 2(A+ B) T+ (69)
[ 18 6[3]A(A+/3)— 6(A(A+B)=3)\2B(A+B)+3 A(A+B)-3
V6 (A +p) (A+p)’ VZ(A+p)’ (A+p)’
0 0 0 -4 + 3A

A+
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C:
M
o YA A —Vep Ve
2 6 2 12 o)
2 2 70
= 0 A——3 0 l\jl—/\—
2 2 6
0 0 M+ AB-3 0
0 0 0 A -4
D:
M
E_l 2\/__ﬁE _—\/Eﬁ i
A2 A? 2 V6L
- 2+iE 4 0 L (71)
= A2 A2 3\
0 %3+1 0
24 4\ -12 4 4
— - ) == 1-
\/E,\( ,\2) \/§,\( AZ) 0 A2
E:
M
1L 0 -Vep -1
22 2 2B
0 2+= 0 0 (72)
- 1
0 0 0 —
332
ﬁ(l_L> 0 0o 1--L
B 2 2p?

Eigenvalues of the five M matrices with the existence
conditions, stability conditions, and acceleration condition
are represented in Table 2, for each of the critical points A, B,
C, D, and E. As seen in Table 2, the first two critical points
A and B have the same eigenvalues. Here, the eigenvalues
and the stability conditions of the perturbation matrices for
critical points A, B, D, and E have been obtained by the
numerical methods, due to the complexity of the matrices.
The stability conditions of each critical point are listed in
Table 2, according to the sign of the eigenvalues.

We now analyze the cosmological behavior of each critical
point by noting the attractor solutions in scalar field cosmol-
ogy [90]. From the theoretical cosmology studies, we know
that the energy density of a scalar field has an effect on the
determination of the evolution of the universe. Cosmological
attractors provide the understanding of the evolution and
the affecting factors on this evolution; for example, from the
dynamical conditions, the scalar field evolution approaches a
certain kind of behavior without initial fine tuning conditions
[91-101]. Attractor behavior is known as a situation in which
a collection of phase-space points evolve into a particular
region and never leave from there.

Critical Point A. This point exists for f(A + B) > -3/2
and A(A + B) > 3. Because of w,,, < —1/3, acceleration
occurs at this point if A < 2f and it is an expansion phase
since Ysq is positive, so H is positive, too. Point A is stable,

meaning that the universe keeps its further evolution, if A
and f take the values for the negative eigenvalues given in the
second column of Table 2. In Figure 1, we also represent the 2-
dimensional and 3-dimensional projections of 4-dimensional
phase-space trajectories for § = 2.51, A = 3.1, A = 3.6, and
A = 4.1. This state corresponds to a stable attractor starting
from the critical point A = (0.21,0.70,0.45,0), as seen from
the plots in Figure 1. Also, zero value of critical point ,
cancels the total behavior Q; in (66).

Critical Point B. Point B also exists for S(A + 8) > —3/2 and
A(A + ) > 3. Acceleration phase is again valid here if A < 23
leading w,,; < —1/3, but this point refers to contraction phase
because Yo, is negative here. Stability of the point B is again

satisfied for A and f values given in the second column of
Table 2. Therefore, the stable attractor behavior is represented
starting from the critical point B = (0.21,-0.70, 0.45,0) for
B =251,A=3.1,A =3.6,and A = 4.1 values, in Figure 2. The
zero value of critical point Q, again cancels the total behavior
Q! in (66).

Critical Point C. Critical point C occurs for all values of
B, while A < +/6. The cosmological behavior is again an
acceleration phase that occurs if A < V2 providing w,, <
—1/3 and an expansion phase since Yo, is positive. Point C

is stable if < (3 - A%)/A and A < /3. Two-dimensional
projection of phase-space is represented in Figure 3, for § =
1.5, = 0.001, A = 0.5, and A = 1.1. The stable attractor
starting from the critical point C = (0.48, 0.87, 0, 0) can be
inferred from Figure 3. We again find zero plots containing
zero values Q,, and Q,, since they cancel the total behaviors
Q) and Q! in (65) and (66).

Critical Point D. This point exists for any values of 3, while
A > 2. Acceleration phase never occurs due to w,, = 1/3.
Point D is always unstable for any values of $ and A. This state
corresponds to an unstable saddle point starting from the
point D = (0.54,0.38,0,0.55) for § = 1.5, A = 3, A = 4, and
A = 6,as seen from the plots in Figure 4. Zero plots containing
the axis (),,, lead to the cancellation of the total behavior Q.
in (65), since Q0,,, = 0, so they are not represented in Figure 4.

Critical Point E. This point exists for any values of A, while
B > 1/+2. Acceleration phase never occurs due to w,,, =
1/3. Point E is always unstable for any values of 3 and A. This
state corresponds to an unstable saddle point starting from
the point = (-0.24,0,0.11,0.82)for A = 1, 8 = 1.7, 3 = 2.6,
and B = 3.5, as seen from the plots in Figure 5. Zero plots
containing the axis y, lead to the cancellation of the total

behavior y&,q in (64), since Vg, = 0,50 they are not represented
in Figure 5.

All the plots in Figures 1-3 have the structure of stable
attractor, since each of them evolves to a single point which
is in fact one of the critical points in Table 1. These evolutions
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FIGURE I: Two- and three-dimensional projections of the phase-space trajectories for § = 2.51, A = 3.1, A = 3.6, and A = 4.1. All plots begin

from the critical point A = (0.21,0.70, 0.45, 0) being a stable attractor.

to the critical points are the attractor solutions in coupling
q-deformed dark energy to dark matter cosmology of our
model, which imply an expanding universe. Therefore, we
confirm that the dark energy in our model can be defined in
terms of the g-deformed scalar fields obeying the g-deformed
boson algebra in (17)-(20). According to the stable attractor
behaviors, it makes sense to consider the dark energy as a
scalar field defined by the g-deformed scalar field, due to the
negative pressure of g-deformed boson field, as dark energy
field.

Finally, we can investigate the relation between g¢-
deformed and standard dark energy density, pressure, and
scalar field equations in (24), (27), and (31). We illustrate
the behavior of g-deformed energy density and pressure in
terms of the standard ones with respect to the total number
of particles and the deformation parameter g in Figures
6 and 7, respectively. We observe that for a large particle
number the g-deformed energy density and pressure function
decrease with the decrease in deformation parameter g. On
the contrary, if the particle number is small, the deformed
energy density and pressure increase with the decrease in
deformation parameter. Note that when the deformation

parameter decreases from 1, this increases the deformation
of the model, since the deformation vanishes by approaching
1. The deformation parameter significantly affects the value
of the deformed energy density and pressure. In the g — 1
limit, deformed energy density and pressure function became
identical to the standard values, as expected.

In Figure 8, we represent the g-deformed scalar field
behavior in terms of the standard one. It is observed that
while the deformation parameter ¢ — 1, g-deformed scalar
field becomes identical to the standard one. However, it
asymptotically approaches lower values, while g decreases
with large number of particles. Since the square of a
quantum mechanical field means the probability density, g-
deformed probability density decreases when the deforma-
tion increases, and in the g — 0 limit it approaches zero.

Also, since the dark matter pressure is taken to be zero,
w,, = 0and w,, = wg, . For the stable accelerated expansion

condition w,, = wy < -1 /3, solutions require the scalar
field dark energy pressure to be negative py, < 0. From the
relation by, = A (M) Py in (27), we finally represent the effect
of g on the deformed dark energy pressure Py, namely, on the
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the critical point D = (0.54, 0.38, 0, 0.55) being an unstable solution.

accelerated expansion behavior in Figure 9. From the figure,
we deduce that, for any values of g, the deformed dark energy
shows the accelerated expansion behavior with the negative
deformed dark energy pressure.

4, Conclusion

Since it is known that the dark energy has a negative pressure
acting as gravitational repulsion to drive the accelerated
expansion of the universe, we are motivated to propose that
the dark energy consists of negative-pressure g-deformed
scalar field whose field equation is defined by the g anni-
hilation and creation operators satisfying the g-deformed
boson algebra in (17)-(20). In order to confirm our proposal,
we consider g-deformed dark energy coupling to the dark
matter inhomogeneities and then investigate the dynamics
of the model. Later on, we perform the phase-space analysis,
whether it will give stable attractor solutions or not, which
refers to the accelerating expansion phase of the universe.
Therefore, the action integral of coupling g-deformed dark
energy model is set up to study its dynamics, and the
Hubble parameter and Friedmann equations of the model

are obtained in spatially flat FRW geometry. Later on, we
find the energy density and pressure values with the evo-
lution equations for g-deformed dark energy, dark matter,
and the radiation fields from the variation of the action
and the Lagrangian of the model. After that, we translate
these dynamical equations into the autonomous form by
introducing suitable auxiliary variables, in order to perform
the phase-space analysis of the model. Then, the critical
points of the autonomous system are obtained by setting
each autonomous equation to zero and four perturbation
matrices can be written for each critical point by constructing
the perturbation equations. We determine the eigenvalues
of four perturbation matrices to examine the stability of
critical points. There are also some important calculated
cosmological parameters, such as the total equation of state
parameter and the deceleration parameter to check whether
the critical points satisfy an accelerating universe. We obtain
four stable attractors for the model depending on the cou-
pling parameter 8. An accelerating universe exists for all
stable solutions due to w,,, < —1/3. The critical points A and
B are late-time stable attractors for the given A and 8 values
for the negative eigenvalues in the second column of Table 2.
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FIGURE 6: g-deformed energy density for various values of n and g,
in terms of standard energy density.

The point A refers to expansion, while the point B refers to
contraction with stable acceleration for A < 23. However, the
critical point C is late-time stable attractor for < (3 — A3)/A

0.8

0.7

Py, /P

FIGURE 7: g-deformed pressure for various values of n and ¢, in
terms of standard pressure.

and A < V3 with expansion. The stable attractor behavior of
the model at each critical point is demonstrated in Figures
1-3. In order to solve the differential equation system (62)



Advances in High Energy Physics

0

17

0.2 q

FIGURE 8: g-deformed scalar field for various values of # and g, in terms of standard scalar field.

-1
-2
-3
-4
-5
-6
=7

Py,

0204
406
08 11, 141618, 3

0 (N ——.... ..,

1.2

1
q

0 02 04 06 038 14 16 18 2

FIGURE 9: Effect of g on the accelerated expansion behavior with negative dark energy pressure.

with the critical points and plot the graphs in Figures 1-5,
we use adaptive Runge-Kutta method of 4th and 5th order, in
Matlab programming. Then, the solutions with the stability
conditions of critical points are plotted for each pair of the
solution sets being the auxiliary variables in (53), (55), and
(56).

These figures represent the notion that, by choosing the
suitable parameters of the model, we obtain the stable and
unstable attractors as A, B, C, D, and E, depending on the
existence conditions of critical points A, B, C, D, and E.
Also, the suitable parameters with the stability conditions
give the stable accelerated behavior for A, B, and C attractor
models.

The g-deformed dark energy is a generalization of the
standard scalar field dark energy. As seen from the behavior
of the deformed energy density, pressure, and scalar field
functions with respect to the standard functions, inthe g — 1
limit, they all approach the standard corresponding function
values. However, in the ¢ — 0 limit, the deformed energy
density and the pressure functions decrease to smaller values
of the standard energy density and the pressure function
values, respectively. This implies that the energy momen-
tum of the scalar field decreases when the deformation
becomes more apparent, since q reaches 1 which gives the
nondeformed state. Also, when g — 0 for large » values,
the deformed scalar field approaches zero value meaning a

decrease in the probability density of the scalar field. This
state is expected to represent an energy-momentum decrease
leading to a decrease in the probability of finding the particles
of the field. Consequently, g deformation of the scalar field
dark energy gives a self-consistent model due to the existence
of standard case parameters of the dark energy in the g —
1 limit and the existence of the stable attractor behavior
of the accelerated expansion phase of the universe for the
considered coupling dark energy and dark matter model.

The results confirm that the proposed g-deformed scalar
field dark energy model is consistent since it gives the
expected behavior of the universe. The idea to consider the
dark energy as a g-deformed scalar field is a very recent
approach. There are more deformed particle algebras in the
literature which can be considered as other and maybe more
suitable candidates for the dark energy. As a further study
on the purpose of confirming whether the dark energy can
be considered as a general deformed scalar field, the other
couplings between dark energy and dark matter and also in
the other framework of gravity, such as teleparallel or maybe
f(R) gravity, can be investigated.

Competing Interests

The author declares that they there are no competing interests
regarding the publication of this paper.



18

References

[1] S.Perlmutter, G. Aldering, G. Goldhaber et al., “Measurements
of Q and A from 42 high-redshift supernovae,” The Astrophysical
Journal, vol. 517, no. 2, pp. 565-586, 1999.

[2] A. G. Riess, A. V. Filippenko, P. Challis et al., “Observational
evidence from supernovae for an accelerating universe and a
cosmological constant,” Astronomical Journal, vol. 116, no. 3, pp.
1009-1038, 1998.

[3] U. Seljak, A. Makarov, P. McDonald et al, “Cosmological
parameter analysis including SDSS Ly« forest and galaxy
bias: constraints on the primordial spectrum of fluctuations,
neutrino mass, and dark energy,” Physical Review D, vol. 71, no.
10, Article ID 103515, 2005.

[4] M. Tegmark, M. A. Strauss, M. R. Blanton et al., “Cosmological
parameters from SDSS andWMAP;” Physical Review D, vol. 69,
no. 10, Article ID 103501, 2004.

[5] D.J. Eisenstein, I. Zehavi, D. W. Hogg et al., “Detection of the
baryon acoustic peak in the large-scale correlation function of
SDSS luminous red galaxies,” Astrophysical Journal Letters, vol.
633, no. 2, pp. 560-574, 2005.

[6] D.N. Spergel, L. Verde, H. V. Peiris et al., “First-year Wilkinson
Microwave Anisotropy Probe (WMAP) observations: deter-
mination of cosmological parameters,” Astrophysical Journal,
Supplement Series, vol. 148, no. 1, pp. 175-194, 2003.

[7] E. Komatsu, K. M. Smith, J. Dunkley et al, “Seven-year
Wilkinson microwave anisotropy probe (WMAP) observations:
cosmological interpretation,” The Astrophysical Journal Supple-
ment Series, vol. 192, no. 2, article 18, 2011.

[8] G.Hinshaw, D. Larson, E. Komatsu et al., “Nine-year wilkinson
microwave anisotropy probe (WMAP) observations: cosmolog-
ical parameter results,” Astrophysical Journal, Supplement Series,
vol. 208, no. 2, article 19, 2013.

[9] P. A. R. Ade, N. Aghanim, C. Armitage-Caplan et al., “Planck
2013 results. XVI. Cosmological parameters,” Astronomy &
Astrophysics, vol. 571, p. Al6, 2013.

[10] P.A.R. Ade,N. Aghanim, M. Arnaud et al., “Planck 2015 results.
XIII Cosmological parameters,” https://arxiv.org/abs/1502.01589.

[11] C. Wetterich, “Cosmology and the fate of dilatation symmetry,”
Nuclear Physics B, vol. 302, no. 4, pp. 668-696, 1988.

[12] B. Ratra and P. J. E. Peebles, “Cosmological consequences of a
rolling homogeneous scalar field,” Physical Review D, vol. 37, no.
12, pp. 3406-3427,1988.

[13] E. J. Copeland, M. Sami, and S. Tsujikawa, “Dynamics of dark
energy, International Journal of Modern Physics D, vol. 15, no.
11, pp. 1753-1935, 2006.

[14] M. Li, X.-D. Li, S. Wang, and Y. Wang, “Dark energy,” Commu-
nications in Theoretical Physics, vol. 56, no. 3, pp. 525-604, 2011.

[15] C. Wetterich, “The cosmon model for an asymptotically van-
ishing time dependent cosmological ‘constant]’ Astronomy &
Astrophysics (A&A), vol. 301, pp. 321-328, 1995.

[16] L. Amendola, “Coupled quintessence,” Physical Review D, vol.
62, no. 4, Article ID 043511, 2000.

[17] N. Dalal, K. Abazajian, E. Jenkins, and A. V. Manohar, “Testing
the cosmic coincidence problem and the nature of dark energy,’
Physical Review Letters, vol. 87, no. 14, Article ID 141302, 2001.

[18] W. Zimdahl, D. Pavon, and L. P. Chimento, “Interacting
quintessence,” Physics Letters B, vol. 521, no. 3-4, pp. 133-138,
2001.

(19] J.-Q. Xia, Y.-E. Cai, T.-T. Qiu, G.-B. Zhao, and X. Zhang,
“Constraints on the sound speed of dynamical dark energy;

Advances in High Energy Physics

International Journal of Modern Physics D, vol. 17, no. 8, pp.
1229-1243, 2008.

[20] A.Vikman, “Can dark energy evolve to the phantom?” Physical
Review D, vol. 71, no. 2, Article ID 023515, 14 pages, 2005.

[21] W. Hu, “Crossing the phantom divide: dark energy internal
degrees of freedom,” Physical Review D, vol. 71, no. 4, Article
ID 047301, 2005.

[22] R. R. Caldwell and M. Doran, “Dark-energy evolution across
the cosmological-constant boundary;,” Physical Review D, vol.
72, no. 4, Article ID 043527, 2005.

[23] G.-B. Zhao, J.-Q. Xia, M. Li, B. Feng, and X. Zhang, “Perturba-
tions of the quintom models of dark energy and the effects on
observations,” Physical Review D—Particles, Fields, Gravitation
and Cosmology, vol. 72, no. 12, Article ID 123515, 2005.

[24] M. Kunz and D. Sapone, “Crossing the phantom divide,
Physical Review D, vol. 74, no. 12, Article ID 123503, 2006.

[25] B. Gumjudpai, T. Naskar, M. Sami et al., “Coupled dark energy:
towards a general description of the dynamics,” Journal of
Cosmology and Astroparticle Physics, vol. 2005, no. 6, p. 7, 2005.

[26] M. Jamil, D. Momeni, and R. Myrzakulov, “Stability of a non-
minimally conformally coupled scalar field in F(T) cosmology,”
European Physical Journal C, vol. 72, no. 7, article 2075, 2012.

[27] M. Jamil, K. Yesmakhanova, D. Momeni, and R. Myrzakulov,
“Phase space analysis of interacting dark energy in f (T) cosmol-
ogy, Open Physics, vol. 10, no. 5, pp. 1065-1071, 2012.

[28] M. Jamil, D. Momeni, and R. Myrzakulov, “Attractor solutions
in f(T) cosmology,” European Physical Journal C, vol. 72, article
1959, 2012.

[29] M. Jamil, D. Momeni, and M. A. Rashid, “Notes on dark energy
interacting with dark matter and unparticle in loop quantum
cosmology;,” The European Physical Journal C, vol. 71, p. 1711,
2011.

[30] A. Banijamali and B. Fazlpour, “Tachyonic teleparallel dark
energy, Astrophysics and Space Science, vol. 342, no. 1, pp. 229-
235, 2012.

[31] C.-Q. Geng, C.-C. Lee, E. N. Saridakis, and Y.-P. Wu,
“Teleparallel’ dark energy;” Physics Letters, Section B: Nuclear,
Elementary Particle and High-Energy Physics, vol. 704, no. 5, pp.
384-387, 2011.

[32] C.-Q. Geng, C.-C. Lee, and E. N. Saridakis, “Observational
constraints on teleparallel dark energy,” Journal of Cosmology
and Astroparticle Physics, vol. 2012, no. 1, article 002, 2012.

[33] C. Xu, E. N. Saridakis, and G. Leon, “Phase-space analysis of
teleparallel dark energy;” Journal of Cosmology and Astroparticle
Physics, vol. 2012, no. 7, p. 5, 2012.

[34] H. Wei, “Dynamics of teleparallel dark energy,” Physics Letters
B, vol. 712, no. 4-5, pp. 430-436, 2012.

[35] G. Otalora, “Scaling attractors in interacting teleparallel dark
energy, Journal of Cosmology and Astroparticle Physics, vol.
2013, no. 7, article 44, 2013.

[36] A. Banijamali, “Dynamics of interacting tachyonic teleparallel
dark energy;” Advances in High Energy Physics, vol. 2014, Article
ID 631630, 14 pages, 2014.

[37] B. Fazlpour and A. Banijamali, “Tachyonic teleparallel dark
energy in phase space,” Advances in High Energy Physics, vol.
2013, Article ID 279768, 9 pages, 2013.

[38] G. Otalora, “Cosmological dynamics of tachyonic teleparallel

dark energy, Physical Review D, vol. 88, no. 6, Article ID
063505, 2013.


https://arxiv.org/abs/1502.01589

Advances in High Energy Physics

[39] E. Dil and E. Kolay, “Dynamics of mixed dark energy domina-
tion in teleparallel gravity and phase-space analysis,” Advances
in High Energy Physics, vol. 2015, Article ID 608252, 20 pages,
2015.

[40] A. E. Shalyt-Margolin, “Deformed quantum field theory, ther-
modynamics at low and high energies, and gravity. II. Defor-
mation parameter;” International Journal of Theoretical and
Mathematical Physics, vol. 2, no. 3, pp. 41-50, 2012.

[41] A. E. Shalyt-Margolin and V. 1. Strazhev, “Dark energy and
deformed quantum theory in physics of the early universe,”
in Non-Eucleden Geometry in Modern Physics. Proc. 5-th
Intern. Conference of Bolyai-Gauss- Lobachevsky (BGL-5), Yu.
Kurochkin and V. Red’kov, Eds., pp. 173-178, Minsk, 2007.

[42] Y.]. Ng, “Holographic foam, dark energy and infinite statistics,”
Physics Letters B, vol. 657, no. 1-3, pp. 10-14, 2007.

[43] Y. ]. Ng, “Spacetime foam,” International Journal of Modern
Physics D, vol. 11, no. 10, pp. 1585-1590, 2002.

[44] M. R. Setare, D. Momeni, V. Kamali, and R. Myrzakulov, “Infla-
tion driven by q-de sitter,” International Journal of Theoretical
Physics, vol. 55, no. 2, pp. 1003-1018, 2016.

[45] E. Dil and E. Kolay, “Interacting dark matter and q-deformed
dark energy with particle creation and annihilation,” https://
arxiv.org/abs/1607.03928.

[46] A.Lavagno and P. N. Swamy, “Thermostatistics of a g-deformed
boson gas,” Physical Review E. Statistical, Nonlinear, and Soft
Matter Physics, vol. 61, no. 2, pp. 1218-1226, 2000.

[47] A. Algin, A. S. Arikan, and E. Dil, “High temperature thermo-
statistics of fermionic Fibonacci oscillators with intermediate
statistics,” Physica A: Statistical Mechanics and Its Applications,
vol. 416, pp. 499-517, 2014.

[48] A. Algin and M. Senay, “High-temperature behavior of a
deformed Fermi gas obeying interpolating statistics,” Physical
Review E—Statistical, Nonlinear, and Soft Matter Physics, vol. 85,
no. 4, Article ID 041123, 2012.

[49] A.M. Gavrilik and A. P. Rebesh, “Deformed gas of p, g-bosons:
virial expansion and virial coefficients,” Modern Physics Letters
B, vol. 26, no. 5, Article ID 1150030, 2012.

[50] M. R. Ubriaco, “Anyonic behavior of quantum group gases,”
Physical Review E, vol. 55, no. 1, pp. 291-296, 1997.

[51] M. Arik and D. D. Coon, “Hilbert spaces of analytic func-
tions and generalized coherent states,” Journal of Mathematical
Physics, vol. 17, no. 4, pp. 524-527, 1976.

[52] A.]. Macfarlane, “On g-analogues of the quantum harmonic
oscillator and the quantum group SU(2),,” Journal of Physics. A.
Mathematical and General, vol. 22, no. 21, pp. 4581-4588, 1989.

[53] L. C. Biedenharn, “The quantum group SU, (2) and a q-
analogue of the boson operators,” Journal of Physics A: Math-
ematical and General, vol. 22, no. 18, pp. L873-1878, 1989.

[54] M. Chaichian, R. G. Felipe, and C. Montonen, “Statistics of g-
oscillators, quons and relations to fractional statistics,” Journal
of Physics A: Mathematical and General A, vol. 26, no. 16, pp.
4017-4034, 1993.

[55] J. Wess and B. Zumino, “Covariant differential calculus on the
quantum hyperplane,” Nuclear Physics B-Proceedings Supple-
ments, vol. 18, no. 2, pp- 302-312, 1991.

[56] G. Vinod, Studies in quantum oscillators and g-deformed quan-
tum mechanics [Ph.D. thesis], Cochin University of Science and
Technology, Department of Physics, Kochi, India, 1997.

[57] B. K. Berger, “Scalar particle creation in an anisotropic uni-
verse,” Physical Review D, vol. 12, no. 2, pp. 368-375, 1975.

19

[58] S. W. Hawking, “Breakdown of predictability in gravitational
collapse,” Physical Review D, vol. 14, no. 10, pp. 2460-2473,1976.

[59] B. K. Berger, “Classical analog of cosmological particle cre-
ation,” Physical Review D, vol. 23, p. 1250, 1981.

[60] L. Parker, “Quantized fields and particle creation in expanding
universes. I, Physical Review, vol. 183, no. 5, pp. 1057-1068, 1969.

[61] J. W. Goodison and D. J. Toms, “No generalized statistics from
dynamics in curved spacetime,” Physical Review Letters, vol. 71,
no. 20, pp. 3240-3242, 1993.

[62] D.Bonatsos and C. Daskaloyannis, “Quantum groups and their
applications in nuclear physics,” Progress in Particle and Nuclear
Physics, vol. 43, no. 1, pp. 537-618, 1999.

[63] S. Carroll, Spacetime and Geometry: an Introduction to General
Relativit, Addison Wesley, San Francisco, Calif, USA, 2004.

[64] M. Jamil, E. N. Saridakis, and M. R. Setare, “Thermodynamics
of dark energy interacting with dark matter and radiation,”
Physical Review D, vol. 81, no. 2, Article ID 023007, 2010.

[65] R.G. Leigh, “Dirac-born-infeld action from drichlet o-model,”
Modern Physics Letters A, vol. 4, pp. 2767-2772, 1989.

[66] N. A. Chernikov and E. A. Tagirov, “Quantum theory of
scalar field in de Sitter space-time,” Annales de I'.H.P. Physique
Théorique, vol. 9, no. 2, pp. 109-141, 1968.

[67] C. G. Callan Jr., S. Coleman, and R. Jackiw, “A new improved
energy-momentum tensor;” Annals of Physics, vol. 59, no. 1, pp.
42-73,1979.

[68] V. Faraoni, “Inflation and quintessence with nonminimal cou-
pling, Physical Review D—DParticles, Fields, Gravitation and
Cosmology, vol. 62, no. 2, Article ID 023504, 2000.

[69] P. G. Ferreira and M. Joyce, “Structure formation with a self-
tuning scalar field,” Physical Review Letters, vol. 79, no. 24, pp.
4740-4743,1997.

[70] E. J. Copeland, A. R. Liddle, and D. Wands, “Exponential
potentials and cosmological scaling solutions,” Physical Review
D, vol. 57, no. 8, pp- 4686-4690, 1998.

[71] X.-M. Chen, Y. G. Gong, and E. N. Saridakis, “Phase-space anal-
ysis of interacting phantom cosmology,” Journal of Cosmology
and Astroparticle Physics, vol. 2009, no. 4, article 001, 2009.

[72] X.-M. Chen and Y. Gong, “Fixed points in interacting dark
energy models,” Physics Letters, Section B: Nuclear, Elementary
Particle and High-Energy Physics, vol. 675, no. 1, pp. 9-13, 2009.

[73] A. de Felice and S. Tsujikawa, “f (R) theories,” Living Reviews in
Relativity, vol. 13, article 3, 2010.

[74] T.P. Sotiriou and V. Faraoni, “f (R) theories of gravity,” Reviews
of Modern Physics, vol. 82, no. 1, pp. 451-497, 2010.

[75] S. Tsujikawa, “Modified gravity models of dark energy,’ in
Lectures on Cosmology, vol. 800 of Lecture Notes in Physics, pp.
99-145, Springer, Berlin, Germany, 2010.

[76] G.N.Remmen and S. M. Carroll, “Attractor solutions in scalar-
field cosmology,” Physical Review D, vol. 88, no. 8, Article ID
083518, 2013.

[77] A.R.Liddle, P. Parsons, and J. D. Barrow, “Formalizing the slow-
roll approximation in inflation,” Physical Review D, vol. 50, no.
12, pp. 7222-7232,1994.

[78] P. G. Ferreira and M. Joyce, “Cosmology with a primordial
scaling field,” Physical Review D, vol. 58, no. 2, Article ID 023503,
1998.

[79] Y. Gong, A. Wang, and Y.-Z. Zhang, “Exact scaling solutions
and fixed points for general scalar field,” Physics Letters. B, vol.
636, no. 5, pp. 286-292, 2006.


https://arxiv.org/abs/1607.03928
https://arxiv.org/abs/1607.03928

20

(80]

(82]

(83

[94]

(95]

[96]

(97]

(98]

Z.-K. Guo, Y.-S. Piao, X. Zhang, and Y.-Z. Zhang, “Cosmo-
logical evolution of a quintom model of dark energy;” Physics
Letters, Section B: Nuclear, Elementary Particle and High-Energy
Physics, vol. 608, no. 3-4, pp. 177-182, 2005.

R. Lazkoz and G. Ledn, “Quintom cosmologies admitting either
tracking or phantom attractors,” Physics Letters B, vol. 638, no.
4, pp. 303-309, 2006.

Z.-K. Guo, Y.-S. Piao, X. Zhang, and Y.-Z. Zhang, “Two-field
quintom models in the w-w' plane,” Physical Review D, vol. 74,
no. 12, Article ID 127304, 4 pages, 2006.

R. Lazkoz, G. Leén, and I. Quiros, “Quintom cosmologies
with arbitrary potentials,” Physics Letters, Section B: Nuclear,
Elementary Particle and High-Energy Physics, vol. 649, no. 2-3,
pp. 103-110, 2007,

M. Alimohammadi, “Asymptotic behavior of w in general
quintom model,” General Relativity and Gravitation, vol. 40, no.
1, pp. 107-115, 2008.

M. R. Setare and E. N. Saridakis, “Coupled oscillators as models
of quintom dark energy;” Physics Letters B, vol. 668, no. 3, pp.
177-181, 2008.

M. R. Setare and E. N. Saridakis, “Quintom cosmology with
general potentials,” International Journal of Modern Physics. D.
Gravitation, Astrophysics, Cosmology, vol. 18, no. 4, pp. 549-557,
2009.

M. R. Setare and E. N. Saridakis, “The quintom model
with O(N) symmetry;” Journal of Cosmology and Astroparticle
Physics, vol. 2008, no. 9, article 026, 2008.

M. R. Setare and E. N. Saridakis, “Quintom dark energy models
with nearly flat potentials,” Physical Review D—Particles, Fields,
Gravitation and Cosmology, vol. 79, no. 4, Article ID 043005,
20009.

G. Leon, R. Cardenas, and J. L. Morales, “Equilibrium sets
in quintom cosmologies: the past asymptotic dynamics;’
http://arxiv.org/abs/0812.0830.

Z.-K. Guo, Y.-S. Piao, R.-G. Cai, and Y.-Z. Zhang, “Inflationary
attractor from tachyonic matter,” Physical Review D, vol. 68, no.
4, Article ID 043508, 2003.

L. A. Urena-Lopez, M. J. Reyes-Ibarra, and A. A. Starobinsky,
“On the dynamics of a quadratic scalar field potential,” Interna-
tional Journal of Modern Physics D, vol. 18, no. 4, pp. 621-634,
2009.

V. A. Belinsky, L. P. Grishchuk, I. M. Khalatnikov, and Y. B.
Zeldovich, “Inflationary stages in cosmological models with a
scalar field,” Physics Letters B, vol. 155, no. 4, pp. 232-236, 1985.
T. Piran and R. M. Williams, “Inflation in universes with a
massive scalar field,” Physics Letters B, vol. 163, no. 5-6, pp. 331-
335, 1985.

A.R. Liddle and D. H. Lyth, Cosmological Inflation and Large-
Scale Structure, Cambridge University Press, Cambridge, UK,
2000.

V. V. Kiselev and S. A. Timofeev, “Quasi-attractor dynamics of
A¢*-inflation,” http://arxiv.org/abs/0801.2453.

S. Downes, B. Dutta, and K. Sinha, “Attractors, universality, and
inflation,” Physical Review D, vol. 86, no. 10, Article ID 103509,
2012.

J. Khoury and P. J. Steinhardt, “Generating scale-invariant
perturbations from rapidly-evolving equation of state,” Physical
Review D, vol. 83, no. 12, Article ID 123502, 2011.

S. Clesse, C. Ringeval, and J. Rocher, “Fractal initial conditions
and natural parameter values in hybrid inflation,” Physical
Review D—Particles, Fields, Gravitation and Cosmology, vol. 80,
no. 12, Article ID 123534, 2009.

Advances in High Energy Physics

[99] V. V. Kiselev and S. A. Timofeev, “Quasiattractor in models of

new and chaotic inflation,” General Relativity and Gravitation,
vol. 42, no. 1, pp. 183-197, 2010.

[100] G.E R.Ellis, R. Maartens, and M. A. H. MacCallum, Relativistic

Cosmology, Cambridge University Press, Cambridge, UK, 2012.

[101] Y. Wang, J. M. Kratochvil, A. Linde, and M. Shmakova, “Current

observational constraints on cosmic doomsday,” Journal of
Cosmology and Astroparticle Physics, vol. 2004, p. 006, 2004.


http://arxiv.org/abs/0812.0830
http://arxiv.org/abs/0801.2453

