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We compute the modification of the photon self-energy due to dynamical diquark fluctua-
tions developed near the critical temperature of two-flavor superconductivity, which is one
of the color superconducting phases, through the Aslamasov–Larkin, Maki–Thompson,
and density of states terms, which are responsible for the paraconductivity in metals at
vanishing energy and momentum. The analysis is performed through an investigation of
the diquark fluctuations within the normal phase determined by the mean-field approxi-
mation in the massless two-flavor Nambu–Jona-Lasinio model. It is shown that the rate
has a significant enhancement in low-invariant-mass regions over a rather wide range of
temperatures in the normal phase. This enhancement is worth exploring in the relativistic
heavy-ion collisions, which may thereby reveal the significance of the diquark fluctuations
in dense quark matter.
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1. Introduction
Revealing the rich phase structure and thereby developing a condensed matter physics of quan-
tum chromodynamics (QCD) in high-density regions is one of the main subjects in current
nuclear physics [1,2], and a great deal of work is being done both theoretically and experi-
mentally. In a high-density region, for instance, first-order chiral transition line(s) with QCD
critical point(s) are expected to exist on the basis of theoretical works [3–5], and the experimen-
tal search for these phase transitions [6] is one of the main purposes of the beam-energy scan
program in the relativistic heavy-ion collisions (HIC) at RHIC, HADES, and NA61/SHINE;
further studies to reveal the phase structure with higher statistics will be pursued in future ex-
periments planned at GSI-FAIR, NICA-MPD, and J-PARC-HI [7]. Such studies on the Earth
will also provide us with invaluable information on the interior structure of compact stars
[8–10].

An interesting feature of the dense quark matter in yet higher-density regions is the possible
realization of color superconductivity (CSC) induced by the condensation of diquark Cooper
pairs [11]. Now that future HIC experiments are designed so as to enable detailed analyses of
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dense matter, it would be intriguing to explore the possible existence of the CSC phases in these
experiments. The search for CSC in HIC, however, is quite a challenge because the temperatures
T achieved in HIC can become as high as 100 MeV at the highest baryon density [12], which
may be much higher than the critical temperature Tc of CSC, and hence an observation of the
CSC phases may be unlikely in HIC.

Nevertheless, the matter created in HIC may be within the critical region above Tc where the
diquark-pair fluctuations are significant, and thus precursory phenomena of the CSC [13–15]
do manifest themselves through appropriate observables by HIC. In this respect, it is sugges-
tive that fluctuations of Cooper pairs (preformed pairs) of electrons in metals are known to
cause an anomalous enhancement of the electric conductivity above Tc of the superconductiv-
ity (SC) [16–18]. Moreover, since the quark matter in the relevant density region is a strongly
coupled system [14,19], CSC can have a wider critical region where the precursory phenom-
ena of CSC are pronounced. In fact, it has already been shown [13–15,20–23] that the diquark
fluctuations develop a well-defined collective mode, which is the soft mode of CSC, and its col-
lectivity and the softening nature affect various observables including the appearance of the
“pseudogap” region [14] in a rather wide range of temperature.

In the present article, we investigate possible enhancement of the production rate of virtual
photons due to the precursory diquark fluctuations, which is to be observed as the dilepton
production rate (DPR) in HIC. A desirable feature of the electromagnetic probes, needless
to say, lies in the fact that the interactions of the probes with the medium are weak, and their
properties are hardly modified from what they had when created, in contrast to hadronic signals.

Here we remark that the DPR within the CSC phases below Tc is known to show some unique
behavior [24]. It is also possible that collective excitations in the CSC phases affect the DPR.
However, such behaviors becomes weaker when T goes higher and closer to Tc because they
are caused by the finite diquark gap. On the other hand, the precursory phenomena to be in-
vestigated in the present paper are most enhanced at T = Tc, which is an attractive feature in
HIC.

The medium modification of the DPR or the virtual photons is dictated by that of the photon
self-energy [25–27]. The effects of the diquark fluctuations on the photon self-energy can be
taken into account by the Aslamasov–Larkin (AL), Maki–Thompson (MT), and density of
states (DOS) terms [15,21,23]. In the case of metallic SC, these terms at the vanishing energy–
momentum limit are known to explain the anomalous enhancement of the electric conductivity
above Tc [16,18].

In the present article, we calculate AL, MT, and DOS terms composed of diquark fluctuations
near but above Tc of the two-flavor superconductor (2SC), which is one of the CSC phases
that is believed to be realized at relatively low density with a realistic strange quark mass [11].
We show that the Ward–Takahashi (WT) identity is satisfied by summing up all of these terms.
From the imaginary part of these terms we calculate a virtual photon emission from the diquark
fluctuations that form a collective mode. Although a single diquark excitation is not gauge
invariant, the photon self-energy and hence the DPR can be affected by the diquark fluctuations
in a gauge invariant way through these terms. It is found that the virtual photons emitted from
the collective modes with spectral support in the space-like region in turn have spectral support
in the time-like region. Our numerical results show that the DPR is significantly enhanced in
the low-invariant-mass region M � 200 MeV above Tc up to, say, T � 1.5Tc, reflecting the
critical enhancement of the diquark fluctuations. We argue that experimental measurement of
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dileptons and exploration of the possible enhancement of the DPR in that very low-mass region
in HIC are quite worthwhile because they would give experimental evidence of strong diquark
correlations as a precursor to the phase transition to 2SC in dense quark matter.

2. Model and phase diagram
Among various CSC phases, the phase with the highest probability of being realized in the
medium within the reach of HIC is 2SC [11]. In the present study, we thus focus on the diquark
fluctuations around the phase boundary of this phase above Tc. To describe the phase transition
to 2SC we employ the two-flavor Nambu–Jona-Lasinio (NJL) model [28,29] as an effective
model of QCD:

L = ψ̄ i∂/ψ + LS + LC, (1)

LS = GS[(ψ̄ψ )2 + (ψ̄ iγ5�τψ )2], (2)

LC = GC(ψ̄ iγ5τ2λAψC )(ψ̄Ciγ5τ2λAψ ), (3)

where LS and LC represent the quark–antiquark and quark–quark interactions, respectively,
and ψC (x) = iγ2γ0ψ̄

T (x). τ 2 and λA (A = 2, 5, 7) are the antisymmetric components of the
Pauli and Gell-Mann matrices for the flavor SU(2)f and color SU(3)c, respectively. The scalar
coupling constant GS = 5.01 GeV−2 and the three-momentum cutoff � = 650 MeV are de-
termined so as to reproduce the pion decay constant fπ = 93 MeV and the chiral condensate
〈ψ̄ψ〉 = (−250 MeV)3 in vacuum [28]. Since explicit chiral symmetry breaking plays just a
minor role and is virtually irrelevant in the diquark fluctuations around the critical temper-
ature [15], we neglect the current quark mass for simplicity. The magnitude of the diquark
coupling GC has been discussed in the literature based on the Fierz transformation of the one-
gluon exchange interaction, the instanton-induced interaction, the diquark–quark picture of
baryons, renormalization group analysis, etc.; see, e.g., Ref. [29] and references therein. In the
present study we treat GC as a free parameter and vary it within the interval GC/GS = 0.5–0.9,
which is an intermediate range among these studies. We employ a common quark chemical po-
tential μ for up and down quarks since the effect of isospin breaking is not large in the medium
created in HIC.

In Fig. 1, we show the phase diagram in the T–μ plane obtained in the mean-field approxima-
tion (MFA) with the mean fields 〈ψ̄ψ〉 and 〈ψ̄C
ψ〉 with 
 = iγ 5τ 2λA. The bold lines show the
phase diagram at GC = 0.7GS, where the solid and dashed lines represent the first- and second-
order phase transitions, respectively. The 2SC phase is realized in the dense region at relatively
low temperatures. In the figure, the phase boundary of 2SC for GC = 0.5GS and 0.9GS is also
shown by the thin dotted lines.

In MFA, the phase transition to 2SC is of second order, as seen in Fig. 1. It should be men-
tioned here that the transition may become first order when the fluctuation effect of gauge fields
(gluons) is incoporated in asymptotically high-density regions [30–32], which might persist at
lower densities [33]. We also remark that the nature of the phase transition might be modified
even within the NJL model when effects beyond the MFA are incorporated, although such an
analysis has never been performed in the literature to the best of the authors’ knowledge. In
any event, it is not yet settled whether the phase transition to a 2SC phase at low densities is
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Fig. 1. Phase diagram obtained in the massless two-flavor NJL model (1). The bold lines show the tran-
sition lines at GC = 0.7GS. The solid and dashed lines represent the first- and second-order phase tran-
sitions. Tc values of the 2SC phase at GC = 0.5GS and 0.9GS are also shown by the thin dotted lines.

Fig. 2. Diagrammatic representation of the T-matrix (6) in the RPA.

of second or first order, including its strength. In the present study, we thus assume that the
transition is of second or weak first order with the formation of the soft mode discussed below.

3. The soft mode of 2SC
3.1 Propagator of the diquark field
A characteristic feature of the second-order phase transition is that the fluctuation amplitude
of the order parameter diverges at T = Tc. To see such a divergence at the Tc value of 2SC, let
us consider the imaginary-time propagator of the colored diquark field �(x) = ψ̄C (x)
ψ (x),

D(k) = −
∫ 1/T

0
dτ

∫
d3x〈Tτ�

†(x)�(0)〉eiνl τ e−ik·x, (4)

where k = (k, iνl ) is the four-momentum of the diquark field, with ν l the Matsubara frequency
for bosons, τ is the imaginary time, and Tτ denotes the imaginary-time ordering. In the random-
phase approximation (RPA), Eq. (4) is given by D(k) = Q(k)/(1 + GCQ(k)) with the one-loop
quark–quark correlation function

Q(k) = −8
∫

p
Tr[G0(k − p)G0(p)], (5)

where G0(p) = 1/[(iωm + μ)γ0 − p · γ ] is the free-quark propagator with p = (p, iωm) and the
Matsubara frequency for fermions ωm, Tr denotes the trace over the Dirac indices, and

∫
p =

T
∑

m

∫
d3 p/(2π )3. We also introduce the T-matrix to describe the diquark fluctuation

�̃(k) = 1

G−1
C + Q(k)

= GC − GCD(k)GC, (6)

which is diagrammatically represented in Fig. 2.
The retarded Green’s functions DR(k, ω), QR(k, ω), and �R(k, ω) corresponding to Eqs. (4)–

(6), respectively, are obtained by the analytic continuation iν l → ω + iη. The imaginary part of
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QR(k, ω) is calculated to be [15]

ImQR(k, ω) = −2T
πk

[(ω + 2μ)2 − k2]
{

log
cosh(ω + k)/4T
cosh(ω − k)/4T

− ω

2T
θ (k − |ω + 2μ|)

}
. (7)

Its real part is then constructed using the Kramers–Kronig relation

ReQR(k, ω) = 1
π

P
∫ 2�−2μ

−2�−2μ

dω′ ImQR(k, ω)
ω′ − ω

, (8)

where P denotes the principal value [15].
The retarded diquark propagator DR(k, ω), and hence the T-matrix �R(k, ω), has a pole at

ω = |k| = 0 at T = Tc; [DR(0, 0)]−1
T=Tc

= [�R(0, 0)]−1
T=Tc

= 0. This fact, known as the Thouless
criterion [34], is confirmed by comparing the denominator of DR(k, ω) with the gap equa-
tion for the diquark field. The criterion shows that the diquark field has a massless collective
mode at T = Tc. Furthermore, the pole of this collective mode moves continuously toward the
origin in the complex energy plane as T is lowered to Tc, and hence the collective mode has a
vanishing excitation energy toward Tc. This collective mode is called the soft mode. Because of
the small excitation energy, they tend to be easily excited and affect various observables in the
medium near Tc [14,15].

Although we had recourse to the MFA and RPA, the appearance of a soft mode is a generic
feature of the second-order phase transition [17,18], and even if the phase transition is of first
order, the development of a collective mode with the softening nature prior to the critical point
is still expected for weak first-order transitions. It may be worthwhile to clarify here the dif-
ference between the soft mode [17,18] and the Nambu–Goldstone (NG) mode. The latter is a
massless mode corresponding to the phase fluctuations of the order parameter with a nonzero
expectation value in the broken phase. On the other hand, the soft mode corresponds to the am-
plitude fluctuations of the order parameter around the zero value in the normal phase, and is
not massless except at the critical point. Although the NG mode in the 2SC phase is absorbed
into the gauge field and thereby makes the massive longitudinal mode by the Higgs mecha-
nism [11], the soft mode becomes massless at T = Tc even in this case if the phase transition
is of second order. Therefore, the emergence of the soft mode in the diquark channel and the
following discussions on its effects on observables should have a model-independent validity,
at least qualitatively.

We also emphasize that the Thouless criterion implies the appearance of such soft modes
even around the phase boundary above Tc of other CSC phases, such as the color–flavor-locked
(CFL) phase, provided that the phase transition is of second order. Therefore, the present anal-
ysis performed on the 2SC phase can be applied to the diquark soft modes in other CSC phases
with a due straightforward modification, although they would be irrelevant to HIC.

To detail the properties of the soft mode, it is convenient to introduce the dynamical structure
factor S(k, ω) given by

S(k, ω) = − 1
π

1
1 − e−ω/T

ImDR(k, ω). (9)

Figure 3 shows a contour map of S(k, ω) at T = 1.05Tc for μ = 350 MeV and GC = 0.7GS.
One sees that S(k, ω) has a clear spectral concentration with a peak around the origin in the
ω–|k| plane, which implies a development of the collective mode having a definite dispersion
relation ω = ω(|k|) with a small width [13,15]. We also note that the spectral concentration is
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Fig. 3. Contour plot of the dynamical structure factor S(k, ω) at T = 1.05Tc for μ = 350 MeV and GC =
0.7GS. The solid lines show the light cone. The left panel is the result of the RPA obtained from Eqs. (7)
and (8), while the right panel is the result in the TDGL approximation (10).

confined in the space-like region, ω(|k|) < |k|. The property will be picked up again later when
we discuss the DPR that has a spectral support in the time-like region.

It is to be noted that the properties of the soft mode discussed here persist even with the finite
current quark mass, because the structure and properties of particle–particle excitations near
the Fermi surface are less affected by the quark mass. This feature is contrasted with mesonic
excitations, whose properties around the origin are known to change drastically because their
structure around the light cone is strongly modified by the quark mass. On the other hand, the
light cone in the diquark propagator DR(k, ω) exists at |ω + 2μ| = |k| and the origin (k, ω) =
(0, 0) is deep inside the time-like region.

3.2 Time-dependent Ginzburg–Landau (TDGL) approximation
Since the diquark fluctuations near Tc have spectral concentration in the low-energy region as
we have seen above, we approximate the T-matrix �R(k, ω) in the small ω region as

�R(k, ω) � 1

cω + G−1
C + QR(k, 0)

, (10)

with c = ∂QR(0, ω)/∂ω|ω=0. We refer to Eq. (10) as the time-dependent Ginzburg–Landau
(TDGL) approximation, since Eq. (10) corresponds to the linearlized TDGL approximation for
the T-matrix [35] without the expansion along |k|2. In this study we do not expand [�R(k, ω)]−1

with respect to |k|2 for a better description of the spectral strength extending along the |k| di-
rection widely as in Fig. 3. An explicit calculation shows that c is a complex number, while
G−1

C + QR(k, 0) is real.
In the right panel of Fig. 3, we show S(k, ω) obtained by the TDGL approximation. By

comparing the result with the left panel, one sees that the TDGL approximation (10) reproduces
the result obtained by the RPA quite well in a wide range in the ω–|k| plane.
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Fig. 4. Contribution of the diquark fluctuations to the thermodynamic potential.

Fig. 5. Diagrammatic representations of the Aslamasov–Larkin (a), Maki–Thompson (b), and density
of states (c, d) terms in Eqs. (12)–(14). The double and wavy lines represent diquarks and photons,
respectively.

4. Photon self-energy and dilepton production rate
The DPR is given in terms of the retarded photon self-energy �Rμν (k, ω) as [25–27]

d4
(k, ω)
d4k

= − α

12π4

1
ω2 − |k|2

1
eω/T − 1

gμνIm�Rμν (k, ω), (11)

with the fine structure constant α and the Minkowski metric gμν .

4.1 Construction of the photon self-energy
We are now in a position to discuss the way in which the effects of the diquark fluctuations
are included in �Rμν (k, ω). For this, we start from the one-loop diagram of the diquark prop-
agator shown in Fig. 4, which is the lowest-order contribution of the diquark fluctuations to
the thermodynamic potential. The photon self-energy is then constructed by attaching electro-
magnetic vertices at two points of quark lines in Fig. 4. This construction guarantees the WT
identity kν�

Rμν (k, ω) = 0. This procedure leads to the four types of diagrams shown in Fig. 5,
which are called (a) Aslamasov–Larkin (AL) [36], (b) Maki–Thompson (MT) [37,38], and (c,
d) density of states (DOS) terms, respectively, in the theory of metallic SC [18]. The respective
contributions to the photon self-energy are denoted by �̃

μν

AL(k), �̃
μν

MT(k), and �̃
μν

DOS(k) in the
imaginary-time formalism, and are expressed as

�̃
μν

AL(k) = 3
∫

q

̃μ(q, q + k)�̃(q + k)
̃ν (q + k, q)�̃(q), (12)

�̃
μν

MT(k) = 3
∫

q
�̃(q) Rμν

MT(q, k), (13)

�̃
μν

DOS(k) = 3
∫

q
�̃(q) Rμν

DOS(q, k), (14)

respectively, where q = (q, iνn) is the four-momentum of a diquark field and the overall coef-
ficients 3 come from three antisymmetric channels of the diquark field. The vertex functions

̃μ(q, k), Rμν

MT(q, k), and Rμν

DOS(q, k) in Eqs. (12)–(14) are given by


̃μ(q, q + k) = 8(eu + ed )
∫

p
Tr[G0(p)γ μG0(p + k)G0(q − p)], (15)

Rμν

MT(q, k) = 16eued

∫
p

Tr[G0(p)γ μG0(p + k)G0(q − p − k)γ νG0(q − p)], (16)
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Rμν

DOS(q, k) = 8(e2
u + e2

d )
∫

p

{
Tr[G0(p)γ μG0(p + k)γ νG0(p)G0(q − p)]

+ Tr[G0(p)γ μG0(p − k)γ νG0(p)G0(q − p)]
}
, (17)

where eu = 2|e|/3 and ed = −|e|/3 are the electric charges of up and down quarks, respectively,
with the elementary charge e.

The total photon self-energy in imaginary time is given by

�̃μν (k) = �̃
μν

free(k) + �̃
μν

fluc(k), (18)

�̃
μν

fluc(k) = �̃
μν

AL(k) + �̃
μν

MT(k) + �̃
μν

DOS(k), (19)

where �̃
μν

fluc(k) denotes the modification of the self-energy due to the diquark fluctuations and
�̃

μν

free(k) is that of the free-quark system [39,40].

4.2 Vertices
The vertices (15)–(17) satisfy the WT identities

kμ
̃μ(q, q + k) = e�

(
Q(q + k) − Q(q)

) = e�

(
1

�̃(q + k)
− 1

�̃(q)

)
, (20)

kμRμν (q, k) = e�

(

ν (q − k, q) − 
ν (q, q + k)

)
, (21)

with Rμν (q, k) = Rμν

MT(q, k) + Rμν

DOS(q, k) and e� = eu + ed being the electric charge of di-
quarks. Using Eqs. (20), (21) and 
̃ν (q, q + k) = 
̃ν (q + k, q), the WT identity of the photon
self-energy kν�̃

μν

fluc(k) = 0 is shown explicitly as

kμ�̃
μν

fluc(k) = kμ�̃
μν

AL(k) + kμ

{
�̃

μν

MT(k) + �̃
μν

DOS(k)
}

= −3e�

∫
q
+3e�

∫
q
�̃(q)

[

̃ν (q − k, q) − 
̃ν (q, q + k)

] = 0. (22)

Since we adopt the TDGL approximation for �R(k, ω), the vertices 
̃μ(q, q + k) and
Rμν (q, k) have to be approximated to satisfy Eqs. (20) and (21) within this approximation.
From Eq. (10) one finds

[�̃(q + k)]−1 − [�̃(q)]−1 � c0iνn + Q(q + k, 0) − Q(q, 0)

= c0iνn + Q(q + k, 0) − Q(q, 0)
|q + k|2 − |q|2 (|q + k|2 − |q|2)

= c0iνn + Q(1)(q + k, q) (2q + k) · k, (23)

where Q(1)(q1, q2) = (Q(q1, 0) − Q(q2, 0))/(|q1|2 − |q2|2) is finite in the limit |q1 − q2| → 0 be-
cause Q(q, ω) is a function of |q|2. Substituting Eq. (23) into Eq. (20) and requiring the analyt-
icity of 
̃μ(q, q + k) at ω = |k| = 0, one finds that 
̃0(q, q + k) = e�c0 and


̃i(q, q + k) = −e�Q(1)(q + k, q)(2q + k)i (24)

are choices that satisfy Eq. (20), where i = 1, 2, 3. One can also obtain forms of Rμν (q, k)
satisfying Eq. (21) with Eq. (24) in a similar manner; these, however, are not shown explicitly
since they turn out to be unnecessary in this study, as discussed below. These vertices with
Eq. (10) satisfy the WT identity of �̃μν (k). The reader should be warned, however, that the
uniqueness of the choice of Eq. (24) holds only in the lowest order of ω and |k|2, and hence
the non-uniqueness may affect the final result in the high-energy region.
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4.3 Dilepton production rate
In the above construction of 
̃μ(q, q + k) and Rμν (q, k), the spatial components of these ver-
tices are real. This fact greatly simplifies the analytic continuation from �̃

i j
fluc(k) to �

Ri j
fluc(k, ω).

From the reality of Ri j (q, k) it is also shown that Im[�Ri j
MT(k, ω) + �

Ri j
DOS(k, ω)] = 0 [18], which

means that the spatial components Im�
Ri j
fluc(k, ω) only come from �

Ri j
AL(k, ω), while the tempo-

ral component Im�R00
fluc (k, ω) is given by the sum of the AL, MT, and DOS terms. The temporal

component, however, is obtained from the spatial ones using the WT identity

�̃00(k) = k2

(iνl )2
�̃11(k), (25)

with k = (iνl , |k|, 0, 0). One then finds that gμν�̃
μν

fluc(k) in Eq. (11) is obtained only from
�

Ri j
AL(k, ω) as

gμν�̃
μν

fluc(k) = k2

(iνl )2
�̃11

AL(k) −
3∑

i=1

�̃ii
AL(k)

= 3
∫

d3q
(2π )3

[
k2

(iνl )2

(

̃1(q, q + k)

)2 −
∑

i

(

̃i(q, q + k)

)2
]

×
∮

C

dq0

2π i

coth q0
2T

2
�̃(q + k, q0 + iνl )�̃(q, q0) (26)

= 3
∫

d3q
(2π )3

[
k2

(iνl )2

(

̃1(q, q + k)

)2 −
∑

i

(

̃i(q, q + k)

)2
]

×
{

P
∫

dω′

2π i

coth ω′
2T

2
�R(q + k, ω′ + iνl )�R(q, ω′)

−P
∫

dω′

2π i

coth ω′
2T

2
�R(q + k, ω′ + iνl )�A(q, ω′)

+P
∫

dω′

2π i

coth ω′
2T

2
�R(q + k, ω′)�A(q, ω′ − iνl )

−P
∫

dω′

2π i

coth ω′
2T

2
�A(q + k, ω′)�A(q, ω′ − iνl )

}
, (27)

where the contour C in Eq. (26) surrounds the poles of coth(q0/2T ) and �A(k, ω) =
�̃(k)|iνl →ω−iη is the advanced T-matrix. The far right-hand side of Eq. (27) is obtained after
deforming the contour C avoiding the cut in �̃(q) on the real axis [18]. By taking the analytic
continuation iν l → ω + iη and using �A(k, ω) = [�R(k, ω)]∗, we obtain

gμνIm�
Rμν

fluc (k, ω) = 3e2
�

∫ 2�−2μ

−2�−2μ

dω′

2π

∫
d3q

(2π )3
coth

ω′

2T

×(
Q(1)(q + k, q)

)2

[(
(q + k)2 − q2

ω

)2

− (2q + k)2

]

×Im�R(q + k, ω′)
{

Im�R(q, ω′ + ω) − Im�R(q, ω′ − ω)
}
. (28)

To deal with the momentum integral in Eq. (28), we introduce the ultraviolet cutoff with the
same procedure as in Ref. [15]. The DPR is obtained by substituting this result into Eq. (11).
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Fig. 6. Dilepton production rates per unit energy and momentum d4
/dωd3k at k = 0 for several values
of T/Tc with μ = 350 MeV (left), 400 MeV (middle), and 500 MeV (right) and GC = 0.7GS. The thick
red (thin blue) lines show the contribution of �̃

μν

fluc(k) (�̃μν

free(k)).

Before closing this section, we make several remarks on the AL, MT, and DOS terms. First, it
is noteworthy that the fluctuations of the colored diquark field are coupled to colorless photon
field through these terms. This nontrivial complication due to the color degrees of freedom is
absent in and contrasted with these terms for metallic superconductors. Second, it is possible
to consider the modification of �̃

μν

fluc(k) through the AL, MT, and DOS terms but the diquark
propagators are replaced with those of the mesonic modes. These terms will affect �̃

μν

fluc(k)
significantly when the softening of the mesonic modes takes place. Since such a softening in
the mesonic channel occurs at the QCD critical point, this effect should have a non-negligible
contribution there. We will come back to this point in Sect. 6.

5. Numerical results
In Fig. 6, we show the numerical results of the production rate d4
/d4k per unit energy and
momentum at k = 0 calculated with use of the photon self-energy (18), (28) for various val-
ues of T and μ at GC = 0.7GS. The thick lines show the contribution of diquark fluctuations
obtained from �

Rμν

fluc (k, ω), while the thin lines are the results for the free-quark gas. The total
rate is given by the sum of these two contributions. The figure shows that the production rate
is enhanced so much by the diquark fluctuations that it greatly exceeds that of the free quarks
in the low-energy region ω � 300 MeV. The enhancement is more pronounced as T is lowered
toward Tc, while the enhancement at ω � 200 MeV is observed up to T � 1.5Tc. The figure also
shows that the contribution of diquark fluctuations is more enhanced as μ becomes larger. This
behavior is understood as the effect of the larger Fermi surface for larger μ.

It is worth scrutinizing the underlying mechanism of the low-energy enhancement of the pro-
duction mechanism of virtual photons. Although it is rather natural that d4
/d4k is enhanced
in the low-energy region since the virtual photons are emitted from the soft collective modes,
their pronounced effects on the production of virtual photons in the time-like region deserves
elucidation since the soft mode has a dominant strength in the space-like region as shown in
Fig. 3. In our formalism, the virtual photons are dominantly emitted through the process ob-
tained by cutting Fig. 5(a), i.e., the scattering of diquarks shown in the left panel of Fig. 7. In
this process, the energy–momentum of the virtual photon k = (k, ω) can be time-like, ω > |k|,
since the absolute value of the momentum k = q1 − q2 can be taken arbitrarily small keeping
ω = ω1 − ω2 finite. This kinematics is contrasted with the scattering of massless quarks shown
in the right panel of Fig. 7, in which the produced virtual photon is always in the space-like
region ω < |k|. However, ω = ω1 − ω2 of a virtual photon is restricted to small values due to
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Fig. 7. Diagrams representing the processes of virtual photon production.

Fig. 8. Left: Dilepton production rates d4
/dωd3k as a function of ω and |k| for μ = 350 MeV and
T = 1.01 Tc, 1.1 Tc, and 1.5 Tc at GC = 0.7GS. The gray surface shows the light cone. Middle: The
invariant-mass spectrum d
/dM2 for several values of T/Tc at GC = 0.7GS and μ = 350 MeV. Right: The
invariant-mass spectrum d
/dM2 at (T, μ) = (90, 350) MeV for GC = 0.9GS (solid), 0.7GS (dashed), and
0.5GS (dash–dotted).

the small energies ω1 and ω2 of diquarks. The sharp peak of d4
/d4k in Fig. 6 is understood in
this way.

For more detailed properties of the enhancement of DPR, we show in the far left panel of
Fig. 8 a 3D plot of DPR in the ω–|k| plane for several values of T at μ = 350 MeV and GC =
0.7GS. We see that the DPR is enhanced strongly around the origin in the ω–|k| plane, and the
larger the ω and/or |k|, the smaller the DPR. This behavior is in accordance with the mechanism
explained above.

In HIC experiments, the dilepton production rate is usually measured as a function of the
invariant mass, M:

d


dM2
=

∫
d3k

1
2ω

d4


d4k

∣∣∣∣
ω=√

k2+M2

. (29)

In the middle panel of Fig. 8, we show Eq. (29) for several values of T/Tc at GC = 0.7GS and
μ = 350 MeV. One sees that the enhancement due to diquark fluctuations is observed in the
low-invariant-mass region M < (150–200) MeV up to T � 1.5Tc. The small T dependence of
DPR seen in the very low region of M may be understood as a result of accidental cancellation
between the enhanced spectral function due to the soft mode and the kinematical thermal effect:
The sharp enhancement of the former at low energy–momentum near Tc decreases while the
creation probability due to the thermal effect increases as T goes high. The contribution of
the diquark fluctuations is relatively suppressed for higher T as the contribution of free quarks
becomes larger.
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Finally, shown in the right panel of Fig. 8 is d
/dM2 at fixed (T, μ) = (90, 350) MeV (the
cross symbol in Fig. 1) for several values of GC. The panel shows that the production rate is
more enhanced for larger GC and Tc. For GC = 0.9GS (Tc � 78 MeV), the production rate from
the diquark fluctuations exceeds that of the free quarks for M � 100 MeV.

6. Discussions
In this paper, we have investigated the effect of diquark fluctuations on the DPR near but above
the critical temperature Tc of 2SC. The contribution of the diquark fluctuations was taken into
account through the AL, MT, and DOS terms in the photon self-energy. We have found that
the DPR is strongly enhanced in comparison with the free-quark gases in the low-energy and
low-invariant-mass regions near Tc up to T � 1.5Tc, reflecting the formation of the diquark
soft mode associated with the phase transition to 2SC.

We would say that it should be rewarding to try to make an experimental measurement of
dileptons in that very low-mass region and examine the possible enhancement of the DPR in
HIC; if the enhancement is confirmed, it may possibly give experimental evidence of strong
diquark correlations, which lead to the phase transition to 2SC in dense quark matter. We
note that similar enhancement is also expected around the critical temperature of other CSC
phases, such as the CFL phase, as long as the order of the phase transition is second order
or weak first order. Such a measurement will be an interesting target of HIC experiments at
future experimental facilities [7] that will investigate the dense medium using high-luminosity
heavy-ion beams. Moreover, it is to be noted that the DPR with vanishing energy/momentum
is directly related to the electric conductivity, as is evident from the fact that the AL, MT, and
DOS terms in condensed matter physics are responsible for the anomalous enhancement of
the electric conductivity (paraconductivity) in metals above Tc but in the close vicinity of the
superconducting phase.

There are, however, many issues to be resolved for making the measurements meaningful,
in the sense that it can help in revealing the significance of the diquark fluctuations prior to
the phase transition to 2SC in dense matter. Since the observed yield of dileptons in HIC is
a superposition of those with various origins in space-time history, we need to ‘disentangle’
the observed total yield into those with the respective origins. For that, it is necessary to quan-
titatively estimate the residence time around the phase boundary of CSC, say, with resort to
dynamical models [41]. Next, although we compared the enhancement of the DPR due to the
diquark soft modes with that from free-quark gases, it is known that the enhancement in the
low-M region occurs in hadronic scenarios [42] and the perturbative calculation of QCD [43–
45]. A comparison with these analyses is necessary to see the relative magnitudes of different
production mechanisms. An analysis of the DPR under the same thermal conditions as in
these approaches for the comparison constitutes important future projects. Although we con-
fined ourselves to the dynamics in the scalar and diquark channels as seen in Eq. (1), vector
coupling is known to play a significant role in determining the phase structure with CSC [5].
Thus, it would be intriguing to incorporate the vector coupling and see possible modifications
of the properties of the soft modes of CSC and the DPR.

Although we discussed the enhancement of the DPR due to diquark fluctuations in the
present study, as mentioned in Sect. 4 a similar enhancement can occur induced by the soft-
ening of the mesonic modes at the QCD critical point with a similar mechanism. It would be
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intriguing to calculate the DPR around the critical point incorporating this effect and compare
it with the result in the present study. Indeed, such an analysis is in progress and will be reported
elsewhere (T. Nishimura et al., manuscript in preparation).

The experimental measurement of the DPR in the relevant low-invariant-mass region M �

200 MeV is not an easy task because di-electrons, which are, among dileptons, only available in
this energy range, are severely contaminated by Dalitz decays, and high-precision measurements
both of d
/dM2 and the hadron spectrum are necessary to extract interesting medium effects.
Despite these challenging requirements, it is encouraging that the future HIC programs in GSI-
FAIR, NICA-MPD, and J-PARC-HI are designed to carry out high-precision experiments [7],
and also that new technical developments are vigorously being made [46].

Finally, we remark that such an effort to reveal the significance of the enhanced diquark
correlations in hot and dense matter should also give some clue to the modern development
of hadron physics, where possible diquark correlations in hadron structures are one of the hot
topics [47].
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