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ABSTRACT: The static Love numbers of four-dimensional asymptotically flat, isolated, general-
relativistic black holes are known to be identically vanishing. The Love symmetry proposal
suggests that such vanishings are addressed by selection rules following from the emergence of
an enhanced SL (2, R) (“Love”) symmetry in the near-zone region; more specifically, it is the
fact that the black hole perturbations belong to a highest-weight representation of this near-
zone SL (2, R) symmetry, rather than the existence of the Love symmetry itself, that outputs
the vanishings of the corresponding Love numbers. In higher spacetime dimensions, some
towers of magic zeroes with regards to the black hole response problem have also been reported
for scalar, electromagnetic and gravitational perturbations of the Schwarzschild-Tangherlini
black hole. Here, we extend these results by supplementing with p-form perturbations of
the Schwarzschild-Tangherlini black hole. We furthermore analytically extract the static
Love numbers and the leading order dissipation numbers associated with spin-0 scalar and
spin-2 tensor-type tidal perturbations of the higher-dimensional Reissner-Nordstréom black
hole. We find that Love symmetries exist and that the vanishings of the static Love numbers
are captured by representation theory arguments even for these higher spin perturbations of
the higher-dimensional spherically symmetric black holes of General Relativity. Interestingly,
these near-zone SL (2, R) structures acquire extensions to Witt algebras. Our setup allows
to also study the p-form response problem of a static spherically symmetric black hole in
a generic theory of gravity. We perform explicit computations for some black holes in the
presence of string-theoretic corrections and investigate under what geometric conditions Love
symmetries emerge in the near-zone.
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1 Introduction

Ever since the first ever confirmed observation of transient gravitational waves emitted
during the final stages of the coalescence of a binary system of black holes [1], the number of
gravitational wave detections has been increasingly growing. The current state-of-the-art third
Gravitational-Wave Transient Catalog (GWTC-3) [2] of the recently formed LIGO-VIRGO-
KAGRA collaboration enumerates a total of 90 candidate compact binary coalescences and
will continue to improve in sensitivity in the future [3-7].

More notably, the space-based LISA [6], planned to lunch in 2037 and operating in the
low frequency range 10~* — 1 Hz, compared to LIGO’s sensitivity in the 10 — 103 Hz frequency
range, will allow to observe gravitational waves from compact binary systems at much wider
orbits and, hence, better study the early stages of the inspiraling phase of the binary system.
This regime is particularly relevant for studying tidal effects. More generally, the early stages
of the inspiraling phase are accurately described by a Post-Newtonian (PN) description of
the dynamics of the system, and observing a larger window of this stage will allow to probe
higher PN orders. More importantly, this will allow to probe Love numbers [8], conservative
Green’s functions associated with the response problem of compact bodies [9], and, hence,
probe the internal structure of the involved relativistic configurations, e.g. the elusive nuclear
equation of state of Neutron Stars [10-13]. For gravitational interactions, the leading order
conservative tidal effects enter at 5PN order in four spacetime dimensions, and are encoded
in the quadrupolar static tidal Love number of each of the bodies involved in the binary
system [14]. This “effacement” makes the measurement of Love numbers challenging, requiring
high signal-to-noise ratio signals covering a large window of the coalescence [12, 13, 15].

Besides directly probing the internal structure of the involved bodies [10, 11], Love
numbers have also found applications in proposals for testing strong-field gravity [16-19], as
well as for lifting a degeneracy in measuring the luminosity distance and inclination plane [20]
through “I-Love-Q” relations [21-25].

Their predictable imprint on gravitational wave signatures is a direct consequence of
the employment of the worldline Effective Field Theory (EFT) as a toolkit for constructing
gravitational waveform templates [26-31]. Within the worldline EFT, a compact body is
treated as an effective point-particle propagating along a worldline, dressed with multipole
moments that couple to curvature tensors and capture finite-size effects. In this framework,
Love numbers enter as Wilson coefficients for operators quadratic in the curvature reducing
their computation to a matching condition.

Applying this algorithm to the case of isolated, asymptotically flat, general relativistic
black holes in four spacetime dimensions, one arrives at a theoretically intriguing property:
the static Love numbers for scalar, electromagnetic and gravitational perturbations of rotating
black holes vanish identically [32-47]. This property of general-relativistic black holes makes
Love numbers relevant for probing new physics. For instance, non-zero Love numbers for
compact bodies with masses above the Tolman-Oppenheimer-Volkoff (TOV) limit [48-50]
can be used to probe the environments of black holes [51]; in fact, small Love numbers
themselves can be magnified by supermassive compact objects [52] making this prospect even
more promising. Furthermore, the surprisingly rigid “I-Love-Q” relations one encounters
for general-relativistic compact bodies become non-universal once one departs from General



Relativity [53, 54]. On the more theoretical side, the vanishings of the black hole Love
numbers provide with an example of “magic zeroes” from the worldline EFT point of view,
raising naturalness concerns and calling upon the existence of enhanced symmetry structures
that are expected to output appropriate selection rules [55, 56].

Related to this, there have been various works indicating a persisting hidden conformal
structure of asymptotically flat black holes. This has been utilized to propose holographic
correspondences of black holes with thermal states in a dual CFT9, for instance, the ex-
tremal [57-61] and the non-extremal [62-65] Kerr/CFT conjectures, which propose that
the temperatures of the left-movers and right-movers and the associated central charges
in this dual CFT description are directly related to geometric properties of the associated
black hole. More recently, the resemblance of the equations of motion governing perturba-
tions of asymptotically flat black holes were contrasted to the BPZ equation satisfied by
Liouville correlators involving the insertion of a particular degenerate state, and were used
to set up gauge-gravity dictionaries between CFTs and black hole perturbations [66—69).
Furthermore, the astrophysically relevant photon rings have also been shown to be equipped
with conformal structures, providing with proposals for their detectable implications on
polarimetric observations [70-74].

Another conformal structure that lies in the spirit of the Kerr/CFT conjecture and
that proves relevant in addressing the vanishing of the static Love numbers is the “Love
symmetry” [75-77]. According to this proposal, an enhanced, globally defined, SL (2,R)
(“Love”) symmetry manifests in the near-zone region; the regime relevant for defining the
response problem. The selection rules outputting the vanishing of the static Love numbers
are then identified from the fact that the corresponding black hole perturbations belong to
highest-weight representations of the Love SL (2, R) symmetry. Other symmetry attempts
of identifying selection rules relevant for the vanishing of the static Love numbers that act
directly at the IR level have also been proposed. These include the “ladder symmetries”
proposal [78-82], whose origins can be traced back to the notion of “mass ladder operators”
for spacetimes admitting closed conformal Killing vectors [83], and the manifestation of
a Schrodinger symmetry at the level of the exact static response problem [84, 85]. More
interestingly, the Love symmetry appears to be closely related to the enhanced SL (2,R)
isometry subgroup of the near-horizon throat of extremal black holes [57, 58, 75-77].

Similar results turn out to exist in higher spacetime dimensions as well. More specifically,
the static Love numbers associated with spin-0 (massless scalar), spin-1 (electromagnetic)
and spin-2 (gravitational) perturbations of the d-dimensional Schwarzschild-Tangherlini black
hole have already been computed in refs. [86, 87]. While the static Love numbers have a much
richer structure and are in general in agreement with Wilsonian naturalness arguments, there
exist towers of resonant conditions that depend on the multipolar order ¢ of the perturbation
for which they vanish, again hinting at the existence of an enhanced symmetry explanation.
For the case of spin-0 perturbations, for instance, the static Love numbers turn out vanish
whenever ¢/ (d — 3) is an integer. Nevertheless, Love symmetry has been shown to still exist
for any multipolar order and spacetime dimensionality for the case of spin-0 perturbations of
the Schwarzschild-Tangherlini black hole and is in perfect agreement with these results [75, 76].

Here, we extend this analysis to higher spin perturbations of higher-dimensional asymptot-
ically flat, static and spherically symmetric black holes. In particular, we supplement with the



computation of p-form Love numbers and provide with a Love symmetry explanation beyond
scalar, notably, electromagnetic and gravitational perturbations, plus p-form perturbations
with p > 1. The structure of this paper is then as follows. In section 2, we present the
background geometry of a static spherically symmetric black hole in a generic theory of
gravity and set up the framework for covariantly studying perturbations via a 2 + (d — 2)
decomposition on the sphere, in the spirit of refs. [88, 89].

In section 3, we analyze various types of perturbations of such black holes to identify the
relevant master variables, working directly at the level of the action [87]. More specifically,
we generalize the analysis of ref. [87] to the scenario where the background geometry is a
generic spherically symmetric black hole, possibly non-general-relativistic, for the cases of
spin-0 massless scalar and spin-1 electromagnetic perturbations. We then further extend this
construction along the lines of ref. [90] to incorporate the case of p-form perturbations of a
generic spherically symmetric black hole. For completeness, we also review the analysis of
ref. [87] around spin-2 gravitational perturbations of the Schwarzschild-Tangherlini black hole.

In section 4, we present the definition of Love numbers within the worldline EFT and
introduce the notion of the near-zone expansion as a necessary tool for performing matching
computations. Using this, we employ particular near-zone splittings of the equations of
motion obeyed by the master variables, and find the Love numbers associated to p-form and
gravitational perturbations of Schwarzschild-Tangherlini black holes at leading order in the
near-zone expansions. We find that the Love numbers can be collectively written in terms of
two parameters: the orbital number ¢, and an index j capturing the SO (d — 1) sector that
the perturbation belongs to. After categorizing the results in three classes depending on the
values of the index j, we then analyze the behavior of the static Love numbers in each class,
commenting on their running and the existence of towers of resonant conditions for which they
vanish. We also consider spin-0 scalar and spin-2 tensor-type tidal perturbations of the higher-
dimensional Reissner-Nordstrom black hole. By matching onto the worldline EFT, we are then
able to analytically confirm the conjectured expressions of the relevant static Love numbers
presented in ref. [91], while we also extract the leading order dissipative viscosity numbers.

Resuming the investigation on the response properties of general-relativistic black holes,
we reveal in section 5 the manifestation of enhanced Love SL (2, R) symmetries within the
near-zone region, which turn out to be completely independent of the orbital number of
the perturbation. Using representation theory arguments, we then identify the existence of
selection rules that are in 1-to-1 correspondence with all the resonant conditions for which
the static Love numbers vanish, hence restoring the naturalness of General Relativity with
respect to the black hole response problem. Interestingly, we also recognize that the Love
SL (2, R) symmetries have unique extensions to centerless Virasoro (Witt) algebras [92] and
comment on their extended representations.

In section 6, we consider black holes in modified theories of gravity beyond General
Relativity. We perform explicit calculations of the static Love numbers for higher-dimensional
black holes in the presence of string theoretic corrections, namely, the Callan-Myers-Perry
black hole of bosonic/heterotic string theory [93, 94] and the a/3-corrected black hole solution
of type-II superstring theory [95]. We find that the static Love numbers for these black holes
do not exhibit any resonant conditions of vanishings, hence not requiring the existence of



enhanced Love symmetries. We attempt to generalize this statement by extracting necessary
geometric constraints for the existence of near-zone SL (2, R) symmetries and confirm that
these constraints are in accordance with the current known results around the static response
problems for black holes in various theories of gravity.

We conclude with a discussion of the results of the current work in section 7. For
convenience, we also include appendix A, containing information about the I'-function and
Euler’s hypergeometric function, that are involved in solving the near-zone equations of
motion and extracting the black hole response coefficients.

Notation and conventions: we will be working in geometrized units with ¢ = 1, adopting
the mostly-positive metric Lorentzian signature, (7,,) = diag (—1,+1,+1,...). Small Greek
letters will denote spacetime indices running from 0 to d — 1, for a d-dimensional spacetime,
with 20 the temporal coordinate, and repeated indices will be summed over. In performing the
2 + (d — 2) decomposition of the perturbations around the static spherically symmetric black
hole background, capital Latin letters from the beginning of the alphabet, A, B, ..., will
denote spherical indices, running from 1 to d — 2 and labeling the d — 2 spherical coordinates
04, A =1,...,d — 2 charting the unit (d — 2) sphere, while Small Latin letters from the
beginning of the alphabet, a, b, ..., will denote the remaining directions of the manifold,
running from 0 to 1 and labeling the temporal and radial coordinates, e.g., in Schwarzschild
coordinates, % = (t,r). Capital bold symbols and hatted capital bold symbols will be used
to refer to differential forms on the full spacetime and differential forms on S?~2 respectively;
curly hatted capital symbols will be used for co-exact differential forms on S?2.

To avoid a large number of indices notations, in sections 4.1-4.2, spatial indices running
from 1 to d — 1 will also be labeled by small Latin letters from the beginning of the alphabet.
We will also adapt the multi-index notation a; ...ay = L, within which z ... 2% = z¥ and
Oq, - - - 04, = 0r. The symmetric trace-free part of a tensor with respect to a set of indices
will be denoted by enclosing the indices within angular brackets, e.g. T(q,q4,...)p,b,... 1 the
symmetric trace-free part of the tensor Ty, q,. byb,... With respect to the indices {a1, ag, ... }.

2 Spherically symmetric black holes in higher spacetime dimensions

We start with a few key properties of the background geometry. We will be dealing with
a general asymptotically flat, static, spherically symmetric and non-extremal black hole,
which can always be brought to the form

dr?
fr (1)

where dQ2_, = Qap (0) d9dfP is the metric on S?~2, with angular coordinates labeled
by capital Latin indices, A, B =1,...,d — 2, and the argument “0” in Q45 () collectively

ds®* = —f; (r) dt* + + r2dQ2_,, (2.1)

indicating all the angular coordinates. In the above parameterization of the geometry, the
radial coordinate is an areal radius. The asymptotic flatness and non-extremality conditions
are imposed by the requirements

rlggo ft,r (T) =1 ’ (2.2)

fe(rn) = fr (rn) =0 and  f{ (r), f; (ru) #0,



with r = ry, the location of the event horizon. Similar to the 4-dimensional Schwarzschild
black hole, the event horizon is a Killing horizon with respect to the Killing vector K = 0;.
To analyze the behavior of the perturbations near the event horizon, it is necessary
to employ the tortoise coordinate,
dr

VI (r) fr (r) ,

in terms of which the advanced (+) and retarded (—) null coordinates (ti, T, 6‘4) are defined as

dr, = (2.3)

dty = dt +dr, . (2.4)

In particular, the near-horizon behavior of the tortoise coordinate can be extracted ex-
plicitly to be

Ty ~ gln ! ;hrh as r — T, (2.5)
with § the inverse surface gravity,
2
B=r1= (2.6)

VI () 1 (rn)

Then, monochromatic waves of frequency w that are ingoing at the future (+)/past (—)
event horizon behave as

e Wt o gt (T —'h (2.7)

Th
For General Relativity, the most general spherically symmetric and asymptotically

> Fifw/2

flat black hole geometry is the higher-dimensional Reissner-Nordstrém(-Tangherlini) solu-

tion [96, 97],
fir)=fr(r)=1- (r:)d—3+ (TTQ>2(d—3)

G-

where the Schwarzschild radius 7, and the charge parameter 7 are related to the ADM mass
M and the electric charge @ (in CGS units) of the black hole according to

(2.8)

-y 167GM 2(d-3) _ 32miGQ? (2.9)
s (d—2)Qq0" ¢ (d—2)(d—3)Q3 "
while the inner and outer horizons are expressed in terms of r, and rg as
_ 1] 4 2(d—3 2(d—3
ri3:2[g’ 3i\/rs( ) )] . (2.10)

In the above expressions, Qy_y = 27(@=1/2/1 (%) is the surface area of the unit (d — 2)-
sphere. The essential singularity at » — 0 is hidden behind an event horizon as long as the
magnitude of the electric charge is bounded from above from the mass of the black hole,
Q% < ZEGMz, (2.11)
d—2
with the saturation of the inequality indicating the extremality condition.



2.1 2+ (d — 2) decomposition

Let us now review the key elements of covariantly studying the perturbations of the above
generic spherically symmetric black hole. A higher-dimensional version of the Newman-
Penrose formalism is possible [98-101] and the separability of perturbations around an
algebraically special background geometry relevant for black holes has been shown explicitly
for the class of the so-called Kundt spacetimes [102, 103]. Even though this class includes
the higher-dimensional Schwarzschild-Tangherlini black hole, we choose here to work in a less
involved formalism that is also more reminiscent of the early days of studying the stability of
the four-dimensional Schwarzschild black hole by Regge and Wheeler [104] and Zerilli [105].

The background geometry is of the form of a generic M) x §%=2 manifold equipped
with a time-like Killing vector t%,

ds® = gap (x) dzdz’ + r? (x) Qap (0) d6*d6”

(2.12)
Ligap =0, 'V Qap =0, t'Ver =0,

where small Latin indices run over M, a,b =0, 1, and capital Latin indices run over the
spherical coordinates 84 of S¥2, A =1,2,...,d — 2. With respect to M2, r (x) is a scalar.
In order to perform a covariant 2 + (d — 2) decomposition, we follow refs. [88, 89] (see also
refs. [106-108]) and introduce the M®) co-vector normal to surfaces of constant r (),

Ta = Var. (213)
In Schwarzschild coordinates, 7, = (0, 1). This allows to covariantly define f; (r) and f, (r) as
fe(r) = —tat®,  fr(r) =rar”. (2.14)

The time-like Killing vector t* and the 2-vector r® are orthogonal to each other, t,7* = 0,
and serve as a basis for M@ . For example, the metric tensor gq, and the Levi-Civita tensor
£ap on M@ can be written as

1 1 1
gab = ——talp + —Talb, Eap = ——F—= (tarb - T&tb) : (2'15>

f t f T \% f tf T
A zweibein for M@ would then be ¢* = t*/v/fi and n® = r%/\/f,., such that gu = —lu 0y +
NgNp-
Let us now see how to decompose covariant derivatives. First of all, for spacetime
scalar functions,

1 1

Vo = Datp = —?t”quﬁ ta + f—rbDbm, Vap = Da¢, (2.16)
t T

where D, and D4 are the covariant derivatives compatible with g,; and the unit-sphere

metric Q4p respectively. For higher-spin fields, we need the 2 + (d — 2) decomposition of

Christoffel symbols,

I'ya=0, I'Yg=—rr'Qap,
1 (2.17)
th=0, = tnih



Then, we can see that, for a dual vector field V,,

1
ViV = DyVy, VaVe=DaVy — —1,Va
v " (2.18)
VoVa = 1D, (;‘) . VVa=DgVa+rrV,Qag,
while, for a rank-2 co-tensor T},
1
chab = DcTab7 vAjﬂab - DATab - (TaTAb + TbTaA) y
Ton 1
VipTua =1Dy . ) VpToa = DpTaa — TaTBA + 1T Qg (2.19)

Ta
VaTap = 12D, ( Tf) . VeTap = DoTag + 11 (TapQac + TaaQsc)

Furthermore, it will be useful to have explicit formulas for the covariant derivatives of
the vectors t* and r®. It is straightforward to show that

Dyty = —Lt/ (tams — Taty) ,  Dary = fr |— ft taty + f—é TaTp| » (2.20)
2ft f 2fr

where primes denote derivatives with respect to  and we used that 7D, F (r) = F' (r) rqer® =

F(r) fr (r).

3 Equations of motion and master variables

We now begin extracting the equations of motion governing perturbations of the background
spherical symmetric black hole geometry. We will employ the aforementioned formalism of
covariantly performing a 2 + (d — 2) decomposition but follow the prescription of ref. [87]
of working directly at the level of the action.

3.1 Spin-0 perturbations
We start from the action for a free scalar field minimally coupled to gravity,

/ddxf[—(wb) 3 m2®? (3.1)

The scalar field is (2 4 (d — 2))-decomposed in spherical harmonic modes according to

\I'(O) t,r
JOEDYS i‘;‘;/g)nm () - (3:2)

{,m

The resulting reduced action then describes a scalar field minimally coupled to 2-d gravity,

(0

Zm’

(3.3)
1 2
/d2 [—D v Drw) 721/,&(0) (r) || ] :



with the potential given by
d—2

POy =) @=DA=) A2

£ r2 472 2r (3.4)
L(l+d=3)  (d—2)(d—4) d—2(fif) 9 )
- r2 + 472 frt 2r  2f; T

Working with the tortoise coordinate, this reduces to the action for a scalar field
propagating in 2-d flat spacetime under the influence of a potential,

) 2

1 1 2 1 2 1
S = [ dtar. |5 o = 5 o v - S @ vO 0w 6

and the equation of motion for scalar field perturbations reduces to a Shrodinger-like equation,
0. = 0 = £ )V )] v =0, (36)

3.2 Spin-1 perturbations

Next, for electromagnetic perturbations, we focus to an electrically neutral black hole
background such that there is no background electric field.! To treat the Maxwell action,

1
Sm:/ﬂwﬁgkﬁbWﬂ,Fb:@&—&&“ (3.7)

the 2 + (d — 2) decomposition involves first decomposing the components of the gauge field
into irreducible representations of SO (d — 1),

A ()
A = . 3.8
With respect to SO (d — 1) transformations, A, and A™ are scalars, while AE4T) is a trans-

verse co-vector, DAAEL‘T) = 0. Under gauge transformations dyA, = 9, A, the SO (d —1)-

decomposed components transform according to
Gada = 0aA, GhAM =N, 5,40 =0, (3.9)

Notably, the transverse vectors are gauge invariant, while we also see how the longitudinal
modes A are redundant degrees of freedom; they are pure gauge. A second gauge invariant
quantity can then be constructed as

Ay = Ay — D, AW (3.10)
and the (2 + (d — 2))-decomposed field strength tensor reads
Fop = Do Ap — Dy A,
Fon = DoAY — DaA, (3.11)

Fap = DAY — DpAD

!This simply ensures that we will not need to deal with coupled equations of motion involving gravitational
perturbation modes. It also eliminates the need to refer to a particular gravitational theory and allows to
treat the spin-1 response problem of spherically symmetric black holes in a generic theory of gravity.



The next step is to expand the scalars into scalar spherical harmonic modes Y7 m, (#) and

. . . T)A
the transverse vector into transverse vector spherical harmonic modes? Yz(m) ),

A0 = 5 Ao (107) Vi (0)

. (3.12)
ZAZm ") YA (0) -

Spherical symmetry of the background ensures that the scalar modes AZm and the vector

(V)

,m
this expansion reads®

S0 =3 (889 +59)
£, m

‘Své\r;)1 _ /d2xmrd74 |:—1D A(V)DGA(V) _ E(E—i_ 1) (E'i_ d— 4) ‘Aéﬁ‘z] , (313)

modes A,/ will completely decouple from each other. Indeed, the Maxwell action after

2 a‘H m f,m 2 72
©) _ [ 2./ a—2 | 1z aw 1L+ d—3) - a
m — /d X —9(2)7’ |:_4]:ab;£,mf£,m §T72Aa;£’mAé’m 5
where
Fit =D A} — DAY, . (3.14)

3.2.1 Vector modes

We begin by studying the decoupled vector modes. Similar to the scalar field case, these will
be governed by the action for a scalar field minimally coupled to 2-d gravity propagating
under the influence of a potential. More explicitly, writing

v (t,r)

(V) _
Af,m (t7 T) - r(d_4)/2 ’ (315)
the reduced action for the vector modes reads
Stes = /d2 e [ ~D V) DAY )—%v r) | e } (3.16)
with the potential given by
{+1)(f+d—4 d—4)(d—6 d—4
VO = DL d=d) (=D)L, d=dy
3.17
_<z+1><e+d—4>+<d—4><d—6>f+d—4<ftfr> 47
- 7r2 4r2 " 2r  2f;

2For more information on the scalar, vector and tensor spherical harmonics in higher dimensions, we refer
to refs. [87, 109, 110].

3The common sum over the “azimuthal” multi-index m is a bit misleading. In contrast to the 2-sphere,
the scalar and vector, and also tensor and p-form, spherical harmonics have a different degeneracy depending
on their rank [87, 109, 110] and, thus, each SO (d — 1) sector will have its own sum over m. For simplicity,
however, we will keep writing a common sum over m for all SO (d — 1) sectors as a book-keeping prescription;
after all, this subtlety will be completely irrelevant for the study of the black hole Love numbers, which are
independent of m by virtue of the spherical symmetry of the background.

,10,



Working with the tortoise coordinate, this becomes the action for a scalar field in 2-d flat
spacetime,

S = /ﬁmm[ Ptemf—%

with Schrédinger-like equations of motion,

2 1 2
éhwﬁﬂ—ﬂﬂwwW&W%QH7 (3.18)

02 -2 = (VY (] v = 0. (3.19)

3.2.2 Scalar modes

We next analyze the action for the scalar modes. For the sake of this, inspired by ref. [87],
we introduce an auxiliary 2-d scalar field ‘l'gsrzl (t,r) and consider the action

O e e T

C1e(+d—3)
2 r2

(3.20)
([ + 2 A A ) |

Classically, this is equivalent to the original action Sﬁzl for the scalar modes as can be seen

by putting the auxiliary field on-shell,

e rd/?

1
S S 3.21
bm = T+ d—3) (3.21)

The upshot of this alternative action is that it can be recast in a form similar to the scalar
field modes and the gauge field vector modes. This is achieved by integrating out A7, in .S G(5)

{,m>

A L P frl g® 3.22
a = @ - t " .
b = v d=3) | m fi| em (3:22)

As a result,

JO N ) pew®), L., (S)
= /d [—DiD DV, - Vi ‘@“J}

(3.23)
_/dtdr*[ ol = S o vl - 5H )V 0[]
with the potential given by
((+d—3) (d—2)(d—4) , d—4

VZ(S) (r) = ( 2 )+( 4)1"(2 )rar — D,r®
3.24
_fed-3) (@-DE-4),  d-4(h) (324

N r2 4r2 " 2r  2f;

3.3 p-form perturbations

In higher spacetime dimensions, it is also possible to have p-form perturbations, generated
by a completely antisymmetric gauge field tensor A, ,,.. ,, of rank p < d — 3 or, in p-form
notation, by the object

1
— Ay, Azt A2 A A datr (3.25)

AP —
p!
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Focusing to spherically symmetric black hole backgrounds that are not charged under the
p-form, the task now is to study the p-form extension of the Maxwell action

SP) — _% /F(p+1) A xF®FD (3.26)

where FP+Y) = dA® is the (p + 1)-form field strength tensor, and * is the Hodge dual
operation. In the traditional index notation,

Flpoppn = (0 +1) a[mAuz---upH} (3.27)

and the p-form action reads

S®) = 2 (p:— 1! /ddaj\/_igFuluz...upﬂFMMWMPJr1 : (3.28)

The 2 + (d — 2) decomposition of the p-form gauge field into irreducible representations
of SO (d — 1) is now achieved via the Hodge decomposition on S%~2. Such a perturbation
analysis has been developed in ref. [90] which we extend here to the more general spherically
symmetric background geometry with f; # f,. We will adopt the notation of ref. [90] and
distinguish a p-form on S%~2 from a p-form on the full manifold by hatting it. For instance,

A 1
AP = = Ay 4, 4,d0M AdO2 A NG (3.29)

p!
The spacetime p-form gauge field A®) can then at a first step be tensorially decomposed as [90]
AP = Zda A da® NG 4 dat A VP 4 X0, (3.30)

where the components of the forms ’i‘g’;—Q) , Vgp U and X®) on the sphere have been identified

with the relevant components of the spacetime p-form gauge field, that is,

= Aaay.a,_, and  Xa, 4, = Aapa,-
(3.31)
The Hodge decomposition on S%~2 now consists of decomposing a general p-form A® on

(Tab)Al.,.Ap,Q = AabAL“Apr ) (Va)Al‘..Ap,l

the sphere into a “longitudinal” (p — 1)-form AP and a “transverse” p-form A®) More
explicitly,
AP = JAP—D 4 4) (3.32)

with A®) a co-exact p-form on S 2, that is* 6A® = 0. In components form, this is indeed
the tranversality condition,

6AP =0 DM A Ayn,,, =0. (3.33)

p+1

The longitudinal mode can be further Hodge decomposed as A1) = qA(P-2) 4 A(p_l),
with AP~ a co-exact (p — 1)-form on the sphere. The nilpotency of the exterior derivative
then implies that a general form on S?2 is expressible entirely by co-exact form fields.

d(p+1)+1 *d

“The coderivative operator of a p-form on a d-dimensional spacetime is defined as § = (—1) *

and, like the exterior derivative, it is also nilpotent, i.e. 6% = 0.

— 12 —



The 2 + (d — 2) decomposition of the p-form gauge field into irreducible representations of
SO (d —1) is therefore the following

AP = d:v A da? /\(dTp 3) —I—TP 2))
+dx A (A2 4 9D) (3.34)
+ &)E‘(P—l) + ‘)E‘(P) ,
where all the forms that appear are now co-exact on S%2.
The p-form action is invariant under the gauge transformations 6y A®) = dA®P~=1_ After

decomposing the gauge parameter (p — 1)-form into co-exact forms on the sphere, one can
work out that

dAP—D) = d:c Adab A (24457 + DLAP?)
(3.35)
—|—dx A (=dAPD) 4 DEAP) 4+ A4

As a result, the SO (d — 1)-decomposed components of the p-form gauge field transform
according to
7—(19 3 _ ((5) 3) : SAVP2) = —AP=2) 5, 2D = AP
2) _ i (p—2) V(p—1) _ A(p—1 o(p) _
AT~ = 2D Ay SAVPY = p AP 5, X0 =
The first line shows that the longitudinal modes are pure gauge. Instead of fixing the gauge,

(3.36)

however, we will directly work with gauge invariant combinations. In particular, we can
rearrange the independent degrees of freedom into the gauge invariant co-exact p-form on

the sphere, X (®), plus the following gauge invariant combinations
AL = T8 2D, VY, APTD = P - p, e, (3.37)

In terms of these, the field Strength (p + 1)-form is written as
FetD) = d:v ndab A (2D APV + (p - 2)1 ARG )

o (3.38)
—i—dx /\(DX — dAl- 1)+dX<P>.

We can now expand into co-exact p-form spherical harmonics YZ(’EI)AL"A” (0) on the sphere,

()™ =2 il )Yy 0).

Aj... A LAp—
(A®) Al ZAem ) (3.39)
XA Ay ngm (t,r) YE(m)Al A (0) .
{,m
The important property of the co-exact p-form spherical harmonics besides their transversality,
D A1Y( JAL-Ap 0, is that they satisfy the eigenvalue problem?®
DpDPY M = 00+ d—3) —p| Y (3.40)

®More information on the co-exact p-form spherical harmonics can be found in [90, 111].

,13,



The p-form action after this expansion then reduces to

g — Z (S(p) S(p—l) + Sépn—f)) :

1 . 1 (l+p)(l+d—p-3)
/d2 =g R | DBy D Xy — 5 ml?]

1 _
2 2 d—2p - ab
/d g( { 1(p— 1)!-Fab;€,mf£,m

/d2 —g@ d—2p+2 (p ; 2! (L +p—2) (f;‘ d—p— l)ﬂab;&mHZI;n] ,
(3.41)
where we have defined
Fib = DA} — DPAG (3.42)

The first thing to observe is that the (p — 2)-form sector generated by the spherical harmonic
modes H‘ZI;H is trivial,

Hi%m = 0. (3.43)

3.3.1 p-form modes

Similar to the case of spin-1 perturbations, we start with the simplest, p-form, sector.
Performing the field redefinition

(p)
U, (t,r)
X (t,7) = \/p!r(d—Zp—Q)/Q ’ (3.44)

the reduced action for p-form modes takes the canonical form
a 1 2
/ day/—g@) [—D U DM — SV () | e, } (3.45)

with potential

¢ l+d—p—3 d—2 2)(d—2 4 d—2p—2
Vi ) = PRI (BB 2 Do
3.46
D) td-p-3)  [@-2-9d-2-19,  d-2p-20h) P
r2 4r? " 2r 2f;

3.3.2 (p — 1)-form modes

For the analysis of the (p — 1)-form sector, we introduce an auxiliary 2-d scalar field \Il( P) m (1)
and consider the action

/dz J—g® [ \/(€+p—1() (€+)c'i—p—2) (@=2-2/2Re {§10) <, 730, )
Y tm

1l+p—-1)(l+d—p—2) @) |2 rd=2r a
- — ,,,,2 ‘\Il ‘ + —_ 1)!Aa;f,m~’4£7m )

(3.47)
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which is classically equivalent to the original action Séptgl); a fact that becomes evident
after putting the auxiliary field on-shell,

1 (d—2p+2)/2 b )
= — EabFim - 3.48
meo2yp-D){l+p-1)(l+d—p-2) e, (3.48)

Integrating out A7, in S'épn:l) instead,

(p—1)! —(d—2p-2)/2 | _ab d—2p—2 |fr|
a — a _ a g \p
At \/(€+p—1)(€+d—p—2)r BT J

results to the canonically normalized reduced action
(o1 1 =) mae 1o 5 12
S0 = [/ oo - WO ] e
with the potential given by
5 (E+p—1)(€+d—p—2)+(d—2p)(d—2p—2) o d—2p—2

(p) _ _ a
Ve () = r2 4r2 fal 2r Dar (3.51)
_tp-D(Etd-p-2) ([d-2p)[d-2p-2), d—2p—2(fify)
N r2 4r2 " 2r 2f

In fact, this is the same as the potential in eq. (3.46) for the p-form modes after replacing
the rank of the p-form with its dual on the sphere,

p—o>p=d—p—2. (3.52)

More collectively, the p-form perturbation potential can be rewritten as

(C+i)(E+d=j=3) ([d=2j-2([d=2j-4) , d-2-2

G) (o a
Vil ) = 72 4r? “ 2r Dar (3.53)
_(€+j)(€+d—j—3)+(d—2j—2)(d—2j—4)f+d—2j—2(fth)/ '
N r2 4r2 " 2r 2f

where the index j is either equal to p, for the p-form perturbation modes, or equal to
p=d—p—2, for the (p — 1)-form perturbation modes. This nicely also captures the spin-1
vector (j = 1) and scalar (j = d — 3) sectors of eq. (3.17) and eq. (3.24) respectively, as
well as the spin-0 scalar (j = 0) sector of eq. (3.4).

3.4 Spin-2 perturbations

Before writing down the relevant action for gravitational (spin-2) perturbations, let us
first study the decomposition of the metric perturbations hy, into irreducible SO (d — 1)
d(d+1)

representation and the construction of gauge invariants. The ==~ components of h,, are

rearranged according to

hab (ZL‘) = Hy (IL‘) )
haa (z) = DAH® () + 1Y) (2) (3.54)

hap (2) = 1% (K () Qap + DaDp G (2) + Diahly) (2) + by (@)

,15,



into seven SO (d — 1) scalars
Hyp(z), HY(z), K(z) and G(z), (3.55)
three SO (d — 1) transverse vectors carrying d — 3 degrees of freedom each,

Y (2 and hY) (z ,
o @ Y @ 556)

DY) (@) =0, DY) (z)=0,
and one SO (d — 1) transverse symmetric tracefree tensor carrying % degrees of
freedom,
TT TT TT
WGy (), DAY () =0, Pa{)) (@) =0. (3.57)

In four-spacetime dimensions, there is no analogue of hfL‘TBT ) (x), which vanishes identically.

Under infinitesimal diffeomorphisms z# — z#+&H (x), the metric perturbations transform
according to

Sy = Vo + V. (3.58)

Decomposing the d gauge parameters &, into SO (d — 1) irreducible representations to three

scalars, &, and €8, and one transverse vector, 51(4\/)’ DA£f4V) =0,

(@), €a(z)=Dat® (2)+EV) (2), (3.59)

the gauge transformation properties of the various SO (d — 1)-decomposed components of
huu can be read to be

2
0¢Hap = Do&p + Dp&a, SeHS) =€, + D,e® — ;?“af(s) ;
2 2 1 2
0K = =r@ 2~ DDA 5:G = = ¢0)
£ T'T £a+d_2r2 A f ; 13 ng )
\% vy 2 v V) 2 T
O s = 20, sl =0,
(3.60)
One sees, in particular, that the transverse symmetric tracefree tensor is gauge invariant,

while H(gs) , G and h((lv) are redundant degrees of freedom. Instead of fixing the gauge, let us

work with gauge invariant quantities. For tensor modes, this is just the transverse symmetric

TT . . T
tracefree tensor hf4 B ). For vector modes, the gauge invariant combination is

1
Hiw = hed = 5r°Dahy. (3.61)
Last, for scalar modes, there are two sets of gauge invariant combinations,

Hao = Hap — 2D(aHl§)S) + D(a (TQDb)G) )
1 A 2 (3.62)
K=K - DaD G+ 1" DyG — ;raH,g ),
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In performing the 2 4+ (d — 2) decomposition of the field, we expand in scalar, transverse
vector and transverse symmetric tracefree tensor spherical harmonics [87, 109, 110],

Hab (LU) = Z H(zb;é,m (t7 T) Y'Z,m (9) )

{,m

= Z Icf,m (t7 T) Yé,m (9) )
{,m

(3.63)
1Y ( ——}:1@gnlt7qyﬁ2m(@,
Z h YAB é)m (9) .

We now look at an explicit action. Solely on the premises of working with equations of
motion that are at most second-order in the derivatives, the most general such local theory
of gravity is Lovelock gravity [112]. Treating General Relativity as a low-energy effective
field theory, one can write down an infinite number of higher-order curvature corrections in
the gravity action [113]. As an elementary analysis though, we will focus here to General
Relativity, described by the Einstein-Hilbert action. Perturbations around an asymptotically
flat vacuum background will then be described by the massless Fierz-Pauli action,

1 1
ﬁm:/ﬁ%%ﬁLEVMWV%W+VMWV%W—VMVWW+2VMW%, (3.64)

where we are using canonical variables, i.e. the perturbed metric around a background g,,,
is gf}ﬂl = g + V327Ghy,. In the presence of matter and other radiation fields, e.g. for
a charged black hole, one should furthermore add the corresponding perturbations in the
above action, which will also involve coupling of background stress energy-momentum tensor
to gravitational perturbations.

Let us ignore for the moment other fields in the system and focus to this pure gravity
quadratic action. These other fields would ultimately modify the potentials we will present
below by additive pieces and also result in sources in the equations of motion. Inserting the
spherical harmonic expansions of the metric perturbations as described above and after a
few manipulations, we find the following decoupling of the tensor (“(T)”), vector (“(RW)”)
and scalar (“(Z)”) modes

60— 3 (5(0) 4 500 4 502)

hgn{f

St = [ @ay/=g@ 2] = S DA, ~ 2D,

1Ll +d-3)+2(d-3) h , (3.65)
2 r?

1 a ¥ a

1+ ((+d—4) - a a |2
_ 5 ( 742 %a;ﬁ,mH&m —4 raHf,m’ > :| ’
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em /d2 (@) 2{—D Habit,m D H o+ DeHabsem DPHGE —Re{Da"r’:le,meHZ%}

— d—2)(d—3 _ _
- fDaHg7mDaHg,m+ ();)Da/cg,mpa/cg,m —(d=2)Re{ Doy m (DyHGh— D" Hom) }
d—2 _ ~
— = =Re{(DaHem+(d~4) DaKem) (rHim —r"Kem) }
140(6+d—3) /.- a -
5 G (R Mt~ Mol = (03) (A=) Kl =203 Re{ Flmm ) |
(3.66)
In the above expressions, we have introduced the notation
Fioa =DM}y — D"Hi v, Hom = garHim - (3.67)
3.4.1 Tensor modes
We begin with the easier case of the tensor modes and perform the field redefinition
(T)
v
(T) {,m
he7m - W . (3.68)
The resulting action after integration by parts takes the canonical form
Sin) = /d2 {—D vy Drwt) 4@ (r) g, ‘ (3.69)
with the tensor modes potential given by
((l+d— 2(d— d? —14d + 32 d—
Y0y - (=9 +2(d=3) | £32 L =6
r2 4r2 2r (3.70)
_£(£+d—3)+2(d—3)+d2—14d+32f+d—6(ftfr)’ '
N 72 472 " 2r  2f;

3.4.2 Vector (Regge-Wheeler) modes

Next, for the vector modes we follow a procedure similar to the scalar modes for the spin-1

(R)

perturbations. We introduce an auxiliary Regge-Wheeler variable ¥, and consider the

following action [87]

(RW / dz [ e (r) (a-6)/2p, { W) <€ab;;gn 4 mtﬁ%)}
2 ’ r ft ’

1Fy(
A (o )]

(3.71)

with
Frry=(+1)(l+d—4)—2(d—3)rer® —2rDgr®. (3.72)

For Schwarzschild-Tangherlini black holes, Fy (r) = (¢ — 1) (¢ + d — 2) becomes a constant.
This alternative action retrieves the original action S;”XV for the vector modes after
integrating out the auxiliary field,

(d-2)/2 3
gtwW) _ T~ | Fab Tt HE | 3.73
E,m 2F€ (T) € b f,m ft E m ( )
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By integrating out the fields H7 , instead,

p—(d—6)/2 d—2 F)(r) Jr| ¢ ®W)
o L |.abp, 4o ( £ > flet, 3.74
tm 2F, (r) [5 b o 2, ™)\ 5 (3.74)

(RW)

{m >

we end up with a canonically normalized action for the field ¥
SV = / d2a/—g@ [—D T paggty) fvg(RW )| o } : (3.75)

with the Regge-Wheeler potential given by

l+1)(l+d—4) (d—4)(d—6) d+2
r2 + 472 Fal

F) (d—4 F] EN'l . F
e — LDy,
2Fg< r +2F£) (2F4) Y

For Schwarzschild-Tangherlini black holes, the terms in the second line are zero.

vt () =

(3.76)

3.4.3 Scalar (Zerilli) modes

The first observation to find the master variable relevant for the gravitoelectric response of
the black hole is that the scalar modes 7—[ m are, in fact, auxiliary fields. To see this, we
break down the three independent components of H m into the trace Hym = gabH and
two fields Ay m and By, that compose the traceless part as

a a 1 a
H?ﬁn = AE,mIél)w + Bé,m-[(<2)b> + 59 bH&m, (377)
with ) 5
(ab) __ azb r? <ab) (a,.b)
I(1) ft v+ — fr , (2) = mt r (3.78)
the two independent STF rank-2 tensors in 2-d, satisfying
Ty I = 6 Inyay IS = & Loy 15 = —o
(W)(ab)d (1) b (1)(ab) (2 b > 2)(ab) (2 b
/ (3.79)
perla — _Jt Iy Els Ir 1) Derlal) — —Q, [ I eI
W fe\ fe @ fe N Je

Then the kinetic term of the scalar modes Hgbm turns out to include no time-derivatives,

- D Habtm D HE o + DeHabem DPHES,
i i (3.80)
—Re {Dam,meH;ﬁm} + 51)(z7¢e71111)‘l71@,n, > ~2eqRe { D" Ay m D Brm }

deeming all components of Hzm auxiliary. More explicitly, the full Zerilli action for the
scalar modes reads, after some integrations by parts,

Sy = /d2 —g@ 2 (L0 L+ D+ T+ L7+ 20D (3.81)
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Mz (r)

rAB) _ g abp, {Daflg,meBe,m} _

/,m
LRE) = (‘1_2)2(‘1_3)1)&/6 mDpm + = Lf (r) Kol
G
ﬁxan)_ e( )\H Wl
(ABK) _ (ab) | p  r(ab)
i (d 2) Re{(Ag,mI(l) + Beml ) ) D Db’Cfm} (3.82)
2(d—2 - r
+ LRe { (Ag m?® + \/JTBz ml ) DKy m}
r ' f 7
[(ABH) _ _d — 2Re { (A&mr“ + \/EBg,mt“> DaHz,m} )
r i
d—2 _ 2d -5 N
‘Cgfan) 5 i » PN {Hﬁ,m [_DaDaK&m — . TaDaIC&m + igr)lcﬁ,m} } )
where we have defined
— rft ( />/ a rft/ a
My(ry=t(t+d—3)—|(d—2 - =~ 1Dar”,

e (r)=£( ) [< VT ) et e
Ge(r)=L(l+d=3)+(d—2)(d—3)rar” + (d = 2) rDer®, (3.83)
Lo(r)=(d—4)[(d—2)¢(l+d—3)—Ge(r)],

N (r) = [(2d —5)£(0+d—3) — Gy(r)] .

d—2

By integrating out the auxiliary variables A/, Bym and Hym, it is then possible to write
down a Schrédinger-like equation of motion for a master variable built from Ky, and its
derivatives. The procedure is quite cumbersome and not enlightening for generic f; and f, so
we will just write down the results for the Schwarzschild-Tangherlini black hole, for which
fi=fr=1—(rs/r)¥ 3 = f(r) and the above functions reduce to constants,

My=(({+d—3), Li=(d-3)(d—4)[((t+d—3)—(d-2)], -
Gr=0(l+d—-3)+(d-2)(d=3), Ny=20({+d—3)—(d—3). (3.84)

After all, this is the only relevant case according to our current setup for the gravitoelectric
response of an asymptotically flat and electrically neutral general-relativistic black hole
in vacuum.

The Zerilli master variable ‘11( ) is constructed as [87, 88, 106-108]

m

(Z) _ 4fT‘d%4
bm o Hy(r)

V(d=2)(d=3) A\l (£ +d—3) Vim, (3.85)

_ TICZ,m ( ) Ir . l a rft
Vim = 2@ oM, \/; {Agm-f— “Hem frT D, (T’Cg,m) 2ft/Cgm , (3.86)

where we have defined

MN=(-1)(+d-2) (3.87)
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and
r)+(d—2)rf(r)

Hy(r)=20((+d—3)—2(d—2) f(
S)d—3 (3.88)

r

:2)\g—|—(d—1)(d—2)<r

It satisfies a Schrodinger-like equation,
02 — 02— fn v P e =0, (3.89)
with the Zerilli potential given by [87, 88, 106—108]

_2f(r) [2Ac+ (d—1) (d = 2)] [He (r) +2(d — 3) Al
r Hg2 (r) ’

Vé(z) (r) = XQ(O) (r) (3.90)

where VO (r) is the scalar field potential in eq. 3.4.

4 Love numbers of spherically symmetric black holes in General Relativity

In this section, we will explicitly compute the static Love numbers associated with perturba-
tions of general-relativistic spherically symmetric black holes, for which

fitry=fr(r)y=f(r). (4.1)

We will begin by presenting the definition of scalar, p-form and tidal Love numbers through
the worldline EFT. We will proceed to study p-form and gravitational perturbations of the
higher-dimensional Schwarzschild-Tangherlini black hole. The matching onto the worldline
EFT definition of the Love numbers will be achieved by employing a near-zone expansion
of the relevant equations of motion, a procedure that will give rise to a closed expression
for the dynamical response coefficients for each type of perturbations to leading order in
the near-zone expansion. In the static limit, we will find that static Love numbers have a
very rich structure. In particular, the behavior of the static Love numbers of the higher-
dimensional Schwarzschild-Tangherlini black hole will be the expected one, as dictated by
power counting arguments within the worldline EFT, except for a discrete tower of resonant
conditions associated with the orbital number of the perturbation, for which the static Love
numbers will turn out to be exactly zero. Although not necessary for the strictly static
responses, the near-zone expansion of the equations of motion will be crucial in revealing
the emergence of enhanced symmetries that precisely addresses these examples of “magic
zeroes” in the black hole response problem. These computations have already be done in
ref. [87] for the cases of scalar, electromagnetic and gravitational static perturbations of the
higher-dimensional Schwarzschild-Tangherlini black hole. The new element of this section,
besides the study of these response problems within the near-zone expansion, is the study
of the p-form Love numbers, with 2 < p < d — 3, which to our best knowledge have so far
not been studied in the literature.

We will also study the spin-0 scalar and spin-2 tensor modes of the higher-dimensional
Reissner-Nordstrom black hole. A similar study was conducted in ref. [91]; we will here prove
their conjectured expressions for the tensor-type static tidal Love numbers of the electrically
charged black hole by explicit analytical calculations.
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4.1 Definition of Love numbers for relativistic compact bodies

The worldline EFT description of a compact body is based on its universal behavior of
appearing as a point-particle when viewed from very large distances. One can then describe
any compact body as an effective point-particle propagating along a worldline z# () that
passes through the center of mass of the body and is parameterized by an affine parameter .
This effective point-particle is then dressed with multipole moments accounting for finite-size
effects, that is, couplings of the worldline with curvature tensors accounting for deviations
from geodesic motion.

The worldline effective action for a spherically symmetric and non-rotating compact
body can then be written down as [26-31]

SEFT [l‘crm ¢] =-M / dT + Spulk [Qb] + SHnite-size [fcmy ¢] . (4'2)

The first term is just the minimal point-particle action for a non-spinning body, with the
affine parameter chosen to be the proper time 7. The minimal part of the effective action
also contains the bulk action, Sy [¢], which captures the dynamics of the long-distance
interaction fields, here collectively denoted by “¢”. For systems interacting via general-
relativistic gravitational (g,,) forces or scalar (®) or p-form (A,;. ,,) forces minimally
coupled to gravity, for instance, the bulk action would be

Sbu]k [g,@,A] :/ddl'\/ —g WR—i V@ Z /Jl “p+1F,u1---Up+l s (43)

with R the Ricci scalar and Fyy, iy, = (P + 1) Oy Apy.piyyq] the (p + 1)-form field strength.
In the presence of background interaction fields, this term is expanded around the background
to give rise to bulk interaction vertices. For example, for asymptotically flat spacetimes,
one writes g, = M + V327G hy,, and performs an expansion in the graviton field h,,. We
also remark here that we are omitting gauge-fixing terms that should be included before
performing EFT calculations.

The last term, Sfnite-size [Tem, @), contains non-minimal coupling of the worldline to
curvature tensors. In particular, the leading finite-size effects come from quadratic couplings
of symmetric trace-free derivatives of curvature tensors whose Wilson coefficients define the
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static Love numbers of each type of perturbation,

(0)
Sﬁmte size - SLove Love + Z SLove ’

S = Z%. / r 7 (g (1)) EO (e (7))

@) _ =[O0 ) L
S =3[ “o [ a7 € e (7)) € o (1)
(=2
B,(gr)
T 4.4
+ 22@ /dTBL|b (Tem (T))B(g )le(xcrn (7)) (4.4)
J(gr)
- / 7 T (e (1) T (e (1) .

S =3 [%, L[ s, o (1) EPH (g ()
(=1

B,(p)
CZ 1 /dT B(p) («Tcm (T)) B(p)L\bl...bp («Tcm (7_))] '
20 p+1) B,

In the above expressions small Latin indices are spatial indices and L = aj...ay. The

. . . . - da;gm
symmetric trace-free tensors appearing are then defined in terms of the d-velocity u# = ==

and a set of local vielbein vector e,

satisfying wu, el = 0.5 More specifically, for spin-0
(scalar) perturbations,

eV = e etV V@ (4.5)

1

and th‘)) defines the £’th static scalar Love number. For spin-2 (gravitational) perturbations,

(gr) _ He—2 (gr) (gr) _  p v, p.o
Epl=ehtea s Vi "'VW—QEae_mz)’ E;’ =u'e uley Cupo ,
(gr) _ /u Ho—2 (er) (gr) _ , u v p,o
Bry =ebt - a5V -V oBy s Bae = uteqeyed Cuypo (4.6)
(er) _ 1 He—2 (gr) (gr) _ u v _p.o
7'L|bC Cay -+ Car oV (ur Voo Ty paer Labed = etepeleqgCrupo s

with C,p0 the spacetime Weyl tensor, and ng’(gr), C’f’(gr) and CZ’(gr) define the ¢’th static
gravitoelectric, gravitomagnetic and tensor-type tidal Love number respectively. We note
here that tensor-type tidal perturbations are non-trivial only in d > 4. Last, for p-form

perturbations,
(») _ LM1 He—1 1 2 Hp+1
gL|b1_,_bp_1 =€q; -+ -Cap_ lv<u1 "VMZ—IEagﬂ)l‘..bp_l? Ealag...ap =Uu€y---€ap FMle Hpt1)
(») _ Nl IW 1 [N Hp+1
BL\bl...bp =€y Cay_ 1V< Vuﬁlea£>b1~~vbp7 B(11¢12~~-ap+1 €a; €as -+ Capt1 me Hp10

(4.7)
and C’j’(p ) and CZB’(p ) define the static electric-type and magnetic-type p-form Love numbers
respectively.”

SFor the current case of spherically symmetric and non-rotating bodies, for which u,u" = —1, e/ = 6% +
o uyput.

"The “electric/magnetic” terminology used here is borrowed from the p = 1 case, although these are not of
electric or magnetic nature for p > 1.
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Dynamical Love numbers can also be defined in a similar fashion by operators involving
“time” derivatives D = u#V . For instance, the first dynamical Love number is defined by
the Wilson coefficient in front of the quadratic coupling of the worldline with the operators of
the form DEDE. The full dynamical scalar Love part of the finite-size non-minimal couplings
in the worldline EFT action for spherically symmetric and non-rotating bodies is then

Wit = 3 / ArD"EY (e (7)) D"EO (zem (7))
£=0n=0 (48)

dw C(O
- Z/ 2€| 1(10) (—W) E(O)L (W) )

where in the second line we have switched to frequency space, gathering the dynam-

(0)

ical scalar Love numbers Ce;n in a frequency-dependent Wilson “function” C’éo) (w) =

o (=1)" Q"C’( ), a completely analogous analysis can also be done for the dynami-
cal grav1toelectrlc, gravitomagnetic and tensor-type tidal Love numbers, as well as for the
dynamical electric-type and magnetic-type p-form Love numbers.

4.2 Matching Love numbers

With this definition of Love numbers at the level of the worldline EFT action, their computa-
tion reduces to employing a matching condition onto a microscopic quantity, “microscopic”
here referring to the full classical computation, for example, within the framework of black
hole perturbation analysis of General Relativity. While an on-shell matching onto scat-
tering observables is possible [46, 47, 114], we will employ here the off-shell “Newtonian
matching” [45, 77, 86], due to its applicability at the level of the equations of motion where
enhanced symmetries are more directly manifested.

4.2.1 The EFT side

From the EFT side, the Newtonian matching condition consists of switching on a background
Newtonian source for the type of interaction field under investigation, characterized by a

spin-index s and set of N spatial indices a = {ai,...,an} (see table 1),
- {—s)! -
9 (0.0 = 8 . + 008 ). 8w = g 0 )

and matching the 1-point function of the perturbation,

9 B SN Cp (w) \
(368 (w, %)) s + ﬁ® . (4.10)

“source” “response”

In the above diagrammatic expression, the double line represents the worldline, straight lines
indicate propagators of the interaction field 6¢§f), a cross (“x”) represents an insertion of
the background field ¢_>§f) and wavy lines represent graviton propagators, whose interactions
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Type of interaction field ‘

(s)

s a
Scalar 0 0 P
Electric-type p-form 1 p—1 Af;(f’.)ap,l =uttel?.. .6557114#1#2”.“1)
Magnetic-type p-form 1 D AaBI’g??zp =elel2 et Ay
Gravitoelectric 2 0 HE = %u“u” Py
Gravitomagnetic 2 1 HE = %u“eZhLvy)
Tensor-type gravitational | 2 2 ”HZ; = %e‘{ aez> hLTy)

Table 1. The various types of interaction fields gbgs) entering the worldline EFT and the values of the
spin-index s and the number N of spatial indices that characterize them. The superscripts “(V)” and
“(T)” indicate the usage of the gauge invariant vector and tensor modes of the gravitational field.

with the worldline come from the minimal point-particle action and capture relativistic
corrections; for instance, for asymptotically flat spacetimes, in a body-centered frame where
k= (t,0) and u* = (1,0), we have —M [dr = —M [dt /1 — V327G hgo, giving rise to
an infinite number of graviton-worldline interaction vertices after expanding the square root.
Furthermore, in the second equality we have demonstrated how the worldline EFT definition
naturally performs a source/response split, unambiguously distinguishing between relativistic
corrections in the “source” part of the field profile and actual response effects [45, 47]. This
splitting is equivalent to the method of analytically continuing the spacetime dimensionality
d [86] or the multipolar order ¢ [43, 45, 47, 115], as the “source” and “response” diagrams then
have indicial powers r* with a = ¢ and a = — (¢ + d — 3) respectively, while the relativistic

a—n

corrections on each branch have the form r with positive integer n.

In the Newtonian limit, in a gauge where the interaction fields 5¢§f) are canonical
variables up to an overall normalization constant Np;op, in momentum space (see table 2)
and in the body centered frame, the relativistic corrections are suppressed and one ends
up with the characteristic bi-monomial form

(o7 @) > |+ o
(4.11)
_ (6 - S)' 14 22T (E + %) Cy (w) &Lla (w) 2L

O

14 m(d=1)/2

In the above computation, we used the fact that the Love numbers are time-reversal symmetric,
Cy(—w) = Cy(w), since they appear in front of local operator and, hence, only capture
conservative dynamics. We remark here that the absence of dissipative effects is implicit
in the use of the in-out formalism above, but can be treated through the in-in (Schwinger-
Keldysh) formalism [47, 116-121].
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) 1 +1
o |
Aaila, 6[a1 Og] +1
H L Tatry
H % -5
H], 57,05 +5

Table 2. The normalization of the momentum space propagator <¢)£,S)q§(s)b> (p) = NpropP = ¢ of the
various interaction fields.

4.2.2 The microscopic theory side - Near-zone expansion

From the microscopic theory side, the task is to solve the linearized equations of motion
arising from perturbation analysis around a background geometry and in the possible presence
of other background interaction fields {gb;(f)’o}. The setup consists of a compact body which is
adiabatically perturbed by another distant, weak and slowly varying configuration of charges
and currents, e.g. another compact body, sourcing a perturbing set of fields {<Z>§f)} The full
equations of motion are typically of the form D(O)éqb;(f) = ja(ls) [QZES)}, where 0© represents
a kinetic operator evaluated in the presence of the background fields and jés) is a current
sourced by the perturbing configuration.

In order to match onto the worldline EFT 1-point function, one should work in the
appropriate regime where the EFT is accurate. This is the near-zone region, defined by the
conditions that the wavelength of the perturbation is large compared to the size R of the
unperturbed compact body and the distance from it [44, 62, 75, 122-124],

WwR<1l and w(r—R)<1, (4.12)

with r a radial distance whose origin is the center of the body. The first condition follows from
the fact that the worldline EFT arises by integrating out the short-scale degrees of freedom
associated with the internal structure of the body. The second condition revolves around
the fact that the worldline EFT is a one-body EFT, ignoring the dynamics of the second,
perturbing, body in the binary setup. Within the near-zone region, one then expands the

(s)

kinetic operator (%) in the above phase space variables and sets Ja~ = 0, the presence of the
source being encoded in the asymptotic boundary conditions. More specifically, the large r

behavior within the near-zone regime takes the form, in frequency space [8, 9, 33, 34, 45, 47, 77]

8 20+d—3
5¢ r—00 Z [1 + k(W) (f) ] ¢L|)a( )k (4.13)

where Qg(lj)a are the multipole moments of the perturbing source and ky (w) are the response
coefficients, i.e. the dimensionless Green’s functions associated with the response problem.
These contain both the conservative, time-reversal even, and the dissipative, time-reversal
odd, effects which in the current case of a spherically symmetric and non-rotating unperturbed
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body can be identified with the real and the imaginary parts of the frequency space response
coefficients respectively [43, 77, 114],

k™ (W) = Re {ky (w)} = +K7° (—w)

) . 4.14
K™ () = Im {k (@)} =~k () | 1

In particular, matching the worldline EFT 1-point function eq. (4.11) onto this microscopic
computation shows that the Love numbers Cy (w) are precisely equal to the conservative
response coefficients up to an overall constant,

-2 d—3
2T (6 + T) Cy (w)
@102 PrOD T30+ d—3 —

koS (w) = = kbove (w) (4.15)

4.3 p-form and tidal Love numbers of Schwarzschild-Tangherlini black holes

We can now start computing black hole Love numbers as per the above definition. We
begin with the case of the higher-dimensional electrically neutral Schwarzschild-Tangherlini
black hole for which

Fr)y=1- (“)“ , (4.16)

T

4.3.1 p-form Love numbers

We will first consider p-form perturbations, which are captured by the master variables
U0, with j labeling the SO (d — 1) sector of the perturbation. In particular, j = p for
co-exact p-form modes and j = p = d — p — 2 for co-exact (p — 1)-form modes on the
sphere. Equivalently, j is equal to n dualizations of the rank p of the p-form gauge field
for the co-exact (p — n)-form modes. In this notation, the cases of scalar field and spin-1
perturbations can also be incorporated via

Spin-0: ¥ = v i
1 \% =d—3 S ’
Spin-1 : \IN 5 TN T

with of course no analogues of co-exact (p — 1)-form modes for the p = 0 scalar field.
Performing the field redefinition

)
‘IJZ m
o = %, (4.18)
r 2

introducing the variable p = r4=3 and defining A = p>f = p(p — ps), the radial equations
of motion for p-form perturbations can be rewritten as

og @) = i(f + 1) )

{,m {m >
2,2 (4.19)
o) =9,00,— —L o2 4 P52,
full — P (d— 3)2A t J
where we have also introduced the rescaled orbital number and SO (d — 1) sector index
. l A J
= — = —— 4.2
l T3 and T3 (4.20)

respectively.
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Let us now solve these to extract the Schwarzschild-Tangherlini black hole Love numbers
at leading order in the near-zone expansion. There are two near-zone splittings that are of
particular interest, controlled by a sign ¢ = *£1,

@g%l =0 A0, + VO(U) te Vl(a) ;

2
VO Z P e P (a1 5)
0 4AB y + p](Uﬁ t+]> (4.21)
2.2 .22 A
o = TP —2Rar - o2 s,
(d—3)"A P
where 3 = 33@3 is the inverse surface gravity of the d-dimensional Schwarzschild-Tangherlini

black hole and € is a formal expansion parameter. Note that we have introduced a 9; term;
even though this was not present in the original equations of motion, it is still subleading
in the near-zone expansion since it does not alter the near-horizon behavior of the solution.
This might look like making the equations we want to solve more complicated than necessary,
but introducing this term actually makes the problem simpler in the sense that we can now
analytically solve the leading order near-zone equations of motion in terms of hypergeometric
functions.
Indeed, after separating the variables,

oY) (t.p) = e RY) (p), (4.22)
and introducing the dimensionless radial distance from the event horizon,

z=2"Ps (4.23)
P

the leading order (¢ = 0) near-zone radial equation of motion reads

d d  fPw? (Bw+2i0))? ) P )
4 — R = + 1R 4.24
dr " (1+2) dx dx 4(1+z) wé,m “e+1) w,m (4.24)

and the solution satisfying ingoing boundary conditions at the future event horizon (see
eq. (2.7)) can be analytically found to be

. . —ifw/2
©) p(7)in x
R =R
@ (15)
x (1+ x)faj oF7 (é+ 1—o07, —0— 0j;1 —ifw; —:c) .

(4.25)

8

Expanding around large distances® reveals then that the response coefficients at leading

order in the near-zone expansion are

D=2/ — 1)Ll +1—0))T({ + 1+ 0] — ifw)

5 e R (4.26)
L2+ 1D)I(— — o)) T(—L+ 07 — ifw)

kY (w) =

At this point, let us remark that the matching has been done directly at the level of the master
()

/. m Which are built at most from derivatives of the actual fields in terms of which

variables ®

8Useful formulae involving the hypergeometric function and the I-function can be found in appendix A.
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the response problem is defined. Therefore, analytically continuing the orbital number ¢ or the

spacetime dimensionality d is sufficient to unambiguously perform the source/response split.
()
f,m
equal to the actual response coefficients we are looking for, up to overall non-zero matching

The above coefficients in front of the decaying branches of the master variables ®;’ are then

normalization constants. For scalar and electromagnetic perturbations, for instance, [87]

K= () = £ (w)

14

For the more general case of p-form perturbations, there is a co-exact p-form sector and a

@) =k V), kT ) = kY (@)

co-exact (p — 1)-form sector, serving as the p > 1 generalizations of the magnetic and electric
sectors respectively that one encounters for electromagnetic perturbations. For these,

l+d—p-2

= B, j=d—p—
B ) =1 ) R ) = =

kP () (4.28)
where the superscripts “B” and “£” here refer to these extensions of the magnetic-type and
electric-type perturbations, although this is just a convention of labeling things; these are
not actual magnetic or electric in nature. For the sake of simplicity, however, we will keep
referring to eq. (4.26) as the response coefficients associated with each type of perturbation.

In the static limit, the response coefficients in eq. (4.26) become purely real and correspond
to the static Love numbers for p-form perturbations,

KD () ) 2+ 1- N2 +1+ 7)sinm( —j) sinjr(g +7)
7020+ 1)T(20 + 2) sin 27/
TP 14))
220+ 1)I(20 4 2)

(4.29)

[tan 7l cos? 775' — cot 7l sin® W}} .

Ignoring at the moment the specific values of j’, the static Love numbers appear to exhibit the
expected behavior. Namely, power counting arguments within the worldline EFT for General
Relativity as prescribed in section 3 of ref. [76] show that the static Love numbers should be
non-zero and non-running for generic 20 ¢ N, while they are expected to exhibit a logarithmic
running for 20 € N, seen above by a diverging behavior either as tan il (for IS N) or as
cot 7l (for leN+ %) [77, 86, 87]. However, taking into consideration the explicit possible
values of 7 we see a very rich structure depending on the values of the rank of the p-form
gauge field. First of all, for the static scalar, static magnetic and static electric susceptibilities

L0 _ Ff@* 1) ]
¢ 2 (20 + 1)T(20 + 2)
Loy _ D1 = g1+ gy sina(f - gly) sinm(C+ 355) (4.30)
¢ 7 D(20 + 1)0(20 + 2) sin 2mé

2(HT2(1 + 2) i

nmt,

and KV = . -
¢ 27 (20 + 1)I(20 + 2)

respectively, which agree with ones already obtained in ref. [87]. Hence, there are still hints
of fine-tuning coming from the vanishing of the static scalar susceptibilities (5 = 0) and the
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static electric susceptibilities (j = d — 3) whenever ¢ € N. We also get the opportunity to see
how the electric/magnetic duality is no longer present in d > 4, namely, the static magnetic
susceptibilities (7 = 1) vanish under the different resonant conditions 0+ d%S € N, which

are always non-overlapping with the / € N case in d > 4.

For generic 0 < p < d — 3, we can break down the investigation of the results into three
classes, after also noting that 0 < 7 < 1. The first class of p-form perturbations is when
j is an integer, i.e. when j = 1. This corresponds to p = d — 3 for the co-exact p-form
SO (d—1) sector or p = 1 for the co-exact (p — 1)-form SO (d — 1) sector. The latter is
simply the electric-type electromagnetic response we saw above. The former is a new category
of magnetic-like-type perturbations that emerges in d > 4 and whose Love numbers are again
identical to the static electric susceptibilities. These perturbations are just the Hodge dual
version of the electric-type electromagnetic perturbations and they are merely a reflection
of the Hodge duality symmetry, F®+t1) — xF®+1) of the p-form action. The qualitative
behavior of static responses under p-form perturbations in this class is demonstrated in table 3.

The second class of p-form perturbations is when j is a half-integer, i.e. when j = %
This occurs only for odd spacetime dimensionalities, d = 5,7, ..., and now corresponds to
p = %2 for the co-exact p-form SO (d — 1) sector or p = 451 for the co-exact (p — 1)-form
SO (d — 1) sector, the two types of perturbations again being related by Hodge duality. The
static Love numbers for these cases read

_F2<Z+%>F2<é+%> ot — 1 1

(j=(d-3)/2)
ke / ) 1013 1.(G=0) ’
27 (20 + 1)T(20 + 2) 24043 . {

(4.31)

where, in the second equality, we used the Legendre duplication formula for the I'-function to
compare with the static scalar Love numbers. We therefore see that the behavior of the static
Love numbers for this class of p-form perturbations is opposite to that of the electric-type
Love numbers, namely, they are non-zero and non-running for 2/ ¢ N, they are logarithmically

running for / € N and they are vanishing for {eN+ %, see table 4.

The final, third, class of p-form perturbations contains all the other cases, for which
27 ¢ N. From the general expression for the static Love numbers in eq. (4.29), we see that
these are non-zero and non-running for generic g, they are logarithmically running for 20 € N
and are vanishing for i + 7 € N, see table 5.

Let us comment a bit more on what happens to the radial wavefunction for the various
behaviors of the static Love numbers. First of all, for generic ¢ and 7, the source/response
split of the radial wavefunction can be performed by means of analytically continuing the
hypergeometric function at large distances,

‘ R ) , 2041
@) |20 )+ 1 @) () 2 )| )

wl,m wl,m
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Range of parameters Behavior of kéj ) (w=0)
/eN Vanishing
/eN+ % Running
20 ¢ N Non-vanishing and Non-running

Table 3. Behavior of static Love numbers for the first class of p-form perturbations of the higher-
dimensional Schwarzschild-Tangherlini black hole, for which j = ﬁ is an integer. This class contains
the static scalar susceptibilities (j = 0) and the static electric susceptibilities as well as the Hodge
dual co-exact p-form SO (d — 1) sector of p-form perturbations with p = d—3 (j = d — 3). For
generic orbital number, the static Love numbers for p-form perturbations in this class are non-zero and
non-running. They are zero for integer 0= % and they exhibit a classical RG flow for half-integer /.
As we will see later, the static electric-type and the static tensor-type tidal Love numbers also behave

as prescribed here.

Range of parameters Behavior of kéj ) (w=0)
/eN Running
leN+ % Vanishing
20 ¢ N Non-vanishing and Non-running

Table 4. Behavior of static Love numbers for the second class of p-form perturbations of the

higher-dimensional Schwarzschild-Tangherlini black hole, for which j = %. This class exists only for

odd spacetime dimensionalities and contains the static magnetic susceptibilities in d =5 (j = 1). For
generic orbital number, the static Love numbers for p-form perturbations in this class are non-zero
and non-running. They are now zero for half-integer £ = dLLS and they exhibit a classical RG flow for

integer ‘.

with Rg,m (w)(j ) the strengths of the multipole moments of the perturbing source and

(j)source N Ps ¢ P — Ps oj—ifw/2
Zwl,m (P) =(1- ; T

X of (_E_ oJ, —0— 0+ ifw; —2@; Ps ) ,

Z(j)response (,0) _ ( B ps> —1 (,0 - ps)aj—iﬁw/2

(4.33)

s
wl,m D D

><2F1(é+1—aj,2+1—a§'+ww;2£+2; Ps )
ps =P

S

Therefore, the “source” and “response” parts consist in general of two infinite series in a large
distance expansion. For generic ¢, these series are non-overlapping, hence the non-vanishing
and non-running Love numbers. For 2¢ € N, the “source” series begins overlapping with
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Range of parameters Behavior of kéj ) (w=0)

f+§€NORg—§€N Vanishing

20eNAND/+)¢N Running

20 ¢ N AND 0+7 ¢ N || Non-vanishing and Non-running

Table 5. Behavior of static Love numbers for the third class of p-form perturbations of the higher-
dimensional Schwarzschild-Tangherlini black hole, for which 5 = d%?, is neither an integer nor a
half-integer. This class contains the static magnetic susceptibilities (j = 1) in d > 6. For generic
0= #, the static Love numbers for p-form perturbations in this class are non-zero and non-running,
while they exhibit a classical RG flow for 20 € N. They are now zero along the two branches of
non-integer ? cases 0 +jeNor / —j e N. As we will see later, the static magnetic-type tidal Love
numbers also behave as prescribed here, with the resonant conditions for vanishing Love numbers

mimicking those for the static magnetic susceptibilities, for which j = 1.

the “response” series. One way to see that this introduces a logarithmic running is to set
20 =n —¢ and expand the wavefunction around small €. One then observes that both the
“source” series and the Love numbers develop single poles but in precisely such a way that
two poles cancel each, leaving a total wavefunction with no poles but involving logarithms
coming from terms of the form p2+1 = prtl (1 —elog p) + O (£%). From the worldline EFT
side, the Love numbers get renormalized from diagrams of the form

068 > 9741 i‘@ : (4.34)

coming from the (2@ + 1)’th relativistic correction to the Newtonian source [28, 45, 47, 76].
To be more explicit, whenever 20 € N, the radial wavefunction reads

=)

G _ R, (@) ( p— ps)ai—wm
wl,m T (1 — Zﬂw) ’

. { (p_%)f?ﬁ (Lo @I-B

Ps =0+ 1+ 0)—ifw—k) (20)k!

+ﬂ(j) (w) (p_pS)_Z_li A(E+A1 _0'5)14 A(22+1)! I
¢ ps S (—l+0j—ifw— k) (20 + 1+ k)lk!

y [1ogx+¢(k+1)+w(2é+2+k)_¢(é+1_a§+k)_w(—éwj—ww—k)”,

(4.35)
where we have also identified the relevant S-function associated with the running Love
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numbers,

_ dk? (w)

: 1) Pl 41— oT(l+ 14 0] — ifw
50 () — 1P Tl i) )

_
dlogL — (20)1(20 +1)! T(~f - o))T(~L+ 0] — ifw)

(4.36)

Last, for the resonant conditions 0+ oj € N, we see that the -function above vanishes,
collapsing the radial wavefunction to a (quasi-)polynomial. More generally, even for 27 ¢ N,
we see that the hypergeometric function in eq. (4.25) reduces to a polynomial,

, o —ifw/2 roi o N\ (P+1—0)
R(J) _ plin (w)( x ) (1—|—.%')_U] Z <€+O—J> gwn

£7 ~ ~ - /67 _ 3
o l+ojeN . 1+z n=0 n (1 Zﬁw)n

(4.37)
It is this (quasi-)polynomial behavior that is characteristic of the vanishing of the Love

numbers.

4.3.2 Tidal Love numbers

For the gravitational (spin-2) response of the Schwarzschild-Tangherlini black hole, most of
the analysis turns out to be exactly the same as the p-form perturbation analysis above for
particular values of p. More specifically, after performing the field redefinitions

(T) vy (RW) vy
— ) )
D) m iz and @, 0 =—r, (4.38)
r2 ro2

the equation of motion for the tensor modes becomes identical to the equation of motion
for the scalar field perturbations, eq. (4.19) with j = 0. The equation of motion for the
spin-2 magnetic-type (Regge-Wheeler) modes also takes the form of the p-form perturbations
equations of motion eq. (4.19), now corresponding to the value j = d — 2. Interestingly,
the magnetic-type and tensor-type gravitational perturbations of the higher-dimensional
Schwarzschild-Tangherlini black hole obey the same equations of motion as the co-exact
p-form and co-exact (p — 1)-form modes, respectively, for p = d — 2. The corresponding static
magnetic-type and static tensor-type Love number are therefore captured by the general
expression in eq. (4.29) with j = d — 2 and j = 0 respectively.

Consequently, the tensor-type tidal Love numbers and the scalar Love numbers of the
higher-dimensional Schwarzschild-Tangherlini black hole are exactly the same and behave the
same way as the Love numbers of the first class of p-form perturbations, see table 3. Similarly,
the magnetic-type Love numbers of the higher-dimensional Schwarzschild-Tangherlini black
hole behave the same way as the second class of p-form perturbations for d = 5 and the same
way as the third class of p-form perturbations for d > 6, see table 4 and table 5 respectively.

Let us also note that, since the master variables entering the gravitational perturbations
equations of motion are built at most from derivatives of the actual fields in terms of which the
response problem is defined, the response coefficients in front of the decaying branches of these
master variables are proportional to the actual response coefficients we are looking for, namely,

_€+d—2

T,
b @) =P @) k™ (@) = -

K@ () . (4.39)
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Unfortunately, we have not been able to find a useful near-zone truncation of the Zerilli
equation of motion. At least for static perturbations, the Zerilli equation has been shown in
refs. [88, 106] to reduce to a hypergeometric differential equation after performing a particular
Darboux transformation, see also refs. [87, 125]. Using this fact, the authors in ref. [87] have
been able to extract the corresponding static electric-type tidal Love numbers to be

@ 1 2(NHr2(i +2) oo LHd=3)({+d—2)

k= = = - anwl = ) 4.40
£l 12rT (20 + D)T(20 + 2) t(l-1) ¢ (1440)

where in the second equality we have demonstrated how the static response coefficients of the
Zerilli modes are related to the actual response coefficients associated with fields in terms
of which the response problem is defined [87].

4.4 Scalar and tensor Love numbers of Reissner-Nordstrom black holes

Next, we consider the higher-dimensional electrically charged Reissner-Nordstrém black hole,
eq. (2.8). To avoid dealing with coupled differential equations, we will focus to spin-0 scalar
mode and spin-2 tensor mode perturbations. The equations of motion for the scalar field
perturbations have the same form (see eq. (3.4)). As for the gravitational tensor modes,
even though there are no tensor modes for the gauge field perturbations to couple to the
gravitational tensor modes, one needs to supplement with the contribution of the background
electromagnetic field which comes from the Maxwell action,

d u full pofull v
Sfull /d fn{ 4FWF H]
1
) / ddx /=g {27TGFWF“” (h,wh“” - h2>} (4.41)

> Z / d*x g(2> d=2 [%GFWFW hyv) ] :

as well as an additional contribution from the Einstein-Hilbert action due to a non-zero

background energy-momentum tensor,

1
d full full
Siat / ¢ |:167TGR ]
1
D /ddejg |:— <huthV - h2):| (442)
d—4 2
> Z/CF —g@ pid- [ 2w G Fu F* B } .

Taking these into account, the equations of motion for the spin-0 scalar and spin-2 tensor
modes in the background of a Reissner-Nordstrom black hole turn out to be exactly the
same [91, 107, 108]. We can then follow the same footsteps as for the higher-dimensional
Schwarzschild-Tangherlini black hole. We employ the near-zone splitting analogous to the

= 0 eq. (4.21),
Ofuh = 95 A0, + Vo + € Vi,
N2 22,2 2 (4.43)
VOZ_(P+ p-) 3202, Vlz—rp "”2+P+ 2
4A (d—3)"A
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the d-dimensional Reissner-Nordstrém black hole. The leading order near-zone radial solution

where we have again introduced p = r?=3, and 3 = is the inverse surface gravity of

that is ingoing at the future event horizon has the same form,

RY) = RO (w) (1 ix> R (041,61 - iBw;—a) (4.44)
where now x = p’i —£ =, and the corresponding dissipative response coefficients and Love
numbers are extracted to be

KO () = KOL () 4 %00 ()
kO (w) = Ay () sinh 7w + O (B%?)
kéO)Love (w) = Ay (w) tan 7l cosh 7w + O (ﬁ2w2> , (4.45)

. . 2
204+ 1) |0+ 1 —ipw) _ 2041
Ay (w) = ’ _ ’ (p+ p—> '
ox[(20 + 1)['(27 + 2) P

Again, these vanish for integer /, now even beyond the static limit but always at leading order
in the near-zone expansion, as emphasized here by the O (ﬁQwQ) corrections that enter at
higher near-zone orders, while for other values of the orbital number they exhibit the expected
behavior based on power counting arguments; they logarithmically run for half-integer / and
they are non-zero and non-running for 2/ ¢ N [76].

5 Love symmetries for p-form and gravitational perturbations in higher
dimensions

As demonstrated in the last section, the static black hole Love numbers exhibit towers of
resonant conditions for which they vanish. From the worldline EFT side, this raises naturalness
concerns [56] and calls upon the existence of enhanced symmetries [55], outputting these
vanishings as selection rules. From the microscopic theory side, these enhanced symmetries are
not expected to be exact isometries of the full background geometry but, rather, approximate
symmetries manifesting themselves in the appropriate domain.

In view of the worldline EFT definition of the Love numbers and its accuracy regime,
it is natural to expect these enhanced symmetries to be linked to the near-zone expansion
we have employed in our microscopic computations. Furthermore, it is a well established
result that only the static Love numbers are the culprit of such fine-tuning issues, while the
dynamical Love numbers are in general non-zero and accordingly logarithmically running, in
line with Wilsonian naturalness arguments [45, 114, 126]. Consequently, it should suffice to
seek for these enhanced symmetries at leading order in the near-zone approximation.

Indeed, it has been signified that there exist near-zone truncations of the equations of
motion that give rise to globally defined SL (2, R) symmetries, dubbed “Love symmetries”,
whose global structure allows to employ (highest-weight) representation theory arguments
and precisely output the seemingly fine-tuned properties of the static Love numbers [75-77].
This has been demonstrated for scalar, electromagnetic and gravitational perturbations
of the d = 4 Kerr-Newman black hole and for scalar perturbations of the d-dimensional
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Schwarzschild-Tangherlini black hole in refs. [75, 76] and the d = 5 doubly-rotating Myers-
Perry black hole in ref. [77]. Other than these, the Love symmetry proposal for higher-spin
perturbations of higher-dimensional black holes has not been investigated, which is the
scope of the current section.

Despite the intricate structure of the black hole Love numbers in higher spacetime
dimensions, Love symmetry turns out to still exist independently of the value of the rescaled
orbital number /. There are now two sets of Love symmetry generators, one for each sign
0 = +1 or 0 = —1 that characterizes the near-zone split in eq. (4.21). The two Love
symmetries are generated by

L(()U’j) =—B0—oj,

L) — /8 ;VZQf+@(¢Z)ﬁ@+wﬁ %{ff , 5:1)
and satisfy the SL (2,R) algebra,
[ng»ﬁ, ng»ﬂ] =(m-n)L%)  mn=04%1, (5.2)
while the corresponding Casimir is given by
o) = L(()a,j)>2 _ % (L1 + L7
(5.3)

2
=0, A0, — (p+4Ap)/328t2 +5% (Uﬁat +§> )
which exactly matches the leading order near-zone radial operators for the various cases
encountered up until now, i.e. with eq. (4.21) for the spin-0, p-form and spin-2 perturbations
of the Schwarzschild-Tangherlini black hole and with eq. (4.43) for the spin-0 scalar mode
and spin-2 tensor mode perturbations of the Reissner-Nordstrém black hole. To investigate
the regularity of the generators in eq. (5.1) at the future or the past event horizons, we need
to study their near-horizon behavior after transitioning to advanced (+) or retarded (—)
null coordinates (ti, T, 9A> respectively. Although there is no useful closed form for the null
coordinates in generic spacetime dimensionality d > 4, we can still study the near-horizon
behavior thanks to eq. (2.4)—(2.5). Doing this, one then immediately sees that the generators
in eq. (5.1) are indeed regular at both the future and the past event horizons.
Separable solutions (I)gg,m of the near-zone equations of motion are then observed to
furnish representations of the Love symmetry,

Cé"’])@ffg),m =00 +1) cI)a(jé),m 7 Lé"’])q’ffe),m = (ifw — o) @gg’m ) (5.4)
The static solution, in particular, has an Lg-eigenvalue
%W@gwm:—ﬁégwm' (5:5)

One important difference compared to the four-dimensional case is that the Casimir eigenvalue
is now in general non-integer unless ¢ € N. Furthermore, the weight of the static solution
is also not integer unless ] = 0 or j =1, i.e. j = 0 or j = d — 3 respectively.
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5.1 Scalar/tensor perturbations of Reissner-Nordstrom black holes

Let us begin with the cases where 5 = 0. These capture the spin-0 scalar and spin-2 tensor
modes of the Reissner-Nordstrom black hole perturbations. The vector fields generating
the Love SL (2,R) symmetry simplify to

Lo=—B0, Lii=e?[5VA0,+0,(VA)Ba], (5.6)

which have the exact same form as the ones presented in refs. [75, 76, 127] for the higher-
dimensional Schwarzschild-Tangherlini black hole, here extended to the case of the higher-
dimensional Reissner-Nordstrém black holes. For d = 4, this reduces to the SL (2, R) symmetry
found in ref. [128]. Analogously to the d = 4 examples, let us construct the highest-weight
representation with weight h = —/, starting from the primary state v_ 007 satisfying [75, 76]
i

Liw ;5=0, Lo ;4= —ZU_&O = U_jg= (—e+t/ﬂ\/g) (5.7)

where the spherical symmetry of the background geometry has allowed us to focus on
axisymmetric (m = 0) perturbations without loss of generality. This state is always regular
at the future event horizon, while it is regular at the past event horizon as long as eT"/#v/A ~
et=/P (r —ry) is not raised to any negative power. The descendants,

vV_; :(L,l)nv_&O’ (5.8)

are also always regular at the future event horizon and have Lg-eigenvalues

A

LOU—Zn = (n —E)’U 7/

—4,n

(5.9)

We see, therefore, the qualitative new feature in d > 4, compared to d = 4, that the static
solution does not in general belong to a highest-weight representation of the Love SL (2, R)
symmetry. In particular, the static scalar/tensor mode solution ®,,—¢ s m that is regular at
the horizon is an element of the above highest-weight representation if and only if

leN, (5.10)

which indeed captures the resonant conditions for which the static scalar, and tensor-type
tidal, Love numbers of the Reissner-Nordstrom black hole vanish. In these cases, the static
solution regular at the horizon is identified with the zero Lg-eigenvalue descendant

foeN: oW, oo = (L) vy, (5.11)

Since this is the £th descendant in a highest-weight representation, it is annihilated by
l+1
(L),

w=

(L) o o4meo =0 ifl€EN. (5.12)

Using the fact that, for an arbitrary time-independent function F' (p),

(L) F () = (~e*VA)" TP (o) (5.13)
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we see then the highest-weight property immediately implies a polynomial form in p,

l
5 0
If{eN = @iio,gmzo XV_;p= Z epp”t = clﬁré +--+co. (5.14)
n=0
Compared to explicit microscopic computations for the regular solution of the static Klein-
Gordon equation, the polynomial above corresponds to the Legendre polynomial of degree

t+d=3) g precisely indicative of the

7 [86]. More importantly, the absence of terms o r~
vanishing of the corresponding static Love number.

The same conclusion can be drawn from the lowest-weight representation of weight
h = +1. Starting from the lowest-weight state

~ ~ A ~ 3 i
Lo1v,g0=0, Lo j0=+l05, = U= ("’6 t/ﬁ\/g) ; (5.15)

which is also a solution of the leading order near-zone massless Klein-Gordon equation with
rescaled multipolar index ¢ that is regular on both the future and the past event horizons,
the ascendants

Bri = (L) 0y (516)

have an Lg-charge

Lov,;, = (L—n)v,,; (5.17)
and they are all regular at the past event horizon, while they are regular at the future event
horizon only for n < 20+1. A regular static solution then belongs to this representation if
and only ¢ € N, in which case it is identified with the ascendant with zero Lg-eigenvalue,

cl

foeN: o0, oot = (L) (5.18)

+0,0-
Since the regular static solution is unique, we see then that the highest-weight and lowest-
weight representations are in fact identical and, hence, this is a finite (2¢ + 1)-dimensional
representation of SL (2,R) (see figure 1),

ffeN = 17-1—@,0 =V_jop- (5.19)

This property can be traced back to the time-reversal symmetry of the background.
Solutions of the leading order near-zone equations of motion regular at the future event
horizon belong to a highest-weight representation, while the corresponding solutions regular
at the past event horizon belong to a lowest-weight representation. Indeed, the t — —t
symmetry ensures that static scalar perturbations regular at the future event horizon will
also be regular at the past event horizon and therefore, the two representations overlap to
furnish the finite-dimensional representation of the Love SL (2,R) symmetry we just saw.

It turns out that the Love SL (2, R) symmetry offers representation theory arguments
around the running of the Love numbers as well. The absence of running for /eNis alge-
braically realized from the fact that the singular static solution belongs to the representation
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Figure 1. The finite-dimensional highest-weight representation of SL (2,R) whose elements solve the
leading order near-zone equations of motion for a massless scalar field in the d-dimensional Reissner-
Nordstréom black hole background with integer rescaled multipolar index £ = diig and contains the

. . 0)reguls
regular static solution @ilr;%unjr:o X V_jp-

shown in figure 2.9 This is indeed distinguishable from the regular static solution at any
point since the two obey the locally distinguishable annihilation conditions

Regular static solution: (L4q) ™! @fuoi?gzuﬁr =0

0+1 (I)EJOiséIlegrlﬁar -0

IfleN= { (5.20)

Singular static solution: L_1 (L41)

Compared to previous analyses of SL (2, R) modules, figure 1 and figure 2 are the type-“[o]”
and type-“o] o [0” representations U(—/, —¢) and U(£ 4 1,7 + 1) respectively in the notation
of ref. [129] and the representations D(2¢) and D~ (27) respectively in the language of
refs. [130, 131].

On the other hand, for i ¢ N, regular and singular static solutions belong to the same
standard SL (2, R) representations W (40(¢+1),0) ([129]) or D(,0) ([130, 131]). The absence
of any local algebraic criteria from SL (2, R) modules of the Love symmetry would then
suggest that running Love numbers are expected to arise in all of these situations. While
this is consistent with the cases for which ¢ € N + %, the vanishing RG flow for the cases for

which 27 ¢ N can only be retrieved after combining with power-counting arguments [76].

5.2 First class of p-form perturbations of Schwarzschild-Tangherlini black holes

We now consider the case of the first class of p-form perturbations of the Schwarzschild-
Tangherlini black hole, for which j = d — 3 and p_ = 0, p+ = ps. The Love symmetries
generators in eq. (5.1) then read

L(()U’j:dfg) =—[0;— o0,

— — (5.21)
LG~ = P VA9, + 0, (VA) BOr + 0y |2 p”s

+1

The fact that the Lg-eigenvalues only get shifted by integer amounts allows to carry the previ-
ous analysis in exactly the same way. The primary state of the highest-weight representation

“More details on how this representation is constructed can be found in section 4 of ref. [76].
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Figure 2. The infinite-dimensional representation of SL (2,R) whose elements solve the leading order

near-zone equations of motion for a massless scalar field in the d-dimensional Reissner-Nordstrom

black hole background with integer rescaled multipolar index 0= 6/%3 and contains the singular static

(0)singular -

solution (I)w:o,l,mzﬂ XU_p_qi41-

with weight h = —{is given by

( 7:d_3) ( 7':d_3) — ( 74:d_3) ( 7:d_3) — il ( 7':d_3)

LY U—GE,JO =0, L™ U—UE,JO =t U—UE,JO ’
(0,j=d—3) +t/B.,/ bo (5:22)

W —u _ ag
= U o =p (—e A) .
and, along with its descendants,
(a'rj:dfg) _ (Uvjzdfg) n (UJ:d*S)

vl — (L_ ) o, (5.23)

they furnish a representation of the Love SL (2, R) symmetry spanned by states that are regular
at the future event horizon. For the regular static solution to belong to this representation,
we must therefore have

{—ceN&aleN. (5.24)

These are again the exact resonant conditions for which the static electric-type Love numbers of
the Schwarzschild-Tangherlini black hole vanish. The regular static solution is the (@ —0)’th
descendant and the highest-weight property

g Z—J—i—l o i=d— N
(2= oY =0 iflen, (5.25)

w=0,{,m
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Figure 3. The finite-dimensional highest-weight representation of SL (2,R) whose elements solve the
leading order near-zone equations of motion for a first class p-form perturbation of the d-dimensional
Schwarzschild-Tangherlini black hole with integer rescaled multipolar index ¢ = dLLB and contains the

regular static solution.

immediately implies the following polynomial form

l—0o
If0eN = @t D ool =1 = o N e gt =y it et (5.26)
’ n=0

with no relevant response modes present and, hence, vanishing static responses.
As before, studying the lowest-weight representation with weight h = +7 that is spanned
by ascendants,

_(o,j=d-3) _ (0,j=d—3)\" _(0,j=d—3)
oY = () e (5.27)

of the lowest-weight vector

(g,j:d73) {](O'ljde:S)

Jj=d—3) - (,j=d—3 5 (0.j=d—3
L7 +0,0 =0, LYI=TY50I=Y 2 jplod=dmd

+6,0 +4,0 )
(5.28)

_(0,j=d-3) & —t/B 4o
= v+ 00 =p (+e \/Z) ,
reveals the static regular solution with vanishing static Love numbers is also the (f + 0)’th
ascendant and, therefore, this representation is in fact the finite (2@ + 1)-dimensional type-“[o]”
representation of the Love SL (2, R) symmetry (see figure 3), while the singular static solution
belongs to the locally distinguishable type-“o] o [0” representation of figure 2.

5.3 Second class of p-form perturbations of Schwarzschild-Tangherlini black
holes

Next, for the case of the second class of p-form perturbations of the Schwarzschild-Tangherlini
black hole, for which j = % and which only emerges in odd spacetime dimensionalities,
the Love symmetries generators in eq. (5.1) become

; _ (5.29)
L(igl,],d—?)) =0 |\ TVAD, + 0, (\/Z) Boy+ ;m '
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The Lg-eigenvalues now only get shifted by half-integer amounts. The previous analysis can
then be applied in an exactly analogous manner to reveal that the static solution regular at
the future event horizon now belongs to a highest-weight representation if and only if 7 is
half-integer which captures all the resonant condition of vanishing static Love numbers for
this class of perturbations, a result inferred by the polynomial form of the solution implied
by the highest-weight property. Similarly to the first class of p-form perturbations, this
particular highest-weight representation is in fact the finite (2@ + 1)-dimensional type-“[o]”
representation of the Love SL (2, R) symmetry obtained from the one in figure 3 after replacing
»

o — §, while the singular static solution belongs to the locally distinguishable type-“o] o [o
representation of the corresponding form shown in figure 2.

5.4 Third class of p-form perturbations of Schwarzschild-Tangherlini black holes

Last, for the third class of p-form perturbations of the Schwarzschild-Tangherlini black
hole, for which 2) ¢ N, things are a bit more interesting. Explicitly, the Love symmetries
generators in eq. (5.1) are given by

L(()U’j) =—B0 —0aj,

T (5.30)
VA, +0, (VA) B +0j pfS,

LEEI»]) — eit/ﬁ

and we see that the Lg-eigenvalues now get shifted by non-integer amounts. The highest-weight

representation with weight h = —0is spanned by descendants,
(03) _ (7", (0.4)
v = (L_l ) vl (5.31)

of the primary state U(_Jel]g relevant for the third class p-form perturbations, satisfying

)

(,9), (0:4) (0,9), (0:4) 5., (0:9)
LHJ U_Efo =0, Ly J U_&]O = —Zv_&jo,
(0:4) j +t/8 l-oj (5.32)
= vijg =P ( e \/A) .

These states are always regular at the future event horizon and their Lg-eigenvalues are given by

LD = (n — 0y (5.33)

—Ln —ln

As before, we encounter the new feature in d > 4 that the static solution does not in general

belong to a highest-weight representation of the Love SL (2,R) symmetries. For this to

happen, there are some resonant conditions that need to be satisfied. In particular, the static
w=

solution @) 0.¢,m that is regular at the horizon is an element of the above highest-weight
representation if and only if

{—o0jeN. (5.34)

In d > 4, this only covers one branch of the resonant conditions for which the static Love
numbers of this class of p-form perturbations vanish (see table 5). Nevertheless, the second
branch of these resonant conditions is captured by the second Love symmetry, corresponding
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to the opposite sign 0. However, we will see momentarily that the second branch also arises
from the lowest-weight representation.

Similar to the d = 4 cases, the highest-weight property implies a polynomial form. In
particular, from the fact that, for arbitrary purely radial functions F (p),

ai)\"™ o] n oj d"
()" (=) E ()] = (= *VA) (o= p )7 T2F (), (53)
the annihilation condition (L(fl’j ))2*05“(1)810 ‘m = 0 implies
T l?fajA'GN
A A 0] '
Ifl{—0jeN = @EUJ:’JO),EVmZO x U(jé]é),gj = p% Z Cpp" = cé_aj.rg + - +cor?,  (5.36)
’ n=0

which indeed has the appropriate polynomial form from which to infer the vanishing of the
static Love numbers by the absence of a response mode.
As for the lowest-weight representation of the Love SL (2, R) symmetry for sign o with

weight h = —l—& the lowest-weight vector @53]3 is found to be

)

L(Uvj),lj(a?j) — O’ L(()o'vj),l_}(o'vj) — +ET_J(UJ)

-1 "4i0 +2,0 +4,0 - 37
N 1_}(0.’]) _ 70_3. (+€7t//8\/Z)é+gj ( . )
+2,0 p )

and is always regular at the past event horizon, while it is regular at the future event horizon
as long as e /A ~ e t+/P (r —r4) is not raised to any negative power. Its ascendants,
—(0,5) _ (_ (UJ))" —(0.5)

v ==L Ui lo (5.38)

)

share the same boundary conditions and their charge under Ly is

Lgm@fég =(0—n) @fgg . (5.39)

For the static solution regular at the horizon to belong to this representation, we must
therefore have

{+0j€eN, (5.40)

and the lowest-weight property implies an analogous polynomial form of the solution with
no decaying mode.

We now see an interesting new feature compared to the case of the first and second
classes of p-form perturbations of the higher-dimensional Schwarzschild-Tangherlini black
hole. To begin with, for the first and second classes of p-form perturbations, for which 27 is
an integer, the highest-weight representation encountered before turned out to in fact be the
finite (2/4 1)-dimensional type-“[o]” representation whenever the static solution was one of its
elements. As for the third class p-form perturbations, for which 2; is not an integer in d > 4,
the lowest-weight representation captures the second branch of resonant conditions associated
with vanishing static Love numbers, namely, the branch with 0+ oj €N, see figure 4. The
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(a) The highest-weight SL(2,R) representation (b) The lowest-weight SL (2, R) representation that
that contains the regular static solution along the contains the regular static solution along the ¢ +
? — ¢} € N branch. o € N branch.

Figure 4. The infinite-dimensional highest-weight and lowest-weight representations of SL (2, R)
whose elements solve the leading order near-zone equations of motion for the third class p-form
perturbations of the d-dimensional Schwarzschild-Tangherlini black hole with rescaled orbital numbers
satisfying 1 + j € N and contain the regular static solution.

highest-weight and lowest-weight representations associated with the current third class of
p-form perturbations are non-overlapping and become infinite-dimensional Verma modules.
In contrast to the Verma modules encountered in the four-dimensional Kerr-Newman Love
multiplets, the regular at the horizon static solution is capable of belonging to either of the
two, highest-weight or lowest-weight, modules, depending on which branch of the resonant
conditions, ¢ —jeNor i + 7 € N respectively, is encountered. The corresponding singular
static solutions, however, still belong to the locally distinguishable type-“o]o[o” representation.

5.5 Near-zone Witt algebras

It turns out that the aforementioned near-zone SL (2,R) Love symmetries can be infinitely
extended to full Virasoro algebras, as was first noted for the cases of spin-0 scalar perturbations
in ref. [92]. Indeed, consider the following generators

: R L i T (pr=p)"+(p——p)™
(0:5) — _
R O S e E 2 o
+oj (pgm (p+—p)m+1_Tm (p—p)m”
s (pr=p)" = (p——p)™ (o =)™ +(p——p)™
(va) " [SIgn tm) (p+—p-) Aot 2 o

+0j (1 +2’m| (ps—p)m 421 _2‘m| (p- —p)m> ] : .

For m = —1,0,+1, these reduce to the SL (2,R) Love symmetry generators in eq. (5.1). For
generic m € Z these are the unique extension of the SL (2, R) Love symmetry generators, up
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to automorphisms!?. They satisfy a centerless Virasoro (Witt) algebra,

m+n >’

[ng,j), L;a,j)} (m—n)L%)  monez (5.42)

and are regular at the future event horizon for m < 41, while they are regular at the past
event horizon for m > —1. Therefore, only the SL(2,R) Love part with —1 < m < +1
is globally defined, preserving the boundary conditions near the horizon. This makes the
interpretation of the states arising from actions of the generators L,, with m # —1,0, 41,
somewhat unclear. For instance, the globally defined descendant L]jlv_@o of the highest-
weight SL (2, R) multiplet in the scalar perturbations case (7 = 0) gets supplemented by
an infinite number of level-IN states of the form

o0
—é {nz} Z an 4o such that m;oomnm =—N, n,cN. (5‘43)
m7é+1 m#+1

These are to be contrasted with the textbook Verma modules of the Virasoro algebra which
are defined such that L,,vp,0 = 0, Ym > 0. In the current centerless case, this only contains
the trivial singlet with h = 0. Furthermore, the above level-N states are in general not
regular at the future or the past event horizon. Nevertheless, focusing to the part of this
representation that contains only states that are regular at the future event horizon prescribes
the inclusion of the following finitely-many descendants at the N’th level

k k
o] H L™ v ;4. such that Z mny, = N. (5.44)

—énlng n
4§ m=1 m=1

For example, at level N =1 one still has the single state L_jv_; ,, while, at levels N = 2,
N = 3 and N = 4, one now has two, three and five possible independent descendants
respectively,

Level N = 1: L_lv_éo,
Level N = 2: Lz—lvfé,ov L ov_ 4,
Level N = 3: Lilv_g,o, L—1L—2U_g70, L—3U_g70,

.74 2 2
Level N = 4: L—1U,é,ov L—IL*ZILE,O’ L,1L,3’U7l7’0, L_QU,@O, L,4v7@70,

(5.45)

and so on. However, in contrast to the states L]_Vlfu_l;?o, the descendants that arise from
actions of L_,, with m > 2 are not subjected to any annihilation condition following from the
highest-weight property. This can be visualized by L_; and L,; being a vertical descender
and a vertical ascender in the highest-weight ladder respectively, while L_,, with m > 2

act as diagonal descenders that can never reach the highest-weight state v_; , by vertically

10These automorphisms contain, besides the standard rescalings L., — o™ Ly, with o € R, the model-specific
scalar shifts
L 5 Lm+ —=m |—5— (p+ —p)" ——— (- —p)" ———[(p+ —p)" —(p-—p )
AT | e = e =) = e o= = o =)

with v € R, that affect only the |m| > 2 generators.
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Figure 5. The Witt algebra extension of the highest-weight representation of SL (2, R) for a massless
scalar field in the d-dimensional Reissner-Nordstrom black hole background with regular boundary
conditions at the future event horizon.

climbing up the ladder (see figure 5). It would be interesting to investigate whether these
new descendants have any physical significance which we leave for future work. At first sight,
they do not look relevant for solving the near-zone equations of motion since, for instance,
they do not commute with the SL (2, R) Casimir and, hence, they are not solutions.

6 Beyond general-relativistic black holes

As a last investigation, we will perform a study similar to the Riemann-cubed paradigm
in four spacetime dimensions in ref. [76] and compute the static scalar Love numbers for
some higher-derivative theories of gravity. We will focus to the a’-corrected gravitational
actions of string theory and extract the leading order static scalar susceptibilities for the
simplest case of the corresponding modified Schwarzschild-Tangherlini black holes. These
consist of the Callan-Myers-Perry black hole of bosonic/heterotic string theory [93, 94] and
the type-1I superstring theory o/3-corrections to the Schwarzschild-Tangherlini black hole [95].
We will then attempt to find sufficient geometric conditions for the existence of near-zone
SL (2,R) symmetries, which will turn out to come hand-in-hand with vanishing Love numbers
for the corresponding black hole geometries.

The full radial equation of motion for the static scalar field spherical harmonics modes
Dy (r) reads!

2(d—4) _
2, X fefr . / (ﬁ +d 3)
[frax " 2 O (xz(d‘l)) &E] Pem = 22 Pem (6.1)
where we have introduced the variable
Th
= — .2
e="2, (62)

with 7}, the radial location of the event horizon at all orders in o/. We will treat this equation
perturbatively around o/ = 0, with the order parameter being denoted by A and which

"'We remind here that we work in the coordinate system specified by the line element in eq. (2.1), with r
an areal radius coordinate.
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is proportional to the appropriate power of o for each situation we will examine. The
scalar field is expanded as

Bpm (2) = rhEom [@7 (@) + X0 + 0 (W], (6.3)

with the zeroth order solution regular at the horizon = 1 given by the general-relativistic
static scalar field profile,

T2 +1) R R 1
0 (z :AF<£+1,—€;1;1—>, 6.4
e @) rei+n it =3 (6.4)
and with the higher-order terms chosen to grow at infinity slower than the leading order
solution,
lim /@™ =0 forn>0. (6.5)
z—0

6.1 Bosonic/Heterotic string theory Callan-Myers-Perry black hole

The Callan-Myers-Perry black hole describes the leading stringy corrections to the
Schwarzschild-Tangherlini black hole in heterotic/bosonic string theory [93, 94], see also

refs. [132, 133]. The gravitational action is o/-corrected by a Riemann-squared term,'?
4 N
: d'z /=g |R— —— (0¢)” + Xe /2y (R
(6.6)
vpo o _ o [ o
Y (R) = 2R,WPUR“ 7, R =R, -8V, V6,

where we also included the dilaton term and we are working in the Einstein-frame. The
string coupling parameter above is equal to A = % for the bosonic and A = %/ for the
heterotic string theory. The d-dimensional Callan-Myers-Perry black hole geometry has a
constant dilaton and is given by [93, 94]

ds® = f()dt2+]fl()+ r2d03 ,,
o (6.7)
f(r(x))=<1—xd’3) [1 d-3){d-4) 3)2(d 4):;21 d?’%i‘rd 3]+O<>\2).

The event horizon ry, is related to the ADM mass M, as encoded in the Schwarzschild radius
rs, of the black hole according to

Th = (1 + 0124)\) +0 ()\2> (6.8)

The black hole solution built perturbatively in o' is valid only in regions where r? > o/.
For our purposes, it is sufficient to require that the gravitational radius of the black hole
is much bigger than the string length, r2 > o/.

2From the world-sheet perspective, this is a 1-loop correction, while, withing the framework of EFT
corrections to General Relativity, these enter at 2-loop order [113, 134, 135]. More generally, a Riemann-to-
the-k’th-power correction enters as a (k — 1)-loop order correction to the Einstein-Hilbert action.
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Let us now look at some specific examples for the o/-corrected static scalar field per-
turbations of the Callan-Myers-Perry black hole. The corrections to the coefficients that
appear in front the decaying terms that go like 2193 ~ ¢~ (t+d=3) will be denoted by %él).
For d = 5 and £ = 2 or £ = 4, we find

2
1 _ 7 2 2 . 9 s
‘I’e:Q——§+x +8lnx+2(1—x2> (ng(l—x)—6> ,

2
¢§Q4:—§+@+ 36(1)1”
3 z? (6.9)
—6(1—6+6> Li (1—;1:2)—”2
2zt 2 6 )’
1 1 2 (1) 43 2
%é:)2:—A (18+31n:1:> s %Z 4= )\(?)E;()()+51H£L' .

We see that these cases give rise to logarithmically running Love numbers, the value of the
constant in front of the logarithms being identified with the corresponding S-function. An
example of non-running static scalar Love numbers is the d = 6, { = 3 case

m _ 9 45 63 2 _3) 32 25 3
oy = 5 - 15 5 1n(1 $)+2x2F1133 :

=22

Hyp—3 =

(6.10)

The running/non-running is in fact in accordance with power counting arguments. Indeed,
following the arguments used in section 3 of ref. [76], one expects to find a non-vanishing
RG flow if
2

1<2£+1—ﬂ6N (6.11)
otherwise, the natural expectation is some non-zero and non-running scalar Love number.
This is indeed in accordance with our above results, i.e. the above condition is satisfied for
d=>5and £ =2 or £ =4, while, for d =6 and ¢ = 3, it is not. It appears, therefore, that the
o/-corrected Riemann-squared action for the bosonic/heterotic string theory does not exhibit
any further seemingly fine-tuned behavior with respect to the black hole response problem '

6.2 Type-1I superstring theory black holes

Next, we consider the a’3-corrected black hole in type-II superstring theory. The type-
IT superstring theory effective action arising from tree-level amplitudes for four-graviton
scattering, up to and including terms at eighth order in the graviton and dilaton momenta, is
quartic in the Riemann tensor and, in the Einstein frame, is given by [95] (see also ref. [136])

d _ —12¢/(d-2)y (3
= G/d [R S (00)" + Ae Y(R)| |

Y (R) = 2RquURH Vp)\Rua[BHRAa,B + R#VPURE/\PURMQBHR)\QBV ’

(6.12)

131t should be noted here that black holes in the presence of stringy corrections still exhibit fine-tuning in
that the Love numbers are expressed in terms of the string length scale I, ~ v/a/, rather than the natural
(much larger) length scale of the Schwarzschild radius rs > ls. This “zeroth” order fine-tuning is what is
addressed by the selection rules arising from the representation theory arguments around the near-zone Love
symmetries we saw in section 5. We thank Mikhail Ivanov for pointing out this fact.
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where \ = 1—16C (3) /3 is the string coupling parameter and RW""’ is given in eq. (6.6).
The asymptotically flat and electrically neutral black hole solution of this theory now
has a non-constant dilaton and its geometry in the Einstein frame reads [95, 136]

2
2 2 r 2 1002
s°=—fr(r)dt® + + r4dQs_ 5,
RS AC R
d—3 A A
fotr@) = (1-2%) [1+250@)| . L 0@)=(1-2") 125 @) ,
h m
3(d—1 3(d—1 -3 1—a*
1(z) = —e (z) — Cqadd=b e (z) = Dg @Y 4+ gz =g
(6.13)
where the constants Cy, Dy and E; are given by
2
Cd:g(d—l)(d—?))(2d3—10d2+6d+15),
1
Dy=—5;(d—3) (52" - 8754 + 7584 — 117d - 570) | (6.14)

1
Eg= 5. (d—3) (204" —225d° + 946 4> — 1779 + 1290) .

The power counting arguments of ref. [76] now imply that one expects logarithmically
running scalar Love numbers whenever

A 6
3<204+1— ——€N 6.15
<20+ 7 36 ( )

at o/ order. This means that logarithms appear first at orbital number ¢ = d. To avoid
cumbersome expressions at very high multipolar orders, we focus here to d = 4. Then, one
expects to find non-running and non-vanishing static Love numbers for ¢ = 2,3 but, for £ > 4,
one should be faced with RG-flowing static responses. Indeed, for £ = 2,3, we find no logs,

e :_3+§_ 1619 5 1619 , 1619 5 1619 g 3153x7+71 g
=2 22 6 42000 28007 2450 23527 T 784 327 7
15 3 3 6693 6693 4533 12861 213
g _ 1o 3 3 A - 6 27 22,8 6.16
=3 122 T 7 T8 196000 9s00”  7sa’ T 1960 ¢ T 160”7 ° (6.16)
%(1) _ 1619 %(1) _ ) 6693
=27 74200 =37 719600
while, for ¢ = 4,
39195 480155 2214665 306241 14 4 . 1
) _ B _ ORp — —rp2 2.3 14
(=47 "3 2 632 R R

102407 5 327629 ¢ 7901 7 7L g 1400( 2)( 42 42)11”

1-2) (5-=+=
12318 © T 21606 © 1372 112" T 322 x z 22

20 90 140 70
_560(1—+ ﬁ—Fx)(ng()%—ln(l—x)lnx),
L0 3947599 L8 8 -
=47 555660 = 9 ’

(6.17)

as expected. Consequently, similar to the Callan-Myers-Perry black hole, the o/3-corrected
Schwarzschild-Tangherlini black hole of type-II superstring theory does not seem to exhibit
any fine-tuned scalar Love numbers.
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6.3 A sufficient geometric constraint for the existence of near-zone symmetries

As we just saw, neither the Callan-Myers-Perry black hole of bosonic/heterotic string theory
nor the a/3-corrected Schwarzschild-Tangherlini black hole of type-II superstring theory
demonstrate any superficially unnatural black hole scalar Love numbers. This is expected
to be accompanied with the absence of a Love symmetry structure.

Having these results as explicit counterexamples, we will attempt now to extract sufficient
geometric conditions for the existence of Love symmetry beyond general-relativistic black hole
configurations by studying a massless scalar field in the background of a generalized spherically
symmetric black hole geometry, eq. (2.1) with f; (r) # f. (r). After the field redefinition
Dym = \Ifg)ll1 / r%, the full massless Klein-Gordon equation derived in section 3.1 becomes

O ®pn = (0 + 1) pm,
A2 (At>’ o (6.18)
28, \A, ) 7 (@-32%A, Y

(D)i(fgl)l =0p Ay Oy +

where p = 7?3 and { = ¢/ (d —3) as before, Ay = p?f;, A, = p?f, and primes denote
derivatives with respect to p.
Similar to the corresponding analysis in four dimensions presented ref. [76], the following

near-zone approximation turns out to be the only possible candidate for enjoying a globally
defined SL (2,R) symmetry,

,2(d-2)

A2 /AN
0% =9 A0, + —r (t)a NI W 6.19
NZ 4 4 2At Ar 4 (d—3)2At t ( )

The associated vector fields generating the near-zone SL (2, R) algebra,

Lo= B8, Ly =ett/?

S N R

with g the inverse surface gravity in eq. (2.6), are regular at both the future and the past
event horizon and give rise to a Casimir operator that matches this near-zone truncation
of the Klein-Gordon operator if and only if'*

2
40 (p) + (% pn)
A (p) ’
where we have defined the inverse surface gravity for the Schwarzschild-Tangherlini black

hole 85 = 31%, or, at the level of the functions f; (r) and f, (r) themselves,

Ar(p) = A (p) (6.21)

_ 3)2,2(d—4) 2
fr(r) = fe(r) Ei( d3:3)ft ok [47“2(d_3)ft (r) + (%) pid 3)] . (6.22)

M This is the solution to a particular differential equation that is outputted by the requirement that the Love

symmetry vector fields satisfy the SL (2, R) algebra and that their Casimir produces a consistent near-zone
truncation of the massless Klein-Gordon operator.
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For the case of f; = f,, the above condition tells us that the general-relativistic Reissner-
Nordstrom geometry is the only acceptable black hole solution, which already rules out the
Callan-Myers-Perry black hole solution. Furthermore, plugging in the explicit o/3-corrections
to the Schwarzschild-Tangherlini black hole in type-II superstring theory reveals that the
above condition is again not satisfied, in accordance with the explicit computations of the
static scalar Love numbers. Of course, this does not rule out all black hole solutions of string
theory. An explicit counterexample is the STU black hole of supergravity [137] which satisfies
the above geometric constraint and Love symmetry has indeed been shown to exist for the
more general rotating STU black hole configuration [138]. Furthermore, even though the
geometric condition derived here sets a sufficient constraint on the existence of Love symmetry,
this needs not be a necessary constraint as well. In particular, we have only examined the
case of a massless scalar field minimally coupled to pure gravity which may very well not
be a good representative of the modified theory of gravity under study.

One can also check that the above near-zone SL (2,R) implies the vanishing of static
Love numbers when ¢ € N. Using the same symmetry argument of the regular static
solution being an element of a highest-weight representation of this SL (2,R), we obtain

(LH)‘/“Url ®,—0¢m = 0 if and only if / is an integer. From the fact that

Ard
At dp

we see that the corresponding static solution is a polynomial but this time in the variable

A ~ S 2 ~ S
\/Af:dp:pz A+ <§6ph) +ph—§ﬁph, (6.24)

where py is an integration constant indicating the location of the event horizon in this

n

(L) F (p) = (—e"/PV/A,)" F (p) (6.23)

p, defined as

dp

new radial coordinate,

i
FleEN: = ®pugpm(r) =Y c™p"(r) (6.25)
n=0

Asymptotically, p — p due to the asymptotic flatness of f;. Expanding this polynomial in

p at large distance in the initial radial variable p, one would observe the appearance of an
—6-1 _ . —0—d+3
p =r

“source” part of the solution, rather than a response effect from induced multipole moments.

term. However, this term is a relativistic correction in the profile of the

Indeed, if the geometric condition in eq. (6.21) for the existence of a near-zone SL (2, R)
symmetry is satisfied, we arrive at a situation practically identical to the case of spin-0 scalar
mode perturbations of the Reissner-Nordstrom black hole, eq. (4.43), when working with the
variable p. More explicitly, the full radial Klein-Gordon operator reads,

2(d—2)
0 r
Ofh = 95 A 95 — @—37A, a7, (6.26)
and A; is a quadratic polynomial in p,
Ar=(p—ps)(p—p-) (6.27)
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where we have denoted the locations of the outer (event), and inner (Cauchy) horizons as

p+ = pPn — T%ph. (6.28)
Matching onto the worldline EFT can be achieved by solving the equations motion after
analytically continuing the orbital number to perform the source/response split of the scalar
field, and only in the end sending ¢ to take its physical integer values [42-45, 47, 115]. Doing
this, we see that the “response” part of the static scalar field is singular at the horizon when
/ € N and is therefore absent, while the “source” part becomes a polynomial of degree / in D
Consequently, the corresponding static Love numbers vanish identically and we see again how
a polynomial form of the solution is indicative of this vanishing. For generic g, the procedure
just described gives the following static scalar Love numbers,

k‘(o) = F4(g+ D tan 7/ (BS%)%H
2 (20 + 1)T'(20 + 2) B ps ’

where the last factor in the parenthesis is just (p4+ — p—) /ps. These are exactly the same as

(6.29)

the static scalar Love numbers for the higher-dimensional Reissner-Nordstrom black hole
obtained in section 4.4.

One can also apply the same analysis for the p-form perturbations equations of motion,
eq. (3.53). In fact, the equations of motion in the background of a generic electrically neutral
black hole geometry can be collectively written as

o ed — il +1)ay)

£, m fm >’
, 2 / 2,2 . (6.30)
0) _ 5 A A, <At) __ TP g
@full 8P r 8P + 2A; \ A, 8P (d _ 3)2 Ay 8t +U (p) )
with the reduced potential given by
] 5 a “ ~ a
UY) (p) = T Dar® = j(1=J) (1= rar®) . (6.31)
Introducing the coordinate p in the same way as before, i.e. dp = 2—: dp, the radial operator
is brought to the suggestive form
4 22
@(J) — A, O — TP 52 + U(J) 6.32
full P t P (d _ 3)2 At t (p) ( )

regardless of what the geometry is.

Motivated by the results for the Schwarzschild-Tangherlini black hole in section 5, we
expect that a non-zero spin will not affect the vector part of the candidate near-zone symmetry
generators. In other words, the previous geometric condition is expected to still be an outcome
of this analysis. Assuming this is indeed the case, one can go ahead and see whether there
is any additional geometric constraint that arises for p # 0. It turns out that there is one
additional geometric constraint which will completely fix the geometry. To see this, it is
instructive to first express everything using the independent variable p, namely, rewrite

= A, (;flg)Q . (6.33)
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Introducing the variable

u(p)=[p(P) (6.34)
the reduced potential function then takes the form

Ul = — [ijﬁ (Atzlhpf) +701 —j)} . (6.35)
At this point we have made no assumption on the explicit form of A;. Assuming that the
vector part of the candidate Love symmetry generators is the same as for the scalar response
problem, i.e. that A; is a quadratic polynomial in p, the conditions that these generators
form an SL (2, R) algebra whose quadratic Casimir operator produces a consistent near-zone
truncation of the equations of motion then primarily imply that

LO = _ﬁat -7,
Ly = e*t/8 F\/At 05+ 0 (VAL) BO+7 g: gf] : (6.36)
T e
UsLizm) = B

for some constant . Matching the two potentials then gives a differential equation for u (),

d . d  py—p- 2] 5 5

{dp dp p—p-

This can be analytically solved in terms of Euler’s hypergeometric functions. In fact, after
introducing the variable z = ﬁi —£ g_ , this differential equation is exactly the same as the static
problem for p-form perturbations of the higher-dimensional Schwarzschild-Tangherlini black

hole after the replacements j —  and /- —J in eq. (4.24). The general solution is, therefore,

~_~ +ry R X ~_~
u(p) =ci <~pp~) oIy (1—j+%3+7; ;—f)pj)
P+ — P- P+ — P-

oy L (6.38)
+ e (f)f) 2 Fy (1—5—%3—7;1;—“) :
T P+ — P-
Expanding around large distances,
; r'(2j—1 p—py \I7!
w25 (0 o) [ P (£

e ()]

we see that the asymptotic flatness condition, which implies g — p, along with the fact
that v = p~7, fixes the constant 7 to be

y=47. (6.40)
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One then observes that the Love symmetry generators are exactly the same as for the general-
relativistic Schwarzschild-Tangherlini black hole in eq. 5.1. More explicitly, the relation
between p and p is required to be

which immediately implies

Ph
r=fi=1——. 6.42
fr=1 p (6.42)

In other words, the Schwarzschild-Tangherlini black hole is the only possible isolated asymp-
totically flat and electrically neutral black hole that exhibits the Love symmetry beyond
the scalar response problem, at least within the regime of the current assumptions. Based
on this, it is tempting to conclude that the most general theory of gravity whose black
hole response problem can admit the Love symmetry beyond the scalar response problem
has an action of the form

1
gler) — m/ddx, /=g R f (Rpou) (6.43)

for arbitrary'® functions f (Rpouw) of the Riemann tensor. This is the most general class of
theories of gravity that admits Ricci-flat vacuum solutions, a special subclass of which is
f (R) gravity, but which does not include Lovelock gravity beyond General Relativity.
However, the existence of Love symmetry can easily be seen to be perturbation dependent.
Take for instance the p-form perturbation problem of the higher-dimensional electrically
charged Reissner-Nordstréom black holes, with p # 1. The above analysis then shows that
only the scalar response problem can enjoy an enhanced Love symmetry, while, for example,
the 2-form response problem for a 6-dimensional Reissner-Nordstrom black hole will not
have this property, in stark contrast to the 2-form response problem of the 6-dimensional
Schwarzschild-Tangherlini black hole. We, therefore, have an explicit illustration within
General Relativity itself where Love symmetry does not exist for asymptotically flat black
holes. Let it be noted here that examples of non-zero Love numbers have also been reported
for black holes in the presence of non-zero cosmological constant, see e.g. refs. [139, 140].

7 Summary and discussion

In this work, we have studied the response problem for higher-dimensional spherically
symmetric black holes under higher spin perturbations. After identifying the relevant master
variables for each type of perturbation, we extended the work of ref. [87] to include, besides
spin-0 (massless scalar), spin-1 (electromagnetic) and spin-2 (gravitational) perturbations,
the case of p-form perturbations of the Schwarzschild-Tangherlini black holes and computed
the associated Love numbers within the near-zone regime. We were able to write down the
static Love numbers in terms of two parameters: the multipolar order ¢ and the SO (d — 1)
sector index j, see eq. (4.29). Similar to previous works around the response problem of the

'5A minimal requirement here is that f (R, = 0) is finite, i.e. that flat Minkowski spacetime is a solution
of this theory and, hence, asymptotically flat solutions exist.
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Schwarzschild-Tangherlini black hole [86, 87], we find that the static Love numbers are in
general in accordance with Wilsonian naturalness arguments, except for discrete towers of
resonant conditions for which they vanish; these have been categorized into three classes
with the corresponding behaviors given in table 3, table 4 and table 5. Furthermore, we
have rigorously derived the static Love numbers associated with spin-0 scalar and spin-2
tensor-type tidal perturbations of the higher-dimensional Reissner-Nordstréom black hole,
first proposed in ref. [91], and following the same pattern as with the corresponding cases
for the Schwarzschild-Tangherlini black hole. As a byproduct of employing the near-zone
scheme, we were also able to extract the spin-0 scalar and spin-2 tensor-type tidal dissipation
numbers of the higher-dimensional Reissner-Nordstrém black hole at leading order in the
frequency w of the perturbation in eq. (4.45), i.e. the viscosity coefficients entering at linear
order in w for spherically symmetric and non-rotating backgrounds.

In regards to the seemingly fine-tuned resonant conditions of vanishing static Love
numbers, we have identified them with selection rules outputted from enhanced “Love”
symmetries. These are globally defined SL (2,R) symmetries manifesting in the near-zone
region, the vanishing of static Love numbers arising from the fact that the associated
perturbations belong to a highest-weight representation of the corresponding Love symmetry.
Interestingly, the Love symmetries have unique extensions to centerless Virasoro algebras,
the implications of which are still poorly understood and left for future work.

We have furthermore investigated the response problem for black holes in modified theories
of gravity, with explicit calculations for the static Love numbers of the Callan-Myers-Perry
black hole of bosonic/heterotic string theory [93, 94] and the a’3-corrected Schwarzschild-
Tangherlini black hole of type-II superstring theory [95]. Similar calculations were also
performed in four spacetime dimensions; for d = 4, the leading pure gravity modifications
enter through Riemann-cubed corrections [76, 141], while higher derivative modifications have
also been considered in the literature [16, 18, 19]. While the existence of Love symmetries is
not necessarily a general-relativistic effect, see e.g. ref. [138] for the case of the STU black
hole, it appears to be in 1-to-1 correspondence with the emergence of magic zeroes with
respect to the black hole response problem. We have further explored this by extracting
sufficient geometric constraints for the existence of SL (2, R) symmetries in the near-zone
region with mixed results. For one, they suggest that the most general asymptotically flat and
spherically symmetric black hole exhibiting Love symmetries under all type of perturbations
studied so far is an isolated Ricci-flat solution, namely, the Schwarzschild-Tangherlini black
hole. On the other hand, we came across with a simple, yet explicit, example where general-
relativistic black holes have non-zero static Love numbers and exhibit no near-zone enhanced
symmetries: the p-form response problem of the Reissner-Nordstrom black hole, for any
p > 2, in stark contrast to the corresponding response problem of the electrically neutral
Schwarzschild-Tangherlini black hole.

At this point, it is useful to note some features of the near-zone Love symmetry proposal
compared to exact static symmetry proposals addressing the vanishing of the black hole
static Love numbers [78-81, 84, 85]. The exact static symmetry proposals have the appealing
feature of acting directly at IR level, while the Love symmetries have the unconventional
feature of UV/IR mixing [75, 76], being able to map a state outside of the validity of
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the near-zone. Indeed, the states in the highest-weight multiplets of the Love symmetries
are compatible with the near-zone conditions for non-zero frequencies only in the near-
extremal limit ry /8 < 1. Nevertheless, both types of proposals have been assigned geometric
interpretations, based on an underlying AdS structure. Near-zone global symmetries can
be understood as approximate isometries of the black hole geometry, in the sense that they
are exact isometries of “subtracted geometries” [76, 77], i.e. effective black hole geometries
that preserve the thermodynamic properties of the black hole but subtract information about
its surroundings [142, 143]. At the same time, the ladder symmetry structure of the static
response problem [78-82], for instance, has itself been attributed to conformal Killing vectors
of the same subtracted geometries [79, 83]. The procedure of studying static perturbations
of the black hole via a near-zone expansion is also subtly different from the exact static
analysis. As opposed to setting w = 0 from the beginning, static perturbations within the
near-zone regime are realized through the w — 0 limit. Related to this, refs. [144, 145]
have emphasized that the w = 0 and the phenomenologically more interesting w — 0 Love
numbers are in general not the same. Even though such discontinuities appear to be irrelevant
in the black hole limit [145], the emergence of enhanced symmetries within the near-zone
regime could allow to study their breaking for ultra-compact horizonless bodies and extract
phenomenologically relevant properties.

The exact nature of the near-zone Love symmetries is still unclear. They generally fall into
the category of near-zone SL (2,R) symmetries that are more familiarly encountered within
the context of the non-extremal Kerr/CFT correspondence [62-65, 7577, 127, 128, 138].
Due to the ambiguity in choosing a consistent near-zone truncation of the equations of
motion, one can construct infinitely many such SL (2, R) structures, one for each near-zone
truncation, whose generators, however, are in general only locally defined and, hence, not
able to address the vanishings of the Love numbers via representation theory arguments. This
requirement, i.e. the global definiteness of the near-zone SL (2, R) symmetry, turns out to
always single out only two of these infinitely-many near-zone truncations [75-77]. Their global
structure then allows to employ highest-weight representation theory arguments and extract
the seemingly fine-tuned properties of the static Love numbers as selection rules [75-77]. In
fact, both SL (2, R) Love symmetries turn out be a subset of a larger symmetry structure,
e.g. SL(2,R) x U (1) for d = 4 [75, 76] or SL(2,R) x U (1) for d = 5 [77] rotating black
holes, while all the other near-zone SL (2, R) structures that are only locally definable can
themselves be realized as particular local diffeomorphisms of the Love symmetries, see e.g.
appendices D of ref. [76] and ref. [77].

To be more concrete, the Love symmetry for a rotating black hole spans the whole 2-d
conformal group, i.e. it is actually an SL (2, R) x SL (2, R) symmetry, with the second SL (2, R)
factor being only locally defined. In the spirit of the non-extremal Kerr/CFT correspondence
in four spacetime dimensions [62-65], the regime where the Love symmetry emerges is dual to a
CFT5 thermal state, with the left-movers being at zero temperature and the right-movers being
at fixed non-zero temperature 7. The non-zero temperature of the right-movers is what makes
the second SL (2, R) factor non globally defined. More generally, the temperature 77, of the left-
movers can be changed by performing local diffeomorphisms of the form ¢ — t + 75 (¢ — Qt),

in Boyer-Lindquist coordinates (t,r,6,¢), with 8 and Q the inverse surface gravity and
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angular velocity of the black hole respectively. Under such transformations, the Love
SL (2,R) xSL (2, R) gets mapped to a different SL (2, R) x SL (2, R) structure that corresponds
to a CFTy thermal state with 71, = o= # 0, deeming the first SL (2,R) only locally definable
as well. Then, all near-horizon SL (2,R) x SL (2,R) enhancements can be nicely captured in
an infinite-dimensional extension of the Love symmetry; in four spacetime dimensions, this
x U (1)) x (SL(2R); 4, x U (1)) structure,
equipped with local tempral diffeomorphisms of the form just described [75, 76].

larger algebraic structure is an (SL (2,R)

Love Love

It is suspected that these persisting SL (2,R) structures are, in fact, remnants of the
enhanced isometry of the near-horizon throat of extremal black holes [57, 58]. This connection
is most clear for the case of the non-rotating Reissner-Nordstrom black hole. As was
demonstrated explicitly in ref. [76], appropriately taking the extremal limit of the associated
globally defined Love symmetry generators recovers the exact Killing vectors generating the
SL (2, R) isometry subgroup of the near-horizon throat. However, the existence of enhanced
SL (2,R) isometry subgroups for extremal black holes appears to be a universal, theory-
independent, phenomenon [58], as opposed to the existence of the Love symmetry as we
saw more explicitly in section 6. Nevertheless, there exist another observation that seems to
interpolate between the extremal and non-extremal conformal structures. The crucial relevant
difference between black holes in generic modified theories of gravity and black hole geometries
such as those of General Relativity is that there are no near-horizon modes of extremal black
holes that can propagate in the “far-horizon” region. For general-relativistic black holes, on
the other hand, it was remarked in refs. [76, 77] that static axisymmetric modes do survive
beyond the near-horizon regime. This accidental robustness of the near-horizon symmetry
of extremal black holes can be traced back to the fact that the full discriminant function
determining the locations of the horizons remains a quadratic polynomial. In fact, the sufficient
geometric condition in eq. (6.21) for the existence of Love symmetry for scalar perturbations
of spherically symmetric black holes in a generic theory of gravity precisely implies this form of
the discriminant function, see eq. (6.27). Related to this, it would be particularly interesting
to seek a connection between the globally defined near-zone symmetries of non-extremal black
holes and the accidental symmetry found in ref. [146], see also refs. [147-149], which maps
perturbations of exactly extremal black holes to perturbations of near-extremal black holes.

Another possible application of near-zone symmetries such as Love symmetries is within
the context of asymptotic symmetries, the classic asymptotically flat paradigm being the
infinite-dimensional BMS group at null infinity [150, 151]. More importantly, the near-horizon
asymptotic symmetries were also found to be extended, spanning an infinite-dimensional
BMS-like algebra [152-157]. It would then be interesting to explore whether near-zone
symmetries can enter as interpolators between near-horizon and near-null-infinity symmetries,
since the near-zone region is itself extending beyond the near-horizon regime and has a
non-empty overlap with the far-zone region.

Last, it is interesting to comment on what happens to dynamic and non-linear responses.
In general, dynamical Love numbers are non-zero and logarithmically running, in accordance
with naturalness expectations [45, 126], see also refs. [145, 158]. However, recent works
on non-linear responses reveal that non-linear static Love numbers also appear to exhibit
fine-tuned properties in some occasions, see e.g. refs. [35, 159, 160]. It remains to be seen
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whether Love symmetries play any role in addressing these types of magic zeroes associated
to the response problem, a task left for future work.
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A Useful formulae involving the I'-function and Euler’s hypergeometric
function

In this appendix, we enumerate a number of useful formulae relevant in solving the near-zone
equations of motion and extracting the conservative and dissipative pieces of the response
coefficients. All of these formulae can be found in the NIST Digital Library of Mathematical
Functions [161].

A.1 T-function

We begin with the (complete) I'-function, defined by Euler’s integral,
I'(z)= / dtt*7le™", Re{z} >0, (A1)
0

and serving as an extension of the familiar factorial function, satisfying the recurrence
relation I" (z + 1) = 2I'(z). For positive integer arguments, it is just the usual factorial
offset by one unit,

F'n)=(m-1!, n=1,2.... (A.2)

The I'-function can also be analytically continued to Re{z} < 0. For example, this can
be done by the mirror/reflection formula

s

I'z)F(1—-=2)=

(A.3)

sin 2
which is particularly useful when studying the behavior of the response coefficients as it
allows to explicitly reveal the vanishing or running of the Love numbers when sending the
orbital number to range in its physical integer values.

The I'-function is a meromorphic function with no roots and with simple poles at
non-positive integers, with residue

(-n"
ResI'(2) =~——, n=0,12,.... (A.4)
z=-n n!
Its logarithmic derivative defines the digamma or -function,

()
()

¥ (2) (A.5)
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which is a meromorpic function with simple poles of residue —1 at semi-negative integers,
satisfying the recursion relation v (z +1) = v (2) + 2L
Another useful I'-function identity is the Legendre duplication formula,

()T (z + ;) _ 91-2% /T (22) | (A.6)

which is a special case of the Gauss multiplication formula,
n

T (
k=1

The Legendre duplication formula helps comparing the expressions of the response coefficients

F - 1) — 03 (20) T T (n2) (A7)

written in this work with other works in the literature. Last, it is sometimes convenient
to employ the identity

U (n+1+ia)? =] (K +2%), neN, zeR (A.8)

1n
S X &

to write the Love numbers in a more practical manner.

A.2 Euler’s hypergeometric function

Fuler’s hypergeometric function is characterized by 2 + 1 parameters, a, b and ¢, and is
defined on the disk |z| < 1 by the series

o0
9F1 (a,b;¢; 2) Z Ck k" (A.9)
where (a), = D@th) 5 the Pochhammer symbol, sometimes also referred to as the rising
k I'(a)

factorial. It is one of the independent solutions expandable as a Frobenius series around
z = 0 of the hypergeometric differential equation

d? d
z(l—z)dz2—|—[c—(a—|—b+1)z]dz—ab] y(z)=0, (A.10)

given that c is not a non-positive integer. Useful transformation properties within the principal
branch |Arg (1 — z)| < 7 involve Euler’s transformation,

oF) (a,b;c;2) = (1— 2) P, F (c—a,c— byc; 2) (A.11)

and the two Pfaff transformations,

2F1(a,b;C§Z):(1Z)a2F1< — by zl>

. (A.12)
= (1—2)"F (c —a,b;¢; z—l) .
The hypergeometric function can be analytically continued to |z| > 1 via
ININCES 1
oF (a,b;c;2) = M(—z)fagﬂ (a,a—c+ l;a—b+ 1;>
F'®r(c—a) z
(A.13)

)T
() I'(a—b)
(

r L 1
— Fi(b,b— 1:6 — 1;—
+Fa) I (c b)(z) 21(, c+1; a+,z),
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which is valid for |Arg (—z)| < 7, e.g. for negative real arguments such as the hypergeometric
functions encountered in this work. This analytic continuation formula is particularly useful
when extracting the source/response splitting of the profiles of the black hole perturbations
and, subsequently, the response coefficients.

The hypergeometric function is analytic for all a,b € C but does not exist for non-positive
integer values of the parameter ¢ due to the development of simple poles. Nevertheless,
the following limit exists

. 2F1 (a,b¢52) (), 44 (b)n+lzn+12F1

c=—n T (c) N CES (a+n+1lb+n+1lin+2;2). (A.14)

This is relevant when discussing the seemingly diverging behavior of the Love numbers which
is compensated by a divergence of the above form in the “source” part of the solution with
the end result being a regular solution profile involving logarithms that reflect the classical
RG flow of the Love numbers.

Last, when a or b is a non-positive integer, the hypergeometric function reduces to
a polynomial,

oF (—n,b;c;z) = i (—1)* (Z) Eg:j: , n=0,1,2,..., (A.15)
k=0 ’

as long as c is not a negative integer larger than n.
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