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The gravitational form factors of a hadron are defined through the matrix elements of the energy-
momentum tensor current, which can be decomposed into the quark and gluonic parts, between the
hadronic states. These form factors provide important information for answering fundamental questions
about the distribution of the energy, the spin, the pressure, and the shear forces inside the hadrons.
Theoretical and experimental studies of these form factors provide exciting insights on the inner structure
and geometric shapes of hadrons. Inspired by this, the gravitational form factors of Δ resonance are
calculated by employing the QCD sum rule approach. The acquired gravitational form factors are used to
calculate the composite gravitational form factors like the energy and angular momentum multipole form
factors, D-terms related to the mechanical properties like the internal pressure and shear forces, as well as
the mass radius of the system. The predictions are compared with the existing results in the literature.
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I. INTRODUCTION

The key subject of nonperturbative QCD is to figure out
the inner structure of hadrons and their properties con-
cerning the degrees of freedom of quarks and gluons.
Different hadronic charges characterized as matrix ele-
ments of the vector, axial, and tensor currents between
hadronic states contain precise information about the
internal structure distributions of different physical quan-
tities and geometric shapes of the hadrons. Besides the
electromagnetic, axial, and tensor form factors of hadrons,
the gravitational form factors (GFFs) or energy-momentum
tensor form factors are also fundamental constituents to
investigate the inner organizations of hadrons. These form
factors give us a tool to systematically study the properties
of the hadrons and to calculate several related observables
such as spin, multipole form factors, mass and mechanical
radii, shear force, and energy-pressure distributions inside
the hadrons. Understanding the mechanical structure of
hadrons is important because it gives us fundamental

information about the internal structure and geometric
shapes of hadrons as stated.
In recent years, GFFs have attracted increasing interests

in describing the features of hadrons with different spins
because of their relation to the generalized parton distri-
butions (GPDs). The GPDs can be extracted from available
data of hard exclusive processes like deeply virtual
Compton scattering, deeply virtual meson production,
wide-angle Compton scattering, single diffractive hard
exclusive processes, and different vector-meson electro-
production processes. The GFFs can be directly calculated
from the theory, as well. Comparison of GFFs calculated
from pure theory with the ones extracted from the GPDs are
indirect comparison of the experimental data with theo-
retical predictions on many physical observables. Such
comparison for the GFFs of nucleon is made in Ref. [1]:
The consistency of the results obtained from both sides
show that the mankind is in the right way regarding the
theoretical and experimental extractions of the nucleon
properties.
The GFFs for the spin-1=2 particles have been para-

metrized in Refs. [2–5]. Utilizing these parametrizations,
the GFFs of spin 1=2 baryons have been studied in different
phenomenological models [1,6–41]. For a spin-1 particle,
the corresponding GFFs were studied in Refs. [29,42–49].
The GFFs for the spin-3=2 states have also been inves-
tigated in Refs. [29,50,50–57]. The computations of GFFs
have also been extended to the N� → N and N → Δ
transitions in Refs. [58–62]. To this end, methods like
the lattice QCD, the light-cone QCD sum rule, the chiral
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effective theory, the chiral quark model, the SUð2Þ Skyrme
model, the AdS=CFT correspondence, and the bag model
have been used.
In the present study, the GFFs of the Δ baryon are

calculated utilizing the three-point QCD sum rule tech-
nique, as one of the powerful and successful nonperturba-
tive methods in hadron physics. With the help of this
method, we extract the behavior of the Δ baryon’s GFFs
with respect to Q2 and, in connection with this, the
mechanical properties of this resonance: The energy and
angular momentum multipole form factors,D terms related
to the internal pressure and shear forces as well as the mass
radius. On the contrary to the electromagnetic form factors
of the Δ baryon, which have been widely studied both
theoretically and experimentally [50,63,64], it is quite
difficult to extract the GFFs of the Δ baryon experimentally
or obtain them from the corresponding GPDs due to the
short-lived nature of the Δ baryon. The GFFs of the Δ
baryon and the corresponding mechanical properties have
theoretically been studied using the relativistic covariant
quark-diquark approach [50], chiral EFT [51], lattice QCD
(for the gluonic part) [29], and the SUð2Þ Skyrme model
based on the large Nc limit [55]. More systematic studies
are needed to examine the features of Δ baryon GFFs.
Recently, GPDs of spin-3=2 hadrons and the sum rules that
connect the GPDs with the GFFs have explicitly been
displayed in Refs. [57,65].
The remainder of this paper is structured as follows: In

Sec. II, GFFs of Δ baryon calculated via the three-point
QCD sum rules approach are introduced. The gravitational
multipole form factors of the Δ baryon are given in Sec. III.
Numerical analysis of the GFFs and the mechanical
properties of the Δ baryon are presented in Sec. IV.

In the last section, we conclude our work with a discussion
of the obtained results.

II. QCD SUM RULES FOR THE GRAVITATIONAL
FORM FACTORS OF THE Δ BARYON

We use the QCD sum rules to calculate the gravitational
form factors of the Δ baryon. For this purpose, we consider
the following three-point correlation function,

Παμνβðp; qÞ ¼ i2
Z

d4xe−ip:x
Z

d4yeip
0:y

× h0jT ½JΔα ðyÞTμνð0ÞJ̄Δβ ðxÞ�j0i; ð1Þ

where T denotes the time ordering operator, p (p0) is the
four-momentum of the initial (final) Δ baryon, q ¼ p − p0

is the momentum transfer, JΔα ðyÞ is the interpolating current
for the Δ state at point y, and Tμν is the energy-momentum
tensor (EMT) current. The interpolating current for Δþ is
given by

JαðxÞ ¼
1ffiffiffi
3
p εabc

h
2
�
uaTðxÞCγαdbðxÞ

�
ucðxÞ

þ
�
uaTðxÞCγαubðxÞ

�
dcðxÞ

i
; ð2Þ

where C is the charge conjugation operator; and a, b, and c
are color indices. The EMT current has two parts: One from
the quarks and another one from the gluons, as given below,

TμνðzÞ ¼ Tq
μνðzÞ þ Tg

μνðzÞ; ð3Þ

with

Tq
μνðzÞ ¼ i

2

h
ūðzÞD↔μγνuðzÞ þ ūðzÞD↔νγμuðzÞ þ d̄ðzÞD↔μγνdðzÞ þ d̄ðzÞD↔νγμdðzÞ

i

− gμν
h
ūðzÞ

�
i=D
↔
−mu

�
uðzÞ þ d̄ðzÞ

�
i=D
↔
−md

�
dðzÞ

i
; ð4Þ

Tg
μνðzÞ ¼ 1

4
gμνGρδðzÞGρδðzÞ − GμρðzÞGρ

νðzÞ: ð5Þ

We can rewrite the second term of the quark EMT current in
Eq. (4) as follows [66],

gμν
h
ūðzÞ

�
i=D
↔
−mu

�
uðzÞ þ d̄ðzÞ

�
i=D
↔
−md

�
dðzÞ

i

≃ gμνð1þ γmÞ
�
muūuþmdd̄d

�
; ð6Þ

where γm denotes the anomalous dimension of the mass
operator. We assume the chiral limit where mu ¼ md ¼ 0.
This eliminates the term in Eq. (6). The covariant derivative

D
↔

μ in Eq. (4) is given by

D
↔

μðzÞ ¼
1

2
½D⃗μðzÞ − D⃖μðzÞ�; ð7Þ

with

D⃗μðzÞ ¼ ∂
!

μðzÞ − i
g
2
λaAa

μðzÞ;

D⃖μðzÞ ¼ ∂
 

μðzÞ þ i
g
2
λaAa

μðzÞ; ð8Þ

where, λa are the Gell-Mann matrices and Aa
μðzÞ are the

external gluon fields. Using the Fock-Schwinger gauge,
zμAa

μðzÞ ¼ 0, the gluon fields can be expressed in terms of
the gluon field strength tensor by
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Aa
μðzÞ ¼

Z
1

0

dααzξGa
ξμðαzÞ

¼ 1

2
zξGa

ξμð0Þ þ
1

3
zηzξDηGa

ξμð0Þ þ � � � : ð9Þ

To calculate the derivative terms of the quark part of the
EMT current, we evaluate the EMT current at point z in
Eq. (1) and finally take the limit z → 0. In this limit, Eq. (9)
shows that the gluon field vanishes and therefore
the covariant derivatives in Eq. (8) become partial deriv-
atives.
In the QCD sum rule approach, we define the correlation

function in two different representations: One based on the
hadronic degrees of freedom and is called the physical
(phenomenological) side and the other based on QCD
degrees of freedom and is called the QCD (theoretical) side.
The double Borel transformations with respect to the

momentum squared of the initial and final states are applied
to both sides to remove/suppress the contributions coming
from the subtraction terms/higher states and continuum. A
continuum subtraction procedure supplied by quark-hadron
duality assumption is also applied to further suppress the
contributions of the higher states and enhance the ground
state contribution. The form factors are obtained by
matching the coefficients of the same Lorentz structures
of both representations.

A. Physical side of the correlation function

We start by evaluating the correlation function in Eq. (1)
using hadronic parameters. For this purpose, we insert two
complete sets of the intermediate states Δðp0; s0Þ and
Δðp; sÞ into Eq. (1) and perform the four-integrals over
x and y, which ends up in

ΠHad
αμνβðp; qÞ ¼

X
s0

X
s

h0jJΔα jΔðp0; s0ÞihΔðp0; s0ÞjTμνð0ÞjΔðp; sÞihΔðp; sÞjJ̄Δβ j0i
ðm2 − p02Þðm2 − p2Þ þ � � � ; ð10Þ

wherem ¼ mΔ and the dots indicate the higher states and continuum contributions. The matrix element of the EMT current
between Δ states can be expressed in terms of ten form factors [54,55]

hΔðp0;s0ÞjTμνð0ÞjΔðp;sÞi ¼ − ūα0 ðp0;s0Þ
�
PμPν

m

�
gα
0β0F1;0ðQ2Þ−Δα0Δβ0

2m2
F1;1ðQ2Þ

�

þ ðΔμΔν−gμνΔ2Þ
4m

�
gα
0β0F2;0ðQ2Þ−Δα0Δβ0

2m2
F2;1ðQ2Þ

�
þmgμν

�
gα
0β0F3;0ðQ2Þ−Δα0Δβ0

2m2
F3;1ðQ2Þ

�

þ i
2

ðPμσνρþPνσμρÞΔρ

m

�
gα
0β0F4;0ðQ2Þ−Δα0Δβ0

2m2
F4;1ðQ2Þ

�
−
1

m

�
gα
0

μ ΔνΔβ0 þgα0ν ΔμΔβ0 þgβ0μ ΔνΔα0

þ gβ
0

ν ΔμΔα0−2gμνΔα0Δβ0−Δ2gα
0

μ g
β0
ν −Δ2gα

0
ν g

β0
μ

�
F5;0ðQ2Þþm

�
gα
0

μ g
β0
ν þgα0ν gβ

0
μ

�
F6;0ðQ2Þ

�
uβ0 ðp;sÞ;

ð11Þ

where uβ0 ðp; sÞ is the Rarita-Schwinger spinor with
momentum p and spin s, P ¼ ðpþ p0Þ=2, Δ ¼ p0 − p,
Q2 ¼ −Δ2, and Fi;k are GFFs. We consider the full system
that includes both the quark and gluon contributions to the
EMT, given by Eqs. (4) and (5), implying the conservation
of the total current. Therefore, the nonconserved form
factors Fi;kði ¼ 3; 6Þ vanish, while the conserved ones
Fi;kði ¼ 1; 2; 4; 5Þ remain alive. By using the residue of the
Δ baryon (λΔ), one can define the following matrix
element:

h0jJΔα jΔðp0; s0Þi ¼ λΔuαðp0; s0Þ: ð12Þ

We introduce the spin summation of the Rarita-Schwinger
spinor for the Δ baryon as below,

X
s0
uαðp0; s0Þūα0 ðp0; s0Þ ¼−ð=p0 þmÞ

	
gαα0 −

γαγα0

3
−
2p0αp0α0
3m2

þ p0αγα0 −p0α0γα
3m



: ð13Þ

Using Eqs. (11)–(13) in Eq. (10), we derive the following
expression for the Δ → Δ transition three-point correlation
function:
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ΠHad
αμνβðp; qÞ ¼

−λ2Δ
ðm2 − p02Þðm2 − p2Þ ð=p

0 þmÞ
	
gαα0 −

γαγα0

3
−
2p0αp0α0
3m2

þ p0αγα0 − p0α0γα
3m




×

�
PμPν

m

�
gα
0β0F1;0ðQ2Þ − Δα0Δβ0

2m2
F1;1ðQ2Þ

�
þ ðΔμΔν − gμνΔ2Þ

4m

�
gα
0β0F2;0ðQ2Þ − Δα0Δβ0

2m2
F2;1ðQ2Þ

�

þ i
2

ðPμσνρ þ PνσμρÞΔρ

m

�
gα
0β0F4;0ðQ2Þ − Δα0Δβ0

2m2
F4;1ðQ2Þ

�
−

1

m

�
gα
0

μ ΔνΔβ0 þ gα
0

ν ΔμΔβ0

þ gβ
0

μ ΔνΔα0 þ gβ
0

ν ΔμΔα0 − 2gμνΔα0Δβ0 − Δ2gα
0

μ g
β0
ν − Δ2gα

0
ν g

β0
μ

�
F5;0ðQ2Þ

�

× ð=pþmÞ
	
gβ0β −

γβ0γβ
3

−
2pβ0pβ

3m2
þ pβ0γβ − pβγβ0

3m



þ � � � : ð14Þ

In principle, the physical side of the correlation function
can be obtained using the above equation. However, at this
point we are faced with two problems that prevent the
calculations being reliable: All Lorentz structures are not
independent and the correlation function can also receive
contributions from spin-1=2 particles, which should be
eliminated. Indeed, the matrix element of the current Jα
between vacuum and spin-1=2 baryons is nonzero and is
determined as

h0jJαð0ÞjBðp; s ¼ 1=2Þi ¼ ðApα þ BγαÞuðp; s ¼ 1=2Þ:
ð15Þ

As is seen the unwanted spin-1=2 contributions are propor-
tional to γα and pα. By multiplying both sides with γα and
employing the condition γαJα ¼ 0 one can specify the
constant A in terms of B. To eliminate the spin-1=2
contributions and acquire only independent structures in
the correlation function, we use the ordering for Dirac
matrices as γα=p0=pγμγνγβ and remove terms with γα at the
beginning, γβ at the end, and those proportional to p0α and
pβ. After all manipulations mentioned above are done, we
get the final form of the physical side of the correlation
function as follows:

ΠHad
αμνβðQ2Þ ¼ λ2Δe

−m2

M2

h
ΠHad

1 ðQ2Þpαpμpνp0β=pþ ΠHad
2 ðQ2Þpαpμp0νp0β=pþ ΠHad

3 ðQ2Þpαp0μp0νp0β=pþ ΠHad
4 ðQ2Þpμpνgαβ=p

þ ΠHad
5 ðQ2Þpμp0νgαβ=pþ ΠHad

6 ðQ2Þp0μp0νgαβ=pþ ΠHad
7 ðQ2Þp0βp0νgαμ=pþ � � �

i
; ð16Þ

where the double Borel transformation on the variables p2

and p02 with Borel parameterM2 is applied. The initial and
final states of the process involve Δ baryons, which have
the same Borel mass parameter M2

i ¼ M2
f ¼ 2M2. The

functions ΠHad
i ðQ2Þ are functions of the GFFs and other

hadronic parameters. We kept only the Lorentz structures
that we use to calculate the conserved GFFs and moved the
others inside the dots.

B. QCD side of the correlation function

Having the expression of the correlation function from
the physical side, let us turn our attention to the evaluation
of the correlation function from the QCD side. To this end,
we need to insert the explicit forms of the EMT current and
interpolating current of the Δ baryon into the correlation
function. Substituting Δ’s interpolating current and the
EMT current of Eqs. (4) and (5) into the three-point
correlation function of Eq. (1), we get

ΠQCD
αμνβðp; qÞ ¼

i2

6
εabcεa

0b0c0
Z

d4xe−ip:x

×
Z

d4yeip
0:y
�
Γq
αμνβ þ Γg

αμνβ

�
: ð17Þ

The quark and gluon contributions of the EMT current
yield Γq and Γg, respectively. Using Wick’s theorem, Γq

and Γg are obtained in terms of the quark propagators. The
expressions for Γq and Γg are too long to show here, so we
refer to Eqs. (A1) and (A2) in Appendix A.
Substituting the light quark propagators in Eqs. (A1) and

(A2) and employing covariant derivatives of Eq. (7) and
then considering z → 0, we get

ΠQCD
αμνβðp; qÞ ¼

Z
d4xe−ip:x

Z
d4yeip

0:yΓαμνβðx; yÞ; ð18Þ

with
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Γαμνβðx; yÞ ¼
n
ΓðPÞαμνβ þ Γð3DÞαμνβ þ Γð4D;qÞ

αμνβ þ Γð5DÞαμνβ þ μ ↔ ν
o

þ Γð4D;gÞ
αμνβ ; ð19Þ

where the correlation function has a perturbative part ΓðPÞ

and nonperturbative parts Γð3DÞ, Γð4DÞ, and Γð5DÞ in
three, four, and five dimensions, respectively, which are
shown in Appendix A. The four-dimensional nonperturba-
tive parts for quark and gluon, Γð4D;qÞ and Γð4D;gÞ, involve
the products of two gluon field strength tensors GA

αβ, which
lead to gluon condensation as explained in Appendix B.
We transform the calculations to momentum space, by

employing [67]

1

ðR2Þnj ¼
Z

dDkj
ð2πÞD e−ikj:Rið−1Þnjþ12D−2njπD=2

×
Γ½D=2 − nj�

Γ½nj�
�
−1
k2j

�
D=2−nj

; ð20Þ

where R ¼ x, y, or y − x and we set xμ ¼ i∂=∂pμ and
yμ ¼ −i∂=∂p0μ. The integrals over x and y in D dimensions
produce two Dirac Delta functions and simplify two of the
D-dimensional integrals over kj. The final integral takes
simple forms after Feynman parametrizations. To perform
them, we apply the general formula presented in [67],
which takes the following form in the simplest case:

Z
dDl

1

ðl2 þ LÞn ¼
iπD=2ð−1ÞnΓ½n −D=2�

Γ½n�ð−LÞn−D=2 : ð21Þ

Following these calculations, the QCD side of the corre-
lation function is derived as the double dispersion integrals
shown below,

ΠQCD
i ðQ2Þ ¼

Z
s0

0

ds
Z

s0

0

ds0
ρiðs; s0; Q2Þ

ðs − p2Þðs0 − p02Þ ; ð22Þ

where s0 is the continuum. The imaginary parts of the
ΠQCD

i ðQ2Þ define the spectral densities ρiðs; s0; Q2Þ, such
that ρiðs; s0; Q2Þ ¼ Im½ΠQCD

i ðQ2Þ�=π. To determine the
imaginary parts of different structures, we use

Γ½D=2 − n�
�
−1
L

�
D=2−n

¼ ð−1Þ
n−1

ðn − 2Þ! ð−LÞ
n−2 ln½−L�: ð23Þ

The expressions for the spectral densities ρiðs; s0; Q2Þ are
very lengthy and, for the sake of simplicity, we do not
present them explicitly.
In parallel to the physical side, we consider the same

ordering for Dirac matrices and the procedure for the
elimination of the spin-1=2 pollution. We apply the double
Borel transformation to the QCD side and obtain,

ΠQCD
αμνβðQ2Þ ¼

Z
s0

0

ds
Z

s0

0

ds0e−s=2M2

e−s
0=2M2

h
ΠQCD

1 ðQ2; s; s0Þpαpμpνp0β=pþ ΠQCD
2 ðQ2; s; s0Þpαpμp0νp0β=p

þ ΠQCD
3 ðQ2; s; s0Þpαp0μp0νp0β=pþ ΠQCD

4 ðQ2; s; s0Þpμpνgαβ=pþ ΠQCD
5 ðQ2; s; s0Þpμp0νgαβ=p

þ ΠQCD
6 ðQ2; s; s0Þp0μp0νgαβ=pþ ΠQCD

7 ðQ2; s; s0Þp0βp0νgαμ=pþ � � �
i
; ð24Þ

in terms of the selected structures. Matching the same
structures from the QCD and physical sides, the GFFs for
the Δ baryon are derived. We again do not show the
obtained sum rules in this step.

III. GRAVITATIONAL MULTIPOLE FORM
FACTORS

Having determined the seven conserved GFFs for the
Δ → Δ gravitonlike transition we can now define some
composite observables in terms of GFFs. Such observables
provide with us useful information about the inner struc-
ture, distributions of different charges, and geometric shape
of the hadron under consideration. Future experiments may

provide opportunity for such observales to be measured.
Hence, we provide sum inputs to be compared with
possible related future experimental data. To this end,
we use the following definitions for the kinematical
variables Pμ, Δμ, and momentum transfer squared Q2 in
the Breit frame,

Pμ¼ðE;0⃗Þ; Δμ¼ð0;Δ⃗Þ; Q2¼−Δ2¼4ðE2−m2Þ: ð25Þ

In this frame, we can express the gravitational multipole
form factors (GMFFs) of the Δ baryon in terms of the
conserved GFFs as follows [55]:
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ε0ðQ2Þ ¼ F1;0ðQ2Þ − Q2

6m2

	
−
5

2
F1;0ðQ2Þ − F1;1ðQ2Þ − 3

2
F2;0ðQ2Þ þ 4F5;0ðQ2Þ þ 3F4;0ðQ2Þ




þ ðQ
2Þ2

12m4

	
1

2
F1;0ðQ2Þ þ F1;1ðQ2Þ þ 1

2
F2;0ðQ2Þ þ 1

2
F2;1ðQ2Þ − 4F5;0ðQ2Þ − F4;0ðQ2Þ − F4;1ðQ2Þ




þ ðQ
2Þ3

48m6

	
−
1

2
F1;1ðQ2Þ − 1

2
F2;1ðQ2Þ þ F4;1ðQ2Þ



; ð26Þ

ε2ðQ2Þ ¼ −
1

6
½F1;0ðQ2Þ þ F1;1ðQ2Þ − 4F5;0ðQ2Þ�

þ Q2

12m2

	
1

2
F1;0ðQ2Þ þ F1;1ðQ2Þ þ 1

2
F2;0ðQ2Þ þ 1

2
F2;1ðQ2Þ − 4F5;0ðQ2Þ − F4;0ðQ2Þ − F4;1ðQ2Þ




þ ðQ
2Þ2

48m4

	
−
1

2
F1;1ðQ2Þ − 1

2
F2;1ðQ2Þ þ F4;1ðQ2Þ



; ð27Þ

J 1ðQ2Þ ¼ 1

3
F4;0ðQ2Þ − Q2

15m2

h
F4;0ðQ2Þ þ F4;1ðQ2Þ þ 5F5;0ðQ2Þ

i
þ ðQ

2Þ2
60m4

F4;1ðQ2Þ; ð28Þ

J 3ðQ2Þ ¼ −
1

6

h
F4;0ðQ2Þ þ F4;1ðQ2Þ

i
þ Q2

24m2
F4;1ðQ2Þ;

ð29Þ

D0ðQ2Þ ¼ F2;0ðQ2Þ − 16

3
F5;0ðQ2Þ

−
Q2

6m2

h
F2;0ðQ2Þ þ F2;1ðQ2Þ − 4F5;0ðQ2Þ

i

þ ðQ
2Þ2

24m4
F2;1ðQ2Þ; ð30Þ

D2ðQ2Þ ¼ 4

3
F5;0ðQ2Þ; ð31Þ

D3ðQ2Þ ¼ 1

6

h
−F2;0ðQ2Þ − F2;1ðQ2Þ þ 4F5;0ðQ2Þ

i

þ Q2

24m2
F2;1ðQ2Þ; ð32Þ

where ε0ðQ2Þ, ε2ðQ2Þ, J 1ðQ2Þ, and J 3ðQ2Þ are energy-
monopole, energy-quadrupole, angular momentum-dipole,
and angular momentum-octupole form factors, respec-
tively. The form factors D0;2;3ðQ2Þ are related to the
internal pressures and shear forces [66]. These form factors
are used to define the generalized D-terms D0;2;3 of Δ
baryon in the following way [53]:

D0 ¼ D0ð0Þ;

D2 ¼ D2ð0Þ þ
2

m2

Z
∞

0

dQ2D3ðQ2Þ;

D3 ¼ −
5

m2

Z
∞

0

dQ2D3ðQ2Þ: ð33Þ

The generalized D-terms are dimensionless quantities that
characterize the elastic properties of hadrons. The mean
square radius of the energy density, also known as the mass
radius, is another important mechanical property of the Δ
baryon. It is given by the following formula [55,66]:

hr2Ei ¼ 6
dε0ðkÞ
dk

����
k¼0

: ð34Þ

In the following section, we will perform numerical
analysis of the obtained GFFs and other observables made
of these GFFs and discuss their values at zero momentum
transfer.

IV. NUMERICAL RESULTS

In this section, we numerically analyze the form factors
derived from the sum rules in the previous sections. The
values of some input parameters are given asmu ¼ md ¼ 0,
mΔ ¼ 1.23 GeV, λΔ ¼ 0.038 GeV3 [68], hq̄qið1 GeVÞ ¼
ð−0.24� 0.01Þ3 GeV3 [69], m2

0 ¼ ð0.8� 0.1Þ GeV2 [69],
hαsπ G2i ¼ ð0.012� 0.004Þ GeV4 [70], and αs ¼ ð0.118�
0.005Þ [71]. In addition to these input parameters, there are
two more auxiliary parameters called the Borel parameter
M2 and the continuum threshold s0 that we use for the sum
rules. According to the philosophy of the QCD sum rules,
these auxiliary parameters should not affect the physical
quantities. However, in practice, it is not possible to provide
such a situation. Therefore, we look for working regions
where the GFFs have weak dependence on these helping
parameters. The residual dependencies appear as the
uncertainties in the final results. The continuum threshold
s0 is associated with the energy of the first exited state. To
restrict the Borel parameter, we require the pole dominance
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and convergence of the operator product expansion: The
perturbative contribution exceeds the total nonperturbative
one and the higher the dimension of the nonperturbative
operator the lower its contribution. Our calculations reveal
the following working regions for the s0 and M2:

2.9 GeV2 ≤ s0 ≤ 3.3 GeV2;

2.0 GeV2 ≤ M2 ≤ 3.0 GeV2: ð35Þ

In Fig. 1, we present the Borel mass parameter depend-
ence of the GFFs at Q2 ¼ 1.0 GeV2 and three values of
the continuum threshold s0 ¼ 2.9; 3.1, and 3.3 GeV2. This
figure shows that the GFFs are stable with respect to the
change of Borel mass parameter in the working region.
In Fig. 2, we present the GFFs as a function of Q2 for
the fixed Borel mass M2 ¼ 2.5 GeV2 and three values of
the continuum threshold s0 ¼ 2.9; 3.1, and 3.3 GeV2. As
expected, we observe that theQ2 dependencies of the GFFs
are smoothly changed and decrease with increasing the Q2.
We use the following p-pole fit function to fit the GFFs
from the sum rules predictions:

F ðQ2Þ ¼ F ð0Þ
ð1þmpQ2Þp ; ð36Þ

where the fit parameters F ð0Þ and p are dimensionless
and mp has the inverse square energy dimension. The
p-pole fit function of Δ’s GFFs tends to zero at large
Q2 ¼ 10 GeV2, as Fig. 2 illustrates. To enhance the
visibility, Fig. 3 shows the Q2 dependence of Δ’s GFFs
for 0 GeV2 ≤ Q2 ≤ 2 GeV2. The p-pole fit parameters of
the GFFs in Fig. 2 at mean values of the continuum
threshold are summarized in Table I. Changes in the
working regions of auxiliary parameters, uncertainty in
the input parameters, as well as the systematic errors in
QCD sum rules method cause errors in our presented
results. Some mechanical properties are revealed by the Δ’s

GFFs at zero momentum transfer, which are shown in the
second column of this table as F ð0Þ.
We present and compare some mechanical properties

extracted from our work and other studies in the rest of this
section. Table II shows some of the GMFFs of Δ baryon at
zero momentum transfer obtained from our calculations
and compares them with the results of Ref. [55]. The
normalization condition forΔmass is 1, which is consistent
with ε0ð0Þ ¼ F1;0ð0Þ ¼ 1.01� 0.15 from our calculations.
We obtain J 1ð0Þ ¼ 1

3
F4;0ð0Þ ¼ 0.46� 0.06 for the dipole

angular momentum where F4;0ð0Þ ¼ 1.38� 0.19 corre-
sponds to spin of Δ baryon which is 3=2. This result is
well consistent with the prediction of the Skyrme model
within the presented errors. We obtain a p-pole behavior for
the octupole angular momentum form factor J 3ðQ2Þ from
our calculations and Eq. (29). At zero momentum transfer,
we have J 3ð0Þ ¼ − 1

6
½F4;0ð0Þ þ F4;1ð0Þ� ¼ −0.17� 0.03

and at large momentum transfer Q2 ¼ 10, J 3ðQ2Þ
approach to zero. In contrast, Ref. [55] assumes that
J 3ðQ2Þ is zero for all values of Q2 to suppress the
corresponding density in the large Nc expansion. Our
obtained ε2ð0Þ ¼ −0.18� 0.03 differs from the corre-
sponding value in Ref. [55].
Except for F1;1ð0Þ and F4;1ð0Þ, our results for Δ’s GFFs

at zero momentum transfer, F ð0Þ in Table I, are compa-
rable with the corresponding results in Ref. [55]. We
obtain F1;1ð0Þ ¼ −0.42� 0.05 and F4;1ð0Þ ¼ −0.35�
0.03 from our calculations, which contrast with F1;1ð0Þ ¼
−3.64 and F4;1ð0Þ ¼ −1.5 in Ref. [55]. By applying the
Skyrme model with the constraints ε0ð0Þ ¼ F1;0ð0Þ ¼ 1

and J 1ð0Þ ¼ 1
3
F4;0ð0Þ ¼ 1

2
and the assumption J 3ð0Þ ¼

− 1
6
½F4;0ð0Þ þ F4;1ð0Þ� ¼ 0, Ref. [55] obtains F4;1ð0Þ ¼

−F4;0ð0Þ ¼ −1.5. The sum rules method allows us to
define Δ’s GFFs without imposing any additional con-
ditions on GFFs and GMFFs, which is an advantage of this
method. The ratio F1;1ð0Þ=F4;1ð0Þ is obtained using our
sum rules and compared with some other models’ pre-
dictions [51,55], as shown by

F1;1ð0Þ
F4;1ð0Þ

≃

8>><
>>:

2 tree-level chiral perturbation theory ðChPTÞ;
2.43 Skyrmemodel;

1.2� 0.25 currentwork:

ð37Þ

As is seen, the different approaches agree on the
sign this ratio and the obtained magnitudes are
roughly close to each other. Note that it is not possible
to extract the values for F1;1ð0Þ and F4;1ð0Þ using ChPT,
because the needed coupling constants are not fixed (see
Ref. [51]).
Our results for D2ð0Þ and D3ð0Þ agree with those of

Ref. [55] while for D0ð0Þ differs from the corresponding

value in this reference considerably. The D-terms and the
mass radius of our calculations for the Δ baryon are shown
in Table III along with the predictions of other models. We
get hr2Ei ¼ 0.67� 0.04 fm2 for the mass radius from
Eq. (34), which agrees, within the uncertainties of our
result, with the 0.64 fm2 reported in Refs. [52,55].
While our result for DΔ

0 is consistent with that of
Ref. [53], it is quite different from the prediction of the
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FIG. 1. The dependence of the GFFs of Δ on M2 at Q2 ¼ 1.0 GeV2 for three values of the continuum threshold s0.
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FIG. 2. The dependence of the GFFs of Δ on Q2 at M2 ¼ 2.5 GeV2 for three values of s0.
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FIG. 3. The Q2 dependence of Δ’s GFFs at M2 ¼ 2.5 GeV2 for three values of s0, where we restricted 0 GeV2 ≤ Q2 ≤ 2 GeV2 for
more clarity.
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Ref. [55] result. When theDΔ
2 andDΔ

3 results are examined,

it is seen that our results are compatible with the results of
Refs. [53,55] within the errors. The vanishing of DΔ

2 in the
QCD sum rule approach is significant, as it confirms the
remarkable prediction of viewing baryons as the chiral
solitons [53].
By means of the Δ baryon’s D-terms, one can obtain the

D-term of the nucleon using the large Nc picture of baryons
as chiral solitons as follows [53]:

DN
0 ¼ DΔ

0 þ 2DΔ
3 : ð38Þ

The above relation yieldsDN
0 ¼ −3.57� 0.46 using the D-

terms of the Δ baryon in our calculations, which is in good
agreement with the DN

0 values of Refs. [53,55]. From these
results, we see that the D-term DN

0 of nucleon has a higher
absolute value than the generalized D-terms DΔ

0 and DΔ
3 of

the Δ baryon, which are all negative as expected: It is
thought that if a system satisfies the local stability con-
ditions, the D-terms should be negative; if not the system
would collapse.

V. SUMMARY AND CONCLUSION

Due to the different interaction types, a hadron can have
different kinds of form factors representing the correspond-
ing interaction. Determination of different form factors of
hadrons allow us to obtain useful information about the
various related physical quantities that can help us discover
the nature and internal structures of hadrons as well as the
nonperturbative nature of QCD as the theory of strong
interaction. The gravitational form factors that emerge as a
result of the gravitonlike interaction of the hadrons with the
energy-momentum tensor current are of great importance
as they provide important information about the inner
structures, quark-gluon organizations of hadrons, distribu-
tions of the strong forces, energy, and pressure inside them
as well as their geometric shape and radius. These cause an
increasing interest to investigation of hadronic GFFs.
In this study, we investigated the Δ → Δ transition in the

presence of the energy-momentum tensor current. We
considered both the quark and gluonic parts of the EMT
current. Such interaction is parametrized in terms of ten
GFFs: seven conserved and three nononserved form fac-
tors. The nonconserved form factors vanish because of the
conservation of the total EMT current. We derived the sum
rules and numerically determined the seven conserved
GFFs of the Δ baryon in the range 0 ≤ Q2 ≤ 10 GeV2

using the three-point QCD sum rules approach. The QCD
sum rule method is a relativistic method and considers
different features and quantum numbers of the hadrons like
their spin, being one of the leading existing nonperturbaa-
tive approaches. We found that the Q2 behavior of Δ’s
GFFs are well explained via a p-pole fit function. We
presented the values of the GFFs at zero momentum
transfer as well.
Having determined the GFFs of the Δ baryon, we used

them to calculate the composite gravitational form factors of
the system like the energy and angular momentummultipole
form factors,D terms representing themechanical properties

TABLE I. The numerical values of p-pole fit parameters F ð0Þ,
mp, and p of the GFFs in Fig. 2 at mean values of the continuum
threshold.

GFF F ð0Þ mp (GeV−2) p

F1;0ðQ2Þ 1.01� 0.15 0.63� 0.03 2.52� 0.04
F1;1ðQ2Þ −0.42� 0.05 0.17� 0.03 6.23� 1.08
F2;0ðQ2Þ −3.41� 0.45 0.42� 0.03 4.59� 0.48
F2;1ðQ2Þ 1.30� 0.15 0.38� 0.01 3.27� 0.40
F4;0ðQ2Þ 1.38� 0.19 0.51� 0.04 3.32� 0.04
F4;1ðQ2Þ −0.35� 0.03 0.14� 0.01 5.41� 0.16
F5;0ðQ2Þ −0.13� 0.02 1.14� 0.07 2.17� 0.01

TABLE II. A comparison of mechanical properties obtained in the present study at zero momentum transfer with those from the
Skyrme model [55].

Model ε0ð0Þ ε2ð0Þ J 1ð0Þ J 3ð0Þ D0ð0Þ D2ð0Þ D3ð0Þ
This work 1.01� 0.15 −0.18� 0.03 0.46� 0.06 −0.17� 0.03 −2.71� 0.34 −0.17� 0.03 0.26� 0.04
[55] 1 0.34 0.5 0 −3.53 −0.20 0.24

TABLE III. A comparison of the D-terms and the mass radius obtained in the present study with those from the Skyrme
model [52,53,55].

Model DΔ
0 DΔ

2 DΔ
3 DN

0 hr2Eiðfm2Þ
This work −2.71� 0.34 0.000� 0.002 −0.43� 0.06 −3.57� 0.46 0.67� 0.04
[52,53] −2.65 0 −0.38 −3.40 0.64
[55] −3.53 0 −0.50 −3.63 0.64

GRAVITATIONAL FORM FACTORS OF THE Δ BARYON … PHYS. REV. D 108, 094037 (2023)

094037-11



like the internal pressure and shear forces, as well as themass
radius ofΔ resonance and compared themwith other existing
theoretical predictions. Our results obtained using QCD sum
rules agree with the remarkable prediction of the soliton
picture of baryons, which resulted from vanishing of
DΔ

2 term.
Our results on ε0ðQ2Þ, ε2ðQ2Þ, J 1ðQ2Þ, and J 3ðQ2Þ,

which are respectively energy-monopole, energy-quadrupole,
angularmomentum-dipole, and angularmomentum-octupole
form factors as well as D0;2;3ðQ2Þ composite form factors
related to the internal pressures and shear forces and the
generalizedD-termsD0;2;3 satisfy the required conditions and
describe well-different features of the Δ baryon. Our results
may be compared with future probable lattice QCD and other
theoretical predictions. We hope that such investigations
will be possible in future experiments as well. If the direct
measurements of the quantities considered in the present
study are difficult because of the short lifetime of the Δ
baryon, we hope that we can extract GPDs of this system
using experimental data on different related physical

quantities like electromagnetic form factors and multipole
moments. As we previously mentioned, one can determine
the GFFs using the extracted GPDs from the experimental
data. Comparison of the obtained GFFs by this way with the
results of the present study will be of great importance as was
done for the nucleon in Ref. [1].
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APPENDIX A: QCD SIDE SOLUTIONS OF
THREE-POINT CORRELATION FUNCTION

In this appendix, we collect some parts of QCD
side solutions of the three-point correlation function. In
Eq. (17), after using Wick’s theorem and calculating all
possible contractions, Γq and Γg are obtained as below,

Γq
αμνβ ¼ i

n
4Scc

0
u ðy − xÞTr

h
γβS0bb

0
d ðy − xÞγαSamu ðy − zÞγνD

↔

μðzÞSma0
u ðz − xÞ

i

− 4Sca
0

u ðy − xÞγβS0bb0d ðy − xÞγαSamu ðy − zÞγνD
↔

μðzÞSmc0
u ðz − xÞ

− 4Scmu ðy − zÞγνD
↔

μðzÞSma0
u ðz − xÞγβS0bb0d ðy − xÞγαSac0u ðy − xÞ

þ 4Scmu ðy − zÞγνD
↔

μðzÞSmc0
u ðz − xÞTr

h
γβS0bb

0
d ðy − xÞγαSaa0u ðy − xÞ

i

þ 4Scc
0

u ðy − xÞTr
h
γβS0aa

0
u ðy − xÞγαSbmd ðy − zÞγνD

↔

μðzÞSmb0
d ðz − xÞ

i

− 4Sca
0

u ðy − xÞγβS0mb0
d ðz − xÞD↔μðzÞγνS0bmd ðy − zÞγαSac0u ðy − xÞ

þ 2Sca
0

u ðy − xÞγβS0mb0
u ðz − xÞD↔μðzÞγνS0amu ðy − zÞγαSbc0d ðy − xÞ

− 2Scb
0

u ðy − xÞγβS0ma0
u ðz − xÞD↔μðzÞγνS0amu ðy − zÞγαSbc0d ðy − xÞ

þ 2Scmu ðy − zÞγνD
↔

μðzÞSma0
u ðz − xÞγβS0ab0u ðy − xÞγαSbc0d ðy − xÞ

− 2Scmu ðy − zÞγνD
↔

μðzÞSmb0
u ðz − xÞγβS0aa0u ðy − xÞγαSbc0d ðy − xÞ

þ 2Sca
0

u ðy − xÞγβS0ab0u ðy − xÞγαSbmd ðy − zÞγνD
↔

μðzÞSmc0
d ðz − xÞ

− 2Scb
0

u ðy − xÞγβS0aa0u ðy − xÞγαSbmd ðy − zÞγνD
↔

μðzÞSmc0
d ðz − xÞ

þ 2Scb
0

d ðy − xÞγβS0ba0u ðy − xÞγαSamu ðy − zÞγνD
↔

μðzÞSmc0
u ðz − xÞ

− 2Scb
0

d ðy − xÞγβS0ma0
u ðz − xÞD↔μðzÞγνS0amu ðy − zÞγαSbc0u ðy − xÞ

þ 2Scb
0

d ðy − xÞγβS0ma0
u ðz − xÞD↔μðzÞγνS0bmu ðy − zÞγαSac0u ðy − xÞ

− 2Scb
0

d ðy − xÞγβS0aa0u ðy − xÞγαSbmu ðy − zÞγνD
↔

μðzÞSmc0
u ðz − xÞ

þ 2Scmd ðy − zÞγνD
↔

μðzÞSmb0
d ðz − xÞγβS0ba0u ðy − xÞγαSac0u ðy − xÞ

− 2Scmd ðy − zÞγνD
↔

μðzÞSmb0
d ðz − xÞγβS0aa0u ðy − xÞγαSbc0u ðy − xÞ
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þ Scc
0

d ðy − xÞTr
h
γβS0bb

0
u ðy − xÞγαSamu ðy − zÞγνD

↔

μðzÞSma0
u ðz − xÞ

i

− Scc
0

d ðy − xÞTr
h
γβS0ba

0
u ðy − xÞγαSamu ðy − zÞγνD

↔

μðzÞSmb0
u ðz − xÞ

i

− Scc
0

d ðy − xÞTr
h
γβS0ab

0
u ðy − xÞγαSbmu ðy − zÞγνD

↔

μðzÞSma0
u ðz − xÞ

i

þ Scc
0

d ðy − xÞTr
h
γβS0aa

0
u ðy − xÞγαSbmu ðy − zÞγνD

↔

μðzÞSmb0
u ðz − xÞ

i

þ Scmd ðy − zÞγνD
↔

μðzÞSmc0
d ðz − xÞTr

h
γβS0aa

0
u ðy − xÞγαSbb0u ðy − xÞ

i

− Scmd ðy − zÞγνD
↔

μðzÞSmc0
d ðz − xÞTr

h
γβS0ab

0
u ðy − xÞγαSba0u ðy − xÞ

i
þ μ ↔ ν

o
; ðA1Þ

Γg
αμνβ ¼ hG2igμν

n
4Scc

0
u ðy − xÞTr

h
γβS0bb

0
d ðy − xÞγαSaa0u ðy − xÞ

i
− 4Sca

0
u ðy − xÞγβS0bb0d ðy − xÞγαSac0u ðy − xÞ

þ 2Sca
0

u ðy − xÞγβS0ab0u ðy − xÞγαSbc0d ðy − xÞ − 2Scb
0

u ðy − xÞγβS0aa0u ðy − xÞγαSbc0d ðy − xÞ
þ 2Scb

0
d ðy − xÞγβS0ba0u ðy − xÞγαSac0u ðy − xÞ − 2Scb

0
d ðy − xÞγβS0aa0u ðy − xÞγαSbc0u ðy − xÞ

þ Scc
0

d ðy − xÞTr
h
γβS0aa

0
u ðy − xÞγαSbb0u ðy − xÞ

i
− Scc

0
d ðy − xÞTr

h
γβS0ab

0
u ðy − xÞγαSba0u ðy − xÞ

io
; ðA2Þ

where S0 ¼ CSTC and Sijq ðxÞ is the light quark propagator, defined by

Sijq ðxÞ ¼ iδij
=x

2π2x4
− δij

mq

4π2x2
− δij

hq̄qi
12
þ iδij

=xmqhq̄qi
48

− δij
x2

192
m2

0hq̄qi þ iδij
x2=xmq

1152
m2

0hq̄qi

− i
gsGλδ

ij

32π2x2
½=xσλδ þ σλδ=x� þ � � � ðA3Þ

with m2
0 ¼ hq̄gsGμνσμνqi=hq̄qi and we assume mq ¼ 0.

The perturbative and nonperturbative contributions of the correlation function in Eq. (19) are given by

ΓðPÞαμνβ ¼
3i7

ð2π2Þ4
1

ðy − xÞ8
n
2ð=y − =xÞTr

h
γβð=y − =xÞγαAP

μνðx; yÞ
i
þ 2ð=y − =xÞγβð=y − =xÞγαAP

μνðx; yÞ

þ 2AP
μνðx; yÞγβð=y − =xÞγαð=y − =xÞ þ AP

μνðx; yÞTr
h
γβð=y − =xÞγαð=y − =xÞ

i
þ 2ð=y − =xÞγβBP

μνðx; yÞγαð=y − =xÞ
o
; ðA4Þ

Γð3DÞαμνβ ¼
i6

4ð2π2Þ3
hq̄qi
ðy − xÞ4

�
2ð=y − =xÞTr

h
γβγαAP

μνðx; yÞ
i
− 2Tr

h
γβð=y − =xÞγαAP

μνðx; yÞ
i
þ 2ð=y − =xÞγβγαAP

μνðx; yÞ

− 2γβð=y − =xÞγαAP
μνðx; yÞ þ 2AP

μνðx; yÞγβγαð=y − =xÞ − 2AP
μνðx; yÞγβð=y − =xÞγα þ AP

μνðx; yÞTr
h
γβγαð=y − =xÞ

i

− AP
μνðx; yÞTr

h
γβð=y − =xÞγα

i
− 2ð=y − =xÞγβBP

μνðx; yÞγα − 2γβBP
μνðx; yÞγαð=y − =xÞ

−
1

ðy − xÞ4 ð2ð=y − =xÞTr
h
γβð=y − =xÞγαA3

μνðx; yÞ
i
þ 2ð=y − =xÞγβð=y − =xÞγαA3

μνðx; yÞ

þ 2A3
μνðx; yÞγβð=y − =xÞγαð=y − =xÞ þ A3

μνðx; yÞTr
h
γβð=y − =xÞγαð=y − =xÞ

i
þ 2ð=y − =xÞγβB3

μνðx; yÞγαð=y − =xÞÞ
�
; ðA5Þ

Γð4D;qÞ
αμνβ ¼

i7

24ð8π2Þ4
g2shG2i
ðy − xÞ4

�
2ðð=y − =xÞσλδ þ σλδð=y − =xÞÞTr

h
γβ
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γαAP

μνðx; yÞ
i

þ 2
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γβ
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γαAP

μνðx; yÞ

þ 2AP
μνðx; yÞγβ

�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γα
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
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þ AP
μνðx; yÞTr

h
γβ
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γα
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�i

− 2
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γβBP

μνðx; yÞγα
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�

þ 1

2ðy − xÞ4 ð2ð=y − =xÞTr
h
γβð=y − =xÞγαAG2

μν ðx; yÞ
i
þ 2ð=y − =xÞγβð=y − =xÞγαAG2

μν ðx; yÞ

þ 2AG2

μν ðx; yÞγβð=y − =xÞγαð=y − =xÞ þ AG2

μν ðx; yÞTr
h
γβð=y − =xÞγαð=y − =xÞ

i
þ 2ð=y − =xÞγβBG2

μν ðx; yÞγαð=y − =xÞÞ

þ 1

ðy − xÞ2 ð2ð=y − =xÞTr
h
γβðð=y − =xÞσλδ þ σλδð=y − =xÞÞγαAPG

μν ðx; yÞ
i

− 2
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
Tr
h
γβð=y − =xÞγαAPG

μν ðx; yÞ
i

þ 2ð=y − =xÞγβ
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γαAPG

μν ðx; yÞ − 2
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γβð=y − =xÞγαAPG

μν ðx; yÞ

þ 2APG
μν ðx; yÞγβ

�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γαð=y − =xÞ − 2APG

μν ðx; yÞγβð=y − =xÞγα
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�

þ APG
μν ðx; yÞ

�
Tr
h
γβ
�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γαð=y − =xÞ

i
− Tr

h
γβð=y − =xÞγα

�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�i�

þ 2ð=y − =xÞγβBPG
μν ðx; yÞγα

�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
þ 2

�
ð=y − =xÞσλδ þ σλδð=y − =xÞ

�
γβBPG

μν ðx; yÞγαð=y − =xÞ
�
; ðA6Þ

Γð4D;gÞ
αμνβ ¼

6i5

ð2π2Þ3
hG2igμν
ðy − xÞ12

n
ð=y − =xÞTr

h
γβð=y − =xÞγαð=y − =xÞ

i
þ 2ð=y − =xÞγβð=y − =xÞγαð=y − =xÞ

o
; ðA7Þ

Γð5DÞαμνβ ¼
i6

ð8π2Þ3
m2

0hq̄qi
ðy − xÞ2

�
2ð=y − =xÞTr

h
γβγαAP

μνðx; yÞ
i
− 2Tr

h
γβð=y − =xÞγαAP

μνðx; yÞ
i
þ 2ð=y − =xÞγβγαAP

μνðx; yÞ

− 2γβð=y − =xÞγαAP
μνðx; yÞ þ 2AP

μνðx; yÞγβγαð=y − =xÞ − 2AP
μνðx; yÞγβð=y − =xÞγα þ AP

μνðx; yÞTr
h
γβγαð=y − =xÞ

i

− AP
μνðx; yÞTr

h
γβð=y − =xÞγα

i
− 2ð=y − =xÞγβBP

μνðx; yÞγα − 2γβBP
μνðx; yÞγαð=y − =xÞ

þ 1

ðy − xÞ6
�
2ð=y − =xÞTr

h
γβð=y − =xÞγαA5

μνðx; yÞ
i
þ 2ð=y − =xÞγβð=y − =xÞγαA5

μνðx; yÞ

þ 2A5
μνðx; yÞγβð=y − =xÞγαð=y − =xÞ þ A5

μνðx; yÞTr
h
γβð=y − =xÞγαð=y − =xÞ

i
þ 2ð=y − =xÞγβB5

μνðx; yÞγαð=y − =xÞ
��

; ðA8Þ

where,

AP
μνðx;yÞ¼

y
y4
γν

	
γμ
x4
−
4=xxμ
x6



−
	
γμ
y4
−
4=yyμ
y6



γν
=x
x4
;

A3
μνðx;yÞ¼ γν

	
γμ
x4
−
4=xxμ
x6



þ
	
γμ
y4
−
4=yyμ
y6



γν;

AG2

μν ðx;yÞ¼
	
=yσλδþσλδ=y

y2



γν

	�
γμ
x2
−
2=xxμ
x4

�
σλδþσλδ

�
γμ
x2
−
2=xxμ
x4

�

−
	�

γμ
y2
−
2=yyμ
y4

�
σλδþσλδ

�
γμ
y2
−
2=yyμ
y4

�

γν

	
=xσλδþσλδ=x

x2



;

APG
μν ðx;yÞ¼

=y
y4
γν

	�
γμ
x2
−
2=xxμ
x4

�
σλδþσλδ

�
γμ
x2
−
2=xxμ
x4

�

−
	
γμ
y4
−
4=yyμ
y6



γν

	
=xσλδþσλδ=x

x2




þ
	
=yσλδþσλδ=y

y2



γν

	
γμ
x4
−
4=xxμ
x6



−
	�

γμ
y2
−
2=yyμ
y4

�
σλδþσλδ

�
γμ
y2
−
2=yyμ
y4

�

γν
=x
x4
;

A5
μνðx;yÞ¼

2γν=xyμ
x4

−y2γν

	
γμ
x4
−
4=xxμ
x6



−
	
γμ
y4
−
4=yyμ
y6



γνx2þ

2=yγνxμ
y4

;

Bμνðx;yÞ¼Aμνðy;xÞ: ðA9Þ
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APPENDIX B: GLUON CONDENSATION

The light quark propagator in Eq. (A3) includes one
gluon strength field tensor −igsGλδ

ij ½=xσλδ þ σλδ=x�=32π2x2. A
two-gluon condensation can be formed by multiplying
these terms together in the presence of vacuum. We
simplify such expressions with these notations [72],

Gαβ
ab ¼ Gαβ

A tAab; tA ¼ 1

2
λA; G2 ¼ GA

αβG
A
αβ;

tAabt
A
a0b0 ¼

1

2

�
δab0δa0b −

1

3
δabδa0b0

�
; ðB1Þ

where a; b ¼ 1; 2; 3 and A ¼ 1; 2;…; 8 are color indices of
the fundamental (quark) and the adjoint (gluon) represen-
tations, respectively and λA are Gell-Mann matrices. We
consider h0jGA

αβðxÞGA0
α0β0 ð0Þj0i as the gluon condensate and

use the first term of the Taylor expansion at x ¼ 0,

h0jGA
αβð0ÞGA0

α0β0 ð0Þj0i¼
hG2i
96

δAA
0
h
gαα0gββ0 −gαβ0gα0β

i
: ðB2Þ

We apply Eqs. (B1) and (B2) to Eqs. (A2) and (A6).
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[54] S. Cotogno, C. Lorcé, P. Lowdon, and M. Morales,
Covariant multipole expansion of local currents for massive
states of any spin, Phys. Rev. D 101, 056016 (2020).

[55] J.-Y. Kim and B.-D. Sun, Gravitational form factors of a
baryon with spin-3=2, Eur. Phys. J. C 81, 85 (2021).

[56] D. Fu, J. Wang, and Y. Dong, Form factors of Ω− in a
covariant quark-diquark approach, Phys. Rev. D 108,
076023 (2023).

[57] D. Fu, B.-D. Sun, and Y. Dong, Generalized parton
distributions of Δ resonance in a diquark spectator ap-
proach, Phys. Rev. D 107, 116021 (2023).

[58] M. V. Polyakov and A. Tandogan, Comment on “Gravita-
tional transition form factors of Nð1535Þ → N”, Phys. Rev.
D 101, 118501 (2020).

[59] K. Azizi and U. Özdem, Gravitational form factors of N
(1535) in QCD, Nucl. Phys. A1015, 122296 (2021).

[60] U. Özdem and K. Azizi, Gravitational transition form
factors of Nð1535Þ → N, Phys. Rev. D 101, 054031
(2020).

[61] J.-Y. Kim, Parametrization of transition energy-momentum
tensor form factors, Phys. Lett. B 834, 137442 (2022).

[62] U. Özdem and K. Azizi, Gravitational transition form
factors of N → Δ via QCD light-cone sum rules, J. High
Energy Phys. 03 (2023) 048.

[63] K. Azizi, Magnetic dipole, electric quadrupole and magnetic
octupole moments of the delta baryons in light cone QCD
sum rules, Eur. Phys. J. C 61, 311 (2009).

[64] M. Kotulla et al., The reaction γp → π0γ0p and the magnetic
dipole moment of the δþ ð1232Þ resonance, Phys. Rev.
Lett. 89, 272001 (2002).

[65] D. Fu, B.-D. Sun, and Y. Dong, Generalized parton distri-
butions in spin-3=2 particles, Phys. Rev. D 106, 116012
(2022).

[66] M. V. Polyakov and P. Schweitzer, Forces inside hadrons:
Pressure, surface tension, mechanical radius, and all that,
Int. J. Mod. Phys. A 33, 1830025 (2018).

[67] K. Azizi and N. Er, X(3872): Propagating in a dense
medium, Nucl. Phys. B936, 151 (2018).

Z. DEHGHAN, K. AZIZI, and U. ÖZDEM PHYS. REV. D 108, 094037 (2023)

094037-16

https://doi.org/10.1103/PhysRevD.106.086004
https://doi.org/10.1103/PhysRevD.105.054509
https://doi.org/10.1140/epjc/s10052-020-7676-5
https://doi.org/10.1140/epjc/s10052-020-7676-5
https://doi.org/10.1007/JHEP09(2018)156
https://doi.org/10.1103/PhysRevD.105.014003
https://doi.org/10.1103/PhysRevD.105.014003
https://doi.org/10.1103/PhysRevD.104.014024
https://doi.org/10.1103/PhysRevD.103.094023
https://arXiv.org/abs/2104.02031
https://doi.org/10.1038/s41586-018-0060-z
https://doi.org/10.1038/s41586-018-0060-z
https://arXiv.org/abs/2303.08347
https://doi.org/10.1103/PhysRevD.101.114026
https://doi.org/10.1103/PhysRevD.101.114026
https://doi.org/10.1103/PhysRevD.106.114009
https://doi.org/10.1016/S0370-2693(03)00036-4
https://doi.org/10.1016/S0370-2693(03)00036-4
https://doi.org/10.1103/PhysRevD.105.054002
https://doi.org/10.1103/PhysRevD.100.036003
https://doi.org/10.1140/epjc/s10052-019-6981-3
https://doi.org/10.1140/epjc/s10052-019-6981-3
https://doi.org/10.1103/PhysRevD.107.054007
https://doi.org/10.1103/PhysRevD.107.054007
https://doi.org/10.1103/PhysRevD.106.114013
https://doi.org/10.1103/PhysRevD.106.114013
https://doi.org/10.1103/PhysRevD.106.114014
https://doi.org/10.1103/PhysRevC.100.015201
https://doi.org/10.1103/PhysRevC.105.059901
https://doi.org/10.1103/PhysRevC.105.059901
https://doi.org/10.1103/PhysRevD.101.096008
https://doi.org/10.1103/PhysRevD.105.016018
https://doi.org/10.1103/PhysRevD.105.096002
https://doi.org/10.1140/epjc/s10052-022-10882-0
https://doi.org/10.1103/PhysRevD.94.054024
https://doi.org/10.1103/PhysRevD.94.054024
https://doi.org/10.1016/j.physletb.2020.135707
https://doi.org/10.1016/j.physletb.2020.135707
https://doi.org/10.1103/PhysRevD.101.056016
https://doi.org/10.1140/epjc/s10052-021-08852-z
https://doi.org/10.1103/PhysRevD.108.076023
https://doi.org/10.1103/PhysRevD.108.076023
https://doi.org/10.1103/PhysRevD.107.116021
https://doi.org/10.1103/PhysRevD.101.118501
https://doi.org/10.1103/PhysRevD.101.118501
https://doi.org/10.1016/j.nuclphysa.2021.122296
https://doi.org/10.1103/PhysRevD.101.054031
https://doi.org/10.1103/PhysRevD.101.054031
https://doi.org/10.1016/j.physletb.2022.137442
https://doi.org/10.1007/JHEP03(2023)048
https://doi.org/10.1007/JHEP03(2023)048
https://doi.org/10.1140/epjc/s10052-009-0988-0
https://doi.org/10.1103/PhysRevLett.89.272001
https://doi.org/10.1103/PhysRevLett.89.272001
https://doi.org/10.1103/PhysRevD.106.116012
https://doi.org/10.1103/PhysRevD.106.116012
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1016/j.nuclphysb.2018.09.014


[68] T. M. Aliev, K. Azizi, and A. Ozpineci, Light cone QCD
sum rules analysis of the axial N → Δ transition form
factors, Nucl. Phys. A799, 105 (2008).

[69] V. M. Belyaev and B. L. Ioffe, Determination of baryon and
baryonic resonance masses from QCD sum rules. 1. Non-
strange baryons, Sov. Phys. JETP 56, 493 (1982).

[70] V. M. Belyaev and B. L. Ioffe, Determination of the
baryon mass and baryon resonances from the

quantum-chromodynamics sum rule. Strange baryons,
Sov. Phys. JETP 57, 716 (1983).

[71] P. Abreu et al., Determination of αs from the scaling
violation in the fragmentation functions in eþe− annihila-
tion, Phys. Lett. B 311, 408 (1993).

[72] B. Barsbay, K. Azizi, and H. Sundu, Heavy-light hybrid
mesons with different spin-parities, Eur. Phys. J. C 82, 1086
(2022); 82, 1138(E) (2022).

GRAVITATIONAL FORM FACTORS OF THE Δ BARYON … PHYS. REV. D 108, 094037 (2023)

094037-17

https://doi.org/10.1016/j.nuclphysa.2007.11.006
https://doi.org/10.1016/0370-2693(93)90587-8
https://doi.org/10.1140/epjc/s10052-022-11053-x
https://doi.org/10.1140/epjc/s10052-022-11053-x
https://doi.org/10.1140/epjc/s10052-022-11098-y

