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Abstract In this work, we investigate the optical appear-
ance of qualitatively new observational features of accretion
disk images around the charged rotating traversable worm-
hole (TWH) space-time for different spin, throat, and charge
values. To accomplish this, we first consider the Hamilton–
Jacobi method to derive the geodesic equations for the motion
of photons and study the effects of parameters on the pho-
ton orbit in the observer’s sky. We found that each parameter
affects the size and shape of the wormhole (WH) shadow and
flatness is observed in the shadow because of spin and other
parameters. To produce shadow images of sufficient visual
quality but within manageable computational times, we adopt
the ray-trace procedure and characterize the significant fea-
tures of light trajectories on the observer’s screen, depend-
ing on the interaction between the space-time structure and
the accretion disk. In addition, we consider the static spheri-
cally symmetric accretion flow model to observe the specific
intensity around the traversable WH space-time geometry. It
is found that the intensity and positions of the photon ring
vary with respect to the involved parameters. In future obser-
vation, this type of study may provide a fertile playground
to test the nature of compact objects, specifically the WH in
the strong-field regime.

1 Introduction

During the last two decades, the expanding nature of our uni-
verse has been described by a large amount of recent observa-
tional data such as Laser Interferometer Gravitational Wave
Observatory [1], Virgo [2], Event Horizon Telescope (EHT)
[3], International Gamma-Ray Astrophysics Laboratory [4]
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and Imaging X-ray Polarimetry mission [5]. These obser-
vations triggered the research community to investigate and
develop more insights and advanced techniques to test grav-
ity in a strong gravitational regime. Wormhole (WHs) is a
theoretical solution of Einstein’s field equations that has no
horizon or singularity. Theoretically, WHs are hypothetical
objects connecting two distinct points in the same or even dif-
ferent universes by speed more than light. Wormholes have
never been observed and even their existence and formation
scenarios are highly disputable questions.

In 1916, Flamm was the first, who proposed the the-
oretical formulation of WHs [6]. Later in 1935, Einstein
and Rosen [7] developed the inevitable results in the for-
mation of WHs, which connected two different mouths of
Schwarzschild geometry. Since the TWHs do not take into
observation, it was thought that they were just a mathemat-
ical prediction at this time. The existence of human TWHs
requires gravitational repulsion, which usually could be sup-
ported by matter with negative kinetic terms, restraining the
throat from shrinking. The traditional method that is used to
find the WH solutions entails creating a singularity-free met-
ric that shows the proper WH geometry, which needs some
exotic matter at the throat to keep it open. By applying this
strategy, Morris and Thorne [8] investigated the static TWHs
without time dependence and came to the conclusion that
they couldn’t be created through the usual matter. There is
a stress-energy tensor that is present in all known classical
forms of matter and meets specific energy requirements [9].

In this scenario, Morris–Thorne WHs must include the
matter whose stress-energy tensor violates the null energy
condition, and hence all the solutions of Einstein field equa-
tions are valid. Subsequently, the solutions of rotating axi-
ally symmetric TWHs were also discovered in [10] along
with those that had time-dependent angular velocity [11].
Since the possible characteristics of the TWHs were stud-
ied for a long time, many developments were carried out
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by various researchers. Further, it is generally accepted that
super-massive compact objects, most frequently thought to
be black holes (BHs), are present in the galactic centers.
Boson stars, gravastars, and WHs are examples of horizon-
less objects, however, they cannot yet be completely ruled
out. As a result, it’s critical to consider tests that can discrim-
inate between WHs and BH for upcoming observations.

Among various objects in gravitational physics, the most
peculiar astrophysical objects are the BH and WH. Gravita-
tional lensing is one of the fundamental phenomena of strong
gravity. The observation in 2019 by the EHT [12–14] of the
accretion flow around the super-massive object at the center
of M87∗ has triggered the beginning of a new phase in the
understanding of the magnetic fields around compact objects
and on testing general relativity (GR) itself. In these papers,
the concepts of BH shadow depicted a bright ring-shaped
lump of radiation surrounding a black central region of an
estimated 6.5 billion solar masses. In this sense, the research
on the BH shadows has entered a new phase, which provides
the details of the astrophysical circumstances of the accre-
tion matter and its optical appearance in a general relativistic
context [15]. In 2020, Kruglov [16] examined the rational
nonlinear electrodynamics and described the super-massive
M87∗ BH as a magnetized BH without singularities. The
shadow that was observed from the center of M87∗ was con-
sistent with the shadow produced by numerical simulation of
a Kerr-like BH with a mass of (M = 6.5 ± 0.7 × 109M�)

(where M is the mass of BH) [15]. The details of the accre-
tion process and emission mechanisms influence the intensity
map of an image, but the boundary of the shadow relies solely
on the space-time metric. This is because the shadow bound-
ary reflects the apparent shape of the photon orbits, which
can be observed by any distant observer.

Since the visual appearance of BH shadows is widely dis-
cussed in the literature, it prompts us to better understand the
realistic nature of plasma radiation around the BH. In 1999,
Falcke et al. [17] proposed that the BH shadow is equivalent
to the gravitational lensing effect by assuming the accretion
flow is optically thin surrounding a super-massive BH in the
center of our Milky Way galaxy. In [18], the author pro-
posed a technique that is used to determine the BH charge
through the distinct features of BH shadow in the galactic
center and found that this method is also valid when a BH is
uncharged. Abdujabbarov et al. [19] studied the shadow of a
charged rotating BH and concluded that the angular momen-
tum of the BH deforms the size of the shadow according
to the variations of parameters. Assuming an optically thin
disk accretion flow model, Gralla et al. [20] discussed the
BH shadow and the photon rings of Schwarzschild BH and
found that the luminosity of the ring diverges logarithmically
at the position of the photon ring. Zeng et al. [21] analyzed
some interesting features of the charged four-dimensional
Gauss–Bonnet BH, considering the strings clouds and non-

commutative (NC) geometry under different accretions flow
models. Saleem and Aslam [22] investigated the optical fea-
tures of a charged NC Kiselev BH through different config-
urations of accretion matter. They found that the size of the
BH shadow and its related properties closely depend on the
BH state parameters and space-time geometry.

Takahashi [23] conducted both qualitative and quantita-
tive analysis of the shadow created by a rotating BH on an
optically thick accretion disk and investigated its character-
istics which depend on the angular momentum of the BH.
Saha et al. [24] introduced the NC geometry for the Ayón-
Beato and García BH metric and studied the effects of NC
parameter θ , smeared mass m(r) and smeared charge q(r)
on the silhouette of the BH shadow. Solanki and Perlick [25]
obtained the precise analytical equations that describe the
evolution of the photon sphere and the angular radius of the
BH shadow within a specific Vaidya space-time. Övgün et
al. [26] studied the shadow and the energy emission rate of a
spherically symmetric BH under NC geometry in the frame-
work of Rastall gravity. Although these studies can provide
valuable information about compact objects such as BHs,
they may not always be sufficient to determine the underly-
ing object with certainty. In this regard, researchers are trying
to explore WHs to acquire a perception of their geometrical
structures. Apart from gravitational lensing effects, another
possible method for probing WHs is the canonical interpre-
tation of shadows. Hence, one can recognize the shadow of
a WH in the strong gravitational field, an object having a
photon sphere when illuminated by an accretion disk.

The shadow of a WH is the area where the throat of the WH
stops the light rays coming from the other side of the throat.
This may result in a special phenomenon such as a light ring
located only on one side of the WH throat and there is no light
ring on the other side of the throat. The optical appearance of
this shadow zone is similar, much like the shadow of a BH, but
it is different in shape and structure. Since the shape of WH
is thought to be a hypothetical geometry that has not yet been
seen or proven to exist, it is difficult to pinpoint exactly what
makes up a WH shadow [27]. Therefore, apart from the study
of the shape and size of shadows, the WH shadows and their
observational characteristics were studied for a long time
[28,29], but still there are thrust in the research community
to explore the nature of plasma radiation around the WH
throat more comprehensively. The optical appearance of WH
shadow closely depends on the accretion matter and its proper
visualization can provide evidence about the parameters as
well as space-time geometry around the WH. Based on null
geodesics, the boundary of the shadow can be resolved by the
WH space-time metric itself, as it is associated with the shape
of the photon orbits, which is observed by any distant viewer.
In this perspective, one can analyze the behavior of light rays
around the WH throat based on null geodesic equations and
solve it numerically through an efficient procedure, so-called
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Fig. 1 Schematic diagram of the light rays around the WH

the ray-tracing method [30]. In this way, for a greater depth
of understanding of the behavior of light rays from cosmic
accretion materials, one can analyze it through the schematic
diagram, which shows the optical appearance of the incident
light rays around WH throat (see Fig. 1).

Based on the geodesics analysis, one can classify the light
rays into three different kinds of emissions on the equatorial
plane as shown in Fig. 1. These light rays are used to dis-
tinguish the behavior of photons according to their motions
around the WH throat as follows: (i) In this case, the pho-
tons approaching the throat from far away in the universe I
and will reach the left-turning point and be traced backward
(dispersed from the WH to infinity) (see orange line), (ii)
at the position of the photon sphere, the photons will nei-
ther escape from the WH nor fall into the WH, and hence
revolve around the WH throat in a state of constant rotation
(see red line). In other words, if a photon starts its motion
in universe I , it will cross the WH throat to universe I I and
reach the position of the photon ring from where it can either
scatter back to infinity in universe I or travel further towards
the universe I I , (iii) and when the photons travel across all
of the space-time, entering from the asymptotic universe I
of space-time and escape from the other side of the asymp-
totic region I I of space-time and vice versa (see green line).
Motivated by these fundamental concepts, Nedkova et al.
[31] investigated the distinct features of a particular class of
rotating TWHs shadows within the framework of GR and
found that the inclination angle of the remote observer and
the angular momentum of the WH both changes the images
of the shadows.

In [32], the author examined the shadows of a particular
class of rotating TWHs and found the main rule of a rotating
WH throat in the formation of shadow images. They further
explored the influence of spin parameter on the shadows and
compared the results with that of Kerr BH, which can be
used to distinguish the shadows of WHs and BHs. Rahaman
et al. [33] investigated the shadow of rotating WH through
the null geodesics analysis and discussed the effects of WH

state parameters on the photon ring and the shadow size,
which significantly varies according to the values of param-
eters. Abdujabbarov et al. [34] investigated the behavior of
massless particles around the rotating WH in the presence of
plasma radiations and discovered that the inner radius of pho-
ton’s circular orbits around the WH throat is reduced with the
increasing of the plasma parameters. The optical properties
of the shadow images along with both null and massive parti-
cles for the charged Morris–Thorne WH are discussed in [35]
for different values of the charge and the other state parame-
ters. Javed et al. [36] derived the Gaussian optical curvature
through the Gauss–Bonnet theorem and calculated the weak
deflection angle and the shadow images of the Casimir WH
under different values of the involved parameters. Ohgami
and Sakai [37] studied the shadow of WH under the influ-
ence of a rotating dust flow field. They derived the steady-
state solutions of slowly rotating dust through the relativistic
Euler equations and found that the shape of the bright ring is
distorted due to the rotation of dust fluid. The authors in [38]
discussed the problems of deflection and scattering of light
rays having zero gravitational mass under different accre-
tions flow matter and concluded that the ray-tracing proce-
dure gives efficient information about electromagnetic phe-
nomena around the compact objects such as BHs and WHs.

However, the different optical signatures of WH shad-
ows and their relevant consequences obtained the peak posi-
tion among the scientific community, and numerous publica-
tions have been devoted to this subject. Still, there are many
problematic configurations that need to be investigated for
the proper visualization of accreting matter around the WH
through the reliable method, which is based on null geodesic
analysis. This paper is organized as follows. In Sect. 2, we
briefly define the basic formalism of charged rotating TWH
along necessary constraints on the space-time structure. In
Sect. 3, the equations of motion for mass-less particles are
developed with the Hamilton–Jacobi formalism, and shadow
curves for the observer at different locations are discussed
in the same section. A ray-tracing procedure is employed in
Sect. 4 to observe different light ray trajectories around TWH
configurations. The observed specific intensity based on the
static accretion flow model is also discussed in the same sec-
tion. Finally, we draw the conclusions and add discussions
in the last section.

2 The charged rotating wormhole

The charged parameter can be applied to develop the models
of various astrophysical objects of immense gravity by con-
sidering the relevant matter distributions. These models with
charged parameters can successfully describe stellar objects’
characteristics [39]. Understanding the charged parameters
in astrophysical objects is essential for gaining significant
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information about space-time structure, and it plays a crucial
role in astrophysical research and the development of theo-
retical models. The magnetic fields associated with charged
particles in accretion disks can lead to the formation of jets
and other energetic phenomena around stellar objects. In
this regard, the well-known axisymmetric space-time met-
ric describing a class of rotating TWH, which is proposed by
Toe in [10] and can be written with charge Q in the following
form as [40,41]

ds2 = −N 2dt2 +
(

1 − b

r
+ Q2

r2

)−1

dr2

+r2K 2[dθ2 + sin2θ(dφ − ωdt)2], (1)

where

N =
√

1 − 2M

r
+ Q2

r2 , b(r) = r2
0 + 2M(r − r0)

r
,

ω = 2J

r3 = 2aM2

r3 , K = 1, (2)

in which a = J
M2 is the spin parameter, J is the angular

momentum, r0 is the WH throat, K (r, θ) is a regular, positive
and non-decreasing function, determining the proper radial
distance R = r K and ω shows the angular velocity of the
WH. Further, the spherical polar coordinates (t, r, θ, φ) are
defined as −∞ < t < ∞, r0 ≤ r ≤ ∞, 0 ≤ θ ≤ π

and 0 ≤ φ ≤ 2π , and the metric functions N , b, K and ω

closely depends on r and θ . If both ω and Q are equal to
zero, then the metric given in Eq. (1) reduces to the Morris–
Thorne WH metric, and for Q = 0 only, it is reduced to
rotating TWH [33]. The function N is the redshift function
of radial coordinate and its value is always finite everywhere
used to determine how gravitational redshift behaves as an
object falls into the gravitational field. The parameter b is
the shape function, which is used to determine the shape of
the WH and it must satisfy the following conditions, throat
condition b(r0) = r0 and b(r) should be less than r for
r > r0, and flaring-out condition at the throat b′(r0) < 1
[10] (where prime denotes derivative with respect to r ). To
ensure that the metric is non-singular on the rotation axis
θ = 0 and θ = π , the derivatives of N , K , and b with respect
to θ should vanish on it. As a result, the considering metric
denotes two identical regions joined together at the throat,
r = r0 = b, and the radial coordinates approach to physical
infinity. Although various choices for the metric functions
N , K , b, and ω can be adopted freely, we emphasize that all
the solutions do not correspond to WH physics. One must
describe the necessary restrictions for the regularity and the
physical relevance of the WH solutions. So, we will evaluate
our results according to the above mentioned conditions.

Now, we will continue with the concept of ergoregion
in the context of WHs. Generally, for the metric signature
(−,+,+,+), the temporal component gtt < 0. However,

for rotating space-times, gtt can be made positive in some
regions and these regions are called ergoregions. The bound-
ary between the negative and positive gtt , where gtt = 0
is known as ergosurface. So, the ergoregion is the region
between the event horizon or the WH throat and at the ergo-
surface gtt = 0. One of the properties of ergoregion is that
no massive particle can move in a direction opposite to the
spin of the space-time. In the ergoregion, if a massive particle
starts moving initially opposite to the spin, it will ultimately
reverse its motion and align its motion in the direction of
the spin. The ergoregion for the rotating WHs is defined as
gtt = −(N 2 − ω2r2 sin2 θ) ≥ 0. So, for the metric given in
Eq. (1), the ergosurface defined as:

N 2 − ω2r2K 2 sin2 θ = 0. (3)

For rotating WHs, the ergoregion exists around its throat,
so it is not extended up to poles at θ = 0 and θ = π . The
ergosphere must exist in between a critical angle θc and π −
θc, for all 0 < θc ≤ π

2 . Now θc can be determined at the
throat of the WH from Eq. (3) as [32,42]

sin θc =
∣∣∣∣ N0

ω0r0K0

∣∣∣∣ , (4)

here the “0” in subscript shows that the results are evalu-
ated at the throat of the WH. Moreover, the critical value ac
of the spin parameter a is calculated by the correspondence
of sin θc = 1 or ωc = N0/r0K0. In our case, the critical
value ac = 1.22984 for the values M = 1, r0 = 2.2 and
Q = 0.9. Graphical analysis of the ergosphere for the given
values using a > ac are shown in Fig. 2. From Fig. 2a, when
we fixed the spin parameter a = 1.3, we observed that there
is no significant difference between the WH throat and the
ergosurface. Explicitly from Fig. 2a–d, as the strength of the
spin parameter a increases, the distance between the ergo-
surface and the WH throat is expanded. Moreover, as the
spin parameter a increases, the curves of the ergosurface lie
far away from the WH throat. Further, we plotted the sub-
figures of ergosphere for different values of Q as shown in
the lower panel of Fig. 2, corresponding to different values
of a as depicted in Fig. 2 (upper row). From these subfigures,
we conclude that when the charge Q has a maximum value
such as Q = 0.8, a very narrow gap between the ergosurface
and the WH throat has been noticed (see Fig. 2e). Further,
when the charge Q = 0.6 (see Fig. 2f), the corresponding
profile shows that the distance between the ergosurface and
the WH throat is gradually expanded. As the value of charge
Q further drops, we notice a further increase in the distance
between the ergosurface and the WH throat. Hence, all these
results imply that the position of the ergosurface with respect
to the throat closely depends on the state parameters. In gen-
eral, the distance between the ergosurface and the throat is
changed according to the relative locations of objects and
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Fig. 2 The figure shows the ergosphere for different values of a (upper panel) and for different Q (lower panel). The ergoregion is limited to a
crescent-shaped region about the equator and is denoted by a purple-dashed curve. The red line represents the WH throat at r = r0

their geometrical properties. As objects move in the vicinity
of a WH, the ergosurface may shift accordingly.

3 Motion of mass-less particles

To investigate the behavior of light rays around the charged
rotating TWHs, we need to find how the light ray moves in
this space-time. To study the shadow and its relevant conse-
quences for rotating metrics in a strong field regime, we need
to define the geodesic equations, which are defined through
the Hamilton–Jacobi formulation [43,44]. The dynamics of
mass-less particles are widely discussed in the literature with
the help of Lagrangian and Hamiltonian formalism in the
context of modified theories of gravity [45]. The usual pro-
cedures give two constants of motion such as energy and the
angular momentum of photons along the axis of symmetry
and the mass as a third constant. However, in order to solve
the system of equations, we need to define a fourth constant.
The separability of the Hamilton–Jacobi equation enables us
to obtain a fourth constant, which is the so-called Carter con-
stant [43,44]. Despite defining the motivation for Hamilton–
Jacobi formalism, we first need to describe the Lagrangian to
obtain the relation between the constants of motion and the
generalized momenta. In this case, the motion of a photon in
the charged rotating WH space-time can be described by the

Lagrangian as

L = 1

2
gabẋ

a ẋb = −N 2 ṫ2 + ṙ2
(

1 − b

r
+ Q2

r2

)−1

+r2K 2[θ̇2 + sin2 θ(φ̇ − ωṫ)2], (5)

where “dot” defines the derivative with respect to affine
parameter λ of the geodesic curves and the metric coeffi-
cients do not depend explicitly on time t and azimuthal angle
φ. Hence, one can obtain the two conserved quantities such
as [46]

pt = ∂L
∂ ṫ

= −N 2 ṫ − ωr2K 2 sin2 θ(φ̇ − ωṫ) = −E, (6)

pφ = ∂L
∂φ̇

= r2K 2 sin2 θ(φ̇ − ωṫ) = L , (7)

in which E and L are the energy and the angular momentum
of photons, respectively. Now solving Eqs. (6) and (7), we
obtain the expressions of ṫ and φ̇ as

ṫ = E − ωL

N 2 , φ̇ = L

r2K 2 sin2 θ
+ ωṫ . (8)

Consequently, we obtained the components of r and θ of the
momentum as

pr = ∂L
∂ ṙ

= ṙ

1 − b
r + Q2

r2

, pθ = ∂L
∂θ̇

= r2K 2θ̇ . (9)

Equations (6) and (7) will be used in further calculations
while dealing with the forms of generalized momenta and
their relationship with the constants of motion. Particularly,
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these equations will be helpful to write the system in terms
of the constants E and L . The Hamilton–Jacobi equation is
defined as

∂S

∂λ
= −1

2
gμν ∂S

∂xμ

∂S

∂xν
, (10)

where gμν is the inverse of the metric tensor and S is said to
be Jacobi action, which is defined as [45,47]

S = 1

2
μ2λ − Et + Lφ + Sr (r) + Sθ (θ), (11)

where Sr (r) and Sθ (θ) are unknown functions yet to be deter-
mined, μ is the mass of the test particle, which is zero for
the photons. Here the Hamilton–Jacobi equation will be sep-
arable for the rotating WH as we choose in (1) if the metric
functions N , b, K and ω only depend on radial coordinate
r [47]. Now to get the equations for the functions Sr (r) and
Sθ (θ), substitute Eq. (11) into Eq. (10), we obtain [47]
(
dSθ

dθ

)2

= K − L2

sin2θ
, (12)

(
1 − b

r
+ Q2

r2

)
N 2

(
dSr
dr

)2

= (E − ωL)2 −
(

μ2N 2 + K N 2

r2K 2

)
, (13)

whereK is the Carter constant [44]. We know pr = ∂S
∂r = dSr

dr

and pθ = ∂S
∂θ

= dSθ

dθ
, therefore, Eqs. (9), (12) and (13) yield

[47]

N√
1 − b

r + Q2

r2

dr

dλ
= ±√

R(r), r2K 2 dθ

dλ
= ±√

T (θ),

(14)

where

T (θ) = K − L2

sin2 θ
, (15)

R(r) = (E − ωL)2 −
(

μ2N 2 + K N 2

r2K 2

)
. (16)

Then, the Jacobi action may be written in the following form

S = 1

2
μ2λ − Et + Lφ +

∫ √√√√ R(r)

N 2(1 − b
r + Q2

r2 )
dr

+
∫ √

T (θ)dθ. (17)

The constants of motions E , L , and K are used as parameters
for the geodesic equations in axisymmetric and stationary
space-times. Hence, we introduce the dimensionless quanti-
ties such as

ξ = L

E
, η = K

E2 , (18)

where ξ and η are called the impact parameters. Further, the
functions R(r) and T (θ) can be written in terms of ξ and η

as

R(r) = (1 − ωξ)2 − η
N 2

r2 K 2, (19)

T (θ) = η − ξ2

sin2 θ
. (20)

3.1 The shadow of charged rotating traversable wormholes

The geodesic equations govern the motion of the particles and
other objects in the gravitational fields of massive objects.
Here, the particle under consideration is the photon, so the
above equations describe the motion and the trajectories fol-
lowed by the massless photon. Since we are studying the
motion of photons in general, orbiting the WH in circular
geodesics these photons stay on the surface of a sphere of
radius r =constant. To find the WH shadow, i.e., the dark
region in the viewer’s atmosphere in the presence of a shiny
background, one would have to start finding out the critical
orbits that separate the photons according to their motions
around the WH. To perform this exercise, one can calculate
the critical orbit by considering the radial geodesic equation,
and it can be expressed as an energy conservation equation
in the following form: [33]

(
dr

dλ

)2

+ Vef f = 1,

Vef f = 1 − 1

N 2

(
1 − b

r
+ Q2

r2

)
R(r), (21)

where Vef f is the effective potential that describes the
geodesic motion of a photon around WH. From the above
equation, we see that the motion of the photons depends on
the impact parameter and the effective potential. Hence, one
can analyze the motion of photons around WH, if its radial
motion possesses a turning point dr/dλ = 0, which implies

Vef f = 1,
Vef f
dr

= 0,
d2Vef f
dr2 ≤ 0. (22)

We consider the explicit form of the Vef f and the functions

N and (1 − b
r + Q2

r2 ) are finite and non-zero outside the WH
throat. So, the conditions in Eq. (22) can be written as follows
in terms of R(r)

R(r) = 0,
dR

dr
= 0,

d2R

dr2 ≥ 0. (23)

Thus, we can obtain the two algebraic equations for the
impact parameters and the radial position of the unstable
spherical orbit. In this scenario, by using the first two con-
straints of Eq. (23), we get the expressions for ξ and η in
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terms of radial coordinate as following.

ξ = χ

ωχ − ω
′ |r=rph , χ = 1

2

d

dr
ln

(
N 2

r2K 2

)
, (24)

η = r2K 2

N 2 (1 − ωξ)2 |r=rph , (25)

in which rph is the radius of circular photon orbit. In the above
equations, we obtain the relation between impact parameters
ξ and η as η(ξ), and the prime denotes the derivative with
respect to r . Using Eqs. (24) and (25), the authors in [47]
discussed the WH shadows and exhibited that the effective
potential has the maximum value at the WH throat, implying
that the position of circular photon orbits, which is either
stable or unstable, are lying at the WH throat. However, it
has been shown that a WH throat can behave as a natural
location of unstable circular orbits [42]. Hence, the condition
Vef f = 1 is automatically satisfied. Therefore, for unstable
circular orbits located at the WH throat such as r = r0, the
second condition in Eq. (22) can be written as [32]

(1 − ω0)
2 − η

N 2
0

r2
0 K

2
0

= 0. (26)

Next, we are going to discuss the distinct features of the
free-moving matter around WH of the considering space-
time geometry. Since the photons move on unstable orbits
construct the edges of the shadow. Thus, the apparent shape
of the shadow can be found by the projection of the shadow
from the WH’s plane to the observer’s image plane with coor-
dinates α and β. So, we introduce the celestial coordinates,
that connected to the actual astronomical measurements that
span a two-dimensional plane, defined as [48]

α = lim
ro→∞

(
− r2

o sin θobs

[
dφ

dr

]
(ro,θobs )

)
, (27)

β = lim
ro→∞

(
r2
o

[
dθ

dr

]
(ro,θobs )

)
, (28)

where ro is the position coordinate of the observer, lying far
away from the WH, and θobs is the angular position of the
observer with respect to the WH’s plane. The celestial coor-
dinates α and β are the discernible perpendicular distances
of the shadow profiles as observed from the rotation axis and
from its projection on the equatorial plane, respectively. Now,
considering the geodesic equations, one can deduce explicit
expressions for the celestial coordinates for our WH solution
as

α = − ξ

sin θobs
, β =

(
η − ξ2

sin2 θobs

)1/2

. (29)

The WH throat is considered at the origin of the image
plane, see Fig. 3. Hence, the optical appearance of the WH
shadow profiles formed by the unstable circular photon orbits
that lie outside the throat are obtained through Eqs. (24), (25)

Fig. 3 Schematic diagram of the celestial coordinates for a distant
observer

and (29) in the (α, β) plane. However, by using Eqs. (26)
and (29), we get the solution for the part of the shadow’s
boundary, which can be formed due to the unstable circular
orbits, located at WH throat as

(N 2
0 − ω2

0r
2
0 K

2
0 sin2 θobs)α

2 − 2ω0r
2
0 K

2
0 sin θobsα

−r2
0 K

2
0 + N 2

0 β2 = 0. (30)

Therefore, based on Eq. (30), one can obtain the WH shadow
images on the equatorial plane in the strong field regime with
different values of model parameters. Further, to analyze the
physical behavior of Vef f throughout the domain of WH
geometry, one can choose the proper radial distance, which
is explained by [8]

l(r) = ±
∫ r

r0

dr√
1 + Q

r − b
r

, (31)

here ± corresponds to the asymptotic regions of universe
I and universe I I , respectively and the throat exists at
l(r0) = 0. To investigate the behavior of photons around WH,
we first need to understand the physical behavior of effec-
tive potential. When the effective potential has the maximum
value and reaches the position of the light ring, then the throat
acts as a position of unstable photon orbits. Since the pho-
tons have non-zero angular velocity, they will revolve around
the WH throat infinitely. Below, the maximum value of the
effective potential, the photons lie away from the WH throat.
Hence, at this position, the photons will encounter the poten-
tial barrier and travel throughout space-time freely. Further,
above the position of the light ring, the photons approaching
the throat from far away and continue moving in the inward
direction, cross the WH throat from universe I and reach the
photon orbit, from where it can either scatter back to infinity
in the universe I or travel further into universe I I [20,49].
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Fig. 4 The profiles of the effective potentials Vef f and l for different values of impact parameters and charge Q with θobs = π
2

In this regard, from Eq. (21), we see that the motion of the
particle depends on the impact parameters and the effective
potential, which is depicted in Fig. 4, for different values of
involved parameters. From Fig. 4, it is clear that the impact
parameter values denoted by the different colors show that
the corresponding curves of the effective potential for impact
parameter values lying inside and outside of the WH throat,
leads to different regions of the shadow boundary. If the effec-
tive potential has a turning point, i.e., Vef f = 0 at some
value of l(r) for the impact parameter values lying outside
the shadow boundary. Photons with these impact parameters
escape to the distant observer, thereby creating bright light
spots in the observer’s sky (see maroon and green curves of
Fig. 4a). Further, in the case of the red curve in Fig. 4a), pho-
tons do not approach the WH throat and lie far away from it,
since the light rays contribute negligible in creating the bright
spot in the observer’s sky. On the other hand, if the effective
potential does not have any turning point, i.e., Vef f 	= 0 for
the impact parameter lying inside the shadow boundary, pho-
tons with these impact parameters start their motion in the
universe I , travel across the WH throat to universe I I . These
photons are not received by any distant observer, hence, cre-
ating a dark spot on the observer’s sky (see the cyan curve of
Fig. 4b). In a similar manner, one can also observe the behav-
ior of the effective potential for some other values of param-
eters, see Fig. 4b, c, corresponding to the different positions
of the photon orbit.

Now, we are going to examine the shadows observed by
an observer in the vicinity of the WH for different values of
parameters with M = 1. From Fig. 5a, it is found that with the
increasing values of a, the shadow curves are shifted in the
positive direction of abscissa. The inclusion of spin parameter
a shifted the shadows rightwards and diminished flatness was
observed with increasing a. In Fig. 5b, we see that with the
increasing values of r0, the size of the shadow becomes more
and more circular and it can be observed that each curve has

an almost equal magnitude of y, −y, x and −x-intercepts,
which means that the shadows are exactly circular. Further,
in the case of charge Q, we see that as the value of charge Q
increases, the size of each shadow curve decreases and shifts
in the positive direction of abscissa, see Fig. 5c. Note that,
in all cases of Fig. 5, the influence of each parameter can be
observed clearly through differences in the shadow curves,
which change significantly with the variations of parameters,
and the overall shadow curves are shifted in the right direction
due to the influence of a.

Next, we will interpret the shadow images of the WH at
different positions of the observational angles. We investigate
the effect of θobs on the WH shadow images for some par-
ticular values of model parameters as an example, see Fig. 6.
Form Fig. 6a, it can be seen that when θobs = π

6 , the image
of the shadow is smaller, but as we increase the values of
θobs , i.e., θobs = π

2 , we observed that the image size is also
increased. Moreover, with an increase in the observational
angle, the shadow image shifted rightwards and created a
negligible flatness on the left side. As one goes from left to
right in the panel, due to the variations of the parameters, the
shadow size is changed accordingly. In Fig. 6b, c, a similar
effect of θobs is found, as considered in the previous case.
Further, it is essential to note that in similar circumstances,
the differences between the shadow curves are smaller due
to the decreasing values of Q (from left to right). However,
in all cases, it is observed that with decreasing a in each
panel (from left to right), the shadow images can be identi-
fied as perfect circles. These results are also consistent with
the results in [47], however, the differences in positions of
the photon orbit are found due to the influence of charge
Q, which may be used to distinguish different types of WH
shadow images under the considering framework.

In the next section, we are going to investigate the behavior
of light rays near the WH [29,51], which is the projection of
the photon sphere on the equatorial plane.
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Fig. 5 The image of WH shadow is shown for different a, r0 and Q in the left, middle, and right panels, respectively with θobs = π
2

Fig. 6 The image of WH shadow is shown for different values of θobs (three examples are shown for different sets of parameters)

4 Behavior of light rays near the traversable wormhole

Recently, the research community has been motivated to
explore the shadows cast by several compact objects when
illuminated by different types of accretion disks. In this sense,
they made some feasible assumptions that involved the many
ingredients of accretion materials around the BH as well as
WH space-time geometry [20,50,51]. The optical appear-
ance of a WH’s shadow configuration may provide indirect
evidence for the existence of the WH itself. Investigating,
the size and the shape of the WH shadow, the scientific com-
munity infers the heuristic configurations of the WH such as
its mass, spin, shape, and photon spheres because they are
associated with the extreme warping dynamics of space-time
geometry caused by massive objects. Moreover, the under-
standing of the existence and geometric properties of photon
spheres around a TWH can help the scientific community
to map the gravitational field of the WH in a strong regime,

which is crucial for understanding different types of accretion
disks.

Based on these assumptions and along with the interest of
reliable methods for visualizing the WH shadows with uni-
form brightness, we also consider this section an important
part of our paper. In order to investigate the light deflection
near the WH, the movement of light rays in this space-time
needs to be understood. Since, the image on the observer’s
screen is the gravitationally lensed trajectories of light rays
coming from different parts of the sky, and hence it is con-
venient to understand the background geometry along the
null geodesics of which photons would usually propagate
[29,51,52]. In this perspective, we still use Eqs. (5)–(8), and
impose the initial conditions θ = π

2 , θ̇ = 0. That is, the light
rays always move in the equatorial plane [46,51]. Further,
we redefined the affine parameter as λ → λ/|L|. Therefore,
based on the null geodesics and the choices of the previous
section, we obtain
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Fig. 7 Trajectories of light rays around a rotating TWH for different
specific values of model parameters with E = 1.2 and M = 1. The
coordinates here are given by x = r cos φ, y = r sin φ and hence
our terminology of light deflection refers to the polar coordinate φ.

The black dashed line, black lines, and orange lines correspond to the
ξ = ξph , ξ < ξph , and ξ > ξph regions, respectively. The dashed
blue line corresponds to the photon orbit while the red circumference
indicates the WH’s throat radius

N 2ṙ2

1 − b
r + Q2

r2

+ Ṽe f f = 1

ξ2 , (32)

where

Ṽe f f = N 2

K 2r2 + 2ω

ξ
− ω2. (33)

At the photon sphere, the motion of the light rays satisfies
ṙ = 0 and r̈ = 0 and obtain the radius of the photon sphere
rph as

rph = ξ

1 − ξω

N

K
|rph . (34)

From Eq. (32), we see that the motion of the particle depends
on the impact parameter ξ and the effective potential. Further-
more, the trajectory of the light ray can be depicted according
to the equation of motion. Using Eqs. (6), (7) and (32), we
have

(
dr

dφ

)2

=
K 4

(
1 − b

r + Q2

r2

)(
r4(1−ξω)2

N2ξ2 − r2

K 2

)
(

1 + K 2r2ω(E−ω)

N2

)2 . (35)

By setting u = 1/r , we can rewrite the Eq. (35) as

(
du

dφ

)2

=
K 4

(
1 − bu + Q2u2

)(
(1−ξω)2

N2ξ2 − u2

K 2

)
(

1 + K 2ω(E−ω)

u2N2

)2

= �(u) (36)

The geometry of the geodesics depends on the roots of the
equation �(u) = 0. Utilizing the ray-tracing procedure, the
trajectory of the light ray for different parameter values is
shown in Fig. 7. One can find that each panel consists of a
black dashed line, black lines, and orange lines, which corre-
spond ξ = ξph (where ξph is the impact parameter at photon
sphere), ξ < ξph , and ξ > ξph , respectively. These pho-
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ton trajectories with different colors represent three kinds of
photon propagation in the rotating TWH space-time.

In addition, the location of the observer is important. Usu-
ally, the observer is located at an infinite boundary for the
asymptotically flat space-time. We conveniently orientate our
setup to locate the observer on the far right-hand side of the
screen (corresponding to the north pole). When ξ = ξph , the
light rays will asymptotically approach the photon sphere and
will revolve around the WH throat along the unstable circu-
lar orbit infinite times without perturbations; the light rays
with ξ > ξph will encounter the potential barrier and then be
scattered to infinite after passing through the turning point,
which is determined by the equation �(u) = 0, where �(u)

has been defined in Eq. (36). The light rays with ξ < ξph
move in the inward direction and are absorbed by the BH
eventually. This kind of light ray cannot be received by the
distant observer, so a shadow forms in the observational sky.
Further, we also analyze the influence of each parameter on
the behavior of light rays such as the position of the photon
orbit, and the throat size, which changed significantly accord-
ing to variation of parameters. For instance, we plotted the
left and middle panels of Fig. 7 (see top row) for the fixed
values of charge Q = 0.7 and a = 0.2, while varying the
throat radius as r0 = 3.5 and r0 = 4, respectively. It is found
that the radius of the WH throat increases with increasing r0,
and the light rays are more gentle near the throat for larger
r0 (see left and middle panel of top row). Moreover, we also
calculate the values of the impact parameter ξph = 9.93 and
ξph = 11.22 for the left and middle panels of the top row,
respectively, leading to a change in the position of the pho-
ton orbit, as shown in the blue dashed circumference around
the WH throat. In a similar manner, we plotted the shadow
images for some other values of parameters, (see the remain-
ing panels of Fig. 7). The optical appearance of the shadow
images is like those of the above discussion as there are mul-
tiple winding of light rays close to the photon orbit, which
is hard to distinguish. However, the differences are observed
in the positions of the photon ring, WH throat size, and the
behavior of light rays, which is found sensitive corresponding
to each value of the parameter.

4.1 Observed intensities

In the previous section, we have observed the shadow of
the WH as the central depression of the image as seen by
any distant observer, these are highly idealized observables,
while realistic astrophysical images are mainly fueled by the
physics of the accretion disk around compact object. A pre-
cise modeling of this problem requires the use of general rel-
ativistic magneto-hydrodynamic simulations because these
simulations relevant to the EHT observations provided the
most suitable scenario [53]. However, significant progress
can also be made on the theoretical front through the ana-

lytical models of accretion disks with a localized emission
on a given geodesic. In this perspective, we investigate the
specific intensity observed by the distant observer, which is
defined as [54,55]

I =
∫

g3 j (νem)dlprop, (37)

in which g = νo/νem is the red-shift factor, νo is the observed
photon frequency and νem is the emission frequency of the
photon, j (νem) represents the emission per unit volume mea-
sured in the static frame of the emitter and dlprop is the
infinitesimal proper length. For rotating TWH, the red-shift

factor has a value g = (N 2r2K 2ω2)
1
2 . In addition, we

assume that the radiation of light is monochromatic with fixed
frequency νt, i.e.,

j (νem) ∝ δ(νem − νt)

r2 , (38)

where we have adopted 1/r2 profile as used in [55]. The
proper length in the rest frame of the emitter can be calculated
as

dlprop =
(

1

1 − b
r + Q2

r2

+ r2K 2

((
dφ

dr

)2

− 2ω
dφ

dr

dt

dr

))1/2

dr,

(39)

in which dφ
dr is given by Eq. (35). Further, the specific inten-

sity observed by the static observer is

I = −
∫

dφu
′
(φ)

(
N 2 − K 2ω2

u2

)3/2

⎛
⎝ 1

1 − bu + Q2u2 + K 2u2

⎛
⎝1 − 2ω

ω + u2N2

K 2(E−ω)

⎞
⎠

⎞
⎠

1/2

.

(40)

Figure 8 shows the observed intensity I as a function of
impact parameter ξ for some specific values of model param-
eters. As intensity depends on the behavior of light rays asso-
ciated with the impact parameter ξ , we need to analyze how
intensity changes with respect to the impact parameter ξ .
From Fig. 8 (top row), we observed that the intensity first
ascended and reached a peak at ξph , and then dropped to
lower values with increasing ξ . When ξ < ξph , the intensity
comes from the accretion and is mostly absorbed by WHs.
When ξ = ξph , the light rays revolve around the WH many
times and hence, the optical path is infinite. Thus, a distant
observer sees the strongest luminosity at the position of the
photon ring. After that, when ξ > ξph , only the refracted light
participates in the observer’s intensity. Further, as the value
of ξ increases, the refracted light starts to obtain smaller val-
ues and disappears when ξ approaches infinity. Moreover, the

123



  480 Page 12 of 15 Eur. Phys. J. C           (2024) 84:480 

Fig. 8 Profiles of the observed specific intensity seen by a distant
observer for a static spherical accretion under some specific values of
model parameters with E = 1.2 and M = 1 (three examples are shown).

The bottom panels depicted the optical appearance of the observed spe-
cific intensity in two-dimensional density maps in celestial coordinates

peak value of the intensity at ξ = ξph should be approached
to infinity because the light ray revolved around the WH many
times and depicted the arbitrary maximum intensity. How-
ever, due to the numerical approximations and the logarith-
mic type of the intensity, the actual computed intensity never
approaches infinity, as argued in [20]. Moreover, from the top
row of Fig. 8, one can also observe how the involved param-
eters affect the observed intensity in each panel. The lower
row of Fig. 8 shows corresponding two-dimensional density
maps of the shadows in the celestial coordinates. From this,
one can observe that there is a bright photon ring (which is
the photon sphere) surrounds a central dark region. Further,
inside the photon sphere, we notice that the shadow is not a
completely dark region with zero intensity since the perspec-
tive of the shadows seen by any distant observer is occupied
by the photons that have escaped from the bright accretion
flow. Moreover, the radii of the photon spheres are found
to be different in each panel of Fig. 8. Particularly, one can
see from left to right panels of Fig. 8 that with increasing r0,
the radii of the photon spheres also increase. In addition, the
total luminosity of the charged rotating TWH shadow also
increases from left to right panels of Fig. 8 with variation in
parameters.

5 Concluding remarks

In the last few years, testing horizonless compact objects with
light rings has become increasingly popular among the sci-
entific community, particularly after the beginning of multi-
messenger astronomy. Because these objects can be potential
alternatives to BHs and can be laboratories for testing mod-
ifications to GR at the horizon scale. The year 2019 brought
to our weaponry the analysis of BH shadows, theoretically,
the central depression to a bright ring of radiation bounded
by a critical curve, a beautiful picture that must be signif-
icantly upgraded when the features of the main source of
illumination are provided by the accretion disk surround-
ing the BHs or WHs as well. It is therefore important to
investigate the numerous physical properties of these objects
and see whether or how we can distinguish these objects
from BHs through observations or theoretical points of view
[50]. To this end, strong gravitational lensing is an impor-
tant observational tool for probing the space-time geometries
around these objects, where the optical appearance of the
photon sphere provides significant information about space-
time dynamics. In the present study, we have investigated
the shadows cast by charged rotating TWHs. We have stud-
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ied in detail why and how the throat of a charged rotating
TWH plays a crucial role in shadow formation, which is
constructed in strong gravitational lensing. The analytical
method is adopted for shadow study starting with Hamilton–
Jacobi formalism and then applying the celestial coordinates
to observe the shadow curves on the observer’s screen. Fur-
thermore, using the ray-tracing procedure, we have also ana-
lyzed the light trajectories on the equatorial plane with dif-
ferent colors, representing three kinds of photon propaga-
tion in the WH space-time. Lastly, the shadows and photon
rings of charged rotating TWH with static spherical accre-
tions are discussed and the corresponding two-dimensional
density maps are obtained on the observational plane with
celestial coordinates. The results presented with the descrip-
tion of figures are summarized below:

• Figure 2 illustrates that the ergoregion extends across the
horizon and to the throat. Explicitly from left to right, as
the strength of the spin parametera increases, the distance
between the ergosurface and the WH throat is expanded.
Further, we plotted the ergosphere for different values of
Q, corresponding to the obtained values of spin parame-
ter a. We can see that as the value of Q decreases from left
to right, the corresponding profiles show that the distance
between the ergosurface and the WH throat is gradually
expanded (see the bottom panel of Fig. 2). It is obvious
that all these results are qualitatively different from the
previous studies [33] due to the influence of charge Q.

• In Fig. 4, we depicted the effective potential for several
values of parameters. When α has positive values, the
effective potential starts from inside the throat and imme-
diately increases to a maximum value and then decreases
on both sides with respect to l. These results imply that
effective potential has a turning point, i.e., Vef f = 0 at
some l, photons with these impact parameters escape to
the distant observer, thereby creating bright spots in the
observer’s sky. In particular, when α = 1, the effective
potential does not have any turning, i.e., Vef f 	= 0, pho-
tons with these impact parameters enter into WH throat,
passing through it and go to the other side of the throat.
These photons are not received by any distant observer,
and hence observer will see a dark spot on the screen. On
the other hand, when α has negative values, the effective
potential lies far away from the throat, here the photons
approaching the throat from far away may reach the throat
or be reflected. Furthermore, we found a similar behavior
of the effective potential for different values of charge Q,
as we discussed for positive and negative values of α.

• Using geodesic equations, we have plotted the shadow
images of WH observed by any distant observer in Fig. 5.
It is found that the spin parameter shifts the shadow to
the right and a possible flatness is observed. Further, the
increasing values of r0 also increase the shadow radius

and circular symmetry can be identified in all cases. The
increase in charge Q decreases the size of the shadow
and shifts to the left with decreasing Q.

• The difference in shadows due to effect of θobs is observed
in Fig. 6. The higher values of θobs increase the difference
between the shadow curves and shift rightwards accord-
ingly. However, by decreasing a from left to right, the
shadow circles gradually move to the left side. All these
results imply that space-time parameters affect the size
and symmetry of the WH shadow significantly.

• Based on the ray-tracing method, we illustrated the opti-
cal appearance of the light trajectories near the WH
region in Fig. 7. The corresponding plots show that the
size of the WH throat, photon ring, and light curves
show different observational appearances corresponding
to each value of the state parameters. These solutions
are qualitatively similar with [29,51], but there are some
differences in the sizes and locations as well as in the
contributions to the total luminosity of the different light
rings induced by the TWH configurations, they are hardly
a viable candidate to interpret the massive object discov-
ered at the center of the M87 Milky Way galaxy by the
EHT collaboration.

• The observed specific intensity of WH shadows is
depicted in Fig. 8 when it is illuminated by the static
spherical accretion flows. We found that the observed
intensity ascended first sharply with the increasing of ξ ,
reached the peak position at the photon orbit, and then
gradually decreased. In all cases, we notice that there is
a bright ring outside the central dark region, the size and
position of the photon ring dramatically changed with
respect to the state parameters. These findings imply that
the WH shadow size depends on the space-time parame-
ters and the shadow’s luminosities rely on the accretion
flow model.

Based on our analysis, we conclude that the above discus-
sion may provide fruitful results for the theoretical study
of the WH shadow profiles and their relevant dynamics.
The results found in this paper point out that distinguishing
between WHs and BHs based on their light rings and shadows
would be challenging because both objects could produce
similar optical appearances in these aspects. Further, WHs
are still under consideration as their theoretical investigations
are not well-defined in the same way as BHs, which have been
widely studied in astrophysics, as numerous notable publica-
tions have been devoted to the analysis of BH shadows and
their theoretical constraints in the context of GR and modi-
fied theories of gravity as well. To distinguish between them
and for minimum uncertainties, of course, some new ideas,
more observations, and highly precise systematic implemen-
tation of this issue would require investigating, illustrating
the well-defined optical appearance of the accretion’s disk
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on the observer’s screen and geometrical properties as well
as their dynamical behavior [50]. Recently, the motion of
photons, neutral and charged particles around WH described
by exponential metric, which is the solution of the Einstein-
scalar field equations has been investigated in [56]. These
results reveal that some interesting aspects of shadow radii
and photon spheres in the space-time described by the expo-
nential metric may shed some deep insights into the behaviors
of particles and gravitational lensing effects near the WHs.
Further, some interesting aspects of WH structures are also
discussed in [57], for example, the shadows with two photon
spheres allow an observer on one of the sides of the WH to see
another shadow in addition to the one generated by its own
photon sphere, which is due to the photons passing above the
maximum of the effective potential on its side and bouncing
back across the throat due to a higher effective potential on
the other side, which can be capable to yield additional light
rings on the equatorial plane.

In a word, with the advancement of observational tech-
nology, such as Baseline Interferometry observations by the
EHT collaboration, an increasing number of shadow images
of massive objects will be obtained soon. To potentially dis-
tinguish different types of objects, more theoretical investiga-
tions need to be under consideration. Our present study pre-
dicts new possible images describing the optical appearance
of rotating TWHs, which might be observable in the future.
Since rotating objects are considered to be more realistic in
the universe, we expect that these results inspire the theoreti-
cal study of WH shadow images and other physical quantities
that may be fruitful for the observational teams working on
achieving high resolution of the photon sphere and WH con-
figurations in GR and modified theories of gravity as well.
Another direction could also be considered a more realis-
tic environment around the rotating WHs, such as shadows
from geometrically and optically thin accretion disks with
three toy models, transfer functions, and free-falling matter,
which might be considered to modify our present analysis.
We leave this as a future investigation.
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