P'I-Ep Prog. Theor. Exp. Phys. 2022 073B01(20 pages)
DOI: 10.1093/ptep/ptac084

Universality in anomaly flow

Yutaka Hosotani*

Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan
*E-mail: hosotani@het.phys.sci.osaka-u.ac.jp

Received May 3, 2022; Revised June 2, 2022; Accepted June 6, 2022; Published June 9, 2022

Universality in anomaly flow by an Aharonov—Bohm phase 6 is shown in the flat M* x
(S'/Z,) spacetime and in the Randall-Sundrum (RS) warped space. We analyze the SU(2)
gauge theory with doublet fermions. With orbifold boundary conditions the U(1) part of
the gauge symmetry remains unbroken at 6 7 = 0 and 5. Chiral anomalies smoothly vary
with 6 in the RS space. It is shown that the anomaly coefficients associated with this
anomaly flow are expressed in terms of the values of the wave functions of the gauge fields
at the UV and IR branes in the RS space. The anomaly coefficients depend on 6 5, the warp
factor of the RS space, and the orbifold boundary conditions for fermions, but not on the
bulk mass parameters of fermions.
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1. Introduction

In gauge-Higgs unification (GHU), gauge symmetry is dynamically broken by an Aharonov—
Bohm (AB) phase, 6, in the fifth dimension [1-7]. It has been shown recently that chiral
anomalies [8-11] in GHU flow with 6y, i.e. anomaly coefficients smoothly change with 6 in
the Randall-Sundrum (RS) warped space [12]. In the GUT-inspired SO(5) x U(1)x x SU3)¢
GHU models in the RS space, chiral quarks and leptons at 6 ; = 0 are transformed to vector-like
fermions at @y = 7 [13]. As 6y varies from O to 7w, SU2); x U(1l)y x SU(3)¢ gauge symmetry is
converted to SU(2)g x U(1)y: x SU(3)¢ gauge symmetry. Chiral fermions appearing as zero
modes of fermion multiplets in the spinor representation of SO(5) at 6 7 = 0 become massive
fermions having vector-like gauge couplings at 8 ; = 7. The chiral anomaly induced by each
quark or lepton at 8 ; = 0 smoothly changes and vanishes at 6 = 7.

In the RS space, each fermion multiplet is characterized by its own dimensionless bulk mass
parameter ¢ which controls the mass and wave function of the fermion. In Ref. [12] it was
recognized by numerical evaluation that the anomaly coefficients depend on 6 7, but not on the
bulk mass parameter c. This fact leads to a puzzle. How can the 8 ; dependence of the anomaly
coefficients be determined and expressed independently of the details of the fermion field? This
is the main theme addressed in this paper. We show that the anomaly coefficients at general 6
are expressed in terms of the values of the wave functions of gauge fields at the UV and IR
branes in the RS space. The anomaly coefficients depend on 6 g, the warp factor z; of the RS
space, and the boundary conditions of the fermion field, but not on the bulk mass parameter
c. The universality of the anomaly flow is observed.

We stress that the universal behavior is highly nontrivial. In GHU in the RS space the gauge
couplings of each fermion mode depend on 6 4, z;, and ¢. To find the total anomaly coefficients
one needs to sum all contributions coming from triangle loop diagrams in which all possible
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Kaluza—Klein (KK) excited modes of fermions are running. The universality of the anomaly
flow is established only when all the contributions are taken into account.

The phenomenon of anomaly flow is different from that of anomaly inflow in which anoma-
lies and fermion zero modes on defects such as strings and domain walls or on the boundary of
spacetime are intertwined and related to each other [14-16]. In orbifold gauge theory the gauge
couplings of fermion modes vary with the AB phase 6 in the fifth dimension, and anomalies
also vary with 6 5. We are going to show that the 6 ; dependence of the anomalies is expressed
by a holographic formula involving the values of the wave functions of gauge fields.

In this paper we analyze SU(2) GHU models in the flat M* x (S'/Z,) spacetime and in the RS
warped space with orbifold boundary conditions which break SU(2) to U(1). The U(1) gauge
symmetry survives at 6 = 0 and 7. Fermion doublet multiplets have zero modes at 65 = 0
or 7, depending on their boundary conditions. Chiral anomalies appear in various combina-
tions of KK modes of the gauge fields. In the flat M* x (S'/Z,) spacetime all four-dimensional
(4D) gauge couplings are determined analytically, but the KK mass spectrum of the gauge and
fermion fields exhibits level crossings as 6y varies. In the RS space no level crossing occurs in
the spectrum, and all gauge couplings vary smoothly with 6. The flat-spacetime limit of the
RS space gives rise to singular behavior of the anomalies as functions of 6, reproducing the
known result in the flat spacetime.

In Sect. 2, SU(2) GHU models are introduced in both the flat M* x (S'/Z,) spacetime and
in the RS space. In Sect. 3, chiral anomalies are evaluated and expressed in a simple form
which involves the values of the wave functions of gauge fields at the UV and IR branes and
the boundary conditions of fermion fields. In Sect. 4, conditions for anomaly cancellation are
derived. Section 5 is devoted to a summary and discussions.

2. SUQ)GHU

We consider SU(2) GHU in the flat M* x (S'/Z,) spacetime with coordinate x™ (M =0, 1, 2,
3,5, x> = y) whose action is given by

L
Iat = /d4>€/ dy Liat,
0
1

L = —ETrFMNFMN +WyMDy, (1)

where L (X", y) = Laa(x*, y + 2L) = Ly (x*, —y). Here, Ay = % 22:1 A4, where the ¢
are Pauli matrices, and Fyy = 0y Ay — OyAn — iga[Ar, An]. We adopt the metric 1y v =
diag(—1,1,1,1,1). ¥ is an SU(2) doublet and Dy = 3y — igqAr; ¥ = iWiy0. Orbifold
boundary conditions are given, with (39, y1) = (0, L), by

A A _

+Piy>U(x,y; + ) (type 1A),
—Piy W(x,y; + ) (type 1B),
7] X,y — — J ) J
(x.3j =) (—1){ Py W(x,y;+y)  (type 2A),
(=1 Py W(x,p;+y) (type 2B),
P() = P1 = ‘L'3. (2)
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The SU(2) symmetry is broken to U(1) by the boundary conditions in Eq. (2). 4;,, 4% are
parity even at both yy and y;, and have constant zero modes. The zero mode of Ai is the 4D
U(1) gauge field, and the 4D gauge coupling is given by
g4
s“= "7 (3)
We denote the doublet field as ¥ = (u, d)’. In type 1A (1B), ug and d;, (u; and dg) are parity
even at both yy and yy, and have zero modes, leading to chiral structure.
The zero modes of A}l,’2 may develop nonvanishing expectation values. Without loss of gen-
erality one may assume that (A;) = 0. An AB phase 0y along the fifth dimension is given by

oL :
Pexp {igA/ dy(Ay>} = T = ( cos Oy sin QH)
0

—sin Oy cos Oy

O = gaL(A43). )
The AB phase 6 is a physical quantity. It couples to fields, affecting their mass spectrum.
One can change the value of 65 by a gauge transformation, which also alters the boundary
conditions. Under a large gauge transformation given by

Ay = QA '+ a0, W =qu,
84
i y
Q =exp (EO()/)r ), 0(y) = 911(1 - z>, (5)

0y = 0, and the boundary condition matrices become
Py =Q(y; = PR ) + ).
130: cqs@H —sin Oy ’ 151 _ ©)
—sinfy —cosby

Although the AB phase 8y vanishes, the boundary conditions become nontrivial; the physics
remains the same. This gauge is called the twisted gauge [17,18].

Fields in the twisted gauge satisfy free equations. KK expansions for /Nl}L and /Nli are given
by

(/]1 (x y)) = 1 sin [% - Q(y)]
L) =) BP0 — y : (7
A} (x.p) VaR| .o [i » (y)]

n=—oo

where L = 7 R. In the original gauge they become

ny

sin —
Al (x,y) > 1 R
pA = B (x)—— . 8
(Az(x,y) L B, ®
n o0 COS —
R

The mass of the BL”) (x) mode is m,(0y) = R~! |n + 97H| The spectrum is periodic in 6 5 with
period 7.
Similarly, the fermion field W in the twisted gauge,

= fa)\ [ cos Lo(y) sinlom)\ (u
V= (d~> N <— sinZ%Q(y) cos 2%0()/)) (a’) ©
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satisfies free equations in the bulk region 0 < y < L. The KK expansion of ¥ in type 1A is

given by
T ) cos [—y — —9()/)]
UR(x,y ()
: =Y v )— ,
(dmxhw> nEZ; v $n[£-—-900]
.|y
7 (x. ) 0o ! —sin [— — —Q(y)
LA, (n)
7 = v (D) ——= (10)
<dL(x’ y)) ”=Z°° ' TR cos |:”_y - ‘9()/)]
In the original gauge it becomes
ny
ugr(x, y) ( ) 1 €08 ;
type 1A : RS = Vg ,
(dR(x’ ») n_X—:oo v T[R sin w
R
. ny
u (X y) (n) —sm ;
L ’ n
= v (x )— (11)
(dL(X» J’)) ,1_2_:00 r VT cos ™
R
wg’) and WIE") combine to form the ”(x) mode, whose mass is given by m,(6y) = R™! }n +5 9” .

The spectrum is periodic in 6 5 with period 2. The KK expansion for type 1B is obtalned by
interchanging the left-handed and right-handed components in Eq. (11).

For W in type 2A the KK expansion is

. MR(X, y)
type 2A : (dR(x, y))

ur(x, y)
dL(x’ y)

(n+3)

%e

(n+3)

dlﬁ

Z W(HJF 3)

n=—0o0

Z l//(nJr 3)

n=—0oo

S(n+%)y
R

\/JTR Sin(n+%)y ’
"

3y

BN —sin —2=
R

(12)

«/nR S(ﬂ+%)y

R

combine to form the v *2)(x) mode, whose mass is given by m, 11(0n) =

R7'n+ 1+ %|. The KK expansion for type 2B is obtained by interchanging the left-handed

and right-handed components in Eq. (12).

Next, we examine SU(2) GHU in the RS space whose metric is given by [19]

ds® = 6_2”0’)nwdx”dx” + dy?,

where 1, =diag( — 1, +1, +1, +1),0(y) =c(y + 2L)=0(—y),and o (y) =

(13)
kyforO<y<L.

It has the same topology as M* x (S'/Z5). In the fundamental region 0 < y < L the metric can
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be written, in terms of the conformal coordinate z = ¢, as

ds* = 1 dx*dx’ + dz (1 <z<z =P (14)
- 22 77/4\) k2 —_ = <L — .

zy 1s called the warp factor of the RS space. The action in RS is

Is = / d’xv/— det GLgs,
1 _
Lrs = —ETrFMNFMN +UD(c)V,

1 ’
D(C’) = yAeAM(DM + ga)Mgc[)/B, ]/C]) — CO , (15)

where 0°(y) = k for 0 < y < L. Note that Lrs(x*, y) = Lrs(x*, —y) = Lrs(x*, y + 2L). The
fields A4, and W satisfy the same boundary conditions, Eq. (2), as in the flat spacetime. The di-
mensionless bulk mass parameter ¢ in D(c) controls the mass and wave function of the fermion
field. The KK mass scale is given by

wk
Z] — 1 ’

(16)

mxK =

which becomes 1/R in the flat-spacetime limit k£ — 0.
In the KK expansion in the z coordinate, 4%(x, z) = k=12 Y A% (x)h,(z), the zero mode
A2 has a wave function ho(z) = \/2/(z2 — 1)z. In the y-coordinate, Ai(o) has a wave function
vo(») = ke hy(2) for 0 < y < L, and vo( — ¥) = vo(y) = vo(y + 2L). The AB phase 6 in Eq. (4)

becomes
(A2 1 2k
Oy = , = — | —. 17
H T Su e\ IE - 1) (17)

The twisted gauge [17,18], in which 8y = 0, is related to the original gauge by a large gauge
transformation,

B 2 22 — 22
Q(Z) = e’e(‘")’ /2, 9(2) = 91-[ L2 . (18)
z7 — 1
In the y-coordinate it becomes
2 L 72
20) = exp i | [ a0 3. (19)
z;—1J, 2

In the twisted gauge 4 };3(x, z) satisfy free equationsin 1 < z < z; and the boundary conditions
in Eq. (6). The mass spectrum {m,(0 ) = kx,(0 )} (Ao < A1 < Ay < --+) is given by

ZW ' SC'(1; A) + Aysin® 0y = 0, (20)

where S(z; A) and C(z; 1) are expressed in terms of Bessel functions and are given by Eq. (A1).
The KK expansions in the twisted gauge in the region 1 < z < z; are written as'

/Nllt(x,z) 1 = 1) (N = . I(2)
(Aﬁi(x, z)>_ﬁnz=;2“ M2 D=1 ) b

1chte the change in the normalization of mode functions: h,(z) in the present paper corresponds to
~kLh,(z) in Ref. [12].
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Spectrum in RS, z,=100
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Fig. 1. The mass spectrum of the gauge fields Z!” and fermion fields x® (type 1A) in the RS warped
space, The warp factor is z; = 100 and the bulk mass parameter of W is ¢ = 0.25. There is no level
crossing in the spectrum.

where the mode functions h,(z) are given in Eq. (B1). In the original gauge the KK expansions
of 4! *(x, y) become

ALY L o ()
(Ai(x,y)) - ng“ N k)]

ha(y) _ —hy(=y) _ ha(y +2L)

[ cos(z) sin0() (T(2)
= <_ siné(z) C089(2)> (/};1(2)) for0<y<L. (22)

For a fermion field W(x, z) it is most convenient to express its KK expansion for W(x, z) =
z72W(x, z). The equations of motion in the region 1 < z < z; become

—kD_(c)¥g + 08,9, =0, —kD, (c)¥; + 619,V =0,

0 c

ot = (b, ), ot =(=bh, 7o), Di(c)=4+—+ - (23)
0z  z

In the presence of gauge fields, 9,/ is replaced by 9, — igsA4y. The Neumann boundary con-
ditions at z = (z¢, z1) = (1, z.), corresponding to even parity, for left- and right-handed com-
ponents are given by D+(c)\iJL|Z_ =0and D_(c)\fJRL_ =0.

The spectrum of the KK modes of the fermion field W is determined by

o . | SLSR(L; Ay, ©) +sin” 3605 =0, for type 1A/B, 24)
"1 SLSR(1; Ay, €) + cos? %QH =0, fortype2A/B,
where the functions Sy/r(z; A, ¢) are given in Eq. (A4). The spectrum is periodic in 6 with
period 27r. A massless mode appears at 6 = 0 for type 1A and 1B, whereas it appears at 6 ; =
7 for type 2A and 2B. There is no level crossing in the spectrum except for the case ¢ = 0. The
spectra of the gauge fields in Eq. (20) and fermion fields in Eq. (24) are displayed in Fig. 1.
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The KK expansion of the fermion field ¥ in the twisted gauge in the region | <z <z is
expressed as

(ﬁR(x’ Z)> =VEY A0, Tule) = (f R”(Z)>,
n=0

d:R(X, Z) an(Z)
Z%L(X, Z) . > (n) ~ b3 _ an(Z)
(d,L(x’ Z)) = \/%g XL (X)an(Z), an(Z) - <g’Ln(Z)> . (25)

The mode functions f,(z) and f;,(z) for type 1A are given in Eq. (B2). In the original gauge
the expansions of #(x, y) and d (x, y) become

ur(x,y) ), [ Sra¥)
v — k )
(dR(x, y)) vk g X () (an(y)>

ur(x, )\ _ — ), [ S
(dl(x, y)) =k 1 <gm(y)> ’ 20
where
fRn(y) fRn(_y) fRn(y+2L)
IA . = —
ope (an(V)) —an<—y>) <an@ + 2L)>
_ [cos10(z) —sin 10(2)\ [ fra(2)
~ \sin %29(2) cos %29(2) ) (ng,,(z)> for0=y=L,
S _ (=9 _ (fny+2L)
grn(y) grn(—y) gin(y +2L)
_ (cos16(z) —sin 10(2)\ [ f1a(2) _
= \sin %29(2) cos %29(2) ) (gan(z)> for0<y=L;
Sra(¥) Sra(=Y) —fra(y +2L)
2A . = =
wpe (an(y)> —an<—y>> (—gw + 2L>)’
S _ (= fi=9)\ _ (~Sinl+2L) o)
gn(y) grn(—y) —g(y+2L))

For type 1B (2B), the parity of /1., gr/rs 18 reversed compared to type 1A (2A).

3. Anomalies
Doublet fermions in type 1A or 1B are chiral at 6y = 0. Massless modes appear for right-
handed u and left-handed d (left-handed u and right-handed d) for type 1A (1B). They become
massive as 6y varies, and their gauge couplings become purely vector-like at 6 ; = 7. Chiral
anomalies exist at 6 ;7 = 0, smoothly vary as 65 in the RS space, and vanish at 0y = 7. This
phenomenon is called the anomaly flow by an AB phase [12].

Chiral anomalies arise from triangular loop diagrams. Gauge couplings of fermions have
been obtained in Ref. [12]. Substituting the KK expansions in Egs. (22) and (26) into

oz o )
gA/I {{\y;éuuw,{—w,ﬁouﬂ%}, (28)
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one finds that the couplings in

o [e ¢} o
84 -
Y 2 (& a0 + it () o ) (29)
n=0 £=0 m=0
are given by

= [ {0 2) + o)) + R i) = ()}

k

2L—a
-7 /_ dyea<y>{ ) (5 0)ZRm () + Ce ) o)) + k) (5 0) S rm ()

—g}e()’)ng(y))},
tnLﬁm = - /]AL dZ{hn(Z)(fike(Z)ng(Z) + gzﬁ(z)fLm(Z)) + kn(z)(fze(z)fLm(Z) - g*LK(Z)ng(Z))}

k 2L—a
=73 /_ dye”(y){hn(y)(f& DZEn() + &) S1m () + k) (f7e D) S 1m (D)

~ g} (30)

The couplings 18 and L, are gauge invariant. In the integral formulas in the y-coordinate the

constant « is arbitrary as the integrands are periodic functions with period 2L. It is convenient
R/L

ntm
on Oy and z;, but also on the bulk mass parameter ¢ of the fermion field W.

The anomaly coefficient associated with the three legs of Z\'"Z{») Z") is given by

to take 0 < @ < L in the following discussions. We note that the couplings 7,/ - depend not only

R L
Ayipon; = d +a

nynans nnans’
R _ R RR R __ 4R
an1n2n3 - Tr]—;’ll T}’lz 7;13 ’ (7—;1 )m( - tnml
L _ LpLL L _ 4L
a}’lln'_ﬂ’l3 - Tr]—}"u 7—;’!2 ]—;’13 4 (7—;1 )m[ - Z‘}’l}’l’lE' (31)

The anomaly coefficient ay,,,,, depends on 0y, exhibiting the anomaly flow. It was observed
by numerical evaluation in Ref. [12] that a,,,,,, does not depend on the bulk mass parameter
¢, though af,  and a}, ~do depend on c. We show here that @, (6x. z1) is expressed in
terms of the values of the wave functions &, (y) at y =0 and y = L.

To see this, we insert the formulas for tf/mL in Eq. (30) into Eq. (31), and rearrange the traces:

k 3 2L—a
an,,,m:(E) /// dyldyzdy3eo(y1)+o(yz)+o(yz)
—a

X [klkzkg{AR(l, 2)AR(2,3)Ar(3, 1) — Br(1,2)Br(2,3)Br(3, 1)
+B1(1,2)B1(2,3)B(3, 1) — AL(1,2)4,(2, 3)4.(3, 1)}
+ kihohs{AR(1, 2)Br(2,3)AR(3, 1) — Br(1,2)Ar(2, 3)Br(3, 1)
+B1(1,2)AL(2,3)BL(3, 1) — A1(1,2)B1(2,3)4L(3, 1)}
+hikohs{Ar(1, 2)AR(2, 3)Br(3, 1) — Br(1,2)Br(2,3)4r(3, 1)
+B1(1,2)B1(2,3)4L(3, 1) — A1(1,2)4L(2, 3)BL(3, 1)}
+ hihoks{Br(1,2)AR(2, 3)AR(3, 1) — Ar(1, 2)Br(2, 3)Br(3, 1)

+Ar(1,2)Br(2,3)BL(3, 1) — BL(1,2)A4.(2,3)AL(3, 1)}], (32)
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where
k] :k}’lj(yj)’ hj :hn‘/(yj),
AgyL(J, k) ARyL (SR DSy
. = Wy yi) = /e - (33)
(BR/L(]» k) Bri) " ; Er/tn(V )&k 10 (Vi)
Equations (25) and (26) along with the orthonormality relations of the mode functions imply

that
/(X y)) _ lj/u_ady/ea(y/) Arj CryL 0. 7) tig/L(X, ')
dr/(x,y) 2). Dgrjr Brir) ™’ dry(x,y))’

(gR/L>(y’ V)= i <fR/Ln(V)g>;:/Ln(yi)>‘ (34)
R/L 0 gR/Ln(Y)fR/Ln(V )
We made use of the relation Cg;; = Dy = 0 in deriving Eq. (32). With the choice of the AB
phase 6 in Eq. (17), all mode functions {fz,(»)} etc. can be taken to be real so that Az, (y, ') =
Ar/(y',y)and Br/r(y,y') = Br/r(y', »).

In addition to the relation in Eq. (34), Ag/;; and B, must satisfy the parity relations and
boundary conditions of the mode functions. With (yo, y1) = (0, L),

AR AR
B —B
type 1A : loj-—»niy)= oy +0.9),
AL _AL
BL BL

Di(e)BL(y,y)

Br(y;,y) =AL(y;,y) =0;

D (c)Ax(y, Y ; ’
( (AR, y )) =0, Dy(c) = +— + ¢k,
L o
y=€L—¢

AR ((_l)jAR

BR ’ (_1)j+1BR ’
t 2A : P — Y = . ; V),
ype Ay Wi=»y) 1Y+, ;i +»))

B (-1YB,

D_()4r )\ _ (D-(c)Br(1Y) —0
Do©Bvy)) _ ~ \DuArny)) T

Br(0,)') = Ar(L,y) = 4.(0,)") = BL(L, ') = 0. (35)

The conditions for type 1B (2B) are obtained by interchanging R (right-handed) and L (left-
handed) in those for type 1A (2A). For ¢ # 0, parity-even components of 4g;; and By, func-
tions exhibit the cusp behavioraty, )’ =0, L, --- .

It is not easy to explicitly write down the A g/, (v, ') and Bg/.(y, V') functions for ¢ # 0 which
satisfy the relations in both Egs. (34) and (35). In Ref. [12] it was recognized that the anomaly
coefficient ay, ,,,, In Eq. (32) is independent of c¢. With this observation we now derive an analyt-
ical expression for a,,,,, by evaluating it in the case ¢ = 0. We confirm later that the numerically
evaluated a,,n,n, for ¢ # 0 agrees with the analytical formula.

Fermion wave functions for ¢ = 0 are expressed in terms of trigonometric functions;
they are summarized in Appendix B.3. Inserting the wave functions in Eq. (B5) into
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Ar(z,2') =) fra(2) f3,(2'), for instance, one finds for type 1A that, for 1 <z, 2z’ <z,

1 > — r_
p— Z cos (nn ; _Zi + a(z)) cos <n71 ZZL _Zf + a(z’))

n=—00o

Ag(z,2)=" =

= 8:,-1)(z — Z) cos {a(z) — a ()} + 8o, —1)(z + 2/ — 2) cos {a(z) + ()}
= 52(21,—1)(2 — Z/) —+ 62(21,—1)(2 + 7 — 2),

1 z—z
a(z) = E{GH L

+ 9(2)}, a(l) = a(z;) = 0. (36)
Zy — 1

Here, §.(x) = > ,8(x — nL). With the extension in Eq. (27) in the y-coordinate and similar
manipulation, one finds that

/ / e_a(y) / /
type IA, ¢ =0: Ar(,)y)=Br(».)y)= B {8200y = V) + 6200 + 1)},

()
Br(3.) = Ay = ——{ou0r =) =80 +3)). (37

The formulas for type 1B are obtained by interchanging R and L.
For fermions in type 2A, one finds, for 1 < z, z/ < z;, that

Ag(z, )= = o 1_ T n_Z:OO sin (nrr ;__Zi + ,B(z)) sin (nrr ZZIL_—ZIL + B (z’))
= 83, —1)(z — Z)cos {B(z) — B(Z)} — 8a-,—1)(z + 2 — 2) cos { B(z) + B(Z)},
1 - 1
e = 3| On+m) 1 +0@)]. B =37, BE) =0, (38)

Noting the relations in Eq. (27), one finds in the y-coordinate that

—o(y) .
type 2A, c=0: Ar(,Y)=Br(»)) = ¢ k} {622 = ¥ + 62y + )},
—o() .
Br(3,y) =410 )) = ¢ {6200 =) = b2y + 1)}
$o0.(y) = 84(y) — 8ar(y — 2L). (39)

The formulas for type 2B are obtained by interchanging R and L.

We insert the expressions in Egs. (37) or (39) into Eq. (32). The products of three delta func-
tions appear in the integrand. Take 0 < @ < L. Then, in the integration range —a < y1, y2, y3 <
2L — a, the products of the delta functions reduce to

80 (y1 — y2)820.(y2 — ¥3)820.(13 + ¥1)
820 (V1 + y2)82.(y2 + ¥3)820.(13 + 11)

S0 (1 — y2)82. (12 — ¥3)820.(v3 + 1)
Sor(¥1 +2)020.(y2 + ¥3)020.(¥3 + 1)

} = 2 {5010802)805) + 501 — )32 — (v — L),

} = %{5@1)8@2)80}3) —8(y1 — L)s(y» — L)8(y3 — L)}.

(40)
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z,=10, type 1A z,=10, type 1A

2.0f

— agpo(6H)

+ 1.5 =
8 . c=0.25 g
S o
>
Té 1.0r %.
g § — a111(6y)
© L
o N . ¢=0.25
0.0', L L L L L . L \ )
0 = T 3n 27 0 3 - 3x Py
2 2 2 P
O "
z,=10, type 1A z;=10, type 1A
2,
1.0r
— a222(6m) e 1 — ap12(6n)
b= L
3 03¢ . ¢=0.25 8 . ¢=0.25
(3] - o
>
2 00 > 9
£ £
e 2
g -o0s5f g .t
-1.0} A
0 z b 3m 25T 0 3 n 3x Py
2 2 2 2
O 8

Fig. 2. The anomaly coefficients aggy, a111, @222, and ag as functions of 65 for type 1A fermions
for z; = 10. The blue curves represent the universal curves given by Eq. (41). The red dots rep-
resent the values determined from the gauge couplings tf/nf (0 < ¢, m < {) in Eq. (30) and then
taking the traces of the (£p + l)-dimensional matrices in Eq. (31) for fermions with ¢ = 0.25 and
£y =10.

As h,(0) = h,(L) = 0, only the terms proportional to kjk>k; in Eq. (32) survive. We find the
formula for the anomaly coefficients:

nem(Or > 21) = Qokn(0)k(0)kn (0) + Quken(L)ko(L)kn (L),

(+1,+1) (type 1A),
(=1,-1) (type 1B),
(+1,-1) (type2A),
(=1,41) (type 2B).

The anomaly coefficients are determined by the values of the wave functions of the gauge fields
at the UV and IR branes and the parity conditions of the fermion fields.

The formula in Eq. (41) is strikingly simple. The wave function k,(y) depends on 8 and z;.
The sum of the chiral anomalies arising from all possible fermion KK modes are summarized
in terms of k,(0) and &, (L). The c-independence of those anomalies is confirmed numerically.
The anomaly coefficients a,,,, given by Eq. (41) are compared with those determined by first
evaluating the gauge couplings Zfe/nf (0 < £, m < £y) in Eq. (30) and then taking the traces
of the (¢p + 1)-dimensional matrices in Eq. (31). In Fig. 2 the results for agy, @111, @222, and
ao12 are shown for type 1A fermions with ¢ = 0.25, ¢y = 10, and z; = 10. One sees that the

numerically evaluated values for ¢ = 0.25 fall on the universal curves given by Eq. (41). We have

(Qo. Q1) = (41)

checked that the numerically evaluated values for other values of ¢ fall on the universal curves as
well.
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ZL=10 ZL=10
1.0} 0.5
g 050 _— ko(o) S 0.0
e — ko(L) S -0.5f
S S
= 0.0 -
@ @ -1.0} — k4(0)
] ©
2 o5l 2 15} — k(L)
-2.0}
-1.0F ‘ . . . e i~
0 z T 3r 275 0 z b 3n 275
2 2 2 2
M 6n
ZL=10 ZL=10

o N NN S
2.0f
— k(0
5 0.5¢ 20 5 1.5}
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3 0.0 2 K
g 2 0-5*\ — /
] ©
s -05 2 0.0
-0.5¢ \\/
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0 z b 3r 27 0 z n 3n 275
2 2 2 2
M 6y

Fig. 3. The values of the gauge wave functions k,(y; 6p) (n =0, 1, 2, 3) at y = 0 (blue curves) and y = L
(red curves) for z; = 10.

Some k,(0; 6g) and k,(L; 6 ) are plotted in Fig. 3. Note that for n = 1, 3, 5, ..., |k,(L;
0 )| is much larger than |k,(0; 0 )| for z; > 10. Massless gauge bosons (Z,(f)) existatOy =0
and 7. ko(0; 0) = ko(L; 0) = 1 and ko(0; w) = —ko(L; w) = 1, so that apy(fy = 0) = 2 and
apoo(@ g = ) = 0 for type 1A fermions and aggo(0 g = 0) = 0 and agpo(0 g = ) = 2 for type 2A
fermions. The anomaly flow is reflected in the behavior of the wave functions of the gauge fields
aty=0and L.

The dependence of the anomaly coefficients a,,, on fermion types has a simple pattern:
Anem O )P = =0, (01)P'B and a0 )2P2A = — a0, (01 )¥P?B. Further, a0y +
)P = g (05 )YPA O Gy (05 )YP?B (see Fig. 4). This follows from the property that
[n(0), Kn( D)l = Uhn(0), —kn( LYoy 0T [=Kin(0), Kin( L) -

Formulas in the flat M* x (S'/Z,) spacetime simplify. With the KK expansions in Egs. (8),
(11), and (12), the gauge couplings are written as

XY Y 8@ @ @+ skl @ty ) @)

n=—00 {=—00 M=—00

for type 1A and 1B fermions. For type 2A and 2B fermions, w,‘e”/@(x) should be replaced by

1
7+3)(x). The anomaly coefficient associated with the three legs of BY" B" B is given
R/L nr Fp Fus

by
Buiony = bR 4 bt

ninyn3 ninyns?
R _ R QR QR R _ 4R
bmngn; - TrSnl Snz Sn3’ (Sn )m@ - SnmE’
L _ L oL QL L _ JL
bn1n2n3 - TrSnl Snz Sn;’ (Sn )mﬁ = Sume- (43)
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ZL=10
-9l
-10}
-1 — type 1A
—12f — type 2B
0 - T Q 27
2 2
Oy
ZL=10 ZL=10
1.5F
2r — type 1A
1.0¢ 1A
— type n — type
0.5F — fype 2B
& 00 g0

-0.5 b

-1.0t
—2f

-1.5L - - - \ - - \ s

0 z b 3m 25 0 z i 3n 27
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Fig. 4. The dependence of the anomaly coefficients ag, a111, @02, and a2 on fermion types is shown
for z; = 10. One sees that @m0 + 7)YP'A = 6,0 (01)YP2A O Gy (07 ) P28,

Applying the same argument as in the case of the RS space, one finds that

buem = Qo™ (0)k{* 0k (0) + Quke* (LK™ (LYK (L), (44)

m

where Qp and Q) are given in Eq. (41). Since k() = cos(ny/L) from Eq. (8), one finds that

bn(ﬁm = QO + (_1)n+€+le’ (45)

which agrees with the result in Ref. [12]. The formula in Eq. (45) also results in the flat-spacetime
limit of Eq. (41). In the flat spacetime the level-crossing in the mass spectrum of gauge fields
occurs at 0y = 0, :I:%n, =4, .... For this reason the flat-spacetime limit of Eq. (41) becomes
singular, as shown in Ref. [12].

4. Anomaly cancellation

The universality of the anomaly flow, expressed in Eq. (41), has a profound implication in model
building, particularly in the GHU scenario. Chiral anomalies associated with gauge currents
must be cancelled for the consistency of the theory in four dimensions [20,21]. The fact that
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the anomaly coefficients are independent of the bulk mass parameters of fermions implies that
anomaly cancellation can be achieved among various distinct fermions in the theory. In this
section we examine this problem in the SU(2) model.

Let us first recall that the equations following from the action Igs in Eq. (15) are, at the
classical level,

: (v — det GFMNY —ig [Ap, FMN] + JN = 0,

V—detG
D(c)¥ =0,
JN = JN“%, IV = _ig Tye, 7\1} (46)
The current in five dimensions is covariantly conserved:
1
0y (vV—det GIV) —ig4[Ay, V] = 0. 47
NarrTe v ( ) —igalAn. J"] (47)

Note that the derivative term in the fifth coordinate generates mass terms in four dimen-
sions when expanded in the KK modes. At the quantum level an anomaly term arises on the
right-hand side of Eq. (47). The four-dimensional current j& )(x) which couples with Z,(L”)(x)
is

o) = / ’ dy/— det G{h, ()" + k,(y)J"3)
0

o0 o0
84
= Y |k ) + i ) @)
=0 m=0
The divergence 3, j,, picks up an anomalous term ]dnomdly given by
.anomaly g4\? = Anem chvpo (€) 7(m)
Jn) = _<E) Z Z 30 39.2€ 21 s s (49)

£=0 m=0

where Z\\) = 9, 72" —3,2".

The conditions for the cancellation of the gauge anomalies are simple. Let the numbers of
doublet fermions of types 1A, 1B, 2A and 2B be n 4, 11, n24, and np, respectively. It follows
from Eq. (41) that the anomalies are cancelled if

ni4 = nip, nyq = N2pB. (50)

In the presence of brane fermions, namely fermions living only on the UV or IR brane, the
conditions are generalized. Suppose that there are 71g right-handed and 71, left-handed doublet
brane fermions on the UV brane at y = 0. As the Z"
by (g4/2)k,(0), the anomaly cancellation conditions become

coupling of each brane fermion is given

nig—nip+hyy —mp+ng—np =0,
nig —nip — Mg +nap = 0. (51)

We stress that the conditions in Egs. (50) and (51) do not depend on 6y and z; . Furthermore,
the conditions guarantee that not only the zero mode anomaly g but also all other anomalies
a.em are cancelled at once.
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Fermion multiplets in the triplet representation do not contribute to anomalies in the SU(2)
gauge theory, as is easily confirmed. The anomaly cancellation is achieved by the condition in
Eqgs. (50) or (51), namely by the condition for the numbers of doublet fermions with four types
of orbifold boundary conditions. It does not depend on the AB phase 6 5, namely the vacuum
expectation value of 4,. The situation is very similar to the anomaly cancellation condition in
the Standard Model (SM).

5. Summary and discussions

We have examined the anomaly flow by the AB phase 6 in the SU(2) gauge theory in the
RS space and in the flat M* x (S'/Z,) spacetime. The anomaly coefficients s, (6 g, z1) in-
duced by a fermion field in the bulk smoothly change in 6 in the RS space. Although the
gauge couplings of the fermion, tfz/,j (O, zr, ¢), nontrivially depend on the bulk mass parame-
ter ¢ of the fermion, the total anomaly coefficients a,,, are independent of ¢. We have shown
that those anomaly coefficients @, are expressed in terms of the values of the wave functions
of the gauge fields at the UV and IR branes. The holographic formula in Eq. (41) manifestly
exhibits the c-independence. We have confirmed that the values of the anomaly coefficients nu-
merically evaluated directly from RIE (0, z1, ¢) fall precisely on the curves given by Eq. (41).

ném
It has been left for future investigation to find an analytic proof of the c-independence of

Eq (32)

has been mentioned in the previous section, universality in anomaly flow is critically im-
portant in the construction of realistic models of particle physics. GHU models have been
proposed to unify the 4D Higgs boson with gauge fields in the framework of gauge the-
ory on five-dimensional orbifolds in which the gauge hierarchy problem is naturally solved
[5,7,22-34]. In particular, SO(5) x U(l)y x SUB)c GHU in the RS space with 6y ~
0.1 and z; = 10° ~ 10'° has been shown to reproduce nearly the same phenomenology
at low energies as the SM [31,33]. As in the case of the SM, all chiral anomalies associ-
ated with gauge currents must be cancelled. Generalization of the argument on universal-
ity to the group SO(5) x U(l)y x SU(3)c is necessary. Further, the technology developed
in the present paper can be applied to the evaluation of anomalies of global currents such
as baryon and lepton numbers. The phenomenon of anomaly flow may possibly be related
to Chern—Simons terms in five dimensions [35-37]. These issues will be clarified in separate
papers.
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Appendix A. Basis functions

Wave functions of gauge fields and fermions are expressed in terms of the following basis func-

tions. For gauge fields we introduce

T

2
7

S(z;2) = —EKZFl,l()LZ» Azp),

C(z;4) = SAzz K o(Az, Azp),

C'(z: 1) = T3z B0z, Azn),
/ T 2
§'(z:0) = = 3322 R0 (2, A2,

Eopu,v) = Ju (@) Yp(v) = Yo () Jp(v),

where J, (1) and Y, (u) are Bessel functions of the first and second kind. They satisfy

_dld C —)ch
Zdzzsz_ S/

C(zr; M) = zp, C'(zp; 0) =0,
S(zp; A) =0, S'(zp; X)) = A,
CS —SC = Az,

To express wave functions of KK modes of gauge fields, we make use of

S(z;2) = No(W)S(z;2),  C(z; ) = No(h) ' C(z; 1),
S(z; 2) = Ni(A)S(z; 1), C(z; 1) = Ni(A) "' C(z; 1),
C(l; ) ()

S(1;x)’N‘(k) TS

No(h) =

For fermion fields with a bulk mass parameter ¢, we define
CL T
(SL) (z; 1, 0) = :l:E)M/ZZL C+%‘C%(Az, Azr),

CR T
(SR> (z; M, 0) = ZFE)M /ZZLF(,_%’C%(AZ, Azr).

These functions satisfy

Cr Sr
D, (c =A ,
Cr St d ¢
D_(c = A D =4+ — _
(C)<SR) (CL>’ +(0) P + -,
CR=CL=1, SR=SL=0 atz =z,

CCr—SSr=1.
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Also, Cr(z; &, —¢) = Cg(z; A, ¢) and Sp(z; A, —¢) = —Sr(z; A, ¢). To express wave functions of
KK modes of fermion fields, we make use of

Si(zi A, €)= Nr(h, )Si(z; hy ), Ci(z; A, ¢) = Nr(h, ¢)Cr(z; A, ©),

Sr(z; &, ¢) = Nr(h, ©)Sr(z; A, ¢),  Cr(z; A, ¢) = Ni(h, )Cr(z; 4, €,

S1(z; A, ¢) = Nr(h, ©)7'Sp(zs v 0), Cr(zh €)= No(h, €)' Cr(z; 2, ),
Sr(z; Ay €)= N(h, ©) "' Sr(z; &, ¢), Cr(z; A, ¢) = Ng(n, ¢) ' Cr(z; A, ©),

Cr(1; A, ¢) Cr(1; 2, )
Ni(hyo) = ————=, Np(h,¢) = ———. A6
zd ) Sr(l; A, ©) K2 ) Sr(L; 2, ¢) (A0)
Appendix B. Wave functions in RS
B.1 Gauge fields Z"
The mode functions of the gauge fields Z,(f)(x) in Eq. (21) are given by
ho(z) = h§(2),
B, () (~im <6y < in).
i h’z)gfl(z) (0 <0y <m),
hoe_1(z) = (=1)° 4 —h3,_,(2) (37 <0y < 3nm), €=1,2,3,...),
—hlz’e_l(z) (r <0y < 2m),
hf,_,(2) (%71 <0y < %n),
ﬁgg(z) (—im <6y < in),
—hf,(z) (0 <6y <m),
hy(z) = (=) -3, (2) (G <Oy <3m),  (£=1.23...)
l:l‘z’e(z) (r <0y < 2m),
h,(z)  (Gr <6y <3n),
_ 1 (—suS(z; 1) _, 1 (cnS(z; hn)
ha = s h = — v s
n(Z) M( CHC(Z; )\n) ) n(Z) \/% SHC(Z; kn)
SH = Sil’l@H, cyg = COS 9[-1,
1 [*dz, . . Du(2)
w=— | —{l@F+lk()I?}  for {:"77). Bl
=1z ] FRGE @] for (k,,(z)) B1)

Sand Care given in Eq. (A3). In the above formulas, the two expressions given in an overlapping
0y region are the same. The connection formulas are necessary as one of them fails to make
sense at the boundary in 6 .
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B.2 Fermion fields x ](zn/)L

The mode functions of the fermion fields X;”/)L(x) in Eq. (25) are given, for type 1A and ¢ > 0,
by

Rzg(z) (=7 <0n < m),

i R%(z) (0 <0y < 2m),

type 1A fro(z) = R,%(z) (r < 0y < 3m), €=0,1,2,...),
—_2)%(2) 2m < Oy < 4m),

fj‘{%(z) (B < 0y < 57),

f]cg,zgfl(z) (-7 <0y <m),

fj{, 2@ (2) (0 < 0y < 2m),

fro1(2) = T4, 1(2) (m <Oy <3m), (£=1,23,..),
1dezz ((2) 2r <6y < 4m),

fr20-1(2) (B < Oy < 5m),

i'LO(Z) = Lo(Z)

sze (@) (—m <6y <m),

) sze (2) (0 <0y < 2m),

fr20-1(2) = ; f7 5,_1(2) (7 <0n <3m), ¢=1,2,3,...),
_fz,ze—l(z) 2mr < 0y < 4m),

f¢, ()  (Gm <6y <5mn),

ng(z) (_77 <0g <m),

fz ze(Z) (0 <0y < 2m),

fLa)={-F () (m<6y<3m), (£=123..) (B2)
Lze(z) 2m < 0y < 4m),

L’M(z) (37 <0y < 5m),

Here,
- 1 EHCR(Z; Ao C) b §HCR(Z Ans C)
4 = A f
W& =TE sean o) MO T sean o)
ze 1 (55 Cr(z; An, ©) < 1 (—¢uCr(z; b, )
¢ = , f —
f(2) 1o \CuSr(z; Ay, €) ml(2) = f SuSR(z; An, ©)
fa (Z) _ 1 §HSL(Z; )»n, C) (Z) EHSL(Z' )\ns C)
wO=ZE\eucia o) f §HCL(: s ©)
! IS\ =55Cr(z; Ay, ©) " \/7 cHCL(z Ay )]’
EH = COS %91—], ~STH = sin %QH,
ZL n R ; =z
= [ aELOR + R for (f 8) (83)
1 &n

The functions Sg /L Sk /L, etc. are defined in Eq. (A6). In Eq. (B2), two expressions in an over-
lapping region in 0 ;4 are the same.
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B.3 Fermion fields XR/Lfor c=
For ¢ =0, Cg/r(z; 1, 0)and S R/L(z, A, 0) reduce to trigonometric functions:

Cr\, _ [cosi(z—zr)
(SL> (z2,0) = (sin Az — ZL))’

cosA(z—zy)
(SR>( A, 0) (— sin )L(Z — ZL)>' (B4)

The spectrum and wave functions in 1 < z = ¢’ < z; in the original gauge for type 1A are:

1
type 1A : An = I |nrr + %9H| (=00 < n < 00),
Z —

(f (y)) 1 (cos {(mr + QH) : " 9(2)}\
Rn _ IL—
gm)) Va -1 Ksm{(nrr n eH) + 9(2)})

(— sin {

an()/) 1 -
= — , B5
(gmcw) T o o] )
and for type 2A:
type 2A : Ap = ! |(n + %)Tl’ + %0H| (—o00 < n < 0),
zZr — 1
(fRn@)) ) 1 —sin {(nrt + 5 n + HH) + 0(2)}
gr(y) =1 cos {(m'r + 71 + 9H) . “ 4 6(2)}
Sia) I { }
Ln
= — (B6)
(gL”(y)> Ve =1 sin {(mr + TL’ + OH) + 9(2)}

Note that the expressions in Egs. (B5) and (B6) reduce, up to normahzatlon factors, to the
expressions in Egs. (11) and (12) in the flat-spacetime limit, respectively. For other regions in y,
the wave functions are defined by Eq. (27).
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