T Available online at www.sciencedirect.com
L3 .

e ScienceDirect NUGLEARIZ]

E— PHYSICS

ELSEVIER Nuclear Physics B 954 (2020) 114991
www.elsevier.com/locate/nuclphysb

The unequal mass sunrise integral expressed through
iterated integrals on M 3

Christian Bogner *, Stefan Miiller-Stach °, Stefan Weinzierl **

8 Institut fiir Physik, Johannes Gutenberg-Universitit Mainz, D-55099 Mainz, Germany
Y Institut fiir Mathematik, Johannes Gutenberg-Universitit Mainz, D-55099 Mainz, Germany

Received 6 December 2019; received in revised form 3 March 2020; accepted 8 March 2020
Auwailable online 12 March 2020
Editor: Stephan Stieberger

Abstract

We solve the two-loop sunrise integral with unequal masses systematically to all orders in the dimen-
sional regularisation parameter . In order to do so, we transform the system of differential equations for
the master integrals to an e-form. The sunrise integral with unequal masses depends on three kinematical
variables. We perform a change of variables to standard coordinates on the moduli space M; 3 of a genus
one Riemann surface with three marked points. This gives us the solution as iterated integrals on Ml, 3.0n
the hypersurface 7 = const our result reduces to elliptic polylogarithms. In the equal mass case our result
reduces to iterated integrals of modular forms.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The theory of Feynman integrals, which evaluate to multiple polylogarithms is by now very
well understood. But not all Feynman integrals may be expressed in terms of multiple polyloga-
rithms. Already at two-loops one encounters in quantum field theory Feynman integrals, which
are associated to elliptic curves and cannot be expressed in terms of multiple polylogarithms
[1-45]. Similar integrals occur in string theory [46-51].
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The method of differential equations [22,52—61] combined with integration-by-parts identities
[62-64] is widely used to compute Feynman integrals. One first expresses all relevant Feynman
integrals in terms of few master integrals J, sets up a system of differential equations for the
latter and solves this system of differential equations with appropriate boundary conditions. The
solution is particularly simple, if the system of differential equations can be brought into an
e-form [58]:

dJ =¢Al, (D

where the matrix A does not depend on the dimensional regularisation parameter €. In order to
achieve this form, one seeks a suitable basis of master integrals J, related to a pre-canonical basis
I by

J=UI 2)

The entries of the matrix A are differential one-forms. In addition we would like to have that
these entries have a standard form. For example in the case of multiple polylogarithms we would
like to have that they are of the form

dIn(p (X)), 3)

where p(X) is a polynomial in the kinematic variables X. In order to achieve this, a change of the
kinematic variables may be necessary:

X—X )

In the case of multiple polylogarithms the transformation U from a Laporta basis I to the basis J
is algebraic in the kinematic variables. If the transformation is rational in the kinematic variables,
several algorithms exist to find such a transformation [22,65—73]. Already in the case of multiple
polylogarithms it might be necessary to perform a change of kinematic variables in order to
rationalise square roots [39,72-75].

Let us now turn to the elliptic case. The simplest Feynman integral which cannot be expressed
in terms of multiple polylogarithms is given by the two-loop equal mass sunrise integral [1-13,
76-86]. The equal mass sunrise integral depends on a single scale x = p?/m? and is related to
a single elliptic curve. The system of differential equations for this integral can be brought to an
e-form [12]. In this case, transcendental functions (a period of the elliptic curve) appear in the
transformation matrix U. If in addition one changes the kinematic variable from x to the modular
parameter t [4], one identifies the entries of the matrix A as modular forms [10]. The equal
mass sunrise integral can therefore be expressed to all orders in the dimensional regularisation
parameter as iterated integrals of modular forms. The same applies to several other integrals, like
the kite integral, depending on a single scale and related to a single elliptic curve.

We may now ask what happens if a Feynman integral depends on more than one scale. In this
article we consider the sunrise integral with unequal masses as a prototype for a Feynman integral
with several scales, but still related to a single elliptic curve. The sunrise integral with unequal
masses depends on three kinematical variables. In this paper we show that even for the sunrise
integral with unequal masses there is a transformation of the master integrals, which brings the
system of differential equations into an e-form as in eq. (1). In addition we perform a change of
the kinematic variables towards standard coordinates for the moduli space of a Riemann surface
of genus one with three marked points. The integration kernels appearing in the matrix A are then
differential forms on ﬂl,g with logarithmic singularities only. The integration kernels involve
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the functions g (z, ), obtained from the expansion of the Kronecker function. These functions
are not double-periodic and hence not single-valued on ) 3. We view them as multi-valued
functions on % 3. Alternatively, we may consider instead of M 3 a covering space of M 3. In
practice, this does not pose any major problem. Our aim is to integrate a differential equation
from a given boundary point. This is harmless as long as we don’t cross a branch point. In the
vicinity of a branch point we just have to ensure that we continue continuously to the next sheet.

Our result unifies the result in the equal mass case, expressed in terms of iterated integrals of
modular forms, with the available partial results for the first few terms in the e-expansions in the
unequal mass case [6,7,9,30], expressed as elliptic polylogarithms. Elliptic polylogarithms are
iterated integrals on an elliptic curve with fixed modular parameter t and several marked points
[87-92]. We would like to point out that the natural setting for the sunrise integral with unequal
masses is the moduli space M| 3, where the modular parameter t is one of the coordinates.

This paper is organised as follows: In the next section we introduce our notation. In section 3
we discuss the elliptic curve(s) associated to the sunrise integral with unequal masses. We may
either associate an elliptic curve obtained from the Feynman graph polynomial or an elliptic curve
obtained from the maximal cut. These two curves are not isomorphic, but isogenic. In section 4
we introduce the kinematic variables which we will use. These are standard coordinates on M 3.
In section 5 we introduce the functions and the one-forms, which will appear in the matrix A. In
section 6 we present the master integrals, giving us a system of differential equations in e-form.
This system of differential equations is presented in section 7. In section 8 we briefly review
iterated integrals as a preparation for section 9, where we present the analytic results for the
master integrals associated to the sunrise integral with unequal masses. The results are given as
iterated integrals on £7_V[1,3. Finally, our conclusions are given in section 10. In an appendix we
summarise our notation for some standard mathematical functions, give details on the relation
between two isogenic elliptic curves and describe the content of the supplementary electronic
file attached to the arxiv version of this article.

2. Notation
2.1. The sunrise integral in momentum space

The sunrise integral with general masses is defined by

D D
3 2 2 o o 5 N\V1n=D [ dZky d"ky 1
SVlevz(Dvgvp ’mlﬂmz’m?“):eVEMg(M) / D . D piipnpi’ ®)
Im2 1mw?2 172 ™3

where D denotes the number of space-time dimensions, ygym denotes the Euler-Mascheroni con-
stant, 1 is an arbitrary scale introduced to render the Feynman integral dimensionless, and the
quantity vio3 is defined by vi23 = v1 + va 4 v3. The inverse propagators are given by

Di=—k}+m3, Dy=—k3+mi, Di=—(p—kH —k)?+mi (6)

For (pz, m%, m%, m%) = (0, 0,0, 0) the integral is zero. For (pz, m%, m%, m%) = (pz, 0,0,0) the
integral is given by

SV1V2U3 (Da 55 P27 07 0’ 05 l’(/2> =

o2VEME (_—pz)D—vm F(viz—D) T (% —v)
w? L) T ()T (v3) r

(N
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Excluding these special cases, we may assume that at least one internal mass is non-zero, let this
be m3. Unless stated otherwise we set in the following

W =m3 (3)
and

D=2-2s. 9)

The integral depends then only on ¢ and the ratios

2 2 2
p m m
X="5, y=— »n=— (10)
m3 ms3 ms3
We write with a slight abuse of notation
SU1V2U3 (&, x,y1,y2) = Sv1v2v3 <2 —2¢, ¢, 172, m%a m%a m%, m%) . (11)

Considering the sunrise integral in 2 — 2¢ dimensions instead of 4 — 2e dimensions is no restric-
tion: With the help of dimensional recurrence relations [93,94] one recovers the result in 4 — 2¢
dimensions from the result in 2 — 2¢ dimensions.

2.2. The Feynman parameter representation

The Feynman parameter representation of the sunrise integral is given by

3 -
St (53100 = LTSS [ e
g =

where the integration is over

a={[a1 :az:ag]GRIP’zmiZO}. (13)
The differential form w is given by

w=a;doay ANdaz +ardoz Adoy + o3 da; Adas. (14)
The graph polynomials are given by

U=ajap + a3 + azaq,

F = —ajon03x + (1y1 +a2y2 +a3) U 15)

In particular, the integral S111(0, x, y1, y2) is given in the Feynman parameter representation by

w
S 0,x,y1, = [ —. 16
111 ( Y1, y2) / 7 (16)
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2.3. The Baikov representation

The Baikov representation [95—101] is obtained from the loop momentum representation by a
change of variables from a subset of the 2D loop momentum variables to the inverse propagators.
In order to express any scalar product involving the loop momenta, we have to introduce one
auxiliary inverse propagator. Let this be Dy = —(k; + k2)?. The remaining loop momentum
variables are integrated out. The Baikov representation reads

Sl)lv2V3 (87 X, Y1, )’2)
1 1

eZVEME (m%)v123—2+2£ e DiG‘fjfeG;ifs
~ 1 3 —p ledD2dD3dD4w, (17)
47 (I (5 —¢)) Dy D," Dy
with the Gram determinants G and G, given by
_ _l _ 2 2 _ 2 2 .
G = 1 (D1 —D2)"+ Dy —2(D1+ D2) Dy — 2| my —mj5 ) (D1 — D2)
2 2 2 2\?

1 2

Ga=— [(D3 — D’ +2 <p2 - mg) Dy +2 (p2 +m§) Di+ <p2 - mg) } TS

For the Baikov representation we do not worry so much about the integration domain, nor about
constant prefactors. For this reason we used a ~-sign instead of an equal sign. The Baikov rep-
resentation is particularly suited to obtain the maximal cut of a Feynman integral up to constant
prefactors. The maximal cut of a Feynman integral is obtained by replacing each propagator
1/D; by a Dirac §-distribution (27i)8(D;). For the integral S111(0, x, y1, y2) one finds

MaxCut S111 (0, x, y1, y2) ~ (19)
dDy

_2 .
g \/[04 + (my +m2)?] [Da+ (my —m2)?] [Dﬁ +2(p2+m3) Ds+ (p? — m%)z]
2.4. Definitions

The sunrise integral as defined in eq. (5) has an obvious symmetry under the symmetric group
S3, which acts by permuting the tuples (m1, vi), (m2, v2) and (m3, v3). In cases where we want
to emphasize this symmetry, we will use the original variables (p2, m%, m% m%). On the other
hand, the variables (x, y1, y2) are more closely related to coordinates on the moduli space M 3.

In order to keep the expressions compact, it is convenient to introduce a few abbreviations:
We set

r = p. (20)
We denote the masses related to the pseudo-thresholds by

M1 =-—mi+my+m3, pp=mi;—my+m3, Wuz=mj-+my—ms, 21

and the mass related to the threshold by
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4 =mi +my+ ms3. (22)

We introduce the monomial symmetric polynomials M, 3,4, in the variables m% m% and m%

These are defined by

o0 ;oG f \o0)
Mo = (m?) " (m3) " (md), (23)
o

where the sum is over all distinct permutations o of (A1, A2, A3). A few examples are

Moo =I’I’l% —i—m% +m§,

2.2 12
M111 =mimynz,
Mo = m?m% + m%m% + mém% + m%m% + mé‘m% + m?m% 24)

In addition, we introduce the abbreviation
A = [ o3 4. (25)

2.5. The moduli space

Let us now consider a smooth algebraic curve C in CPP? of genus g with n marked points.
Two such curves (C; z1, ..., 2,) and (C'; 2}, ..., z,) are isomorphic if there is an isomorphism

¢:C— C' suchthat ¢ (z;) =7,. (26)
The moduli space

M. 27)

is the space of isomorphism classes of smooth algebraic curves of genus g with n marked points.
For g > 1 the isomorphism classes do not only depend on the positions of the marked points, but
also on the “shape” of the curve. For g = 0 there is only one “shape”, the Riemann sphere. The
dimension of M, , is

dim (ng,,) =3g+n-3. (28)

Let us now specialise to g = 1. A smooth algebraic curve of genus one with one marked point
is an elliptic curve and M) | parametrises the isomorphism classes of elliptic curves. We may
represent an elliptic curve by

C/A, (29)

with the lattice A given by Z + tZ. The marked point is the origin in C/A. The moduli space
M, 1 has dimension one and we may take the modular parameter 7 as a local coordinate.

Let us now turn to the moduli space M) 3. As before, one marked point is given by the ori-
gin. We denote by z1, z2 € C/A the other two marked points. We have dim(M; 3) = 3 and our
standard local coordinates for M 3 are

(t,21,22). (30)

The moduli space M , is not compact. We denote by Mg,,, the Deligne-Mumford-Knudsen com-
pactification [102—105]. The space Mg ,, is the moduli space of stable nodal curves of arithmetic
genus g with n marked points. Mg , is an open subset in M, .
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3. Elliptic curves

The sunrise integral with unequal masses is associated to an isogeny class of elliptic curves.
We may think of an elliptic curve as being defined as C/A, where A is a lattice. Two elliptic
curves E=C/A and E' = C/A’ are isomorphic, if there is a complex number ¢ such that

cA =N 3D
Two elliptic curves are isogenic, if there is a complex number ¢ such that

cAC A, (32)

i.e. cA is a sub-lattice of A’.

For the sunrise graph there are two obvious ways to associate an elliptic curve to this Feynman
integral. One may either define the elliptic curve from the second graph polynomial or from the
maximal cut. These two curves are not isomorphic, but isogenic. Let us denote the lattice for
the curve obtained from the Feynman graph polynomial by Afr and the lattice for the curve
obtained from the maximal cut by Ac. Then AF is a sub-lattice of A¢ of index 2 and — in view
of definition (32) — the lattice 2A ¢ is a sub-lattice of A r. The lattice A f is rectangular for r < 0
and was used in [6,7], while the definition of the elliptic curve from the maximal cuts generalises
to more complicated integrals [34,35].

In appendix B we give a detailed account on the relation between the two elliptic curves. In
particular, we define the modular parameter t¢ for the elliptic curve obtained from the Feynman
graph polynomial and the modular parameter 7. for the elliptic curve obtained from the maximal
cut. The elliptic curve obtained from the Feynman graph polynomial comes naturally with three
marked points: These are the intersections of the elliptic curve with the Feynman parameter
integration region. On C /A r we denote these points by 0, z1,F, 22, 7. One marked point can be
chosen as the origin in C/A r. The corresponding points on C/A ¢ are denoted by 0, z1,c, z2,c-
Appendix B also provides explicit formulae how the points z; r and z; ¢ are related.

4. Variables

The dependence on the kinematics is described by the three variables (x, y1, y2). We will
change to new variables (t, z1, z2), which are coordinates on the moduli space M 3 of a genus
one Riemann surface with three marked points. The new variables are:

I
_'r

2
i1 = 21, = XZ1,F,

T =TC

2 = 22, =22,F- (33)

Eq. (33) gives the transformation from the variables (x, y1, y2) to the variables (7, z1, z2). We are
also interested in the inverse transformation. To find this inverse transformation, we first consider
intermediary coordinates (A, k1, x2) defined by

16m1m2m3\/?
(w1 + 1) (m2 + V1) (03 + V1) (R4 — V1)
) (M2+\/;)(M3+\/;)

Kl = Ui c1p2=

A=k =

’

dmoms
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w1+ /1) (n3 + /1
K2=u%,c,1/2=( 4m)1(m3 ) (34)

We may express (x, y1, y2) in terms of (A, k1, k2):

(L= k1) (1 — k) kK222
(=) (1= rk2)

= k1 (1 —«1)
(1= aky) ey — k2)% (1 — k1 — k2 + Ak1K2)?
Ky (1 — K
- 2 ( 2) (35)

= 2 > R,
(I = Ak2) (k1 — k2)° (1 — k1 — K2 + Ak 1K)
with
R = (1 ~|—K§K§)\3> (k1 4+ Kk2) — (1 +K12K22)\.2) (Klz +K22) (I+x)—38 (1 +K12K22)L2) K1 K2
+ (14 rk162) (k1 +Kk2)° A4+ 3 (1 + Ak k2) k1 k2 (k1 + K2) A
+8 (1 + Ak k) k1 ky (K1 + K2) +4K12K22)» (1—=X)— 8«1k (k1 +K2)2A — 8/(121622
-2 (1 — 2 +AK12) (1 —2K2+)»IC22> itz (1= k1) (1 — k2) (1 — Ak1) (1 — Aka).

(36)
On the other hand we have
_ %09
65 (0.q)°
o B0 R (%)
03 0,9) 63 (%5 4)
o BO.05(5.0) -

60300,9) 07 (%.q)
Eq. (35) and eq. (37) together with g = exp(imt) allow us to express (x, y;, y2) in terms of

(t,21,22).
We set
qg= emr’ wy = emzl’ Wy = esz’
~ _ 2mit - 2mizy - __ 2mizp
g=-¢e , wi=-e , Wr=-¢e . (38)

On C /A F we have up to now three marked points: 0, z; and z;. We introduce one further marked
point through

un=1—-z1—22 (39
and set
w3 =¥ = wrlwy (40)

We further set
Vi=v1c = Yi.F = ¥ p
2mip* (=312 +2Myp0t — A)
t(e=pd) (0 = w3) (e = 13) (£ = 13)°

d d
Wi =Vi.c—vnc —Vac—vic = 41
: 1//1,cdt1/f2,c l/fz,cdtllfl,c (41)
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5. Special functions

From the Kronecker function F(x, y, ) (with ¢ = exp(wit))

F(x,y,7) =76, (0, q) O L)) 42)

01(x,q)01 (wy,q)

one defines g™ (z, T) through

F(z,0,7) = éZg(") (z,T)a". 43)

n=0

In previous publications we introduced the notation [6-8,19]

ELiy.p (x; y; q)—ZZ i km jk. (44)

j=lk=1

‘We define the linear combinations
Euom (X3 ¥ @) = ELi (3 ¥39) = (=1 ELinsn (x5 71 q). (45)

The functions ELi,.,, are helpful for the g-expansion of the functions g™ (z, 7). Explicitly one
has with ¢ = exp(2it) and w = exp(27iz)

g(o) (Z, ‘L') =1,
14+w — _ _
¢V (z.1)=—27i [2(1 o + Eo.0 (; l:q)]
2 n B _
g™ (z, 1) =~ @ri)” [ _Bn + B0 (W5 1;9) |, n>1, (46)
(n—1)! n

where B, denote the Bernoulli numbers, defined by

B,
R 47)
e —1 n!

The functions g (z, t) will play prominent roles in our calculation. Let us therefore discuss
their properties [36,91].

Poles: When viewed as a function of z, the function g™ (z, T) has only simple poles. More
concretely, the function gV (z, 7) has a simple pole with unit residue at every point of the lattice.
For n > 1 the function g (z, 7) has a simple pole only at those lattice points that do not lie on
the real axis.

Periodicity: The (quasi-) periodicity properties are
gW e+ 1) =g" (1),

n _ . j )
g(n) (z+1,7) zz%gm—])(z’f)_ (48)

J=0
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We see that g™ (z, ) is invariant under translations by 1, but not by 7. Thus we may view
g™ (z, 7) either as a multi-valued function on the moduli space of a genus one Riemann surface
with marked points or alternatively as a single-valued function on the covering space of the
moduli space of a genus one Riemann surface with marked points.

In the following we will take g (z, T) as a multi-valued function on the moduli space of a
genus one Riemann surface with marked points and we will be working with the branch defined
by eq. (46).

Modularity: Let us now consider

g™ (L M+b>, (z Z) € SL, (7). (49)

ct+d ct+d

The functions g (z, ) may be expressed in terms of Eisenstein series, and we may derive
the behaviour of g™ (z, t) under modular transformations from those. The Eisenstein series are
defined by

1

Eir(z,7) =  — .
k@ Ze (z+n1 +ny)k

(n1,n2)eZ?

(50)

The series is absolutely convergent for k > 3. For k = 1 and k = 2 the Eisenstein summation
depends on the choice of generators. The Eisenstein summation prescription is defined by

Na

Ny
Y, fetmamn=gim 3 | dim Y femamn | 6D

(n1,n2)eZ2 no=—N, ni=—N;

One further sets

1
ex(v) = Z D (52)

.
e
(nmeziy0,0 (11T 120

An alternative definition of the Kronecker function is given in terms of Eisenstein series:

1 o (=)
F(x,3.7) = Sexp -3 - (B (x, 1) — ek (1)) | - (53)
k=1

This allows us to express the functions g (z, 7) in terms of Eisenstein series. The explicit
expressions for the first five functions g (z, 7) in terms of Eisenstein series read

gV 0n=1,
¢V @ 0)=E (1),

g9 1) = —% [Ez (z,7T) —e2 (1) — E1 (2, r>2] ,

¢V @D = 2B 3B @D — e @IE @0 + Er @0

AN =

1
gY@ 1) = ~2 {6[E4 (z,7) —es (1) — 8E3 (2, 1) E1 (z,7) — 3[E2 (2, 7) — e2 (1)

+61E2 (2. 1) =2 (DI E1 (2, 1)2 = E1 (2. 0)' . (54)
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For k > 3 the Eisenstein series transform nicely under modular transformations. With

one has

Ec(,7) = (ct+d)* Ex (z,7), e (t) = (ct+drer (). (56)
This leaves the cases k = 1 and k = 2. At modular weight k = 2 only the combination

Ey(z,7) —e2 (1) =9 (2) (57)
enters. This combination (but not the individual terms) transforms nicely:

Ey (2. 7) — e (t)) = (ct +d)*[E2(z.T) — e2 ()] (58)
The nice transformation properties are spoiled by Ej (z, t). One has

Ei (7, 7) = (ct +d)[E1 (z,7) + Ciz + Col, (59

where the constants C; and Cy depend on y.

Differential forms: Let us set g(’l) (z, T) = 0. We define differential forms by

d
o (z,7) = @m)* [g““” @0di+k—-1)g% 1) Z—T} : (60)
i
The differential forms wy(z, T) appear in the total differential of elliptic polylogarithms [31]. A
few examples are (recall z3 =1 —z; — z2):
wo (zi, T) =2midr,
) (z1,7) =2mdz),

w1 (z3,7) = —2mdz) — 2mdzp,

dt
o (z1,7) =gV (z1, ) dz1 + 8P (21, 7) et

dt
w2 (21,20) =g (21, 20) dz1 +28% (21, 27) o~ (61)
Since wq(z, T) does not depend on z and w; (z, 7) does not depend on T we write

wo (1) = o (2, 7), w1 (z) = w1 (2, 7). (62)

In addition we need two differential forms 7>(t) and n4(7), which depend on 7, but not on the
z;’s. The first one is related to a modular form of I'g(2), the second one to a modular form of
SL,(Z). Let by(t) be the generator of M,(I"¢(2)) given in terms of the Eisenstein series defined
above as

by (1) =3 (1) — 2¢3 (27) . (63)

The first few terms of the g-expansion read

_ R B S SO
by (t) =2 (2mi) 24+q+q +4q° +q"+6q° + ... |. (64)
We set
dt dt
=b —, = —. 65
n2(7) 2(7) 5 — 14 (7) (2;1)264(1)2711' (65)
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6. Master integrals

In this section we present a basis J of master integrals for the unequal mass sunrise family,
such that the associated differential equation is in e-form. The associated differential equation is
given in the next section.

The starting point is a pre-canonical basis of master integrals. A possible pre-canonical basis
is given by

I=(S110. Sio1, o1+ Stits Sau1. Sia1 S12)” (66)

The associated differential equation is of the form
dl =A(e,x,y1, )1,

Afe.x,y1,y2) = Ax (8,2, 31, y2) dx + Ay, (e,x, y1.32) dyi + Ay, (6., y1, y2) dy2. (67)
We then change the basis of master integrals

J=UI (68)
and the coordinates on the base manifold

(x, y1,¥2) = (1,21, 22) - (69)
Under the transformation (68) the differential equation transforms into

di =AlJ, (70)
where A is related to A by

A=UAU"—vdu~'. (71)
A change of coordinates on the base manifold leads to the transformation

A=Aydx+ Ay dy + Ay,dy, = Ardt + Ay dzy + Adz, (72)
where for example A is related to A, Ayp Ayz by

po_ A 0x 2By Oy

AT=AXE+Ay,—t+Ay2¥. (73)
The essential step is to find a matrix U such that

A=c¢A, (74)
where A does not depend on ¢. We construct U in two steps:

U=0U,U;. (75)
Let us set

Ji=U,  dJy = Al (76)

The entries of U; are constructed such that A; is linear in & and the 0-part is strictly lower
triangular, i.e.

Ar=A0 44D, (77)
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where AgO) and Agl) are independent of & and AgO) is strictly lower triangular. This can be done
with a transformation, where the entries of U are rational functions of ¢, x, y1, y2, ¥ and 9,
(i.e. compared to the full transformation U the entries of U; do not involve incomplete elliptic
integrals. They only involve complete elliptic integrals related to v and 9,). The entries of
U, are determined from an ansatz, following the ideas of [34,35,70,71]. Explicitly, U; is given
by setting F54 = Fgqa = F74 = 0 in the formula (78) below.

In a second step U, is constructed. U; eliminates the non-zero entries of AEO). As A(lo) is
strictly lower triangular, this can be done systematically by integration and will lead to in-
complete elliptic integrals. In a final clean-up (and after the change of coordinates on the base
manifold) we trade the incomplete elliptic integrals for dIn(y;)/dt and d In(y;)/dz.

Let us now present the basis J:

J1 = &>S1o1,
Jo=¢&So11,
J3 = &2S110,
T
Jy =811,
Y
2 2 2 2 2 2\, 2
m4 +ms5 —2m t —my —3m5+3m5)m
J5=8|:( 1 22 3)5111+( 1 42 3) LS,
m 0
(t—3m%—m%+3m%)m%slzl_2(t—m§)m§5112 n 262
u? u? (3t2 —2Mipot + A) u?

X [7 (m% + m% - 2m%) ) (3m? + 3m§ - 6m§L + m%m% + m%m% - Zm%m%) t

+ (m% —i—m% — ng) A] St11 + FsaJs,

2\ ;5,2 2\ 15,2

2 2 2 2 2 2
ms —m t—mT+m5—m5)m t+ms—m5 —m5)m
1628[( 1 . 2)5111+( 1 42 3) 152“_( 1 42 3) 2§10
3 0
2 2\ .2 2 2
_2(’"1_’"2)’"33112 I 2% (m3 —m3)
u? (3t2 —2Mjpot + A) u?
x [76% =2 (3m} + 3m3 = m3) 1 + A] Sint + Foaa,
1 v d 2 1
=l Vi 4 e — [9r — 22M1007°
& 27Tth dt 8 (3[2 —2M100f+A) ,LL4
+ (50M 110 — Mago) t* + (44M300 — T6Ma10 + 216 M 11) 13
+ (=41 My00 + 84M310 — 86 M0 — 52Ma11) 1
¥ 1
+2A (—=5M300 +SM210 — 2M111) t — A3] ?5111 - §F64J6
1
— —Fs54J5 4+ FraJs4. (78)

24
The three functions Fs4, Fes, F74, appearing in the definition of Js5, Jg and J; are given by
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Fs4 =
6i 1> 1d
n [ =3+ =) 2
(3t2—2M100t+A) ¥ y1 dt
1d
+(_mg+mg+mg_t)_£]
y2 at
Feq4 =
2iu® 1d
e |:<3m%+m%—m§—3t)—ﬂ
(3t2—2M100t+A) Y1 y1 dt
1d
= (33 = = 31) 22
Fry =
4 2
1d
— o 5 <3m‘1‘+m§+m§—2m%m%—6m%t+3t2> <—i)
(3t2—2M100t—|—A) 1//12 y1 dt

- (Sm? + 3m‘2‘ — mé + Zm%m% - Zm%m% — Zm%mg -6 (m% + m% — m%) t+ 3t2>
1 dy 1 dy, 4 4 4 2.2 2 2 1 dy, g
X(;E) (EE —i—(ml+3m2+m3—2m1m3—6m2t+3t ) EE . (79)

In the case m; = my # m3 we have J; = J and Jg = 0. The system reduces to five master
integrals. In the case m| = my = m3 we have J; = J, = J3 and Js = Jg = 0. The system reduces
to three master integrals.

7. The system of differential equations

In the basis J the system of differential equations is in e-form:
dJ =eAl, (80)

where the 7 x 7-matrix A is independent of . The entries of A are linear combinations of the
differential forms wy and 7, defined in section 5. We call k the (generalised) modular weight.
Each entry of the matrix A has a unique modular weight. In detail, we find that the entries have
the following modular weights:

2 - —
- 2 - - - - _
- - 2 - - - _
- — — 2 1 1 0 8D
2 2 2 3 2 2 1
2 2 2 3 2 2 1
3 3 3 4 3 3 2

A dash indicates that the corresponding entry is vanishing. Let us now give the non-vanishing
entries:

Modular weight 0:
Ag7=wp (7). (82)
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Modular weight 1:

1 1
Ays = i (z1) + i (z2),

A= %wl (z1) — %wl (z2),

As 7 =060 (21) + 6w (22),

A7 =201 (21) — 201 (22) - (83)
Modular weight 2:

A1 =2 (21, 7) = 202 (23, ) — 4w2 (21, 27) + 402 (23, 27) ,

Az =2w(22,7) —2w2 (23, T) — 4w2 (22, 27) + 4w2 (23, 27),

A33=2w (21, 7T) +2w2 (22, T) — 4w2 (23, T) — 4wy (21, 27) — 4wy (22, 27)
+ 8wy (23, 27),

Agq = —4w) (23, T) — 2w (21, 27) — 2w) (22, 2T) + 6w» (23, 2T) + 612 (T) ,

As51=2w2(z1,7) —2w2 (22, 7) —4w2 (23, T) — 4wy (21, 27) + 4wy (22, 27)
+ 8wa (z3,21),

Asyr=—=2w3(21,7) +2w2 (22, T) — 4w (23, T) + 4w2 (21, 27) — 4wy (22, 27)
+ 8wy (23, 27),

As3=2w (21, T) +2w2 (22, T) +4w2 (23, T) — 4wy (21, 2T7) — 4wy (22, 27)
— 8wy (z3,21),

Ass=wy(21,7) + @2 (22, T) — 2w2 (21, 27) — 2w3 (22, 27) + 6w (23, 27) + 612 (7) ,

As6=3w2(21,7) —3w2 (22, 7),

A61 =2w2 (21, 7) +2w2 (22, T) —4w2 (21, 27) — 4wa (22,27),

Asr = —2w2(21,7) —2w2 (22, T) + 4wy (21, 27) + 4w2 (22, 217),

A3 =2 (21, 7) = 2w2 (22, T) — 4w2 (21, 27) + 42 (22, 27) ,

Ags=w2(21,7) —w2(22,7),

Ae,6 =3w2 (21, T) +3w2 (22, 7) — 4w2 (23, T) — 2w2 (21, 27) — 22 (22, 27)
+ 6w (z3,27) + 612 (T)

A77=—4w) (23, 7) — 2w2 (21, 27) — 2w7 (22, 27) + 6w2 (23, 27) + 612 (7). (84)

Modular weight 3:

Asq=—12w3 (21, 7) — 1203 (22, T) + 24w3 (23, T),
Ao s = —12w3 (21, 7) + 1203 (22, 7),
A71=—w3(21,7T) + w3 (22, T) — w3 (23, T) +4w3 (21, 27) — 4w3 (22, 27)
+ 4ws3 (z3,27),
A72=w3(21,7) — w3 (22, T) — @3 (23, T) — 4w3 (21, 27) + 4w3 (22, 27) + 4w3 (23, 27) ,
A73=—w3(z1,7) —w3(22,T) + w3 (23, T) +4w3 (21, 27) + 4w3 (22, 27)
—4dws (z3,27),
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1 1
A7s5= —5®3 (z1,7) — 23 (22, 7) + w3 (23, 7),

3 3
A7,6:_§w3 (Z17T)+§w3 (22, 7). (35)
Modular weight 4:
A7.4=12w4 (21, 7) + 1204 (22, T) + 1204 (23, T) — 7214 (7). (86)

The integration kernels (i.e. the entries of the matrix A) are linear combinations of the differential
one-forms

wi(zj,Nt), 0<k=<4, 1<;<3, 1<N<=<2, (87)

and 12(t), n4(t). Let us discuss the differential one-forms wy(z;, N7) as functions of z;. We
recall that wy is defined in eq. (60) with the help of the functions g (zj, N7). The latter have
only single poles, which are all located on the lattice points. It follows that wi(z;, N7) has only
single poles.

The coefficients of the e-expansion of the master integrals J-J; are therefore pure functions.
We recall that a function is said to be pure if it is unipotent and its total differential involves only
pure functions and one-forms with at most logarithmic singularities [36]. Unipotent means that
the function satisfies a differential equation without homogeneous term. A differential equation
in e-form implies unipotency.

8. Iterated integrals

Let us review Chen’s definition of iterated integrals [106]: Let M be a n-dimensional manifold
and

y:la,b] > M (88)

a path with start point x; = y (a) and end point x y = y (b). Suppose further that wy, ..., wy are
differential 1-forms on M. Let us write

fiWdr=y*w; (89)

for the pull-backs to the interval [a, b]. For A € [a, b] the k-fold iterated integral of wy, ..., W
along the path y is defined by

A Al Ak—1
I, (wl,---,wk;/\)=fd)»1f1 (M)/dlzfz (A2) ... f drg fr (Ak) - (90)
a a a
We define the 0-fold iterated integral to be
I, Gy =1. o1
We have
d
ﬁly (@1, 02, e 0; 1) = fr M) 1)y (w2, ..., 05 A) . (92)

Quite often we will be integrating in the variable 7 from 7; =ioco to Ty = 7. We write
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T

T
F(wl,wz,...,wk)=/w1 (t1) | w2(12)... f wy (Tk) (93)

ioo ioo ioo

Tk—1

for the iterated integrals in this case.
9. Analytical results

With the help of the differential equation (80) in e-form we easily obtain the analytic solution
for the master integrals J;-J7 order-by-order in ¢ as iterated integrals involving the differential
one-forms appearing in the matrix A. We integrate the differential equation from a chosen bound-
ary point to the desired point in ﬂm. There is some freedom in choosing the boundary point
and the path of integration. We discuss two possibilities: The first option consists in integrating
along 7, keeping z; and z, constant. Within the second option we integrate in the z1-z, subspace,
keeping t constant.

The first three master integrals Ji-J3 are tadpole integrals. They are given to all order in ¢ in
the variables y; and y, by

Ji =T (1+ ) yp
Jy =N (T (1 4€))% y;°,
J3 = eXEME (I (1 + )2y y5 " (94)

9.1. Integration along 71 = const and 7, = const

We may integrate the differential equation along 7, keeping the two other variables z; and z»
constant:
Z1 = const, Zp = const. 95)

This will give us the closest relation with the equal mass case, where we expressed the equal
mass sunrise integral as iterated integrals of modular forms [10,12]. Iterated integrals of modular
forms are iterated integrals in the variable t. In the equal mass case we have for the variables z;
and z, for all values of T

equal mass equal mass 1
s = = 3 (96)

Integrating the differential equation along v with z; = const and z2 = const requires boundary
values for an initial point 7. It is convenient to choose 7y = ioo, corresponding to go = 0 or
p2 = (. In the master integrals J;-J3 the logarithms In(y;) and In(y,) appear. We would like to
express them at g = 0 in terms of w; and w,. We have for g =0

Li=In(y;) = In(w) +2In(1 —wy) —2In (1 — wiwy),
Ly=In(y;) = In(w;) +2In(1 —wy) —2In(1 — wjwy). 97)
In addition, the logarithm In(A /u*) will appear. We have with u = m3 for g =0

A (1 —wp)? (1 —wa)?
La=In|— ) =In|— . 98
A “(u“) n( (1 — i)’ ) o

Let us define the boundary constants C4, ; through
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o
J4(r=ioo)=ZC4,j el 99)
j=0

The sunrise integral at 79 = ico is given by [6,7]

ﬂ)‘k [F(l +e)?

J4(t=ioo)=%e27’EM8F(1+28)( (f1+f2+f3)—27'[8:|,

2 I (1+2e)
(100)
with
1 _ —
fi= :|:(—12)J) ¢ 2 Fy (—28, —&;1—¢; zi)j) — (-w;l) ’ 2 Fy (—28, —&;1—¢; II)j_l):| .
(101)

The hypergeometric function can be expanded systematically in ¢ with the methods of [107].
The first few terms are given by

2Fy (=26, —&; 1 —&;x) = 1 +26%Lip (x) + &7 [2Li3 (x) — 4Lin1 (x, 1)]
+e* [2Lig (x) — 4Lis 1 (x, 1) + 8Ly, 11 (x, 1, D]+ 0 (55) .

(102)
The multiple polylogarithms are defined by [108—110]
oo xnl xnk
: _ 1 k
Ly oo (1o x) = Y RS (103)
ny>ny>..>n;>0
The first few boundary constants are given by
C4,0=0,
C4,1 =0,
>
Cyn= lz_:l % [Liz (lI)]) —Lip (lI)J_l)] ,
21
Cia=) 5 [ ~2Liz,1 (i;,1) = Lis (i) + 2Liza (i, 1) +Lia (#;1)] = LaCas.
j=1
3
= L [4Lin 1 (. 1.1) = 2Lis,g (). 1) + Lis () — 4L o711
Cyq= Z % [ io,1,1(w),1,1) —2Li3 1 (wj, 1) +Lis (w;) — 4Li2,1,1 (wj .1, )
j=1

. __ . __ T
+2Lig (@7".1) = Lig (27")] +3

+ Lis (a);l) ~2Liy (m;‘, 1)] +ie[1—62;(1—2))]

« [Lia () = Lio (87|} = LaCas — 213 Can + 785, (104)
j 2

(1 —2z;) [Liz (w;) — 2Li,; (wj, 1)

Eq. (94) and eq. (100) together with the condition that the master integrals J4-J7 are regular at
g =0 fix all integration constants. For all master integrals we write
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e 9]

Ji=Y el (105)

j=0

The first non-vanishing coefficients of the e-expansion of the master integrals J4-J7 read

I = F (w0 (t), w3 (zj, 7)) =4 F (w0 (1), 03 (2, 27))],

|

~.

i M
~—

I = Ly = Ly +2F (02 (21, 7)) + 2 F (02 (22, 7)) — 4 F (02 (23, 7))
—4F (w2(z1,27)) — 4 F (02(22,27)) + 8 F (w2 (23, 27)) ,
IV = Ly + Ly + 2 F (02 (21, 7)) = 2 F (02 (22, 7)) — 4 F (@2 (21, 27))

+4F (02(22,27)),
3

I = =3 [F (03 (27 7)) = 4F (3 (27.20)]. (106

j=1

The quantities Jl.(] ) are given for 1 <i <7 and 0 < j <4 in the supplementary electronic file
attached to the arxiv version of this article.

The iterated integrals in 7 have a g-expansion, which follows from the g-expansion of the
integration kernels by integrating term-by-term. The g-expansions of the functions g (z, 7) are
given in eq. (46). The g-expansion of the iterated integrals provides an efficient method for the
numerical evaluation of the result [11,13]. All results have been verified numerically with the
help of the program sector decomposition [I11].

The £%-term of J; has been computed previously in terms of elliptic dilogarithms [6,9]. It is
instructive to see, how the two expressions are equivalent. One has

3

12 = Coa= Y [F (03 21 1) +4F (03 21, 20)]

3 T 7]
13
—Cyr — — do | d [(3) 1) =8¢ (z:.2 ]
42 nZ/ 1 | dra|g® (zj. 12) — 88" (zj.2m)
= ioo
f?d_ éld_
1 2
fi/i E() =) wj,l CIQ)—8E0 z(w,,l q2>]
0 0

Mw

= C4,2+l — —
1 q1 q2

-.
w

=Cyn+i [ 20 (w53 1 )—2E2;0(ﬁ)j;1;6]2)]
j=1

1 3
72 (w): —1:7). (107)

The expression on the last line is the result of ref. [6], taking into account that g = —gF.
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9.2. Integration along T = const

Alternatively we may integrate the differential equation along a path with t = const from a
suitable boundary point (which could be a point where one or more masses are zero). This allows
us to express the result in terms of elliptic multiple polylogarithms. Ref. [29] defines elliptic
multiple polylogarithms as iterated integrals on an elliptic curve with fixed modular parameter t:

Z
T(h o saT) =fdz’g<”1>(z’—a,r)ﬁ(’;§ T, (108)
0

where the functions g(”)(z, 7) are the ones defined in eq. (43). For T = const we have

T=const T=const

m(t)y — 0, na(ty — 0, (109)
and
o (2, Nt) =3 2m) 2 g®D (z;, N7) dz;. (110)

We recall that N € {1, 2}. We would obtain immediately a solution in terms of elliptic multiple
polylogarithms, if terms with g (z j»21) were absent. In order to convert the result to ellip-
tic multiple polylogarithms we have to express the functions g®(z j»27) in terms of functions
g® (z’j, 7). From eq. (46) we find

1 Z z 1
g™ (z,21) = 5 |:g(k) (E’ 1:) +g® (5 + 5 r)] : (111)

After a rescaling 7’ = z/2 we obtain iterated integrals in the form of eq. (108).
10. Conclusions

In this paper we considered the two-loop sunrise integral with unequal masses. We showed
that there is a basis of master integrals, in which the system of differential equations is in & form.
In addition we performed a change of variables for the kinematic variables, which allowed us to
identify the integration kernels as differential one-forms on the moduli space Ml,_o,. Hence, the
solution for the sunrise integral with unequal masses is given in terms of iterated integrals on the
moduli space ﬂl,g. These iterated integrals are pure functions.

We expect our findings to have implications for a wider class of Feynman integrals.
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Appendix A. Notation for standard mathematical functions
As notations for standard mathematical functions differ slightly in the literature, we list here

the definitions and the conventions which we follow.
The complete elliptic integral of the first kind is defined by

K (k) (112)

2/1 dt .
) (=) (1-k22)

The incomplete elliptic integral of the first kind is defined by

Fuk) = (113)

u
/‘ dt
5 =) (1-r22)
Dedekind’s eta function is defined by

() =ef ]o'o[ (1=e). (114)

n=l1

The theta functions are defined by

o0 (n+l)2 ‘
1) =—i Y (=1)"g\"") IOtz

n=—0oo
[e¢)

2
@)=Y q(’”%) ol Dz,

n=—oo

o
2 A
93 (qu) — Z q}’l eZznz7

n=—oo

sz )= Y. (=1)'g" e, (115)

n=—oo
Appendix B. Details on isogenic elliptic curves

In this appendix we give details on the relation between the elliptic curve obtained from the
Feynman graph polynomial and the elliptic curve obtained from the maximal cut.

B.1. The elliptic curve from the graph polynomial

The second graph polynomial for the sunrise graph is given by

t m3 m3 m3
F=-aimuz— +|ai— +or—5 +az3— | (e1e2 +aa3 +azan). (116)
u J M s
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The equation ¥ = 0 defines a cubic curve in P2(C) with coordinates [« : a3 : 3], and together
with the choice of a rational point an elliptic curve. Rational points are for example the three
intersection points of the curve with the Feynman parameter integration region. These points are
given by

P =[1:0:0], P,=[0:1:0], P;=1[0:0:1]. (117)

We will choose one of these three points Py, P>, Pz as the origin O. We denote the corresponding
elliptic curves by Ey r, E> r and E3 r, where the subscript refers to the choice of the origin:

Eir:F=0 with O=P;. (118)
The elliptic curve E; r (with i € {1, 2, 3}) can be transformed into the Weierstrass normal form
Ep:372 =48 — gy pf2% — g3 52’ (119)

Under this change of variables the origin O of E; r is transformed to the point [X : y : Z] =
[0:1:0], which is the origin (or the point at infinity) of the elliptic curve E . Note that the
same Weierstrass normal form is obtained for E; r, E2 r and E3 r. In the following we will
work in the chart Z = 1. Factorising the cubic polynomial on the right-hand side of eq. (119), the
Weierstrass normal form can equally be written as

$% = 4()? - elyp) ()? - ez,p) ()? - e3,p) , with ej r+e2r+e3r=0, (120)

and

g.r =—4(e1,rear +e2res F+ezrerr), 83, F =4e1 Fex FesF. (121)

The roots are given by

1 1 1 1
2 2 2( 2 2( 2 2( 2 2
el,F=W|:—f +2M100t+A+3<M1—f) (Mz—t> (M3_t) <H4—f) :|,
1 3 3 3 3
erF=—7 —t2+2M100t+A—3(u%—t) (,u%—t) (u%—t) (,uﬁ—t) ,
24
- 262 — 4M 01 — 2A> . 122
P = pp ( 100 (122)
We set
Zi,r =e3r—eyr, Zyr =e\F—e3F, Z3F =e€LF—eyr, (123)
and
Z\F — Zy F
k2 o= =8 ke = ===, 124
F= Zsr F= Zsr (124)
We define two periods
€3 F €3 F
dx 2 dx 2i -
Y1,r=2 | —=—-K(kp), Yo r=2 | —=—K(kr), (125)
y 27 y 27
€3 F 3,F el r 3,F

together with the modular parameter tr, the nome gr and the nome squared gr:
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Yo F
Vi F
The lattice A is given by

TF gr = eﬂit[:’ éF — e27ti1’p. (126)

Ap={ni1+ntp|ni,ny €} (127)

In the Euclidean region, defined by t < 0 and m% m%, m% > 0, the period v F is real and the
period 2 r purely imaginary. In the Euclidean region A r is a rectangular lattice.

B.2. The elliptic curve from the maximal cut

For the maximal cut we consider the Baikov representation [95], and here in particular the
loop-by-loop approach [99]. Within the loop-by-loop approach there are for the sunrise integral
three possibilities to choose the first loop, obtained by choosing two out of the three propagators.
The second loop contains then necessarily the propagator not selected for the first loop. We thus
obtain three elliptic curves

2] —m3)? ] t+m? t—m2)*]

El,c:vzz u+7(m2+2m3) u+—(m2 2m3) u2+2( 3 1)u+( 41) ,

L 1% 1L 1% 1L n 1% |

i 20 —m)? [ t+m?3 t—m2)?]

Ez‘c:vzz u+7(m1+2m3) u+—(m] 2m3) u2—|—2( 5 Z)u ( 42) ,

L 1% 1L n 1L n 1% |

i 20 —m? | [ t +m? t—m2)?]

E3‘c:v2= ut (m +2m2) "t (my 2"12) u2—|—2( . 3)14 ( 43) ’
L 1% 1L n 1L n 1%

(128)

which differ by a permutation of the particle masses. Let us consider E3 ¢, which corresponds to
the maximal cut given in eq. (19). We denote the roots of the quartic polynomial by

2 2

" (m1 + m)? y (m3 + \/?) ; (m3 — \/?) (my — ma)?

1=, ==, = —— = ——
n? u? u? u?

(129)
We set

Zic = w3z —u2)(us—u1), Zyc = (ua—uy) (s —u3),

Z3c = (uz —uy) (ug —uz), (130)
and
Zic = Zr.c
ke =" kg == (131)
€7 Zsc €7 Zsc

We define two periods

us3 us
du 4 du 4i -
Yi.c=2 - =1 K (kc), Yo,c=2 > = K (kc), (132)

2 2
u Z3,c Uy Z3,C

together with the modular parameter t¢, the nome g¢ and the nome squared gc¢:
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e
Yic
The lattice Ac is given by

e _ emrc’ G — eZer.

Ac ={ni+ntc|ni,ny € Z}.

We may transform E3 ¢ into the Weierstrass normal form
Ec:9%2 = 42° — gy 0822 — g3.02.

We use the chart Z = 1 and factor the cubic polynomial
A2 ~ A A
y =4 (x — EI,C) (x — 62,c) (x — eg,c) .

g2.c and g3 ¢ are given by

g2.c =—4(er,cerc+ercesc+escerc), g3.c =4e1cercesc.

The roots are given by

1
elc= W <t2 —2Mioot — A + 24m1m2m3\/;> ,

erc= <t2—2M100t—A—24m1m2m3\/;>,

1
3ut
1
e.c=37 (—212 +4Moot + ZA) .
3u
We have
Zic =ec—eyc, Zyc =ec—ec, Z3c=e3c—ec.

B.3. The relation between Ar and Ac

We may now compare the lattices A g and Ac. We find

Yi.,c = Yi,F,  2¥2.c = Yo Fr +Y1F.

This shows that A r is a sub-lattice of A¢ of index 2. This becomes apparent if we define

(1//£,F>_(1 1><W2,F>
vip) \O 1)\¥1r )"

We have
2 —Z1,F 2i Z3 F
'ﬁ{,F = K ’ ‘ﬁﬁ,F = ——=K - |-
ZoF 2o F ZoF ZoF

/ /
Yi.c = V¥1p 2Y2c = Yo p-

The geometric situation is shown in Fig. 1. With

and

/
/_wZ,F ro_ it ~/  __ 2mit)
TF_I///’ grp =€ F,  qp = e F,
1.F

we further have

2ic = tr+1 =1, g = —qr = qp, G = Gr = Gp.

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)
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1,7, 1,0

Fig. 1. The periods (¥1,c, ¥2,¢) generate a lattice. The periods (Y1, F, V2 F) or (¥ F, I//é ) generate a sub-lattice of
index 2. Fundamental cells of the various lattices are indicated by dashed lines.

B.4. Marked points

On the curves E; r we have three rational points P;, P, and P3 given by the intersection of
the curve with the integration region in Feynman parameter space. These determine three points
on Er and in C /A F. In this paragraph we determine the corresponding points in C /A ¢ and on
Ec. This is done as follows: Starting from the elliptic curve E3 g, which is given as the cubic
curve ¥ = 0 together with the choice O = P; as origin, we can go over to the elliptic curve Epin
Weierstrass normal form. From there we can move on to a torus C/A g, where A is the lattice
defined by the periods of the elliptic curve Er. There is map from C/AFf to C/Ac, sending
zr€C/AfFtozc =(zr mod Ac) € C/Ac. From C/A¢ we map back to EC. In principle we
can further map back to E3 ¢, but we will not need this. We thus have a sequence of mappings

E3p Ep C/AF
l (146)
E3c Ec C/Ac

On the Feynman graph polynomial side it is easier to work with the periods ¥} . and ¥ .,
defined in eq. (142). We set

"/
LF (147)

Kp? = Zo
The elliptic curve E3 r is defined by the cubic curve ¥ = 0 and the choice O = P3 as origin. We
denote by Q; ; r the image of the point P; € E;  on Er. By construction we have
Qiir=1[0:1:0]. (148)
The points Q1 3, F and Q5 3 F are given by
2.2 2,2

mim3 _mim3 (t = m} +m] —m3)
Qi3 r=|e3r+—71— g 1,
n %

2.2 2 2 2 2 2
msms; msmi3\t+m7—m;5; —m
Orsr=|esr+ 243 ) 3( 16 2 3) 11 (149)
5 w
We denote the coordinates of Q; ; r by [%; . F : Ji,j,r : 1]. We have
Xij.F =XjiF, Vij.F ==3jiF, (150)

and therefore we may write
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Qi jr=—0jiF (151)

with respect to the addition on Ep.In particular we have

031,F= |:€3,F + m%T% : m%m% (t _ m%6+ m% _ m%) : 1:| . (152)
W 0
The mapping from EptoC /A F is given by
00 ~
[ip:ﬁF:I]—>zF=:¢} /Q . Aéx - : (153)
I'F;?p \/4()( —el,p) (x —EQ,F) (x — 63’[?)

The integral is an incomplete elliptic integral of the first kind. Transforming this integral into the
standard form, we find that the points Q12 r, Q23,F and Q3 1 r are mapped to

F(“;F k%) [ e

e , I,F — €3 F

. > 7i g = S Uy p= [—=. 154
Q],k,F i.F 2K (k/F) i, F Xj’k’F _ 6‘3,]? ( )

Here we used the convention that the triple (7, j, k) is a cyclic permutation of (1,2, 3). The
function F(u, k) denotes the incomplete elliptic integral of the first kind. The points Q> 1,F,
Q032 and Q) 3 F are mapped to

Ok,j,F = —Zi. (155)
Let us now consider A¢c. We have

2Ac C AF. (156)
We identify the points z; ¢ on C/A¢ with corresponding points z; r on C/AF:

zic=2zi,r modAc, ief{l,2,3}. (157)
We now construct points

Qjkc=[%jkc:Pinc:1]eke, (158)
such that

F(uinkC) e3c—eyc
Qjkc—zic=—r"l, uc= [ (159)
! l 2K (k¢) ' Xjkc—exc

We recall that we assume that (i, j, k) is a cyclic permutation of (1,2, 3). We do this in two
steps: We first use a Landen transformation to find coordinates [X; x c,1/2: ¥j.x,c,1/2: 11 € Ec

for z;,c/2 € C/Ac. In step two we use multiplication by 2 on EC. We start with an auxiliary
map from C/A¢ to C/AF, defined by
Fr =27¢. (160)
In the equal mass case (m| = my = m3) we have
1

Z1,F = 22, F = Z3,F = 3 (161)
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In a neighbourhood of the equal mass point we may invert the map from C/A¢ to C/AFr and
we obtain

Zir
>
Similar to eq. (154) and eq. (159) we write
F (ui,c,1/2, kc)
2K (k¢)

We obtain u; c,1/2 as follows: We first note that the relation between k} and kc is given by

Zi,C1/2 = iefl,2,3} (162)

Zi,C,1/2 = (163)

2, /ky
kc = . (164)
14k
Thus we may use the Landen transformation
2 2k
F(u, k)= —F W, k), k=-—
k) = g P K) T+

u =

k’
(1 ¥ ku? — \/1 —(14A2)u2 + k2u4), (165)

| =

I

\/(ﬁ+m1 —ma+m3) (V1 +mi +my—m3)
uic,1/2=

to relate u;’F to u; c,1/2. We find

3

dmoms

\/(x/;—nn +my +m3) (x/;-i-nn +my —m3)
uz.c,12=

. 166
dmims (166)
From
€3,c —exC
uicip= |~———"" (167)
XjkC,1/2—€2C
we obtain
. dmoms (V1 —mi +ma +m3) (Vi —my —may —m3)
X23,c,1/2 =€2,Cc — 7 ,
W
R dmymsz (1 +my —my+m3) (Vi —my —my —m3
X3,1,C,1/2 =€2,c — ( 7 ) ( ) (168)
w
In the second step we construct from the point
Qjkcip=|Rjrcip:dircipl] (169)
the point
20jkci2=0jkc = [Rjxc:Vjrc:1]. (170)

For a point P =[x : y: 1] on the curve y> — 4x3 + gox + g3 the point 2P is given by
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1 /12x2 — g2\* 1 /12x2 = g2\° 1242 —
op=| (T T82) g (2T (282 |l am
4\ 2y 4\ 2y 2y

2
4
%3 c=eyc+ (mlﬁtm2m3) :
"
2
fBic=enc+ 4(’”2‘/;:;’"””3) , (172)
and
V(r+ V) (2 + V) (3 + V) (s — V)
o= 2 (m1v/t +mam3) ’
1+ 30 (2 + V) (13 + /7) (1 = V)
Ur.c = . (173)
2(m2\/f+m1m3)

Appendix C. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/
j-nuclphysb.2020.114991.

Supplementary file is an electronic file in ASCII format with Maple syntax, defining the
quantities

A, J.
The matrix A appears in the differential equation
dJ =eAlJ. (174)
The entries of the matrix A are linear combinations of
a)k(Zj,N‘[), 0<k<4, 1<j<3, 1<N<2 (175)

and 12(t), n4a(t). The vector J contains the results for the master integrals up to order e*in terms
of iterated integrals in the variable t as discussed in section 9.1. The variable ¢ is denoted by

eps, {2’ €3’ ;4 by
zeta 2, zeta_3, zeta 4,

respectively. L1, L2,C 4 2,C 4 3andC_4 4 denote the boundary values defined in eq. (97)
and eq. (104).
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