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ARTICLE INFO ABSTRACT

Editor: Hubert Saleur Matrix elements in different representations are connected by quadratic relations. If matrix
elements are those of a group element, i.e. satisfying the property A(X) = X ® X, then their
generating functions obey bilinear Hirota equations and hence are named 7-functions. However,
dealing with group elements is not always easy, especially for non-commutative algebras of
functions, and this slows down the development of 7-function theory and the study of integrability
properties of non-perturbative functional integrals. A simple way out is to use arbitrary elements
of the universal enveloping algebra, and not just the group elements. Then the Hirota equations
appear to interrelate a whole system of generating functions, which one may call generalized
7-functions. It was recently demonstrated that this idea can be applicable even to a somewhat
sophisticated case of the quantum toroidal algebra. We consider a number of simpler examples,
including ordinary and quantum groups, to explain how the method works and what kind of
solutions one can obtain.

1. Introduction

7-functions play the prominent role in modern theoretical physics. It turns out that non-perturbative partition functions of quan-
tum theories, as functions of coupling constants and boundary conditions, belong to this class and satisfy the peculiar type of Hirota
bilinear relations [1-10]. To make this statement general enough one needs a broad definition of z-functions, not restricted to con-
ventional Toda-KP family. That one is actually associated with the fundamental representations of 31 algebra, but bilinear relations
are far more general and remain true for representation theory of arbitrary universal enveloping algebras (UEA) G [6,7,9].

More concretely, one considers a group element, i.e. an element g € G ® A, where A = G* is the algebra of functions, such that
its comultiplication A(g) = g ® g, and realizes that there is a set of bilinear relations for its matrix elements, < m|g|# >. Defining the
7-function as a generating function of all these matrix elements,

wt,h) =Y <ilgli > 157 (1)
m,i
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where t; and f; are sets of the generating parameters, one rearranges this set of bilinear relations into differential or difference
equations for this 7-function w.r.t. ¢ and 7.

Note that there are, however, two problems [6,7,9]: first of all, such z-functions, while satisfying quadratic Hirota-like equations
are not necessarily related to integrability in its usual sense of commuting flows. Commutativity requires a special care: in generic
representations, the flows in ¢ and 7 generating all matrix elements are not commutative (which kills integrability).

There is however, a more severe problem, that with the very existence of bilinear equations. If one deals with the quantum
deformation of UEA, matrix elements of the group elements (i.e. elements of the algebra of functions .A) are not commutative, since
the comultiplication is not co-commutative. At the same time, usage of the group element is necessary, since it makes the equations
closed.

A somewhat radical idea, which recently got a new momentum in [11], is to lift restricting to the group element, and consider
generalized 7-functions associated with arbitrary elements of X € G (i.e. X is no longer an element of G ® A), generally not satisfying
the property A(X)= X ® X. Then the bilinear equations do not close on a particular generating function but interrelate many of
them. However, one can easily make the emerging structure hierarchical and convergent, thus making the new extended system of
7-functions and Hirota bilinear equations conceptually as simple as the conventional one. This allows one to solve, at the least,
the second problem: one can now successfully work in the cases of quantum deformations, when the comultiplication is not co-
commutative. In particular, one can deal with special representations of even ¢, ¢-deformed UEA like the Ding-Iohara-Miki (DIM) or
quantum toroidal algebra [12].

In this paper, we go through a number of examples, and show how this approach works in various systems. In section 2, we
describe two equivalent but technically different approaches to constructing Hirota bilinear equations. In sections 3 and 4, we
consider a series of examples the bilinear equations for generalized z-functions (i.e. those associated not obligatory with the group
element), starting from the simplest case of G = U(3l,), and then describe G = Uq(élz), G=U(8ly) and, finally, very sketchy, the
quantum toroidal algebra, the example described in detail in [11]. In section 5, we discuss the notion of universal z-functions
introduced in [7,9] and, a bit differently, in [11], while some concluding remarks can be found in section 6.

2. Two approaches to bilinear equations

There are two ways to derive bilinear equations for the 7-function. One is due to [3] and implies a construction using operators
intertwining various representations of G [6,7,9]. It gives rise to bilinear equations relating z-functions in various, in particular,
distinct representations, and, in the case of G = U (8! ,) and of fundamental representations, it is the celebrated Toda chain equation

07,07, — 7,007, = Ty Ty 2
%, d:= % are the derivatives w.r.t. generating
1 1
parameters associated with the sum of all simple roots generators, positive and negative correspondingly.
The second way to derive bilinear identities is due to [13], and it uses the fact that the split Casimir operator, i.e. the Casimir
operator in the square of representation commutes with the comultiplication [14,15]. This way, one can get bilinear equations for

the z-function in this representation.

where the subscript » refers to the n-th fundamental representation of 8[ , and 0 :=

2.1. Intertwining operator trick

The derivation of the bilinear identities that generalizes the standard derivation using the fermionic language [3].
The starting point of the derivation [6,7,9] is to embed a Verma module V into the tensor product V' ® W, where W is some
(arbitrary) finite-dimensional representation of G. With the fixed choice of V' and W, there exist only finite number of possible V.
Now one defines intertwining operators, which generalize the notion of fermions. The right intertwining operator of the type W
is defined to be a homomorphism of the G-modules:
Er: V—VOW )
Similarly, one considers another triple of modules that define the left intertwining operator
E V' —weV )

so that the product W ® W’ contains the unit representation of G. These two constructed intertwining operators generalize the
notion of fermions.
Now one considers the projection of the product W ® W' onto the unit representation

7. WRW' —1 (5)
Using this projection, one can construct the new intertwining operator

1Qr®1
—

5 oy ER®E] ’ ’ ’
r': vV — VWQW @V Vev (6)

possessing the property
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INe®g=(®gl @)

for any group element g such that

Alg)=g®¢g (8)

Put it differently, the space W ® W' contains the canonical element of pairing w; ® w’ commuting with the action of A(g). This
means that the operator >, E;,@ E' : V®V' — V ® V' (E; = E(w;), E' = E(w')) commutes with A(g).
Now taking the matrix elements of identity (7), one obtains

(rlreeslr.)=(vleoor|r) ©

where <‘P ll and )‘l’2> are arbitrary vectors, and we choose them to be

<\¥1| :<0‘E,®<0|E/
(\Pz> - E;|O>A ® Ey )o>ﬂ (10)

where |0> denotes the highest weight vector in the representation A, and E,, some properly chosen function of generators, see

examples below. In order to obtain the Hirota bilinear equations, one has to use the commutation relations of the intertwining
operators with algebra generators and push E; to the highest weight vector. The result of this procedure can be imitated by the
action of some differential or difference operators that leads to the differential or difference Hirota bilinear identities for the z-
function

i =(0[E ¢ E

)

This latter step is, however, not always possible and requires the correct choice of the function E,.

In particular, bilinear equations of the Toda/KP hierarchy are obtained with the choice of G=U(8l,), and the triples: V= Fii1s
V =F, W=F, and V= Fo_, VI=V=F, W= F;, where F, denotes the k-th fundamental representation, and F, its
conjugate. This gives rise [7] to the standard Hirota bilinear equations of the Toda lattice hierarchy for the z-function 7, (z,7; g) [3,5].

2.2. The “split Casimir” trick

This long story from [6] can be made shorter and sometimes easier generalizable by the trick [13] which is nowadays often called
the split Casimir approach [14,15] (it is just a nickname for the comultiplication action on the Casimir operator).! This way to derive
the same bilinear Hirota equations is obtained from the evident relation

(l}ll jA(cz)A(X)|\P2> <‘P1 |A(X)A(c2)|\P2> 12)

where C, is the second Casimir operator,” and X is an arbitrary element of the UEA. Now one can push A(C,) to the vector <O| at

the Lh.s. of (12), and to the vector |O> at the r.h.s. of (12). Again, the result of this procedure can be imitated by the action of some

2
differential or difference operators that leads to the differential or difference bilinear identities for the r-function

(0.7 X) = <0(E, X E;|0>/l 13)

In this note, we are going to consider mainly a generic case when A(X) =Y X’ ® X" # X ® X, then they include the whole set
of z-functions 7(7,1|X) := <E,—X Et> with different X = X’, X"'. However, in this case:

« This allows us not to restrict the coefficients of X to belong to the algebra of functions, which is non-commutative in the case of
quantum deformations.

» Moreover, the set of solutions is at least as big as before the quantum deformations: each X allowed for the non-deformed =
continues to be allowed.

« In fact, this set is much bigger: now there is a solution for arbitrary X from the universal enveloping algebra, not just a linear
exponential of generators.

1 A similar way to derive differential/difference equation by Casimir operator insertions was also proposed in [16].
2 One can use higher Casimir operators, however, it would just lead to higher order differential equations.
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In the next section, as an illustration, we consider bilinear equations for the z-functions associated with arbitrary elements of UEA

and obtained within the split Casimir approach, while, in section 4, we discuss examples of bilinear equations for such z-functions

obtained using the intertwining operators.

3. Basic examples: U(81,) and Uq(élz)

3.1. U(8l,) algebra

To illustrate these ideas, we start with the simplest example of G = U(38],), and deal with its arbitrary highest weight representa-
tion with the highest weight A: in this case, there is no reason to restrict oneself to the fundamental representations only.
The commutation relations of the 31, Lie algebra are

[e,f]=h
[h,e] =2e a4
[h,f]=-2f

In this case, the r-function, which is the generating function of matrix elements at any representation 4 is defined

7,1 X) =< 0] X" |0 >, (15)
where X an element of U(381,), |0 >, is the highest weight vector of representation A,

e/[0>=0, <O0|f=0, h|0>=40> (16)
The comultiplication is

AR) =xQ T+ ®x 17)

where x is any element of e, f, h.
When X is a group element, i.e. an element of the UEA with the comultiplication A(X,) = X, ® X,, the bilinear equations can
be derived in the first way (from intertwining operators), in this case, they are [6, Egs. (34)-(35)]

(/15’ Va4 (- f’)éé’)q(z;xg)q,(t’;Xg) = A (=)o, (X Ty (5 X,) 18)
and
= A
</1’ . t’)d')rﬂ(t;Xg)rA/(t';Xg) == (;1 Fl—(— Z/)a>‘ri+l(I;Xg)T/{/_l(l/;Xg) 19)

where 0 = %, d= 2. There are definitely many more bilinear equations (e.g. [6, Eq. (36)]).
When X is not restricted to be a group element, one has to use the Kac-Wakimoto approach. In order to use it, one notes that the
simplest split Casimir operator C in this case is (C, is the second Casimir operator)

C:A(Cz)—I®C2—CZ®I:e®f+f®e+%h@h (20)
and it commutes with the comultiplication:

AX)C=CAX), VXeUy, (21)

In (20), we subtracted from A(C,) a non-split part, which trivially commutes with the comultiplication.
Now one can take the average of this identity of the form:

0=<0]e"® < 0]e"AX)Ce™|0>, ®e" 10>, — < 0]e°® < 01 CAX)e 10>, @eT|0> (22)
and pull C in the first term up to the right highest vectors, and in the second term, to the left®:

0=<0e*® < 0]e" CAX)|V; > — < V5| AX)eT 0>, ®e 10> (23)

3 We used that

eexp(if) = exp(tf)(e + th — 1°f)
exp(te)f = (f + th — *e) exp(te)
hexp(rf) = exp(tf)(h — 2¢f)

exp(te)h = (h — 2te) exp(re)
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[V, >:= (AT = 2D 10>, @Fe 10>, +Fe 0>, QT —72)e’ 0>, +%(/1 210>, @4 =271 10>,

<V, i=<0lee® < 0]e"¢(A't' — 1'%e)+ < 0]e'* (At — 2e)® < 0|e e + % <0le(4 - 2te)® < Ole (1 — 2te)

Now we do not specify X to be a group element, just put
AX)= Y X, ®X] @29
@
and reproduce the action of generators in (23) by differential operators. Then, one finally obtains from (23) the bilinear equation
(=120 (1 =140 = 20) = (=730 + (=110 = 2)] Y, 1 X : X[ =0 (25)
P
Let us now choose A’ = 1 and expand this equation in  — ¢’ in order to get the pair of bilinear relations
Y [(,1 — D)o, (6 X))t X! = Az (1t X102, (1 X;’)] =0 (26)
@
and similarly for the expansion in 7 —7':
Y [(/1 = D)3, (6 X)) X! = Azt X3P, (0 X;’)] =0 @7)
@

Let us consider an example of X = X, and of X, such that the sum in (24) consists of two terms, the typical element being X =x.
Denote rg) =15 X,), 'r)(f) :=1,(t; X,). Then, equation (26) becomes

2
(- 1)(0@”) — iPPP =0

200~ 09D 0r?) — A(£05 + D2 D ) =0 (28)

and (27) becomes
(A- 1)(51'("))2 — 2P D =
g g g

20 = DIE3eD = 2(+PFP + 15D ) =0 (29)

The first equations in (28), (29) have a solution

A
Té’l)=ag(1+C1t+C2f+ C3tf> (30)

There are 4 arbitrary parameters since this equation is correct for any group element X,, and the group elements are parameterized
by 3 parameters, and there is also a normalization factor. Note that Eq. (18) has the same solution (30). One can easily check that
this solution satisfies the full set of equations (25) so that (28), (29) turns out to be enough for evaluating rg).

Similarly, the second equations in (26), (27) have a solution

A-1
W= axi(l + A+ Ay + A3tf> (1 +Cit+Cof + C3tf) 31D

Here the 3 parameters A; parameterize elements X of the UEA such that the comultiplication A(X) = X, ® X| + X; ® X,. These
are elements of the form* X, = X (e ®f @h), and they can be obtained from the z-function (30) by derivatives in parameters C’s,
which parameterize the group element. In this sense, (31) and (30) are not quite independent.

One can now check that the complete equation (25) is solved by the pair of z-functions (30) and (31) (to this end, it is necessary
to separate the factor A in (31) from the arbitrary constant a,).

After considering X, and X, one can further consider X

x> the element with a typical representative x2, etc. Each new element

gives rise to a new equation, but it seems to exist a clear hierarchy: there is a closed equation for | there are two equations
for ry) involving also that for P ete. All these r-functions can be generated by multiple derivatives of rg) in parameters C’s
that parameterize the group element (algebra of functions), and, hence, in a sense, they do not give rise to new independent

hierarchies! One can say they are associated with infinitesimal invariant Backlund transforms.

4 One can also write A(g) ~ g ® g + g ® g, which gives rise to 1 in the first multiplier in (31).
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3.2. U,(8l,) algebra
Consider the g-deformation of the UEA of 81,: the U, (8],) algebra is given by the defining relations

q"—g™"
g—q7!
e = gleq”

=g 2gh (32)

[e.,f]=

we choose the comultiplication
A(e)= qh/2 ®e+e®q""/2
A =" @F+T®q™"?
AN =4"®4" (33)

and the second Casimir operator is

~1,h ~h
CZ =ef + w (34)
(q-q'7
i.e. the split Casimir operator is
-1, h o h ~h & ,~h
CoAC) =" @ef+ef @ g +eq"2 @ g1 + /2 eg /24 L T BT 49 B4 (35)

(q—q7")?
and there is no trivial part at the r.h.s.: all terms are split.
The highest weight representation is the same as in the non-deformed case, hence, formula (16) preserves. We now choose the
following definition of the z-function

7,(t; X5 q) =< Ole,(te) X e 1 ()]0 > (36)
where e (x) denotes the g-exponential® [17],
n
e (x) 1= Y Zq b2 37)
= [n]!

[n]=(q* —q7)/(g—q") is the g-number, and X € U,(81,). The g-exponential enjoys the property D, ,e,(ax) = ae,(ax), where

L f(@x)— f(x)
D, f(x):= @ —x (38)

Performing the calculations of the previous subsection in this case (see also [18]), one obtains instead of (25), the bilinear
identities®

[( — 4 MM 4 MTM D+ tMTEM?D — Y MTED — MM 2D+

q-q!
-1
+q—1 MM 24/ MM 'D—qg /M 'M'D-g*M'M'D' + tM‘3M’D’> -
a-q"
-1
_<qA’EIM—2D/+L1M—2M/—2+ q 1M2M12_5M2M12D+q1t—1\;1/2[—)_
9-q- q9-q°

I M2MD 7 M MDD — MM D + g7 7 ! M’D+q‘z‘M‘1M’D’>] X

XD XL gy (XY g) =0 39)
a

5 Note that this definition corresponds to the replace g — g2 as compared with the standard definition.
6 We used that (the map that interchanges f and e is associated with the transform ¢ — ¢~', h — —h)
[ (tf)gh — q’heq,\ (1)
q-q!
h_ -h
e (1e)g" — g7 e, (te)
qg-q7!
qﬂ‘eq,y () =e, (g™

[e.e - )] =1

[e,(te).f]1=1

e, (te)g™" = g*"e, (g7 te)
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where

M, f(x)=f(gx) (40)

and we denoted D :=D,,, D :=D M :=M,qg*?, M := M;q*/?, and similarly for M’, D’.

rq~1>

Solutions of this difference equation can be classified by the number of terms in the sum over «, and it is especially instructive
to see how the standard answer at g = | is recovered. For this purpose, it is convenient to introduce a new notion: the rank of the
solution, equal to the number of terms in the sum over a. For every rank, there will be solutions which have the right limit at g =1,
but they will split in several “families”.

Consider first the case when the sum over a consists of just one term, like we did for g = 1.
Naively, 7,(t; X Ty Xgiq)isa solution only if

i .
1
56X ) =1 @) = H (1 + Ciigh™ 2’“) @y (f) (cﬁ) =a, [(1 err *] 41
i=0 q 4
for integer’ A, where the g binomial coefficients are (?)q = [f]]'[x]" and the g-factorial [n]! = H;’Zl[i]. This expression is a g-

deformation of the Newton binomial expansion of (1 + Ctf)*, we used for it the notation [1 4+ Ctf]* in [6]. What we observe is that
there are less solutions than in the non-deformed case: it is only the two-parametric solution (parameters a, and C) instead of the
4-parametric one in (30). This is because now the group elements are only those associated with the Cartan element.

However, in this single-a (rank-one) case, there is also another family of solutions. Namely, the product 7, (M, Xy, q)ty (g
Xy: q) solves the equation (39) with

LX) =T @ =a {Zq"“ ”/2< ) (e t)’} {Zq’“ “”( ) (e D’} 42)

The element X, is discussed in the next subsection.
Together (41) and (39) have the same number of parameters that a single family had at ¢ = 1 (2+3-1 =4, the normalization «
should not be counted twice).

/24

g

The situation is quite the same in the case of rank 2. One can solve the equation for X associated with two terms in the
comultiplication sum, e.g. that for elements X, e and X, -f, ie. for Ti(t'ngh/z;q)‘r/v(t" X+, X sy X, g2, ) in
(39) with TA(I;X ;q) given by (41) (because of the comultlphcatlon rule (33)). Since 7,(t; ng—h/2 q) = q—’l/zq(q”t X ;1 q), the
solution is

(1 Xepiq) =700 a) = Ay L4 [(1+ g7 Criy'™ 1] +A2[/1]t'[(1+tht H]q (43)

and depends on two new arbitrary constants A; and A,. The normalization [4] can not be absorbed into A; and A,, because in the
two components of the product 7,7,/ they are the same, while [4] and [4'] are different.

Two more elements associated with two terms in the comultiplication sum are X, - I/2 and X, - h. In this case, one has to insert
TG X Ty " X9+, X )y (s X,:q) into (39), and the solution to this equation is

(1 X,:9) = 1) = Ag [(1 + cm‘] + A= [(1 +Ci *] (44)

which also depends on two new arbitrary constants. Totally, one has four arbitrary constants, which suits the four constants a,, A,
A,, Aj in equation (31).

One can proceed similarly for higher ranks, i.e. for higher elements X etc
Let us note that, since the number of solution 7,(#; g; ¢) is rather restricted, one can not generate all 7,(¢; X; g) just by taking its

derivatives w.r.t. parameters of solution (41). However, missed 7,(¢; X; ¢q) can be generated by action on (36) of the operators8 D,

7 The last sum can be extended to non-integer A as well [6]:

M r,A+1) Iy
1, iq)=a, - 1t

T X ) a“gl"q(i—i+l)l"q(i+l)< )

where I (x) is the g-I'-function [17]. Notice that we use the slightly different definition of g-number [n] = (¢" — q")/(q — q~") instead of (¢" — 1)/(q — 1), and the

g-factorial is accordingly defined a bit differently.
8 For instance, one can generate (43) using that

Dig [(1 + th],, = [i]f[(l + thi)HL
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D, hence, though not being related to the invariant Bécklund transform, one can again say that 7,(#; X;¢)’s do not give rise, in a
sense, to new hierarchies, similarly to the non-deformed case.

Note also that equation (39) is looking much more involved as compared with the bilinear Hirota identities obtained using the
intertwining operator approach [6, Eqs. (29)-(30)]. This is not that much surprising: the split Casimir operator is, roughly speaking,
quartic in intertwining operators, while the operator I" in (6) was quadratic (see an explicit example in the next subsection).

3.3. Solution associated with singular group elements

Let us discuss the element X, describing the solution (42). We start with the limit ¢ — 1, and the corresponding solution is

A

X)) =, (1+Cp1) 1+ G = a,

14+ Cit+ Gyt + CC, tt (45)
——
3

This function though being a solution to the bilinear identities is not associated with a group element, since C; - 1 — C; - G, is
proportional to the determinant of the group element (ad — bc = 1!), which is non-zero, and, for (45), it is zero.

This is not that much surprising: we know that solutions singular from the representation theory point of view exist in integrable
hierarchies. They typically are associated with a projector operator inserted. Such an operator depends on the representation. For
instance, in the case of the standard KP/Toda hierarchy, when the r-function is associated with the fundamental representation, the
singular solutions correspond to singular points of the infinite-dimensional Grassmannian, and the projector operator can be realized
in terms of fermions [22].

In the case of the r-function (15), the projector operator is Py(4) :=|0),(0], i.e., in the representation 4, it is a projector on
the highest weight vector |0);, and the element X, = eC1fe®h P e®heC2¢ | i e. the projector splits the group element into two pieces
associated with the two Borel subalgebras. Thus, the z-function becomes

7,(t; Xo) = 1(0]e"¢eC1T [0) (0] e©2¢€™ 0) , = €1+ ®)% (14 Cy1)* (1 + G, (46)

Similarly, in the case of generic g, i.e. of the r-function (36), X, = E,(C,f)e“" Pye®" E, (C,e), where

o)

E,(0) = ;) % , E,(x) = E1(%) 47)

so that

3(t: Xg:q) =  (Ole, (&) E,(C,£)e"1"|0) (0] e*2" E,(C,e)e,-1 (i) |0); =

i !
= ela1+a)4 {Z q—i(i—l)/2 (f) (Cl,)f } X {Z qj(j—l)/Z <j> (CZ;)J' } (48)
i=0 q j=0 q

reproducing (42).
This projector in matrix representations has the only non-zero matrix element: that at i, j = 1. It can be also realized as a limit

lim ¢~**¢™™ =0),(0| = Py(4) (49)
a— o0

The key reason why one can use the projector in constructing solutions to the bilinear equations is that the split Casimir
commutes with the (tensor square of) the projector P,:

[Py ® Py, A(Cy)] =0 (50)
4. Infinite-dimensional hierarchies
Now we consider two examples of infinite-dimensional hierarchies (which are basically known [3,11].
4.1. Toda lattice hierarchy: U (3 y) algebra

Let us consider the case of G=U (8l y) at arbitrary N keeping in mind the limit of N — oo, i.e. G=U(8l,). The U,(3l y) algebra
is given by the defining relations for the simple root generators e;, f; and the Cartan generators h;, i = 1,..., N — 1 (Chevalley basis),

le,.f,1=6;;h;

[hi,ej]=Aijej (51)

Drg [(l + CWL = M]t[(l + q’ICtﬂ*’l]q
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th;,f;1=-A;f;
where A;; is the Cartan matrix of the simple Lie algebra 81 . These relations have to be added by the Serre relations
2 _ 200y _ C
ade‘ (e;)=0, adfi £;)=0, i#j (52)

The second Casimir operator is

N-1
C,= g (eAfA +fAeA) + X Aj'hh (53)
L]

where A denotes all roots, not only the simple ones so that f,’s correspond to the positive root generators of the Lie algebra 3I,;,
and e,’s, to the negative root generators.
The comultiplication is

AX)=xQ®TI+1®x (54)

where X is any element of ey, f,, h;. Thus, the second split Casimir operator is

N-1
C:A(CZ)—I®C2—62®I:Z(eA®fA+fA®eA>+ Y A7'h @, (55)
A ij

The standard 7-function is defined [3,9]

N-1 N-1
T,(t;8) = <0| exp ( Z tkEE:')> gexp ( Z t_kFEC")> |0> (56)
k=1 k=1 "
where superscript n refers to the n-th fundamental representation of 81, and E:'), FE:') are commutative operators that generate this

representation, and g is the group element. These operators are described in [6,7,9], in particular, ES) = ( Zi ei>k, FE{I) = ( ¥ B )k.
Considering fundamental representations is inevitable since the split Casimir operator (55) contains e, with all A, and, when pushing
them to the right, one generates elements of the UEA that do not reduce to the degrees of F, i.e. they can not be reproduced by
differentiating. However, in the case of fundamental representations, these elements do reduce to the degrees of F.

In order to understand it, we note that the fundamental representations admit a fermionic realization [6,9]. Indeed, let us realize
the simple root generatorsas (i=1,...,N — 1)

€ = WIW;:_I
fi=wiy]
h =y —wiav, (57)
while all other generators e,, f, are given by (i,j=1,...,N —1)

€;= y/,-y/]’.“, i<j

fi=wiw], i>] (58)
Here

viwit=6; {wiw}=0 {y].y;}=0 (59)

Then, one can rewrite the split Casimir operator (55) in the form
_ * * 1 * *\ _
C—izj,w,-wj Qwy; - N+1(ZW,-WI- >®(;ijj)_

_ dz dw s " 1 * "
—}1{7{ S [W(Z)W (W) @ w(w)y™(z) — N—_HW(Z)II/ (2) @ w(w)y (w)] (60)

where
N N
w(z2)= Z vz,  yw'(2)= Z yiz (61)
i=1 i=1

and the contour integrals go around origin.’

9 The integral measure includes the factor #
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Now let us introduce the vector |0 > such that

wi0>=0 ix1 (62)

Then, the highest weight vector in the n-th fundamental representation is given by

0>, =w,w,_1 ...y |0>:=|n> (63)

and one obtains that the first fundamental representation consists of the N vectors [6,7,9]

1>=y10> and F [I1>=yyI>=y 0> k=2,...N (64)

or just

wl0>  k=1,....N (65)

Similarly, the vector < 0| at the same representation is defined as

<Oly; =0 i>1, <n|=<0ly 1y, ...y¥,_1¥, (66)
so that

<nlBY =<nly\y, k=2....N (67)

Similarly, the second fundamental representation consists of the N(N — 1)/2 vectors

v l0>  N>k>I1>1 (68)

etc.
In the fermionic terms, one can write the commutative operators generating the n-th fundamental representations in the universal
form not depending on n:

=D vl Foi= Y v (69)
i i

Note that [3,19]

exp<;tkEk>wkexp< ZtkEk>

exp<;r‘ka>wkexp< Zrka> D Vi
exp< ZtkEk>u/kexp<ZtkEk> PTG
exp <— Z}:ﬂﬂ) ) exp <; kok> =) v @ (70)

where h,,() are the complete homogeneous symmetric polynomial of degree # in variables x; taken as functions of the power sums'®
te= % Y, x¥. In other words,

exp <Z rkEk> w(z)exp (— Z tkEk> = [exp <Z tkzk) q/(z)]
k k k z,<N

exp <Z ’_ka> w(z)exp <— Z kok> = [exp <Z t_kz_k> W(Z)]
& 3 k 250

exp (— Z ’kEk> w*(z)exp <Z ’kEk> = [GXP (Z Ikzk> V/*(Z)]
k 3 & 150
exp <— Z kok> v (z)exp (Z t_ka> = [exp <Z sz_k> y/*(z)] (71)

k k k 27l <N

10 They can be obtained from the expansion exp (Y, 1, z) = ¥, h(t)z*.

D Wiemhn(®

10
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where [...], .y means truncating the series in z to have maximal degree N.
Finally, we need the formula that realizes the action of fermion on the highest vector state in terms of generators E;, F; [3,20]:

N F N F
w(2)|n >= 2" exp<2 —kzk> [n+1> v (2)|n>=z"exp <— z —kzk> n—1>
k k
k=1 k=1
L E LE
<nly*(z)=z""' <n+1|exp Z —k gk <nly(z)=z"<n-1|exp —2 —k gk (72)
a1 K ok

Using these formulas and formula (60), one can derive the Hirota bilinear equations following the procedure described in sec. 3.1.

There is, however, a simpler way to get the Hirota bilinear equations: the intertwining operator approach of sec. 2.1. This is
the approach traditionally applied when dealing with the group elements, while, in the case of generic UEA elements, we used
throughout the paper the approach via the split Casimir operators. In order to use the intertwining operator approach, we note that
Wy, w; are the intertwining operators Ep and E; and the element Y, y; ® w; is just the element I', (6) which commutes with the
comultiplication of the group element g, since [3]

vig= Z a,8v;, gyl = Z awig (73)
j J

where ¢;; are some numerical coefficients, and hence

(Zw,-@w{“)(g@g)=<g®g><zi:w,-®w{“) 74)

The properties (73) and, hence, (74) are no longer correct when dealing with an arbitrary element X of the UEA instead of the group
one g: the bilinear combination ), y; ® v/ is different from the split Casimir operator (60), which is quartic in . However,
what is correct is that the element ), y; ® v, commutes with the comultiplication A(x), where x denotes any generator of the 8
Lie algebra (in the fundamental representation):

(Xwev )aw=(Tvew)xer+1en=( Y v )wy eI+ ewy)=

= 2 vy @ v+ 2 v Qv = 2 v @+ 2 v @y = A(x)( Z v ® w,-*) (75)

i i i i i
for any k,/=1,...,N. Thismeans that I'= ), y; ® w;: also commutes with A(X) where X is an arbitrary element of UEA U (3ly),
and the intertwining operator I" plays the same role in the product of two fundamental representations as the Casimir operator does

(in arbitrary representations).
Thus, one can consider the element I'= Y, v, ® y/;: = 51§ %y/(z) ® yw*(z) instead of the split Casimir operator:

<n) exp <Zk: tkEk> ® <m‘ exp <Zk: r’kEk> TAX)exp <zk:kok> = 1> ®exp (zk:z‘;Fk> |+ 1> -
= <n‘ exp <zk: tkEk) ® <m( exp <;t2Ek> AX)Texp (;z‘ka> jn - 1> ®exp <;fLFk> (m + 1> 76)

Hence, one obtains, instead of (25),

k k
Z}{ dz exp| — Zt_kz_k 2", (. ) + Z—;X(;) exp Zt_;(z_k R A Z—;X;’) =
a z k k 2,50 k k 71

<N

dz z7k —m— zZ7" 4
= Zj{ = [exp (Zlkzk> 2", (1t — T,lk;X;)] |:exp (— Zt;zk> z" lrmﬂ(t;( + T,IL;X;’)]
o z k <N k z=1>0
Introducing the vertex operator
V,(t,z) = z"exp Z 1,25 Jexp( - Z £ o 77)
me et K =k o1
one can rewrite this relation in the form

d R _ I .
X $ L (i X g V@070
a

= Pt D1 B XD - Vet (1 D5t (T3 X)) =0 78)

11
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This hierarchy at N — oo, i.e. for U(8]), and when X is a group element is nothing but the Toda lattice hierarchy [3,5].
However, what we consider here is associated with the forced Toda lattice hierarchy [21], which corresponds to the boundary
condition 7, = 1. The full Toda lattice hierarchy is described by the infinite number of fermions v, y', k € Z instead of k € Z as in
this subsection, and the forced hierarchy can be embedded into the full one with a special choice of the group element (projection)
[19,22].

4.2. Quantum toroidal algebra: Uqg,(gﬁl D)

As we observed in the previous section, in order to define a r-function associated with integrable flows, one typically needs
to consider very peculiar representations, like the fundamental representations of the 31, algebra. The crucial property of these
representations is that they are fully generated by a set of commuting operators (E; and F}), and admit a fermionic, or bosonic
realization.

Another example of this phenomenon is provided by the quantum toroidal gl algebra [11]. However, in this case, in variance
with the 8l algebra case, there are too few group elements in the UEA: most of them belong to the product of UEA and non-
commutative algebra of functions on it. This is, however, a special story, to study such group elements in quantum toroidal algebra.
Instead, it makes sense to lift the group element requirement and consider any elements of the UEA, at the price of having a large
family of z-functions, as we explained above.

This is what paper [11] just proposes to do. The peculiar representations in this case are the Fock representations, and counterparts
of the fermions are known [23,24]: they are associated with the operators intertwining three Fock representations (in terms of the
quantum toroidal algebra, two of them are called horizontal and one, vertical). Accordingly, the intertwining operator I', which acts
in the product of two (horizontal) representations is the screening charge of the g-Virasoro algebra [24] acting in the product of two
Fock representations and intertwining Fock representations with different weights.

Important is that the intertwining operators, the screening charges and the commutative operators giving the time flows E;, and
F, all admit bosonization: a representation in terms of the Heisenberg algebra. Then, similarly to sec. 4.1, one can generate the
Hirota bilinear identities in these terms [11]. This calculation requires a lot of technical detail about quantum toroidal algebra and
its representations, they are well presented in [11], thus, we do not reproduce it here, and simply refer the reader to that very nice
paper for details.

There will be, however, an important comment, in the case of universal z-functions, which we will consider in the next section.

5. On universal r-function

The standard definition of the z-function is for the group element only. Hence, it is considered as an object in the algebra of
functions, 7 € A. In the g-deformed case, the algebra of functions is non-commutative, and such are the z-functions. Let us briefly
repeat the basic elements of the construction in this case [7,9].

Hence, we construct the group element given over the non-commutative ring, the algebra of functions on the quantum group.
That is, we construct such an element g € G ® A of the tensor product of UEA G and its dual algebra of functions A that

Ay(@)=8g®yg€EARCRG (79)
To construct this element [9,18,25,26], we fix some basis T(® in G. There exists a non-degenerated pairing between G and .4, which
we denote < ... >. We also fix the basis X in A orthogonal to T® w.r.t. this pairing. Then, the sum
T=) XY®T®WeA®C (80)
a

is exactly the group element we are looking for. It is called the universal T-matrix (as it is intertwined by the universal R-matrix) or
the universal group element.

In order to prove that (80) satisfies formula (79) one should note that the matrices M;f # and DZr giving respectively the multi-
plication and co-multiplication in G

@ 7B = prabT@) @)y = pa 7P ()
T@. 7P = MPTV, AT@)=D; TP QT (81)
give rise to, inversely, co-multiplication and multiplication in the dual algebra A:
— (@) ()] NN\ = (1@ x©B )
D5 = (AT@), XD @ XV ) =(T@,xP. xV) (82)
M;/lﬁ — <T(")T(ﬂ),X(V)> — <T(a) ® T(ﬂ), A(X(y))> (83)
Then,

Ay(T) = Z X@ g AU(T(a)) — z DZyX(a) QTP @TW =
afy

a

— Z XOXxNQTH QT =T ®y T (84)
By

12
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This is the first defining property of the universal T-operator, which coincides with the classical one. The second property that allows
one to consider T as an element of the “true” group is the group multiplication law g - g’ = g”’ given by the map:

g g =TOTEARARG— ¢ €ARG (85)
This map is canonically given by the co-multiplication and is again the universal T-operator:
T®,T= 2 X0 g x® r@r® - 2 M:ﬁx(fl) RXP TV = Z AXDYQ@T® (86)
a.p a.p.y «

ie.
g=T(X,T), ¢ =T(X'.T), g’ =T(X",T)
X={X9QIcARI, X'=(I®XW}ecI®A
X"={AX D)} eA® A (87)

One of the possibilities to deal with such z-functions, which are no longer commutative is to consider concrete representations of
A. In [11], the authors suggest to consider instead of an element ¢ € A, the corresponding dual element from UEA G so that, in the
definition of the r-function, one replaces the universal group element 7" with the universal R-matrix. The object obtained this way
is still non-commutative. Its advantage is that the representations of UEA and the corresponding R-matrices are better studied, and
the drawback is that, in this case, the z-function has no a natural ¢ — 1 limit that would reproduce the standard hierarchy.

6. Conclusion

The goal of this paper was to analyze possible implications of the change of the basic idea behind the bilinear Hirota equations,
which describe comultiplication in Hopf algebras in terms of the generating (z-)functions of matrix elements. The problem is that
the standard formalism of [6] requires 7-functions to be made from the group elements, satisfying A(g) = g ® g, which forces them
to take values in the algebra of functions, the latter being non-commutative in the case of quantum groups. The lack of canonical
coordinatization of such algebras and underdeveloped theory of non-commutative special functions make Hirota equations in these
cases badly looking and distractive. This is a big problem because of increasing role of quantum groups and, especially, quantum
toroidal algebras in the modern generalizations of matrix models for the purposes of string/brane physics.

We investigate an alternative approach, avoiding use of the group elements, and working directly with the c-number matrix
elements, which attracted new attention after a recent paper by J.-E. Bourgine and A. Garbali [11]. The price to pay here is that
the bilinear equations do not close and one needs to introduce many different r-functions associated with different flows along the
“Universal Grassmannian” (actually, the elements of the universal enveloping algebra). The set of Hirota equations also increases
and describes interrelations between these z-functions. Instead they deal with the ordinary c¢-number functions and, in this sense,
are more familiar and more comprehensible. We consider a number of simple examples.

At this moment, it is still difficult to choose between the two approaches, the fundamental but technically difficult one with the
non-commutative group elements, and technically transparent one with c-number z-functions, which instead does not fully reflect
“physics of the problem” and provides systems of equations with complicated solutions. It looks like both require some attention.
Hopefully the very existence of the two competitive approaches would attract more attention to this problem, and we will finally
obtain a healthy and broadly recognized extension of integrability theory to the field of quantum groups and DIM algebras.
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