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Abstract In this paper, we investigate a recent proposed
model — so called the Tsallis holographic dark energy
(THDE) model with consideration of the Hubble and the
event future horizon as IR cutoffs. In this case, we con-
sider the non-gravitational and phenomenological interaction
between dark sectors. We fit the free parameters of the model
using Pantheon Supernovae Type Ia data, Baryon Acoustic
Oscillations, Cosmic Microwave Background, Gamma-Ray
burst and the the local value of the Hubble constant. We exam-
ine the THDE model to check its compatibility with obser-
vational data using objective Information Criterion (IC). We
find that the THDE models cannot be supported by obser-
vational data once the ACDM is considered as the referring
model. Therefore we re-examine the analysis with the stan-
dard holographic dark energy model (HDE) as another ref-
erence. Changing the ACDM to main standard dark energy
model (HDE), we observe the compatibility of the THDE
models. Using the Alcock—Paczynski (AP) test we check the
deviation of the model compared to ACDM and HDE. Sur-
veying the evolution of squared of sound speed vf as an
another test we check the stability of the interacting and
non-interacting THDE models and we find that while the
THDE model with the Hubble horizon as IR cutoff is unstable
against the background perturbation, the future event horizon
as IR cutoff show stability at the late time. In addition, using
the modified version of the CAMB package, we observe the
suppressing the CMB spectrum at small K-modes and large
scale.

1 Introduction

Dark energy — raised in 1998 — with strong negative pres-
sure is the main component of the acceleration of the uni-
verse [1-9]. The nature of dark energy has become one of the
main unknown issues in modern cosmology and many mod-
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els have been proposed to understand this new concept [10-
16]. The cosmological constant as the simplest dark energy
fluid is a good candidate to study the universe acceleration
and behavior of the dark energy. However, the cosmological
constant suffers from some problem [17-22]. In order to alle-
viate these problems a holographic model of dark energy has
been suggested and has drawn many attentions in recent two
decades [23-30]. As the name of holographic dark energy
model (HDE) suggests, this model is originated from holo-
graphic principle and its energy density can be expressed by
pD = 302M%,/L2 where ¢? is a numerical constant, Mp is
the reduced Planck mass and L denotes the size of the current
universe such as the Hubble scale [31,32]. In addition, the
HDE has some problems and cannot explain the timeline of a
flat FRW universe [33,34]. One of the proposed solutions for
the HDE problems is the consideration of different entropies.
One of the considered entropies is Tsallis entropy which has
been used in many works [35-38,41-44].

In the recent work, using the concept of holography in
the Tsallis entropy a new holographic dark energy models
is appeared so-called the Tsallis holographic dark energy
model(THDE) [39]. It is stated that by applying the Tsallis
statics [41—44] to the system horizon the Bekenstein entropy
can be achieved and leads to stable models [45]. The authors
with choosing the Hubble horizon as IR cutoff studied dif-
ferent aspects of the THDE model without consideration of
interaction between dark sectors [39]. The model has been
studied to be checked if it can satisfy the condition of FRW
universe and it has been found that the non-interacting model
is unstable. On the other hand, another work reformulated
the Tsallis HDE with the future event horizon as IR cutoff
and explained that the Tsallis HDE with consideration of the
Hubble horizon as IR cutoff does not embrace the standard
HDE and consequently standard thermodynamic which can
be considered as a substantial drawback [40].

In this work, in the direction of the two mentioned works,
we would like to investigate the behavior of the Tsallis Holo-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-019-7263-9&domain=pdf
mailto:ehsan@sadri.id.ir

762 Page 2 of 13

Eur. Phys. J. C (2019) 79:762

graphic Dark Energy model (THDE) with consideration of a
non-gravitational and phenomenological interaction. In addi-
tion we choose both cutoffs namely, the Hubble horizon
and the future event horizon for figuring out the compari-
son between them. This will be done by the use of the lat-
est observational data, namely the Pantheon Supernovae type
Ia, Baryon Acoustic Oscillations (BAO), Cosmic Microwave
Background (CMB), Gamma-Ray burst and the the local
value of the Hubble constant. We check the compatibility of
the models with observational data employing AIC and BIC
model selection tools. In addition, using Alcock—Pecinski
(AP) test we survey the deviation of the THDE from the
ACDM as the reference model and we make a compari-
son with the well-known holographic dark energy (HDE)
model. Using the best values of the models’ free parameters
we check the stability of the interacting THDE. We also study
the behavior of the model in CMB angular power spectrum.

The structure of this paper is as follows. In the next section
(Sect. 2) we introduce the background physics of the THDE
with consideration of an interaction between dark sectors.
In Sect. 3, we introduce the data and method used in this
work. In Sect. 4, we discuss the results of data analysis. In
Sect. 5, we study the AP test for measuring the deviation of
THDE compared to the HDE and ACDM models. In Sect. 6,
we study the evolution of stability of the model within the
different redshift values. Section 7 is allocated to the behavior
of the THDE in the CMB angular power spectrum. The last
section is dedicated to some concluding remarks.

2 Background of THDE

The description of a homogeneous and isotropic Friedmann-
Lemaitre—Roberston—Walker (FRW) universe can be intro-
duce by,

d 2
d +r2d§22) , )

2 _ 2, 2
ds“ = —dt“"+a (t)(l_kr2

in which a is the scale factor and k = 0, 1, —1 denote a flat,
closed and open universe, respectively . For a spatially flat
FRW universe the first Friedmann equations can be written
as

1
H? = 777 P+ o). )
P

where pp is the THDE energy density, p,, is the energy
density of pressureless matter which must contain all the
material constituents of the Universe and M, denotes the
reduced Planck mass. We may also write the dark energy
and dark matter density with respect to the critical density
Per = 3M12,H 2 as

PD

Qp=-—12
EYVENTE

3)
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Pm
Q= —5—, 4
The energy density of the Tsallis holographic dark energy
(THDE) is given by the following relation

op = BL®™*, Q)

where B is an unknown parameter, L can be considered as
the size of the current Universe such as the Hubble scale and
the future event horizon § is a free parameter reduces the
THDE to the HDE model at § = 1.

2.1 The hubble horizon

Using the Hubble horizon as the IR cutoff of the system
L = H~!, the Eq. (5) takes the form

op = BH*, (©6)

Taking time derivative of the equation above and using Eq.
(3), we reach

. H
Qp=(-26+2) QDE, )

Considering an interaction term between dark sectors, one
can write the conservation equations for THDE as

Pm +3Hpy = Q, (®)
pp +3H(pp + Pp) = —Q, 9

where Q indicates the interaction term explaining energy
flow between the components. Regarding the usual option
for Q-term as 3H (b1 pp + b2 pyy) which by 5 are the coupling
constant, a single coupling constant can be used properly (e.g.
01 =3Hbpp, Q2 = 3Hbp,, and Q3 = 3Hb(pp + pp)- In
our recent work, we compared different phenomenological
linear and non-linear interaction cases in the framework of
the holographic Ricci dark energy model [46] and we found
that the linear interaction Q = 3Hbpp and Q = 3Hbp,, are
the best cases among the others. Accordingly, in this work
we take Q = 3Hbp,, in our calculations.

Taking time derivative of Eq. (2) and using Egs. (2), (8),
(9) we find a definition for dark energy pressure

2 H
PD=—§ﬁ(pD+pm)—pD—pm, (10)

combining the Egs. (10) and (9) yields

) 2 H
Qp +3H -3 —3HQ,, =0, (11)

Inserting the Eq. (7) into Eq. (11) leads to

H 1 —Qp +3bQ
bl 3#’ (12)
H2  "2Qp2—68)—2
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and combining the Egs. (12) and (7) we have

1-Qp +3b§2m>

2Qp(2—268)—2 (13)

Qp =6(1 -8 <
in which Qp = Q) H and H = H'H where the prime
denotes the derivative respect to x = [na and a = (1 +
z)~!. Then the evolution of the density of dark energy and
the Hubble parameter for THDE in terms of redshift can be
written as

a2 1 1 -« 362,
20— _(— (61 =8)2p 1= %82p + 3582, i
dz 14z Qp@4d —25) -2

(14)
< ) (3
dz 1+z

in which ©,, = 1 — Qp, b is the coupling constant and § is
the free parameter of THDE model.

1 —QD+3me> (15)

Qp4—28) —2

2.2 The future event horizon

Now, using the future event horizon as the IR cutoff of the
system L = Ry,

Ry—a [ 4 (16)
h =da " Haza
the Eq. (5) will be
pp = BR, (17)

Using the Egs. (4), (8), (16), (17) and Q = 3bHp,, one can
reach the following equations expressing the evolution of the
density of dark energy and the Hubble parameter

St _ " Nap@p - (26 -2
TE*—‘<TIQ p(@p — (26 -2)

1
a3(b71)(QD _ 1)QD 4=-25
(Qp — D/H}

x+/—a=30=-D(Qp — 1)(

T+ Ho(3b — 28 + 1)y/1 — QD)

—1
x (Ho\/l - QD) (18)
Hoyy/Qpuoa’®—D

in whicha = (1 +z)~L. Tt is possible to write the Eq. (19)
as the following form

dH H H
=_< >(€%“—Qma+w“”>

dz 1+z

_3

X (31 = b)@p = 1) + ) x (142771 —2p)) * (20)
where a = (1 + z)~! and Hy is the present value of the
Hubble parameter (the Hubble constant), $2p, is the present
value of the density of dark energy.

3 Observational data

To analyze the models and to obtain the best fit values for the
model parameters, in this paper we combine the latest obser-
vational data including BAO, CMB, SNla, Hy and GRB. For
this purpose, we employed the public codes EMCEE [48]
for implementing the MCMC method and GetDist Python
package [87] for analyzing and plotting the contours.

3.1 Supernovae type la

The compilation of Pantheon sample including 1048 data

points embrace the redshift range 0.01 < z < 2.3 [49]. This

sample contains 276 SNIa case from PanSTARRS1 Medium

Deep Survey, SDSS, Low-z and HST samples. We use the

systematic covariance Cyy, for a vector of binned distances
(O (O

Cij,sys = Z <all;:l) <3_l;:l> (Usk) (21)

n=1

in which the summation is over the n systematic with S, and
its magnitude of its error og, . The x? relation for Pantheon
SNIa data is

-1

2 T
XPantheon = AH’ ’ CPantheon : AM (22)

in which A = fgata — M — ops and M is a nuisance
parameter. It should be note that the Cpgnsheon 1S the sum-
mation of the systematic covariance and statistical matrix
Dy;qr having a diagonal component. The complete version
of full and binned Pantheon supernova data are provided in
the online source [88].

3.2 Baryon acoustic oscillations

The combination of the extended Baryon Oscillation Spec-
troscopic Survey (eBOSS) quasar clustering atz = 1.52 [50],
isotropic BAO measurements of 6dF survey at an effective
redshift (z = 0.106) [51] and the BOSS DR12 [52] including
six data points of Baryon Oscillations as the latest observa-
tional data for BAO makes the total data used for BAO in this
section. The xg A0 of BOSS DR12 can be explained as

2 -1
XBoss pri2 = X CpyoX, (23)
where X for six data points is
Dyy(0.38)rs, fiq

rs(zaq) - 112
H(0.38)rs(za) _
rs(zd) 81.208
Du©5Vrs.jia 197520
¥ = r5(zq) . (24)
HOSDrs(zg) ,
rs(zq) 909
DuO0rs.rid 306 68
rs(za) .
HOSDrsGa) _
7s(zd) 98.964
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and 7y riq =147.78 Mpc is the sound horizon of fiducial
model, Dy (z) = (1 4+ z) D4 (z) is the comoving angular
diameter distance. The sound horizon at the decoupling time
rs (zq) 1s defined as

® 5 (2)

H_(Z) Z, (25)

rs (za) =
2
in which ¢ = 1/4/3 (1 + Rp/ (1 + 7)) is the sound speed
with R, = 3150092,k (2.726/2.7)_4. The covariance
matrix Covgap [52] is:
The x2 for combined data is

2 2 2 2
XBAO = XBoss prR12t XéaF T XeBoss: (26)
3.3 Cosmic microwave background

Surveying the evolution of the expansion history of the uni-
verse leads us to check the Cosmic Microwave Background
(CMB). For this, we use the data of Planck 2015 [53]. The
Xg g function may be explained as

Xg‘MB =4 — ‘IfiamCOUE}wB (4i4)) 27
where g1 = R (2+), q2 = 4 (z4+) and g3 = wp and Covcy B
is the covariance matrix [53]. The data of Planck 2015 are
gl =1.7382,

g4 = 301.63,

g4 = 0.02262. (28)

The acoustic scale /4 is
3.14dy (z4)
A= —"T—"7,
(I +2)rs (24)

in which 7 (z4) is the comoving sound horizon at the drag
epoch (z,). The function of redshift at the drag epoch is [54]

(29)

2 —0.738
2. = 1048 [1 +0.00124 (Qbh ) ]

x [1 +g (thz)gz] : 30)
where
00783 (Qph?)
T 305 (ph?) TS
0.560
&= 1+21.1(Qbh2)1'81' €1}

The CMB shift parameter is [55]

Hy
R = Qg 75 (22). (32)
The reader should notice that the usage of CMB data does

not provide the full Planck information but it is an optimum
way of studying wide range of dark energy models.

@ Springer

3.4 Gamma-ray burst

Constraining the free parameters using Gamma-Ray burst
data can be obtained by fitting the distance modulus w(z)
similar to SNIa data (Sect. 3.1). In this work we use 109 data
of Gamma-Ray Burst in the redshift range 0.3 < z < 8.1
[62]. This data contains 50 low-z GRBs (z < 1.4) and high-
z GRBs (z > 1.4). The 70 GRBs are obtained in [63], 25
GRBs are taken from [64] and the rest 14 GRBs data points
are provided from [65]. The x? for GRB is given by
109

) 3 [iobs (zi) — ten(zi)1?

Hars = (@)

, (33)

i=1
in which the theoretical distance modulus pu;,(z;) can be
defined as

wen(zi) = SlogioDy(z;i) + po. (34)

where g = 42.38 — Slogioh and h = Hp/100 with unit of
km/s/Mpc.

3.5 Local hubble constant

As the last data point, we use the Hy which can be locally
measured by ladder distance observation. According to
the reported result [66] we use Hy = 73.24 + 1.74 km
s~!/Mpc~! in our analysis.

The data for BAO and CMB could be found in the online
source of latest version of MontePython [89]. . Using mini-
mized x,%”.n, we can constrain and obtain the best-fit values
of the free parameters.

2 2 2 2 2 2
Xmin = (XBAO + XCMB) + Xpantheon T Xty T XGRB

(35)

The best-fit values of Qp, Hy, 22, ¢ and b by consideration
of the 1o confidence level are shown in the Table 1 and Figs. 1
and 2.

The x? is known as the effective way of understanding the
best values of free parameters, but it cannot be only used to
determine the best model between variety of models. Hence,
for this issue Akaike Information Criterion (AIC) [56] and
Bayesian Information Criterion (BIC) [57] have been pro-
posed. For further information see [58—61]. The AIC can be
explained as

AIC = —21In Ly4x + 2k, (36)

where —21In L4 = Xr%”.n is the highest likelihood, k is the
number of free parameters (2 for ACDM, 3 for THDE and 4
for ITHDE models in addition of one further parameter M for
SNIa) and N is the number of data points used in the analysis.
The BIC is similar to AIC with different second term

BIC = -2InL,;5x +kInN. (37)
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Table 1 The best value of free parameters for ACDM, HDE, THDE
and interacting THDE (ITHDE). The pantheon Supernovae data (s),
Baryon acoustic oscillations (B), cosmic microwave background (C),

the local Hubble constant Hy (H) and Gamma-Ray burst (G) have been
used. The H and F E index stand for the Hubble horizon and the future
event horizon respectively

Cc

b

2t

Age/Gyr

Model Data set Hy Qp 8
ACDM BC 66.557T175%  0.629700%  —
HDE BC 68.7767155 067370037 —
THDEy BC 67.30013 101 0.692700:0  1.871101%
ITHDE; ~ BC 674337100 0.662700%  2.161103%
THDErg  BC 6717172800 0.6687002  1.04270 000
ITHDEry  BC 66.872114 0.66470032  1.031%0175
ACDM BCS 68.501170839 069370020 —
HDE BCS 68.875108%, 06757003 -
THDEy BCS 69.521708%  0.689700%  2.1217023%
ITHDEy BCS 68.855T0871  0.6717093  2.3431022
THDErr  BCS 68.13370570  0.681700%0 10681004
ITHDE;;  BCS 687821051 0.6777008 107240078
ACDM BCSG 68.498T0890  0.694700))  —
HDE BCSG 68.999703  0.67510018 -
THDEy BCSG 68.75270820  0.6917093%  2.0547018)
ITHDE; ~ BCSG 68.8617080  0.67670 0.0 2.290%0 753
THDErr  BCSG 68.74270730  0.6927005  1.06875038
ITHDErr  BCSG 68.88910682  0.6937097  1.05870:9%
ACDM BCSGH  69.1827078% 070770915 —
HDE BCSGH  69.05270501  0.6847001  —
THDEy BCSGH  69.66470%5  0.69070031  2.211%013]
ITHDEy; ~ BCSGH  69.53270%0  0.6957003%  2.244707%
THDErg ~ BCSGH  68.85170%00  0.6957001%  1.07175:9%
ITHDEFg ~ BCSGH  68.930703%0  0.69470015  1.05970:040

%668t8:8§8
066670003
06607008
0675008

+0.020
0048 020
+0.016
0.022%5 016
+0.018
0.039" 5018
+0.016
0.039Z5 016
+0.015
0.032Z5, 015
+0.013
0.02775 013

+0.012
0.022% 13

+0.009
0.0317 500

0.58179:08
0.6040:5
0503058
0.5020 11

+0.023
0.541%5053

0.6217002
0.6537093%
05557005
0.54579973
0.619°0017
0.633°0013
0677
0577400
0.570°9%
0.63370!
0.652°0013
0.6707 0034
0.63470.0°1
0.572°00%

+0.010
0.6497 o5

13,6400
1368708
13,9793
1334403
13.69°0%
13.9510:2¢
13.99%03)
13.691040
13.969
134103
13804038
14.1979-31
14.007929
13.67°03]
13.9002%
1351707
13.83101%
14.147922
13.934023
1375%0 3
13.90%05
13717931
13877 1

—+0.18
14207018

Using these definitions, it is obvious that a model giving a
small AIC and a small BIC is favored by the observations.
Hence, we explain the levels of supporting the models from
AIC and BIC in Tables 2 and 3, respectively.

4 Results

In this section we discuss the implication of observational
data for the Tsallis holographic dark energy model. Both
interacting and non-interacting THDE models with assump-
tion of the Hubble horizon and the future event horizon as
IR cutoffs confronted initially with BAO and CMB and then
combined with SNIa, Hy and Gamma-Ray burst data. The
values of cosmological parameters of the models are shown
in Table 1 and Figs. 1 and 2 . We present the analysis of data
in two the following parts: the cosmological parameters and
the AIC and BIC model selection.

Cosmological parameters As a key factor in modern cos-
mology for calculating the age and the size of the Universe
and consideration of this quantity for measuring the bright-
ness and the mass of stars, the Hubble constant H is of
utmost importance. The Hubble constant corresponds to the
Hubble parameter at the observation time. According to the
best fitted value of the Hubble parameter using latest observa-
tional data in this work, we found that the Hubble parameter
for the interacting and non-interacting THDE models con-
strained from BAO and CMB is close to the obtained value
of the Hubble parameter from the Planck mission (Hy =
67.66 +0.42) [69], DES collaboration (Hy = 67.77 4+ 1.30)
[70] and SDSSIII BOSS (Hp = 67.60 £ 0.7) [71]. Adding
SNIa, Hp and GRB result in the bigger value of Hubble
parameter. It is observed that the error bars of the Hubble
parameter using the CMB and BAO are remarkably large
and adding each data set makes the constraints to be nar-
rower. It can be seen that the value of the dark energy for
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Fig. 1 The contour maps of the non-interacting THDE with consider-
ation of the Hubble horizon as IR cutoff. In this figure H is the Hubble
parameter, 2p is the dark energy density, § is the free parameter of
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Fig. 2 The contour maps of the non-interacting THDE with consider-
ation of the future event horizon as IR cutoff. In this figure Hy is the
Hubble parameter, 2 is the dark energy density, § is the free parameter

interacting THDE is smaller than the non-interacting model
once we imply the BAO, CMB and SNIA for fitting parame-
ters. After adding Gamma-Ray burst and Hj the dark energy
density of both interacting and non-interacting THDE are
approximately identical. Totally the obtained values of dark
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THDE model, z; is the transition redshift and Age/Gyr is the age of
the universe. The best fitted values of these parameters are listed in the
Table 1. The used data are BAO, CMB, Pantheon SNIa, Hy and GRB
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of THDE model, z; is the transition redshift and Age/Gyr is the age of
the universe. The best fitted values of these parameters are listed in the
Table 1. The used data are BAO, CMB, Pantheon SNIa, Hy and GRB

energy density for THDE at 68% confidence level is com-
patible with latest obtained results [53,69,74]. The value of
the coupling constant at 1o is obtained less than 0.1 similar
to the previous results of interacting HDE, RDE and NHDE
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Table 2 The level of support for each model from AIC

Measurment Explanation
AIC <2 Strong support
2<AIC <4 Avarage support
4 < AIC <17 Less support

8 < AIC No support

Table 3 The level depiction of evidence against models from BIC

Measurment Explanation

BIC <2 No significant evidence
2<BIC <6 positive evidence

6 <BIC <10 Strong evidence

10 < BIC Very strong evidence

models [75-78] and it conveys the possibility of decaying
the dark energy to the dark matter.

Choosing the Hubble horizon as IR cutoff and with open
range of prior in MCMC program, the value of § has a ten-
dency toward 2. This does not include the normal entropy.
With this condition we can see that the value of § once we
choose the future event horizon as IR cutoff is close to 1.
This is the proper result for THDE model which embraces the
standard HDE and entropy. We obtain the transition redshift
using Brent’s method. This method uses the inverse quadratic
interpolation as a secured version of the secant algorithm and
using three prior points can estimate the zero crossing [79].
The obtained values for transition redshift listed in Tablel
is in range (0.5 < z; < 0.7) and in good agreement with
recent obtained result for the transition redshift [80-84] (To
mention few) at 1o and 2o interval level.

AIC and BIC model selection: We investigate the models
according to the objective Information Criterion (IC) contain-
ing AIC (Eq. 36) and BIC (Eq. 37). We present the obtained
results of AIC and BIC in the Table 4 with consideration
of the ACDM as the referring model. According to the val-
ues of AAIC, ABIC, the definition of AIC supporting area
(Table 2) and BIC evidence against the models (Table 3), it
can be seen that both ITHDE and THDE are ruled out and
unsupported by observational data. The BIC imposes a strict
penalty against the additional parameters more than AIC as
we can see in Tables 4 and 5. In this case we may reject the
model (THDE) as a disfavored model, but we should note
that the reason of the existence of various holographic dark
energy models is to alleviate the ACDM problems. Thus,
in this work we used the holographic dark energy (HDE)
model as another reference for making an accurate compar-
ison. In this manner, we give the results of AIC and BIC in
the Table 5 with consideration of the HDE as the referring

model. It is evident that the values of x2, AIC and BIC for
THDE are close to the values of the XZ, AIC and BIC for
HDE model and even smaller with additional GRB and H
data. But for interacting case still BIC has positive evidence
against the THDE model. Thus, taking the HDE as the main
model for comparison, one can see that the observational data
strongly favor and support the THDE and averagely support
the ITHDE model.

5 Alcock—PaczynsKi test

The Alcock—Paczynski (AP) test is a thoroughly geometric
investigator of the cosmic expansion using observed/measured
tangential and radial dimensions of objects being known as
isotropic [85]. The significant advantage of this test is its
independency on the galaxies’ evolution. In this paper we
use this method as a test for the THDE cosmological model.
We also carry out the AP test according to the best fitted
results using BAO, CMB. We take the ACDM and HDE as
the reference models to compare with THDE.

According to the radius of objects’ distribution along the
line of sight

d
s = AZadc(Z), (38)

where d, is the comoving distance and the radius of objects’
distribution perpendicular to the line of sigh

s1 = A0 +2)"da(2), (39)

in which Az is the redshift span, A# is the angular size and
m = 1, 0 denote the expanding and static Universe respec-
tively, one can find the following ratio

_ 4z

— , 40
y TAOs. (40)

which using the definition of the diameter angular distance
if the Universe is expanding, the Eq. (40) can be written as

y(z) = (1 4 %) da@DHE) (41)

c

This relation is against the incorrect cosmological param-
eters and models. Using this relation one can check the devi-
ation from the reference model which means the deviation
from the correct measurement. In Figs. 3 and 4 we compare
the THDE with HDE and ACDM model with considering
the Hubble horizon and the future event horizon as IR cutoff
respectively. This comparison has been performed using the
fitted parameters of the models (see Table 1). According to
the y(0.38) = 1.079+0.042, y(z = 0.61) = 1.248 £0.044
and y(z = 2.34) = 1.706 £ 0.083 [86] the ACDM is not
favor by the BAO data while we choose the ACDM as the
model of comparison. The evolution of Alcock—Paczynski
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Table 4 Summary of the AIC and BIC values calculated for inter-
acting and non-interacting THDE model with respect to the reference
ACDM model. AAIC = AIC; — AICxcpy and ABIC = BIC; —

with N = 5 interacting THDE, N = 4 for non-interacting THDE and
N = 3 for the ACDM models. Here we have 1169 data points. The H
and F E index stand for the Hubble horizon and the future event horizon

BICAcppy in whichi denotes the number of models {i = 1,2, ..., N} respectively

Data set Model X%in AIC AAIC BIC ABIC
BAO +CMB ACDM 2.037 6.037 0 6.431 0
BAO +CMB+ SNla ACDM 1030.236 1036.236 0 1051.125 0
BAO +CMB + SNIa+ GRB ACDM 1097.615 1103.615 0 1118.799 0
BAO+CMB+ SNla+ GRB + Hy ACDM 1097.918 1103.918 0 1118.835 0
BAO +CMB THDEgy 4.833 10.833 4.796 11.424 4.99
BAO +CMB+ SNla THDEgy 1032.933 1040.933 4.696 1060.785 9.66
BAO+CMB+ SNla+ GRB THDEg 1100.731 1108.731 5.115 1128.976 10.177
BAO +CMB+ SNIa+ GRB + Hy THDEg 1104.699 1112.699 8.871 1132.947 14.111
BAO+CMB ITHDEy 4.429 12.296 6.259 13.085 6.654
BAO+CMB+ SNla ITHDEy 1031.957 1041.957 5.721 1066.773 9.660
BAO+CMB+ SNIa+ GRB ITHDEy 1100.439 1110.439 5.116 1135.746 16.947
BAO+CMB+ SNla+ GRB + Hy ITHDEy 1104.646 1114.646 10.728 1139.957 21.122
BAO+CMB THDEfg 4.524 10.524 4.486 11.115 4.684
BAO+CMB+ SNla THDEfrg 1032.438 1040.438 4.201 1060.291 9.165
BAO+CMB+ SNla+ GRB THDEfrg 1100.886 1108.886 5.270 1129.131 10.332
BAO+CMB+ SNla+ GRB + Hy THDEfrg 1104.119 1112.119 8.201 1132.009 13.193
BAO+CMB ITHDEpg 4.420 12.420 6.383 13.209 6.778
BAO+CMB+ SNla ITHDEpg 1032.359 1042.359 6.122 1067.175 16.049
BAO+CMB+ SNIla+ GRB ITHDEfg 1100.288 1110.288 6.673 1135.595 16.796
BAO+CMB+ SNla+ GRB + Hy ITHDEfg 1103.420 1113.420 9.502 1138.283 19.447
for ACDM, HDE, THDE and ITHDE in terms of redshift  p (x,t) = p () +8p (x,1), 42)

is plotted in Figs. 3 and 4 for THDE with the Hubble hori-
zon and the future event horizon respectively. All models at
z = 0 have identical values of y. It is observed that they
behave similar to ACDM in low redshift while in higher red-
shift the deviation from the reference model can be seen. The
deviation of THDE and ITHDE with Hubble horizon as IR
cutoff can be seen at z = 1.2 and z = 0.7 respectively. The
deviation of THDE and ITHDE with the future event horizon
as IR cutoff also can be seen at z = 1.5 and z = 1.05 respec-
tively. Accordingly, it can be seen that the THDE with the
future event horizon shows a small deviation respect to the
ACDM model and also HDE model compared to the THDE
with the Hubble horizon.

6 Stability

Surveying the stability of THDE can be performed by study
the behavior of square sound speed (v?) [47]. The sign of v?
is important to specify the stability of background evolution
which v2 > 0 and v? < 0 denote a stable and unstable uni-
verse against perturbation respectively. The perturbed energy
density of the background in a linear perturbation structure is

@ Springer

in which p (#) is unperturbed energy density of the back-
ground. The equation of energy conservation is [47]

8 =v2v?8p (x,1). (43)

For positive sign of squared sound speed the Eq. (43) will be
aregular wave equation which its solution can be obtained as
8p = Sppe 0!k indicating a propagation state for density
perturbation. It is easy to see that the squared sound speed
can be written as

=L —pP2 t wp, (44)

) oD

Taking time derivative of Eq. (6) and again using the Eq. (6)
yields

PD 1 (2-868Qp—1

— = — , (45)
pp 3H Q-8 —Qp+3b2p)
Combining the Egs. (45) and (9) we have
2 —8)(1 -8, +3b2—8)
wD:H( )( 2 ( ) D (46)

2-8Qp —1

Now using Eqgs. (14), (15), (44), (45) and (46) we can check
the stability of the THDE model plotted in Fig. 5. From this
figure one can see that during the cosmic evolution, both
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Table 5 Summary of the AIC and BIC values calculated for interact-
ing and non-interacting THDE model with respect to the reference HDE
model. AAIC = AIC,' - AICHDE and ABIC = B]C,' — BICHDE

interacting THDE, N = 4 for non-interacting THDE and N = 4 for
the HDE models. Here we have 1169 data points. The H and F E index
stand for the Hubble horizon and the future event horizon respectively

in which i denotes the number of models {i = 1,2,..., N} withN =5
Data set Model x%in AIC AAIC BIC ABIC
BAO +CMB HDE 4.315 10.315 0 10.906 0
BAO +CMB+ SNla HDE 1031.878 1039.878 0 1059.730 0
BAO +CMB + SNla+ Hy HDE 1101.184 1109.184 0 1129.429 0
BAO +CMB + SNla+ Hy+ GRB HDE 1106.983 1114.983 0 1135.231 0
BAO +CMB THDEgy 4.833 10.833 0.518 11.424 0.517
BAO +CMB+ SNla THDEy 1032.933 1040.933 1.055 1060.785 1.055
BAO +CMB+ SNIa+ GRB THDEy 1100.731 1108.731 — 0453 1128.976 —0.453
BAO+CMB+ SNla+ GRB + Hy THDEy 1104.699 1112.699 —2.284 1132.947 —2.284
BAO+CMB ITHDEy 4.429 12.296 1.944 13.085 2.179
BAO +CMB+ SNla ITHDEy 1031.957 1041.957 2.079 1066.773 7.043
BAO+CMB+ SNIa+ GRB ITHDEy 1100.439 1110.439 1.255 1135.746 6.317
BAO+CMB+ SNla+ GRB + Hy ITHDEy 1104.646 1114.646 —0.337 1139.957 2.274
BAO+CMB THDEfrg 4.524 10.524 0.208 11.115 0.208
BAO+CMB+ SNla THDEfrg 1032.438 1040.438 0.560 1060.291 0.560
BAO+CMB+ SNIla+ GRB THDEfrg 1100.886 1108.886 —0.298 1129.131 —0.701
BAO +CMB+ SNla+ GRB + Hy THDEfrg 1104.119 1112.119 —2.864 1132.009 —3.22
BAO+CMB ITHDE g 4.420 12.420 2.105 13.209 2.309
BAO+CMB+ SNla ITHDE g 1032.359 1042.359 2.48 1067.174 7.44
BAO+CMB+ SNIla+ GRB ITHDEFE 1100.288 1110.288 1.104 1135.594 6.164
BAO +CMB+ SNla+ GRB + Hy ITHDE g 1103.420 1113.420 — 1.562 1138.283 3.051
T T T T T T T T T
ACDM ACDM ,
22F ----- HDE 22F — — HDE -
— - = THDE - .- = THDE '.
| — - - ITHDE - ITHDE s
©  BAO Peak Data BAOTcak Data g
/4
~ 18 18 = + 4
S N 4
> Sy :

1.4

1.4

Fig. 3 The evolution of AP test versus redshift for the THDE model
with consideration of the Hubble horizon as IR cutoff. The data used
for plotting the trajectories of ACDM, HDE, THDE and ITHDE is the
CMB + BAO category

interacting and non-interacting THDE are unstable against
background perturbations in early time, present and late time.
Taking time derivative of Eq. (17) and using Eq. (17),

Ry =HR, —land R, = %)1/(2874) we have

Fig. 4 The evolution of AP test versus redshift for the THDE model
with consideration of the future event horizon as IR cutoff. The data
used for plotting the trajectories of ACDM, HDE, THDE and ITHDE
is the CMB + BAO category

26—5

(H*Qp) > (2(1 - 8)QpH' — HQ))

+3bH*Q3H3Q2,, 47)
D
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0 T T T T T T v

Non-interacting
— = Interacting

1 2 3

Fig. 5 The evolution of vf versus redshift for the THDE model with
consideration of the Hubble horizon as IR cutof. Dashed line indicates
the interacting and solid line indicates the non-interacting model accord-
ing to the best fitted value of parameters listed in the Table 1. The nega-
tive value of trajectory shows the instability against perturbation of the
background

4F = = Interacting -
Non-nteracting

-1 0 1 2 3
zZ

Fig. 6 The evolution of v? versus redshift for the THDE model with
consideration of the future event horizon as IR cutoff. Dashed line indi-
cates the interacting and solid line indicates the non-interacting model
according to the best fitted value of parameters listed in the Table 1. The
negative value of trajectory shows the instability against perturbation
of the background

(3bH4Q’D - (H2QD)%) (26— 1DQpH' + HQp)

op = .
3H3Q

(43)

where H' = H/H and @), = Qp/H. Using Egs. (18),
(20), (44), (47) and (48) one may investigate the evolution of
stability versus redshift for the THDE model with the future
event horizon as IR cutoff plotted in Fig. 6. From this figure
we can see that the future event horizon possibles the stability
of the model at the late time.
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Fig. 7 The power spectrum of cosmic microwave background
anisotropy of interacting and non-interacting THDE models with con-
sideration of the Hubble horizon as IR cutoff compared to the ACDM.
The amplitud in small ¢-poles for THDE is higher than the ACDM
model
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Fig. 8 The matter power spectrum of interacting and non-interacting
THDE models with consideration of the Hubble horizon as IR cutoff
compared to the ACDM according to the best fitted values listed in
Table 1. Both interacting and non-interacting THDE models show a
considerable suppressing of matter power spectrum at large scale or
small k-modes

7 CMB power spectrums

In this section by the use of modified version of the Boltz-
mann code CAMB [67,68,90], we compare the power spec-
trum of the cosmic microwave anisotropy in both interacting
and non-interacting THDE models. Our results of the tem-
perature power spectrum (7' T') according to the fitted results
in Table 1 are depicted in Figs. 7 and 8 for THDE with the
Hubble horizon as IR cutt of and Figs. 9 and 10 for THDE
with consideration of the future event horizon as IR cutoff.
From the figures, one can see that both the interacting and
non-interacting THDE models show the trends of squeezing
power spectrum of the cosmic microwave anisotropy to small
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6000 LR oo T oo rrorrnm
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Fig. 9 The power spectrum of cosmic microwave background
anisotropy of interacting and non-interacting THDE models with con-
sideration of the future event horizon as IR cutoff compared to the
ACDM. The amplitud in small £-poles for THDE is higher than the
ACDM model

10000
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10000

1
0.0001 0.001 0.01 0.1 1 10

k

Fig. 10 The matter power spectrum of interacting and non-interacting
THDE models with consideration of the future event horizon as IR
cutoff compared to the ACDM according to the best fitted values listed
in Table 1. Both interacting and non-interacting THDE models show
a considerable suppressing of matter power spectrum at large scale or
small k-modes

£ or large angle scales. This squeezing can also be seen from
the power spectrum of matter distribution in the Universe.
Embodying on the large scale structure of matter distribu-
tions, both models exhibit approximately 20% suppressing
in the peak of power spectrum which occur in small k or
large scale region. Another difference between the THDE
and ACDM models lies before £ < 50 where the amplitude
of THDE is higher than the ACDM. The tendency of inter-
acting THDE model is more than THDE towards ACDM.

8 Conclusion

In this work, using various cosmological tests we examined
the Tsallis holographic dark energy model (THDE) with con-
sideration of the Hubble horizon and the future event hori-
zon as IR cutoffs. In this case we considered a phenomeno-
logical non-gravitational interaction between dark sectors.
We used the Pantheon Supernovae type Ia, Baryon acoustic
oscillation, cosmic microwave background, the local value
of Hubble constant Hy and the Gamma-Ray burst data as the
observational data for constraining the free parameters of the
models. For minimizing the x? we used MCMC method by
employing the Cosmo Hammer (EMCEE) Python package.
We observed that concerning the density of dark energy and
the Hubble parameter, the THDE and ITHDE models have a
good consistency with latest observational data. Both inter-
acting and non-interacting THDE enter the accelerating uni-
verse within the z; = [0.5, 0.7]. We investigated the models
using the objective Information Criterion (IC) including AIC
and BIC. We found that the interacting and non-interacting
THDE models are not supported by observational data. This
result is obtained once the ACDM is chosen as the refer-
ence model. According to this case that the holographic dark
energy models has been proposed to alleviate the problems
of ACDM, one can compare the THDE with another holo-
graphic models (here HDE) as the reference rather than the
ACDM. In this case, by choosing the HDE as the referring
model, both interacting and non-interacting THDE models
are favored strongly by AIC and moderately by BIC. Using
Alcock—Paczynski (AP) we found that the HDE has the
smallest deviation from the ACDM model. Accordingly both
interacting and non-interacting THDE models behave simi-
lar to ACDM at low-z but with consideration of the future
event horizon as IR cutoff the deviation compared to ACDM
and HDE can be seen at z > 1.05 and z > 1.5 for THDE and
ITHDE respectively which is by far better that the results
of the choosing the Hubble horizon. In addition Using the
squared of sound speed vf we found that the interacting
and non-interacting THDE with consideration of the Hubble
horizon as IR cutoff could not satisfy the condition of sta-
bility and remain as unstable model against the background.
However, the interacting and non-interacting THDE with the
future event horizon show stability against the backgroung
at the late time. Finally, using modified version of CAMB
package, we observed that the 20% suppression of matter
power spectrum from interacting and non-interacting THDE
models in large scale region.

@ Springer



762 Page 12 of 13

Eur. Phys. J. C (2019) 79:762

According to the aforementioned results, we can see that
the THDE model has more acceptable behaviors in different
observational tests once the future event horizon is opted as
IR cutoff of the system. It can be mentioned that for better
revealing the deeper aspects of the THDE model more inves-
tigations should be done. For the future works, we would like
to study the dynamical system methods for comprehension
of the model’s behavior in the late time using different types
of interaction. In addition, we are going to to study the per-
turbation analysis in comparison to the Large Scale Structure
(LSS) and the gravitational lenses.
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