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1 Introduction

One of the simplest generalisations of the duality between A = 4 SYM theory and type 11B
superstring theory on AdSs x S° background is based on taking its orbifold [1] (see also,
e.g., [2-8]). In particular, in the case of a supersymmetric Zy-orbifold the duality is between
the N' = 2 superconformal SU(N) x SU(N) quiver gauge theory (containing two vector
multiplets and two bi-fundamental hypermultiplets) and string theory on AdS5 x S°/Zs.
A way to check this duality is to compute “observables” on the gauge theory side for
large N and any 't Hooft coupling A, expand in large A and then compare the result to
the large-tension expansion of their counterparts on the string theory side. As the N/ =2
superconformal quiver arises as a Zs-orbifold of SU(2N) N = 4 SYM [2], its “untwisted”



sector observables, computed at the leading (planar) order in large N, are the same as in
the SYM theory! with non-trivial corrections appearing at order 1/N2.

Recently, such leading 1/N?2-corrections were studied for some of the simplest untwisted
observables —the BPS circular Wilson loop and the free energy on the 4-sphere (see [9-11] and
references therein). Localisation [12] allows one to compute their strong 't Hooft coupling
expansion order by order in 1/N2. The comparison to string theory at order 1/N? then
requires knowledge of string loop corrections in AdSs x S°/Z5 which, unfortunately, is rather
limited (see a discussion in [9, 11]).

At the same time, observables from the twisted sector may receive corrections already
at the leading order in large N. These should be captured by the tree-level string theory
and thus may be easier to analyse. In particular, the 2- and 3-point correlators of special
twisted sector single-trace BPS operators with protected dimensions? may be computed at
large N using localisation techniques (see, e.g., [11, 14-23]). The leading order large-\ terms
in these correlators were matched [21-23] with the 6d low-energy effective action for the
corresponding twisted sector string modes constructed in [5].

Our aim below is to attempt to extend this matching to the first sub-leading (’)()\*3/ 2)—
term in the 2-point twisted-state correlator [23]. We expect this term to be captured by
the a/3-correction to the string effective action.

1.1 Gauge theory results

If ¢g and ¢; denote the adjoint scalars in the two NV = 2 SU(N) vector multiplets, the

simplest chiral BPS operators of dimension A = k belonging to untwisted and twisted

sectors,respectively, are>

Us(z) = \/127{ (;) (e +trot),  Tia) = \/127{ (;) (e —trat). (L)

As their conformal dimension is protected, the corresponding 2- and 3-point correlators are [23]

(O (1) Ok (a2)) = |(j(;|k (1.2)
_ G A
(On(21)Oy(22) Op4(w3)) = O 01Ok (1.3)

- ‘xl . $3’2k‘$2 o $3’2l ’
where the operator Oy, is either Uy or Tj in (1.1) and the constants G may depend on N
and the 't Hooft coupling A.

We shall focus on the leading order in large N. Then the correlators of untwisted BPS
operators are the same as in N/ = 4 SYM theory, i.e. they are protected by supersymmetry

In general, to construct an orbifold one starts with a discrete subgroup I of the PSU(2, 2|4)-symmetry.
T-invariant states form the untwisted sector. In string theory, additional twisted sector states arise from strings
that close only up to a I'-transformation. These states correspond in the dual gauge theory to operators with
an insertion of a ['-symmetry operator.

2At the leading order in large N the spectrum of anomalous dimensions of non-BPS states may, in principle,
be studied using integrability techniques (see [13] and references therein).

3We use a different normalisation than in [23].



and are given by

1 kl(k+1)
Gy, =1, oot = N\ g (1.4)

On the other hand, the correlators involving twisted sector operators are non-trivial functions
of A that can be found using localisation. Expanding in large A one gets, in particular
(see [17, 18, 20, 21] and [10, 11, 22, 23])*

 4n? N\F ¢(3)
G, = S k(1) (A) {1+;(2/<:—1)(2k:—2)(2k—3) v
2 (k—1)(2k—3) 2k —5)(4k*—1) <) (1.5)
+}1(k—1)(2k—1)(2k—3)(2k—5)(4k2—20k—3)Cg\?;f +(9()\"7/2)] :
k3 4n? A\ P2 ,
Gy, = g (b= 1) <A> {1+;(2k-1)(2k—3)(2k—5)<;,3; +O(x —5/2)} |
(1.6)

VN =VA—4log2. (1.7)

In general, these expressions depend on operator normalisations. Considering normalisation-
Ty Ty Uy

: L G . .
independent ratios like Gz, Gr, Cor refs. [21, 22] successfully matched their leading large-\

behaviour to the predictions from the low-energy effective action [5] for the corresponding
twisted sector string modes.

We shall attempt to understand the string origin of the subleading ((3)-term in (1.5).
Identifying QL:‘F/ with the effective string tension or #{i, (where L is the radius of both AdS5
and S°), the natural expectation is that this term should be reproduced by the first non-trivial
a’3-correction in the string effective action for the corresponding twisted sector modes in
AdSs x S°/Z5, by analogy with the familiar o/¢(3)R* + ... term for the standard massless
string modes (cf. [24, 25]). This will require understanding how to construct a generalisation

of the leading-order effective action for the twisted sector modes suggested in [5].

1.2 6d effective action for twisted sector modes

To recall, the I' = Z5 orbifold on the string theory side acts on embedding coordinates
(21, 29, 23) of % C C? as

' (z1,22,23) = (—21,—22,23) , (1.8)

“Egs. (1.5) and (1.6) are taken from [23]. The leading large-A coefficients were found earlier in [20, 22].
The resummation in terms of A’ was introduced in [10]. Ref. [23] found the following relation between the 2-
and 3-point coefficient functions:

k N k—1
GTk»kafzk = ﬁ (5) (k+ )\a’\)GTk .



which breaks half of the maximal supersymmetry. The great circle of S° parametrised by
21 = 29 =0, 23 = LeX is fixed under the action of I'. The twisted sector strings, which close
up to a I-transformation, extend around the orbifolded angles, so the lowest energy twisted
states localise on the fixed circle, i.e. on the six-dimensional AdSs x S subspace of the 10d
target space. They should then be described by an effective 6d action.

For the similar orbifold R*® x C2/I" of flat-space string theory the spectrum of twisted
sector modes organises into tensor representations of 6d N’ = (2,0) supersymmetry [26]
(see appendix A). The low-energy effective action for the light twisted modes could be
reconstructed from correlators of the corresponding vertex operators (cf. [27]).

Ref. [26] provided an alternative interpretation of the twisted sector modes in terms
of a resolution (or “blow-up”) of the orbifold singularity. One may cut out a ball of size
a around the singularity and glue in a smooth manifold, such that the total space M* is
asymptotically locally Euclidean with global C2/T structure. For I' = Z5 the smooth manifold
is the Eguchi-Hanson space [28]. This resolution features three moduli and a non-trivial
2-cycle over which one may integrate the massless 2- and 4-form fields of type IIB supergravity
generating extra light modes. In the limit a — 0, the resolved space M?* approaches the
orbifold C?/Z5 with the moduli and extra modes (now localised at the singularity) to be
taken into account. It turns out that this procedure reproduces the lightest states in the
twisted sector spectrum as found directly from string theory. This suggests that one can
access the light twisted sector modes using the 10d supergravity action expanded near the
curved background representing a resolution of the orbifold.

In [5] it was suggested that this logic may apply also to the curved-space orbifold S°/Zs.
Close to the fixed circle, one may approximate S°/Zs by C?/7Z5 x S* and thus expect to
get the same effective action for light twisted sector modes in terms of 6d tensor multiplets
as in the flat-space case, corrected by contributions of the curvature and the Fs-flux of the
AdSs x S°/Z5 background. One may then expand in Fourier modes on S, generating towers
of fields in AdSs with masses labelled by the mode number (“KK level”) k. These can then
be put into correspondence with the dual BPS operators in the twisted sector of the gauge
theory and turn out to have the required spectrum of conformal dimensions [5].

In particular, the twisted sector operator T} in (1.1) is expected to be dual to a 5d
mode representing a combination of Bs and (s fields integrated over the 2-cycle the orb-
ifold resolution. The relevant terms in the 10d type IIB supergravity action are (ignoring
dependence on the dilaton and RR scalar)

Sip = —2;/d10X¢Tg<;mH§ +5 .13!F32 + 4‘15!1552) — 4%2/ By AF3AFs, (1.9)
Hs = dB,, F3 =dCy, F’5:F5—%CQAH3+%B2/\F3. (1.10)

Let us set
By =Bz, x)©, Ca=~(2,x)0, (1.11)

where © is the anti-self-dual 2-form on the resolution of C?/Z5 [28] with a normalised integral
over the resolution 2-cycle, y is the fixed S' coordinate and z¢ are AdSs5 coordinates. Using



that F5 = 4 (volags, + volgs /22) we then arrive at the following effective 6d action for the
fields 8 and ~ [5, 7]

So ~ 3 /Ads5xs1 A’z dx v=gs [(@ﬂ)Q + (0 B) + (07) + (07)* — 8 6X7] . (112)

Expanding the fields # and 7 in Fourier modes in x (i.e. 8 = 3, e*Xp(x), v =
Sk %X (x)) we get the following kinetic operator matrix for the fi(x) and 7 (z) fields
on AdS5

V2K —4ik
Adss . ) (1.13)
4ik \Y% —k

AdSs

Diagonalising it gives the following masses
mi =As(Ar —4) =k(k+4). (1.14)

The dual twisted-sector operators are then expected to be Ty in (1.1) with dimension A_ =k
and the operator with dimension A, = k + 4 represented by [5]

Op = tr [¢f (F§ +iFyFy)] — tr [¢f (FE+iF F)], (1.15)

where Fjy and Fj are the gauge fields from the two A/ = 2 SU(N) gauge multiplets.

This identification relies heavily on supersymmetry and is supported by the successful
matching of the leading order term in (1.5) demonstrated in [22]. To extend this matching
to subleading order we need to put the above derivation of the effective action (1.12) on
a firmer footing and then find a/3-corrections to it using as an input the known structure
of a/3-terms in the type IIB string effective action.

1.3 Structure of the paper

We start in section 2 with presenting a regular solution of type IIB supergravity (depending
on an extra parameter a) that is a resolution of the S°/Z5 orbifold. It has S® X S? topology
and thus admits a non-trivial 2-cycle.

In section 3 we analyse solutions for the By and CY fields in this background and identify
the 10d analogues of the twisted sector states localised on the AdSs x S! subspace, thus
supporting the logic behind the derivation of the action (1.12) in [5].

In section 4 we generalise the discussion to the case when the starting point is not the
supergravity action (1.9) but the type IIB string effective action including o/3-corrections. We
describe a strategy for reproducing the subleading A~3/2-term in the gauge theory result (1.5)
for the two-point correlator.

In section 5 we focus specifically on reproducing the k% part of the A=3/2-term in (1.5)
which dominates when the R-charge k is large. We note that the function (1.5) admits a
regular BMN-like limit, i.e. for large k& and A with v = % being fixed. This suggests to
focus on the pp-wave limit of the resolved orbifold background which turns out to have the
Eguchi-Hanson space as part of its “transverse” space. We suggest a candidate structure
that should be part of the o/3¢(3)(R* + ...) superinvariant and that may be responsible
for reproducing the ¢(3)k*A~3/2-term.



Some concluding remarks are made in section 6. In appendix A we review the spectrum
of superstring theory on a flat-space orbifold. In appendix B we summarise some information
about the structure of the leading o/3-corrections to the tree-level type IIB supergravity
action. Details of calculations in section 3 are presented in appendix C. Appendix D contains
expressions for the Weyl tensor of the resolved orbifold background.

2 Resolution of the S%/7, orbifold

In this section we find a particular resolution of the AdSs x S°/Zy orbifold as a regular
solution of type IIB supergravity depending on an extra “resolution parameter” a. In
section 3 we expand near this background and identify the lightest modes corresponding to
the twisted sector states. This suggests how to construct their low-energy effective action
in the framework of type IIB supergravity.

To motivate the Ansatz for the resolved background we first review the resolution of the
flat C2/Z5 orbifold represented by the Eguchi-Hanson (EH) space [28].

2.1 Eguchi-Hanson space as resolution of C2/75

The procedure of blowing up singularities usually involves glueing a projective CP" space
to the singularity and identifying appropriate subspaces. In the C2/Z5 case the orbifolding
acts on the two complex coordinates as (z1, 22) — (—21, —22), resulting in a singularity at
(0,0). Let us choose a parametrisation

z1 = rcosg e%(¢+¢), 29 = rsin% ez (¥=9) (2.1)
Then
ds? = |dz1|* + |dzo|* = dr® + r*(0 + o) + 02) (2.2)
where we introduced the SU(2) Cartan forms
0y =% (sinydf—sinfcosypde), oy=3(—cosdd—sinfsinyde), o,=%(dy+cosfdg),
do,=20yN0, doy=20.N0,, do,=20,N0y.

(2.3)

Here o2 + 02 + o2 represents the metric of S3, parametrised as Hopf fibration over S? with
ds%, = 4(07 + 07) = df? +sin*0d¢? and 0 € [0,7],¢ € [0,2x]. For ¢ € [0,4x] it would
cover the full S3, but for ¢ € [0,27] it only covers S3/Zs, so that (2.2) represents the metric
of C2/Zy with a singularity at r = 0.

The resolution of the singularity is achieved by replacing (2.2) with the EH metric
containing a function Vj(r), which breaks the SO(4) symmetry to SO(3)

ds%H = V()(r)_ldr2 + 72 [0’% + 05 + Vo(r) 02] , Volr)=1— —. (2.4)

This metric is Ricci-flat and its curvature form is self-dual.® Here we restrict r to the interval
7 € [a,00). For 7 — oo we recover the C2/Z5 space asymptotically (i.e. EH is an ALE space).

SEH space is also a hyperkéhler manifold, i.e. admits three complex structures that form an SU(2) triplet.
In the 10d supergravity context this guarantees preservation of 16 supercharges and that a dimensional
reduction on this space leads to 6d N' = (2, 0) supergravity.
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Figure 1. (a) Representation of S° as a fibration of S' X S over an interval. (b) Schematic
representation of the resolution M5 (2.17) of the S®/Z5 orbifold.

For r — a this space is regular as one can see by changing the coordinate r — u as
u? = r2Vy(r). (2.5)
Expanding (2.4) around the apparent singularity at » = a or u = 0 yields

1
ds]%:HLHO — 1 [du2 + a? dsng + u?(dy) + cos @ d<b)2] . (2.6)

For fixed 6 and ¢ and with ¢ € [0,27] the point at u = 0 is just a coordinate singularity:
the local geometry near u = 0 is that of an R%-bundle over S2. The orbifold singularity
of C?/Z5 is recovered in the limit a — 0.

2.2 S§5/7Z5 orbifold and its resolution M5

Let us represent the unit-radius S° metric as that of S* x S® fibered over an interval p € [0, Z]
dsét—) = dp? + cos? pds%q + sin? pds?gg, = dp? + cos? pdy? + sin? p(afc + af/ + O'g) . (2.7)

Here we parametrised S by x € [0,27] and S? as in (2.2) with ¢ € [0,47]. A schematic
picture of this parametrisation is given in figure la. At p = 0 (the “north pole”) S shrinks
to a point and we recover a local R* x S geometry. At the “south pole” p = 5 where S 1
shrinks to a point the local geometry is R? x S3.

To get the metric of the S°/Zs orbifold we restrict ¥ to [0,27]. This space is then
singular at p = 0 with S}< at the north pole being the fixed circle. Thus, S°/Z5 looks like
St x §3/7, fibered over the p-interval.

Motivated by the comparison of the S? parts of (2.2) and (2.7), and by the Eguchi-
Hanson resolution (2.4) of the C2?/Zy orbifold let us consider the following Ansatz for a
resolution M?® of S°/7,

dsi/ts = V(p)~tdp? + cos® pdx? + sin? p [02 + 05 +Vi(p) 63} : (2.8)
Here we “deformed” (2.7) by introducing a function V'(p) and defined

X=pX, 6, =qdy +cosfdo, (2.9)



where p and ¢ are two constants which are to be fixed momentarily. To provide a resolution
of the orbifold singularity, the function V(p) should behave as the Eguchi-Hanson one (2.4)

near p ~ 0, i.e. V(p) ~ 1 — (%)4, and it should approach a constant for p ~ 5. This is

accomplished by the following choice

Vip)=1-— <Sma)4 . ac (0, ;r) . (2.10)

sin p

Remarkably, (2.8) with (2.10) satisfies the same 5d Einstein equation as the undeformed
metric (2.7):

Rap = 49ap , R =20. (2.11)

Let us note that although we can use this metric (2.8) as a base for a Ricci-flat 6d cone,
there is no associated Kahler form, so this resolution is not a Sasaki-Einstein space and
breaks supersymmetry completely.

Let us demonstrate that M?® is indeed non-singular despite an apparent singularity at
p = a. Applying the following coordinate transformation from p to u (cf. (2.5))

u? = sin? p V(p), (2.12)

implies that for u — 0 (or p — a) the metric becomes

du? + 4 cos? ady? + sin® ads%s + u?(qdy + cos0dp)?| . (2.13)

1
ds> — = {
Ml 0 " 4 |cos?a

For this to be smooth at u = 0 we have to choose
q=(cosa)™!. (2.14)

In this case the original orbifold singularity at p = 0 is removed like in the above EH example.
To study the vicinity of the “south pole” at p = 7 let us introduce the coordinate
v = 5 — p so that the metric becomes

1 1 1 2

2 2 2,2 2 2 s 4

dSM5 ps — 71_Sin4adv + v P dX +1 d352+(1_sln a) <Cosad1/1—|—cosed¢)) ‘| .
(2.15)

2

For this to be smooth at v = 0 we need to choose
p=(1—sinta)"12. (2.16)

Note that both ¢ (2.14) and p become 1 at a = 0.
To summarise, using (2.8), (2.10), (2.14), (2.16) we thus find a smooth resolution M?>
of S°/Z5 which is an Einstein space with the metric

1
cosa

dsis = V(p) "t dp? +

2
cos™ p o L .9 2
mdx +ZSIH P [d852+V(p) (

2
dw—i-cosqub) ] ,
(2.17)

ds2, = d6? + sin? 0. dg? pe[a,g], xefo,2n], 0el0,x], ¢el0,2n], ¥ el0,2n].



As an illustration of regularity of (2.17) let us note that the square of its curvature is given by

8

: 2
Rapea R = 40 + 2472 % (341652 L) (2.18)
sin® p sin® p

which is finite for p € (a, §]. If we consider the limit p — a and then a — 0 we recover the
orbifold singularity as Rapea R — 384 a4,
The volume form and the volume of M?® are given by

V1 +sina

8(1 —sin*a)
3

Ve :/ vol s = %vl—ksinZa.
M5

vol v 5 = sin® pcos psin @ dp A dy Adf Ade A dy,

(2.19)

In the limit a — 0 we recover the volume of the orbifold Vgs 7, = %V55 = %3

Let us comment also on the limit @ — 5. In terms of the coordinate v = § — p € [0, b]
in (2.15) where b = § — a we can write (2.17) as

_ sin? v 1 5 cosbh\*
dS?\/@ - V(U) 1Cl’U2 + m dX2 —+ Z C082 U|:d5?g2 —|—4V(U)O'gi| y V(U) =1-— (Cosfu) .
(2.20)
Setting v = bcosn and then taking the limit b — 0 we get
1
ds?\/l5 T [2d772 +2cos? ndy? + ds%e + 2sin’n dwﬂ , (2.21)
-2

which is the metric of §* X S2. Thus for a changing from 0 to 5 the metric (2.17) of
M> interpolates between S°/Z5 and S3 x S? and is in general non-singular with S3 x S?
topology (cf. figure 1b).

In view of (2.11), we conclude that the resolved space AdS5 x M? gives a regular solution of
type 1IB supergravity if we supplement it by a direct generalisation of the standard RR 5-form

Fs =14 (VOlAdS5 +V01M5) . (2.22)

3 Twisted sector modes from 2-form fields in AdSs X M?

As discussed in the introduction, the twisted sector operator Tj in (1.1) should be dual to
a scalar mode in AdSs x S°/Z5 localised on AdS5 X S and having k units of momentum
along the S'. Motivated by the idea of identifying twisted sector fields using a blow-up
procedure of orbifold singularities [26], we expect this mode to originate from a combination
of fluctuations of By and C5 fields in (1.9) that are “wrapping” the blow-up 2-cycle in the
resolved space AdSs x M® (cf. (1.11)).

To justify this picture, we first study the type IIB supergravity equations for fluctuations
of By and (5 fields in the AdS5 x M3 background. We identify modes which appear due
to the resolution and correspond to the lightest twisted sector states in the orbifold limit
a — 0. We then discuss the construction of their 6d effective action, which should reproduce
the action (1.12) of [5].



3.1 Solution of supergravity equations for 2-form fields

The type IIB supergravity equations for the By and Cs fields following from (1.9) may be
written in equivalent real and complex forms as

dxF3— Fs ANH3 =0, dxHs+ F5ANF3=0, (3.1)
dxGg+iFs NGy =0, G3 = F3+i1H3 =dAs, Ay =Cy+iBy. (32)

We study these equations in the background of the AdSs x M? metric (2.17) (of radius
L = 1) supported by the 5-form flux given in (2.22).

Assuming 5+5 separation of coordinates, let us choose the following Ansatz for the
potential Ap in (3.2)°

Az(z,y) = () Qy) (3.3)

where Q(y) is a complex 2-form on M5 and ¢(x) is a real scalar function solving a free
massive scalar equation in AdSy

Vids5<p = m?p. (3.4)
Then (3.1) is solved if Q(y) on M? satisfies”
dxQ =0, d*dQ —4idQ+m?xQ=0. (3.5)
These equations are satisfied if we express €2 in terms of a closed 3-form w as
Q=xuw, dw =0, [(d%)? = 4i(dx) + m?|w = 0. (3.6)
Equivalently, the closed 3-form w on M? should satisfy
dxw=—iMw, M(M +4) =m?. (3.7)

The complex conjugate field Ay = ¢(2)Q(y) should solve the complex conjugate equations,
so that Q(y) is expressed in terms of @ as (we assume that m is real)

dxw=—iMo, M(M —4) =m?. (3.8)

The metric (2.17) of M5 has an isometry along the S' parametrised by ¥ so we may expand
in Fourier modes

W)= S M un(p6,6,0). (3.9)

k=—o00

and, for the time being, focus on one particular mode wy, with positive k.8

5We use coordinates x* with indices (i,,...) for AdSs and y* with indices (a,b,...) for M®. In general,
we shall use capital latin indices for coordinates of a generic 10d spacetime. Small latin indices from the
beginning of the alphabet (a, b, c,...) label coordinates of internal 5-space and latin indices from the middle of
the alphabet (7, j,k,...) label coordinates of non-compact 5-space or AdSs.

"Here and below * stands for the Hodge-dual form in M?.

8Note that w and @ solve the same differential equation (3.7), so we may consider only wy, with k& > 0 and
relegate k < 0 to modes of @.
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Figure 2. Potential U(p) for k = —M = 3 and (i) a = 0 (solid curve) and (ii) a =  (dotted curve).

As we are interested in the analogues of the twisted sector modes, which are to be
localised near the north pole p = 0 of the orbifold we may restrict our attention to the lowest
harmonics on the deformed S® part of (2.17). Explicitly, we may assume no dependence on
¢ and a spherical symmetry in (6, $). A general Ansatz for such w then takes the form?

wp = f1(p)dp NAX A G2 + fa(p) dp A og Aoy + fs(p) AX Aoz Aoy, (3.10)

where dy and &, were defined in (2.9), (2.14), (2.16). Then the equation (3.7) relates fi
and f2 to f3 with the latter being subject to a 2nd order ordinary differential equation (see
appendix C). This equation can be put into the Schrédinger-type form

5 (p) = U(p) fa(p) =0, (3.11)

where f3 is related to f3 via rescaling by a function of p (see (C.10)). The potential U(p) is
depicted in figure 2 for some special values of the parameters.
At a = 0 the potential has the form of a well between two second-order poles and

the equation (3.11) can be solved explicitly, generating a discrete spectrum of solutions.
In the case of

M=k, (3.12)
we find for the 2-form  in (3.6), (3.9), (3.10)

k 2 L2
. 2 k
Q=e*xQ,, Qk:C?SQP (2+ksin2p)UIAay+iksin2pdx/\az— o8 p—l-‘ o pdp/\az
sin” p cospsinp

(3.13)
This solution is not normalisable as it diverges near p — 0. It does not have an analogue in the
KK spectrum [29] of the usual S° compactification, which starts with the first normalisable
solution at M = k + 2 (see appendix C).
For a > 0 the potential U(p) develops a pole at p = a (cf. figure 2):

1 T 1 9 1615 1
U(a+€)——4762—?+z+0(6), K/N%—FO(G), /,LNW—FO(CL ),
(3.14)

9We do not include fo(p) oz Aoy A G as this form is not closed.
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15 Mk(t)

Figure 3. Whittaker equation potential and solutions for small a.

where we gave the small-a expansions of the coefficient functions «(a, k, M) and u(a,k, M)
entering the expression for U(p). Near p = a the equation (3.11) can be transformed into
the standard Whittaker equation form by a rescaling € = p — a — p~'t (here the derivatives

are w.r.t. t)

f3(t) + (—1 + 04 1) f3(t) =0. (3.15)

4t 42
This equation is solved by the Whittaker functions M, o(t) and W, ¢(t), which may be
expressed in terms of confluent hypergeometric functions. We plot these functions and the
potential U(t) of (3.15) in figure 3. Both functions vanish asymptotically at p — a, i.e. the
resolution provides a regularisation of the p = 0 singularity present in the orbifold limit.

In general, as the potential U(p) in (3.11) is smooth, there are two solutions of (3.11).
Close to p = a they look like the Whittaker functions, while away from this point they
look like the solutions found in the a = 0 case (cf. (3.13)). The full solution may be
constructed numerically.

This implies that a full solution generalizing the one in (3.13) found for @ = 0 (which
was divergent at p = 0 and thus potentially discarded as non-normalisable) is regular and
normalisable for a # 0. In the limit a — 0 such solutions appear to be localised near p = 0.
This suggests that taking the limit a — 0 we need to keep these modes in the spectrum,
and they should represent the light twisted sector states.

3.2 Effective action for twisted sector modes

The localised modes of 2-form fields discussed above propagate on the AdSs X S' subspace
at the north pole of AdS5 X M?®. Expanding in modes of M?® in general yields a KK tower
of massive fields in AdSs (cf. (3.4)). We focus on the twisted sector solutions corresponding
to (3.13) for which

M = +k, m? = k% + 4k, (3.16)

where k is the S! mode number. As the “transverse” part (y) of the field Ay = C + iBsy
in (3.3) depends on k we label the corresponding AdS5 part as ¢g(x).

We may then reconstruct the corresponding 5d effective action for ¢y (x) by starting
with the 10d supergravity action in (1.9). Written in terms of G3 defined in (3.2) the
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relevant part reads

1 - -
510:_@/ {Gg/\*Gg—FZAQ/\G?)/\FS] . (3.17)

Inserting here the Ansatz (3.3) with € given by (3.6), (3.7) and integrating over M?> we
get the effective action for ¢, propagating in AdSs

S5 ~ 3V / Py [~ Gaasy Pk (Vi —m) i, m* =k(k —4), (3.18)
Y= / W N *W, . (3.19)
MS

For every real ¢y there is also mode ¢ _j, arising from & (3.8) with m? = k(k + 4). For the
Ansatz (3.10) the prefactor (3.19) becomes

sin? p| f1(p)| + cos® pV(p)| fa(p)* + | f3(p) | (3.20)
cos psin p ‘ ‘

y=1 / sin 0 dxddedy / % dp

Inserting the solution (3.13) corresponding to the twisted sector mode of interest we find
for a — 0

VY~ ‘Zf’ +0(a?). (3.21)

This suggests that we should rescale ¢, by a?, getting V — a*V and thus a finite action
in the a — 0 limit.!°

Alternatively, instead of starting with the 54+5 Ansatz (3.3) we may follow the idea of [5]
and attempt to construct an effective 6d action for twisted modes localised on AdSs x S*.
Locally, near p = 0, we may approximate S°/Zy as C2/Z5 x S', so that the S! dependence
factorises. One may try to justify this approach by using the solution on the resolved manifold
MP found above. The solution for the 2-form € in (3.3) given by (3.13) is regular everywhere
apart from p = 0, where

9 ikx d(si . 1
0 R 2 (e - T o) o6, 0=
sin® p sin p sin® p
(3.22)

In the vicinity of p = 0 we thus find that Q is an exact 3-form up to an e**X phase factor.
This suggests that for a — 0 (when the relevant modes localise close to p = 0) we may
effectively decouple the S}( from the rest of M®. Then starting with the factorised form
of the field A in (3.3) and summing over positive and negative k-modes we find that the
part of As that is divergent for p — 0 factorises as

A= 3 or(@)d™(p,0,6,0) =" $(x,x) Op,0,6,) (3.23)
k=—o00

Gz, x) = Y, e™Xopp(). (3.24)
k=—oc0

1OWith this a* factor added, the integrand of the p-integral in the region where p — a — 0 takes the form
of §(p — a) restricting the integration to a small S/Zs-shell around p = 0. This may be interpreted as the
orbifold singularity being cut off at scale a.

,13,



Assuming that this divergent part which is regularised by the blow-up procedure dominates
over contributions coming from the regular part of € in (3.13) we may thus approximate
our 2-form fields as in (1.11) by

BQZ/B(l';X)@y CQ:"Y(an)@a Sa(an) :/8($7X)+27(x7><)7 (325>

where the real 2-form © is independent of the S' coordinate x. The resulting action for the
6d fields § and ~ following from (1.9) or (3.17) has the following structure

s~} | & dx V=06 [c1(D:8)? + c2(0B)? + e1(9:7)? + e2(Dy7)? — 8es B
AdS5 xSt
(3.26)

=7 / d*y\/99°°6"* 04O, co = / d*y\/99°°6"0 O cag®*, 3 = —2m / CYNCE
(3.27)

where the integrals go over the local factor-space M5 /S?.

In the case of the flat-space orbifold we may choose an anti-self-dual © and gX* =1
so that ¢; = ¢y = ¢3. In the S° /Z2 orbifold case using the approximation (3.25) and the
definition of © in (3.22) as well as (2.8),!! we find that integrands of cj, ¢z and c3 in (3.27)
diverge as p~® for p — a — 0 implying that

473
C1 ~ Cy ~ C3g~ F -+ (’)(a_3> . (3.28)

Notice that this divergence is of the same order as in (3.21) and should be treated similarly.
As a result, we get essentially the same expression as in (1.12) for the leading contribution
to the 6d effective action

So~ gV [ drdxvge [(0iB)2 + (0B)? + (9)* + (91 = 880| . (3.29)
5
Expanding § and + in Fourier modes along x and diagonalising the action (cf. (1.13)) results
in the same spectrum and 5d action as in (3.16), (3.18).

4 Matching to gauge theory: leading and subleading corrections

Let us now address the question of reproducing the gauge theory prediction for the 2-point
correlator of twisted sector modes in (1.5). We shall first comment on the matching at the
leading order in strong coupling [22] based on the low-energy action (1.12) and then discuss
how to modify this action to include leading o’3-corrections.

UExplicitly, one has

1 a
59 cgbdeabecd =

1
=T V9 = gsingpcospsinﬁ.
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4.1 Normalisation factors

Let us start with an action for a massive scalar in AdSs

1
S[g] = 5140/d5gc, [ (Vs —mDp,  AA—4) =2, (4.1)

where for generality we introduced a normalisation factor V,. Fixing the Dirichlet boundary
condition ¢|,,,s = o one gets for the value of the action [30, 31]

4,41 Po(z)po(a) _2A-2I(A+1)
d*zd*x , nA_WQ A T(A-2)

Slpo] = %Vgo na / (4.2)

DAdSs |z — o [*2
We assume that the generating functional for the correlators of the corresponding dual
operator O contains the source term Co [, Ads, P00 . The resulting prefactor in the 2-point
function of O is given by (cf. (1.2))

Go =naV,C}. (4.3)

In general, the value of Gy is ambiguous depending on normalisations of the field ¢ and
the dual operator O.

In ref. [20] the dimensionless action normalisation constants V,, in the 5d actions corre-
sponding to the untwisted and twisted scalar fields dual to the operators Uy and T in (1.1)

were given as'?

[ —— - —_— 5 . =
Ve, = 252 L 2 L7 s 2k—472 (k4 1)2° (44)
_ 1 AV 3 _ N2

In (4.4) the factor %3L5 is the volume of S°/Z5 and s, comes from the KK-mode overlap
integral on the compact space (cf. [32]). With the choice of normalisation (1.1) of Uy
(corresponding to a particular C”Uk in (4.3)) we have Gy, = 1 in (1.4).

The presence of the factor (ra’)? in the twisted field normalisation (4.5) appears to
be an ad hoc choice required to explain the presence of the non-trivial A™! prefactor in
Gr, in (1.5).13 It may be attributed to the “stringy” nature of the twisted sector modes
described by a 6d action (1.12) that should have an overall normalisation fixed directly
from the string theory computation involving twisted-state vertex operators normalised in
a particular way. It should be related to the localisation of the twisted-sector modes to
the fixed 6d subspace with the factor o/? effectively replacing the “transverse” 4-volume
factor L* in the untwisted case (4.4).

In our present approach where the starting point is the 10d supergravity action expanded
near the resolved orbifold background AdSs x M5 the role of this extra scale factor is effectively
played by the resolution parameter a. Indeed, as we discussed above, compactifying from

2Here L is the scale of AdSs and ﬁ = (%)72,492 = (42%];7);8 , s =20"F ’(“]g’_:)lg , where 2N is the rank of
the gauge group before orbifolding.
13n [20], the factor (27a’)? was introduces as a rescaling to make the boundary value of the field oo

dimensionless (with extra 4 to cancel 1/4 factor in the 6d action there).
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10d to 5d we get the twisted-mode action (3.18) with a~* scaling (3.21) representing the
delta-function in 4 transverse directions (see also footnote 10) that can be eliminated by a
rescaling ¢ — ap. Interpreting a as an effective counterpart of the string scale va/ in a
direct string theory computation, this produces an extra (%;)2 factor in the twisted case (4.5)
relative to the untwisted one (4.4).

Going beyond the leading order in large A the form of the localisation result for Gr,
in (1.5) implies that one is to replace v'A by v/ X according to (1.7) [10, 11]. This redefinition
may be interpreted on the string side as being related to a renormalisation of the effective
string tension or of the AdSs radius which should be due to the fact that orbifolding breaks
half of the maximal supersymmetry of AdSs X S°, i.e.

L? L2
V== 4&:?—41@;2. (4.6)

Oé/
The extra factor ()‘yl)k in (1.5) may be absorbed into the normalisation of the twisted
sector operators. Up to the overall factor the subleading corrections in the strong-coupling
expansion (1.5) of Gr, have the same pattern as c1a’® + c2a’® + ... corrections in type IIB
string theory. The first subleading term is
¢(3)

3
N2

Gr, ~ 1+ 12k —1)(2k — 2)(2k — 3) 22 + O(N%/2). (4.7)
Let us now discuss a possible tree-level string theory origin of this large- N strong coupling
correction.

4.2 «a'3-corrections

Our strategy is to find a higher-derivative correction to the 6d action (3.29) quadratic in the
twisted sector modes by starting with the tree level type IIB string effective action including
a3¢(3)R* + ... terms and repeating the procedure that led from the 10d supergravity action
to the action (3.29).

In section 3 we have shown that the fields Bs and Cy develop additional normalisable
modes on the resolved orbifold background M?®. Sending the resolution parameter a to zero,
we observed that these modes localise close to the emerging orbifold singularity and can be
described by the effective 6d action (3.29). We now expand the relevant o/3-terms which
are quadratic in Ay = By 4 iC5 near the deformed orbifold background AdSs x M?® and
use that the relevant modes localise on AdSs X S' to integrate over the internal 4-space.
This should result in o
¢(3)-term in (4.7).

To recall, the tree-level type IIB string low-energy effective action has the following

-corrections to the 6d action (3.29) responsible for the subleading

schematic form (see, e.g., [33-35])
Seit = S10 + 03¢(3) / A%z /=g[R* + Ls(R, F5, G3)| + O(a”). (4.8)

Here Sy is the type IIB supergravity action, R* indicates the curvature-dependent invariant
and Lg depends on RR fields (we ignore numerical constants and dependence on dilaton, RR
scalar and fermions). Expanded near flat space, Lg involves at least four fields and eight
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derivatives as the 2-point and 3-point string amplitudes for the massless modes do not receive
o/-corrections. The explicit form of Lg should be fixed by supersymmetry but is presently
not known (cf. appendix B) so our discussion below is partly qualitative.

Assuming a scheme (field redefinition) choice in which the curvature dependence of the
string effective action is expressed in terms of the 10d Weyl tensor C (i.e. replacing R* in (4.8)
by C4, etc.) one concludes that the 2-point and 3-point functions of the massless string modes
do also not receive corrections near the conformally flat AdS5 x S° background (cf. [24, 25]).
The same then applies to the untwisted sector BPS modes in the AdSs X S°/Z5 orbifold
case (the Weyl tensor here is again zero away from the orbifold singularity).

To find the correction to the action (3.29) of the twisted sector modes we need to
consider (4.8) expanded near the resolved AdSs X M?° background and determine terms
quadratic in the Aa-field that survive in the a — 0 limit. For AdSs x M?® the Ricci tensor
and Fs have the same structure as for AdSs x S° (see (2.11), (2.22))

4 4

4
RU = _ﬁgij ) Rab = ﬁgaba F5 = Z(VolAds5 +VO]M5 ) s (49)

but the Weyl tensor of M? is no longer zero (cf. (2.18), (D.7))

sina

Cabcd(MS) ~

. 4.10
sin® p ( )
The leading correction to the term quadratic in G3 = dAs should then come from the
structures in Lg in (4.8) that are at least linear in the Weyl tensor C(M?), i.e.

Lg ~CF5G3V3Gs+ ... . (4.11)

Here we indicated only the term with highest possible (third) power of covariant derivatives
as one can see on dimensional grounds. This term may be related to the k3-term in (4.7).
Its detailed index structure is discussed below.

In general, assuming that the relevant modes of Bs and Cs “localise” to 6d space as
in (3.25) we are led to the following correction to the 6d action (3.26)

ASg ~ a”¢(3)V Prdxv=gs (K1 B+ 1Koy +BKs7),  (412)
AdSs5 xSt
5—2n
Kr= Z knl,r (Vids5)n (ax)l : (4'13)
n=0 =0

The masses of the 5 and ~ fields are expected to be protected by supersymmetry so K
and /Cy should depend only on the 6d covariant combination Vi a5 + 892(. The terms with
second power of V2 45y 10 (4.13) can then be eliminated using field redefinitions (cf. (3.26))
so we may ignore them. Furthermore, the mixing of § and v in (4.12) may only affect
normalisations at subleading order in o/. We may then assume that the only relevant effect
of adding the correction ASg to the leading-order action (3.29) is a possible change of the
overall normalisation due to an extra operator P(d,) = pg@i + pg@i + p10y + po factor
in I, operators, i.e.

Ki =Ky = P0) (V2 +02), Oy =8P(3,) 0y (4.14)

AdS3
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After expanding in S}( modes we have 0, — ik so to reproduce the correction in (4.7) we need
P(dy) ~ 3(2i0y + 1)(2i0y + 2)(2i0y + 3) . (4.15)

This peculiar structure should be dictated by supersymmetry.

5 Matching the k3-term

Let us now try to substantiate the above procedure and fix the required structure of the
correction in (4.11) by focussing on the leading 97-term in (4.15) that should reproduce
the k3-term in (4.7).

This term is dominant in the large R-charge limit k¥ — oo which, combined with the
large-\ expansion in (1.5), should be analogous to the familiar BMN limit [36]. Indeed, the
strong coupling expansion of the gauge theory expression in (1.5) expanded also at large
k admits a regular limit

G

= (27v)? e BV loe2 [1 +4¢(3) 3 —9¢(5) v° +8¢(3)% 0 + . .. } , v

-

T A k—oo
(5.1)

This gives a hint that one may be able to reproduce (5.1) on the string theory side by starting
with a pp-wave limit of the orbifold background.'* The parameter v = % is the analogue of
the semiclassical BMN-momentum along S’}( which is fixed in the large-k, large-A limit.

Below we suggest a strategy to reproduce the v3-term in (5.1) by starting with the
pp-wave limit of the resolved orbifold background AdSs X M?®. This provides a substantial
simplification allowing one to see more explicitly that a/3-corrections as in (4.11) indeed lead
to the k3¢ (3)-term in (1.5), (4.7) or the v3¢(3)-term in (5.1).

At the end of this section we shall return to the case of the original AdSs x M?® and
identify a particular structure in (4.11) that may correspond to the k3-term without first
taking the pp-wave limit.

5.1 Large-k limit: pp-wave analogue of the resolved orbifold

In the familiar AdSs x S° case the Penrose limit [37] corresponds to focussing on states with
a large momentum k along S' C S°, i.e. expanding near a light-like geodesic along the time
direction of AdSs and an isometry circle of the S°. This is equivalent to a scaling limit

L /
\/a—>oo7 kE— oo, V:%:%k:ﬁxed. (5.2)
In the present orbifold case we may consider a similar limit of AdSs X M?® with S! being
the fixed y-circle. Starting with

ds?y = L? (dszAdS5 + ds%vls), dsilds5 = —dt?cosh?r + dr? +sinh?rds%s,  (5.3)

MWhile this may work for the 2-point correlator, in general, the pp-wave limit may not be enough for
reproducing 3-point functions. Still, it is interesting to note that according to (1.4) and (1.6) in the large-k
A 3/2 3/2 —8v .
limit, we get Gy, 1, 7, — =, Gr, 1, 00, — B (2nv)? e B los? [1 +4¢(3)v3 + (’)(1/5)] Thus the ratio

Gr, 1,00,/ Guy vy, 04, Nas & well-defined limit depending only on v.
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where ds%vls is given by (2.17), we perform the rescaling

1 1 1 1 L
ﬁx ) r—>z’f'7 p—>zp, a—>za7 r =

At leading order in large L this results in the following pp-wave metric

T = (t£x). (5.4)

N =

dsty = —ddatdz — (2?4 p%)(de) 2+ da'da’ + Vo (p) " dp? 49 02402+ Vo(p) 02|, (5.5)
Vo(p) =1-%, (5.6)

where z° (i = 1,2,3,4) are originating from the AdS5 coordinates. This background is a pp-
wave with the transverse space being the product of R* and the EH space with metric (2.4).
The 5-form (2.22) becomes

Fs=4dzT A (de! Ada? Ada® Adat — pPdp Ao Aoy Nos). (5.7)

One can check directly that this background solves the 10d supergravity equations and
preserves half of the maximal supersymmetry.

Alternatively, we may arrive at this background by first taking the Penrose limit of
the orbifold AdSs x S°/Zs, resulting in an orbifolded pp-wave background [38-42] with
the transverse space being R* x C2/Zy. To resolve the orbifold singularity [41] we may
replace C2/Z5 by its EH resolution (2.4). One is then to check that the resulting pp-wave
metric satisfies the supergravity equations. As the EH metric is Ricci flat, this requires that
the coefficient H(z, p) of the (dzt)2-term in the pp-wave metric should satisfy the Laplace
equation V2H = 0 on the transverse space R* x EHy. Choosing H = x? + h(p) one finds
that h should solve the Poisson equation on the EH space

V2 h(p) =8. (5.8)

It has h(p) = p? as its simplest solution which reproduces (5.5).1°

Next, we also need to find a similar limit in the solution (3.3), (3.13) for the twisted
sector mode. The e”*X mode in (3.13) should correspond to a particle moving fast along
the S'. We get

e 5h? 24 5p?
Q— [2e 2 % (2+vp?)os Aoy +ivp*dat Ao, — p
p

__k v
dpAo.| , V==
(5.9)

Indeed, starting with the analogue of the supergravity equations (3.1), (3.2) in the pp-wave
background (5.5), (5.7) we get for the pp-wave analogue of the solution (3.3), (3.13)

Ay = (2T, 2")Q, (20004 + 0;0" — V*2® — 4v)p = 0. (5.10)

The ' dependence is found as in the harmonic oscillator problem. For the ground-state
solution we get the dispersion relation corresponding to a particle with m? = 7% — 4w.

Like the original solution (3.13), the pp-wave solution (5.9) diverges for p — 0 with
the leading term being (cf. (3.22))

Q p:iO L26_2i5z7 @EH, @EH = d(p_2 UZ) y (5.11)

5Note that ref. [41] discussed a different solution for h(p).
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where Opy is the anti-self-dual exact 2-form on the EH space with non-zero integral over
the resolution cycle [28]. Rescaling Ay by a? we thus get

AZ = L2a2 ¢($_7$+a$i) @EHa (ﬁ(l‘_,l‘—’—,l'i) = 6_2i5x7 90($+7$i) ) (512)
which satisfies the equations of motion up to terms of order p?

2
V2Aup +iFap PPV Apy = (V2 — 2i0_)Aup = %aEAAB . (5.13)

This is not an issue for the interpretation of Ay as the origin of the twisted modes as according
to the discussion in section 3.2 these modes localise near p = 0. However, we will see below
that the p?-terms are still important to render the o/3-correction finite.

Let us return to the analysis of a/3-corrections (4.11) in section 4.2 now using the pp-wave
background. The Weyl tensor corresponding to the pp-wave metric (5.5) (see appendix D)
splits into two parts

p

where Cgyg = Cpege is the Weyl tensor of the EH space and Ciuix has non-zero components

a4 a4
C =CrHu + Cuix , Ceu ~ O E Cnix ~O | — | » (5.14)

of the form

CL4

(Cmix)+b+b - ig ’ (515)
where b =1,...,4 is a Vierbein index of the EH space. The invariant in (4.11) involves one
power of the Weyl tensor and two powers of the G3 = 2A3 field, which according to (5.12) is
proportional to Ogy. One can check that contractions of the form CpixOrpOru vanish. We
thus need to consider only contractions with Cgyy = (Cpeqe) With the relevant ones being

CL4 a4
Chede Oy = 16E@EH,I;C7 Chace Oy = SF@)EH,bc- (5.16)

The EH Weyl tensor diverges as Cgy ~ (’)(a*Q) in the orbifold limit p — a — 0. Therefore, an
insertion of Cgy should be accompanied by an additional factor proportional to a? or p? to get
a finite correction. According to (5.13) such a factor may come from a (V2 — 2i0_) As-term.

We can now specify more explicitly the conjectured structure of the a/*-invariant
in (4.11) required to reproduce the leading k3-term in (4.7). Staring with the term
FABCDEC, - FC .G o POG e we need to add to it other terms with a smaller number
of covariant derivatives in order to get the combination V2 — 2i0_ and to reproduce the
right spectrum. This is achieved by starting with

Ly ~ FABOPEC, , IC (iVAC_?Bc ON2Gran + $Fra "7V AGpc "V Gk
- A - (5.17)
+ Frpe "G apcV2Grry — tFpe M i KMN G apeVuGrun + c.c.) .

Using the equations of motion and integrating over the EH space we then find the following
a/3-correction to the 6d effective action (cf. (4.12))'°

ASg ~ a3C(3)V &z dx v=gs (iVGVEVAp +45V1 5 +cc.). (5.18)
AdSsx St

16Note that any contraction of F5 with ©gn, C and another Fs can only involve indices from the EH space,
leaving at least the + index of Fs uncontracted. This then requires a contraction with V_.
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This correction has the same structure as the leading-order action in (1.12) (with ¢ = S+4iv as
in (3.25)) but with an extra insertion of the operator V2. It thus corresponds to the d3-term
in (4.15). Acting on ¢ in (5.12) it produces the expected v3-term in the 2-point function (4.7).

Let us note that the suggested structure (5.17) of the required o/3-term is not unique. For
example we could use other contractions of internal indices, like the second option in (5.16),
or a different ordering of the F5 and C factors. The structure of Lg in (4.8) dictated by
supersymmetry should be a combination of all such terms that leads to (5.18) with the right
overall coefficient to match the one in (4.7).

5.2 Back to AdS5 x M?®

Let us now see how to reproduce the k3-term in (4.7) without first taking the pp-wave limit,
i.e. by starting with the string effective action expanded near AdSs X M?®

The Weyl tensor AdSs X M5 written in Vielbein components (see appendix D) can
be split, like in (5.14), into two parts

sint a sinta
C= Cint + Cmixa Cint ~ O( - 6 s Cmix ~0 - 4 ) (519>
sin® p sin* p
where Ciyt resembles the EH Weyl tensor Cgy for small p
4
Cint '~ Cpyg + O (‘Z) , (5.20)
P
and Cpix only has entries of the form
sinta
Crix =4+—F-. 5.21
( mi )XbXb sin4p ( )

Expanding the approximate solution for Q = ¢**X@ in (3.22) for small p yields Oy as the
leading O(p~2)-term in ©

Q=c*xe P X opy +0(,°). (5.22)

We check that like in the pp-wave limit in (5.13), the field Ay = ¢(x, x)© in (3.23) satisfies
the equations of motion (3.2) up to O(p?)-terms

V2Aup +iFap PPV o App = —k2p* Aup + (’)(p4A> = 0?2 Aup + o(p4A) . (5.23)

Given that only the leading term in p — 0 should contribute to the relevant part of the
action, we may use the same o/3-combination as in (5.17), now starting with the AdS5 x M?®
background. It evaluates to the same 6d correction (5.18) reproducing again the k3-term
in (4.7).

In addition, we expect also other corrections that should correspond to ((3)-terms with
lower powers of k in (4.7). Various cancellations that prevent divergence of the a/3-corrections
in the pp-wave limit should still occur here, but only up to subleading finite terms.'” To

7 Consider, for example, the C2-term which diverges as ;Ti. We expect this divergence to cancel algebraically

up to order p‘%, where finite contributions can arise when multiplied with the operator in (5.23). These
finite contributions did not arise in the large-k limit, so they should be due to the p?-corrections to the
AdSs x M?® quantities.
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illustrate the cancellation structure we expect, let us consider the contraction
\/—gCABCDCCD EF(QABQEF — SQAEQBF) . (5.24)

As this term involves two Weyl tensors C and two 2-forms €2, we would expect a small-p

divergence of order Z%i. In fact, this contraction vanishes on the pp-wave background of
12

section 5.1 and behaves as ZTg in the AdS5 X M5 case. Supplementing (5.24) with other
terms involving factors of derivatives and F5 we may be able to build an invariant like (5.17)
that reproduces the k?-term in (4.7) but vanishes when evaluated on the pp-wave background.

At this point, the appearance of such cancellations in an eventual complete description of
the o/3-terms is speculative. However, let us mention that precisely this cancellation pattern
is observed in the explicitly known a/3¢(3)R* term in (4.8): despite involving four powers
of the Weyl tensor it vanishes on the pp-wave background and is finite in the p — a — 0
limit on AdSs x M?.

6 Concluding remarks

In this paper we suggested a strategy of matching the large-coupling expansion of twisted
sector correlators in planar 4d N' = 2 superconformal SU(N) x SU(N) quiver gauge theory
to o/-corrections in the dual orbifold string theory. Specifically, we considered the 2-point
function of the twisted sector operators T} in (1.1).

The corresponding twisted sector string modes localise on the fixed AdS5 X S subspace.
To access these localised modes, we proposed an explicit resolution of the S°/Zs orbifold
singularity (2.17), represented by a (non-supersymmetric) solution of 10d type IIB supergravity.
The resolved space has a non-trivial 2-cycle on which the 2-form supergravity fields can “wrap”.

These extra modes should effectively represent the lightest twisted sector string modes
that should be present in the first-principles string theory approach (which is possible in
flat space but is not directly available in the AdS5 X S°/Z5 case). We derived an effective
6d action for these 2-form modes following from the supergravity action expanded near the
resolved background. An analogous treatment for other light modes in the twisted sector
should be possible, too (cf. [5]).

We then suggested how the inclusion of the a/3-corrections to the type IIB effective
action may allow one to match the subleading term in the localisation result (1.5). Our
discussion remained at a qualitative level due to lack of knowledge about the full expression
for the supersymmetric completion of the o/>R* invariant. We pointed out the important
simplification that happens in the large R-charge limit k& — oo when the resolved orbifold
background simplifies to a pp-wave one.

It would be interesting to extend our approach to the 3-point function (1.6) and understand
the string theory origin of the relation between the 2-point and 3-point coefficients mentioned
in footnote 4. Another possible extension is to the case of the AdSs X S°/7;, orbifold
dual to the L-node quiver in which case the generalisation of the expansions in (1.5), (1.6)
where recently found (see [43] and refs. there). Ref. [43] observed interesting simplifications
occurring in the large-L limit correlated with taking k or A large; this may be suggesting
the existence of a similar well-defined limit on the string theory side.
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A String spectrum for a flat-space orbifold

Here we review some facts about the superstring spectrum on a particular RS x C2?/Z,
orbifold (see [26, 44, 45]). Starting with RYY we identify coordinates as (x5, s, z7,28) ~
(—x5, —x6, —27, —78).75 We shall use the Green-Schwarz formulation in light-cone gauge
with the action (i = 1,2...,8)

S = % Qo (0,0'0_a' + iS50, 55 +i570_5%) (A1)
We are to keep only states that are invariant with respect to the Zs-symmetry. In particular,
states localised at the singularity (i.e. with z§ = p§ = 0, where a € {5,6,7,8}) can only have
even numbers of Z3-odd excitations, as, for example, the bosonic modes a®,, and &%,,. To
analyse the fermionic modes, we need to decompose the two SO(8)-spinors Sz and Sg, which
in type IIB theory have equal chirality, according to the splitting rules

SO(8) — SU(2) x SU(2) x SU(2) x SU(2), (A.2)
8 —(2,2,1,1)®(1,1,2,2), 8:—(2,1,2,1)®(1,2,1,2), 8.,—(1,2,2,1)®(2,1,1,2).

The orbifold action in this decomposition is represented by

-1 0
FZILQ@IIQ@ILQ@(O _1). (A.3)

We interpret the first two quantum numbers as determining the representation in the 4d-space
spanned by x! with i € 1,2, 3,4. The remaining untwisted SU(2) will become an R-symmetry
in an eventual compactification.

The localised states belong to two distinct sectors, the untwisted one, which is just the
Zo-invariant part of the usual type IIB spectrum, and the twisted one which closes up to
a I'-transformation. Let us analyse them in turn.

Untwisted sector. We can follow the usual IIB construction and use (A.2) to split

(8c @ 8y) — ((2, 2,1,1) & (1,2,2, 1))1 B ((1, 1,2,2) & (2,1, 1,2)) . (A4)

where the subscript denotes the eigenvalue under I'. When we combine left- and right-movers,
we only keep I'-invariant states, so we can ignore cross-terms and drop the 3-representations
of the last SU(2). This results in the spectrum

I: (3,3,1)9(2,3;2)®(2,3;2) ®(1,3,1) & (1,3;1) & (1,3:3)
I7: (3,1;1)®(2,1;2)®(2,1;2)@(1,1;1)d (1,1;1) @ (1,1;3), (A.5)
IIr7: (3,1;1)®(2,1;2)9(2,1;2) ¢ (1,1;1) e (1,1;1) & (1,15 3).

18We can also describe this as simultaneously rotating two C-planes by an angle 7.
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Here, we dropped the last SU(2) factor (all fields are in the representation 1) and separated the
R-symmetry. The three sets form representations of 6d A/ = (2,0) supergravity, namely the
gravity multiplet I and two tensor multiplets /1 and I11. Alternatively, we could have arrived
at these multiplets by expanding the known type IIB spectrum in SU(2) representations
and projecting upon the 1 of the fourth SU(2) factor.

Twisted sector. In the twisted sector, half of the bosonic and fermionic oscillators have
to be glued with antisymmetric boundary conditions. In general, such twisted boundary
conditions can affect the normal ordering constant, but here it receives equal contributions
from fermions and bosons and therefore vanishes. However, only the fermions with symmetric
boundary conditions have zero modes, so at the massless level, the usual ground-ground-
statestate degeneracy is generated only by one spinor 5’8‘ in the representation (2,1,2,1).
Starting with a I'-charged state |a) € (1,1,2,2), we can act with 5’8‘ and create

18) =T%,56 |a) € (2,1,1,2). (A.6)

Another action with 5‘8‘ leads back to (1,1,2,2). Therefore the massless states generated in
both left- and right-moving sector furnish the reduced representation

(1,1,2,2) & (2,1,1,2). (A7)
Combining the left- and right-moving states we get
T: (3,1;1)®(2,1;2)@(2,1;2)®(1,1;1)®(1,1;1)® (1,1;3), (A.8)

which is another tensor multiplet of 6d N' = (2,0) supergravity.

B Comments on o’3-terms in the type IIB string effective action

The familiar R*-term in the tree level type II superstring effective Lagrangian may be

written as!?

04/3

L= m <(3) <t8t8 - iegeg) R4 . (Bl)
Here the tgtg-term is fixed from 4-graviton amplitude [34] while the presence of the e-term may
be deduced from sigma model considerations [46, 47] or by computing a 5-point amplitude
(see a review in [48]). Other a/3-terms should be related to (B.1) by supersymmetry. We
are interested, in particular, in the terms quadratic in G3 = Hs + iF3 but they appear to
be not known completely.

Ref. [49] discussed some subset of terms with R* — R4 + 6R2|VG|> + ... in (B.1) and
extra |[VG|* that have different index structure. Another approach followed in [50] was to
use contraction tensors t,,, which are expected to arise from 10d superspace integrals. In

19We shall ignore the dependence on the dilaton and set eges = —%eloelo.
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particular, they considered the following subset of terms (¢, and c¢5 are numerical constants)

4
L) et GRG", (B.2)

n=0
RaBcpek = 39ckCaBDE + 5 VAFBCDEK (B.3)

+ 7oz (FABCLMFDEK M 3FapkimFepe LM) +csGapcGpek, (B.A4)

where Capcop is the Weyl tensor and F5 is the RR 5-form. We refer to [50] for details.

C Solution of the 2-form equations of motion

In this appendix we solve the equation (3.7) by imposing the spherically symmetric
Ansatz (3.10). At finite value of the resolution parameter a it is useful to define k=p 1k
such that ky = k¥ (cf. (2.9), (2.16)). In the orbifold limit a — 0 the distinction between
k and k disappears.

Demanding closure of the 3-form w results in the equation

2f1(p) — ik f2(p) + f3(p) = 0. (C.1)

Eq. (3.7) takes the form of 3 coupled ordinary differential equations

=M f1(p) = 0y cotp V() ulp)] + i = Fi(p), (€2)
~iMfap) = 0y ltanp Flp)] + o ale). (€.3)
—iM f3(p) = ik tan p f1(p) — 2cot pV (p) fa(p) , (C4)

which are consistent with (C.1). We can solve algebraically for f; and fy

kM tan p f3(p) + 2V (p) f5(p) _ 2M tanp f(p) — ktan® p fi(p)

filp) = W) , fa(p) W) :
(C.5)
W(p) = k*tan? p + 4V (p) . (C.6)
We then get a second order linear ODE for f3 of the form
5(p) + P(p)f3(p) + Qp) f3(p) = 0, (C.7)
_ 1 Wi Vi
PO = Cospsing ~ Wio) T Vo) (C8)
_ 1 W(p) - (tanp W (p) 1
A= 5 [ty M (50 )] (C9)

Introducing f3(p) defined as

o) = e [ [ Po)] Fto) = oo 38 ). (€.10)
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we get for it the Schrodinger type equation (3.11), with the potential

Ulp) = 1 P*(0) + 5P (0) — Q(p). (C.11)

U(p) has the form of a smooth well between two poles at p =0 and p = § (¢ — 0)

2 _ 1

UO+6) ~ 15 +O(1), U(”—e)~k€24+0(1). (C.12)
For a > 0 we also find a pole at p = a as is evident from (3.14) and is illustrated in 2.

Imposing appropriate boundary conditions restricts the value of the parameter M
in (C.9) to a discrete set for every given k.

For a = 0 the spectrum of normalisable modes corresponds to a subsector of the usual
Kaluza-Klein spectrum on the (orbifolded) sphere [29]. It is instructive to study this case
in more detail.

Solutions for a = 0. At a = 0 the coefficient functions P and @) take the form

W, 4kM
_ .ng)+M2+72,
sin® p Wo(p) cos? p

1 tan? p
P =———[1—2k? =
0(10) COSpSin ( k Wo(p)) ) QO(p)

(C.13)
where Wy(p) = k?tan?p + 4 is the value of W(p) in (C.6) at a = 0. We can put (C.7)
in the Sturm-Liouville form

tan p tan p -
Ip [Wapfs(m} + WQO(P)fS(P) =0. (C.14)
The corresponding norm of f3 is then
o [2 . tanp -
156l = |7 dp 3l (o) Folo). (©15)

Normalisability is guaranteed if f3 vanishes at both singularities. Close to the singulari-
ties, (C.7) takes the form of the Bessel equation, and we can extract the leading asymptotics
of the solution as

f3(p) P20 csin? p+ésin 2p, f3(p) P27 dcosk p+dcos™p. (C.16)
Then normalisability restricts ¢ = d = 0. Introducing h(p) defined by

f3(p) = sin® pcos® ph(p) (C.17)

we get for it the following equation

9 [u(p)aph(p)] +u(p)(M =k —2) (M +k+2)+ Woioks?p h(p) =0, (C.18)
where cos?*~1 psin® p
u(p) = Wolo) (C.19)
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is again the relevant measure that defines the Sturm-Liouville norm. We shall assume
Neumann boundary conditions.

The potential in (C.18) vanishes for M = k + 2, in which case this equation is solved
by constant h(p). This corresponds to the effective 5d masses

m?=(k+2)(k+6), m*=(k+2)(k—2), (C.20)

which match the spectrum found in [29]. We also find normalisable modes at every successive
value M = k + 2(n + 1), where n € Ny denotes the number of zeros of the function h(p).
This is the KK tower of 2-form excitations obeying our symmetry requirements. If we try
to extend this tower to n < 0 we instead find that the boundary asymptotics change to
f3(p) ~sin~2 p. We also find a tower of non-normalisable solutions at M = k — 2n, n € Ng.

Twisted sector solutions. Turning to the discussion of solutions corresponding to the

twisted sector, let us now pretend that the boundary conditions at p = 0 can be violated and

f3 ~ sin~2 p is still a valid solution. We can then again extract a factor from f3 by setting
cos¥ p -

f3(p) = h(p), (C.21)

sin? p

which results in the following equation for A

0 (RP)OH(0) + RP)M +k=2) (O = k42 + = V) =0, (C22
cosZk—1 psin~3 p
fi(p) = Wo (o) ; (C.23)

which is again solved with Neumann boundary conditions.
To make contact with the relevant solution in (3.22), we need to require that the

component
=0
Q. = V(p) cotp fa(p) "= cotp fa(p) (C.24)
is finite at p — 0. This singles out the non-normalisable solution at M = —k given by’
cos® p 2 2
f3=—=— (2cos” p+ ksin p), (C.25)
sin“ p

which reproduces the spectrum of twisted states dual to the Ty operators in (1.1). The other
two functions in the full Ansatz (3.10) are given by

k+1

cos . . 1
filp) = pr@ + ksin? p) fa(p) = ik cos* 1 psinp. (C.26)
Then
Q = ekx <tanpf1(p) oz N oy +cotp falp)dxy Ao, — M dp A O'Z> ) (C.27)
cos psin p

takes the form given in (3.13).

20From the previous perspective, this is a diagonal cross-section through the tower M =k — 2n at n = k.
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D Weyl tensors in Vielbein basis

pp-wave background. We can write the metric (5.5) in a partial Vielbein basis

. . 1
e=dy’, E=——=dp, =po,, e =po,, &S=p/Vi(p)o., (D.1)
Vo(p)
8
ds?y=—4dztdaz™ — (y2—{—p2) (dz™)?+ Z detde?. (D.2)
A=1

The corresponding components of F5 in (5.7) are then F1934 = Fis678 = 4. In this basis,
the non-vanishing components of the Weyl tensor C are

4 4
a a
Cs656 = Cs757 = Ceses = Crers = —Cse7s = Cr768 = *25 , Cssss = Cere7 = —Cs867 = 4? ;
(D.3)
o
Cis4s = —Ciot6 = —Cyrpr = Cygys = A (D.4)
and other components related by the usual symmetries Capop = —Cpacp = —CaBpc =

Ccpap. Egs. (D.3) represent the Weyl tensor Cgp of Eguchi-Hanson space and (D.4) are the
mixed components Cpix. This Weyl tensor vanishes in the orbifold limit a — 0.

Resolved background M?®. Similarly, we may introduce the following Vielbein-basis
for the metric (2.17) (see (2.3) and (2.9))

1

Ccos p 5
X = ———=dy, e’ = —=dp,
1 —sinta X Vp) P
b =sinpo,, e’ =sinpoy,, e =sinpy/V(p) 6., (D.5)
8
dsty = dshgg, + eXeX + Z ee”. (D.6)
a=5

The 5-form components on M?® are then Fys678 = 4.
We find that the corresponding Weyl tensor expanded in small p is given by Cgy (D.3)
of the Eguchi-Hanson space plus higher order corrections O (,0_4). The remaining mixed

components representing Cpix are

sina

CX5X5 = _CX6X6 = _Cx7x7 = CXSXS = (D.7)

sintp
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