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Tamara Graval,]’2 Andrew P. Kels ,' and Erik Tonni'?
lSISSA, via Bonomea 265, 34136 Trieste, Italy
School of Mathematics, University of Bristol,

Fry Building, Bristol BS8 1UG, United Kingdom
3INFN, Sezione di Trieste, via Valerio 2, 34127 Trieste, Italy

® (Received 4 May 2021; revised 26 June 2021; accepted 11 August 2021; published 30 September 2021)

In the conformal field theories given by the Ising and Dirac models, when the system is in the ground
state, the moments of the reduced density matrix of two disjoint intervals and of its partial transpose have
been written as partition functions on higher genus Riemann surfaces with Z, symmetry. We show that
these partition functions can be expressed as the grand canonical partition functions of the two-dimensional
two component classical Coulomb gas on certain circular lattices at specific values of the coupling

constant.
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Introduction.—Entanglement in 1 4 1 dimensional con-
formal field theories (CFT) has attracted a lot of interest
during the last two decades, allowing us to explore many-
body quantum systems at criticality and quantum gravity
through the AdS/CFT correspondence (see the reviews in
Ref. [1]). The classical Coulomb gas in two spatial
dimensions (2D) occurs in many interesting models of
statistical physics [2-5]. In this Letter we find that some
entanglement quantifiers in two 1+ 1 dimensional CFTs
can be interpreted in terms of a classical 2D Coulomb gas
on specific circular lattices.

Consider a spatial bipartition A U B of a quantum system
whose Hilbert space is factorized as H =H, ® Hp.
When the entire system is in a pure state |¥) (e.g., the
ground state), the bipartite entanglement is measured
by the entanglement entropy S, = —Tr(p,logp,), ie.,
the von Neumann entropy of the reduced density matrix
pa = Try, |¥)(P| of the subsystem A (normalized by
Try,ps = 1). The entanglement entropy can be obtained
through the replica limit [6]

Sa = —-0,Trp}],_;, (1)

which requires the analytical continuation in n of the
moments Trp’} of p,, defined for integer n=2. The replica
limit (1) can be written also in terms of the Rényi entropies

S5 = [1/(1 = m)]log Trp} as S, = lim, ;.
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When the subsystem A = A; U A, is the union of two
disjoint regions A; and A,, its reduced density matrix p4
describes a mixed state whose bipartite entanglement can
be evaluated by the logarithmic negativity £ = log Tr|p£2|
[7]. This entanglement quantifier requires us to evaluate

the trace norm of the partial transpose piz, normalized
by Trpi2 =1, whose matrix elements are defined as

1) () Ty (1) (2 ) (@ ) (@ . I
(e eI lel ety = (e e [paley e}, with e")
and |e§2)> being bases for the Hilbert spaces H,, and
Hy,, respectively. The logarithmic negativity £ can be

found also through the following replica limit [8]:

E= lim1 log Tr(p42)", (2)

where the analytic continuation involves the moments
Tr(pgz)” having even n = n,.

In the case of a 1 4 1 dimensional CFT on the line and in
its ground state, the moments Trp” and Tr(p?)" with
integer n=2 are insightful entanglement quantifiers
because they encode all the CFT data of the model
[8-11]. They can be obtained as the partition functions
of the CFT on genus g = n — 1 Riemann surfaces with Z,,
symmetry [8,10-12]. Analytic expressions for Trp} and

Tr(p}?)" have been found only for a few models (the
compact massless boson, the critical Ising model and the
massless Dirac model) [8,10,11,13,14]. However, since
these formulas have a nonalgebraic form, the replica limits
(1) and (2) for a generic configuration of the two intervals
are very challenging (see Ref. [15] for numerical
extrapolations).

In this Letter we express the analytic formulas for the
moments Trp” and Tr(p)?)" in algebraic form for the
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critical Ising model and the massless Dirac model. This is a
useful step towards the analytic continuations (1) and (2).
Furthermore, we relate the resulting expressions to the 2D
Coulomb gas model on specific lattices.

The two component classical 2D Coulomb gas is a
neutral mixture of point particles with positive and negative
charge 1-¢. Their interaction potential, repulsive (attractive)
for particles with the same (opposite) charges, is propor-
tional to g*log(d/a), where d is the distance between the
particles and a is some length scale [2,4]. At inverse
temperature /3, the dimensionless coupling constant in the
Boltzmann factor is I' = g> and the model exhibits a
Kosterlitz-Thouless phase transition at I'. =4 [16]. The
necessity to introduce a short range repulsion led to studies
of the 2D Coulomb gas also on certain lattices [17-19].
When I' = 2, the model is solvable [17,20].

We find that the moments Trp’ and Tr(p}?)" for the
Ising and Dirac models can be written as the grand
canonical partition functions of the two-component
classical 2D Coulomb gas on certain circular lattices at
specific values of I', which are I' = 1/2 for the Ising
model and I' = 1 for the Dirac model. The 2D Coulomb
gas model corresponding to the Rényi entropies is very
similar to the lattice discretization [18] of the Coulomb
gas originally introduced to study the simplest Kondo
problem [21].

Entanglement of two disjoint intervals in CFT.—Ina 1 +
1 dimensional CFT on the line and in the ground state,
A= A] U A2, where A] = (M], Ul) and A2 = (I/lz, Uz) with
u; < vy < Uy < vy. The moments Trp} and Tr(p?)”
contain all the CFT data of the model (the central charge
¢, the conformal spectrum, and the OPE coefficients)
[8—11]. They can be obtained as the four-point functions

Trpﬁ = <Tn(ul)7n(vl)Tn(u2)Tn(UZ)> and Tr(piz)n =
(T ,(u)T ,(v1)7T ()T ,(v5)) on the sphere of the twist
fields 7, and of their conjugate fields 7 ,. The ordering of
the fields given by the sequence of the end points is crucial.
The global conformal invariance on the sphere leads to
(8,10,11]

Trp) = 2Py R, (x),  Tr(py)" = AP N, (x),  (3)
where A, = (¢/12)[n—(1/n)] is the scaling dimension
of the twist fields, ¢, is a constant, x = (u; — v;)
(uy — v5)/[(uy — up)(vy — v,)] is the harmonic ratio of
the end points of the two intervals, and P, =
1/[(vy —uy)(vy — ur)(1 = x)]. We remark that x € (0, 1).
The functions R,,(x) and N ,(x) originate from the same
function F,(z) with z € C as follows

Ru(x) = Folo. o) = (1=, (51). @

x—1

Equivalently, the moments in Eq. (3) can be evaluated as
the partition functions of the CFT on the one-parameter

family of Riemann surfaces defined by the complex
curve

C={(pn) €C" =22-1)(A=-2)""} (5

where z € C\{0, 1}. These Riemann surfaces have Z,
symmetry and genus g = n — 1. To determine Trp and

Tr(py?)", we have to consider the Riemann surfaces

corresponding to z = x and z = x/(x — 1), respectively.
The period matrix 7, (z) of the curve C with respect to a

given canonical homology basis takes the form [8,10]

n—1

7,(2);; = %Z sin(zk/n)zy;,(z) cos[2xk(i — j)/n],  (6)
=1

where 7,(z) =i ,F((p, 1= p; 151 =2)/,F(p,1 = p;1;2),
with ,F(a, b; c; z) being the hypergeometric function. The
Riemann theta function ®le|(z,(z)) with characteristic ' =
(8, €') € C*"=1) is defined as [22]

@[e}(fn(Z)): Z ein(m+s)‘7:,,(z)(m+£)+27ri(m+e)’6' (7)

mez"!

We focus on the CFTs given by the Ising model and the
Dirac model, whose central charges are c = 1/2and ¢ = 1,
respectively. By employing some results about CFTs of
orbifolds and on higher genus Riemann surfaces [23], it
was found that F,(z) in Eq. (4) is [8,10,11,13,14]

1 Ole|(z,(2))
Fulz) = i ;' 0[0](z,(z))

where y = 1/2 for the Ising model and y = 1 for the Dirac
model, and the sum runs over all half-integer characteristics
e' = (6'.¢'), namely, §;,¢; € {0,1}. The sum in Eq. (8)

1(2n

contains 5 (%

(7) is nonvanishing only for the %(Zn") nonsingular even
half-integer characteristics [22].

Since the ground state is pure, S| = S%”, which leads to
R,(1 =x) =R,(x). This relation is found also from the
modular invariance of the partition function [10,11].
The fermionic model obtained by taking only the term
with e = 0 in (8), which is not modular invariant, has also
been explored [24].

The CFT formulas for Trp’; and Tr(piz)" resulting from
Egs. (3), (4) and (8) with either y = 1/2 or y = 1 have been
checked through numerical analyses for the critical Ising
chain and for the XX chain at the critical point, respectively
[25,26]. Finding the analytic continuations required by the
replica limits (1) and (2) with the expression (8) for any
x € (0,1) is a very challenging task [11,27]. Numerical
extrapolations have been studied [15].

Hyperelliptic covering and Thomae formula.—In this
section we reduce the expression of F, in Eq. (8) to an

2y

: (8)

) terms because the Riemann theta function
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algebraic expression in z by applying the Thomae formula
for hyperelliptic curves. A hyperelliptic curve of genus
n—1 has the form v?> = P,(w), where P,(w) is a poly-
nomial of degree 2n and v,w € C. In 1870 Thomae [28]
showed that, for hyperelliptic curves, the Riemann theta
function (7) with e; € {0, %}, j=1,...,2n — 2, is propor-
tional to an algebraic expression in terms of the zeros of the
polynomial P, (w).

We first recognize that, under the change of coordinates
given by w=pu/(A—z) and v = (2> =21z +2)/(z = 1),
the curve (5) becomes hyperelliptic [12]

Cryp = {(w,0) € CP 2 =w> +-2(1 =22)w" +1}. (9)
The zeros of the polynomial w?" + 2(1 — 2z)w" + 1 are

wiz) =& (er, &()=(VzEvz-1)2",  (10)

where 1<j<n. We remark that &; (z)&;, (z) = 1. The points
wji define the circular lattice Z§ U Z; in the plane, where

Ty = {wf = nEr(2); 1<j<n}. (11)

For the Rényi entropies, z = x € (0, 1), hence |&] (x)| =
1 and the points w7 (x) lie on the unit circle. In this case the
sublattices ZJ and Z; are interwoven along the unit circle
and the harmonic ratio x parameterizes their angular
separation (see Fig. 1, left panel). Moreover, we have that

F(1—x) = e/ (x).

Considering the moments Tr(p;?)", by setting
z=x/(x—1) in Eq. (10) one finds &f(x/(x—1)) =
(/X + 1/v/x — 1)?/m€i7/"; hence in this case the harmonic
ratio x parameterizes the radial separation between 7 and
1, (see Fig. 1, right panel).

An appropriate choice of the homology basis of the
Riemann surface of the curve Cyy, provides the period
matrix of the surface in the form (6) [12,29]; hence Eq. (8)
can also be associated to the hyperelliptic curve (9).

For hyperelliptic curves, the nonsingular even half
integer characteristics e are in one-to-one correspondence
with the elements of the set P, of partitions of the branch
points (10) into two subsets of cardinality n [22]. For our
choice of the homology basis of Cy, and the base point of
the Abel map, the characteristic e = 0 corresponds to
the partition {ZJ,Zy}, with Z§ defined in Eq. (11). A
correspondence between the characteristics e and the terms
occurring in Trp’; and Tr(pgz)” for the critical Ising chain
and the XX chain at the critical point has been also
discussed [26].

The Thomae formula [28] expresses the Riemann theta
functions with nonsingular half-integer characteristics in
Eq. (7) as a function of the branch points of the
hyperelliptic curve (9). Generalizations appeared in
Refs. [30-32]. The crucial observation that the curve (5)
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FIG. 1. Lattices Ig (red circles) and Zy (blue circles) in
Eq. (11) for Trp’ (left) and Tr(pgz)" (right), when n =9 and
x=0.2 (in both panels the unit circle is indicated by the
dashed line).

has the hyperelliptic cover (9) is essential to apply the
original Thomae formula. For example, |0©[0](z,(z))|* =
C|A(Z§)A(Zy)|, where C is a constant (irrelevant for our
purpose) and

AZy) = [Tow =wh)
i<j

is the Vandermonde determinant of the points in Z], and
similarly for A(Z;). For any partition {Z*,Z"} € P,, we
denote by A(Z*) the Vandermonde determinant of the
points contained in Z¥ and by e the even half-integer
characteristic associated to the partition {Z*,Z~}. Then the
Thomae formula gives

©le](z,(2))[* = CIAZM)A(Z7)], (12)

where the constant C is independent from e. The Thomae
formulas (12) allow us to write Eq. (8) as

1 7/2

n—1
{Z+.17}eP,

AZ)AIT)
A(Z)A(Tp)

Falz) = (13)

Notice that |A(ZJ)A(Zy)| =n". Now F,(z) has an
algebraic dependence in z. This significantly simplifies
both the numerical evaluation of the moments for large n
and the analysis of their short length expansions [11].

A 2D Coulomb gas in circular lattices.—Denote
by {Z),Z;} € P, the partition obtained from {Z;,Z;}
by exchanging r elements between Z] and Z;. For each
r<n/2 there is an equal partition of the form
{Z;_,,Z;_,}. Given 0<r<n, the number of partitions of
the form {Z,,Z;} is d,,(")?, where d,, =1—16, .
thus the cardinality of P, is S(*) =4Y>",(")? =

ZLZ/OZJ d, (")*. Let us introduce

1
d, .n"/?

Fur(2) Yo lA@HAEHR (14)

{Z;.I7}eP,

Since F, .(z) = F,,--(z), the sum (13) becomes
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1 n 1 [n/2]
FA0) =35 > Farle) = i {14 D o)}
r=1

(15)

where we used F,(z) = 1.
After some nontrivial algebra [29], we find that Eq. (14)
can be written as

Farle) = | PHILFCTND
where {(z) =4/z(1 —z) = —i(cfn (2)" =& (2)") and
Hl<a<h<r( - WZ)(WJ_b - W;Z)

D, (z8J) = (17)

Ha,b:l( lJ; - W/_b)

In (16), the sum over i(r) is defined as the multiple sum
over the r-dimensional vectors i made by integers i, such
that 1<i; <i, < ... <i,<n, and similarly for the sum
over j(r). These multiple sums can be taken over 1<i,<n
and 1<j,<n, introducing also a multiplicative factor
1/(r!)2. The Cauchy’s double alternant formula allows
us to write Eq. (17) as a single determinant. Notice that the
numerator of Eq. (17) is independent of z.

From Egs. (15), (16), and (17) we recognize that
2"F,(z) is the grand canonical partition function of the
2D classical Coulomb gas on a lattice where the positive
and negative charges are constrained to occupy the sites of
7, and I, respectively. Each site can be either empty or
occupied by one particle. The parameter y is identified with
the dimensionless coupling constant I' = g> of the
Coulomb gas, the expression |{(z)/n| with da, where A
is the fugacity, and the integer 0<r<n with the number of
positive charges in Z] and of negative charges in Zj.

The Coulomb gas with I'=1 on the circular lattice
studied in Ref. [18] is closely related to Trp} at x = 1/2 for
the Dirac model. As for the moments Tr(piz)”, it can be
insightful to map the corresponding sublattices Z3 on the
sphere through the stereographic projection [19].

For the Rényi entropies, wi (1 —x) = e™/"w} (x). This
implies that, in Eq. (16), F, (1 —x) = F, .(x) for any r.
Thus, we reobtained the relation R, (1 —x) = R,(x), as
expected from the purity of the ground state and from the
modular invariance [11].

When r = 1, the expression (16) can be written as

(& - :m A

fn,l(z):n (5_»,_ Zd”H’lP nl

(18)

where 5, = 27/ and Fn | (2) is defined as the sum of two
summands with k = p and k = n — p 4+ 1. We remark that,

=) =

considering the Rényi entropies, we have F
F,(fl)(x) for any 1<p<[n/2].

The large n limit, which allows us to study the largest
eigenvalues of p, and p?, can be explored through the
Coulomb gas in the continuum, also by employing its
equivalence with the sine-Gordon model [2,5]. For in-
stance, when y < 1, the leading order of Eq. (18) asn — o
is n*7¢(2)'T(1=y)/T(1 —y/2)% in agreement with
Ref. [33].

Special cases.—When n = 2, the tori occurring in Trp’{
and Tr(pgz)” are equivalent because their modular para-
meters are related through a modular transformation [8]. In
this case, the last expression in Eq. (15) contains only the
term (18) specified to n = 2 and Eq. (4) becomes

Ry(x) = Ny(x) = %{1 +x? 4 (1= x)2),

which is invariant under x <> 1 — x, as expected.
When n = 3, the genus two Riemann surfaces for Trp’;

and Tr(pff)” are not equivalent Also in this case only (18)
contributes to F3(z) = 1[1 + F3 1( )+ ngf (z)] with

Al = 11E - &) (& — Bl
+ |(§§r - ’1353_)(53 _’1353 )]
FOl(z) = (:3 E)(E —m&)I.

In the case of n = 4, the genus three Riemann surfaces

for Trp’; and Tr(piz)” are not equivalent too. The last
expression in Eq. (15) becomes

Fulz) = ;( L Fa()+ F‘*g(z)),

where F, ;(z) is Eq. (18) specialized to n = 4 and

(1) (2) (3)
Faolz) = 16|é;( )l (2%+ F4,§(Z) + Fi(2) 1’ F4,2(Z)>
with
() :' 2{(z) 4
e [ R
—I—‘ 2{(z) !
(& —m& ) (& —m&)?
and
+ e + -
F?) () — S =& || &y —mals|”
A o I o
Ty S
FG) () — Sa —maSy | |6 —més|
(EAC A s M

When z = x € (0, 1), each F‘(&) (x) is x <> 1 — x invariant.

Conclusions.—We studied the moments of the reduced
density matrix Trp’} and of its partial transpose Tr(pgz)"
when A is the union of two disjoint intervals on the line, in
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the CFTs given by the Ising and the Dirac model in their
ground state. We found that the existing results, given by
Egs. (3) and (8), can be expressed through Eq. (13), where
the dependence on the harmonic ratio x is algebraic. This
significantly simplifies the numerical evaluation of these
quantities. Furthermore, this leads to Egs. (15), (16), and
(17), establishing a remarkable equivalence between the

moments Trp} and Tr(piz)" and the grand partition
functions of the classical 2D Coulomb gas in the circular
lattices defined by Eq. (11) (see Fig. 1) at I' = 1/2 for the
Ising model and at I = 1 for the Dirac model.

These results provide a new tool to tackle the analytic
continuations (1) and (2), in order to obtain S, and &
analytically for x € (0, 1). We find it worth exploring also
the limit of large n [29]. It would be interesting to extend
our analysis by considering other models (e.g., the massless
compact boson [10]) or more complicated configurations
(e.g., when A is made by N disjoint intervals [13]) or other
physically relevant situations (e.g., when the temperature or
the volume of the system are finite [34,35]). In particular,
understanding whether an equivalence similar to the one
found in this Letter occurs also when the central charge is
large (considering the system on the line and in its ground
state, different partition functions on the family of Riemann
surfaces (5) must be studied) would provide useful insights
in the study of entanglement in the AdS/CFT correspon-
dence [36].

We are grateful to Andrea Coser, Riccardo Fantoni,
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port from the European Union’s H2020 research and
innovation program under the Marie Sklowdoska-Curie
Grant No. 778010 IPaDEGAN and the support of
INDAM/GNFM.
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