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1 Introduction

Making predictions for hadron collider experiments requires the computation of scattering

amplitudes with external quarks and gluons. Even though Feynman diagrams allow one in

principle to compute scattering amplitudes with an arbitrary number of external partons,

in practise this approach is limited by the very rapid growth of the number of diagrams

with the number of external particles.
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Over the last couple of years several new techniques to compute tree-level scattering

amplitudes have been introduced. Among these new methods is the so-called Cachazo-He-

Yuan (CHY) formalism, which expresses any n-point tree-level amplitude in Yang-Mills

theory (and many other massless quantum field theories) as a multiple contour integral in

the moduli space M0,n of Riemann spheres with n marked points [1, 2]. The cornerstone of

the CHY formalism are the so-called scattering equations [1, 3–10], which establish a map

from the space of external kinematic data to the moduli space M0,n. The CHY integral

is then localised on the zeroes of the scattering equations. This allows one to reduce the

computation of a tree-level scattering amplitude to a multi-dimensional residue computa-

tion. The scattering equations are equivalent to a set of polynomial equations [11], and it

is known that there are always (n−3)! inequivalent solutions (up to SL(2,C) transforma-

tions) for arbitrary kinematics. In general, it is very difficult to obtain exact solutions to

the scattering equations valid for arbitrary multiplicities, and in practise it is only possible

to solve the equations numerically for arbitrary kinematics (cf. e.g., refs. [12, 13]).

The representation of a tree-level scattering amplitude as a residue integral also makes

manifest the properties of the amplitude in certain singular limits. For example, it was

shown that the limit in which a gluon is soft has a very natural interpretation in the CHY

language in terms of a simple residue computation [1]. As a consequence, the well-known

factorisation of a tree-level gluon amplitude in the soft limit into an eikonal factor and a

lower-point amplitude has a very simple derivation in the CHY framework. The analysis

of the soft limit in the CHY framework was subsequently extended beyond leading order in

various theories [14–20]. Similarly, the factorisation of a gluon amplitude in the collinear

limit was derived from the CHY representation of the amplitude in ref. [21].

The aim of this paper is to show that the CHY formalism also presents a very natu-

ral framework to study other kinematical limits of tree-level amplitudes in gauge theory,

namely the so-called Regge limits of a 2-to-(n−2) scattering where the produced particles

are ordered in rapidity. Of particular interest in this context is multi-Regge kinematics

(MRK) where all produced gluons are strongly ordered in rapidity while having compa-

rable transverse momenta. It is expected that in MRK any tree-level amplitude in Yang-

Mills theory factorises into a product of universal building blocks known as impact factors

and Lipatov vertices [22–24], connected by t-channel propagators. By relaxing the strong

ordering among the rapidities of the produced particles, one can define a tower of new

kinematical limits, known as quasi-multi-Regge kinematics (QMRK). In each such limit

the amplitude is again expected to factorise into a product of universal building blocks

which are multi-particle generalisations of the impact factors and Lipatov vertices [25].

While consistent with all known results for tree-level amplitudes, so far the factorisation of

colour-ordered gluon helicity amplitudes in (quasi-)MRK remains partly conjectural and

has only been proven to hold for arbitrary multiplicities for the simplest non-zero helicity

configurations [26].

One of the goals of this paper is to use the CHY representation of gluon amplitudes

to shed light on the factorisation in QMRK. Through a numerical study of the solutions

to the scattering equations in various quasi-multi-Regge limits, we observe that in all

cases the solutions in the limit present the same hierarchy as the rapidity ordering that
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defines the limit (if the SL(2,C) redundancy is fixed in a certain way). We conjecture that

this feature holds in general, independently of the helicity configuration and the number of

external legs. While we do currently not have a proof of our conjecture, we show that when

combined with the CHY representation of gluon amplitudes it reproduces the expected

factorisation in certain quasi-multi-Regge limits. This gives very strong support to the

validity of our conjecture. At the same time, our results reveal the CHY origin of the Regge

factorisation of tree-level amplitudes, and that it is possible to derive the factorisation of

the amplitude directly from the CHY representation. As a byproduct of our analysis, we

obtain CHY-type representations for the generalised impact factors and Lipatov vertices

that appear in QMRK for an arbitrary number of produced particles. Finally, we show

that in MRK our conjecture implies that the (four-dimensional) scattering equations have

a unique solution in each ‘helicity configuration’, and we determine this solution explicitly

for arbitrary multiplicities.

The paper is organised as follows: in section 2 we give a short review of the background

on the CHY formalism and Regge kinematics needed in the remainder of the paper. In

section 3 we present our main conjecture about the behaviour of the solutions to the

scattering equations in QMRK, and in section 4 we apply it to explicitly solve the scattering

equations in MRK and to derive the factorisation of the amplitude in this limit. Finally, in

section 5 we extend the analysis to various quasi-multi-Regge limits and we obtain CHY-

type representations for the generalised impact factors and Lipatov vertices. We include

several appendices where we discuss certain aspects omitted throughout the main text.

2 Review of the Cachazo-He-Yuan formalism and Regge kinematics

In order to fix our notations and conventions, we give in this section a brief review on the

Cachazo-He-Yuan (CHY) formalism and the scattering equations, as well as the behaviour

of tree-level scattering amplitudes in various Regge limits.

2.1 The Cachazo-He-Yuan formalism

Our main objects of interest are tree-level scattering amplitudes for massless particles in

an SU(N) gauge theory. We focus here on a scattering of n massless gauge bosons with

momenta ka, 1 ≤ a ≤ n, that are on shell, k2
a = 0, and satisfy momentum conservation,∑n

a=1 k
µ
a = 0. We always assume that we are working with colour-ordered amplitudes

associated with a given cyclic ordering of the external particles. The functional form of

the colour-ordered amplitudes is determined by the helicities of the gluons. If at most one

gluon has a negative helicity, then the amplitude vanishes. The first non-zero amplitudes

are then those where exactly two gluons have a negative (positive) helicity, and they are

refereed to as maximal helicity-violating (MHV) amplitudes (or MHV amplitudes in the

case of two positive helicities). In general, an amplitude involving k ≥ 2 negative helicities

is referred to as a (next-to-)k−2MHV (Nk−2MHV) amplitude.

There are various different ways to compute tree-level amplitudes. In this paper we

are mostly interested in the CHY formalism, where any n-point tree-level amplitude is
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expressed as a multiple integral over the moduli space M0,n of Riemann spheres with n

marked points [1, 2],

An =

∫ ∏n
a=1 dσa

vol SL(2,C)

∏′

a
δ (fa) In . (2.1)

Since tree-level amplitudes are rational functions, the integrand is completely localised by

the δ-functions, and we define∏′

a
δ (fa) ≡ (σrpσpqσqr)

∏
a 6=r,p,q

δ (fa) , (2.2)

where σab ≡ σa−σb. The arguments of the δ-functions are the scattering equations, which

establish a map from a configuration of n massless momenta to the moduli space M0,n

fa =
∑
b 6=a

ka · kb
σa−σb

= 0 , a = 1, 2, . . . , n . (2.3)

The last ingredient of eq. (2.1) is the integrand In which contains the information on the

dynamics of the theory. The precise form of the integrand In in the case of gluon scattering

is irrelevant for the purpose of this paper, so we do not show it here explicitly.

Let us make some comments about the properties of the CHY representation of scat-

tering amplitudes in eq. (2.1). First, the integral in eq. (2.1) is invariant under Möbius

transformations for SL(2,C) and the integration measure transforms covariantly. We can

thus fix three of the variables (e.g. σ1 = 0, σ2 → ∞ and σ3 = 1) and use the (n−3)

δ-functions in eq. (2.2) to completely localise the remaining integration variables. Second,

it has been proven that the number of independent solutions of the scattering equations in

eq. (2.3) is (n−3)! [4]. The scattering amplitude An is then obtained by summing over all

independent solutions.

Equation (2.1) is valid for scattering amplitudes in any space-time dimension. We

now review an alternative formulation of eq. (2.1) which is restricted to four space-time

dimensions. In four dimensions we can write any massless momentum as a product of two

spinors with opposite chirality, kαα̇a = λαa λ̃
α̇
a . The two spinors are complex conjugate to each

other if the momentum is real. Since the scattering equations in eq. (2.3) establish a map

from a configuration of momenta to M0,n, it is natural to ask if the scattering equations

themselves can be split into different ‘helicity sectors’1 involving only spinors with definite

chirality. It was shown that this is indeed possible (cf. ref. [27] as well as appendix A).

Each helicity sector is characterised by an integer k, with 2 ≤ k ≤ n−2, and in the k sector

the scattering equations can be reduced to the following spinor-valued equations [28],

Ē α̇I = λ̃α̇I −
∑
i∈P

tIti
σI−σi

λ̃α̇i = 0, I ∈ N ,

Eαi = λαi −
∑
I∈N

titI
σi−σI

λαI = 0, i ∈ P,

(2.4)

1We emphasise that the helicity sector of the scattering equations is different from the helicity configu-

ration of the external particles.
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where N is a subset of {1, . . . , n} with length k and P is its complement. We refer to

eq. (2.4) as the four-dimensional scattering equations. They were originally derived from

the four-dimensional ambitwistor string model in ref. [28]. The tree-level amplitude for

n-gluon scattering then takes the form [28],

An(1, 2, . . . , n) = δ4

(
n∑
a=1

kµa

)
An(1, 2, . . . , n) (2.5)

=

∫ ∏n
a=1 d

2σa
volGL(2,C)

∏
I∈N

δ2
(
Ē α̇I
)∏
i∈P

δ2
(
Eαi
)
In(1, 2, . . . , n),

where d2σa = dσadta/t
3
a. By abuse of language, we refer here to both the D-dimensional

and four-dimensional formulas in eqs. (2.1) and (2.5) for tree-level amplitudes as Cachazo-

He-Yuan (CHY) formulas, even though eq. (2.5) was originally derived from ambitwistor

string theory by Geyer, Lipstein and Mason. An important property is that only the

equations of sector |N| = k contribute to Nk−2MHV amplitudes. When we use N and P to

collect the labels of gluons with negative and positive helicity respectively, simplifications

can occur and In takes the following simple form

In(1, 2, . . . , n) =
1

(1 2)(2 3) · · · (n 1)
, (2.6)

where (a b) ≡ (σa−σb)/(tatb). We also note that we can use the GL(2,C) invariance of

eq. (2.5) to fix four variables, and we can eliminate four of the δ-functions and identify them

with the delta-function expressing momentum conservation [28], e.g., in the case {1, 2} ⊆ N,

δ2
(
Ē α̇1
)
δ2
(
Ē α̇2
)

= 〈1 2〉2 δ4

(
n∑
a=1

kµa

)
. (2.7)

In this paper we will mostly work with the four-dimensional versions in eqs. (2.4) and (2.5)

to compute gluons amplitudes, because it has a simpler structure than the D-dimensional

version in eq. (2.1) and is more suited to study helicity amplitudes. Without loss of

generality, here we always use the convention where {1, 2} ⊆ N.

2.2 Multi-Regge kinematics

Multi-Regge kinematics (MRK) is defined as a 2-to-(n−2) scattering of partons (here we

only consider gluons) where the produced particles in the final state are strongly ordered

in rapidity while having comparable transverse momenta,

y3 � y4 � · · · � yn and |k⊥3 | ' |k⊥4 | ' . . . ' |k⊥n | , (2.8)

and we introduce the complexified transverse momenta k⊥a = k1
a+ik2

a. In terms of lightcone

coordinates ka = (k+
a , k

−
a ; k⊥a ), with k±a = k0

a ± k3
a, the strong ordering in rapidities is

equivalent to a strong ordering in lightcone +-components,

k+
3 � k+

4 � · · · � k+
n . (2.9)

– 5 –
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In the following we always assume that we are working in the center-of-mass frame where

the two incoming gluons are back-to-back on the z-axis,

k1 = (0,−κ; 0), k2 = (−κ, 0; 0) , κ ≡
√
s , (2.10)

where s is the squared center-of-mass energy.

It is conjectured that in MRK every gluon amplitude factorises into a set of universal

building blocks describing the emission of gluons along a t-channel ladder (see figure 1).

More precisely, one has

An(1,. . ., n) ' sC(2; 3)
−1

|q⊥4 |2
V (q4; 4; q5) · · · −1

|q⊥n−1|2
V (qn−1;n−1; qn)

−1

|q⊥n |2
C(1;n) , (2.11)

where qa =
∑a−1

b=2 kb with 4 ≤ a ≤ n are the momenta exchanged in the t-channel. We use

the ‘'’ sign to denote equality up to terms that are power-suppressed in the limit. The

quantities that appear in the right-hand side of eq. (2.11) are the impact factors [22, 26],

C(2+; 3+) = C(2−; 3−) = 0 ,

C(2−; 3+) = C(2+; 3−) = 1 ,

C(1+;n+) = C(1−;n−) = 0 ,

C(1−;n+) = C(1+;n−)∗ =
(k⊥n )∗

k⊥n
,

(2.12)

and the Lipatov vertices [23, 24, 26],

V
(
qa; a

+; qa+1

)
= V

(
qa; a

−; qa+1

)∗
=

(q⊥a )∗ q⊥a+1

k⊥a
. (2.13)

Helicity is conserved by the impact factors, which forces some of the helicity combinations

in eq. (2.12) to vanish. The impact factors and Lipatov vertices appearing in MRK are

entirely determined by the four- and five-point amplitudes. Since there are no non-MHV

helicity configurations for four and five particles, we see that in MRK any amplitude

is determined by MHV-type building blocks, independently of the helicity configuration.

Although consistent with all explicit results for tree-level amplitudes, eq. (2.11) was only

rigorously proven for arbitrary multiplicity for the simplest helicity configurations [26].

One of the aims of this paper is to explore in how far the CHY formalism can be used to

shed light on the factorisation of scattering amplitudes in Regge kinematics.

Starting from the multi-Regge limit in eq. (2.8), one can define a tower of new kinematic

regimes, called quasi-multi-Regge kinematics (QMRK), by relaxing the hierarchy among

some of the rapidities of the produced particles, e.g.,

y3 ' · · · ' yk � yk+1 ' · · · ' yn−1 � yn , (2.14)

while all transverse components are of the same size. In QMRK the amplitude is conjec-

tured to factorise in a way very similar to MRK in eq. (2.11). For example, in the limit in

eq. (2.14), the amplitude is expected to factorise as follows:

An(1, . . . , n) ' sC(2; 3, · · · , k)
−1

|q⊥k+1|2
V
(
qk+1; k+1, · · ·n−1; qn

) −1

|q⊥n |2
C(1;n) . (2.15)
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k2 k3

k4

q4

kn−1

qn

k1 kn

Figure 1. The factorised form of a tree-level amplitude in multi-Regge kinematics.

Impact factors for the production of up to four particles have been computed in refs. [26, 29]

from helicity amplitudes, and in ref. [30] using the effective action for high-energy processes

in QCD [31]. The Lipatov vertices are known for the emission of up to four particles emitted

in the center [26, 29, 32].

Let us conclude this section with a comment on how we implement the (quasi-)multi-

Regge limit on the amplitudes. We start by introducing a small parameter ε, and we rescale

the final state momenta according to [33]

ka = (k+
a , k

−
a ; k⊥a )→

(
k+
a ε

αa , k−a ε
−αa ; k⊥a

)
, 3 ≤ a ≤ n , (2.16)

where the αa are rational numbers. We can then adjust the values of the αa such as

to reproduce the hierachy in a given quasi-multi-Regge limit. For example, the choice

αa = a− n+3
2 reproduces the hierarchy of MRK in eq. (2.8). Similarly, the choice αa = −1

(3 ≤ a ≤ k), αb = 0 with k < b < n and αn = 1 allows one to approach the quasi-multi-

Regge limit of eq. (2.14). In four dimensions, using spinor-helicity variables, the rescaling

of the lightcone coordinates immediately translates into a rescaling of the components of

the spinors,

λ1 = −λ̃1 =

(
0√
κ

)
, λ2 = −λ̃2 =

(√
κ

0

)
,

λa =

(√
k+
a εαa/2√
k−a eiφa ε−αa/2

)
, λ̃a =

(√
k+
a εαa/2√
k−a e−iφa ε−αa/2

)
, 3 ≤ a ≤ n ,

(2.17)

where the phase is given by eiφa =
√
k⊥a /(k

⊥
a )∗. In the next section we will use this

parametrisation of the quasi-multi-Regge limit to study the behaviour of the scattering

equations in the limit.
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3 The scattering equations in Regge kinematics

3.1 A warm up: the MHV sector in Regge kinematics

The aim of this section is to study the behaviour of the solutions of the scattering equations

in various quasi-multi-Regge limits. Before we present in the next subsection a concise

conjecture on the behaviour of the solutions in these limits, we find it instructive to analyse

in detail the MHV sector, k = 2. We do this for two reasons. First, we have argued in the

previous section that in MRK any amplitude is determined by MHV-type building blocks,

so the MHV sector should capture a lot of information on the multi-Regge limit. Second,

while in general it is very hard, if not impossible, to find exact analytic solutions to the

scattering equations, in the MHV sector one can solve the equations exactly and study

their behaviour analytically. In particular, there is a unique solution in the MHV sector

(up to SL(2,C) transformations) [5, 6, 10] (see also refs. [11, 34]). If we use the SL(2,C)

redundancy to fix three of the σa, e.g.,

σ1 = 0 , σ2 =∞ , σ3 =
k+

3

k⊥3
, (3.1)

then this solution can be written as,

σa =
k+
a

k⊥a
for 4 ≤ a ≤ n . (3.2)

We refer to this particular solution as the MHV solution. It is easy to check that the

complex conjugate of this solution is the solution in the MHV sector k = n−2.

Let us now analyse what the MHV solution becomes in a quasi-multi-Regge limit.

From eqs. (3.1) and (3.2) it is easy to see that for the MHV solution (and also for its

complex conjugate) the σa, a > 2, are of the same order of magnitude as the corresponding

lightcone coordinates k+
a , i.e. σa = O(k+

a ). More precisely, we see that for the MHV solution

in eqs. (3.1) and (3.2) we have

Re(σa) = O(k+
a ) and Im(σa) = O(k+

a ), 3 ≤ a ≤ n . (3.3)

In other words, in QMRK the MHV solution admits the same strong ordering as the

rapidities. In particular, in MRK the MHV solution admits a hierarchy very reminiscent

of the MRK hierarchy in eq. (2.8),

|Re(σ3)| � · · · � |Re(σn)| and | Im(σ3)| � · · · � | Im(σn)| . (3.4)

Let us also look at the MHV solution of the four-dimensional scattering equations in

eq. (2.4). They do not only depend on the variables σa, but also on ta. For concreteness,

since we use the convention that {1, 2} ⊆ N, in the MHV case we have N = {1, 2}. We can

then use GL(2,C) redundancy to fix four variables as follows:

σ1 = 0, t2 = σ2 =∞, t1 = −1 . (3.5)

– 8 –
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In addition, we can eliminate four equations using eq. (2.7). We can then solve the remain-

ing 2n−4 equations, and the unique solution takes the form

σa =
k+
a

k⊥a
, ta = −

√
k+
a

κ
, a ≥ 3 . (3.6)

We see that, as expected, the σa behave again according to eq. (3.3). The variables ti
instead behave like

ta = O
(√

k+
a /κ

)
, a ≥ 3 . (3.7)

3.2 The main conjectures

Our analysis in the previous section shows that in every quasi-multi-Regge limit the MHV

solution admits the same hierarchy as the rapidities of the produced particles. The purpose

of this section is to extend this observation to the solutions of the scattering equations in

other sectors. More precisely, we propose the following conjecture:

Main conjecture. In QMRK, if the SL(2,C) redundancy is fixed according to eq. (3.1),

then all solutions of the D-dimensional scattering equations satisfy the same hierarchy as

the ordering of the rapidities that defines the QMRK. This holds for all σa solutions of

four-dimensional scattering equations after fixing the GL(2,C) redundancy according to

eq. (3.5). A particular example is that in MRK, we conjecture

|Re(σ3)| � |Re(σ4)| � · · · � |Re(σn)|
and | Im(σ3)| � | Im(σ4)| � · · · � | Im(σn)|.

(3.8)

Furthermore, in QMRK for the four-dimensional scattering equations, the two sets of

solutions (ti)i∈P and (tI)I∈N are individually ordered according to the same hierarchy

as the rapidities (though there may not be any ordering between elements belonging to

different sets).

We have performed a detailed numerical analysis of the scattering equations for a set of

external momenta which approach a quasi-multi-Regge regime, both in their D and their

four-dimensional guises. We can approach a given quasi-multi-Regge limit numerically

by choosing an appropriate numerical hierarchy between the lightcone components of the

external momenta using eq. (2.16). We have solved the D-dimensional scattering equations

up to eight points, and the four-dimensional scattering equations for all helicity sectors up

to seven external particles. All results of the numerical analyses agree with our conjecture.

We can formulate our conjecture more sharply and give the precise behaviour of the

solutions in QMRL. In order to do so, it is convenient to discuss separately the four- and

D-dimensional cases. Let us start by discussing the results of the numerical analysis for the

four-dimensional scattering equations in eq. (2.4). We observe that in all cases, including

for the non-MHV sectors k > 2, all solutions of the scattering equations in eq. (4.5) behave

in a similar way as the MHV solution in eqs. (3.3) and (3.7). Based on this study, we are

led to state the following conjecture:

– 9 –
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Conjecture 1 (four-dimensional version). In QMRK, if {3, n} ⊆ P and the GL(2,C)

redundancy is fixed according to eq. (3.5), then all solutions of the four-dimensional scat-

tering equations behave as, with 3 ≤ a ≤ n,

Re(σa) = O
(
k+
a

)
, Im(σa) = O

(
k+
a

)
, ta = O

(√
k+
a κ−ha

)
, (3.9)

where ha = 1 when a ∈ P, otherwise ha = −1.

We stress that the previous conjecture only holds in the case {3, n} ⊆ P, and the

solutions ta have a different behaviour in QMRK in other cases. We have also performed a

numerical analysis of the behaviour in these other cases, but since only the case {3, n} ⊆ P

will be relevant for gluon scattering in MRK when we use eq. (2.5), we only present this

case in the main text and we defer a discussion of the remaining cases to appendix B. Note

that the helicity sectors P and N are not directly related to the helicities carried by the

external particles, and we can use the scattering equations in eq. (2.4) with {3, n} ⊆ P

even if particles 3 and/or n have negative helicity.

Since for given a set of kinematic data the solutions σa of the four-dimensional scat-

tering equations also satisfy the D-dimensional scattering equations in eq. (2.3) (see ap-

pendix A), it is natural to conjecture that the solutions to the D-dimensional scattering

equations in eq. (2.3) have the same behaviour in QMRK as their four-dimensional coun-

terparts. More precisely, we have the following conjecture:

Conjecture 2 (D-dimensional version). In QMRK, if the SL(2,C) redundancy is

fixed according to eq. (3.1), then all solutions of the D-dimensional scattering equa-

tions satisfy

Re(σa) = O
(
k+
a

)
, Im(σa) = O

(
k+
a

)
, 4 ≤ a ≤ n. (3.10)

These conjectures are among the main results of our paper. Although we do currently

not have any proof of our conjectures, we find it remarkable that in all cases we have

investigated the solutions to the scattering equations display this universal asymptotic

behaviour, independently of the helicity sector. In the remainder of this paper we explore

the consequences of our conjectures. In particular, we will show that they imply the

factorisation of tree-level amplitudes in quasi-multi-Regge limits when combined with the

CHY representation of tree-level amplitudes. This result is important for two reasons: first,

it gives support to our conjectures, because it shows that they allow us to recover expected

behaviour of tree-level amplitudes in quasi-multi-Regge limits. Second, it reveals the CHY

origin of Regge factorisation. Since the scattering equations are generic and independent

of the theory, it would be interesting to investigate if our conjecture implies universal

Regge factorisation properties not only for gauge theories, but also for other theories. We

leave this investigation for future work. Finally, let us make a comment at this point.

Equation (3.9) implies that the variables σa scale in every helicity sector in the same way

as in the MHV sector, cf. eq. (3.6). The scaling of the variables ta in eq. (3.9), however,

depends on the ‘helicity configuration’. This is natural in the sense that, even away from
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Regge kinematics the solutions σa are independent of the ways of dividing n labels into two

subsets N and P, |N| = k, 2 ≤ k ≤ n−2, and these solutions form a subset of the (n−3)!

solutions to the D-dimensional scattering equations. Very differently, the variables ta are

specific to the four-dimensional scattering equations and take different values in different

configurations for given k.

4 Multi-Regge factorisation from the CHY formalism

The goal of this section is to apply Conjecture 1 to the case of multi-Regge kinematics

where the produced particles are strongly ordered in rapidity, cf. eq. (2.8). In section 2 we

have reviewed that in MRK the amplitude is conjectured to take a simple factorised form,

cf. eq. (2.11). In particular, the amplitude is determined by MHV-type building blocks,

independently of the helicity configuration. In a first part of this section we show that

Conjecture 1 implies that in MRK the four-dimensional scattering equations have a unique

solution. The amplitude in MRK is then determined uniquely by this solution. This is

very similar to MHV amplitudes, where the CHY formula has support only on a single

solution of the scattering equations. In a second part, we show that this solution gives the

correct amplitudes when the CHY formula is localised on it. This shows that Conjecture

1 implies the expected factorisation of amplitudes in MRK. This gives at the same time

strong support to the validity of our conjecture.

4.1 An exact solution of the scattering equations

The aim of this section is to show that our conjecture implies that in MRK the four-

dimensional scattering equations admit a unique solution (up to GL(2,C) redundancy),

independently of the number of external legs n and the helicity configuration. In order to

present the result, it is useful to introduce the following notation: N<a (N>a) denotes the

subset of N ≡ N \ {1, 2} of elements that are less (greater) than a.

One of the main results of our paper is the following:

If the incoming particle labels 1 and 2 are put into the set N, then the unique solution of

the four-dimensional scattering equations in MRK is, for 3 ≤ a ≤ n− 1,

ta =
√
k+
a ×



−1√
κ

( ∏
I∈N<a

q⊥I
q⊥I+1

)∗
, if a ∈ P,

√
κ

q⊥a+1

( ∏
I∈N>a

q⊥I
q⊥I+1

)
, otherwise,

(4.1)

σa =
k+
a

k⊥a
×



( ∏
I∈N<a

q⊥I
q⊥I+1

)∗( ∏
I∈N>a

q⊥I
q⊥I+1

)
, if a ∈ P,

k⊥a
q⊥a+1

(
q⊥a
k⊥a

)∗( ∏
I∈N<a

q⊥I
q⊥I+1

)∗( ∏
I∈N>a

q⊥I
q⊥I+1

)
, otherwise,

(4.2)

where the GL(2,C) redundancy has been fixed according to eq. (3.5). If helicity is not

conserved in the impact factors, then the four-dimensional scattering equations have no

solution in MRK.
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In eqs. (4.1) and (4.2) we interpret a product over an empty range as 1. Before we show

how to derive eqs. (4.1) and (4.2) from Conjecture 1, let us make some comments about

this solution. First, we immediately see that the solution in eqs. (4.1) and (4.2) has the

same hierarchy as the rapidities of the produced particles, in agreement with Conjecture 1.

Second, we find it remarkable that in MRK we can explicitly solve the scattering equations

for arbitrary multiplicity n and arbitrary k-sectors. For each configuration of particle labels

in sector k, we find a solution of the four-dimensional scattering equations. In appendix A

we show that the solutions σa of the four-dimensional scattering equations also solve the D-

dimensional ones. It is very rare that one can solve the scattering equations for arbitrary

multiplicities, and so far this has only been done for the MHV sector, cf. eq. (3.2) or

eq. (3.6) [5, 6, 10] (see also refs. [11, 34]) and for a very special two parameter family of

kinematics [35]. We can recover the MHV solution of eq. (3.6) from eqs. (4.1) and (4.2)

in the case where all produced particles have positive helicity, P = {3, · · · , n}. Indeed,

in that case we have N<a = N>a = ∅, and so the products in eqs. (4.1) and (4.2) do

not contribute, and we immediately recover eq. (3.6). Finally, we note that here we only

consider the case where the strong ordering in rapidities is aligned with the cyclic ordering

of the partial amplitude, which dominates in MRK. In section 4.3 we repeat the analysis

for other colour-orderings and we show that they are subleading in MRK.

In the remainder of this section we show how to derive eqs. (4.1) and (4.2) from Con-

jecture 1. Our starting point are the four-dimensional scattering equations in eq. (2.4).

We have seen that the hierarchy of the MHV solution becomes apparent after fixing

the GL(2,C) redundancy according to eq. (3.5), and in the following we assume that

(σ1, σ2, t1, t2) have been fixed to these values. Moreover, we always assume that {1, 2} ⊆ N

and we have used eq. (2.7) to eliminate the equations associated to 1 and 2. We follow

the convention that elements of P and N are denoted by lower- and upper-case letters

respectively, e.g., i ∈ P and I ∈ N.

While the four-dimensional scattering equations in eq. (2.4) are naturally written in

terms of spinor variables, MRK is most naturally defined in terms of lightcone coordi-

nates. We therefore start by rewriting the four-dimensional scattering equations in terms

of lightcone coordinates. We first perform a rescaling2

ti = τi
λ1
i√
κ

= τi

√
k+
i

κ
and tI = τI

√
κ k+

I

k⊥I
. (4.3)

After this rescaling, the scattering equations become equivalent to (Sαi , S̄ α̇I ) = 0, with

S1
i ≡

1

λ1
i

E1
i , S2

i ≡
λ1
i

k⊥i
E2
i , i ∈ P,

S̄ 1̇
I ≡ λ2

I Ē 1̇
I , S̄ 2̇

I ≡ λ1
I Ē 2̇

I , I ∈ N ,

S̄ 1̇
1 ≡ λ2

1 Ē 1̇
1 , S̄ 2̇

1 ≡ λ2
1 Ē 2̇

1 , S̄ 1̇
2 ≡ λ1

2 Ē 1̇
2 , S̄ 2̇

2 ≡ λ1
2 Ē 2̇

2 .

(4.4)

2An obvious advantage is that according to our conjecture for the τa (a > 2) have a simple behaviour

in QMRK, i.e. τa = O(1).
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In terms of lightcone coordinates, the new equations are explicitly given by

S1
i = 1 + τi −

∑
I∈N

τiτI
σi−σI

k+
I

k⊥I
= 0,

S2
i = 1 +

k+
i

k⊥i

τi
σi
−
k+
i

k⊥i

∑
I∈N

τiτI
σi−σI

= 0,

S̄ 1̇
1 = −

∑
i∈P

τi
σi
k+
i = 0,

S̄ 2̇
1 = −κ−

∑
i∈P

τi
σi

(k⊥i )∗ = 0,

S̄ 1̇
I = k⊥I −

∑
i∈P

τiτI
σI−σi

k+
i = 0,

S̄ 2̇
I = (k⊥I )∗ −

k+
I

k⊥I

∑
i∈P

τiτI
σI−σi

(k⊥i )∗ = 0,

S̄ 1̇
2 = −κ−

∑
i∈P

τik
+
i = 0,

S̄ 2̇
2 = −

∑
i∈P

τi(k
⊥
i )∗ = 0.

(4.5)

We stress that no Regge-limit has been applied to the previous equations, and they are

fully equivalent to the four-dimensional scattering equations in eq. (2.4), up to fixing the

GL(2,C) redundancy and performing the rescaling in eq. (4.3).

Next we expand the scattering equations to leading power in MRK, taking into account

that according to Conjecture 1 the solutions scale together with the lightcone +-components

in the limit. We write Sαa = Sαa + . . . and S α̇a = S
α̇
a + . . ., where the dots indicate terms

that are power-suppressed in the limit. We find

S1
i = 1 + τi

(
1 +

∑
I∈N<i

ζI

)
= 0 , S

1̇
I = k⊥I + τI

∑
i∈P<I

ζi k
⊥
i = 0 ,

S2
i = 1 + ζi

(
1−

∑
I∈N>i

τI

)
= 0 , S

2̇
I = (k⊥I )∗ − ζI

∑
i∈P>I

τi(k
⊥
i )∗ = 0 ,

(4.6)

where the sets P>I and P<I are defined in the obvious way, and we have defined the

rescaled variables

ζa ≡
k+
a

k⊥a

τa
σa
, 3 ≤ a ≤ n . (4.7)

Let us rewrite the scattering equations (4.6) as:

S1
i = 1 + ai τi = 0 , S̄2̇

I = (k⊥I )∗ + bI ζI = 0 ,

S2
i = 1 + ci ζi = 0 , S̄1̇

I = k⊥I + dI τI = 0 ,
(4.8)

with

ai ≡ 1 +
∑
I∈N<i

ζI , bI ≡ −
∑
i∈P>I

τi (k⊥i )∗,

ci ≡ 1−
∑
I∈N>i

τI , dI ≡
∑
i∈P<I

ζi k
⊥
i .

(4.9)

We observe that in MRK the equations (S1
i , S̄

2̇
I ) = 0 only depend on the variables τi and ζI ,

while the equations (S2
i , S̄

1̇
I ) = 0 only depend on τI and ζi. We also see that each equation
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in eq. (4.8) is linear in one of the variables. We can use this very special structure to find

an explicit analytic solution of the scattering equations in MRK.

To start, we can use the fact that the equations Sαi = 0 are linear in τi and ζi to obtain

τi = − 1

ai
, ζi = − 1

ci
. (4.10)

Inserting eq. (4.10) into the expressions for bI and dI in eq. (4.9), we find

bI =
∑
i∈P>I

(k⊥i )∗

ai
=
∑
i∈P>I

(k⊥i )∗

(
1 +

∑
J∈N<i

ζJ

)−1

,

dI = −
∑
i∈P<I

k⊥i
ci

= −
∑
i∈P<I

k⊥i

(
1−

∑
J∈N>i

τJ

)−1

.

(4.11)

The bI are solely determined by the variables ζI , and similarly the variables dI are deter-

mined by the τI . In order to proceed, we write N = {I`}1≤`≤m (m ≡ k− 2) with I` < I`+1.

The quantities bI and dI satisfy the recursions, for 1 ≤ r ≤ m,

bIr = bIr+1 +

(
1 +

r∑
l=1

ζIl

)−1

(q⊥Ir+1
− q⊥Ir+1)∗ , (4.12)

dIr = dIr−1 −

(
1−

m∑
l=r

τIl

)−1

(q⊥Ir − q
⊥
Ir−1+1) . (4.13)

The recursion starts with bIm+1 = dI0 = qIm+1 = qI0+1 = 0. Indeed, we have

bIr =
∑

i∈P>Ir

(k⊥i )∗

(
1 +

∑
J∈N<i

ζJ

)−1

=

( ∑
i∈P>Ir+1

+
∑

Ir<i<Ir+1

)
(k⊥i )∗

(
1 +

∑
J∈N<i

ζJ

)−1

= bIr+1 +

(
1 +

r∑
l=1

ζIl

)−1 ∑
Ir<i<Ir+1

(k⊥i )∗

= bIr+1 +

(
1 +

r∑
l=1

ζIl

)−1

(q⊥Ir+1
− q⊥Ir+1)∗ .

(4.14)

The proof of the recursion for dIr is similar. We can combine the recursions for bI and dI
with the scattering equations and turn them into recursions for τI and ζI . We illustrate

this procedure explicitly on dI and τI . The procedure for bI and ζI is similar. We start

from the equation S̄1̇
Ir

= 0 and insert the recursion in eq. (4.12). For r = 1, we find

0 = S̄1̇
I1 = k⊥I1 + dI1τI1 = −

(
1−

m∑
l=1

τIl

)−1 [
−k⊥I1

(
1−

m∑
l=2

τIl

)
+ τI1q

⊥
I1+1

]
. (4.15)
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This immediately leads to

τI1 =
k⊥I1
q⊥I1+1

(
1−

m∑
l=2

τIl

)
. (4.16)

Similarly, using eq. (4.16) we obtain for r = 2,

0 = S̄1̇
I2 = k⊥I2 + dI2τI2

= k⊥I2 − τI2

[
k⊥I1
τI1

+

(
1−

m∑
l=2

τIl

)−1

(q⊥I2 − q
⊥
I1+1)

]

=

(
1−

m∑
l=2

τIl

)−1 [
k⊥I2

(
1−

m∑
l=3

τIl

)
− τI2q⊥I2+1

]
,

(4.17)

and so we have

τI2 =
k⊥I2
q⊥I2+1

(
1−

m∑
l=3

τIl

)
. (4.18)

A similar formula holds for general r, and the τIr satisfy the recursion,

τIr =
k⊥Ir
q⊥Ir+1

(
1−

m∑
l=r+1

τIl

)
. (4.19)

The recursion starts with

τIm =
k⊥Im
q⊥Im+1

. (4.20)

It is easy to show by induction that the recursion admits the explicit solution

τIr =
k⊥Ir
q⊥Ir+1

m∏
l=r+1

q⊥Il
q⊥Il+1

, 1 ≤ r < m . (4.21)

The explicit solution for the variables ζIr can be obtained in the same way. More

precisely, one can show that there is a recursion

ζIr =

(
k⊥Ir
q⊥Ir

)∗ (
1 +

r−1∏
l=1

ζIl

)
, 1 < r ≤ m, (4.22)

with

ζI1 =

(
k⊥I1
q⊥I1

)∗
, (4.23)

and the recursion admits the explicit solution

ζIr =

(
k⊥Ir
q⊥Ir

)∗( r−1∏
l=1

q⊥Il+1

q⊥Il

)∗
, 1 < r ≤ m. (4.24)
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Together with eq. (4.10), eqs. (4.21) and (4.24) provide the explicit solution of the

scattering equations in MRK. We see that there is indeed a unique (independent) solution

to the four-dimensional scattering equations in MRK, which can be traced back to the

fact that at every step we only needed to solve linear equations. We can easily obtain

explicit solutions for the coefficients ci and ai that appear in eq. (4.10). For example, using

eq. (4.19) and (4.21), we find

ci = 1−
∑
I∈N>i

τI =
∏

I∈N>i

q⊥I
q⊥I+1

. (4.25)

We recall that we use the convention that products over empty ranges are unity. Similarly

for ai, we have

ai = 1 +
∑
I∈N<i

ζI =

( ∏
I∈N<i

q⊥I+1

q⊥I

)∗
. (4.26)

Hence, we find

τi = −

( ∏
I∈N<i

q⊥I
q⊥I+1

)∗
and ζi = −

∏
I∈N>i

q⊥I+1

q⊥I
. (4.27)

Finally, we recover eqs. (4.1) and (4.2) by changing variables from (τa, ζa) to (ta, σa) using

eqs. (4.3) and (4.7).

4.2 Multi-Regge factorisation from the CHY equation

In the previous section we have shown that Conjecture 1 implies that in MRK the scattering

equations have a unique solution (up to GL(2,C) redundancy). In this section we show

that Conjecture 1 also implies that any n-point gluon amplitude in MRK can be written

in the factorised form in eq. (2.11). Since eqs. (4.1) and (4.2) hold for arbitrary helicity

configurations and multiplicities, this shows that MRK factorisation holds independently

of the helicity configuration and the number of legs. This nicely complements the results of

ref. [26], where factorisation was shown to hold for the simplest helicity configurations. We

emphasise, however, that we cannot present at this point a rigorous proof that multi-Regge

factorisation holds for arbitrary helicity configurations, because our derivation relies on

Conjecture 1. Finding a rigorous mathematical proof of Conjecture 1 would thus eventually

imply an elegant proof of the factorisation of tree-level gluon amplitudes in MRK, for

arbitrary numbers of external legs and helicity configurations.

We start by considering n-gluon scattering in the case where the two incoming gluons

(labeled by 1 and 2 respectively) carry the same helicity, and we comment on the case where

they have different helicities at the end of this section. If we fix the GL(2,C) redundancy

in eq. (2.5) according to eq. (3.5) and use four δ-functions and write them in terms of
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momentum conservation, then the formula for the amplitude reduces to

An(1−, 2−, . . . , n)

= −s

∫
n∏
a=3

dσadτa
τa

1

σ34 · · ·σn−1,nσn

 ∏
i∈P,I∈N

k⊥I
k⊥i

∏
I∈N

δ2
(
S̄ α̇I
)∏
i∈P

δ2
(
Sαi
)
. (4.28)

We would like to emphasise that eq. (4.28) is exact and no Regge limit has been applied

to it.

From Conjecture 1 it follows that in MRK the solutions to the scattering equations

satisfy σa,a+1 ' σa. Inserting this relation into eq. (4.28) and passing to the rescaled

variables defined in eqs. (4.3) and (4.7), we see that the formula for the amplitude in MRK

can be written as

An(1−, 2−, . . . , n) ' −s

(∫
n∏
a=3

dτadζa
ζaτa

) ∏
i∈P

1

k⊥i
δ2
(
Sαi
)∏

I∈N

k⊥I δ
2
(
S̄α̇I
) , (4.29)

where the arguments of the δ-functions are given in eq. (4.6). We know that these equations

have a unique solution given by eqs. (4.1) and (4.2) in eq. (2.11). We now show that when

the integral in eq. (4.29) is localised on this solution, then we recover the conjectured

factorised form of a tree-level amplitude in MRK. We do this by a procedure very similar

to the one used in the previous section to obtain the solutions in eqs. (4.1) and (4.2).

The proof of eqs. (4.1) and (4.2) relies heavily on the fact that in MRK the scattering

equations decouple into a set of linear equations that can be solved one-by-one. Here we

use this fact to solve the δ-functions in the integrand of eq. (4.29) one at the time. All the

manipulations are identical to those performed in the previous section, so we will be brief

on the derivation and only highlight some aspects related to solving the δ-functions.

We start by performing the integrations over the τi and ζi. From eq. (4.6) we see that

these integrations are independent from each other. We can localise them completely using

δ
(
S1
i

)
and δ

(
S2
i

)
, and we find∫

dτi
τi
δ
(
S1
i

)
=

∫
dτi
τi
δ
(
1 + aiτi

)
= −1 ,∫

dζi
ζi
δ
(
S2
i

)
=

∫
dζi
ζi
δ
(
1 + ciζi

)
= −1 .

(4.30)

After this step all the variables τi and ζi have been integrated out.

Using the same reasoning as in the previous section, we see that the integrations over

τI and ζI are now independent from each other, and so we can discuss the integrations

over the τI variables independently from the integrations over the ζI variables. Let us

start with the τI -integrations. We use the δ-functions δ
(
S̄1̇
I

)
combined with the recursive

procedure of the previous section to localise all the τI variables. In particular, we localise

the τI variables in increasing order from I1 to Im. Let us look at the integration over τI1 .
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We start from eq. (4.15) to obtain∫
dτI1
τI1

δ
(
S̄1̇
I1

)
=

∮
C

dτI1
τI1

1

S̄1̇
I1

=

∮
C

dτI1
τI1

1−
∑m

l=1 τIl
k⊥I1
(
1−

∑m
l=2 τIl

)
− τI1q⊥I1+1

= − 1

k⊥I1

q⊥I1
q⊥I1+1

,

(4.31)

where we have interpreted the integral over the δ-function as a contour integral over a

contour C encircling the zero of the argument of the δ-function. The remaining integrals

over the τI variables can be performed in the same way in increasing order, with the

simple result ∫
dτI
τI

δ
(
S̄1̇
I

)
= − 1

k⊥I

q⊥I
q⊥I+1

. (4.32)

Finally, we are left with the integrals over the ζI variables to perform. The procedure is

the same as for the τI variables, combined with the recursive procedure in the previous

section. We find ∫
dζI
ζI

δ
(
S̄2̇
I

)
= −

(
1

k⊥I

q⊥I+1

q⊥I

)∗
. (4.33)

We see that we can perform all integrations one after the other. As a result, the

amplitude takes a completely factorised form, which has its origin in the fact that in MRK

all the integrations in the CHY formula decouple and can be performed one-by-one. The

final result takes the very simple factorised form in eq. (2.11). Conjecture 1 thus implies the

factorised form of the tree-level amplitude in MRK. Unlike previous derivations, we stress

that our derivation is completely independent of the helicities of the produced particles,

giving strong support to the idea that MRK-factorisation of tree-level amplitudes holds for

any multiplicity and for any helicity assignment.

Finally, let us comment on what happens in the case where the incoming gluons 1 and

2 have opposite helicities, for example when gluon 1 has positive helicity. Since helicity is

conserved by the impact factor C(1;n), we obtain a non-zero result in MRK only when

gluon n has negative helicity. One can show that the amplitudes An(1−, 2−, . . . , n+) and

An(1+, 2−, . . . , n−) can be computed using the same CHY formula (2.5), up to performing

the following replacement on the integrand in eq. (2.6),

In(1−, 2−, . . . , n+) =
1

(12) . . . (n1)
−→ 1

(1n)4
In(1−, 2−, . . . , n+) . (4.34)

If the GL(2,C) redundancy is fixed according to eq. (3.5), then the additional factor in

the left-hand side of eq. (4.34) only depends on the variables tn and σn. More precisely,

we have,

1

(1n)
=
tn
σn

=

√
k+
n

κ

k⊥n
k+
n
ζn . (4.35)
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In MRK ζn is uniquely fixed by the equation S2
n = 1 + ζn = 0. Thus we have

1

(1n)4

∣∣∣∣
ζn=−1

=

(
k⊥n

(k⊥n )∗

)2

. (4.36)

This phase factor combines with the impact factor C(1−;n+) to give

C(1−;n+)

(
k⊥n

(k⊥n )∗

)2

=
k⊥n

(k⊥n )∗
= C(1+;n−) . (4.37)

We see that in the case where h1 = −h2 = +1, only the impact factor C(1;n) changes, in

agreement with the factorisation of tree-level amplitudes in MRK.

4.3 Amplitudes where the cyclic colour ordering is not aligned with the ra-

pidity ordering

In the previous section, we have shown how the MRK factorisation of tree-level amplitudes

where the cyclic colour-ordering is aligned with the rapidity ordering follows from the CHY

representation of the amplitude and Conjecture 1. Here we show that all other cyclic colour

orderings are suppressed in MRK. This complements nicely the results of ref. [26], where

this result had been shown to hold only for MHV amplitudes.

We have seen that in MRK the scattering equations have a unique solution. As a con-

sequence, we can obtain a very simple relation between amplitudes in MRK with different

cyclic orderings,

AMRK
n (1−, 2−, µ3, . . . , µn) = AMRK

n (1−, 2−, 3, . . . , n)R[µ] , (4.38)

where AMRK
n is the n-point amplitude in MRK and (µ3, . . . , µn) is a permutation of

(3, . . . , n) and we defined,

R[µ] =
σ3σ4 · · ·σn

σµ3µ4σµ4µ5 · · ·σµn−1µnσµn

∣∣∣∣
MRK solution (4.2)

≡
n−1∏
i=3

Rµi

∣∣∣∣
MRK solution (4.2)

, (4.39)

with

Rµi ≡
σµi

σµiµi+1

. (4.40)

Our conjecture implies that

Rµi '

{
1, µi < µi+1

− σµi
σµi+1

, µi > µi+1
=

{
1, µi < µi+1 ,

O
(
k+
µi/k

+
µi+1

)
, µi > µi+1 .

(4.41)

It is then easy to see that R[µ] is suppressed in MRK kinematics unless the cyclic colour-

ordering is aligned with the rapidity ordering, in agreement with known results for MHV

amplitudes [26].
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5 Quasi-multi-Regge factorisation from the scattering equations

In the previous section we have shown that one can derive the factorisation of tree-level

gluon amplitudes in MRK from the CHY formula and Conjecture 1. One feature of our

derivation is that it is independent of the number n of external gluons as well as their

helicities. In this section we extend this analysis to various quasi-multi-Regge limits. More

precisely, we investigate quasi-multi-Regge limits where the produced particles are strongly

ordered in rapidity, except for a single cluster of particles for which no rapidity-ordering is

imposed. We will show that, in agreement with expectations from Regge theory, in each of

these two cases Conjecture 1 implies that the amplitude factorises into a set of universal

building blocks which are multi-particle generalisations of the impact factors and Lipatov

vertices in the case of MRK, independently of the multiplicity and the helicities of the

produced particles. We also obtain CHY-type representations for these building blocks.

5.1 The quasi-multi-Regge limit y3 ' · · · ' yr � · · · � yn

The goal of this section is to show that Conjecture 1 implies that in the quasi-multi-Regge

limit where y3 ' · · · ' yr � · · · � yn any tree-level gluon amplitude factorises as follows:

An(1,. . ., n) (5.1)

'sC(2; 3, . . . , r)
−1

|q⊥r+1|2
V (qr+1; r+1; qr+2) · · · −1

|q⊥n−1|2
V (qn−1;n−1; qn)

−1

|q⊥n |2
C(1;n) ,

where C(2; 3, . . . , r) is a generalised impact factor that only depends on the subset of

momenta (k2, . . . , kr). We will now show that the generalised impact factors are univer-

sal, i.e., they do not depend on the quantum numbers of the other particles involved in

the scattering.

Let us start by analysing the case r = n−1. We assume without loss of generality

that particles 1 and n have negative and positive helicities respectively (if they have the

same helicity, the scattering equations have no solution and the amplitude vanishes — see

appendix B–, in agreement with the fact that helicity is conserved in the impact factor

C(1;n)). For simplicity we also assume that h2 = −1. The case h2 = +1 can be recovered

by using the same argument at the end of the previous section. The general logic will

be similar to the MRK case, so we will be brief and we will not describe all the steps in

detail here. We start by fixing the GL(2,C) redundancy as in eq. (3.5), and we apply

Conjecture 1 to expand the scattering equations to leading order in the limit. We write

(Sαi ,S
α̇
I ) = (Sαi , S

α̇
I ) + · · · , where the dots indicate terms that are power-suppressed in the

limit. We observe that there is a subset of scattering equations that become linear in τn
and ζn,

S1
n = 1 + τn

(
1 +

∑
I∈N

ζI

)
= 0 ,

S2
n = 1 + ζn = 0 ,

(5.2)
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where we use the rescaled variables defined in eqs. (4.3) and (4.7). We can easily evaluate

the corresponding residues,

(q⊥n )∗

k⊥n

∫
dτn
τn

∫
dζn
ζn

δ
(
S1
n

)
δ
(
S2
n

)
=

(k⊥n )∗

k⊥n
= C(1−;n+) , (5.3)

where we used the fact that q⊥n = −k⊥n . The amplitude then takes the expected fac-

torised form

An(1−, 2−,. . ., n+) ' sC(2−; 3, . . . , n−1)
−1

|q⊥n |2
C(1−;n+) , (5.4)

where C(1−;n+) is the same impact factor as in MRK, cf. eq. (2.12). The generalised

impact factor C(2−; 3, . . . , n−1) admits a CHY-type representation,

C
(
2−; 3, . . . , n−1

)
= q⊥n

∫
n−1∏
a=3

dσadτa
τa

1

σ34 · · ·σn−2,n−1σn−1

 ∏
i∈P,I∈N

k⊥I
k⊥i


×
∏
I∈N

δ

(
k⊥I −

∑
i∈P

τIτi
σI−σi

k+
i

)
δ

(
(k⊥I )∗ −

k+
I

k⊥I

∑
i∈P

τIτi
σI−σi

(k⊥i )∗ − ζI
(q⊥n )∗

1 +
∑

J∈N ζJ

)

×
∏
i∈P

δ

(
1 + τi −

∑
I∈N

τiτI
σi−σI

k+
I

k⊥I

)
δ

(
1 + ζi −

k+
i

k⊥i

∑
I∈N

τiτI
σi−σI

)
, (5.5)

where N = N\{2} and qn =
∑n−1

a=2 ka is the total momentum exchanged in the t-channel.

A similar formula can be derived when h2 = +1. We have checked that our formula

correctly reproduces various results for impact factors in the literature [29, 32, 36]. In

particular, eq. (5.5) correctly reproduces known results for the MHV-type impact factors

C
(
2−; 3+, . . . , (n−1)+

)
for arbitrary multiplicities. Moreover, we have checked that we

reproduce the NMHV results for up to n = 7. In appendix D we also show the formula

in eq. (5.5) has the factorisation properties expected from a gluon amplitude at tree level.

In particular, if gluon i becomes soft, ki → 0, the impact factor factorises into an impact

factor with one particle less, times the usual eikonal factor [37]. For example, if the soft

gluon carries positive helicity, we have

C
(
2; 3, . . . , i, . . . , n−1

)
' C

(
2; 3, . . . , a, b, . . . , n−1

) 〈a b〉
〈a i〉 〈i b〉

, (5.6)

where (a, b) = (i−1, i+1) are the gluons adjacent to i for the chosen colour-ordering.

Similarly, if two produced gluons, say i and i+1, become collinear, we have

C
(
2; 3, . . . , n−1

)
' C

(
2; 3, . . . , i−1,Kh, i+2, . . . , n−1

)
Split−h

(
i, i+1

)
, (5.7)

where K = ki + ki+1 denotes the momentum of the parent gluon before the splitting, and

Split denotes the usual tree-level splitting function. Finally, in the case where particle n−1

has much smaller rapidity as the other produced gluons, we have

C
(
2; 3, . . . , n−1

)
' C

(
2; 3, . . . , n−2

) −1

|q⊥n−1|2
V (qn−1;n−1; qn) , (5.8)

with qn = qn−1 + kn−1 = k2 + k3 + · · ·+ kn−1.
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The previous considerations also imply that the amplitude has the expected factori-

sation behaviour in the quasi-multi-Regge limit where y3 ' · · · ' yr � · · · � yn. Indeed,

we can simply apply eq. (5.8) iteratively to add one large rapidity gap at the time, and we

immediately see that the amplitude takes the factorised form given in eq. (5.1). We note

that this factorisation is a direct consequence of Conjecture 1 and the CHY representation

of gluon amplitudes, and it does not rely on any other assumptions. In particular, we

see that the factorised form holds for arbitrary multiplicities and helicity configurations.

Moreover, we see that the impact factors are universal, in the sense they do not depend on

the quantum numbers of the other produced particles, in agreement with general expecta-

tions. This follows immediately from the existence of the CHY-type representation of the

generalised impact factors in eq. (5.5).

5.2 The quasi-multi-Regge limit y3 � · · · � yr ' · · · ' ys � · · · � yn

In this section we extend our analysis to the quasi-multi-Regge limit y3 � · · · � yr '
· · · ' ys � · · · � yn where the amplitude is expected to factorise as follows:

An(1, . . . , n) (5.9)

' sC(2; 3)
−1

|q⊥4 |2
V (q4; 4; q5) · · ·V (qr; r, . . . , s; qs+1) · · ·V (qn−1;n−1; qn)

−1

|q⊥n |2
C(1;n) .

We start by analysing the case (r, s) = (4, n−1), and we assume that (h1, h2) = (−1,−1).

Helicity conservation implies that we obtain a non-zero result only if (h3, hn) = (+1,+1),

which we assume from now on. We proceed in the usual way, and we use Conjecture 1 to

expand the scattering equations to leading order in the limit. We then observe that the

equations Sα3 = Sαn = 0 are linear in ζi and τi, i ∈ {3, n}. We can thus localise the integrals

over these variables on the residues obtained by solving these linear equations. We arrive

at the following factorised form for the amplitude:

An(1−, 2−, 3,. . ., n) ' sC(2−; 3)
−1

|q⊥4 |2
V (q4; 4, . . . , n−1; qn)

−1

|q⊥n |2
C(1−;n) , (5.10)

where the generalised Lipatov vertices admit the following CHY-type representation,

V
(
q4; 4, . . . , n−1;qn

)
= (q⊥4 )∗q⊥n

∫
n−1∏
a=4

dσadta
ta

1

σ45 · · ·σn−2,n−1σn−1

 ∏
i∈P,I∈N

k⊥I
k⊥i


×
∏
I∈N

δ

(
k⊥I −

∑
i∈P

titI
σI−σi

k+
i +

tI
1−

∑
J∈N tJ

q⊥4

)

×
∏
I∈N

δ

(
(k⊥I )∗ −

k+
I

k⊥I

∑
i∈P

titI
σI−σi

(k⊥i )∗ − ζI
1 +

∑
J∈N ζJ

(q⊥n )∗

)

×
∏
i∈P

δ

(
1−

∑
I∈N

titI
σi−σI

k+
I

k⊥I
+ ti

)
δ

(
1−

k+
i

k⊥i

∑
I∈N

titI
σi−σI

+ ζi

)
.

(5.11)
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and N and P denote the subsets of {4, . . . , n−1} of particles with negative and positive

helicity respectively. We have checked that this CHY-type formula is consistent with

known results in the literature for generalised Lipatov vertices for the production up to

three particles, as well as for NMHV-type Lipatov vertices for the production of up to four

particles. In addition, we show in appendix D that eq. (5.11) has the correct factorisation

properties. In particular, if y4 (yn−1) is much greater (smaller) than the rapidities of all

the other emitted particles, then the Liptatov vertex itself factorises,

V
(
q4; 4, . . . , n−1; qn

)
(5.12)

'


V
(
q4; 4; q5

) −1

|q⊥5 |2
V
(
q5; 5, . . . , n−1; qn

)
, y4 � yi , 5 ≤ i ≤ n−1,

V
(
q4; 4, . . . , n−2; qn−1

) −1

|q⊥n−1|2
V
(
qn−1;n−1; qn

)
, yn−1 � yi, 4 ≤ i ≤ n−2.

Using this property we can iterate the factorisation and gradually approach the quasi-multi-

Regge limit y3 � · · · � yr ' · · · ' ys � · · · � yn, and we see that the amplitude takes the

factorised form in eq. (5.9). We emphasise again the factorisation is a direct consequence of

Conjecture 1 and the CHY representation for gluon amplitudes. In particular, we find that

this factorisation holds for arbitrary helicity configurations and that the ensuing generalised

Lipatov vertices are universal and do not depend on the quantum numbers of the other

particles involved in the scattering.

5.3 Other types of quasi-multi-Regge limits

In the previous section we have only studied some very specific quasi-multi-Regge limits,

and we have shown that in those cases Conjecture 1 implies that the amplitude has the

expected factorisation into universal building blocks. In principle, one could also consider

more general quasi-multi-Regge limits, like for example

y3 ' . . . ' yr−1 � yr ' . . . ' ys � ys+1 ' . . . ' yn . (5.13)

In this limit the amplitude is expected to factorise as

An(1,. . ., n) ' sC(2; 3, . . . , r − 1)
−1

|q⊥r |2
V (qr; r, . . . , s; qs+1)

−1

|q⊥s+1|2
C(1; s+1, . . . , n) . (5.14)

Unfortunately, we are currently not able to derive this factorisation from Conjecture

1 and the CHY representation of the amplitude. The main obstacle is that for these

more general quasi-multi-Regge limits we cannot identify a set of variables that enter the

scattering equations linearly in the limit. This property, however, was the cornerstone in

previous sections to prove factorisation in (quasi-)multi-Regge limits. We stress that our

inability to derive factorisations for more general QMRKs from Conjecture 1 and the CHY

representation of the amplitude does by no means imply that no such factorisation exists.

Indeed, if we consider for example eq. (5.14) and we insert the CHY-type representation

for the generalised impact factors and Lipatov vertices in eqs. (5.5) and (5.11) we obtain

a representation for the amplitude in this limit that is consistent with the known factori-

sations of the amplitude in all soft, collinear and multi-Regge limits. We then find it hard
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to imagine that the amplitude could take any other form in this limit than the one given

in eq. (5.14).

Finally, let us conclude this section by commenting on amplitudes involving quarks.

There are various quasi-multi-Regge limits which involve one or more quark pairs in the

final state. For example, in the quasi-multi-Regge limit y3 � y4 ' y5 � y6, we have

A6(1, 2, 3, 4q, 5q̄, 6) ' sC(2; 3)
−1

|q⊥4 |2
V (q4; 4q, 5q̄; q6)

−1

|q⊥6 |2
C(1; 6) . (5.15)

Since there are CHY representations for tree-level amplitudes involving massless

quarks [38], and since the scattering equations are universal and do not depend on the

details of the theory, we can immediately extend our analysis to these amplitudes and use

Conjecture 1 to prove their factorisation in various quasi-multi-Regge limits. In particular,

we can obtain CHY-type representations for the corresponding generalised impact factors

and Lipatov vertices, and we have checked that also in this case we are able to reproduce

the known analytic expressions from the literature [26, 29, 32, 39].

6 Conclusion

In this paper we have initiated the study of Regge kinematics through the lens of the

scattering equations and the CHY formula. Based on numerical studies, we have formulated

a precise conjecture about the behaviour of the solutions to the scattering equations in a

Regge limit, both in their D and four-dimensional guises. While we currently have no proof

of our conjecture, we have tested its validity by showing that we can derive the expected

factorisation of the amplitudes when we combine the conjecture with the four-dimensional

CHY formula. This is a highly non-trivial prediction of our conjecture which gives us

confidence that it describes the correct asymptotic behaviour of the solutions in QMRK.

Our conjecture is not only of formal interest, but it has concrete applications to tree-

level scattering amplitudes. In particular, we have applied our conjecture to show that

in MRK the four-dimensional scattering equations have a unique solution (up to GL(2,C)

redundancy), independently of the multiplicity, and we have explicitly determined this

MRK solution. We find it remarkable that in MRK it is possible to find an exact solution

of the four-dimensional scattering equations for arbitrary multiplicities. Indeed, so far

this has only been achieved for the MHV sector and in a special eikonal Regge kinematical

regime. In QMRK we cannot obtained exact solutions to the scattering equations anymore.

Instead we have derived CHY-type formulas for the generalised impact factors and Lipatov

vertices valid for an arbitrary number of particles, and we have checked that these formulas

reproduce known analytic results from the literature for low multiplicities.

We see two possible directions for future research. First, it would be interesting to find

a proof of our conjecture. This would not only clarify some new mathematical property

of the scattering equations, but it would have direct implications for tree-level scattering

amplitudes. Indeed, so far the factorisation of colour-ordered helicity amplitudes has only

been rigorously proven for arbitrary multiplicities for the simplest helicity configurations.

In this paper we have shown that our conjecture implies the expected factorisation for arbi-

trary helicity configurations. A rigorous mathematical proof of our conjecture would thus
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immediately lead to an elegant proof of the Regge factorisation of all tree-level amplitudes

in gauge theories.

Second, while in this paper we have focused exclusively on gluon amplitudes, the

scattering equations and the CHY formula are valid for much larger classes of massless

quantum field theories, and thus our conjecture applies also to theories other than Yang-

Mills. In particular, since we have shown that our conjecture implies the factorisation of

gauge theory amplitudes in various quasi-multi-Regge limits, it would be interesting to

investigate if similar factorisations can be derived for other massless quantum field theories

in QMRK. The study of Regge kinematics has so far mostly focused on gauge theory

amplitudes and gravity [40, 41], and it would be interesting to study the implications for

other theories. We leave this study for future work.
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A From D to 4 dimensions

In this appendix, we clarify the relation between D- and four-dimensional scattering equa-

tions. Let us start with a rational map from the moduli space M0,n to momentum space

as follows [3, 4]:

kµa =
1

2πi

∮
|z−σa|=ε

dz wµ(z), (A.1)

with

wµ(z) =

n∑
b=1

kµb
z − σb

=
Pµ(z)∏n

b=1(z − σb)
, (A.2)

where σa denote the marked points in M0,n. Clearly, Pµ(z) is a polynomial of degree n−2.

Moreover, it turned out that Pµ(z) requires to be null. The meromorphic function

w(z)2 ≡ wµ(z)wµ(z) =
∑
a

1

z − σa

∑
b 6=a

2ka · kb
σa − σb

, (A.3)

has no pole at z =∞ and only simple pole at each z = σa, thus using the residue theorem

one can immediately get the constraints to determine the marked points σa, i.e.,

0 =
1

4πi

∮
|z−σa|=ε

dz w(z)2 =
∑
b 6=a

ka · kb
σa − σb

, a = 1, 2, . . . , n, (A.4)
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which are just the scattering equations. This system of algebraic equations owns a global

SL(2,C) symmetry, and thus only n−3 out of the n equations are independent.

In four dimensions the null vector Pµ(z) can be rewritten in spinor variables as follows:

Pαα̇(z) =

(
n∏
a=1

(z − σa)

)
n∑
b=1

λαb λ̃
α̇
b

z − σb
= λα(z)λ̃α̇(z), (A.5)

where λ(z) and λ̃(z) are polynomials in z of degree d and d̃ respectively, d, d̃ ∈ {1, . . . , n−3}
and d+ d̃ = n−2. The polynomials λ(z) and λ̃(z) can be constructed in the following way:

λα(z) =
∏
a∈N

(z − σa)
∑
I∈N

tIλ
α
I

z − σI
, λα̇(z) =

∏
a∈P

(z − σa)
∑
i∈P

tiλ̃
α̇
i

z − σi
. (A.6)

Here N is any subset of {1, . . . , n} with length 2 ≤ k ≤ n−2 and P is the corresponding

complement. Therefore, λ(z) has degree d = k−1, while λ̃(z) has degree d̃ = n−k−1. Here

the variables ta with a ∈ {1, 2, . . . , n} can be understood as the combinations of coefficients

in polynomials λ(z) and λ̃(z) in eq. (A.5). Plugging (A.6) into eq. (A.5), we find

Pαα̇(z) = λα(z)λ̃α̇(z)

=

n∏
a=1

(z − σa)

(∑
I∈N

tIλ
α
I

z − σI

)∑
i∈P

tiλ̃
α̇
i

z − σi


=

n∏
a=1

(z − σa)
∑
I∈N

∑
i∈P

tItiλ
α
I λ̃

α̇
i

(
1

z − σI
− 1

z − σi

)
1

σI − σi

=

n∏
a=1

(z − σa)

∑
I∈N

λαI
z − σI

∑
i∈P

λ̃α̇i
(I i)

+
∑
i∈P

λ̃α̇i
z − σi

∑
I∈N

λαI
(i I)

 (A.7)

which implies that

λ̃α̇I =
∑
i∈P

λ̃α̇i
(I i)

, I ∈ N; λαi =
∑
I∈N

λαI
(i I)

, i ∈ P . (A.8)

We see that in four dimensions the scattering equations fall into different sectors char-

acterized by k ∈ {2, . . . , n−2}. The number of solutions of the scattering equations

in sector k is given by the Eulerian number
〈
n−3
k−2

〉
[3, 42]. It is well-known that∑n−2

k=2

〈
n−3
k−2

〉
= (n−3)! [43], in agreement with the fact that the scattering equations in

eq. (2.3) have (n−3)! independent solutions. There is an overall rescaling redundancy,

i.e.
{
λ(z), λ̃(z)

}
→
{
cλ(z), c−1λ̃(z)

}
leaves P (z) invariant, and so this system of equations

has a global GL(2,C) = SL(2,C)×GL(1,C) symmetry. As a byproduct we have shown that

the solutions σa solve at the same time the D- and four-dimensional scattering equations.
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B The asymptotic behaviour of the four-dimensional scattering equa-

tions

B.1 The conjecture for all helicity sectors

In this appendix, we present the conjecture on the behavior of the solutions of the four-

dimensional scattering equations in QMRK for all helicity sectors. We conjecture that if

we fix the SL(2,C) redundancy according to eq. (3.1), i.e.,

σ1 = 0, σ2 = t2 →∞, t1 = −1 ,

then the solutions of four-dimensional scattering equations behave as

σa = O
(
k+
a κ

(hn−h3)/2
)
, 3 ≤ a ≤ n,

ti = O
(√

k+
i κ

(1−h3−hi)
)
, i ∈ P, i 6= 3,

tI = O
(√

k+
I κ

(−hI+hn−1)
)
, I ∈ N, I 6= n,

t3 = O
(√

k+
3 κ

(1−h3−h3)
)
, tn = O

(√
k+
n κ(1−h3−hn)

)
.

(B.1)

Obviously, in the case {3, n} ⊆ P, h3 = hn = 1, it immediately goes back to Conjecture 1

σa = O
(
k+
a

)
, ta = O

(√
k+
a κ−ha

)
. (B.2)

Here we focus on the case of 3 ∈ N and/or n ∈ N. We have performed a detailed

numerical analysis for these cases up to seven points. To be clear, let us see a simple

example of five points. We consider P = {3, 4}, and in this case it is easy to obtain the

unique exact solution as follows:

σ3 =
[24]

[14]
, t3 =

[24]

[34]
, σ4 =

[23]

[13]
, t4 = − [23]

[34]
, σ5 =

[15][23][24]

[13][14][25]
, t5 =

[12][35][45]

[13][14][25]
. (B.3)

In the MRK, we have

σ3 = −(k⊥4 )∗

k+
4

(
k+

3 κ
−1
)
,

t3 = −1,

σ4 = −(k⊥3 )∗

k+
4

(
k+

4 κ
−1
)
,

t4 =
(k⊥3 )∗

(k⊥4 )∗

√
k+

4 κ
−1,

σ5 = −(k⊥3 k
⊥
4 )∗

k+
4 (k⊥5 )∗

(
k+

4 κ
−1
)
,

t5 =

√
(k⊥5 )∗

k⊥5
.

(B.4)

This exactly matches our conjecture presented above.

B.2 Helicity conservation

Here we show that our conjecture implies that helicity is conserved by the impact factors

C(1;n) and C(2; 3). We study the case of n ∈ N in the limit yn � yi (3 ≤ i < n). In this

case, all equations in eq. (4.5) are independant of σn at leading order, since in the limit

yn � yi we have

1

σi − σn
' 1

σi
. (B.5)
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Therefore, the integral over σn vanishes at leading order, which implies C(1−;n−) = 0.

This is consistent with the fact the helicity is conversed by leading impact factors. A

similar analysis can be performed to show C(2−; 3−) = 0.

Alternatively, we can show that the impact factor C(1−;n−) vanishes by using the scat-

tering equation with n ∈ P. One can show that the amplitudes An(1−, 2−, . . . , i+, . . . , n−)

and An(1−, 2−, . . . , i−, . . . , n+) can be computed using the same CHY formula in eq. (2.5),

up to adding a additional factor to the integrand, i.e.,

1

(12) . . . (n1)
−→ 1

(i n)4
× 1

(12) . . . (n1)
. (B.6)

In the limit yn � yi with 3 ≤ i < n, we have

1

(i n)4
'
(
titn
σi

)4

= O
((

k+
i

k+
n

)2)
. (B.7)

This shows that the amplitude An(1−, 2−, . . . , n−) is suppressed in the limit yi � yn.

C An alternative formula for Lipatov vertices

In previous analyses, we always remove the four equations S̄ α̇1 = S̄ α̇2 = 0 and identify them

with the momentum conservation constraint, cf. eq. (2.7). In the limit y3 � y4 ' · · · '
yn−1 � yn, we find that it is convenient to use the equations S̄ α̇1 = S̄ α̇2 = 0 to localize

the integrals over {σ3, τ3, σn, τn}. We can then identify δ2(Sα3 )δ2(Sαn ) with the δ-function

expressing momentum conservation:

δ2
(
Sα3
)
δ2
(
Sαn
)

= s k⊥3 (k⊥n )∗ δ4

(
n∑
a=1

kµa

)
. (C.1)

Finally, this leads to the following alternatively equivalent formula for the generalized

Lipatov vertex:

V
(
q4; 4, . . . , n−1;qn

)
= (q⊥4

∗
q⊥n )

∫
n−1∏
a=4

dσadτa
τa

J1,2;3,n

σ45 · · ·σn−2,n−1σn−1

( ∏
i∈P,I∈N

k⊥I
k⊥i

)

×
∏
I∈N

δ

(
k⊥I −

∑
i∈P

(
τIτi
σI−σi

+
τIτi
σi

)
k+
i − τIq

⊥
n

)

×
∏
I∈N

δ

(
(k⊥I )∗ −

∑
i∈P

(
k+
I

k⊥I

τIτi
σI−σi

− ζIτi
)

(k⊥i )∗ − ζI(q⊥4 )∗

)

×
∏
i∈P

δ

(
1−

∑
I∈N

τiτI
σi−σI

k+
I

k⊥I
+ τi

)
δ

(
1−

k+
i

k⊥i

∑
I∈N

τiτI
σi−σI

+ ζi

)
,

(C.2)

where

J1,2;3,n = q⊥4 (q⊥n )∗
(
q⊥n +

∑
i∈P

ζik
⊥
i

)−1(
(q⊥4 )∗ −

∑
i∈P

τi(k
⊥
i )∗
)−1

. (C.3)
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D Factorisations of impact factors and Lipatov vertices

In this appendix we show that the generalised impact factors and Lipatov vertices that

appear in QMRK have the expected factorisations in soft, collinear and Regge limits.

D.1 Soft limits

Let us start by discussing the soft limits of the impact factors and the Lipatov vertices

defined through the CHY-type formulas in eqs. (5.5) and (5.11). The argument is the

same in both cases and follows closely the analysis of the soft limit of the full amplitude

in refs. [1, 2]. In the following we only discuss the case of the generalised Lipatov vertex

V (q4; 4, . . . , n−1; qn).

Without loss of generality we assume that k5 → 0, and we assume that the soft gluon

has positive helicity. The argument in other cases is identical. Keeping only the leading

behaviour as k5 → 0 in eq. (5.11), we can write

V
(
q4; 4, . . . , n−1; qn

)
' 1

k⊥5

∫
n−1∏
a=4

dσadτa
τa

(
1

σ45
+

1

σ56

)
δ2
(
Sα5
)
In−5 , (D.1)

where In−5 collects the terms in the integrand of eq. (5.11) independent of σ5 and τ5,

In−5 =
(q⊥4 )∗q⊥n

σ46σ67 · · ·σn−2,n−1σn−1

( ∏
i∈P\{5},I∈N

k⊥I
k⊥i

)

×
∏
I∈N

δ

(
k⊥I −

∑
i∈P\{5}

τiτI
σI−σi

k+
i +

τI
1−

∑
J∈N tJ

q⊥4

)

×
∏
I∈N

δ

(
(k⊥I )∗ −

k+
I

k⊥I

∑
i∈P\{5}

τiτI
σI−σi

(k⊥i )∗ − ζI
1 +

∑
J∈N ζJ

(q⊥n )∗

)

×
∏

i∈P\{5}

δ

(
1−

∑
I∈N

τiτI
σi−σI

k+
I

k⊥I
+ τi

)
δ

(
1−

k+
i

k⊥i

∑
I∈N

τiτI
σi−σI

+ ζi

)
.

(D.2)

Let us write down Sα5 explicitly:

S1
5 = 1 + τ5

(
1−

∑
I∈N

τI
σ5−σI

k+
I

k⊥I

)
,

S2
5 = 1 + τ5

k+
5

k⊥5

(
1

σ5
−
∑
I∈N

τI
σ5−σI

)
.

(D.3)

As a first step, let us use the delta function δ(S1
5) in eq. (D.3) to fix τ5. We then obtain

V
(
q4; 4, . . . , n−1; qn

)
' 1

k⊥5

∫
n−1∏

a=4,a 6=5

dσadτa
τa

In−5

∮
C

dσ5

S2
5

(
1

σ45
+

1

σ56

)
, (D.4)
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where the contour C is defined to encircle the zeros of S2
5 , which is given by

S2
5

∣∣
S1
5=0

= 1− k+
5

k⊥5

(
1

σ5
−
∑
I∈N

τI
σ5−σI

)(
1−

∑
I∈N

τI
σ5−σI

k+
I

k⊥I

)−1

. (D.5)

We apply the global residue theorem, which allows us to express the residue at S2
5 = 0

in terms of the residues at σ5 = σ4 and σ5 = σ6. Even though the computation depends

on the helicity configuration of the two adjacent legs, the final result does not, and a

straightforward calculation gives

V
(
q4; 4, 5, . . . , n−1; qn

)
' 〈4 6〉
〈4 5〉 〈5 6〉

V
(
q4; 4, 6, . . . , n−1; qn

)
. (D.6)

D.2 Collinear limit

We now study the generalised impact factors and Lipatov vertices in the limit where a pair

of produced particles become collinear. We again restrict ourselves to the study of Lipatov

vertices, and we assume that the momenta k4 and k5 are collinear. We take the following

parametrization for the two collinear massless momenta [44],

k+
4 = zk+

x − 2ε
√
z(1−z)

(
k+
x k

+
y

)1/2
+ ε2(1−z)k+

y ,

k−4 = zk−x − ε
√
z(1−z)

(
(k⊥x )∗k⊥y + k⊥x (k⊥y )∗

)(
k+
x k

+
y

)−1/2
+ ε2(1−z)k−y ,

k⊥4 = zk⊥x − ε
√
z(1−z)

(
k⊥x k

+
y + k+

x k
⊥
y

)(
k+
x k

+
y

)−1/2
+ ε2(1−z)k⊥y ,

k+
5 = (1−z)k+

x + 2ε
√
z(1−z)

(
k+
x k

+
y

)1/2
+ ε2zk+

y ,

k−5 = (1−z)k−x + ε
√
z(1−z)

(
(k⊥x )∗k⊥y + k⊥x (k⊥y )∗

)(
k+
x k

+
y

)−1/2
+ ε2zk−y ,

k⊥5 = (1−z)k⊥x + ε
√
z(1−z)

(
k⊥x k

+
y + k+

x k
⊥
y

)(
k+
x k

+
y

)−1/2
+ ε2zk⊥y .

(D.7)

The collinear limit is realised as ε → 0 and the collinear direction is K = k4 + k5 =

kx +O(ε2).

In ref. [21] it was shown that in the limit where two gluons become collinear only those

solutions contribute where σ4 and σ5 coincide in the limit. It is then useful to perform the

change of variables from (σ4, σ5) to (ρ, ξ):

σ4 = ρ+
1

2
εξ +O(ε2) , σ5 = ρ− 1

2
εξ +O(ε2) , (D.8)

such that σ4−σ5 = εξ+O(ε2) and dσ4dσ5 = εdξdρ. In these new variables eq. (5.11) takes

the form:

V
(
q4; 4, 5, . . . , n−1; qn

)
= (q⊥4 )∗q⊥n

( ∏
i∈P,I∈N

k⊥I
k⊥i

)

×

∫
n−1∏
a=6

dσadτa
τa

∫
dξdρdτ4dτ5

ξτ4τ5

∏
I∈N

δ2
(
Sα̇I
) ∏
i∈P

δ2
(
Sαi
)

(ρ−σ6)σ67 · · ·σn−2,n−1σn−1
. (D.9)

We now show that after integrating out ξ and some linear combination of τ4 and τ5 we

can recover the expected factorised form of the Lipatov vertex in the collinear limit. In

order to proceed, we need to analyse separately the cases where the collinear particles have

either the same or opposite helicities.
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(h4, h5) = (+,+). Let us first consider the case where the two particles have posi-

tive helicity. It is convenient to perform the change of variables from (τ4, τ5) to (τx, τy)

defined by,

τx = z τ4 + (1−z) τ5 and τy =
√
z(1−z)

(
τ5 − τ4

)
. (D.10)

such that

dτ4dτ5 =
1√

z(1−z)
dτxdτy . (D.11)

Equation (D.9) then becomes,

V
(
q4; 4, 5, . . . , n−1; qn

)
=

(q⊥4 )∗q⊥n
(k⊥x )2

1

(z(1−z))3/2

( ∏
i∈P\{4,5},I∈N

k⊥I
k⊥i

)

×

∫
n−1∏
a=6

dσadτa
τa

∫
dρdτx
τx

∫
dξdτy
ξ

τx
τ4τ5

∏
I∈N

δ2
(
Sα̇I
) ∏
i∈P

δ2
(
Sαi
)

(ρ−σ6)σ67 · · ·σn−2,n−1σn−1
,

where the scattering equations are given below in detail. First, S̄α̇I become

S̄1̇
I = k⊥I −

∑
i∈P\{4,5}

τIτi
σI−σi

k+
i −

τIτx
σI−ρ

k+
x +

τI
1−

∑
J∈N tJ

q⊥4 +O(ε), (D.12)

S̄2̇
I = (k⊥I )∗ −

k+
I

k⊥I

∑
i∈P\{4,5}

τIτi
σI−σi

(k⊥i )∗ −
k+
I

k⊥I

τIτx
σI−ρ

(k⊥x )∗ − ζI
1 +

∑
J∈N ζJ

(q⊥n )∗ +O(ε),

up to leading order in the collinear limit. While Sαi with i 6= 4, 5 remain unchanged, Sα4
and Sα5 become

S1
4 = 1 + τ4

[
1−

∑
I∈N

(
τI

ρ−σI
− εξ

2

τI
(ρ−σI)2

)
k+
I

k⊥I

]
+O(ε2), (D.13)

S1
5 = 1 + τ5

[
1−

∑
I∈N

(
τI

ρ−σI
+
εξ

2

τI
(ρ−σI)2

)
k+
I

k⊥I

]
+O(ε2), (D.14)

S2
4 = 1 + τ4

k+
x

k⊥x

{
1

ρ
−
∑
I∈N

τI
ρ−σI

+

[√
1−z
z

〈xy〉
k⊥x

(
1

ρ
−
∑
I∈N

τI
ρ−σI

)
− ξ

2

(
1

ρ2
−
∑
I∈N

τI
(ρ−σI)2

)]
ε

}
+O(ε2), (D.15)

S2
5 = 1 + τ5

k+
x

k⊥x

{
1

ρ
−
∑
I∈N

τI
ρ−σI

−

[√
z

1−z
〈xy〉
k⊥x

(
1

ρ
−
∑
I∈N

τI
ρ−σI

)
− ξ

2

(
1

ρ2
−
∑
I∈N

τI
(ρ−σI)2

)]
ε

}
+O(ε2). (D.16)
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Next, we consider the following linear combinations,

Sαx ≡ z Sα4 + (1−z)Sα5 , (D.17)

Sαy ≡
√
z(1−z)

(
−Sα4 + Sα5

)
, (D.18)

such that δ2
(
Sα4
)
δ2
(
Sα5
)

= z(1−z) δ2
(
Sαx
)
δ2
(
Sαy
)
. At leading order eq. (D.17) reduces to

S1
x = 1 + τx

(
1−

∑
I∈N

τI
ρ−σI

k+
I

k⊥I

)
+O(ε),

S2
x = 1 + τx

(
1

ρ
−
∑
I∈N

τI
ρ−σI

)
k+
x

k⊥x
+O(ε).

(D.19)

The interpretation of these equations is as follows: the collinear momenta have been re-

placed by a new parent particle with momentum kx and positive helicity, and to this particle

we associate the variables (ρ, τx). The remaining step is then to integrate out the variables

(ξ, τy) associated to the collinear splitting using the equations Sαy = 0 in eq. (D.18).

To leading order in ε the equations Sαy = 0 are independent of ξ, so we need to expand

them to next-to-leading order,

S1
y = τyΛ1 −

1

2
ε ξ
(

2
√
z(1−z)τx + (2z−1)τy

)
Λ2 +O(ε2), (D.20)

S2
y =

k+
x

k⊥x

{
Λ3τy −

(
τx −

1− 2z√
z(1−z)

τy

)
〈x y〉
k⊥x

Λ3ε

+
ξ

2

(
2
√
z(1−z)τx + (2z−1)τy

)
Λ4ε

}
+O(ε2), (D.21)

where we introduced the shorthands,

Λ1 = 1−
∑
I∈N

τI
ρ−σI

k+
I

k⊥I
,

Λ3 =
1

ρ
−
∑
I∈N

τI
ρ−σI

,

Λ2 =
∑
I∈N

τI
(ρ−σI)2

k+
I

k⊥I
,

Λ4 =
1

ρ2
−
∑
I∈N

τI
(ρ−σI)2

.

(D.22)

We use eq. (D.20) to fix τy,

τy =
εξ
√
z(1−z) Λ2 τx

Λ1 − 1
2εξ(2z−1)Λ2

(D.23)

Finaly, we use the global residue theorem to express the residue at S2
y = 0 in terms of the

residues at ξ = 0 and ξ =∞. The residue at ξ =∞ vanishes, and we obtain

V
(
q4; 4+, 5+, . . . , n−1; qn

)
' 1

ε 〈x y〉
1√

z(1−z)
V
(
q4;K+, 6, . . . , n−1; qn

)
= Split−(4+, 5+)V

(
q4;K+, 6, . . . , n−1; qn

)
.

(D.24)
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(h4, h5) = (+,−). In the case where the collinear particles have opposite helicities, the

general philosophy is similar to the previous case, though some of the steps are technically

more involved. We only highlight the main steps here. We perform the following change

of variables,

τx = z τ4 + τ5 and τy =

√
z

1−z
(
τ5 − (1−z)τ4

)
, (D.25)

such that dτ4dτ5 =
√

1−z
z dτxdτy, and eq. (D.9) reduces to

V
(
q4; 4, 5, . . . , n−1; qn

)
'
(
q⊥4
∗
q⊥n
)( ∏

i∈P\{4}
I∈N\{5}

k⊥I
k⊥i

)(
1−z
z

)3/2

×

∫
n−1∏
a=6

dσadτa
τa

∫
dρdτx

∫
dξdτy
ξ τ4τ5

∏
I∈N

δ2
(
Sα̇I
) ∏
i∈P

δ2
(
Sαi
)

(ρ−σ6)σ67 · · ·σn−2,n−1σn−1
. (D.26)

The scattering equations entering eq. (D.26) can be cast in the form:

S1
i = 1 + τi −

∑
I∈N\{5}

τiτI
σi−σI

k+
I

k⊥I
− τiτ5

σi−ρ
k+
x

k⊥x
+O(ε), (D.27)

S2
i = 1 +

k+
i

k⊥i

(
τi
σi
−

∑
I∈N\{5}

τiτI
σi−σI

− τiτ5

σi−ρ

)
+O(ε), (D.28)

S̄1̇
I = k⊥I −

∑
i∈P\{4}

τIτi
σI−σi

k+
i −

τIτ4

σI−ρ
zk+

x + aτI +O(ε), (D.29)

S̄2̇
I = (k⊥I )∗ −

k+
I

k⊥I

( ∑
i∈P\{4}

τIτi
σI−σi

(k⊥i )∗ +
τIτ4

σI−ρ
z(k⊥x )∗ + b0

τI
σI

)
+O(ε), (D.30)

S1
4 = 1 + τ4 −

∑
I∈N\{5}

τ4τI

ρ−σI+1
2εξ

k+
I

k⊥I
− τ4τ5

ε ξ

k+
5

k⊥5
, (D.31)

S2
4 = 1 +

k+
4

k⊥4

(
τ4

ρ+ ε ξ/2
−

∑
I∈N\{5}

τ4τI

ρ−σI+1
2εξ
− τ4τ5

ε ξ

)
, (D.32)

S̄1̇
5 = k⊥5 −

∑
i∈P\{4}

τ5τi

ρ−σi−1
2εξ

k+
i +

τ5τ4

ε ξ
k+

4 + aτ5, (D.33)

S̄2̇
5 = (k⊥5 )∗ − k+

5

k⊥5

( ∑
i∈P\{4}

τ5τi

ρ−σi−1
2εξ

(k⊥i )∗ − τ5τ4

ε ξ
(k⊥4 )∗ + b

τ5

ρ−1
2εξ

)
, (D.34)

with

a ≡ q⊥4
(

1−
∑
J∈N

tJ

)−1

and b ≡ (q⊥n )∗
(

1 +
∑
J∈N

tJ
σJ

k+
J

k⊥J

)−1

, (D.35)

and b0 in eq. (D.30) is the leading order approximation of b in ε.
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In the first step, we use δ(S1
4) to fix τy. Since S1

4 = 0 is a quadratic equation in τy, it

has two solutions as follows:

τ±y =

(
(2z−1)k+

5 τx + εξΞk⊥5
)
±
√
−4zεξk⊥5 k

+
5 +

(
k+

5 τx − εξΞk⊥5
)2

2k+
5

√
z(1−z)

, (D.36)

with

Ξ ≡ 1−
∑

I∈N\{5}

τI

ρ−σI+1
2εξ

k+
I

k⊥I
. (D.37)

Equation (D.26) then reduces to

V
(
q4; 4, 5, . . . , n−1; qn

)
' (q⊥4 )∗q⊥n

( ∏
i∈P\{4}
I∈N\{5}

k⊥I
k⊥i

)
(1− z)1/2z−3/2

×

∫
n−1∏
a=6

dσadτa
τa

∫
dρdτx
τx

∫
dξ

ξ

(
∆|τy=t+y

−∆|τy=t−y

) τx

τ+
y − τ−y

, (D.38)

where

∆ ≡
δ
(
S2

4

)
δ2
(
S̄α̇5
)

(1 + τ4Ξ)

∏
i∈P\{4}

δ2
(
Sαi
) ∏
I∈N\{5}

δ2
(
S̄α̇I
)

(ρ−σ6)σ67 · · ·σn−2,n−1σn−1
. (D.39)

Finally, we again use the global residue theorem and integrate out ξ by summing the

residues at ξ = 0 and ξ =∞. The residue at ξ =∞ again vanishes, and we find

V
(
q4; 4, 5, . . . ,n−1; qn

)
= −(q⊥4 )∗q⊥n

( ∏
i∈P\{4},I∈N\{5}

k⊥I
k⊥i

)(
1−z
z

)

×

∫
n−1∏
a=6

dσadτa
τa

∫
dρdτx
τx

(
∆|(ξ,τy)=(0,τ+y ) −∆|(ξ,τy)=(0,τ−y )

)
. (D.40)

Let us analyse separately the contributions from the two terms in eq. (D.40). We start

by considering the term containing ∆|(ξ,τy)=(0,τ+y ). We have

lim
ξ→0

τ+
y = τx

√
z

1−z
, (D.41)

which implies τ4 = 0 and τ5 = τx. Inserting this into the scattering equations, we obtain

S1
i = 1 + τi −

∑
I∈N\{5}

τiτI
σi−σI

k+
I

k⊥I
− τiτx
σi−ρ

k+
x

k⊥x
+O(ε), (D.42)

S2
i = 1 +

k+
i

k⊥i

(
τi
σi
−

∑
I∈N\{5}

τiτI
σi−σI

− τiτx
σi−ρ

)
+O(ε), (D.43)
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S̄1̇
I = k⊥I −

∑
i∈P\{4}

τIτi
σI−σi

k+
i + a′τI +O(ε), (D.44)

S̄2̇
I = (k⊥I )∗ −

k+
I

k⊥I

( ∑
i∈P\{4}

τIτi
σI−σi

(k⊥i )∗ + b′
τI
σI

)
+O(ε), (D.45)

S̄1̇
5 = k⊥x −

∑
i∈P\{4}

τxτi
ρ−σi

k+
i + a′τx +O(ε) (D.46)

S̄2̇
5 = (k⊥x )∗ − k+

x

k⊥x

( ∑
i∈P\{4}

τxτi
ρ−σi

(k⊥i )∗ + b′
τx
ρ

)
+O(ε), (D.47)

with ζx ≡ τx
ρ
k+x
k⊥x

and

a′ = q⊥2

(
1− τx −

∑
J∈N\{5}

tJ

)−1

, b′ = q⊥1
∗
(

1 + ζx +
∑

J∈N\{5}

ζJ

)−1

. (D.48)

In addition, in this case we have

1 + τ4Ξ = 1, S2
4 = − 1√

z(1−z)

〈x y〉
k⊥x

ε+O(ε2). (D.49)

We see that S̄α̇5 only depends on kx, and not on k4 and k5 separately. Thus, if we let

S̄α̇x = S̄α̇5 , we obtain the scattering equations associated with a single parent particle with

momentum kx and negative helicity, and we have

− 1

ε 〈x y〉
(1−z)2√
z(1−z)

V
(
q4;K−, 6, . . . , n−1; qn

)
= Split+(4+, 5−)V

(
q4;K−, 6, . . . , n−1; qn

)
.

(D.50)

We can perform a similar analysis for the term ∆|(ξ,τy)=(0,τ−y ), and letting S1
x = S̄1̇

5/k
⊥
x

and S2
x = z S2

4 we obtain scattering equations for a parent parton with momentum kx and

positive helicity. This gives a contribution

1

ε [x y]

z2√
z(1−z)

V
(
q4;K+, 6, . . . , n−1; qn

)
= Split−(4+, 5−)V

(
q4;K+, 6, . . . , n−1; qn

)
.

(D.51)

D.3 Quasi multi-Regge limits

In this appendix we prove that our CHY-type formulas for the impact factors and the Lipa-

tov vertices have the expected factorisation properties if the last particle, with momentum

kn−1, has much smaller rapidity as the other particles. A similar analysis can be performed

in the case where the first particle has much greater rapidity than the other.

Here we only discuss the impact factor C(2; 3, . . . , n−1) and derive the factorisation in

the limit y3 ' · · · ' yn−2 � yn−1. The argument follows the same lines as the derivation

of the factorisation of the amplitude in QMRK in section 5.1, so we will be brief. More
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precisely, we use the Conjecture 1 and two δ-functions to localise the integrals over τn−1

and ζn−1. The derivation depends on the helicity of the particle n−1, and we now discuss

each case in turn.

Let us first study the case where the gluon with momentum kn−1 has positive helicity.

The two equations Sαn−1 = 0 are linear in ζn−1 and τn−1. More precisely, we have

S1
n−1 = 1 + τn−1

1 +
∑
I∈N

ζI

 = 0, S2
n−1 = 1 + ζn−1 = 0. (D.52)

We can use these equations to fix ζn−1 and τn−1. We obtain,

ζn−1 = −1 and τn−1 = − 1

1 +
∑

I∈N ζI
. (D.53)

We can insert eq. (D.53) into the remaining scattering equations S̄α̇I , and we get

S̄1
I = k⊥I −

∑
i∈P\{n−1}

τIτi
σI−σi

k+
i ,

S̄2
I = (k⊥I )∗ −

k+
I

k⊥I

∑
i∈P\{n−1}

τIτi
σI−σi

(k⊥i )∗ − ζI
(q⊥n − k⊥n−1)∗

1 +
∑

J∈N ζJ
.

(D.54)

After ζn−1 and τn−1 have been integrated out, we immediately find

C
(
2−, 3, . . . , n−1

)
' C

(
2−, 3, . . . , n−2

) −1

|q⊥n−1|2
V
(
qn−1;n−1; qn

)
, (D.55)

where qn−1 = qn− kn−1, and the impact factor C
(
2−, 3, . . . , n−2

)
in the right-hand side is

given again by the CHY-type formula in eq. (5.5).

Similarly, in another case where the gluon with momentum kn−1 has negative helicity,

we first use the equation

S̄2̇
n−1 = (k⊥n−1)∗ − ζn−1

(q⊥n )∗

1 +
∑

J∈N ζJ
= 0 (D.56)

to localize the integral over ζn−1, and the formula for the impact factor becomes

q⊥n×
−k⊥n−1 (q⊥n )∗

(k⊥n−1)∗(q⊥n−1)∗

∫
n−2∏
a=3

dσadτa
τa

1

σ34 · · ·σn−2

 ∏
i∈P,I∈N\{n−1}

k⊥I
k⊥i


×

∏
I∈N\{n−1}

δ

(
k⊥I −

∑
i∈P

τIτi
σI−σi

k+
i

)
δ

(
(k⊥I )∗−

k+
I

k⊥I

∑
i∈P

τIτi
σI−σi

(k⊥i )∗−ζI
(q⊥n −k⊥n−1)∗

1+
∑

J∈N\{n−1}
ζJ

)

×

∫
dτn−1

τn−1
δ

(
k⊥n−1+τn−1

∑
i∈P

ζik
⊥
i

)

×
∏
i∈P

δ

(
1+τi−

∑
I∈N

τiτI
σi−σI

k+
I

k⊥I

)
δ

(
1+ζi−

k+
i

k⊥i

∑
I∈N

τiτI
σi−σI

−ζi τn−1

)
. (D.57)

Finally, we use the residue theorem to localise the integral over τn−1 on the residues at

τn−1 = 0 and τn−1 = ∞. The residue at τn−1 = ∞ vanishes, and the residue at τn−1 = 0

immediately reproduces the desired factorisation formula.
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