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We investigate the effects of the chiral MIT boundary conditions for a Dirac particle in a 1D box.
We show how the boundary condition affects the discrete momentum, energy level, transition
frequency, and spin state in a box. The effects of the chiral MIT boundary conditions on the
probability and scalar densities are also demonstrated. The results show that an asymmetric
distribution appears in the box depending on the parameters of the spin orientation and chiral
angle.
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1. Introduction

Particle confinement systems have been intensively studied. A basic and well-known example is a
free non-relativistic (NR) particle in an infinite potential well. In such systems, it is well known
that momentum and energy states become discrete. Studies on particle confinement are not only
applicable to NR particles, but also to relativistic particles, such as Klein–Gordon (KG) [1,2], Dirac
[3–10], and Majorana particles [11] with various shapes or forms of confinement models.

It is also well known that the boundary condition for a spin particle is not trivial. For NR and KG
particles, it is sufficient to use Dirichlet boundary conditions, which require the vanishing of the
wavefunction and its probability density around the boundary [1]. However, for Dirac and Majorana
particles, the Dirichlet boundary conditions cannot be applied. This condition inspired the authors
of Refs. [3,8] to use the boundary condition from the MIT bag model (BC-MIT) [12–14] when
they considered the Dirac particle in a box. BC-MIT is not a Dirichlet boundary condition; it leads
to the vanishing of a normal probability current and scalar densities at the boundary surface [15].
The non-vanishing wavefunction around the boundary surface implies that the axial current is not
conserved or the chiral symmetry is broken [9]. To solve this issue, the authors of Ref. [16] introduced
the chiral bag model (see also, e.g., Refs. [17,18]), in which the axial current is preserved or the
chiral symmetry is restored by introducing a pion field outside the bag, as has been mentioned
in Refs. [9,19]. Here, BC-MIT is not unique as the boundary condition [20]. In other words, one
can also introduce other boundary conditions that guarantee the vanishing of normal probability
current density around the boundary surface, e.g., the boundary conditions in Refs. [9,20–24]. The
general form of BC-MIT, which includes the contribution of the chiral angle, is called the chiral
MIT boundary conditions (BC-chiral MIT) [20–22]. Similar to BC-MIT, BC-chiral MIT can also
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be used as an alternative boundary conditions for the confinement system consisting of a perfectly
reflecting mirror. However, under BC-chiral MIT, the energy level of a relativistic particle is allowed
to depend on the chiral angle [22]. BC-chiral MIT has been applied in many studies. For example,
the authors of Ref. [25] used BC-chiral MIT to confine Dirac fermions in a rotating system; see
also Refs. [26–28]. The author of Ref. [29] showed that the interaction between the particle and the
mirror can change the spin orientation depending on the chosen chiral angle.

The above properties of BC-chiral MIT inspired us to revisit the system of a particle confinement
in a 1D box consisting of two perfectly reflecting mirrors. In the present paper, we analyze a Dirac
particle in Minkowski coordinates under BC-chiral MIT [21]. This study is a generalization of the
study in Ref. [3], where an analysis of a relativistic particle in a 1D box was conducted using BC-MIT.
As shown in Ref. [29], the spin orientation of the particle can be changed owing to the interaction
between the particle and the boundary surface. In the system of confinement of a Dirac particle in a
box, reflection at the boundary leads to a nontrivial state based on the spin. The stationary state in a
box is determined by the change of the spin state at the boundary.

We focus our investigation on the basic properties of wavefunctions of a Dirac field with BC-
chiral MIT. This should be useful in studying the finite volume effect associated with Dirac fields.
For example, an application for the chiral symmetry breaking of Dirac fermions will be a relevant
problem. A study on such an application for the Nambu–Jona-Lasinio model has been conducted
in, e.g., Refs. [25,27] (see also Ref. [30] for a work using BC-MIT). In this study, we first construct
the wavefunction for a Dirac particle in a 1D box determined by the interaction with the mirrors
under BC-chiral MIT, which changes or rotates the spin orientations depending on the chiral angle.
Using the Dirac wavefunction under BC-chiral MIT, we determine how the energy level depends
on the chiral angle. Because BC-chiral MIT is related to the normal probability current and scalar
densities, particularly around the boundary surface, it is also essential to include an analysis of these
parameters together with the probability density. The properties obtained for these parameters can
be compared with those of the NR, ultra-relativistic (UR), and non-chiral cases [3].

The remainder of this paper is organized as follows. In Sect. 2, we consider the solution to a Dirac
equation in a 1D box by including the contribution of the spin orientations. In Sect. 3, we apply
BC-chiral MIT to the Dirac wavefunction to obtain the bound state, energy level, and transition
frequency. In Sect. 4, we analyze the changes of spin orientation owing to reflection under BC-chiral
MIT. In Sect. 5, we analyze the probability, normal probability current, and scalar densities. Section 6
is devoted to the summary and conclusions. In Appendix A, we briefly review the Dirac solution in
Minkowski coordinates. In this paper, we use � = c = 1.

2. Dirac wavefunction in a 1D box

We consider a Dirac particle confined in a 1D box consisting of two perfectly reflecting mirrors.
The first mirror is placed at z = 0, whereas the second mirror is placed at z = �. We assume that
the Dirac particle moves with the momentum k3 along the z-axis and the perpendicular momentum
is suppressed. Inside the box, the Dirac wavefunction consists of a linear combination of the right-
moving wave and the left-moving wave components, which are specifically defined as follows:At the
first mirror, the incident and reflected components move in the −z- and +z-directions, respectively.
At the second mirror, the incident and reflected components move in the +z- and −z-directions,
respectively, opposite the component around the first mirror. The incident and reflected components
around each mirror are associated with their spin orientations; see Ref. [29] for the reflection system.
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The total Dirac wavefunction for a Dirac particle in a 1D box can be written explicitly as

ψk3s(z) = B

(
ξR

σ3k3
(m+E) ξR

)
eik3z + C

(
ξL

−σ3k3
(m+E) ξL

)
e−ik3z, (1)

where B and C are complex constants. The letters “R" and “L" correspond to right- and left-moving
wave components, respectively. Each component of the Dirac wavefunction�k3s(t, z) ≡ ψk3s(z)e−iEt

satisfies the Dirac equation (A.1), where the two-component spinor ξR and ξL can be decomposed
into

ξL =
(
αL

βL

)
, ξR =

(
αR

βR

)
. (2)

In our setup, we first assume that the left-moving wave component has an arbitrary spin orientation.
The normalized two-component spinor ξL (2) requires the condition |αL|2 + |βL|2 = 1, where
the values of the components αL and βL determine the direction of spin orientation, as shown in
Appendix A.2 for general cases. The values of components αL and βL for specific spin orientations
are given as follows: (αL,βL) = (1, 0) for the +z-direction, (0, 1) for the −z-direction, (1, 1)/

√
2 for

the +x-direction, (1, −1)/
√

2 for the −x-direction, (1, i)/
√

2 for the +y-direction, and (1, −i)/
√

2
for the −y-direction. Owing to the interaction with the mirror, the two-component spinor ξL can be
related to the two-component spinor ξR. The relation is controlled by a rotation operator in the spin
space [29].

3. Bound states, energy level, and transition frequency

In this section, we start with a review of BC-chiral MIT [20–22]. Then, we follow the procedure in
Ref. [3] to find the bound states, which makes the allowed momentum discrete. The obtained discrete
momentum enables us to investigate the energy level and transition frequency. In the system of the
1+1D Dirac equation, one can develop a formulation on the basis of 2 × 2 matrices. This kind of
analysis can be found, e.g., in Refs. [4,22]. By using this formalism for the 1 + 1D system, one is
able to obtain a clear discussion, e.g., on the NR limit of boundary conditions [4], which is useful to
analyze the bound states. Furthermore, it is applicable not only to the bound state’s analysis but also
to the spin orientation. However, in the present paper, we develop a formulation on the basis of 4×4
gamma matrices. This is because the formulation can be easily extended to analyses of problems in
a 3D box (see, e.g., Ref. [8]) and other general cases.

3.1. Boundary conditions: BC-chiral MIT

BC-chiral MIT at a mirror is given by [21]

iNμγ
μψ = e−i
γ 5

ψ , (3)

where Nμ is an inward normal unit vector to the boundary,
 is the chiral angle that takes values with
the range 0 ≤ 
 < 2π , e−i
γ 5 ≡ cos
I − i sin
γ 5, and γ 5 = iγ 0γ 1γ 2γ 3. Here, we work in the
Dirac representation (A.2). For the non-chiral case (
 = 0), the above BC-chiral MIT (3) reduces
to BC-MIT in a straightforward manner. BC-chiral MIT guarantees a vanishing normal probability
current at the boundaries for any chiral angle, which can be understood as follows [22]: Multiplying
both sides of BC-chiral MIT (3) with ψ̄(≡ ψ†γ 0) from the left, we have

iNμψ̄γ
μψ = ψ̄e−i
γ 5

ψ . (4)
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Taking the Hermitian conjugate of Eq. (3) and then multiplying both sides with γ 0ψ from the right,
we have

− iNμψ̄γ
μψ = ψ̄e−i
γ 5

ψ , (5)

where we have used the anti-commutation relation {γ 5, γ 0} = 0. At the boundaries, from Eqs. (4)
and (5), we have

iJN = iNμψ̄γ
μψ = 0 and ψ̄e−i
γ 5

ψ = 0, (6)

where JN denotes the normal probability current density. The condition ψ̄e−i
γ 5
ψ = 0 indicates

that BC-chiral MIT guarantees the vanishing scalar density ψ̄ψ at the boundaries for the chiral angle

 = 0,π only. Later, in Sect. 5, we consider these parameters together with the probability density
in more detail.

3.2. Bound states

We consider the bound states of a Dirac particle in a 1D box. At the first mirror, the inward normal
unit vector to the boundary is given by Nμ = (0, 0, 0, 1). Applying BC-chiral MIT (3) to the Dirac
wavefunction ψ = (�1,�2)

T gives the following equations:

i(σ3 + sin
I )�2|z=0 − cos
�1|z=0 = 0, (7)

i(σ3 − sin
I )�1|z=0 + cos
�2|z=0 = 0. (8)

Both the boundary conditions in Eqs. (7) and (8) are equivalent. This can be understood as follows:
from Eq. (7) we have �1 = i(σ3 + sin
I )�2/ cos
. This �1 trivially satisfies the boundary
condition (8). This condition implies that one can freely choose one of them [29].

Imposing the boundary condition (7) on the Dirac wavefunction (1) at the first mirror z = 0, we
have

B

[
i(I + sin
σ3)

k3

(m + E)
− cos
I

]
ξR = C

[
i(I + sin
σ3)

k3

(m + E)
+ cos
I

]
ξL. (9)

The relation above can be rewritten explicitly as⎛
⎝
[
i(1 + sin
) k3

(m+E) − cos

]
αR

[
−i(1 + sin
) k3

(m+E) − cos

]
αL[

i(1 − sin
) k3
(m+E) − cos


]
βR

[
−i(1 − sin
) k3

(m+E) − cos

]
βL

⎞
⎠
(

B
C

)
= 0, (10)

where we use the expression of the two-component spinor, i.e., Eq. (2). The values of coefficients B
and C cannot be zero because, if one takes one or both of them to be zero, the Dirac wavefunction (1)
vanishes everywhere. Thus, we require a vanishing of the determinant of the 2×2 matrix in Eq. (10).
This requirement implies that the components of the incident and reflected spin orientations satisfy
the following equation:

(αRβL − βRαL)− ik3 tan


E
(αRβL + βRαL) = 0. (11)

Equation (11) shows that the reflected spin orientation depends on the chiral angle, mass, momentum,
and incident spin orientation, as will be shown in Sect. 4. From Eq. (10), we have two equations
denoting the relations between coefficients B and C as

C = B
i(1 + sin
)k3/(m + E)− cos


i(1 + sin
)k3/(m + E)+ cos


αR

αL
, (12)

4/21



PTEP 2021, 113B01 A. Rohim and K. Yamamoto

C = B
i(1 − sin
)k3/(m + E)− cos


i(1 − sin
)k3/(m + E)+ cos


βR

βL
. (13)

Equation (12) connects the relation between αR with αL, whereas Eq. (13) connects βR with βL. If the
spin orientation does not change with the chiral angle 
 = 0,π , they yield the same equation. The
reflected spin orientation satisfies Eq. (11), which yields Eqs. (12) and (13) as essentially equivalent.
We use these relationships in the next analysis.

To find the expression of the discrete momentum, we next proceed to BC-chiral MIT at the second
mirror, where the inward normal unit vector to the boundary is given by Nμ = (0, 0, 0, −1). Then,
BC-chiral MIT for the Dirac wavefunction ψ = (�1,�2)

T reads

i(σ3 − sin
I )�2|z=� + cos
�1|z=� = 0, (14)

i(σ3 + sin
I )�1|z=� − cos
�2|z=� = 0. (15)

Similar to the boundary conditions at the first mirror, Eqs. (14) and (15) are also equivalent.
Imposing the boundary condition (14) on the Dirac wavefunction (1), we obtain the following

equation:

Beik3�

[
i(I − sin
σ3)

k3

(m + E)
+ cos
I

]
ξR

= Ce−ik3�

[
i(I − sin
σ3)

k3

(m + E)
− cos
I

]
ξL. (16)

Using the components in Eq. (2), the above relation (16) can be decomposed into two equations as
follows:

Beik3�

[
i(1 − sin
)

k3

(m + E)
+ cos


]
αR

= Ce−ik3�

[
i(1 − sin
)

k3

(m + E)
− cos


]
αL, (17)

Beik3�

[
i(1 + sin
)

k3

(m + E)
+ cos


]
βR

= Ce−ik3�

[
i(1 + sin
)

k3

(m + E)
− cos


]
βL. (18)

Substituting the relation (12) into Eq. (17), we arrive at the following equation for the momentum
k3:

tan(k3�) = − k3

m cos

, (19)

which makes the allowed momenta discrete. The same expression is obtained when we substitute the
coefficient relation (13) into Eq. (18). The solutions of discrete momentum (19) do not depend on
spin orientation because the contribution of spin orientation can be factorized out. After substituting
Eqs. (12) and (13) into Eqs. (17) and (18), respectively, both the left- and right-hand sides of Eq. (17)
contain either αL or αR, whereas those of Eq. (18) contain either βL or βR. Introducing the new
parameters

m′ = m�, (20)
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Fig. 1. Plot of − tan(k ′
3)/k

′
3 and 1/m′ cos
 ≡ y(m′,
) as a function of k ′

3. The intersection between the curve
− tan(k ′

3)/k
′
3 and the horizontal line y(m′,
) gives the solutions of the discrete momentum. Herein, we adopt

m′ = 1 and 
 = 0,π/4,π , 3π/4.

k ′
3 = k3� , (21)

Eq. (19) can be rewritten as

− tan(k ′
3)

k ′
3

= 1

m′ cos

. (22)

It can be seen that the solution for k ′
3 depends on m′(= m�) and chiral angle 
. This means that the

solution depends on mass m, the distance between two mirrors �, and the chiral angle
, but it does
not depend on the spin orientation, as noted above. Figure 1 plots the curves of − tan k ′

3/k
′
3 together

with the line 1/m′ cos
 as a function of k ′
3. Figure 2 plots the solution of the positive momentum

k ′
3n with n = 1, 2, 3, 4 as functions of 1/m′ cos
.
Let us consider solutions with discrete momenta for some limits and specific values of the chiral

angle. As we demonstrate below, the solutions do not depend on the chiral angle in the significantly
UR and NR limits. In the UR limit m′ � 1, we have an approximate solution for Eq. (22):

k ′UR
3n � (2n − 1)π

2
+ 2m′ cos


(2n − 1)π
, n = 1, 2, 3, . . . (23)

Note that we here use the notation n = 1, 2, 3, . . . to denote ground, first excited, second excited,
and additional states. Only the first term on the right-hand side of Eq. (23) remains irrespective of
the mass when we take the chiral angle 
 = π/2, 3π/2. For the NR limit m′ 	 1, we obtain the
approximate solution

k ′NR
3n � nπ

(
1 − 1

m′ cos


)
. (24)

For the non-chiral case, the solution (19) is reduced to the solution in Ref. [3]. This condition
corresponds to BC-MIT.
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Fig. 2. Solution k ′
3n for Eq. (22), normalized by π as a function of 1/m′ cos
. The black solid curve, the

red dashed curve, the green dotted curve, the blue dash–dotted curve are the solutions to n = 1, 2, 3, 4,
respectively.

Table 1. The lowest five solutions of the discrete momentum k ′
3n(m

′,
) for m′ = 0.5, 5 and chiral angle

 = 0,π/2, 3π/4.

n k ′
3n(0.5, 0) k ′

3n(m
′,π/2) k ′

3n(0.5, 3π/4) k ′
3n(5, 0) k ′

3n(5, 3π/4)

1 1.837 1.571 1.306 2.654 3.987
2 4.816 4.712 4.636 5.454 7.409
3 7.917 7.854 7.809 8.391 10.676
4 11.041 10.996 10.963 11.409 13.888
5 14.172 14.137 14.112 14.470 17.075

Note that the allowed momentum k ′
3n, for the case of m′ cos
 < 0, is lower (for 1/m′ cos
 ≤

−1) and higher (for −1 < 1/m′ cos
 < 0) than the values of the UR limit. In Table 1, we
provide numerical values of the solutions k ′

3n for the parameters m′ = 0.5, 5 and chiral angle 
 =
0,π/2, 3π/4. We can see that the solutions k ′

3n depend on the values of m′ and the chiral angle 
 in
general. However, for the chiral angle 
 = π/2, 3π/2, the solution of discrete momentum does not
depend on the parameter m′.

From Eqs. (23) and (24), it can be seen that the momentum is discretized in different ways between
the UR limit and the NR limit depending on the box’s size � and the parameter m cos
, where the
mass m specifies the Compton wavelength [3,8]. The correction term of the UR limit decreases as
the state n increases, while the correction term of the NR limit increases as the states n increases.
However, the contribution of the correction term is relatively small compared with the first dominant
term in both the limits. Then, one can say that the discrete momentum does not depend on the chiral
angle in either the UR or NR limits. Thus the discrete momentum with BC-chiral MIT is shared with
the result with BC-MIT in Refs. [3,8] in the UR and NR limits. Taking the NR limit of the Dirac
wavefunction (1), BC-chiral MIT reduces to the Dirichlet boundary condition, which requires that
the wavefunction vanishes at both boundaries z′ = 0 and z′ = 1 after omitting the contribution of
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O(1/m′) and its higher order. In this condition, the discrete momentum is given by the first term
of Eq. (24), which is the same as the trivial solution of discrete momentum for the Schrödinger
equation. However, when we take the UR limit of Dirac the wavefunction (1), BC-chiral MIT does
not reduce to the Dirichlet boundary conditions. In this limit, the chiral angle still plays a role in the
boundary conditions, where such a property does not appear in the NR limit. The boundary conditions
dependence on the chiral angle generates the spin orientation dependence on the chiral angle, as will
be shown later in Sect. 4. To explain the physical meaning further, let us revisit the non-chiral case
[3,8], where the different properties between the UR and NR limits can also be seen from the relation
between the coefficients of the right-moving wave B and left-moving wave C. For the reflection at
the first mirror, the relation in the NR limit is given by B = −C, while in the UR limit, the relation is
given by B = −iC though both relations satisfy |B|2 = |C|2. The relation generated by the reflection
at the second mirror between the UR and NR limits is also different, namely, Beik3� = iCe−ik3�

and Beik3� = −Ce−ik3� for the UR and NR limits, respectively. By combining the reflections at
both mirrors, one finds that the NR and UR limits give the condition for discrete momentum as
sin(k3�) = 0 and cos(k3�) = 0, respectively. Then, finally, we recover the results in the first term of
Eqs. (23) and (24) for the UR and NR limits, respectively.

From this description, one can see that the boundary conditions for the different limits of the
Dirac wavefunction generate different solutions for the discrete momenta. The same scenario also
happens for the analysis using BC-chiral MIT. In the NR limit, omitting the contribution of O(1/m′)
and its higher order, the spin orientation does not change and then the reflection at the first and
second mirrors under BC-chiral MIT is completely the same as that with BC-MIT. For the UR limit,
the situation is not trivial because the presence of a chiral angle in the UR limit changes the spin
orientation, as we will show later, in Sect. 4. In this limit, the reflections at the first and second mirrors
give B

[
i(I + sin
σ3) − cos
I

]
ξR = C

[
i(I + sin
σ3) + cos
I

]
ξL and Beik3�

[
i(I − sin
σ3) +

cos
I
]
ξR = Ce−ik3�

[
i(I − sin
σ3)− cos
I

]
ξL, respectively. Interestingly, in this limit, we arrive

at the condition for discrete momentum as cos(k3�) = 0, which is the same as BC-MIT. These
results show that the chiral angle does not affect the solution of discrete momentum in the NR and
UR limits, but it will affect the spin orientation. To see the contributions of the chiral angle, we must
at least include the order of O(1/m′) and O(m′) for the NR and UR limits, respectively. Compared
to BC-MIT, the differences generated by BC-chiral MIT appear in the second terms of Eqs. (23) and
(24) for the UR and NR limits, respectively. From the BC-chiral MIT framework, one can understand
that a different limit generates a different discrete momenta solution, similar to that of BC-MIT.

3.3. Energy level

In the above derivation, we have shown that BC-chiral MIT implies that the momentum of the Dirac
particle in a box becomes discrete, the values of which depend on the parameters m′(= m�) and
chiral angle 
. The discrete momentum leads to the energy level, which can be written as

E′
n =

√
m′2 + k ′2

3n, (25)

where E′
n = En� and the solution of momentum k ′

3n satisfies Eq. (22).
Similar to the discrete momentum, the energy level depends on m′ and chiral angle 
, but does

not depend on the spin orientation. In Table 2, we provide the energy levels of a Dirac particle for
m′ = 0.5, 5 and three values of chiral angle 
 = 0,π/2, 3π/4, which correspond to the values in
Table 1.
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Table 2. The lowest five of the energy levels E′
n(m

′,
) for m′ = 0.5, 5 and chiral angle 
 = 0,π/2, 3π/4.

n E′
n(0.5, 0) E′

n(0.5,π/2) E′
n(0.5, 3π/4) E′

n(5, 0) E′
n(5,π/2) E′

n(5, 3π/4)

1 1.904 1.649 1.398 5.661 5.241 6.395
2 4.842 4.738 4.663 7.399 6.870 8.938
3 7.933 7.870 7.825 9.768 9.310 11.789
4 11.052 11.007 10.974 12.456 12.079 14.761
5 14.181 14.146 14.121 15.310 14.995 17.792

Table 3. Transition frequencies of the few lowest of ω′
p(m

′,
) for m′ = 0.5, 5 and chiral angle 
 =
0,π/2, 3π/4. Here, p ≡ n + 1, n.

n ω′
p(0.5, 0) ω′

p(0.5,π/2) ω′
p(0.5, 3π/4) ω′

p(5, 0) ω′
p(5,π/2) ω′

p(5, 3π/4)

1 2.938 3.089 3.265 1.738 1.629 2.543
2 3.091 3.132 3.162 2.369 2.440 2.851
3 3.119 3.137 3.149 2.688 2.769 2.972
4 3.129 3.139 3.147 2.854 2.916 3.031

Let us consider the UR and NR limits for the energy level (25). In the UR limit m′ � 1, the energy
level is reduced to

E′UR
n ≈ k ′UR

3n � (2n − 1)π

2
+ 2m′ cos


(2n − 1)π
, (26)

after omitting the higher-order terms of O(m′2). In this limit, because the values of m′ are quite small,
we can see that the energy level does not depend on the chiral angle 
. In the NR limit m′ 	 1, we
have the approximate form of the energy level as

E′NR
n ≈ m′ + (k ′NR

3n )2

2m′ � m′ + (nπ)2

2m′ , (27)

after omitting the higher order of O(1/m′2). Note that the first term in Eq. (27) is equivalent to the
rest mass m�, which means that the energy level only depends on the rest mass of the Dirac particle
and that the dependence on the chiral angle is small because it becomes the higher-order corrections.
In other words, we can say that the energy level in the NR limit also does not depend on the chiral
angle.

3.4. Transition frequency

The transition frequency between energy eigenstates E′
n and E′

n+1 is explicitly given by (cf. Ref. [31]):

ω′
n+1,n = E′

n+1 − E′
n, (28)

where the energy level is given by Eq. (25), with a discrete momentum satisfying Eq. (22). Similar
to its discrete momentum and energy level, the transition frequency also depends on m′ and chiral
angle
, but does not depend on the spin orientation. Compared to the non-chiral case, the values of
the transition frequency can be lower or higher depending on the chiral angle. In Table 3, we provide
the transition frequencies for the few lowest states.
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In the UR limit, we obtain an approximate solution for the transition frequency, which is explicitly
given as

ω′UR
n+1,n � π − 4m′ cos


(4n2 − 1)π
. (29)

In this limit, the transition frequency for all chiral angles converges to π as the state n increases. In
the NR limit, the transition frequency is reduced to the following:

ω′NR
n+1,n � (2n + 1)π2

2m′ . (30)

In contrast with the UR limit, the transition frequency for the NR limit increases as the energy level n
increases. The approximate expressions in Eqs. (29) and (30) show that the dependence on the chiral
angle 
 is the higher-order corrections, which is similar to the behavior of the discrete momentum
and energy level for the same limits.

4. Changes of spin orientation

In this section, we analyze the changes of spin orientation generated by the reflection or the interaction
with the mirrors. As shown in Ref. [29], the change is determined by the rotation operator in the spin
space. First, we review the changes of spin orientation generated by the reflection at the first mirror
following the procedure in Ref. [29], but with suppressed perpendicular momentum and with the
boundary condition (3) as provided in Ref. [21]. Using the same procedure, we analyze the changes
of spin orientation generated by the reflection at the second mirror. At the end of this section, we
describe the relationship between the changes of spin orientation in both mirrors.

4.1. Reflection at first mirror

At the first mirror, we have the relation between the two-component spinor ξL and ξR as given in
Eq. (9). To proceed, we follow the procedure in Ref. [29]. It is more convenient to use the following
parameters:

Q(1)
L = C

[
i(I + sin
σ3)

k ′
3n

(m′ + E′
n)

+ cos
I

]
, (31)

Q(1)
R = B

[
i(I + sin
σ3)

k ′
3n

(m′ + E′
n)

− cos
I

]
. (32)

Then, the relationship between incident and reflected spin orientations around the first mirror (9)
reads

ξR = (Q(1)
R )−1Q(1)

L ξL = U (1)ξL, (33)

where U (1) represents the rotation operator in a spin space, which can be written as follows [29]:

U (1) = eiχ(1)
[

cos(
ϕ
(1)
n

2
)I − i sin(

ϕ
(1)
n

2
)ϒ(1) · σ

]
. (34)

Here, eiχ(1) is a pure phase, ϕ(1)n denotes the rotation angle, and ϒ(1) denotes the unit rotation axis
generated by the reflection at the first mirror. Substituting Eqs. (31) and (32) into Eq. (33), the relation
between the incident and reflected spin orientations at the first mirror can be written as

ξR = C

B

cos


(ik ′
3n − m′ cos
)

(
E′

nI + ik ′
3n tan
σ3

)
ξL. (35)
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Using the two-component spinor as provided in Eq. (2), Eq. (35) can be written in an explicit form
as (

αR

βR

)
= C

B

cos


(ik ′
3n − m′ cos
)

(
(E′

n + ik ′
3n tan
)αL

(E′
n − ik ′

3n tan
)βL

)
. (36)

Using the equivalent expressions in Eq. (33) with Eqs. (34) and (35), we obtain

eiχ(1) cos(
ϕ
(1)
n

2
) = C

B

E′
n cos


(ik ′
3n − m′ cos
)

, (37)

eiχ(1) sin(
ϕ
(1)
n

2
)ϒ(1) · σ = −C

B

k ′
3n sin


(ik ′
3n − m′ cos
)

σ3. (38)

Finally, we obtain the rotation angle and rotation axis at the first mirror as

tan(
ϕ
(1)
n

2
) = −k ′

3n tan


E′
n

, and ϒ(1) = ẑ, (39)

where ẑ is a unit vector in the direction of the z-axis.1

Because we consider the momentum perpendicular to the mirrors, our situation is limited compared
with the situation in Ref. [29]; however, there are relations with those in Ref. [29]. The sign of the
rotation angle in Eq. (39) is opposite to that of Ref. [29], though the rotation axis is the same. The
opposite sign of the rotation angle comes from the opposite sign of the definition of the chiral angle

, for which we followed Ref. [21]. In the present study, we impose another boundary condition
at z′ = 1 to find the states in the confinement system of the 1D box. As we will see in the next
subsection, we obtain the same rotation angle with the opposite rotation axis at the boundary z′ = 1.

4.2. Reflection at second mirror

From Eq. (16), we obtain the relation between the two-component spinor ξL and ξR at the second
mirror. It is more convenient to use the following parameters:

Q(2)
L = Ce−ik ′

3n

[
i(I − sin
σ3)

k ′
3n

(m′ + E′
n)

− cos
I

]
, (40)

Q(2)
R = Beik ′

3n

[
i(I − sin
σ3)

k ′
3n

(m′ + E′
n)

+ cos
I

]
. (41)

Then, the relation between the incident and reflected spin orientations around the second mirror (16)
reads

ξL = (Q(2)
L )−1Q(2)

R ξR = U (2)ξR, (42)

where U (2) is the rotation operator, which can be written as follows [29]:

U (2) = eiχ(2)
[

cos(
ϕ
(2)
n

2
)I − i sin(

ϕ
(2)
n

2
)ϒ(2) · σ

]
. (43)

1 We may choose ϒ(1) = −ẑ but with the opposite sign of ϕ(1)n .
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Here, eiχ(2) is a pure phase, ϕ(2)n denotes the rotation angle, and ϒ(2) denotes the unit rotation axis
generated by a reflection at the second mirror. Substituting Eqs. (40) and (41) into Eq. (42), the
relation between the incident and reflected spin orientations at the second mirror reads

ξL = Be2ik ′
3n

C

cos


(ik ′
3n − m′ cos
)

(
E′

nI − ik ′
3n tan
σ3

)
ξR. (44)

By decomposing the two-component spinor, as shown in Eq. (2), the relation in Eq. (44) can be
written in an explicit form as(

αL

βL

)
= Be2ik ′

3n

C

cos


(ik ′
3n − m′ cos
)

(
(E′

n − ik ′
3n tan
)αR

(E′
n + ik ′

3n tan
)βR

)
. (45)

Using the equivalence expressions in Eq. (42) with Eqs. (43) and (44), we obtain

eiχ(2) cos(
ϕ
(2)
n

2
) = Be2ik ′

3n

C

E′
n cos


(ik ′
3n − m′ cos
)

, (46)

eiχ(2) sin(
ϕ
(2)
n

2
)ϒ(2) · σ = Be2ik ′

3n

C

k ′
3n sin


(ik ′
3n − m′ cos
)

σ3. (47)

Finally, we obtain the rotation angle and rotation axis at the second mirror as2

tan(
ϕ
(2)
n

2
) = −k ′

3n tan


E′
n

and, ϒ(2) = −ẑ. (48)

4.3. Changes of spin orientation at first and second mirrors

We consider the relation of the spin orientation owing to the reflection at the first and second mirrors.
By substituting the components αR and βR in Eq. (36) into Eq. (45), we obtain the following relation
for consistency: (

αL

βL

)
= ei�

(
αL

βL

)
. (49)

The phase factor ei� in Eq. (49) is explicitly given by

ei� = e2ik ′
3n(−ik ′

3n − m′ cos
)

(ik ′
3n − m′ cos
)

, (50)

which equals 1 for the allowed momentum (22). This fact shows that, for a Dirac particle in a 1D
box, the reflected spin orientation at the second mirror is completely the same as the incident spin
orientation at the first mirror.

From Eqs. (36) and (45), we find that the normalized two-component spinor of the left-moving wave
component implies |αR|2 + |βR|2 = |C|2/|B|2. In other words, the normalization two-component
spinor of the right-moving wave component leads to the condition of |C|2 = |B|2 (cf. Refs. [5,8]).

2 Here, we choose ϒ(2) = −ẑ because we have chosen ϒ(1) = ẑ (39). The opposite direction of the rotation
axis is derived from the opposite normal unit vector Nμ to the first and second mirrors. In addition, if we choose
ϒ(1) = −ẑ, we may choose ϒ(2) = ẑ with the opposite sign of ϕ(2)n .
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Comparing Eqs. (39) and (48), we find that the rotation angle generated by a reflection at the first
mirror can be related to the rotation angle generated by the reflection at the second mirror as

ϕ(2)n = ϕ(1)n , and ϒ(2) = −ϒ(1) = −ẑ. (51)

From this perspective, although the generated rotational angle at the second mirror is the same as
the generated rotation angle at the first mirror, their rotation axes are in opposite directions.

In general, the rotation angle depends on the momentum, mass, and chiral angle. Next, we consider
the behavior of the rotational angles at certain particular limits of m′ and specific chiral angles
. In
the limit m′ � 1, we have the UR limit for Eqs. (39) and (48) as follows:

tan(
ϕ
(1),UR
n

2
) = tan(

ϕ
(2),UR
n

2
) � − tan
, (52)

after omitting the higher-order O(m′2). This means that, in the limit m′ � 1, the rotation angles
reduce ϕ(1),UR

n = ϕ
(2),UR
n = −2
. For the chiral angle 
 = 0,π , we have ϕ(1)n = ϕ

(2)
n = 0, which

means that in these cases the spin orientation does not change. In the NR limit m′ 	 1, we obtain
an approximate expression for the rotation angle as

tan(
ϕ
(1),NR
n

2
) = tan(

ϕ
(2),NR
n

2
) � −nπ

m′ tan
, (53)

after omitting the higher-order O(1/m′2).
The results in Eqs. (51)–(53) give the relations between the reflections at the first mirror z′ = 0

and the second mirror z′ = 1. At the second mirror, we can choose the same rotational angle but with
the opposite direction for the rotation axis to that at the first mirror. Alternatively, we may choose
the opposite sign of rotation angle but with the same direction of rotation axis. These results show
that, in the confinement system of a 1D box, the spin orientation of a Dirac particle is consistently
reflected for the allowed discrete momentum, as has been shown with Eq. (50). In the UR limit (52),
the reflections change the spin orientation as a function of chiral angle in general. In contrast, in
the NR limit (53), the reflections do not change the spin orientation for all chiral angles if we omit
the correction of the order of O(1/m′). In contrast to the UR limit for the discrete momentum, the
energy level, and the transition frequency, the UR limit of rotation angle completely depends on the
chiral angle. The rotation angle dependence on the chiral angle is also generated by the role of the
chiral angle in the boundary conditions depending on the NR and UR limits.

5. Probability, normal probability current, and scalar densities

In this section, we follow the procedure in our previous study [32] to analyze the probability, normal
probability current, and scalar densities along z′ ≡ z/�. In the parameter z′, the Dirac particle is
confined to a 1D box with a length normalized by �.

5.1. Probability density

The probability density for a Dirac particle in a 1D box is given by

ρk ′
3ns(z

′) = ψ̄k ′
3ns(z

′)γ 0ψk ′
3ns(z

′)

= 2|C|2
(m′ + E′

n)

[
2E′

n + (Dne−2ik ′
3nz′ + D∗

ne2ik ′
3nz′
)m′] , (54)
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Fig. 3. Probability density ρk ′
3ns(z′) for the ground state Dirac particle in a 1D box with m′ = 10 and five chiral

angles
 = 0,π/4,π/2, 3π/4,π . We provide three conditions for the spin orientation of the left-moving wave
component. The upper panel corresponds to the condition in which the left-moving wave component has a spin
orientation in the ±x- or ±y-directions (|αL|2 −|βL|2 = 0), the lower-left panel corresponds to the +z-direction
(|αL|2 − |βL|2 = 1), and the lower-right panel corresponds to the −z-direction (|αL|2 − |βL|2 = −1).

where the coefficient Dn is given by

Dn = (−E′
n cos
+ ik ′

3n sin
(|αL|2 − |βL|2))
(ik ′

3n + m′ cos
)
. (55)

To obtain an explicit expression for the probability density (54), we used |αL|2 + |βL|2 = 1, |αR|2 +
|βR|2 = |C|2/|B|2(= 1), and the relation between B and C in Eqs. (12) and (13). From Eqs. (54) and
(55), it can be seen that the probability density depends on the chiral angle and spin orientation. This
dependence originates from the interference between the left- and right-moving wave components.
Here, the coefficient |C|2 is determined by

∫ 1

0
ρk ′

3ns(z
′)dz′ = 1 . (56)

Figure 3 demonstrates the probability density (54) of a Dirac particle in a 1D box for some values of
chiral angles and some specific spin orientations. As shown above, the probability density generally
depends on the chiral angle and spin orientations. This dependence appears in the second term of the
numerator of Eq. (55). By contrast, the probability density does not depend on the spin orientations
when the chiral angle
 = 0,π (see Ref. [3] for the non-chiral case). This property can be understood
from the dynamics of the spin orientation after reflection on the mirror, where the spin orientation
does not change when the chiral angle 
 = 0,π for any value of the two-component spinor ξL,
namely, αL and βL. By contrast, for chiral angle
 �= 0,π , the probability density generally depends
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on the values of the chiral angle and spin orientation. For example, when the spin orientation of a left-
moving wave component is in the ±x- or ±y-directions, i.e., |αL|2 −|βL|2 = 0, we have symmetrical
shapes that are similar to the behavior of the probability density for the chiral angle 
 = 0,π . By
contrast, when the spin orientation of the left-moving wave component is in the +z- or −z-directions,
different properties appear. In these spin orientations, the shape of the probability density becomes
asymmetric. The shape of the probability density for a particle with a spin orientation in the −z-
direction looks like the “flipping" of the case of the spin orientation in the +z-direction. This flipping
corresponds to the behavior of the spin orientations around the first and second mirrors. When the
left-moving wave component has a spin orientation in the +z- or −z-directions, its spin orientation
does not change because of a reflection for any chiral angle. In other words, the spin orientation of the
right-moving wave component is the same as the spin orientation of the left-moving wave component,
where the value of |αL|2 − |βL|2 for +z-direction has an opposite sign to that for −z-direction. This
condition may be a source of the asymmetrical distribution of the probability density and further for
the scalar density, as we will see below. Because the asymmetrical source is also related to the chiral
angle, the asymmetrical behavior does not appear in the probability density for either the NR or the
UR limits, where the influence of the chiral angle is quite small. From Fig. 3, we can also see that,
when the chiral angle 
 = π/2 and the spin orientation is in the ±x- or ±y-directions, we obtain
Dn = 0, which means that the probability density is constant along z′. This form also appears for
the chiral angle 
 = 3π/2 with the spin orientation in the ±x- or ±y-directions.

We next consider the probability density for a Dirac particle in a 1D box in the case of the NR
limit, for which we have

ρNR
k ′NR

3n s
(z′) � 2|C|2

(
1 + Fe−2ik ′NR

3n z′ + F∗e2ik ′NR
3n z′)

, (57)

where we have defined

F � −m′ cos
− ik ′NR
3n + ik ′NR

3n sin
(|αL|2 − |βL|2)
2m′ cos


, (58)

and omitted the contribution of O(1/m′2) and its higher order. If we omit the contribution of O(1/m′)
in Eqs. (57) and (58), the probability density (57) reduces to the well-known probability density of
NR particles, i.e., in proportion to sin2(k ′NR

3n z′) with k ′NR
3n = nπ .

In the UR limit m′ � 1, we obtain an approximate expression for the probability density as follows:

ρUR
k ′UR

3n s
(z′) � 2|C|2

k ′UR
3n

(
2k ′UR

3n − 2m′ + Ge−2ik ′UR
3n z′ + G∗e2ik ′UR

3n z′)
, (59)

where

G � im′ cos
+ m′ sin
(|αL|2 − |βL|2). (60)

In addition, we have omitted the contribution of O(m′2) and its higher order. If we omit the contribu-
tion of O(m′) and its higher order, the probability density (59) under a state of n will give a constant
value along z′, where the discrete momentum becomes k ′NR

3n = (2n − 1)π/2.
Figure 4 demonstrates the probability density of the ground state Dirac particle in a 1D box for

the non-chiral case (
 = 0) and four values for the parameter m′ = 0.5, 2, 5, 10 in comparison
with the NR and UR limits. From this figure, it can be seen that the curves become close to that of
the NR limit as m′ becomes larger than unity. It is also clear that the NR limit leads to a vanishing
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Fig. 4. Probability density ρk ′
3ns(z′) for the ground state Dirac particle in a 1D box with m′ = 0.5, 2, 5, 10 and

the non-chiral case (
 = 0) in comparison with NR (57) and UR (59).

probability density around the mirrors, which is a natural property of NR particles associated with
Dirichlet boundary conditions. By contrast, the curves become close to the UR limit as the parameter
m′ becomes smaller, where the probability density approaches a constant distribution, which appears
as a straight horizontal line. This is because the probability density is dominated by its first term on
the right-hand side of Eq. (59) in the UR limit. The correction is of the order of m/k3n.

The authors of Ref. [3] demonstrated the probability density of a Dirac particle parameterized by
the box’s size as a function of Compton wavelength. Figure 4 shows the same properties as those of
Fig. 5 of Ref. [3], which is obtained for the ground state. The larger box size puts the system close
to the NR limit. In contrast, the smaller box size puts the system close to the UR limit.

5.2. Normal probability current density

The normal probability current density is expressed as

JN ,k ′
3ns(z

′) = J 3
k ′

3ns(z
′) = ψ̄k ′

3ns(z
′)γ 3ψk ′

3ns(z
′). (61)

Here, we adopt the same strategy with the probability density, i.e., |αL|2 +|βL|2 = 1, |αR|2 +|βR|2 =
|C|2/|B|2(= 1), and use the relation between B and C in Eqs. (12) and (13). For a Dirac particle
in a 1D box, the contribution of the left-moving wave component to the normal probability current
density is canceled by the contribution of the right-moving wave component. The interference term
between the left- and right-moving wave components vanishes everywhere. Finally, we find that
the total normal probability density vanishes everywhere as well (cf. Refs. [32,33]). This condition
indicates that we cannot use the vanishing normal probability current density at the boundary surface
as the boundary condition for our system.

5.3. Scalar density

The scalar density for a Dirac particle in a 1D box is given by

qk ′
3ns(z

′) = ψ̄k ′
3ns(z

′)ψk ′
3ns(z

′)

= 2|C|2
(E′

n + m′)

[
2m′ + (Dne−2ik ′

3nz′ + D∗
ne2ik ′

3nz′
)E′

n

]
, (62)
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Fig. 5. Scalar density qk ′
3ns(z′) for the ground state Dirac particle in a 1D box. Here, we use the same parameters

for the chiral angle and spin orientation as in Fig. 3 for each panel.

where Dn is given by Eq. (55). Similar to the probability and normal probability current densities, to
obtain the scalar density, herein we have used |αL|2 + |βL|2 = 1, |αR|2 + |βR|2 = |C|2/|B|2(= 1),
and the relation between B and C in Eqs. (12) and (13). Here, the coefficient |C|2 is determined by
Eq. (56).

Figure 5 plots the curves of scalar density for the ground state Dirac particle in a 1D box for m′ = 10
with various chiral angles and spin orientation. The curves show that the scalar density vanishes at
the boundary surface when the chiral angle 
 = 0,π . This behavior is consistent with the default
properties of BC-chiral MIT, which guarantees a vanishing scalar density around the mirror for the
chiral angle 
 = 0,π ; see Eq. (6). In addition, at these chiral angles, the scalar density does not
depend on the spin orientation. Similar to the probability density, the scalar density for a Dirac particle
in a box depends on the chiral angle and spin orientation in general. For example, when the left-
moving wave component has a spin orientation in the ±x- or ±y-directions, the distribution of scalar
density is symmetrical, whereas when the left-moving wave component has a spin orientation in the
+z- or −z-directions, the distribution of the scalar density is asymmetrical. Similar to the probability
density, this different behavior corresponds to the rotation or changes in the spin orientation owing
to reflections from the mirrors, which depend on the chiral angle and spin orientation.

Let us consider the scalar density at a special limit. In the UR limit, the approximation form for
the scalar density is

qUR
k ′UR

3n s
(z′) � 2|C|2

k ′UR
3n

(
2m′ + Pe−2ik ′UR

3n z′ + P∗e2ik ′UR
3n z′)

, (63)
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Fig. 6. Scalar density qk ′
3ns(z′) for the ground state Dirac particle in a 1D box. Here, we have used the same

parameters as in Fig. 4.

where

P � (im′ cos
+ k ′UR
3n − m′)(i cos
+ sin
(|αL|2 − |βL|2), (64)

and we have omitted the contribution of the order O(m′2) and its higher order. In the NR limit, the
approximation form for the scalar density is

qNR
k ′NR

3n s
(z′) � 2|C|2

(
1 + Fe−2ik ′NR

3n z′ + F∗e2ik ′NR
3n z′)

, (65)

where F is given by Eq. (58), which is shared by the probability density of the NR limit. In this
limit, we omit the contribution of the order O(1/m′2) and its higher order.

Figure 6 provides the curves of the scalar density for the ground state Dirac particle in a 1D box.
We used the non-chiral case (
 = 0) with four values of m′ = 0.5, 2, 5, 10, which we used in Fig. 4 to
compare with the NR and UR limits. The curves show similar behavior of vanishing scalar density at
the boundary. The scalar density vanishing at the boundary surface is a consequence of the non-chiral
case or BC-MIT.

Comparing the curves of probability densities in Fig. 3 with the scalar densities in Fig. 5, they
look quite similar. This is because we used the parameter of m′ = 10, which is relatively close to the
NR limit [3,8] (see also Figs. 4 and 6). However, for some values of the chiral angle, their behavior
around the boundary surface is different. The probability density for the relativistic particle under
BC-chiral MIT does not vanish at the boundary surface. In contrast, its scalar density vanishes when
the chiral angle takes the values of 
 = 0,π , as has been shown in Eq. (6). For the case m′ = 10,
the order of the difference between probability and scalar densities is relatively small. If we choose
the smaller values of parameter m′, the difference becomes significant. In the NR limit, both the
probability and scalar densities show a similar curve (see Eqs. (57) and (65)). However, the curve
of probability density in the UR limit differs from its scalar density in the same limit. The behavior
of the UR limit of probability density for the non-chiral case is similar to the relativistic probability
density of the case
 = π

2 , which becomes constant along the z′-axis, whereas for the scalar density
in the UR limit of the case 
 = 0, such a property does not appear. Its behavior inside the box for
m′ = 0 and 
 = 0 is described by the sine function, sin(2k

′UR
3n z′), rather than a constant along the

z′-axis.
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6. Summary and conclusion

We studied the effects of the boundary conditions for a Dirac particle in a 1D box. We adopt BC-
chiral MIT [21], which is a generalized form of BC-MIT through the introduction of a chiral angle.
This study is a generalization of the work of the authors of Ref. [3], which investigated a Dirac
particle in a box using BC-MIT. Using BC-chiral MIT, we found generalized bound states, which
reduce to the previous results in the non-chiral case in Ref. [3]. We have also shown that the discrete
momentum, energy level, and transition frequency depend on the chiral angle but do not depend
on the spin orientation. Compared with the non-chiral case, the values of the discrete momentum,
energy level, and transition frequency can be lower or higher depending on the values of the chiral
angle. Following the procedure in Ref. [29], we investigated how the spin orientation changes around
the boundaries under BC-chiral MIT. The spin state is in a consistent state to repeat the reflections
at both boundaries.

We also demonstrated the role of the chiral angle in the probability, normal probability current,
and scalar densities under BC-chiral MIT. In general, the probability and scalar densities depend on
the chiral angle and spin orientation. For the case 
 = 0,π , the probability and scalar densities do
not depend on the spin orientation. However, for the cases of
 �= 0,π , they do. At the boundary, the
probability density does not vanish. Similar to the probability density, the scalar density depends on
the chiral angle. For the cases in which 
 = 0,π , it vanishes at the boundaries. We also found that
the probability and scalar densities can be asymmetric depending on the spin orientation and chiral
angle. The normal probability current density for a Dirac particle in a 1D box vanishes everywhere.

We investigated the NR and UR limits for the discrete momentum, energy level, transition fre-
quency, probability density, and scalar density in an analytic manner. Under these limits, the results
show that the contribution of the chiral angle is coupled to the parameter m′ and that the influ-
ence is quite small. In other words, the contribution of the chiral angle is negligible in these limits.
However, when the chiral angle takes the values 
 = π/2, 3π/2 for any value parameter m′, the
discrete momentum is not trivial. For these chiral angles, the discrete momentum does not depend
on parameter m′.

We clarified the basic properties of wavefunctions of a Dirac field in a box with BC-chiral MIT. This
should be useful in studying the finite volume effect associated with Dirac fermions. For example,
the Nambu–Jona-Lasinio model in a finite volume region with a generalized boundary condition
would be an interesting application; this is left for future research (cf. Refs. [25,27]).
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Appendix A. Dirac particle in Minkowski coordinates and its spin orientation
A.1. Dirac wavefunction in Minkowski coordinates

The Dirac equation in Minkowski coordinates is given by

(iγ μ∂μ − m)�ks(t, x) = 0, (A.1)
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where m is the mass of the Dirac particle, k is the momentum, and s denotes the spin orientation.
Here, γ μ are gamma matrices, which are explicitly written in a Dirac representation as

γ 0 =
(

I 0
0 −I

)
, γ i =

(
0 σi

−σi 0

)
, i = 1, 2, 3. (A.2)

Note that here I is a 2 × 2 identity matrix, and σi are Pauli matrices, which satisfy anti-commutation
relations {σi, σj} = 2δijI . The gamma matrices satisfy {γ μ, γ ν} = 2ημν , where we use the notation
ημν = diag(1, −1, −1, −1) in the present paper. To find the Dirac wavefunction, we introduce the
ansatz for a positive frequency solution as

�ks(t, x) = ukse
−iEteik·x, (A.3)

where E = √
m2 + |k|2 is the energy of the Dirac particle and uks is a four-component Dirac

spinor. Then, the spinor uks can be decomposed into the upper two-component spinor ξs and lower
two-component spinor χs as

uks =
(
ξs

χs

)
. (A.4)

Substituting back the Dirac spinor (A.4) into the Dirac equation (A.1), we obtain the following two
coupled equations:

(E − m)ξs − σ · kχs = 0, (A.5)

(m + E)χs − σ · kξs = 0, (A.6)

where Eqs. (A.5) and (A.6) are associated with negative energy and positive energy solutions, respec-
tively. Herein, we focus on the solution for positive energy, which implies that the Dirac solution
can be written explicitly as

�ks(t, x) = Nks

(
ξs

σ ·k
(m+E) ξs

)
e−iEteik·x, (A.7)

where the two-component spinor ξs is normalized by the condition of ξ†
s ξs = 1 and Nks is the

normalization constant obtained by

(�ks,�k′s′) =
∫

d3x�†
ks�k′s′ = δ(k − k′)δss′ . (A.8)

A.2. Spin orientation

In general, the two-component spinor ξs consists of a linear combination of a two-component spinor
with a spin-up (+z-direction) ξ+z = (1, 0)T and a spin-down (−z-direction) ξ−z = (0, 1)T as

ξs = αξ+z + βξ−z =
(
α

β

)
, (A.9)

where |α|2 + |β|2 = 1. The normalized two-component spinors with spin orientation in the ±x- and
±y-directions are given by

ξ+x = 1√
2

(
1
1

)
, ξ−x = 1√

2

(
1

−1

)
, (A.10)
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ξ+y = 1√
2

(
1
i

)
, ξ−y = 1√

2

(
1
−i

)
. (A.11)

The spin orientation can also be parameterized through the polar angle θ and azimuthal angle φ as
follows: (

α

β

)
=
(

e−iφ/2 cos(θ/2)
eiφ/2 sin(θ/2)

)
. (A.12)
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