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1 Introduction

Charged lepton flavor violating processes like µ→ eγ, µ→ 3e or µ− e conversion in nuclei,
etc. without any neutrino in the final states are absent at tree level in the standard model
(SM) of particle physics. However they are not strictly forbidden by symmetry and can
be induced by one-loop diagram with the W boson exchange. Thus their branching ratios
are vanishingly small as they are proportional to the neutrino masses [1–3]. The most
stringent experimental constraint is for µ→ eγ, with the following limit on its branching
ratio published in 2016 by the MEG collaboration [4],

B(µ+ → e+γ) < 4.2× 10−13 (90%C.L.) (1.1)

and the projected future sensitivity is expected to improve about an order of magnitude
∼ 6 × 10−14 by MEG II [5]. For reviews on the charged lepton flavor violation, see for
example refs. [6–9].
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The process µ → eγ (or in general li → ljγ with the Latin indices i, j, k = 1, 2, 3
labeling the generation (or flavor) here and henceforth) has been widely studied beyond
the standard model (bSM) [6–8, 10, 11] with predictions on the branching ratios that are
more reachable experimentally than the SM one in foreseeable future. Here we will study
this process in the context of minimal gauged two-Higgs-doublet model (G2HDM) [12–14]
which has a hidden SM-like dark sector of SU(2)H ×U(1)X with a sub-GeV W ′(p,m) dark
matter candidate. The stability of the dark matter in the model is due to a hidden h-parity
which emerges naturally without introducing it on ad hoc basis. Under the h-parity, all the
SM particles and extra neutral gauge bosons are even while other new particles in G2HDM
are odd.

The new contributions to the one-loop process li → ljγ in G2HDM involve the new
gauge or Yukawa couplings between a h-parity odd particle like the dark gauge boson
W ′(p,m), complex scalar D or charged Higgs H± couple to another h-parity odd heavy hidden
leptons lHk or νHk and the external SM charged leptons li and lj . These new couplings are
in general off-diagonal in the generation space and hence can give rise to li → lj transition
with i > j (in particular muon → electron) at one-loop. While the contribution from the
dark charged Higgs H± is suppressed by the neutrino masses like the SM W±, the other
new contributions are not and therefore can give rise to a branching ratio that is more
accessible experimentally. Turning the argument around, one can use the present and
future experimental limits on the charged lepton violating processes to constrain our model
parameters in G2HDM.

As a byproduct of our computation of the form factors for li → ljγ, we can also extract
the anomalous magnetic dipole moment ali and the electric dipole moment dli easily by
setting i = j in our results. The muon anomalous magnetic dipole moment,

aµ ≡
(
gµ − 2

2

)
, (1.2)

where gµ is the g-factor of the muon, is the most precise measured quantity in SM, with
a value measured at the Brookhaven National Laboratory (BNL) E821 experiment (1997–
2001) [15–17],

aµ(BNL) = (11 659 208.9± 5.4stat ± 3.3sys)× 10−10 . (1.3)

Recently, the Fermilab (FNAL) Muon g − 2 Collaboration, based on the analysis of data
set from Run 1 and Run 2, announced the first result on the measurement [18]

aµ(FNAL) = (11 659 204.0± 5.4)× 10−10 . (1.4)

The average value of aµ from the two experiments is given by [18]

aµ(BNL + FNAL) = (11 659 206.1± 4.1)× 10−10 . (1.5)

For recent reviews of the muon g − 2, see for example refs. [8, 19, 20]. The recommended
value for the SM prediction of the muon g − 2 is [19]

aSM
µ = (11 659 181.0± 4.3)× 10−10 . (1.6)
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Observable Experimental Result/Limit Future Goal

aµ(BNL) (11 659 208.9± 5.4stat ± 3.3sys)× 10−10 [15–17] –
aµ(FNAL) (11 659 204.0± 5.4)× 10−10 [18] Uncertainty ∼1/4 of BNL

aµ(BNL + FNAL) (11 659 206.1± 4.1)× 10−10 [18] Uncertainty ∼1/4 of BNL
B(µ+ → e+γ) (MEG) < 4.2× 10−13(90%C.L.) [4] ∼ 6× 10−14 (MEG II [5])

|dµe | [cm] < 1.8× 10−19(95%C.L.) [21] ∼ 6× 10−23 (PSI [22])
|dee | [cm] (ACME) < 1.1× 10−29(90%C.L.) [23] (Advanced ACME [24])

Table 1. Experimental results for aµ and upper limits for B(µ→ eγ), |dµ/e| and |de/e|.

Hence the discrepancy between the experimental and theoretical values amounts to [18]

∆aµ ≡ aµ(BNL + FNAL)− aSM
µ = (25.1± 5.9)× 10−10 , (1.7)

which implies a significance at the 4.2σ level, slightly under the standard criterion of 5σ
to claim a discovery. Nevertheless, this discrepancy is as large as the SM electroweak
contribution to the muon g − 2 [19],

aEW
µ = (15.4± 0.1)× 10−10 , (1.8)

which provides strong hints of bSM physics around the electroweak scale be responsible
for it. Future goal of the ongoing efforts at FNAL [18] is to further reduce the existing
uncertainty in the muon anomaly measurement by a factor of 1/4.

For the electric dipole moment of the SM charged leptons, we show that they vanish
identically at one-loop in minimal G2HDM due to the lack of CP violating phases in the
products of related complex couplings as well as vanishing combinations of loop integrals.
Similar conclusions can be obtained for the SM quarks. Higher loop contributions are
needed to anticipate to achieve a nonzero electric dipole moments for the SM fermions in
minimal G2HDM. We will not address this issue in this work.

Current experimental status of aµ, B(µ+ → e+γ) and |de,µ/e| are summarized in table 1.
We lay out the paper as follows. In the next section, we will review the minimal particle

content in G2HDM and write down the relevant interactions required for the one-loop
computation for the form factors of the radiative decays li → ljγ. In section 3, we compute
the magnetic and electric dipole form factors for the radiative decays. In the case of i = j

we also obtain the anomalous magnetic dipole moment and electric dipole moment for the
lepton li. We will show that the electric dipole moment of the lepton vanishes identically at
one-loop in G2HDM. Numerical analysis for µ→ eγ and ∆aµ is presented in section 4. We
also present the impact of the viable parameter space on the spin-independent cross section
for the sub-GeV dark matter direct search experiments. We conclude in section 5.

Analytical formulas for the form factors and the associated loop integrals are given
in appendix A. In appendix B, we show that the form factors of the SM W boson loop
obtained in the unitary and ’t Hooft-Feynman gauges are equivalent. Discrepancies between
our results and existing ones in the literature are clarified in the appendices. Some relevant
Feynman rules in G2HDM are shown in appendix C. In appendix D, we demonstrate the
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Scalar SU(2)L SU(2)H U(1)Y U(1)X h-parity

H = (H1 H2)T 2 2 1
2

1
2 (+,−)

ΦH = (Φ1 Φ2)T 1 2 0 1
2 (−,+)

S 1 1 0 0 +

Table 2. Higgs scalars in the minimal G2HDM and their quantum number assignments.

Fermion SU(3)C SU(2)L SU(2)H U(1)Y U(1)X h-parity

QL = (uL dL)T 3 2 1 1
6 0 (+,+)

UR =
(
uR uHR

)T
3 1 2 2

3
1
2 (+,−)

DR =
(
dHR dR

)T
3 1 2 −1

3 −1
2 (−,+)

uHL 3 1 1 2
3 0 −

dHL 3 1 1 −1
3 0 −

LL = (νL eL)T 1 2 1 −1
2 0 (+,+)

NR =
(
νR νHR

)T
1 1 2 0 1

2 (+,−)

ER =
(
eHR eR

)T
1 1 2 −1 −1

2 (−,+)

νHL 1 1 1 0 0 −
eHL 1 1 1 −1 0 −

Table 3. Fermions in the minimal G2HDM and their quantum number assignments.

well-known fact that only the magnetic and electric dipole moment form factors are relevant
for the computations of the on-shell amplitude of li → ljγ.

2 Minimal G2HDM

In this section, we will briefly review the minimal G2HDM studied recently in [12–14]. The
original model based on augmenting the SM electroweak gauge group SU(2)L ×U(1)Y by a
hidden gauge sector SU(2)H ×U(1)X was introduced in ref. [25]. The main idea of G2HDM
is to group the two Higgs doublets H1 and H2 in inert 2HDM (I2HDM) together to form a
bifundamental irreducible representation of SU(2)L × SU(2)H . Various refinements [26–28]
and collider phenomenology [29–31] were pursued subsequently with the same particle
content as the original model where the DM candidate is a complex scalar D. In this work,
as in [12–14], we will drop the triplet field ∆H of the extra SU(2)H in the original model and
propose the complex gauge boson field W ′(p,m) as DM candidate rather than the complex
scalar D. For convenience, the scalar and fermion contents and their quantum numbers as
well as h-parity in the model are tabulated in table 2 and 3 respectively. Our convention for
the electric charge Q (in unit of e) is Q = T 3

L + Y where T 3
L is the third component of the

SU(2)L generators and Y is the hypercharge. S is the scalar field introduced to implement
the Stueckelberg mechanism to provide a mass for the U(1)X gauge boson [32–35].
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2.1 Higgs potential and spontaneous symmetry breaking

The most general Higgs potential which is invariant under both SU(2)L×U(1)Y ×SU(2)H ×
U(1)X can be written down as follows

V = −µ2
ΦΦ†HΦH + λΦ

(
Φ†HΦH

)2
− µ2

H

(
HαiHαi

)
+ λH

(
HαiHαi

)2

+ 1
2λ
′
Hεαβε

γδ
(
HαiHγi

) (
HβjHδj

)
+ λHΦ

(
H†H

) (
Φ†HΦH

)
(2.1)

+ λ′HΦ

(
H†ΦH

) (
Φ†HH

)
,

where (α, β, γ, δ) and (i, j) refer to the SU(2)H and SU(2)L indices respectively, all of
which run from one to two, and Hαi = H∗αi.

To study spontaneous symmetry breaking (SSB) in the model, we parameterize the
Higgs fields according to standard practice

H1 =
(

G+

v+hSM√
2 + iG

0
√

2

)
, H2 =

(
H+

H0
2

)
, ΦH =

 GpH
vΦ+φH√

2 + i
G0
H√
2

 (2.2)

where v and vΦ are the only non-vanishing vacuum expectation values (VEVs) in H1 and
ΦH fields respectively. H2 does not develop VEV as in the case of I2HDM.

Theoretical constraints like bounded from below and perturbative unitarity of the above
scalar potential can be found in our previous works [12, 13].

2.2 Interaction Lagrangian

Besides the unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix

VPMNS ≡
(
ULν

)†
ULl , (2.3)

defined in the left-handed lepton sector, we also need to introduce the following unitary
mixing matrices in the right-handed lepton sector in G2HDM,

V H
l ≡

(
URl

)†
URlH ,

V H
ν ≡

(
URν

)†
URνH . (2.4)

There are altogether 6 one-loop contributions to the li − lj − γ vertex in the minimal
G2HDM. The Feynman diagrams are shown in figures 1 and 2. Here the self-energy
diagrams are not explicitly shown. However they contribute to the γµ and γµγ5 form
factors in the amplitude which are important for the cancellation of ultraviolet divergences
and the maintenance of gauge invariance. Figure 1 is the SM-like contributions with all
h-parity even particles circulating inside the loop, while figure 2 is the new contributions
from G2HDM with all h-parity odd particles circulating inside the loop. The QED vertex
for a photon couples with W±, li, lHi and H± are standard, they can be found in many
textbooks and will be omitted in what follows.
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W−

li lj li li

Zn hn

li li li li

γ

li liνk

γ

γ

Figure 1. The one-loop SM-like contribution to li − lj − γ vertex from the SM W boson diagram
(left panel), and contributions to li − li − γ vertex from {Zn} diagram (center panel) and {hn}
diagram (right panel) in G2HDM.

The first diagram in figure 1 is the contribution from the SM charged W± boson. The
relevant interaction Lagrangian is

LW ⊃ g

2
√

2
∑
i,k

(VPMNS)ki ν̄kγ
µ (1− γ5) liW+

µ + H.c. . (2.5)

The second diagram in figure 1 is the contribution from the neutral gauge bosons {Zn}.
The relevant interaction Lagrangian is

L{Zn} ⊃
∑
n

∑
i

l̄iγµ (CV n + CAnγ5) liZµn , (2.6)

where CV n and CAn are the vector and axial-vector coupling constants. Based on lepton
universality, these couplings are independent of the charged lepton flavor i. Their expressions
are given by CV n = (CLn + CRn)/2 and CAn = (−CLn + CRn)/2 with

CLn = g

cos θW

(
−1

2 + sin2 θW

)
ON1n , (2.7)

CRn = g

cos θW
sin2 θWO

N
1n −

1
2gHO

N
2n −

1
2gXO

N
3n , (2.8)

where θW is the weak mixing angle, gX and gH are gauge couplings of the U(1)X and
SU(2)H , respectively. ON is a 3× 3 orthogonal matrix that diagonalizes the following mass
matrix in the basis of (ZSM,W ′3, X)

M2
Z =


m2
Z −1

2gHvmZ −1
2gXvmZ

−1
2gHvmZ m2

W ′
1
4gHgXv

2
−

−1
2gXvmZ

1
4gHgXv

2
−

1
4g

2
Xv

2
+ +M2

X

 , (2.9)

where

mZ = 1
2v
√
g2 + g′ 2 , (2.10)

mW ′ = 1
2gH

√
v2 + v2

Φ , (2.11)

v2
± =

(
v2 ± v2

Φ

)
, (2.12)

– 6 –
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andMX is the Stueckelberg mass for the U(1)X . We denote the physical mass eigenstates as
Zn (n = 1, 2, 3) with the mass ordering MZ1 ≥MZ2 ≥MZ3 . In the parameter space choice
in our numerical work, Z1 will be identified as the Z boson of 91.1876GeV [36] observed at
LEP, Z2 is the dark Z ′ and Z3 is the dark photon γ′ (or A′ in some literature). They all
have even h-parity.

The third diagram in figure 1 is the contribution from the neutral Higgs bosons {hn}.
The relevant interaction Lagrangian is

L{hn} ⊃ −
∑
n

∑
i

(
OH

)
1n

mi

v
l̄ilihn , (2.13)

where OH is the mixing matrix between hSM and φH ,(
hSM
φH

)
= OH ·

(
h1
h2

)
=
(

cos θ1 sin θ1
− sin θ1 cos θ1

)
·
(
h1
h2

)
. (2.14)

The mixing angle θ1 is given by

tan 2θ1 = λHΦvvΦ
λΦv2

Φ − λHv2 . (2.15)

The masses of h1 and h2 are given by

m2
h1,h2 = λHv

2 + λΦv
2
Φ ∓

√
λ2
Hv

4 + λ2
Φv

4
Φ +

(
λ2
HΦ − 2λHλΦ

)
v2v2

Φ . (2.16)

Depending on its mass, either h1 or h2 is identified as the observed Higgs boson h at the
Large Hadron Collider (LHC). Currently the most precise measurement of the Higgs boson
mass is mh = 125.38± 0.14GeV [37]. In this work, we will identify the lighter state h1 as h.

Since the gauge and Yukawa couplings in (2.6) and (2.13) respectively are all real
and flavor diagonal, there are no contributions to li → ljγ (i 6= j) and electric dipole
moment of li from the interactions L{Zn} and L{hn}. The only non-vanishing contribution
to li → ljγ (i 6= j) in SM at one-loop is the charged W± from LW in (2.5). However it
is well known that its amplitude is suppressed by the squared of neutrino masses due to
GIM-like mechanism in the lepton sector. Furthermore, due to the unitarity of VPMNS,
dli(W±) also vanishes at one-loop. See appendix A.

Next we turn to the new contributions in G2HDM.
The first diagram in figure 2 is the contribution from the dark Higgs D which is a linear

combination of two odd h-parity components H0
2 and GmH ,

D = cos θ2H0
2 + sin θ2G

m
H , (2.17)

where θ2 is a mixing angle giving by

tan 2θ2 = 2vvΦ
v2

Φ − v2 . (2.18)

The mass of D is
m2
D = 1

2λ
′
HΦv

2
+ , (2.19)

where v2
+ is defined in (2.12).

– 7 –
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D∗

li lj

γ

lHk lHk li ljνHk

H−H−

γ

W ′

li lHk lHk lj

γ

Figure 2. Three new contributions of D, H+ and W ′ to li − lj − γ vertex in G2HDM.

The relevant interaction Lagrangian is given by

LD ⊃
∑
i,j

lHi

(
yDS ij + yDP ijγ5

)
ljD∗ + H.c. , (2.20)

where the scalar and pseudoscalar Yukawa couplings yDS ij and yDP ij are given by

yDS/P ij = ±
√

2
2v cos θ2

(
V H †
l Ml

)
ij

+
√

2
2vΦ

sin θ2
(
MlHV

H †
l

)
ij
, (2.21)

with Ml = diag (me,mµ,mτ ) and MlH = diag
(
mlH1

,mlH2
,mlH3

)
. Note that the ordering of

the mass matrices are important in the Yukawa couplings (2.21). From (2.21), one obtains

yD ∗P kiy
D
S ki = 1

2

∣∣∣(V H
l

)
ik

∣∣∣2
m2

lH
k

v2
Φ

sin2 θ2 −
m2
li

v2 cos2 θ2

 . (2.22)

Thus Im
(
yD ∗P kiy

D
S ki

)
= 0. We don’t expect the complex Yukawa couplings in LD to give

rise a non-vanishing electric dipole moment dli at one-loop, as shown in appendix A.
The second diagram in figure 2 is the contribution from the dark charged Higgs H±

which has odd h-parity and a mass given by

m2
H± = 1

2
(
λ′HΦv

2
Φ − λ′Hv2

)
. (2.23)

The relevant interaction Lagrangian is given by

LH ⊃
∑
i,j

νHi

(
yHS ij + yHP ijγ5

)
ljH+ + H.c. , (2.24)

where the scalar and pseudoscalar Yukawa couplings yHS ij and yHP ij are given by

yHS/P ij = ±
√

2
2v

(
V H †
ν MνVPMNS

)
ij
, (2.25)

with Mν = diag (mν1 ,mν2 ,mν3). Since the Yukawa couplings yHS ij and yHP ij are related, we
expect dli(H±) = 0 at one-loop. See appendix A for detail.

– 8 –
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q

× ˜Aext
µ (q)

li lj
p p′

Figure 3. Feynman Diagram for the li − lj − γ vertex.

The third diagram in figure 2 is the contribution from the vector dark matter W ′(p,m)

(≡ (W ′1 ∓ iW ′2)/
√

2) which is assumed to be the lightest h-parity odd particle in G2HDM.
Its mass is given by (2.11). The relevant interaction Lagrangian is given by

LW ′ ⊃
∑
i,j

lHi γ
µ
(
gW

′
V ij + gW

′
A ij γ5

)
ljW ′ pµ + H.c. , (2.26)

where the vector and axial gauge couplings gW ′V ij and gW
′

A ij are given by

gW
′

V ij = gW
′

A ij = gH

2
√

2

(
V H
l

)†
ij
. (2.27)

Since the vector and axial vector couplings gW ′V ij and gW
′

A ij are the same, we expect dli(W ′) = 0
at one-loop. (See appendix A.) This is analogous to the SM charged W± case where the
vector and axial vector couplings are opposite sign to each other, there as is well-known we
have dli(W±) = 0 at one-loop too.

In summary, we expect all the new flavor non-diagonal complex couplings from LD, LH

and LW ′ in G2HDM can give rise to contributions to li → ljγ (i 6= j). Certainly they will
all give non-vanishing contributions to ali but not dli at one-loop. The relevant Feynman
rules are given in appendix C.

3 Magnetic and electric dipole form factors

The Lorentz invariant amplitude for a charged lepton li of flavor i scatters with an elec-
tromagnetic background field Ãext

µ (q) to become another charged lepton lj of flavor j as
depicted in figure 3 is given by1

iMji = uj
(
p′
) (
−ieΓµji

)
ui (p) Ãext

µ (q) , (3.1)

with −e (e > 0) and mi are the electric charge and mass of li respectively, q = (p′ − p) is
the momentum transfer, and the vertex function Γµji can be decomposed as

Γµji = iσµνqν
mi

2
(
AMji + iAEjiγ5

)
, (3.2)

1In general, the amplitude has six Lorentz decomposition form factors, however, due to the gauge
invariance, only σµνqν and σµνqνγ5 terms are retained for on-shell photon where q2 = 0 (see appendix D for
a detailed discussion).

– 9 –



J
H
E
P
0
2
(
2
0
2
3
)
1
1
7

with AMji and AEji related to the transition magnetic and electric dipole form factors
respectively.2

The effective Lagrangian that can reproduce the matrix element (3.1) with the associated
vertex (3.2) is

Leff = −1
4emiljσ

µν
(
AMji + iγ5A

E
ji

)
liF

ext
µν , (3.3)

where F ext
µν is the electromagnetic background field strength.

The above form factors AMji and AEji enable us to compute the decay rate for the process
li → ljγ (i 6= j) with the following spin-averaged matrix element squared

∑
|Mji|2 = e2

2 m
6
i

(
1−

m2
j

m2
i

)2 (
|AMji |2 + |AEji|2

)
. (3.4)

We thus obtain the decay rate and branching ratio for li → ljγ

Γ (li → ljγ) = 1
32πm

5
i

(
1−

m2
j

m2
i

)3

e2
(
|AMji |2 + |AEji|2

)
, (3.5)

B (li → ljγ) = Γ (li → ljγ)
Γ (li → ljνiνj)

· Γ (li → ljνiνj)
Γli

, (3.6)

where3

Γ (li → ljνiνj) = G2
Fm

5
i

192π3 f

(
mj

mi

)
, (3.7)

with GF is the Fermi constant and

f (x) =
(
1− 8x2 + 8x6 − x8 − 24x4 log x

)
. (3.8)

Therefore

B (li → ljγ) = 3 (4π)3 αEM
2G2

F

·

(
1− m2

j

m2
i

)3

f
(
mj
mi

) ·
(
|AMji |2 + |AEji|2

)
· B (li → ljνiνj) , (3.9)

where αEM = e2/(4π). For µ→ eνeνµ,

B (µ→ eνeνµ) ≈ 100% . (3.10)

For li → ljγ (i 6= j) in G2HDM there are 4 distinct non-vanishing contributions to each
AM and AE ,

A
M/E
ji = A

M/E
ji (W ) +A

M/E
ji (D) +A

M/E
ji (H) +A

M/E
ji

(
W ′
)
. (3.11)

As is well known the SM contribution A
M/E
ji (W ) for i 6= j from the W boson loop is

vanishingly small and many orders below the current experimental sensitivities.
2For ease of comparisons of their analytical expressions presented in the appendices, we use the same

notations AMji and AEji as in [8]. And they are understood to be evaluated at q2 = 0.
3See for example the appendix in the textbook Collider Physics, Updated Edition, CRC Press 1996, by

Barger and Phillips.
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The anomalous magnetic dipole moment ali of the charged lepton li can be identified
as the coefficient of (e/2mi) iσµνqν in the vertex eΓµii of (3.2), i.e.

ali = m2
iA

M
ii , (no sum on i) . (3.12)

The electric dipole moment dii of the charged lepton li is given by

dli

e
= mi

2 AEii , (no sum on i) . (3.13)

For the anomalous magnetic dipole moment of li in G2HDM, besides the well-known
QED contribution ali(γ) = αEM/2π, there are in general 6 distinct electroweak contributions
to the ali ,

ali = αEM
2π +m2

iA
M
ii , (no sum on i) ,

AMii = AMii (W ) +AMii ({Zn}) +AMii ({hn}) +AMii (D) +AMii (H) +AMii
(
W ′
)
. (3.14)

Analytical one-loop expressions for AM/E
ji are given in appendix A. There one will see

all the AEii s vanish at one-loop in G2HDM, hence the electric dipole moment dli of li vanish
too according to (3.13). These form factors AM/E

ji were also computed for general couplings
in [8]. Aside from an overall factor of 2 in the form factors, we will discuss some minor
discrepancies in the loop integrals between our results and [8] in appendix A.

4 Numerical results

In this section, we show numerical results for the cLFV process µ → eγ and muon
anomalous magnetic dipole moment with the parameter space in the model chosen to
satisfy the current constraints for a sub-GeV non-abelian vector DM W ′. In particular,
the scan data are adapted from ref. [14] in which the theoretical constraints on the scalar
potential [12, 13], signal strength measurements from the LHC [38–40], dark photon
physics [41, 42], electroweak precision measurements [36] including the recent W boson mass
measurement at the CDF II [43] and constraints from DM searches including the DM relic
density measured from Planck collaboration [44], DM direct detections [45–47] and Higgs
invisible decays constraint from the LHC [48]. For the data points that satisfy the above
mentioned constraints, the total DM annihilation cross section is of order 10−32 cm3 · s−1

or below that is much lower than the current DM indirect detection constraints.
We set the mixing matrices in the right-handed lepton sector in the model to be

V H
l = V H

ν = VPMNS, (4.1)

where VPMNS is parameterized as

VPMNS ≡

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13
s12s23 − c12c23s13e

iδCP −c12s23 − s12c23s13e
iδCP c23c13

 , (4.2)
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Figure 4. Branching ratio of µ→ eγ as a function of the heavy hidden lepton mass mlH . Other
parameters in the model are set to be mh2 = 292.50GeV, mD = 766.07GeV, mH± = 848.13GeV,
mW′ = 1.0GeV, θ1 = 0.030 rad, θ2 = 0.056 rad, MX = 1.96GeV and gX = 2.5× 10−4. From the left
to right and top to bottom panels, the mass splitting between the heavy hidden lepton generations
is set to be ∆mlH = 1GeV, 50GeV and 500GeV, respectively. The dashed red, black and green lines
represent the contributions from D boson, W ′ boson multiplied by 106 and H± boson multiplied by
1066 respectively. The orange region is the excluded region at 90% C.L. from MEG collaboration [4]
and the dotted blue line indicates the future sensitivity from MEG II [5].

where sij and cij stand for sin θij and cos θij respectively, and δCP is a Dirac CP violating
phase. The current best-fit values using a normal ordering are given by [49]: θ12 =
33.44◦+0.77◦

−0.74◦ , θ23 = 49.2◦+1.0◦
−1.3◦ , θ13 = 8.57◦+0.13◦

−0.12◦ , and δCP = 194◦+52◦
−25◦ . We also set the heavy

hidden lepton masses to be

MνH = MlH = diag (mlH ,mlH + ∆mlH ,mlH + ∆mlH ) (4.3)

where the second and third generations are assumed degenerate, and ∆mlH is a mass
splitting between the first and second (third) generations.

Figure 4 shows the branching ratio of µ → eγ as a function of the heavy hidden
lepton mass mlH . Here we fixed other parameters in the model to be mh2 = 292.50GeV,
mD = 766.07GeV, mH± = 848.13GeV, mW ′ = 1.0GeV, θ1 = 0.030 rad, θ2 = 0.056 rad,
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MX = 1.96GeV and gX = 2.5 × 10−4. We note that this benchmark point satisfies all
current constraints mentioned above. The mass splitting ∆mlH is fixed to be 1GeV, 50GeV
and 500GeV as respectively shown from the left to right and top to bottom panels in
figure 4. From figure 4 one can see that the contribution from the D boson diagram to
the branching ratio of µ→ eγ is dominant. The SM W boson contribution is suppressed
by the sums over of (∆mi1/mW )4 with i = 2, 3 and ∆m2

i1 is the mass difference between
the neutrino generations. Using global fit values for ∆m2

i1 from [49], one can obtain
B(µ→ eγ)W ' 4.4× 10−55. The contribution from H± is similarly suppressed by the mass
of neutrinos, whereas the contribution from W ′ is negligible due to the smallness of the
gauge coupling gH that is gH ' 4.58× 10−4 for this benchmark point. For a fixed value of
the mass splitting ∆mlH , the total branching ratio of µ→ eγ decreases when mlH increases.
When ∆mlH increases, the branching ratio of µ→ eγ from D andW ′ bosons increase, while
the contribution from charged Higgs is almost unchanged. For large values of ∆mlH , the
current limit from the MEG experiment can put a lower bound on mlH . A larger mass
splitting ∆mlH requires a larger mlH . In particular, as shown on the top-right and bottom
panel in figure 4, the heavy hidden lepton mass mlH is required & 1 and 3TeV for fixing
∆mlH at 50 and 500GeV, respectively. For small values of ∆mlH , the branching ratio of
µ → eγ is suppressed and thus escaping the MEG constraint (see the top-left panel in
figure 4). We note that for the degenerate mass case, i.e. ∆mlH = 0, the contributions from
new particles to the branching ratio of µ→ eγ vanishes. This is because, in this case, the
form factors from D,W ′ and H± are proportional to the following factors4

AM/E
eµ (D orW ′)

∣∣∣∣
degenerate lH

∼
3∑

k=1
(VlH )∗2k (VlH )1k = 0 , (4.4)

AM/E
eµ (H±)

∣∣∣∣
degenerate νH

∼
3∑

k=1
(VνH )∗2k (VνH )1k = 0 . (4.5)

Figure 5 shows 2σ favored parameter space for W ′ as a sub-GeV M candidate in the
model. The data points are projected on (mW ′ , gH) plane (left panel) and (mD, | sin θ2|)
plane (right panel). The colors of circle points in the left and right panels of figure 5
indicate the values of B(µ→ eγ) calculated from W ′ diagram and D diagram, respectively.
Here we fixed mlH = 1TeV and ∆mlH = 50GeV. The contribution from the W ′ diagram
to B(µ → eγ) is linearly proportional to the gauge coupling g2

H . However due to the
constraints from the dark matter direct detection and dark photon physics that required
gH . 10−3 [12–14], the B(µ → eγ) from the W ′ diagram is suppressed. In particular,
B(µ → eγ)W ′ . 10−21 as shown in the left panel of figure 5. On the other hand, the
contribution to B(µ → eγ) from the D diagram is significant. The branching ratio is
enhanced in the region of large mixing angle θ2 and heavy mass region of D boson. The
current experimental data requires 0.018 . | sin θ2| . 0.21 for the 2σ favored region [14],
which results 10−17 . B(µ→ eγ) . 10−10. We note that the B(µ→ eγ) from the D boson
diagram peaks at a certain value of mD depending on the mass of heavy hidden leptons.

4In general, we have AM/Eji (D orW ′ orH±)|degenerate fH = 0 for i 6= j, which is just the manifestation of
the well-known GIM-mechanism in SM.
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Figure 5. Viable DM parameter points spanned in (mW′ , gH) plane (left) and (mD, | sin θ2|) plane
(right). The color of circle points indicates the contribution to B(µ → eγ) from the W ′ diagram
(left panel) and D diagram (right panel). Here we fixed mlH = 1TeV and ∆mlH = 50GeV. The
solid red and dashed blue lines on the right panel are the MEG limit and future sensitivity from
MEG II [5], respectively. The crossed purple points on the left panel are allowed by the current
limit from MEG [4] which are obtained from the bound on | sin θ2| (solid red on the right panel) due
to the relation given in eq. (4.6).

For mlH = 1TeV and ∆mlH = 50GeV, the peak is at mD ∼ 1.8TeV. The current limit
from the MEG experiment [4] can exclude a large portion of parameter space (∼ 50% of
data points) in this enhanced region as shown by the red line on the right panel of figure 5.
The future sensitivity from MEG II [5], as shown by the dashed blue line on the right panel
of figure 5, can probe lower values of the mixing angle θ2 and a smaller region of D boson
mass in the model. We note that the upper bound on | sin θ2| from the MEG experiment
can be translated into a bound on the DM mass mW ′ and the gauge coupling gH due to
the following relation

gH = 2mW ′

v
×

| sin θ2| , for θ2 > 0 ,
| cos θ2| , for θ2 ≤ 0 ,

(4.6)

which can be derived from eqs. (2.11) and (2.18). The allowed points after taking into
account the MEG constraint projected on (mW ′ , gH) plane is shown as the crossed purple
points in the left panel of figure 5.

In figure 6, we show the 2σ favored parameter space on the plane of the total branching
ratio of µ→ eγ and muon anomalous magnetic dipole moment ∆aµ. As mentioned above,
the main contribution to the B(µ→ eγ) is from the D boson diagram and a large portion of
parameter space can be excluded by the current MEG experiment. On the other hand, the
main contributions to ∆aµ in the model are from D and Z2,3 diagrams. The contribution
from the W ′ diagram gives a negative value for ∆aµ, whereas the neutral Higgs and charged
Higgs contributions are both suppressed for the current viable parameter space in the model.
One can see in figure 6, the total contribution to ∆aµ is not reaching the 2σ region (shaded
light blue) for the muon anomalous magnetic dipole moment measured at BNL [15–17]
and FNAL [18]. We expect the ∆aµ can be enhanced in higher loop diagrams such as the
two-loop Barr-Zee mechanism [50]. Calculation of these two-loop Barr-Zee contributions is
thus highly desirable but nevertheless beyond the scope of this study. We hope to return to
this issue in the future.
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Figure 6. Viable DM parameter points spanned in the plane of the total branching ratio of
µ → eγ and muon anomalous magnetic dipole moment ∆aµ. Here we fixed mlH = 1TeV and
∆mlH = 50GeV. The solid red and dashed blue lines are the current limit from MEG [4] and future
sensitivity from MEG II [5], respectively. The shaded light blue band represents the 2σ region of
∆aµ measured at BNL [15–17] and FNAL [18].

Figure 7. Favored data projected on the plane of the DM mass and spin independent DM-proton
scattering cross section. Here we fixed mlH = 1TeV and ∆mlH = 50GeV. The crossed purple points
indicate the data satisfied the MEG constraint [4], while the circle green points indicate the data
that can be probed by future experiment from MEG II [5]. The gray regions are the exclusion from
CRESST-III [45], DarkSide-50 [46] and XENON1T [47] experiments. The dashed blue, red and light
blue lines represent the future sensitivities from DM direct detection experiments at NEWS-G [51],
SuperCDMS [52] and CDEX [53], respectively. Orange region is the neutrino floor background.
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Figure 7 shows the allowed data points by the current MEG constraints (crossed purple)
and the points that can be probed by future experiment from MEG II (circle green) on
the DM direct detection plane. The predicted DM mass range in 2σ favored region is
∼ (0.02− 3)GeV. The future sensitivity from MEG II can probe almost the entire viable
range of DM mass. Interestingly, some data points with the DM mass at around 1GeV can
be probed complementarily by various future DM direct detection experiments including
NEWS-G [51], SuperCDMS [52] and CDEX [53].

5 Conclusion

We computed the one-loop radiative decay rates for the charged lepton flavor violation
processes li → ljγ, the anomalous magnetic dipole moment ∆ali and the electric dipole
moment dli of the charged lepton li at one-loop level in a minimal G2HDM. Besides the
contribution from the SM W boson, the charged lepton flavor violation processes occurred
at one-loop in G2HDM due to the new interactions of SM charged leptons with two h-parity
odd particles — heavy hidden leptons (lH or νH) and hidden dark scalars or gauge bosons
(D, H±,W ′). The contributions from these new interactions vanish when the heavy hidden
lepton masses among generations degenerate.

We analyzed the µ → eγ process and ∆aµ using a parameter space that favors a
sub-GeV non-abelian vector dark matter W ′(p,m) in the model. The scan data is adapted
from ref. [14] and they satisfy various constraints including the theoretical constraints
on the scalar potential, the Higgs signal strength measurements from the LHC, the dark
photon physics, the electroweak precision measurements including the recent W boson mass
measurement at the CDF II, DM relic density measured from Planck collaboration, and
from DM searches including the DM direct detections and the Higgs invisible width from
the LHC.

We found that the branching ratio of µ→ eγ is significantly dependent on the heavy
hidden lepton mass and the mass splitting between its generations. In particular, a heavier
hidden lepton mass results in a smaller branching ratio of µ → eγ while a larger mass
splitting gives a larger branching ratio as shown in figure 4.

Among the new contributions to µ→ eγ in the model, the contribution from D boson
diagram is dominant. The branching ratio can be enhanced in the heavy D boson mass
region and the region of large mixing angle θ2 between two odd h-parity bosons, H0

2 and
GmH , which compose D. The current constraint on the cLFV process from MEG can exclude
a significant portion of the parameter space in the favored region obtained in previous
studies. Although the contribution from the DM candidate W ′ to the branching ratio of
µ→ eγ is suppressed due to the smallness of new gauge coupling gH , the DM parameters
can be affected indirectly by the cLFV processes due to the relation between parameters in
the model, especially the relation (4.6) between the mixing angle θ2, new gauge coupling gH
and DM mass mW ′ . We found that the future measurement at MEG II can probe almost
the entire viable range of the DM mass which is ∼ (0.02 − 3)GeV and interestingly, the
region at the DM mass around 1GeV can be also probed by future DM direct detection
experiments such as NEWS-G, SuperCDMS and CDEX.
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In the viable DM parameter space, the total one-loop level contribution to ∆aµ in the
model is not big enough to explain the 4.2σ level discrepancy between the theoretical value
and the experimental results measured at the BNL and FNAL. We expect an enhanced
contribution to ∆aµ at higher loop corrections, such as the Barr-Zee two-loop mechanism [50]
for the neutrino magnetic dipole moments, can be anticipated to address the muon anomaly
in the model.

In appendix A, we also showed that the electric dipole moment of charged lepton
vanishes at one-loop in G2HDM. This is due to (1) the lack of CP violating phases (or
in general imaginary parts) in products of generic but related complex vector and axial
vector gauge couplings or scalar and pseudoscalar Yukawa couplings, and (2) vanishing
combinations of Feynman loop integrals. Same conclusion can be drawn for the SM quarks
in the model. Thus it is also interesting to investigate if the two-loop mechanisms like the
Weinberg three-gluon operator [54–56] for the gluon chromo-electric dipole moment [57]
and the Barr-Zee diagrams for the charged leptons [58] can generate a non-vanishing result
for the electric dipole moments for the neutron and SM leptons respectively in G2HDM.
For these two-loop calculations, we will reserve them for future tasks.
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A One-loop analytical formulae of AM
ji and AE

ji

In this appendix, we present the one-loop expressions for the transition magnetic and electric
dipole form factors AMji and AEji from the six different contributions in G2HDM. For the
gauge particle loops of W±, {Zn} and W ′(p,m), we use unitary gauge in the computation.
For the computation of W± loop in the ’t Hooft-Feynman gauge, see appendix B.5 For
convenience, we define z = 1− x− y in what follows.

A.1 W contribution — left diagram in figure 1

The transition magnetic and electric dipole form factors are given by

AMji (W ) = + 1
8π2

(
g

2
√

2

)2∑
k

(VPMNS)∗kj (VPMNS)ki

× [I (mi,mj ,mνk ,mW ) + I (mi,mj ,−mνk ,mW )] , (A.1)

AEji (W ) = − i

8π2

(
g

2
√

2

)2∑
k

(VPMNS)∗kj (VPMNS)ki

× [I (mi,−mj ,mνk ,mW ) + I (mi,−mj ,−mνk ,mW )] , (A.2)
5The issue of gauge fixings in the model has been studied as given in an appendix in ref. [13].
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respectively where the loop integral I (mi,mj ,mk,mX) is

I (mi,mj ,mk,mX)

=
∫ 1

0
dx
∫ 1−x

0
dy
{

1
−xzm2

i − xym2
j + xm2

k + (1− x)m2
X

×
[((

y + 2z (1− x)
)

+
(
z + 2y (1− x)

)mj

mi
− 3 (1− x) mk

mi

)

+ m2
i

m2
X

x2
(
z2 + y2m

3
j

m3
i

+ yz
mj

mi

(
1 + mj

mi

)
− mjmk

m2
i

)]

+ 1
m2
X

(
x(1− z) + y +

(
x (1− y) + z

)mj

mi
− mk

mi

)
+ 1
m2
X

(
2− x (3− 4z)− 3y − z +

(
2− x (3− 4y)− y − 3z

)mj

mi

)

× log
(

m2
X

−xzm2
i − xym2

j + xm2
k + (1− x)m2

X

)}
. (A.3)

We note that this integral I is for the diagram with two internal charged vector bosons
X coupled to the external photon computed using the unitary gauge. The third line
of eq. (A.3) comes from the product of the transverse pieces of the two vector boson
propagators, while all the remaining terms are due to the product of the transverse and
longitudinal pieces of these two propagators. The product of longitudinal pieces do not give
rise to the contributions for the transition magnetic and electric dipole form factors. Our
integral I is denoted as I++

k,3 in eq. (A.5) of [8]. Except for the fourth line of eq. (A.3), our
formula agrees.6 The difference between our result of eq. (A.3) and eq. (A.5) of [8] is

Diff = (mi −mj)2

m2
X

∫ 1

0
dx
∫ 1−x

0
dy

xyz
(
x+ y + (1− y) mjmi −

mk
mi

)
−xzm2

i − xym2
j + xm2

k + (1− x)m2
X

. (A.4)

Since the difference disappears in the case of mi = mj , one can’t use the known result of
charged lepton anomaly [59] to discriminate the two answers. However, see appendix B.

For i = j, there is no CP violating phase arise from the product | (VPMNS)ki |2 in (A.2),
which implies the electric dipole moment dli should be vanishing from the one-loop W

diagram in SM. Indeed the sum of the two integrals in (A.2) vanishes when mi = mj !

A.2 {Zn} contribution — middle diagram in figure 1

The transition magnetic dipole form factor is given by

AMji ({Zn}) = + δij
8π2

∑
n

[
(CV n)2 J (mi,mi,mi,mZn)

+ (CAn)2 J (mi,mi,−mi,mZn)
]
, (A.5)

6Note that there are also a couple of trivial typos in the coefficients of the log term of I++
k,3 in eq. (A.5) of [8].
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where

J (mi,mj ,mk,mX)

= −
∫ 1

0
dx
∫ 1−x

0
dy
{

1
−xzm2

i − xym2
j + (1− x)m2

k + xm2
X

×
⌈

2x
(

(1− z) + (1− y)mj

mi
− 2mk

mi

)

+ m2
i

m2
X

(
(1− x)

(
mj

mi
− mk

mi

)(
z + y

mj

mi

)(
1− mk

mi

)

− z
(
mj

mi
− mk

mi

)(
(1− x(1− z)) + xy

m2
j

m2
i

)

− y
(

1− mk

mi

)(
xz + (1− x(1− y))

m2
j

m2
i

))⌋

+ 1
m2
X

(
y + z

mj

mi
− (1− x) mk

mi

)
+ 1
m2
X

(
(1− 3y) + (1− 3z)mj

mi
+ (1− 3x) mk

mi

)

× log
(

m2
X

−xzm2
i − xym2

j + (1− x)m2
k + xm2

X

)}
. (A.6)

We note that this integral of J is for the diagram with one internal neutral gauge boson X
exchange computed using the unitary gauge. The third line of eq. (A.6) comes from the
transverse piece of the vector boson propagator, while the remaining terms come entirely
from the longitudinal piece of the propagator. Our loop integral (−J ) corresponds to I++

k,4
in eq. (A.6) of [8].7 Using our expression of J in eq. (A.6) for the equal mass case of
mi = mj = mµ and setting mk = mF , one can easily reproduce the well-known expression
of muon anomaly for a neutral gauge boson X with a general gauge coupling of a muon
and another fermion F first obtained in [59].

For the transition electric dipole from factor, one finds

AEji ({Zn}) = 0 , (A.7)

which implies dli({Zn}) = 0.

A.3 {hn} contribution — right diagram in figure 1

The transition magnetic dipole form factor is

AMji ({hn}) = δij
π2
m2
i

v2

∑
n

(
OH

)2

1n
K (mi,mi,mi,mhn) , (A.8)

7We note that in the fourth line of our eq. (A.6), instead of the factor of (1−x), eq. (A.6) of [8] got (x−1).
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with

K (mi,mj ,mk,mX) =
∫ 1

0
dx
∫ 1−x

0
dy

×

 x
(
y + z

mj
mi

)
+ (1− x)mkmi

−xym2
i − xzm2

j + (1− x)m2
k + xm2

X

 . (A.9)

This loop integral K is the same as I++
k,1 in eq. (A.1) of [8].

As in the {Zn} case, one finds that the transition electric dipole form factor vanishes

AEji ({hn}) = 0 , (A.10)

which implies dli({hn}) = 0 as well.

A.4 D contribution — left diagram in figure 2

The transition magnetic and electric dipole form factors are given by

AMji (D) = 1
8π2

[∑
k

yD ∗S kjy
D
S kiK

(
mi,mj ,mlH

k
,mD

)
+
∑
k

yD ∗P kjy
D
P kiK

(
mi,mj ,−mlH

k
,mD

)]
, (A.11)

AEji (D) = i

8π2

[∑
k

yD ∗P kjy
D
S kiK

(
mi,−mj ,mlH

k
,mD

)
+
∑
k

yD ∗S kjy
D
P kiK

(
mi,−mj ,−mlH

k
,mD

)]
, (A.12)

where the summation is over all the heavy hidden charged leptons lHk running inside the
loop. K is defined already in (A.9).

For i = j, (A.11) reduces to

AMii (D) = 1
8π2

[∑
k

|yDS ki|2K
(
mi,mi,mlH

k
,mD

)
+
∑
k

|yDP ki|2K
(
mi,mi,−mlH

k
,mD

)]
, (A.13)

with

|yD(S,P ) ki|
2 = 1

2 |
(
V H
l

)
ik
|2
m2

li

v2 cos2 θ2 +
m2
lH
k

v2
Φ

sin2 θ2 ±
mlimlH

k

vvΦ
sin 2θ2

 . (A.14)

We note that the possible new CP violating phase in V H
l is cancelled out in |yD(S,P ) ki|

2.
On the other hand, for i = j, (A.12) reduces to

AEii (D) = i

8π2

∑
k

Re
(
yD ∗P kiy

D
S ki

) [
K
(
mi,−mi,mlH

k
,mD

)
+K

(
mi,−mi,−mlH

k
,mD

)]
− 1

8π2

∑
k

Im
(
yD ∗P kiy

D
S ki

) [
K
(
mi,−mi,mlH

k
,mD

)
−K

(
mi,−mi,−mlH

k
,mD

)]
= 0 , (A.15)
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due to the fact that K
(
mi,−mi,mlH

k
,mD

)
+K

(
mi,−mi,−mlH

k
,mD

)
= 0 and from (2.22)

we have Im
(
yD ∗P kiy

D
S ki

)
= 0.

A.5 H± contribution — middle diagram in figure 2

The transition magnetic and electric dipole form factors are

AMji (H) = + 1
8π2

∑
k

yH∗S kjy
H
S ki

[
L
(
mi,mj ,mνH

k
,mH

)
+L

(
mi,mj ,−mνH

k
,mH

)]
, (A.16)

AEji (H) = − i

8π2

∑
k

yH∗S kjy
H
S ki

[
L
(
mi,−mj ,mνH

k
,mH

)
+L

(
mi,−mj ,−mνH

k
,mH

)]
, (A.17)

where we have used yHP kj = −yHS kj from (2.25) and the summation is over all the heavy
hidden neutrinos νHk running inside the loop. The loop integral L is given by

L (mi,mj ,mk,mX) = −
∫ 1

0
dx
∫ 1−x

0
dy

×

 x
(
y + z

mj
mi

+ mk
mi

)
−xym2

i − xzm2
j + xm2

k + (1− x)m2
X

 . (A.18)

Our loop integral (−L) is the same as I++
k,2 in eq. (A.2) of [8].

For i = j, each term in both AMii (H) and AEii (H) is proportional to

|yHS ki|2 =
|
(
V H †
ν MνVPMNS

)
ki
|2

2v2 , (A.19)

which is real but may contain CP-violating phases from VPMNS and V H
ν . The effects from

these CP-violating phases in ∆ali(H±) are small due to the suppression from the neutrino
masses. The important role of CP violating phases in the muon anomaly in MSSM coming
from the charginos and neutrinos sectors has been emphasized previously in [60–62]. The
electric dipole moment dli(H±) should be vanishing since the sum of the two integrals
in (A.17) vanishes when mi = mj !

A.6 W ′(p,m) contribution — right diagram in figure 2

The transition magnetic and electric dipole form factors are

AMji
(
W ′
)

= + 1
8π2

∑
k

gW
′ ∗

V kj g
W ′
V ki

[
J
(
mi,mj ,mlH

k
,mW ′

)
+J

(
mi,mj ,−mlH

k
,mW ′

)]
, (A.20)

AEji
(
W ′
)

= + i

8π2

∑
k

gW
′ ∗

V kj g
W ′
V ki

[
J
(
mi,−mj ,mlH

k
,mW ′

)
+J

(
mi,−mj ,−mlH

k
,mW ′

)]
, (A.21)

– 21 –



J
H
E
P
0
2
(
2
0
2
3
)
1
1
7

where we have used gW
′

Akj = gW
′

V kj from (2.27) and the summation is over all the heavy
hidden charged leptons lHk running inside the loop. The loop integral J is given in (A.6).
In the case of i = j, each term in both AMii (W ′) and AEii (W ′) is proportional to

|gW ′V ki|2 = g2
H

8 |
(
V H
l

)
ik
|2 , (A.22)

which is real and contains no CP-violating phase. The electric dipole moment dli(W ′)
should be vanishing as one can check that the sum of the two integrals in (A.21) vanishes
when mi = mj !

We note that all our results for the charged lepton anomalous magnetic dipole moments
(where i and j are the same charged lepton) are consistent with eqs. (3), (4), (10) and (11)
in [59] if we choose qF = qX = qH = −1 in these formulas.

B Expression for I(mi,mj,mk,mX) in ’t Hooft-Feynman gauge

In the SM, the W loop contribution can be evaluated in the ’t Hooft-Feynman gauge.
The longitudinal contributions from the two W propagators will be ‘simulated’ by three
extra diagrams involving the couplings γG+G− and γG±W∓ where G± are the charged
Goldstone bosons of W±. The expression of I(mi,mj ,mk,mX) in the ’t Hooft-Feynman
gauge is

I ′t Hooft−Feynman (mi,mj ,mk,mX)

=
∫ 1

0
dx
∫ 1−x

0
dy
(

1
−xzm2

i − xym2
j + xm2

k + (1− x)m2
X

)

×
{[(

y + 2z (1− x)
)

+
(
z + 2y (1− x)

)mj

mi
− 3 (1− x) mk

mi

]

− m2
i

m2
X

[
x

(
1− mk

mi

)(
mj

mi
− mk

mi

)(
z + y

mj

mi
+ mk

mi

)]

+ y

(
1− mk

mi

)
+ z

(
mj

mi
− mk

mi

)}
, (B.1)

where we have defined z = 1− x− y as before.
One can integrate over the y variable in (B.1) and obtain a 1-dimension integral

representation

I ′t Hooft−Feynman (mi,mj ,mk,mX)

=
∫ 1

0
dx
{
A(1− x)

+B

x

(
C0 + C1x+ C2x

2
)

log
[
m2
X(1− x)− x(m2

i (1− x)−m2
k)

m2
X(1− x)− x(m2

j (1− x)−m2
k)

]}
, (B.2)

with

A = (mi −mk) (mj −mk) + 2m2
X

mi (mi +mj)m2
X

, (B.3)
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B = 1
mi(mi −mj)(mi +mj)2m2

X

, (B.4)

C0 =
(
−2m2

i − 3mimj − 2m2
j + 3(mi +mj)mk +m2

k + 2m2
X

)
m2
X , (B.5)

C1 = (m2
i −m2

k)(m2
j −m2

k) + (2mi +mj −mk)(mi + 2mj −mk)m2
X − 2m4

X , (B.6)

C2 = −mimj

(
(mi −mk)(mj −mk) + 2m2

X

)
. (B.7)

Taking the limit of mj → mi, (B.2) reduces to

I ′t Hooft−Feynman (mi,mi,mk,mX)

=
∫ 1

0
dx(1− x)

[2 (1− x)
(
(2− x)− 2mkmi

)
− m2

i

m2
X
x
(
1− mk

mi

)2 (
(1− x) + mk

mi

)
m2
X(1− x)− x(m2

i (1− x)−m2
k)

]
. (B.8)

Multiplying the above result by m2
iC

2
V /8π2 and let mi → mµ reproduces the first vector

coupling piece in eq. (4) (with x→ 1− x, qX = −1 and mF = mk) of ref. [59], who first
computed the anomaly aµ for a charged X-loop with general gauge couplings of a muon and
another neutral fermion F in the unitary gauge. The contribution from the axial coupling
can be obtained by setting CV → CA and flipping the sign of the mass mk in the above
loop integral [59]. One can also reproduce the result of ref. [59] by starting directly from
our result (A.3) in the unitary gauge, as mentioned earlier.

An 1-dimension integral representation for I(mi,mj ,mk,mX) in the ’t Hooft-Feynman
gauge had been obtained previously in ref. [63]. Our result disagrees with this earlier
result. One can show analytically that both of our expressions of I(mi,mj ,mk,mX)
in (A.3) and (B.1) (or equivalently (B.2)) from the unitary and ’t Hooft-Feynman gauges
respectively agree with each other. This can be done by integrating the integrand in (A.3)
over y first and then subtract it with (B.2). The difference can then be shown to be zero by
applying the following identity∫ 1

0
dx g′(x) log f(x) = g(x) log f(x)

∣∣∣∣1
0
−
∫ 1

0
dxf

′(x)g(x)
f(x) (B.9)

to the log terms. The intermediate steps are tedious and not illuminative, we will omit
them here.

C Feynman rules

Some relevant Feynman rules for this work are listed as follows.

li li

hn

− i(OH)1n
mi

v
(C.1)
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li li

Zµ
n

iγµ (CV n + CAnγ5) (C.2)

li lHj

D∗

i
(
yDS ji + yDP jiγ5

)
(C.3)

li νHj

H+

i
(
yHS ji + yHP jiγ5

)
(C.4)

li lHj

W ′p
µ

iγµ
(
gW

′
V ji + gW

′
Aji γ5

)
(C.5)

D Amplitude of the on-shell li → ljγ process

In general, the Lorentz invariant amplitude for li → ljγ(i 6= j) as depicted in figure 3 is
given by [64]

iMji = 〈lj |Jµem|li〉 Ãext
µ (q), (D.1)

where Ãext
µ (q) is the electromagnetic background field and

〈lj |Jµem|li〉 = uj(p′) [iσµνqν(A+Bγ5) + γµ(C +Dγ5) + qµ(E + Fγ5)]ui(p) (D.2)

with q = p′ − p and A, B, C, D, E and F are the form factors. Using the electromagnetic
gauge invariance, one has

∂µJ
µ
em = 0 (D.3)
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which yields the condition

−mi(C −Dγ5) +mj(C +Dγ5) + q2(E + Fγ5) = 0 (D.4)

or C = D = 0 for the case of mi 6= mj and on-shell photon (q2 = 0). Furthermore, since
qµÃext

µ = 0, the amplitude for the on-shell li → ljγ process is then given as

iMji = uj(p′) [iσµνqν(A+Bγ5)]ui(p)Ãext
µ (q). (D.5)

To compare with the conventions established in eq. (3.1), we can identify

A = −iemi

2 AMji , (D.6)

B = e
mi

2 AEji . (D.7)

It is important to note that the amplitude in eq. (D.5) corresponds to a dimension-five
operator and as such, it can only be induced from loop diagrams. Furthermore, as there can
be no counterterm to absorb infinities, it is imperative that the amplitude in eq. (D.5) must
be finite [64]. Since the self-energy diagrams contribute only to the C and D form factors,
they are not relevant to the on-shell amplitude of li → ljγ. Of course these self-energy
diagrams are necessarily included along with the 1PI diagrams to maintain the gauge
invariance of QED!

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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