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corrections encoded in its giant graviton expansion in terms of D3 branes wrapped in AdSs x S°.
The key element of this decomposition is the non-trivial index of the theory living on the
wrapped brane system. A remarkable feature of the Schur limit is that the brane index is an
analytic continuation of the flavored index of N =4 U(n) SYM, where n is the total brane
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Away from the unflavored limit, they are characterized by quasimodular forms providing
exact information at all orders in the index universal fugacity. As an application of these
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1 Introduction

For a superconformal theory the index introduced in [1-3] encodes a large amount of in-
formation about the BPS spectrum. It may be regarded as the Witten index [4] in radial
quantization and is invariant under smooth supersymmetric deformations. Indices are nowa-
days a standard and major tool for the investigation of superconformal theories [5]. Their
applications range from the study of their dualities, strongly coupled fixed points, and even
black hole physics in the context of AdS/CFT, see e.g. in AdSy [6-8] and in AdSs [9-11].
A review can be found in [12].

For U(N) gauge invariant theories, the index admits a large N limit with finite N
corrections coming from U(N) trace relations that spoil orthogonality of single-trace operators.
When the superconformal theory has a gravity dual, the interpretation of these corrections is
far deeper. In the simplest example of four dimensional N = 4 U(N) super Yang-Mills (SYM)
theory dual to type IIB superstring in AdSs x S°, finite N effects originate from wrapped D3
brane states maximally stretched in S° called giant gravitons [13] and having charge of order



N.! From the corresponding giant-graviton expansion of the index, it is possible to reproduce
the entropy of dual black holes in AdS; x S° as first shown in [15] for small black holes
with charge Q < N? and later generalized to black holes with charge @ ~ N2, first in [16],
using a large-charge expansion, and later in [17], using a large N expansion. Recently, the
giant graviton expansion has also been described by enumerating BPS geometries studying
bubbling solutions in supergravity [18, 19].

The contribution to the index from a certain wrapped D3 brane state may be identified
with the index of the theory living on the brane world-volume and having reduced unbroken
superconformal invariance [20-22]. The computation of this “brane index” is a non-trivial
issue. The superconformal index of 4d N = 4 U(N) SYM is defined as

VW) (y,u; q) = Trpps[(—1)F ¢y ulul2ul®),  wuguz =1, (1.1)

where the Hamiltonian H, the spins J, J, and the R-charges R1, Ro, R3 are Cartan generators
of the superconformal algebra psu(2,2|4) and the trace is restricted to states obeying certain
BPS conditions.? The giant graviton expansion of the index reads [20, 21]

o
Yy u;q) =Ty, usq) D0 (qun)™ N (qua)"N (qus)™ N I3, L (vousg), (1.2)
ni,n2,n3=0
where each piece has a definite meaning on gravity dual side. The N — oo factor I"K(y, u; q)

matches the index from IIB supergravity Kaluza-Klein states. The triple summation is over
wrapped D3 branes with topology S x S$2 where S! is in AdSs and S® C S° with winding
ny along the 3-cycle obtained setting z; = 0 in S° realized in C? as |z1|? + |z2|? + |z3]* = 1.

ID3

my na.ns (U, W; ) represent the superconformal index of the theory living on

The quantities
the wrapped branes world-volume, i.e. a U(n1) x U(ng) x U(nsz) quiver gauge theory with
three bi-fundamental hyper multiplets. The prefactor [[5_;(qu;)™" in (1.2) comes from

the classical charges and energy of the brane system.

IDS
ni,n2,n3

At generic values of fugacities y, u, ¢, the brane indices do not depend on N
and (1.2) organizes finite N corrections ~ ¢™ as a series of contributions from wrapped branes
with increasing total winding number.? At large NN, the corrections are non-perturbative in
the small ¢ expansion. When algebraic constraints are imposed on fugacities to get simplified
unrefined indices, extra polynomial contributions in N may appear. This is often referred to
as a “wall-crossing” effect. It was discussed in [21, 22, 28] and explained in [29, 30] on gravity
side in terms of zero modes of fluctuations on the wrapped branes, see also [31]. These zero
modes are fully regularized when all fugacities are switched on and take generic values.
In this paper, we focus on some technical aspects of the determination of the brane
indices Iginz,ns in (1.2). To this aim, it will be convenient to consider the so-called Schur

limit of the index [32, 33]. For a general N = 2 superconformal theory, the Schur index
gives the vacuum character of the associated chiral algebra [34]. Here, it corresponds to the

!See [14] for a recent analysis of the precise correspondence between states of certain D3 giant gravitons
branes in AdSs x S® and auxiliary ghost states in N = 4 U(N) SYM.

2We follow the conventions in [23] where, in particular, details on the BPS condition can be found.

3Tt is possible to discuss (1.2) in the U(N) SYM theory without reference to its string dual description [24-26],
up to possible non-trivial reorderings of the sum [27].



specialization y = q%, u = (u,u"' 1) of (1.1), i.e.

V) (u; g) = Trpps[(—1)" ¢+ Tyt 1) (1.3)

The specific structure of the giant-graviton expansion of the Schur index of N =4 U(N) SYM
was first discussed in [35]. Quite remarkably, in this limit the right hand side of (1.2) can
be written in terms of the SYM index itself, up to a tricky analytic continuation proposed

in [23]. The explicit formula reads
o0 n
1) (w5 q) = T (u;q) D7 (ug) PN (u; )P PP (u PN IR (w yg), (14)
n=0 p=0
where the Kaluza-Klein factor is explicitly (see appendix A for special functions notation)

2
u;q):( (¢°)oo

KK
o )10

(1.5)

and the brane indices are given by the key relation

o=
ol

(s q) = 10 (w72 %07 2g2). (1.6)
Thus, finite N corrections ~ ¢™" to the Schur index of U(N) SYM are captured by the index
of the U(n) SYM theory by means of the above fugacity transformation. As a technical
remark, the reduction of the triple sum in (1.2) to the single sum in (1.4) is a simplification
due to vanishing of contribution from the cycle z3 = 0 and a Weyl symmetry u — u~"! relating
contributions from the other two cycles z; = 0 and z3 = 0.

The analytic continuation rule (1.6) follows from the analysis of the unbroken super-
conformal symmetry on the wrapped brane system. This symmetry-based approach to the
construction of brane indices was recently reconsidered in [30, 36] by a full calculation of
fluctuation effects from all fields living on the brane world-volume. A similar treatment of
finite N corrections to superconformal index was previously carried out in the case of the 6d
(2,0) theory from semiclassical M2 brane wrapped on S* x 2 in the M-theory background
AdS; x S* [37], and for the 3d N = 8 supersymmetric level-one U(N) x U(N) ABJM theory
from semiclassical M5 brane wrapped on S* x S° in AdS; x S” [29]. Alternatively, localization
on the wrapped brane was recently used in [38] to discuss the giant graviton expansion of
the 1-BPS conformal index in N = 4 U(N) SYM.

Technically, a major problem in making use of (1.6) is that it cannot be applied when the
U(n) Schur index is only given as a (truncated) g-series. Reason is that the transformation (1.6)
is actually an analytic continuation outside the convergence domain of the Schur index around
g = 0. As a consequence, the strategy adopted in [35] to overcome this difficulty was to (7)
apply the transformation (u;q) — (u_%q_% ; u_%q%) to the integrand of the holonomy integral
representation of the U(n) index and (7)) perform the contour integrations along suitable cycles
by a prescription determining the set of relevant poles. The same technique was successfully
applied in a variety of other models in [39-44] and further developed and clarified in [44, 45].

“To keep notation simple, the Schur index is denoted by the same symbol as the general index and only
two arguments u, ¢ instead of the five y, u1, us2, us, q.



The outcome of the symmetry-based approach were explicit expansions for the brane
indices in (1.6). At leading and next-to-leading wrapping order, i.e. for n = 1,2, they
take the form

u? 2y 2 -3 3\ .3
mq—i—(l—u)q +(U —u)q +---,

u10(2 _ u2)
(1= u?)(1 —u?)

and were computed in [35] up to wrapping n = 4. Expressions (1.7) have a very rich

D3 (u; ) =
(1.7)

13%(usq) = ¢ +u” (2 —ut) g+ 2+ 20 — ')’ + oo

dependence on u and ¢ that can be (minimally) tested by matching the exact prediction for
the index in the unflavored case u = 1. This was obtained in [46] and reads

VO (1;q) = IXK (1) 3 (~1)" KN; ") - (N i 1)} g,

= (L.8)
1
where the Kaluza-Klein contribution is given by
1 2 Sl | n
KK g = Lo (@) p1d 19)

94(0) (9% 5 1-¢"

Checking agreement between (1.4) and (1.8) turns out to be a non-trivial issue, because of
the poles at u = 1 in the g-series of the brane indices (1.7). These have to cancel, but produce
leftover powers of N, well visible in (1.8), due to the mentioned wall-crossing effect.

Besides, higher order terms of the expansion do not follow from an explicit closed formula
and are not under full analytical control. Still, truncating the g¢-series at some high finite
order, one empirically matches (1.8) [35].

Summary of new results. In this paper, we begin by considering the u — 1 limit of (1.4)
at all orders in gq. To this aim, we exploit recent exact results about the flavored Schur
index of N = 4 U(N) SYM [47, 48], see also [49] for other gauge groups. We show that
its available explicit representations allow to evaluate the analytic continuation in (1.6)
and to get closed form expressions for the brane indices ID3(u;q) in agreement with the
expansions (1.7), and extending them at all orders in ¢. As a consequence, we prove that
the u — 1 limit of (1.4) reproduces the exact result (1.8). In more details, we find that
the general structure of the brane index is

”(2”+1)A (u) 2 By(u;q)  p24q

" q
m=1 (1 —u?m) (1 —wu2)n=2 ’

1% (usq) = (1.10)
where A, (u) are polynomials in u with degree n(n — 1) and integer coefficients that we
compute explicitly for all n. The functions B, (u;q) have g-series with coefficients that are
rational functions of u, smooth for v — 1. They can be computed exactly near the point
u = 1 and have the structure

> s
> = ) (u—1)"™, (1.11)
ml
m=0

Q\H



where B,(lm) (q) are quasimodular forms, i.e. polynomials in the classical Eisenstein series Ez(q),
E4(q), E¢(q). Similar quasimodular properties were previously observed in the unflavored
Schur indices of class 8 theories [47, 50], see also [51-54].

From these expressions, one can extend systematically the unrefined expansion (1.8)
by including near-unflavored corrections in powers of the deviation u — 1, and correct to
all orders in gq. To give an example, the leading term in the giant graviton expansion, i.e.
the correction with weight ~ ¢V, reads

00 us0) = 1500) [1+0¥7 (= @4 M)+ 2 AP @) (= 17) + 0] (112
p=2

with

AP (g N) ~12(2+ N)((2+ N)? — E2(q)) — E3(q) + Ea(q)] , (1.13)

= 7 [
and similar expressions for the higher functions Agp )(q; N) that we give in explicit form and
involve higher powers of Eisenstein series, as p is increased.

As a further simple application of our analysis, we present novel exact predictions for
the giant graviton expansion of the Schur index of a class of non-Lagrangian 4d N = 2
superconformal theories with equal central charges a = ¢, introduced in [55, 56]. They are
denoted f(SU(N )) with I' = Dy, Fg, E7, Eg, and are built by gauging part of the flavor
symmetry of a product of D,(SU(NN)) theories [57, 58]. In these models, the unflavored
Schur index is equal to certain specializations of the flavored Schur index of N =4 SU(N)
SYM [55, 56].° This identification come from an isomorphism between the chiral algebras
of the respective theories and was explicitly checked for the Schur index of the Eg(SU(2))
theory [55, 60] showing that it is same as the vacuum character of the A(6) algebra [61, 62].
To exploit this relation to derive a giant graviton expansion requires more information than
the unflavored limit in (1.8). From our results in flavored case we can work out the giant
graviton expansion of the I'(SU(N)) theories from the D3 brane representation (1.4). For
instance, for the I' = Ejg theory, the first two terms in its giant graviton expansion read

(¢;¢°

E(SU(N)) () — )oo (0% ¢%) oo N+1 2N+3 3N
I (9) 14+¢" " Fi(q) +4¢ N+ F(q) ) +0(¢”)/|,
(0)0(4%) 0 (%) oo (1.14)
2\2 1 2 . :
R =~ 05 =1l R =3+ g

As we remarked, results like (1.14) originate from a fruitful combination of the D3 brane giant
graviton expansion of the N =4 SYM U(N) Schur index and the remarkable relation with
the index of the ['(SU(N )) theories. It would be interesting to give a gravity interpretation
of these new brane-like expansions by exploring their large N limit and associating each
g™V term to suitable non-perturbative corrections. For instance, working with truncated
expansions in ¢, this was shown to be possible in [43] for Argyres-Douglas [63, 64] and
Minahan-Nemeschansky theories [65, 66] which are 4d N = 2 theories on D3-branes in 7-brane
backgrounds with constant axio-dilaton.

5See [59] for a recent discussion of modular properties in these models.



Plan of the paper. In section 2, we review explicit formulas for the exact Schur index
in N =4 U(N) SYM in terms of twisted Weierstrass functions. In section 3, we examine
the corresponding expressions after application of the analytic continuation relation (1.6).
We discuss the associated explicit brane indices I?3 and their general structure at increasing
n. In section 4, we show how the exact unflavored index is recovered at all orders in ¢ by
presenting the quasimodular expressions of the coefficient functions in (1.11). Section 5 is
devoted to the analysis of the corrections in the near-unflavored limit, i.e. the expansion
of the index around in powers of u — 1. Finally, in section 6, we discuss the giant graviton
expansion of the N = 2 I'(SU(N)) theories with a = c. Several appendices contain technical

details and additional remarks.

2 Schur index of N =4 U(N) SYM from Fermi gas

To simplify some of the following expressions, let us introduce a separate notation for the
Schur index of N = 4 U(N) SYM in (1.3) with the replacement ¢ — ¢'/?

TV (43 g) = 19N (3 ¢7) . (2.1)

The index may be computed by the following holonomy multiple contour integral represen-
tation (see for instance eq. (2.6) of [67])

2N N . (2 ) oo (02 @)oo
TU(N)( 1 (q)oo f dz; Hz;ﬁ] ( z;) Q) (q 2 CI) (22)
|zi|=1 ;=

U q) = 1 — 1 . T -
N (gzutt; )X 1270% [T;(q2u ' 25 @)oo (@02t @)oo

The multiple integrals (2.2) have been computed in [48] by Fermi gas methods. To present
their result, we define &, (, and 7 by relations

€= uq_% _ 2 s (2.3)
and introduce an auxiliary fugacity w with associated chemical potential v
w = ™ (2.4)
Then, the function of ¢ and ¢ defined as®
"M(g;q) =TV (g g7;9), (2.5)
is given by
Vg (CDYETOw,g)
F (&) = Zn(w;€,q)- (2.6)

D(wéN, q)

In this expression, the g-theta function ¢ is defined in (A.7) and the functions Zy(w, €, q)
are given by

ZN(U);§7Q) = Z (_1)N7|A‘ H )\mzl ,'Z)\i (w7£7Q)mi7 (27)
AFN i—1 Vi M

SThis is simply IV )(u; q) with v given in terms of ¢ in (2.3). For later use, it will be convenient to avoid
the common shortcut of using the same name for a function expressed in different variables.



where as usual A - N means that A is a partition of IV represented as
' I8
A=), S mihi=N, AL > A >> A >0, A=) mi, (28)
i=1 1=1

i.e. A corresponds to a Young tableau with mj rows with Ay columns, etc.. The quantities
Zy in (2.7) are computed explicitly by the relations

Zi(w,6.0) = Py m (7).

—(£-1) £=1 -1
w q

Z(w,§,q) = > k51| Petr [
(== 1

(2.9)
¢
5]@,7) (>2).

where s,; are Stirling number of the first kind and P} are twisted Weierstrass functions
defined in (A.16). It can be shown that the index expression (2.6) does not depend on the
choice of the auxiliary fugacity w and special choices of w may simplify expressions.

Let us give some explicit examples, following [48], for the purpose of illustration and
to give an idea of the typical expressions. In the simplest U(1) case, the index expressed
in terms of £ and ¢ reads

Using (A.16), we get the simple result

U gy (95 I ()8
& (€1 @)oo (4, @)oo \/gﬂ(éfl;q)’

that, in particular, shows explicitly the independence on the auxiliary fugacity w. Going

(2.11)

back to (u;q) variables, this is
2
V0 (usq) = — D (212

whose ¢-series is
UO(g) =14 (utu ) g2 + (0 — 1+ u ) g+ (' +u ) g2
—|—(u4+u_4)q2+(u5—u—u_1+u_5)qg +-ee (2.13)
and of course agrees with the explicit evaluation of (2.2). For the U(2) theory, we have
; (wiq) [, [¢]° Ly, [og?
Ve :5’[P ——p } 2.14
€0 = gy m ] en - Ln T ) (2.14)

To derive a g-expansion, it is convenient to fix the freedom in the choice of w by taking
w = & This gives the simpler result”

qé?
1

§

"¢, q) = 5Py [ ] (¢ 7) (2.15)

. 3,901,
"From (A.16) we have P; |:é1i| ¢, = % = 0 because ¥(1,q) ~ (1,¢)ec = 0.



We have the explicit expression of the twisted Weiserstrass function

v _ @3 wig) [ O (wig) (@ wig)
& L] () = Pzt q)d (w; q) [ } ) (2.16)

9w q) Y9 Tw;q)
and thus we can write

V(&g 1V

TU(2) — % - e
I9(¢,9) 19(5761)19(5;(1)[579(5;(1) a& 9(

1
gﬂl)
qlg;q)} (2.17)

Replacing & = uq_% and expanding in small ¢ gives same as evaluation of (2.2) as one can
check, i.e. one obtains the g¢-series

3
2

V@ (u;9) =1+ (u+ ufl)q% +2(u? +u g+ 2w +u?)g
+30ut +u ™+ B +u+ut + 3u_5)q% +o (2.18)

3 Wrapped D3 brane indices from analytic continuation

The giant-graviton expansion of the N = 4 U(N) SYM Schur index is given by the repre-
sentation (1.4) and requires the brane indices defined by the analytic continuation (1.6).
We have, cf. (2.1),

—
Sg
w
—~
£
)
SN—
I
u—
c
—~
3
N2
—~
QI
[
23|
[
=
(SIS
:I
S
N—
I
=
g
/N
>Q|
leo
:I
[NIE
SIS
N———

(3.1)

In the right hand side the combination ¢ is 1/¢?, c¢f. (2.3), and therefore relation (1.6)
amounts to the simple correspondence

- 1
D) =190 (. 2. (3.2)

Let us apply systematically this transformation to the U(n) indices discussed in the pre-
vious section.

Single wrapping. At leading order in the giant graviton expansion, we apply (3.2) to (2.11)
and get immediately the expression

D3 (23 2 (D)3
I . — u’/o0 u /o0 .
where we used (A.9). Expanding in small ¢ gives

D3 u? 2y 2 -3 3y,3

P(wg) = 7—sa+ (1 —u)g + (™ —u)g" + - (3.4)

in agreement with the result (1.7) in [35]. Eq. (3.3) represents its closed expression at
any ¢q. The above derivation is straightforward. Other more compact representations of
the U(V) index turn out to be less convenient for analytic continuation, but will play a
role in later section 3.1.



Double wrapping. At wrapping 2, i.e. at subleading order in the giant graviton expansion,
we apply (3.2) to (2.17) and get the expression

1 (93 9(qu;2) 11 V(5:2 9 (qu; 4
19%(u; q) = 5 (%)mq (qul“)q — (({2 q) —qu (qu - (3.5)
2¢% 9(qPu; )0z ) La” 925 ) Hqu; L)

We can use (from (A.8)) the relations

V(x5q) 19 ()

c ) — —1.
to simplify it into
1 (D20ud) [ 9% | Pewl)
IDS . - u /00 by { b u b u :| . .
> 8D = 5 g Dot D0 T D) &0

We cannot naively expand the ratios ¢/ /9 = 0, log? inside bracket by first expanding
when the first argument of the ¥ function has an explicit integer power of q. However, using
systematically (A.9) and (A.11), we get bring (3.7) to the form

Rl (g)go {2u2

u

D3/, _ 4
3% (u; q) = 2 d(uk; 9)

3

i - 3] . (3.9)
u

Expanding this expression at small g gives the series

u10(2 _ u2)q4
(1—u?)(1—u)
+(34+2u 104+ 3u® —u®) B + 2u P + w3+ 4 — P + - (3.9)

123 (u; q) = +uP(2 —u)g® + (24 2u® — u'?)g® + (2u™ 4 3u” — ul®)(”

which is again in agreement with (1.7) and extends it to all orders in g.

Higher wrapping. The same procedure can be repeated at higher wrapping without
difficulty, because the steps we illustrated for the U(1) and U(2) cases are fully algorithmic
and easily coded. To present the results in compact form it is convenient to define the quantities

Q= <q> . Rup=Ri <up, q) . ©0,=9 <up, q) , (3.10)
U/ u u
where the function Ry (x;q) is defined in (A.10). At wrapping 3,4,5, we obtain the brane indices
D3 ¢°utQ? 4 2 8 2 6 12
13 (u;q):— ) [20U +2R1’72—8’U4 R1,4+R1,,2(8u —2u R1’4)—R27,2 +u R2’4], (311)
6

3Q3u?O3(Bu? + Ry, _a—u'R12)? 1

1
% (u;0) = 570" °Q%* [ 5,670, + 9—8[—210u6 —6R} _,
- 4

+6u’R} _5(—5+u’Ry6)+15u" Ry, o+ R1,6(90u'? —3uPRy o) —15u'®Ry 6

+ R17,2(—90u4 + 30u10R1,6 + 6R2,,2 — 3u16R276) — Rg),g + U24R3)6} y (312)
1 10Q3u?0
12 (usq) = HOQ%Q:SUQ [— @?Tua@z [(—=3u®— Ry _a+u"Ry2)(20u* + 2R} _, —8u®Ry 4
1
+ Ry, —2(8u” —2u°Ry 4) — Ry o +u' Ry 4)| + = [—3024u® — 24R{ _,

O10



+24u” R} _o(—6+u® Ryg)+252u" Ry o —6R3 _5 —252u* Ry s +6u™ Ry _2Ro g

—12R} _,(42u* —12u"Ry s — 3Ry 2 +u* Ry 5) —24u’R3 _»

+4u' Ry 8(336u® — 18u? Ry, o+ R3 _2)+24u* Ry g

+4R; _5(—336u’ +6u'" Ry g(21u* — Ry, o) +36u’Ry 5 —18u** Ry g — 2R3 _o+u** Ry g)

+R4’_2—U4OR478] . (313)

Although the expressions have increasing complexity, their expansion in powers of ¢ is
straightforward and one finds (we write only the first terms for brevity, but it is clear that
the expansions can be lengthen at will)
u?t(5—3u?—3ut+2u8) 4 w*(5-3u*—3ub+2ul%) |,
1—u?)(1—uh)(1—ub) ! 1—u e
u” (5—5ut+2u8 +4u® — 20t — 16 — 2018 +20%2) ||
o ¢t
u30(—14+9u? +10u* +2ub — 6ud — Tul® +5ul?) 4
(1—u2)(1—u*)(1—ub)(1—ud)
u?"(—1449u* +9ub +10u® — 6u'® —7u'2 — Tult +-5u!8) .
(1—u*)(1—ub) 1
u'®(—144140 + 14u* — 190+ 2u'? 4w 400 +-2u' 8+ 3u?* —5u? —5u* +5u%0) |4
(I—u?)(1-ud) @
u5®(42—28u? — 32u* — 9u’ — 618 +45ut0 +3ul2 + Tult — 160ut® —19u'® +14u20) .
(1—2)(1—u) (1—u®) (1) (1 ul0) !

152 (usq) =

(3.14)

1% (usq) =~

(3.15)

193 (u;q) = (3.16)

U44

(17u4)(17u6)(17u8)(

+ 42— 28u* —28u°% — 3208 — 9110 + 1502 + 45014 + 290,16 + 74,18

u33

(1—u*)(1—ub)(1—ud)
+4201° 4+ 5242+ 150 — 13010 — 38w '8 — 8120 —9u2? — 302 + 2020 + 3428 — 11030
+100™+29u* +120%° + 140 = 190" — 190" — 140 +14u"%) ¢*T -

—16u?° —19u?? —19u* +14u2®) ¢*0 + (42— 42u* —28u’ —28u°

Continuing this way, the general structure of I23(u; ¢) turns out to be

B u"(2"+1)An(u) n2 Bn(u;q) 24
I R (T e

where A, (u) are polynomial in uw with degree n(n — 1) and B,(u;q) has a g-series with

13 (us q) (3.17)

coefficients that are rational functions of w, smooth for v — 1. The first cases of the
polynomials A, (u) are

Al(w)=1,  As(u)=2—u>  As(u)=5-3u®—3u'+2u°,

Ay(u) =14 —9u* - 10u* — 2u5 460+ Tu!® — 5u'?,

As(u) =42 —28u? — 32u* — 9u’® — 6uS +45u'® + 3u'2 4+ Tu' — 16u® — 19018 + 14042,
Ag(u) =132—90u> - 104u* — 3115 — 2908 + 7100 +-80u!? +99u'* — 414,16 — 52018

—60u?” — 15u?% —20u** +47u?® + 56u® — 420, (3.18)

Az(u) =429—297u? —345u" — 104u° — 1040® + 21000 +12u'% + 58201 +102u1% —103u'®
—188u?° —201u?? —309u>* —83u?® +328u2® — 501" +-203u3% + 474> 4-60u3® — 1460
—174u* +132u%2,
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Ag(u)=1430—1001u2 —1166u* — 351u’ — 35905 +695u® — 64u'? + 114904 +- 11770 1°
+497u!'8 — 427420 — 524422 — 17150 — 344u2° — 318u*® — 507130 + 1076132 + 6821
482615 4304138 — 398u1? — 36 1u*? + 861t — 652u1® — 149u*® — 18810
+471u"% 4+561u°* — 42905

and one can check that in all cases A,(1) = 1 and coefficients are integer. An explicit
formula for them is illustrated in next section, see in particular formula (3.39). The functions
By, (u;q) are non-trivial, even at a fixed value of u, having a full expansion in powers of
q, and will be discussed later on.

3.1 Other representations of the U(IN) index and polynomials Ay (u)

We now show how to get an explicit formula for the polynomials Ay (u) in (3.17). We start
from an alternative compact representation of the indices IV(V)(¢; q) derived in [48]

s N £pn

N2
Veo=- X & Il—5— (3.19)
P1, PNEZL el 1l—E&2¢gPn
p1<--<pN

In the simplest U(1) case, it is

& (3.20)

V&g =->

— 1 >
peZ 1—¢&2qP
and the associated brane index is obtained from relation (3.2). Applying it to the sum-
mand, we get

2p—1
D usq) = - — ’ : (3.21)
7 PEZ 1- u—pqp—l

We now split the sum with positive and negative indices and write

o0 2p—1 0 —2p—1 o0 2p—1 00 —p,—P
q q q u -q
ID3 w: — _ — _ R E—
1 (u;q) pz_% 1 —uPgp1 pz_:l 1 — upg—p-1 pZ_:O 1 —upgr1 + pz_:l 1 — y—pgrtl
(3.22)

In the last term, we expand the denominator and exchange the order of the two sums

o) u_pq_p 0o 00 N 0 2n—1
Z 1—uP p+1 = Z Z u- q pu o n(p+ Z n—1 __ un-i—l (323>
p=1 q p=1n=0 n=0 q

Thus, we can write

D3 (us; q) = i ks (q>2p_1 uP(l = wPt) — g7 (1 — ) (3.24)

= u? \u (1 —uPgr1)(1 —u—P-lgr1)

This expression can be expanded at small ¢ with the result

ud

1 —wu?

F(u;q) = +(1-u) @+ =u?)@P+(1+u 0 —u?—ut) g + (u™? =)+, (3.25)

— 11 —



in agreement with (3.4). Extending this procedure to higher N by the same methods provides
a way to compute the leading term ~ q"2 in ID3(u; q), i.e. the polynomials A, (u) in (3.18).
To show this, we begin with the algebraic identity, following from Polya theory [68], (cf.
(2.8) for notation of partitions)

k(k—1)/2 P 1

mi1+~~-+’ik: z _ 1\ k+|A] 1
2 (RN P DU | P (e

0<i1 < <ig AFE
(3.26)

Eq. (3.26) determines the coefficients in the decomposition of the total trace of a symmetric

tensor with summation restricted to ordered indices in terms of unrestricted traces. For a
symmetric tensor T;, . ; we have from (3.26)

lc+|A|

Z “7 S T Z P )\mq Z 17, (3'27)

11 <---<ip Ak le SJ1A|

where J is a multi-index with, for all p, m, groups of the same index repeated )\, times.
The number of free indices is |A]. For instance, for a symmetric tensor with rank 3 or 4,
the expansion (3.27) gives the general identities

1
Z Tijk = Z Tij — ZTijj + 3 ZTm, (3.28)

i<j<k ,J,
Z legké 24 Z legk@ Z legkk + 5 Z Em] + 3 Z ,szjj Z Ezu . (329)
i<j<k<t i,5k,0 W5,k i

Considering now the symmetric rank N tensor in (3.19)

N é'fpn‘i’%
T, = — —_ 3.30
oo == 1 g (3.0

we obtain from (3.27)
p
1 N m

R () = 3 ()Y e 3w ™. (3:31)

AFN g=1"a \Mq:

The functions S,EN) (u; q) are obtained by applying the procedure we adopted to treat the
U(1) case to the single index sums. Their explicit expression is

0 2n—N r —n—1_(n+1)(N+1)—r(N+2)
s90s0) = 3 [(= ) e (1) ]

where we used

1

_ — n l,n—r—&—l
T o = nz;; (T B 1) . (3.33)

To give an example, for N = 3, we have

1
1% (uq) = — o (57)* + 551857 — 5557, (3.34)

— 12 —



with

u8 q3

3
S| )(U;q)=—1+u_u3_u4

1
+(u4u6)q4+(1u3+u5u8)q5+(1+u4+u6u10)q6

1 1 4 7 12\ 7 1 1 8 14\ 8
—|—(1—i—u8—ug—u +u —u q + W—E—Fu —Uu q
1 1 1
—i—(u16—169+1ﬁ—u5+u9—u16>q9+'--, (3.35)
15 2 3) 6
3 u(d+u+u®—2u’)q
S () = SR R —2(u' (=24 u?))q" — P (—4+u — 5u” +2u')g®
+ (44 6utt —2u'®) ¢ + - - | (3.36)

2115 —19u +6ub)¢”
6 ()= & 3.37
3 (U7Q) (—1—|—u3)3(1—|—u3) + ) ( )
and from (3.34), we get
21 5_3 2 3 4 2 6
D3 (uyq) = L O3B F 2 g (3.38)

G- —wna-u) T

in agreement with (3.14). The fact that 1Y (u;q) starts at order ¢v * is consistent with
S (u;q) = o) (u) ¢V + O(¢V"*1) and therefore Ay (u) in (3.18) can be read from (3.31)
that gives

AN(U) _ qu(2N+1) ﬂ (1 o u2k> Z (_1)N+|)\|+1 ﬁ )\mq 1 ' [C,iN) (u)]mq ’ (339)
k=1 AN a1 A ' (mgl) -
(V) r, rN Ny\—7 2r—1 UTN r, N = n niN
Cr (u):(_l)u |:(1_u ) _<7’—1>1—u2T:|_(_1)u ,;(T_:L)u :

where the finite sum representation of i) (u) may be find after some manipulation of (3.32).

Again, let us give an example by considering the case N = 4. From the formula in second
line of (3.39), we get

10 20
@)y Y @y Y
Cr ' (u)= 1—ud Gy (u) = m, (3.40)
o () w15+ 5u® — 190" —4u® +6u®) O () ~ u0(=56+119u" — 85u® +20u'?)
3 T+ I —u)P(1-ub) =~ ! (1— a1 ) ’
and the first line of (3.39) gives
Ag(u) = 14 — 9u* — 10u* — 2u8 + 6u® + 7u'® — 5u'? | (3.41)

in agreement with (3.18). The representation (3.39) is quite efficient and for instance we
can get Ay(u) for N = 20 in a few seconds.
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4 Giant-graviton expansion of the index in unflavored limit

The giant graviton expansion of the Schur index in (1.4) and can be regrouped as®

I"W(u;q) & v+
e = > "V (us 4.1
I3 (usq) = 3 PPy n=2N D3 (4 ) ID3 (w1 g) (4.2)
p=0

The exact result in the unflavored limit w — 1 was derived in [46] and already given in (1.8).
Comparing it with (4.1) gives the prediction

2n+ N)(N +n—1)! 2
nl N1 - (43)

. T1D3/, . _ n(
tim T2 (s g) = (~1)
i.e. the following polynomials in N times q"2
- = 1
(g =-(N+2)q,  BL*(Lig) =51+ N)(4+N)d",
~ 1
1°(15q) = = (1+ N)(2+ N)(6 + N) ", (44)

3(1;9) = i(l +N)2+N)B+N)B+N)g'f, .
As discussed in [29, 30], the N dependence of the giant graviton corrections is a familiar fact
working in unrefined limits and comes from the zero modes of fluctuations of fields in the
theory on the brane world-volume. In particular, the N term in the leading single wrapping
contribution is associated with a total of two zero modes from both scalar fields and fermion
fields fluctuations in a N = 4 Maxwell multiplet [30].

4.1 Differential constraints

It is non-trivial to match the brane index prediction (4.3) starting from its structure (3.17).
To see this in full details, let us begin with the case n = 1, i.e. at leading wrapping order.
From (4.2) we get

P%(u;.9) = = [N(41(1) + A1 (1) + 241 (D] g + O(u = 1).. (4.5)
This is in agreement with (4.4) if
A(1)=1, Aj1)=0. (4.6)

These conditions are trivially true since Aj(u) = 1, cf. (3.18). The next case is n = 2.
Using (4.6), we get now

TD?’(U‘q):—(fl(l—Ag(l))[ L 1! }
2 A 4 (u—1)2  wu—1
4
— %6 { —1-9545(1) + 32¢B1(1, q) — 32¢Ba(1, q) — 30A,(1) + 44" (1) — 2A%(1)

— 8(7Ax(1) +A’2(1))N—8A2(1)N2] FO—1). (4.7)

8Notice that in the Lh.s. we have I and not I.
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Cancellation of the poles at u = 1 requires A3(1) = 1 that holds, as we mentioned. We can
use the known values of polynomials Ag(u) and their derivatives at w = 1. In fact, as we
have seen, the list of polynomials in (3.18) can be computed by (3.39) in a finite number of
steps when focusing on a definite wrapping order. This simplifies (4.7) to

1% (u; q) = %Q‘* (I1+N)4+N)—4q(Bi(1,9) — Bz2(1,9)) | + O(u —1). (4.8)

Comparing with (4.4) and denoting By (q) = Bk (1;q), we need the non-trivial condition
Bi(q) = Ba(q) - (4.9)

Similarly, considering higher wrapping contributions, we find additional differential conditions
involving the By(q) functions. Again, these constraints come from requiring cancellation
of poles at u = 1 and matching powers of N in the finite part. At wrapping 3, we get two

conditions (we omit the ¢ argument)

B1 +2By —6B3 =0,
M, 950 _opM (4.10)
431 _4B2+2B3_B1 —1—232 —2B3 :O,

where a notation has been introduced for the partial derivatives with respect to u evaluated
at the point u = 17

B{(q) = 9 By(uiq)],,_, (4.11)
not to be confused with derivatives of By(q) with respect to ¢q. At wrapping 4, we get
the four conditions

—B) + 3By — 6B3 + 6B, = 0,
—B) — 6B3 +24B, =0,
—8B; +18B5 — 24B4 + B —6B{Y + 12BY = 0, (4.12)
—215B) + 279B, + 144qB,% — 306 B3 — 288¢B; Bs + 12684 + 90B\" — 162B"
+180B5" — 108B{" — 6B\? +18B{* — 36B{" + 368" = 0.
Finally, at wrapping 5, there are six new constraints
3B)—4By—12B5+T72B,—120B5 =0,
27B; — 4By —12B5+648 B, — 300085 =0,
13B, —36By+T72B3—96By+72B5 — B\" +4BS" —12B{" 424 B{" —24BY 0,
117B; —36B,+72B3 —864B,+1800B; —9B" +4B{" —12B{" + 216 B{") —600B{" =0,
66981 —420 By — 628 B3 —384¢ By B3 +2184 B, + 1152 B, By — 1960 Bs — 150 B\" + 136 B{"
+264B{" —1008B" +1200B{" +6 B> —8B{* —24B{? +144B{? —240B{* =0,
485 B, +324 By —216B3+1152q By By — 2592 B4 — 34564 B, B4+ 936 B5 — 593 B")
—1152¢B, BY +1052BSY +1152¢ B3 B —1476 B{" — 1152 B, B{" + 1656 B"
+1152¢B, BV —792B{" +72B* —192B{* +360B{*) —432B'? 1288 B{*)
—2B,® +8B,®) —24B5®) 148 B, —48B;®) =0.

(4.13)

"We remark that B (q) # B'(q).
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The same pattern continues at higher wrapping larger than 5. We will stop at this order
for the sake of presentation.

4.2 Quasimodular expansions and solution of the constraints

To prove that the differential constraints (4.9), (4.10), (4.12), (4.13) are satisfied at all orders
in ¢ we need explicit closed expressions for the functions By(lp ) (¢). Let us begin with n = 1.
The brane index was given in (3.3) and we can expose its singularity at « — 1 by writing

D3 3 (4)3 .3 — (D
I7°(u;q) = qu S
1 o e e P e
= e O

= q T : 4.14
Lo gou—z’;i;xl—gi*i) .

We now expand the logarithm of the second factor around u = 1 obtaining

k

- (1- 37)2 _ 2 3 4

tog [ —— = 53(a) (4~ 1) + S3(0) (u— 1)+ Sa(q) (w— 1) + -+, (4.15)
21 (1= =) (1 - )
with the following infinite sums
(4.16)
k=1 (1 - q
S 41+ k+ (k- 1)g")g"
S3(q) =~ ( (1_( k)g,) ) : (4.17)
k=1 q

5+ 6k + 2k? — 2(1 — 4k?)g" + (5 — 6k + 2k?)g**]¢"

Salq) = o | 2(1 )qk : ( Jala” (4.18)
k=1 (1 —q )

These sums can be expressed in terms of the Eisenstein series, cf. (A.12), as illustrated in
details in appendix B.1. One obtains (Ea, = Ea,(q))

1
Sa(q) = 6(1 —Ey), (4.19)
1 1
S3(q) = _6(1 —Ep) + ﬁ(E% —Ey), (4.20)
53 11 1 19 1 1 1
Su(g) = — — —Fy— —F2+ —F4— —E3+ —FoFy — —FE 4.21
4(a) 360 722 48 2T 790" T gea 2 T ogg 24 T 43976 (4.21)

and so on. At each order we need to include a generic combination of Eisenstein series
with increased total degree. In other words, the sums S, (¢) are quasimodular forms, i.e.
polynomials in the Eisenstein series Eq, E4, Eg. Exponentiating (4.15) and replacing into (4.14)
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gives the functions Bip )(q) that have the explicit quasimodular expressions

4 Bi0) = (1~ E2)
(BO(@) = 50— Bp) + 5 (85 — B,
qB§2) (q) = 71270 + %Eg + %E% — TZOE 1728 5+ %E2]E4 - @E& (4.22)
¢B(q) = —% - %EZ - %Eg + 1?221&1 + %Eg %Eﬂx + %1%
B+ 5 Eallo = 16?281&21'

T 16082 T 2016

We remark that the expansion of B:{p ) for any p can be obtained systematically from a
differential equation discussed in appendix B.2. This proves that the same structure is found
at each p. Still, for practical evaluation, it is more efficient to assume a quasimodular Ansatz
and fix coefficients from the first terms of its g-series.

For the functions Bép ) (q), B:,(}p ) (q), Bip )(q), and Bép ) (q), we find similar expansions with
different coefficients collected in appendix B.3. In particular, we see that all functions By,
are proportional to B; according to

1 1 1

By=Bi,  By=gBi,  Bi=gB,  Bi= B ... (4.23)

Using the expressions in appendix B.3, the differential constraints (4.9)—(4.13) are readily
checked to be satisfied. This proves that the unflavored index is reproduced in the limit
u — 1 at all orders in ¢, up to wrapping 5.

5 Finite N corrections in near-unflavored regime

We can go easily beyond the unflavored limit and give the exact ¢ dependence of the giant

graviton expansion coefficients in the near unflavored regime, i.e. at first non-trivial order

in u — 1. From the expressions in appendix B.3, the expansion of TS3 (u;q) around v = 1

gives the following corrections to the unflavored brane indices in (4.4)
(uq) = g [~ @+ N) + AP (@: V) (u— 1) + 0((u — 1)°)],

B2(usq) = q* |50+ M)+ M)+ AP (g ¥) (u = 1+ O(u— 1)) 65.1)
Buiq) =¢° | = g1+ N2+ N)6+ V) + AP (@ V) - 1+ 0((u— 17|,

where Aﬁf) (¢) admit the exact quasimodular representations

AP (g N) = 5 [-12(2+ N)((2+ N)? ~ ) - B3 + 4], (52)
A§2)(q;N)z%[12(—2+N)(4+N)((4+N)2—E2)+N(E%—E4)L (5:3)
AP (g;N) = 717 [F12(6=3N + N?)(6+ N)((6+ N)* ~Ep) — (24N +N?)(E3 ~Eq)]. (5.4)
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Just to give an example, we consider the U(2) index and denote du = u — 1. We have
173 (u; q)
%K (u; q)
+ 88¢” + 48¢™" + 144¢™ + 36¢'% + 192¢"% — 240¢™* + 280" — 504¢™0 + ) ou? + -,

=1—4¢3+9¢% —16¢" + - + (— 10¢® — 12¢* — 24¢° — 16¢° + 244" (5.5)

and, setting N = 2 in (5.1) and (5.2),

P15 (u;q) = —4¢° + (= 10¢° — 12¢* — 24¢° — 16¢° + 24¢° + 96¢° + 96¢°
+240¢"" + 260" + 432¢™ + 3364 + 896¢"° + 504¢'° + - - )ou® + - - - |
213 (u;q) = 9¢° + (— 8¢” — 48¢'° — 964! — 224¢"2 — 240¢'3 — 5764 (5.6)
— 448¢™ — 960¢"0 + - )our 4 - -,
2103 (u; q) = —16¢"° + (—168¢" —48¢"0 + - )ou? +--- .

One can check that the three terms 1+ q2f?3 + q4T2Dg + q6T3D3 are enough to reproduce
all terms in the r.h.s. of (5.5).

Similar expressions may be computed at higher order in u — 1. This requires some
additional computational effort, but no conceptual difficulty. For instance, for the leading

wrapping correction n = 1 we can write
N o0
P (uiq) = g [~ 2+ N)+ 3 AP (g V) (u—1)7]. (5.7)
p=2
where the p = 2 term was in the first line of (5.2) and the next ones are
AP (g;N)=-AP(g), (5.8)

—63(14527 +28800N +18240N? +5600N> +960N* +-96 N'°)

AB o NY = —
1 (@ N) =~ 755760
—210(1+ 144N +24N?)E3 +140(—11+6N)E3 +105E;

+84(19+ 192N +60N?)Ey + 150 E3 +E, (60(3155+5880N+2016N2 +336N?)

—504(—1+5N)]E4—240]E6> +112(—2+15N)IE6}, (5.9)

INRICY) 63(6847 + 17280N + 12480N2 + 4640N> + 960N * + 96 N?)

362880
+210(—23+ 144N +24N?)E3 — 140(—11+6N)E3 — 105E3

—84(—41+192N +60N?)Ey — 150 E3 +E, <—60(1139+4872N+2016N2 +336N?)

+504(—1+5N) ]E4+24O]E6> 112(2+15N)IE6} . (5.10)

6 Giant graviton expansion of N = 2 I'(SU(IN)) theories

As a further application of our analysis, we consider in this section the 4d N = 2 superconformal
theories proposed in [55, 56]. These models are generically non-Lagrangian and have equal
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[(G) D4(SU(2n+ 1)) Es(SUBn £ 1)) E7(SU(4n + 1)) Es(SU(6n + 1))
a=c 2n(n+1) 2n(3n £ 2) 6n(2n £ 1) 10n(3n£1)

Table 1. f(SU(N )) four-dimensional N = 2 superconformal theories with I' = Dy, Eg, E7, Es and
a = c¢. The index n is a positive integer. Notice that three cases admits the description in [69] as
érgyres—Douglas theories engineered from M5 brane, Eg (SU(2)) = (Aa, Dy), E7(SU(3)) = (As, Fs),
E3(SU(5)) = (45, Es).

conformal anomaly coefficients a = ¢. They are denoted f‘(G), where I' and G are ADE
simply laced Lie groups, and are built by gauging part of the flavor symmetry of a product
of the D,(G) superconformal theories studied in [57, 58]. Here, we focus on the cases
I' = Dy, Es, E7, Eg and G = SU(NV), listed in table 1. In all of these theories, the unflavored
Schur index is same as the following specialization of the flavored Schur index of N = 4
SU(N) SYM theory [55, 56]

TSV () = TBUW) (g1, g, (6.1)
mp, = 2, MEs = 3, me; = 4, MEg = 6,

where mr is the largest comark of the affine Dynkin diagram [. We now show how the
remarkable relation (6.1) may be combined with the closed formulas presented for the flavored
Schur index of N = 4 U(N) SYM in order to derive the giant graviton expansion of the
unflavored Schur index of the I'(SU(N)) theories.

6.1 I'=Dy,

Let us begin with the simplest case I' = Dy. We have from (6.1), cf. (2.5),
DSV (g) = UM (g1 g2) = TSV (g2), (6.2)
where the index in the r.h.s. is the unflavored one, i.e. at u = 1. Also, we recall that

. TUN) (¢
B0 (€)= T (63

Taking this relation in unflavored limit and using (2.12) we get

( .

2\2 . 42)\2
) = LT ) - S o), (6.4

as argued in [56]. This case is trivial in the sense that its giant graviton expansion follows

1134(SU(N)) (

directly from the unflavored index expansion (1.8). The presence of factors of N in the
giant graviton expansion of the I' = Dy index comes thus from the fact that relation (6.1)
involves the unrefined index in the right hand side.
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6.2 I'=Fg

A more interesting case is I' = Eg. Relation (6.1) gives now

~ .3 2. .3
B SV (g) = BUN (gL ) = BV (gh ) = (LD O Ui g g3) - (6.5)

) @) q2,q
From (1.5), we have'?
109 (u; ) = T (us 9) = — (@ee — (6.6)
g2 )oo (47192 ) oo
and in particular
3
FU) (b 3y = (@)oo
I 2; = . 6.7
0= Pl (6.7
Thus, we can write
= 1
IE6(SUN) () = (4;0%)o0(6%0%)o0 "M (g2;¢%) (6.8)
(Q)oo(q )oo(q3)oo IU(OO)(q%’qZS)

The ratio can be evaluated by specializing (4.1) at u = q%

V&) (q
) (g

) 1YW)(q

4
g

1
25
1
5.

= N
ol Nl

kzszWW%@ﬁWw%%mw

3
q
q3 n=0 p=0

) TU()(g

)

The next-to-leading giant graviton expansion is thus

TE6(SUMN)) (g) = ((Z)iz;;;i(g)):: [1 +¢"Wi(q) + N Wa(q) + 0(¢*N) |, (6.10)

with the explicit functions

_1 03 13 _1 3
Wi(g) =1%(q72,¢2),  Walg) = 17%(¢2;¢%) + 15°(q 25 ¢7) . (6.11)
From (3.3), the leading term W7(q) is provided by the exact expression
213 2\2 212

_ =—q )
N q%) (754 o0(d% 4 oo (¢54%)3%
and is remarkably N independent. Notice that in terms of Jacobi elliptic theta functions,
cf. (A.1l), we can also write W; as

1 s

Wig) = =7 a7 ¥2(va)” (6.13)

The next-to-leading term Ws(q) is the sum of two contributions that are separately
singular, suggesting some extra factor of N appearing at double wrapping order. Again, this
is not surprising since the key relation (6.1) involves the flavored Schur index evaluated with a

0By analogy with the N =4 SYM case, we use the label KK for the N = oo limit of the index, although
we don’t have here a clear Kaluza-Klein interpretation of this contribution.
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special algebraic relation between fugacities, as it happened in the I' = Dy case. Singularities

cancel in the sum and to get the finite correction we have to regularize the flavor fugacity by
1 1

scaling g2 — ng? in the u argument in (6.9) and taking n — 1 in the end. This gives

3 3
2 2

. 1 _ 1 1
Wa(g) = lim Wa(niq), — Wa(mia) =n % (na2;a%) + 0 V100 q 250%)  (6.14)
The derivation of the limit Ws(q) is a little involved and is discussed in appendix B.4.
The result is

23 _ 1 _
Wa(q) = <N + 8> ¢ - 332(61 La®) + 6R3<q La?), (6.15)

where we remind that the functions Ry are related to derivatives of log 6 according to (A.10).

A more explicit expression is, cf. definitions in (A.1),

2 .
Wa(q) = ¢* [N+3+ éw : (6.16)

The expansion of Ws(q) in powers of g reads
Wal(q) = (N +3)¢* + ¢* +2¢° + 4¢° + 4¢" + 6¢® + 8¢ + - - -, (6.17)

with a peculiar N dependence in the ¢® term only. In summary, the explicit giant graviton
expansion of the Eg(SU(N)) Schur index is

~ . 2.3
IEG(SU(N))(q): (4:4") (475 ¢°) o [1+qN(—q—2q2—q3—2q4—2q5—3q7—2q8+0(q10)~-)
(@)oo (4?)00(¢%) oo

+¢*N ((N+3)q3+q4+2q5+4q6+4q7+6q8+8q9+0(q10)> +O(q3N”)] . (6.18)

Notice that the first omitted terms are not just ~ ¢>" since one finds an leading term —5¢”
in the expression for W3, which is the first contribution omitted in (6.10).

Comparison with available data. As a check, the final expansion (6.18) may be compared
with the explicit results computed in [56]. They read'!
1BV — 1 4 24 P42+ + ¢ +2¢2 + ¢+ 24 -
16U =1 4 ¢ +2¢3 +2¢* + ¢° +6¢° +2¢" +4¢° +7¢° + 7¢"* + 4¢" + .-, (6.19)
156UO) = 1 + ¢ 4+ 2¢° + 2¢* + 2¢° + 7¢° + 2¢" + 8¢% + 10¢° + 8¢ + - - - .
Dividing by the Kaluza-Klein factor in (6.10), we find
IE6(SU(2))/IKK 1P =2 — P =2+ 3+ — P +240 4,
IEG(SU(4))/IKK 1P =20 — T =2 —2¢° + g 4 (6.20)

IEG(SU(5))/IKK — 1 _ q6 _ 2q7 _ q8 _ 2q9 _ 2q10 + e

n—1

UThe EG(SU(Q)) case is known in closed form as 1F6(SU(®) () = 1 e [48].
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To reproduce these series, it is enough to use the two terms we computed, i.e.
1+ Wi+ Wy 4 - (6.21)
For instance for N = 2 one has, up to terms of order ¢'° included
1+q2(—q—2q2—q3—2q4—2q5—3q7—2q8+-~-)+q4(5q3+1q4+2q5+4q6+---) +0(¢')
=1-¢"-2¢"—¢° = 2¢° + (—2+5)¢" + (0+1) ®+ (—3+2)¢" + (—2+4)¢"° + 0(¢""),  (6.22)
in agreement with the first line in (6.20). The other cases can be checked similarly.
6.3 TI'=FE Eg

For a generic mr, we can repeat the same steps. Let us discuss in particular the leading
wrapping correction. Relation (6.1) gives

-~ _ ~ mp—2
IF(SU(N))(q) _ ISU(N)((]_I; qmr) — ISU(N)(q Fz ;qmr)
. ,mr o mp—l; mr o mp—2 m
_ (gd™) (q(g@r)a 0" )oo JUN) (452 gy (6.23)

From (6.6) we have the Kaluza-Klein factor

U0 (52 gy — (@™o
I ¢z 3¢ = : 6.24
( )= (@ (6.24)
and thus
_ m ~ mp—2 m
U (g) = @404 oo (g2 5q™) (6.25)
O e M T =
The ratio can be evaluated by specializing (4.1) at u = qmFT_Q
VN (™5 gy TV (™5 T
) L) i pYwEg o] (620)
U (7o 5 gmr) TV (g77 5¢72)
where the leading order wrapping correction reads
mp—2 m mF_l 2
W) =1%q 7 .q2)=—q @ ) . (6.27)

(4 4™ 1)oo (g™ 2, ¢ ) oo
For mp = 3 it reproduces (6.12). In the E7, Eg cases, i.e. for mp = 4,6, its series ex-
pansion reads

WE(q) = —q—¢* —2¢° —2¢° — ¢® —2¢" — ¢° + 9(¢"*),

(6.28)
W)= - - —¢* —2¢" —q" — ¢® —2¢° + 0(¢") .

Acknowledgments

We thank Arkady Tseytlin, Matthew Buican, Yosuke Imamura, and Ji Hoon Lee for useful
discussions related to various aspects of this work. Financial support from the INFN grant
GAST is acknowledged. ACB would like to thank the Isaac Newton Institute for Mathematical
Sciences, Cambridge, for support and hospitality during the programme Black holes: bridges
between number theory and holographic quantum information, where work on this paper was
undertaken. This work was supported by EPSRC grant EP/R014604/1.

— 922 —



A Special functions

We collect in this appendix the definition of special functions appearing in the text and

some useful identities.

Jacobi elliptic theta functions.

[e.e]

’191(2’5 Q) = 2qi Z(—l)n Sin[(2n + 1) Z] qn(n+1) 7
n=0

Ya(2;q) = 2qi Z cos[(2n + 1) 2] " (n+1) ’
n=0

o
U3(z;q) =1+ 2q% Z cos(2n z) q"2 ,

n=1

n2

on zq—1+22 )" cos(2nz)q"

Also, ¥,(q) = U,(0;q), n = 2,3,4.

Dedekind 7 function.

g-Pochhammer symbol.
H 1—aq") (@5 9)0c = (a3 Q)sc (@™ @)ox
(@) H (1-4¢")

Notice that we can write the Dedekind function in (A.2) as

An elementary but useful relation is

1
=1

(aq; q)oo - (a5 @)oo

g-theta function. The ¢-theta function is defined as

9(2,9) = =272 (@)oo (3 @)oo (a5 @)oo

with

_ _ _ 1 _
Iwiq) = =0 0), V(wq) = V(@7 ), V(we) = -0 (g - 0"
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It obeys the very useful relation
m2
Hq" i q) = (1)"q" = a7 (x5 q).
Introducing the ratios
Ry(w;q) =

we obtain from (A.9) the relations

k
Rilq"a3q) = 3 (1) (’“) "y Ry o(ia).

p=0 p) "

Eisenstein series. The classical Eisenstein series are defined as

n2m71 n

4m
B2m

q

Eom(q) =1 - 1—gn

n=1
where By, are Bernoulli numbers. We will need the differential equations

d

1
qdqu2(Q) = E(Eg —Ey),
d 1
qdquz;(Q) = g(E2E4 — Es),
d 1
Q@EG(Q) = §(E2E6 —Ej).

Twisted Welierstrass functions.

x _ (@39 w;q) o — 2T
. [ 1 bi7) = Oz~ q)0(w; q)’ )

T B (—DF1 ()3, N9z w; q)
P [ ] W= G e (Yae) e

w@w
B Technical details

B.1 Generalized Lambert series and the sums S3, Sy

Let us consider the generalized Lambert series

00 kbqk
Lap(@) =D 7 e -
i (L)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)
(A.14)

(A.15)

(A.16)

(B.1)

The cases L1 with odd b are directly related to Eisenstein series (A.12), but other cases are

not. For instance the sum L g is the generating function of the number of positive divisors and

can be written in terms of the g-polygamma function, but this is actually the definition of that

function. We will adopt the following abbreviated notation for the sums L1, with even index b

00 k,quk
L2m(Q) ELLQm(Q) = Zﬁ, m=20,1,2,....
k=1 q

— 24 —
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We now show how to write L, in terms of Eisenstein series, sums of type Lo, and their
derivatives. To this aim, we start by remarking that a large set of identities among L, j with
different indices comes after summing over ¢ in the trivial identity

o
Z X (symmetric polynomial in k, £) ¢** = 0. (B.3)
k(=1
For example,
i ke i k 1 k
(k=0g¢" =0 — { - =0, (B.4)
k=1 k=1 1—gk (1—- qk)2
gives the relation
Ll,l = L270 . (B5)

Another useful set of relations is obtained by differentiating with respect to ¢, for instance

d d & kgt > k:Q k
quQ = —24q— =-24 =—-24 L272. B.6
dq dq ,; 1—g* Z (B6)

Considering all instances of (B.3) with a generic symmetric polynomial of degree 4 and
adding to (B.6) the analogous relation for ¢>E}, one gets the following relations for L.
With first index equal to 2:

1

Log=—(1—F Los = gL/
20 = 24( 2), 23 = qLj,
1
Lot =qlL! Loy = ——qE’ B.7
2,1 = g Ly, 2,4 240q 4 (B.7)
1
Loy = ——q, .
2,2 24(1 2
With first index 3:
L —1(1 E)+1L L3 = IE+1L+ 2Ly,
3’0_48 2 5 25 32 = — 8q qLg
1 1 1 1 1
L31 = ——qEy + ~qL{ L33 = Ey) — —¢*EY L. B.8
3,1 48(1 +2q ; 3,3 = 48q 48 2+2q 2 (B.8)
With first index 4, 5, 6
19 1 1 1
Lig= — — —F E L
4,0 1440 72 2+1440 4t b
Liq = —E’ L L,
41 48(1 + 3q + 6(1
L — EI o QE// L - 2L// B
427 78 144 + 2q 0+ g4 +o (B.9)
_ 3 gy te Y01y
507320 96 2 960 * 24 2 4 b
L 11 + L E) + —qL{ + —qL},
51 = ~prg Byt e aEa 4‘1 0 4q
863 1 7 1 5 1
— - E, — Fg+ —Lo+ —Ly .
60 = 120060 120 2 5760 4 60480 ¢ T 1272 T 12
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The sum S3(q). Let us now consider the sum in (4.17). Factoring ¢* and splitting

¢* = 1— (1 —¢*) in the rest, we get

X A1+ Ek+ (k—1)g")g"
S3(q) = Z ( (1—(q’f)3 Ji)a =4Loo— 4Ly +8L3 1.
k=1

Using the previous relations, we obtain

1
S3(q) = 6(1 —Ey — qEy),

which is same as (4.20) using the differential equation (A.13).
The sum S4(g). The procedure for this sum is similar. First, we write

X [5+ 6k + 2k% — 2(1 — 4k?)¢F + (5 — 6k + 2k?)¢*F]¢"
Sulg) =) 1 g
k=1

= 5L270 — 6L2’1 + 2L2’2 — 8L370 + 12L371 — 12L3’2 + 8L4’0 + 12L4’2 .

Then, using the previous relations, we get

53 11 1 1, 1 5,

S =———F —E4 — —gE; — —qg°Es5 .
1(q) 360 72 2+1804 3(I2 12q 2

This is same as (4.21) after using (A.13) and (A.14) that give

d\? d 1 1 1 1 1
21! 3 2

E5 = — | Eg —g—F9 = —E5 — —EsE —Es — —E —E,.
q <qdq) 2 qdq 2= ple — o e 4+36 6~ 15 2+12 4

B.2 Differential equation for Bj(u;q)

Let us start from the single wrapping brane index

2 (B

D3/,,. _
I (u,q)——qu ma

and define

(9)2
q) = D (Va; Vo q) = —qu®? 72
Flaq) = TP ) o
From the differential equation for the 9 function
d 1/ 9\? 1

and the well known derivative

d 1
| o = —(Eq — 1),
o og(q) 24( 9 —1)

we obtain the non-linear differential equation for f(x;q)

9 1 1 1 1 3 2
Ty (Ey—1)— — 20, — —x202 )1 _2(_ 1 ):.
3T 8( 2—1) (qaq 570 x 395) ogf - o Oy log f 0

2
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(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)



From (3.17), f(x;q) has the structure

1’2
fl@q) = ;——a+a(l - 2)¢’ Bi(Vriav/a), (B.20)

and therefore, expanding around r = 1, we get

— 42— D+ -1+ Big)] (¢~ 1)°

log f(z,q) = log 1

+ %(4 — 64 Bi(q) + 34> Bi(g) + 3¢B{" (¢)] (z — 1)> + O((z — 1)*),  (B.21)

where notation is as in (4.11). Plugging this expansion in (B.19) gives

0= §(~1+240 Bi(0) + B2) + 3alaBl(@) + B (@] (¢~ 1)+ 0((z = 1)*.  (B22)
The leading order gives
Bilg) = Bi(1;0) = 5, (1 ~ Eag)). (3.23)

At next orders in x — 1, using recursively results like (B.23) and its derivatives with respect
to ¢, we get the following expressions for 0L B1(1;q) in terms of Ea(q) and its derivatives

1
q0uB1(1;q) = 24(1—E2)+ E
17 1 7 1 1
2B (1; -+ —E L EZ2_ — qE! 2 "
00.B1(159) = =755 + 75 Ba + p s — ghaks — 24 2
7 7 9
BB (1; —qE, — EsE, + —¢?El + —¢*ES, B.24
q0,B1(1;q) = 150982 — 1ogE2Ea + 154 +24 (B.24)
377 E, TEZ 31E3 22 71 7 181
343 1: :7_7_72_72_7]}5/ E-E. QE/2 QE//
1uBi(Li0) = 5505~ 39 240 2520 105072 T 210922 T 5o 1407 ™2
+ L PR — @ 1 4
! ¢°ES E
* 604 15 DY

and so on. These results are in agreement with (4.22), using the differential equations (A.13)
and (A.14). This way, it is straightforward to compute any function Bip ) (q) at arbitrar-

ily large p.
B.3 Quasimodular expressions for the functions Br(lp)(q)

The functions ng )(q) for n =3,4,5 and p = 1,2, 3 have a quasimodular structure completely
similar to that in (4.22). The explicit expressions are

Functions Bép ).

qBa(q) = %(1 — Es),
4By (@) = 5 (1-E2) + s 555 (B3 — Ea),
g B (q) = _% + 17E2 + 96E2 1:50 4 lesE% + 576E2E4 86154E
¢BY (q) = *% 4*5E2 - %% * ?;gE‘* - %Eg - % 1411?10 6+ 69%}3%
+ gppEeEs 231041&?1 — 11%15:315:4.
(B.25)
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Functions Bép) .

4 Bala) = 31— E2),
0B (q) = 75(1 ~ Bo) + (B3 — Eu),
9B (q) = —% - %Ez - 5—?61& + ;0 1 ﬁﬂig’ + T152E2E4 - ﬁEG’ (B.26)
¢ B (q) = —% + ZEz - ngQ 2947() 1 T152E% 5?20E2E4 * 2220“26
1, 1 1 o L o

E FoEg — ——E2 — — R2R,.
T 138002 T 170826 T qg08 4 T 2304 24

Functions Bip) .

qBu(q) = 1314(1 — Ea),
0 B(0) = 137 (1~ E2) + oo (83 — o),
1B (0) = _% " 156 2t %Eg - 86140E4 - 10;68Eg " 34156]E2]E4 51184E6’ (B27)
B (q) = % - %% - %Eg + 53327()E4 N 17128E§ N 8220E2E4

* 4;,;01E6 * 41111721% - 51184E2E6 - 13&13241[2?1 - 69112E%E4’
Functions Bép).
1

qBs(q) = %(1 —E,),
(B = o1~ Ba) + o (B3 — ),
4B (0) = 1;220 - 1;38& * 23504E% N 11;20 T 41z1172Eg * 13;24E2E4 B ﬁEG’
4857 (g) = 127848407 ?Zi 2 22838 ) 2220E4 - 34156 2 - 14140IE2IE4 * 1712780E6 (B-28)

1 1 1, 1

- - —~ _RE2E
+ 165888E2 + 20736 26 ~ 552061 T o7gas 2

(1)

As an alternative basis, all functions B;,’ can be expressed in terms of By and B%l) according to

1 3
N R LI VS LN

m _ 1 pm m_Lpn, B
Bt =Bt By Be= o Bt B

(B.29)
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Similarly, B,(f) can be given in terms of By, B)"’, B}

tional to qB?

1) B with the addition of a term propor-

B =BY — 2B _39B, 4+ 4¢B2,
BY = %BP - BV - %Bl +4qB?,
1 137 (B.30)
B =-B® _ B, 4 2¢B?
1 6 18 L2
B? = Lp®  lpmy 1p (2 2

24

6

18 3

Third derivatives require a further contribution proportional to quBgl) and are given by

B = B® _9B® _ 7§2B(1) — 384B; — %qu +24qB, BV,
1 1 114
By = 38" - §B§ ) — 71093< ) 4728, — g—zﬁfo +24¢B, B,
B.31)
1 1261 14 4 (
B® = Lp® 3p® 1201pm M35, 408 pa\ 190m,BY,
6 30 6 )
(3) 3 3,2 247 ) 617 146 (1)
B —B —-B —B,"+—08 B? 4+ 4¢B B,
Y 470 730 g T g Akt AR
B.4 Evaluation of W3(q)
In this appendix, we compute the function Wa(q) from the limit (6.14), i.e
. 103 13
Walq) = lim [nNIP%(na7: %) + 0 VR0 g 2:0%)] (B.32)
The first term in (B.32) can be written using (A.6) in the form
3,6 (2)2
D3 gt q8) = — an 1’00 B.33
CUESE) =TT m 1~ (=) (@ Do (% D (B.33)
We now observe that
(Q)go 00 1— gt (n—2)g"* ng"+3
lo 4 = [lo —l—( - ) —1)4+0((n—1)>
®la s )oo (i ) oo nz:% BT g l—gntt  1—gnt3 (1=1)+0((n=17)
— 2 2q q2 2
=log[(1—q)(1—¢")] - T 1@ (n=1)+0((n—=1)%)/, (B.34)
and therefore
(D)5 2 2
s =190 -¢)—ql-q¢2+3¢)(n—1)+0((n—-1)%).  (B.35)
(g% 5)00(,74, E)oo

Remarkably, the term linear in n — 1 is a simple polynomial in ¢, a property thet does not
hold for the next corrections quadratic in 7 — 1. Still, this is enough to give the following
expansion of the first term in (B.32) around n = 1

3(n—1)

5N
3

1 3
NI (nq?;q2) + +0(n—1). (B.36)
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The second piece in (B.32) is treated similarly. First, we expose the singularity for n — 1
by writing
3

2\2 9 1
IDg(n_lq_%;q%) = _ q (n9)5 [—3—|—R1 <;77q2>} )
i 2 (1= 1) (1 = 11'0%) (L3316%) o (P01 14%) oo 7 \n*q

(B.37)
The combination of g-Pochhammer functions can be expanded around n = 1 using

(ng®)%,
(% 16%) 0o (15¢%514%) 0o
_ Z {log 2+2n <_ (n 4 4)q2+2n (n 4 5)q4+2n>(n

log

—1)+0((n 1))

4+2n 1— q2+2n 1— q4+2n
2 4(12 2
=log(1 —¢°) — 1_q2(n—1)+0((n—1) )- (B.38)
and therefore
(nq2)<2>o 2 2 2
=1-¢"—4¢°(n—1)+0((n - 1)7). (B.39)
(L2 10%) 00 (1P 7% 16
Hence
3
—9N{D3,, —1 —1 32 q
n (T g 2q2) =~ B.40
1
+30](2430) ¢ + RO ) 2R @) 00— 1),

where we used Ri(¢~';¢%) = ¢/2 and Rgp D are partial derivatives. This gives the finite
expression

2 _
JRMN g ). (B.41)

8 _
Wal(q) = (3+N)q + 3R(01)( Lg?) — 3

Using the differential equation (B.17) to work out R§0,1)7 we get the expression (6.15).
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