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Abstract

We examine dualities of two dimensional conformal field theories by applying the methods developed in
previous works. We first derive the duality between SL(2|1);/(SL(2); ® U(1)) coset and Witten’s cigar
model or sine-Liouville theory. The latter two models are Fateev-Zamolodchikov-Zamolodchikov (FZZ-
)dual to each other, hence the relation of the three models is named FZZ-triality. These results are used
to study correlator correspondences between large A/ = 4 super Liouville theory and a coset of the form
Y(k1,k2)/SL(2),+k,» Where Y (ky, ko) consists of two SL(2|1);, and free bosons or equivalently two
U(1) cosets of D(2,1; k; — 1) at level one. These correspondences are a main result of this paper. The
FZZ-triality acts as a seed of the correspondence, which in particular implies a hidden SL(2);/ in SL(2|1)g
or D(2, 1; k — 1)1. The relation of levels is k¥’ — 1 = 1/(k — 1). We also construct boundary actions in sine-
Liouville theory as another use of the FZZ-triality. Furthermore, we generalize the FZZ-triality to the case
with SL(n|1);/(SL(n); ® U(1)) for arbitrary n > 2.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction and summary

We examine dualities in two dimensional conformal field theories by deriving correlator cor-
respondences of primary operators. Combined with the match of symmetry algebras, we can
deduce the equivalence of dual theories. In general, dualities are quite useful since it often hap-
pens that some features of a theory are easily captured by dual one. In particular, a strong/weak
duality helps us to examine strong coupling phenomena from a dual theory in a tractable regime.
In previous works [1-5], correlator correspondences for several important dualities have been
derived by applying the reduction method from SL(2) Wess-Zumino-Novikov-Witten (WZNW)
model to Liouville field theory [6—8] and its generalizations [9—12]. The results in the previous
works may be regarded as conformal field theory realizations of dualities of corner vertex op-
erator algebras (VOAs) conjectured by Gaiotto and Rapcdk via brane junctions in superstring
theory [13] and proven in [14,15]. In this paper, we examine more dualities, which are not be
directly related to the Gaiotto-Rapcdk dualities. In particular, we derive correlator correspon-
dences between the large N = 4 super Liouville theory and a coset model, where the agreement
of symmetry algebra was proven in [16].

Let us put this new duality into context: An important (strong/weak) duality is the one conjec-
tured by Fateev-Zamolodchikov-Zamolodchikov (FZZ) [17] and proven in [1]. The FZZ-duality
is an equivalence between two dimensional cigar model described by the coset [ 18]

SL2)k

T (1.1)
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and sine-Liouville theory, see, e.g., [19] for details. Its supersymmetric version was proven in
[20] as a mirror symmetry and in [2] by the method similar to [1]. The supersymmetric version
is useful to examine, e.g., singular Calabi-Yau geometry [21]. Two series of generalization of the
FZZ-duality have been analyzed in [3-5]. A generalization is given by replacing the coset (1.1)
by a higher rank one [3,5]

SL(n + 1)
SL(n@U()"

The coset appears as conformal field theory dual of higher spin (super-)gravity [22,23], thus the
duality should be useful in that context as well. Another generalization is the free boson, i.e.
U (1), coset of subregular W-algebras of sl(n) [4]. Arguably the most important example is the
duality between s[(n) Toda field theory and the diagonal coset

SL(n)x ® SL(n)_,
SL(n)g—1

analyzed in [5]. The duality may be regarded as an analytic continuation of coset realization of
W,,-minimal model proven only rather recently in [24].

We have derived correlator correspondences by applying the reduction methods from SL(n)
WZNW model to sl(n) Toda field theory developed particularly in [8,12]. An important process
is to adopt a simple first order formulation of coset models. Such a formulation was proposed in
[25,26] and established in our recent paper [5]. A main idea is to express the denominator and
numerator algebras of coset models by Wakimoto free field realizations with free bosons and
(B, v)-systems [27]. The proposal of [25,26] is to construct field space by using orthogonal free
bosons and removing some sets of (8, y)-systems. We can indeed show that the central charge
of the reduced theory matches with that of the original coset model. In [5], we have not only
derived the procedure but also established a way to obtain proper interaction terms by applying
the BRST formulation of coset models [28-31] and Kugo-Ogima method [32]. In particular, it
can be shown that the coset algebra obtained in this way is isomorphic to the one by Goddard-
Kent-Olive (GKO) construction [33]. Fortunately, the first order formulation of coset models is
general enough to apply to more theories, in particular the problem of this work.

In this paper, we first examine correlation functions of the coset

SLQ2|1)x
SLQ®U(1)
As suggested by Gaiotto-Rapcak dualities [13] (see also [34]), the coset is conjecturally dual to
the cigar model described by (1.1) with level k¥’

1
K—1=— 1.5
k—1 (15)
and sine-Liouville theory as well. We derive correlator correspondences of the “FZZ-triality.”
We next derive correlator correspondences between a diagonal coset

SL(2)k, ® SL(2)k,
SL(Z)kl-‘rkz

and a theory with a 9(2, 1; —y)-structure [35]. This can be regarded as a simplified version of
our main problem with large A" = 4 super Liouville theory. In fact this theory also appears as a
coset of large A = 4 super Liouville theory [16].

(1.2)

(1.3)

(1.4)

(1.6)

3
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We then move to the main problem of this paper. The coset realization of large N = 4
superconformal algebra [36,37]' was provided in [16]. In terms of conformal field theory, it
corresponds to a duality between a coset model and large A" = 4 super Liouville theory. The
coset model takes the form [16]

Y (ky, k2)
SL(Z)k1+k2 ’

where the numerator Y (ky, k2) consists of SL(2|1)k,, SL(2|1)x, and free bosons or two U (1)-
cosets of D(2, 1; —y) with Y =1 — k1, 1 — k» at level one. The two affine superalgebras have
subalgebras sl(2), , 5[(2)k, and the coset is constructed by gauging the diagonal s[(2)g,4«,. The
large N = 4 superconformal algebra includes two affine s[(2) subalgebras with levels &}, k5,
where the relation of levels is ki —1=1/(ky - 1), ké —1=1/(kp — 1) as in (1.5). These two
affine s(2), are hidden in s[(2|1) or (2, 1; k — 1) [38—40]. This implies that the FZZ-triality is
a key relation for the duality between the coset (1.7) and the large N = 4 super Liouville theory.

The large A/ = 4 superconformal algebra is important particularly in the context of hologra-
phy. For instance, conformal field theory dual of superstrings on AdS3x S3x S3x S! has the
large A/ = 4 superconformal algebra as its symmetry [41-45], see also [46]. Moreover, the Wolf
space model possesses the large N = 4 superconformal symmetry [47-49] and it was proposed
to be dual to a higher spin gravity in [50]. We expect that our analysis helps us to reveal some
important aspects of holography. The large N' = 4 superconformal algebra itself deserves further
study as well. Unitary representations were examined in [51-53], and it would be interesting to
investigate the spectrum from the coset viewpoints as well.

In this paper, we mainly consider correlation functions on worldsheet of sphere topology.
It is an important problem to extend the analysis to Riemann surfaces of higher genus g > 0.
The original FZZ-duality was extended to higher genus worldsheet in [1], and it might not be
so difficult to do so more generally. However, it would be more involved to examine Riemann
surfaces with boundaries. In [2], we have shown the equivalence of boundary correlation func-
tions for D1-branes in the cigar model (1.1) and those for D2-branes in sine-Liouville theory. We
have also analyzed fermionic FZZ-duality. In this paper, we extend the FZZ-triality to the case
with boundary. The point is that there is a somehow understood procedure to obtain actions of
boundary WZNW theories on supergroups [54—57]. Using in particular [55] we show that the
FZZ-triality is useful to obtain boundary actions of sine-Liouville theory even for D1-branes and
its supersymmetric counterparts form the coset (1.4).

(1.7)

1.1. Organization of the paper

The paper is organized as follows. In the next section, we collect mathematical facts underly-
ing the current works on dualities of two dimensional conformal field theories. In section 3, we
review the first order formulation of coset models developed in our previous paper [5]. In par-
ticular, we closely examine the simplest but non-trivial example of the diagonal coset (1.3) with
n = 2 and relate it to Liouville field theory. In section 4, we derive correlator correspondences
between the coset (1.4) and sine-Liouville theory or the cigar model (1.1) by applying the first
order formulation explained in section 3. We further consider its supersymmetric versions by

' There are two types of large N = 4 superconformal algebra, which are often called as linear and non-linear ones. In
this paper, we only deal with non-linear one.
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adding a complex fermion. In section 5, we derive correlator correspondences between a diag-
onal coset (1.6) and a theory with a 9(2, 1; —1)-structure [35]. In section 6, we investigate the
coset (1.7). We first realize D(2, 1; —y) at level one as a coset of SL(2|1) and free bosons. We
then construct Y (ky, k) in the numerator of the coset (1.7) by making use of the expressions. Ap-
plying the first order formulation of [5] and the reduction methods of [1], we rewrite the N -point
functions of the coset (1.7) by those of a different theory. Applying the fermionic FZZ-duality,
we show that the theory obtained in this way is indeed the large A = 4 super Liouville theory,
which corresponds to a free field realization of large A = 4 superconformal algebra in [58]. We
also check that a coset of the theory reduces to the model analyzed in section 5. We consider the
case with additional fermions as well. In section 7, we construct boundary actions for branes in
sine-Liouville theory and N = 2 super Liouville theory by making use of boundary FZZ-triality.
In appendix A, we summarize our conventions for generators of Lie superalgebras sl(2|1) and
sl(n|1) with n > 2. In appendix B, we explicitly write down the operator product expansions
(OPEs) for generators of large A' = 4 superconformal algebra. In appendix C, we obtain clas-
sical boundary actions for B-branes and A-branes in SL(2|1) WZNW model by following the
analysis for OSP(1]2) WZNW model in [55]. In appendix D, we generalize the FZZ-triality
analyzed in section 4 and reduce the coset

SL(n|1)i
SL(n)r @ U(1)

with n > 2 to a theory with an s[(r|1)-structure by applying the first order formulation reviewed
in section 3.

(1.8)

2. Dualities

S-duality of four dimensional N = 4 supersymmetric GL-twisted theories is closely related
to the quantum geometric Langlands correspondence as well as dualities of vertex algebras. Both
are mathematical cousins of dualities in two dimensional conformal field theory. The quantum
geometric Langlands correspondence is concerned with twisted D-modules, which in turn arise
as spaces of conformal blocks. Vertex algebras are the symmetry algebras of conformal field
theory.

We recall some results of [39]. Fix a compact Lie group G, the gauge group. Let i be the
coupling of the gauge theory, a complex number. One then considers three dimensional boundary
conditions. If two such boundary conditions, say B and 53; intersect in a two dimensional corner,
then this corner usually supports a vertex operator algebra. This VOA depends on the choice of
boundary condition and on G. Line defects can end on vertex operators associated to modules of
the VOA at the corner. The type of modules is determined by the boundary conditions B; and 5.
The duality group is the modular group PSL(2,Z). Let g be an element of PSL(2,Z). It acts
on i via Mobius transformation and acts on boundary conditions in a certain way, see section
2.3 of [39]. It acts on VOASs via a certain convolution, that is it maps the VOA V to a certain
BRST-cohomology of V ® K, with K a very special kernel VOA. In particular duality is not an
isomorphism of VOAs but only a correspondence. The idea however is that this correspondence
respects line defects. This should be visible in the VOA setting that VOAs that are related via
duality have equivalent categories of modules. Geometrically this means that one expects to have
equivalent spaces of conformal blocks, exactly as the quantum geometric Langlands correspon-
dence predicts. From the conformal field theory point of view this means that one would like to
have dualities between correlation functions of two theories whose underlying VOAs are dual.

5
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The idea is that both dualities of conformal field theories and equivalences of vertex algebra ten-
sor categories can be explained using the kernel VOAs. The FZZ-trialities exactly correspond to
such duality operations, while our coset realization of A" = 4 super Liouville theory is a low rank
example of a somehow more complicated story that is under current investigation.

The kernel VOAs are of the form

A'lg, g vl= P VI eVlEm) .1)
rePtNL
with
Ly 22)
e =n .
Ly Ly

and g’ is a Lie (super)algebra related to g. In most cases, the two coincide, but for example if g is
of type §02,+1 and 7 is odd, then g’ = o0sp;5,,,. L is a suitable sublattice of the weight lattice P
of g. P is the set of dominant weights, n is an integer (usually positive), and v, ¢ are the levels
shifted by the respective dual Coxeter numbers A, hg,. T is a suitable map from weights of g to
g'. Finally £ is the lacety of g (and for 0spjy, it is two). The existence of these VOAs has been
conjectured in [39] and proven in [59,60].

The simplest example is

Al gl ¥1=P ) @i =V @n (2.3)
meZ

which is just the lattice VOA V ;7 times a free boson 7. Here n,;p denotes the Fock module of

highest-weight n of a free boson of level .
The general idea is that one has two VOA:s, V=Y and W?, such that V~Y has an affine VOA
[ RAY of g at level —yr — hg as subalgebra and W? has an affine VOA ¢’ o—nv, of g at level
g

—¢ — hg, as subalgebra. Assume that these two VOAs are dual in the sense that their cosets
coincide

Vv wé
= 7 N
9—y—ny 8 ¢7hg,

2.4)

the main examples of isomorphisms of such cosets are provided by Gaiotto-Rapcék triality [13]
provenin [14,15]. Let H gRST( o ) denote the semi-infinite Lie algebra cohomology of g, relative
to g [61]. It satisfies

C if u=2a%,

HFTV V)@ VY (w) = { . 2.5)
else.

The proposal of [14,15] is that the Gaiotto-Rapcéak dualities extend to the relation
HERST(v Y @ Allg, g/, y]) = WP, (2.6)

See [62] for the mathematics of this statement for g = gl; and [63] for the general case. The
simplest example is g = g’ = g, and V™V the WZNW theory of SL(2) at level —y — 2 and
W the N = 2 superconformal algebra at same central charge as the WZNW theory. In this case
the kernel VOA is just a pair of free fermions times a free boson and our procedure is exactly
the Kazama-Suzuki coset realization of the super conformal algebra [64,65]. The corresponding
duality of conformal field theories is the well established H3Jr model to N/ = 2 super Liouville

6
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duality [20,2]. The natural generalization is Feigin-Semikhatov’s duality between subregular W -
algebras and principal W-superalgebras [66], proven in [67].

This means if we take a module M of V~Y, then HERST(M ® Al [g,¢', ¥]) is automatically
a W?-module. The idea is that there is a blockwise equivalence of categories of V¥ and W%
whose underlying functor is the BRST-cohomology against the kernel VOA. This functor should
also provide isomorphisms on spaces of intertwining algebras, which is indeed true for g = gl;
by [62]. From a conformal field theory perspective one prefers a precise matching of correlation
functions and similarly from the quantum geometric Langlands point of view one is interested in
an equivalence of spaces of conformal blocks. Our aim is to provide this conformal field theory
perspective. If g = gl;, then we already succeeded [4].

We now want to turn to non-abelian underlying Lie algebras. The most interesting case is
the large A = 4 superconformal algebra that has been realized as a BRST-cohomology of two
algebras associated to the exceptional Lie superalgebra 0(2,1; 1 — ) at level one [16]. In fact
0(2,1; 1 — v) at level one is exactly the kernel VOA Allsly, sy, ¥]) [39] and the N = 4 super-
conformal algebra is a simple current extension of HEBI;ST(A [shh, 5Ip, —¥]) ® Al[slp, s, ¥/])).

In order to lift dualities of VOAs of this type to correspondences of conformal field theory
we have to understand how to implement the BRST-cohomology (2.6) on the level of correlation
functions. The first step for this is a suitable first order formulation of the conformal field theory.

3. First order formulation of coset models

In the analysis of this paper, we utilize the first order formulation of coset models in [5] which
refines the proposal of [25,26] along with the reduction methods of [8,1]. In this section, we
review the first order formulation of cosets in [5] using the BRST formulation [28-31] and the
Kugo-Ogima method [32]. In order to illustrate the formulation, we analyze the simplest and
non-trivial example the coset (1.3) with n = 2 and relate it with Liouville field theory.

In the BRST formulation, the effective action of the coset theory (1.3) is given by

S =5V, B, y1+ Sylv ]+ SYE (8, B, 71+ Spelb®, cal. 3.1)
For the action of SL(2) WZNW model, we use the first order formulation as

SYANVI B,y 2; /dzw [a¢é¢ + By + Bay + Z@Rgb + wﬁe”’q’} (3.2)

with b =1/+/k — 2. Here g, represents the worldsheet metric and g = det g, . Furthermore, R
is the Ricci curvature with respect to the worldsheet metric. We denote the s[(2) currents at level
k by J¢ with a = &£, 3, which are expressed as

JT@=8, FP@=blop+By, J ()=Byy+2b"'ydp—kiy. (3.3)

For the third action, the level k is replaced by —k + 1 — 2cg7.(2) = —k + 5, where csp0) = —2
is the dual Coxeter number of SL(2). We also use b = 1 /~/—k + 3. The s[(2) currents at level
k = —k 4 5 is denoted by J“ with a = =+, 3. The second action Sy[¥] is for complex free
fermions ¥*, ¥* and given by

1 L
Syl =5 [ du [y + 57037, (3.4)
The conformal weights of the fermions are 1/2. We frequently use its bosonized formulation as

7
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. 1
Yt = HVIE YL(z)YL(O)w—Elnz. (3.5)

We also introduce ¥ ®(Z) in a similar manner and set ¥ = Y~ 4 Y ®_ This model has the symmetry
of s[(2) current algebra with level —1, and the generators are

v L . _ _n;yvL
Ip== g =ioyh, g = (3.6)
The other action Sp.[b?, c,] is for the BRST ghosts and given by
1 _ _
Spelb®, cal = —/dzw > [p*9ca + b*0¢a] 3.7
2 a=%,3

where the conformal weights of (b4, c,) are (1,0). We can construct s((2) currents at level
2¢s1(2) = —4, which are denoted by J;}. with a = &£, 3. The BRST charge for the holomorphic
part is then given by

dz a a 7a 1 a
0= % e |:ca(z) <J () + Jy () + J%(2) + EJ,,C(Z)>:| , (3.8)

which satisfies the nilpotency condition as Q2 = 0. The physical states are given by elements of
Q-cohomology in the BRST formulation.
We consider the correlation functions of vertex operators of the form

V =Py, );)62bj¢62i(sYL+EYR)625jd;’ (3.9)

where P is a function of y, y (and y, )3). We define an operator

o0
NPV =% Bom¥m (3.10)
m=—o0
and decompose the BRST charge as Q = Q1+ Qo+ Q1 by its eigenvalue. In particular, we have
01=2_,, B—mC+ m, which satisfy (Q1)? =0 as well. Defining R = > . V—mbj, we introduce

o0 o o0 0
S={QLRY=) BmVn+ ) V-mPu+ D brcim— ) crmby. (3.11)
m=1 m=0 m=1 m=0

The terms including the BRST ghosts will be neglected in the current analysis. Since S commute
with Q1, we can deal with eigenstates of S in Q1-cohomology as S|s) = s|s). If s is non-zero,
then we can rewrite the eigenstate as

1 1
IS)=;{Q1,R}|S)=§Q1RIS), (3.12)
which is Q1-exact. Thus, non-trivial elements of Q-cohomology come from the sector with

zero eigenvalue. With a new operator U = {Q¢ + Q_1, R}, a new state can be defined by
IsY =1 —=S"'Uu+s7tusTiu—-.)s). (3.13)

If S|s) =0, then we can show that (S + U)|s’) = 0. This means that |s") can be an non-trivial
element of Q-cohomology as well. In other words, a non-trivial element of Q-cohomology can
be put in the form of (3.13).

In the effective action (3.1) with (3.2), an interaction term includes 8, which increases the
eigenvalue of NP7 defined in (3.10). The field can be removed by subtracting a BRST exact term
as
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pw) — f %b*(@g(w) = (w) = Bw) - I w). (3.14)
w
After removing f in the action, there is no operator increasing the eigenvalue of N7 defined in
(3.10). On the other hand, we have shown that elements of Q-cohomology can be put into the
form (3.13) and the terms except for the first one in the right hand side decrease the eigenvalue
of NAY . Therefore, we can conclude that 8, y can be removed from the system once 8 in the
interaction term is replaced by (3.14).
We can restrict the form of vertex operators furthermore. We notice that the operators

T =000y = I3 + Jj.0+ T3 + e (3.15)

L' =(0. &5 ) (it + 5, — TDb_na) (3.16)
n

commute with O, so we can take eigenfunctions of these operators in the Q-cohomology.
Moreover, from the arguments around (3.12), we can conclude that non-trivial elements of
Q-cohomology only come from the sector with zero eigenvalues. Since y-dependence (and y -
dependence) is removed, the vertex operators take the form

V= )7m);mezbj%zi(sYLHYR)ezEde _ (3.17)

The conditions of zero eigenvalues for the operators (3.15) and (3.16) become?

: . (G=90G=-s=1D jG-=1
i — 1=0, -— =0 3.18
j—m+s—j+ 3 + 3 (3.13)
and that with m, s replaced by m, 5. From these conditions, the vertex operators can be put into
the form

V= 62bj¢62i5Y625(1—j+s)q3 ) (3.19)

Since there is no y-dependence here, we can neglect f in the action as well.
We may rotate the fields as

3—k%k
bp+iY +b'¢, —ip+bY=bY',6 b= 2" (3.20)
then the vertex operators become
V= ez((b/+1/b’)j—1/b/s)¢’—2i1§<j—s)Y/+25(1—j+s>¢3 _ (3.21)
The background charges for Y’, q~> are Qyr = —i 15, 0 3= l;, respectively, and moreover there is

no interaction terms for ¥’, ¢. Therefore, after performing reflection relations, contributions from
Y’, ¢ to the correlation functions cancel out with each other. In summary, the N-point function
of primary operators in the coset (1.3) can be evaluated as

N
<1_[ Vu (Zv)> o V(@) = 32((b,+1/b/)jvil/b/sv)W(ZV) (3.22)
v=1

2 There is a term +1 in the left hand side of the first equation. This term can be explained by the definition of vacuum
for the BRST ghosts, see [31,5].
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with the action

S = % / d*w [8¢/8¢/ + @(zf +1/b)¢' + )\ezb/‘/’/] . (3.23)

This is nothing but an N-point function of Liouville field theory.

Here we compare the analysis to that of [25,26]. As they proposed, 8, y from the numerator
are canceled with ,5 , ¥ from the denominator. Moreover, the free boson corresponding to Cartan
direction is taken to be orthogonal to ¢ from the denominator via the rotation (3.20). However,
from their analysis, it is not clear how the interaction term of Liouville field theory arises. In our
formulation, this comes from the replacement (3.14), which may be the most important point in
our approach. In the succeeding sections, we apply this analysis to more involved examples.

4. FZZ-triality

Applying the method reviewed in the previous section, we examine correlation functions of
primary operators in the coset (1.4). We derive correlator correspondences between the coset
(1.4) and sine-Liouville theory in the next subsection and those between the cosets (1.4) and
(1.1) in subsection 4.2. For the two cases, we use different first order formulations of SL(2|1)
in the numerator of (1.4). In subsection 4.3, we extend the analysis by introducing N = 2 super-
conformal symmetry.

4.1. A realization of the coset

In order to apply our method to the coset (1.4), we first need a first order formulation of
SL(2|1) WZNW model. In this subsection, we use the action obtained in [9,10]. We express the
element of Lie supergroup SL(2|1) as

§=28-18_1808181 4.1
with
g1 :eyE+ , g_% 2601F++92G+ , 20 =€2¢1H+2¢21 ,
“4.2)
¢ = PF H+0GT 21 —JE

[N}

We use the notation for generators of s[(2|1) given in appendix A.l. The grading is made by H.
With the help of Polyakov-Wiegmann identity, we then obtain

k _ _ _ _ _ _
S = o /d2z [0¢10¢1 — 0¢2ddy — e~ ~9250,00; + e~ 79256,96,
T
(4.3)
+ e (97 — 16,001 +0100)) (3y — 16290, + 91592))] .

Introducing auxiliary fields, we can rewrite the action as

10
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1 T ] 2 N .
S= 5 [ 2| Kapi0g1 — Kigs002-+ By + 07 + 3 (padt + pu00) — B

a=1

1 _ __
+— / d*z [P (py + 180 (p1 + 3B02) — P P2 (pa + 180 (52 + 38OV -

2km
4.4)
The equations of motion lead to
B=ke (87 — 3(62001 +61962)) ,
pi+3B62=ke P06,  pr+ 3861 = —ke "1 7P06,,
4.5)

B=ke 2 @y — (62001 +0136,))

pr+ 5BO = —ke P 7%200,,  pr+ B0 =ke P 1250;.

Taking into account quantum corrections due to the change of variables (see, e.g., (2.8) and (2.9)
of [9]), we have

0 5 Jy + B o . _
S = L/dZZ [8(1518451 — 0¢20¢2 + By + oy + Z(Pa39a b Badly) — ~e29 g
2r .

a=1

! 2 [ b1+ | - 175
+ %/d z[e (p1+3B802)(p1 + 3862)
— PO (py 1 1501 (2 + 580 |

(4.6)

with b = 1/4/k — 1. Since the interaction term with ¢2% BB can be induced from the rest two,
we simply neglect the term.

The symmetry of SL(2|1) WZNW model is the s[(2|1) current algebra. In the first order
formulation, the generators are written in terms of fields and commute with interaction terms.
We find that they are given by

1 1
Ff=pi—5p6, G ==pr+:p61, E"=8,
» 1 . 1
H=b 3¢1+Vﬂ+§(p191+p292), I=-b 3¢2+§(P191—p292),

1 1 1
F~=—b"'9¢16: + b~ 9¢6r — 5)//392 - §P19192 - (E - k) 00, +yp1, 4.7

1 1 1
G~ =b"13¢101 + b~ 301 + 57,391 - §P29192 + <§ - k) 001 —yp2,

11
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E™=—yyB—ypi6i — ypa6r —2b~ 3¢y + b~ 942616

1
= 5 (1= k) (8136, — 0616) + kdy .

Here the normal ordering prescription is assumed for the products of fields. It will be convenient
to bosonize the fermionic systems (py, 6,) as

pa=eXi | Gy=eXi | XL()XLO) ~ —84Inz. (4.8)

We also define X 5 analogously from (pg, 6,) and consider linear combinations X, = X zl; + X 5 .
With these bosons, the Cartan generators are expressed as

H=b"9¢1 +yB+ %(axl +0Xy), I=—b"log,+ ’E(axl —9X2) (4.9)

in particular.

Now that we have the first order formulation of SL(2[1) WZNW model, we can apply the
procedure of [5] reviewed in the previous section. Firstly, two new bosons ¢1, ¢, are introduced
by

H=+k—=20p1+ By, I=+kdp. (4.10)

Then the field space of the coset model (1.4) is spanned by the fields ¢, ¢2, X1, X2 but orthog-
onal to the new bosons (;31, (]Sz. The (B, y)-system for the free filed realization of sl(2|1) are
removed as explained above. In other words, the orthogonal space can be generated by ¢, x,
where we have defined as

1 1
Vk=2p=—igi+ (X1 + Xa), Yy =—ig2+ (X1 = Xa). (4.11)
With the new variables, the correlation functions are written as
r 2bjp+i 2 (myL+imxr)
I —=m m
<]_[ lI'v(zu)>, Wy () =€ OTIRLTIE (4.12)
v=1
with
k
=—. 4.13
K= (4.13)

The correlation function is evaluated with the action?
1 _ _ b .
S=5- /d2z [a¢a¢ +dxdx + Z‘/‘?R‘f’ +22e?/? cos (ﬁx)] , (4.14)
T

where we set b = 1/+/k — 2. The background charge for ¢ arises from those for X and X». This
is nothing but the action of sine-Liouville theory. In this way, we can write down the N-point
function of the coset (1.4) in terms of sine-Liouville theory as a direct consequence of the first
order formulation reviewed in the previous section.

3 The coefficients in front of interaction terms are modified by shifting fields. The same procedure will be performed
in later analysis as well.

12
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4.2. Another realization of the coset

In the previous subsection, we have shown that correlation functions of the coset (1.4) directly
reduce to those of sine-Liouville theory. Combined with the FZZ-duality proven in [1], we can
derive the correlator correspondences between the two cosets (1.4) and (1.1). Instead of doing
so, we directly relate the correlation functions of these two cosets by choosing a different first
order formulation of SL(2|1) WZNW model in this subsection.

It is known that there are several different free field realizations of the same affine Lie algebra.
In terms of WZNW model, this corresponds to the fact that there are several ways to parameterize
group elements. In [9,10] or (4.1), we use the grading corresponding to the Cartan subalgebra
generated by H. This is a natural choice, but here we adopt a different one with the grading of
linear combination H + I. Then the element of Lie supergroup SL(2|1) can be expressed as

8 =8+808— (4.15)
with

+ + - 5.+ 5 G- 5E-
g+:eyE 601F , g0=€92F €2¢1H+2¢21€92G ; g_:eelc e)/E ) (416)

Note that g (g_) is put on the left (right) side of g but a factor including G (F ™) is put on the
right (left) side inside go. Otherwise, the expression of Lie superalgebra becomes identical to the
one in the previous subsection. Using the Polyakov-Wiegmann identity again, we obtain

k _ _ B
=5 /dzz[a@a@ — 3rd + e 1370y

4.17)
— TR0, + 020y) (90 +6:07) — e 06,00, .

Introducing auxiliary fields, we rewrite the action as

1 - - b 3y + B
S=5- /dzz [a¢la¢1 — 30y + Z@R(¢1 —¢2) + Boy + By

2
+ Y (Padba + ﬁaaéa)}

a=1

1 S - . _ _
by d*z [62’”’1 (B — p162) (B — pr162) — " @1H92) py 5y — e ¢’1+¢2)pzpz]
(4.18)

with b = 1/+4/k — 1 as above. Here we have already included quantum corrections. We will ne-
glect the interaction term ¢?(®1+2) p| b, since it can be generated by the rest two.

As mentioned above, a different parameterization of group element in WZNW model corre-
sponds to a different free field realization of the symmetry algebra. The corresponding free field
realization of affine Lie superalgebra s[(2|1) is given by fields in the kinetic terms and generators
made of the free fields should commute with the interaction terms. We find these generators as

13
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Ft=pi, G =801 —b'9¢100+ b '9¢n0r + (1 —k)36,, ET =8,

_ 1 -~ 1
H=b l3<151+V,3-|-§(Pl€1—}7292), I=-b 13¢2+5(P191+P292),

F-=—py+ypi. G~ =b""3¢101 +b"'0¢201 + yBO) + p2616> — kb, (4.19)
— b1 91y 62 + b7 9oy s — (k= 1)y 962,
E™ =—yyB —yp161+ypa6r — 20" 01y + p26i +kdy .
The Cartan generators can be expressed as
H=b"'9¢) +yB+ %(8X1 —03X2), I=—-b"ogy+ %(8X1 +9X>) (4.20)

in terms of X, introduced in (4.8).
Let us apply the first order formulation reviewed in the previous section to this case. As before
we define new bosons ¢1, ¢, by

H=+k—20p1+ By, I=+kdp,. 4.21)

The field space for the numerator is generated by ¢1, ¢, X1, X» if 8,y are neglected, and the
field space orthogonal to ¢1, ¢ may be spanned by ¢, x with

1 1
Vk=2p=—igi+ (X1 = Xa), vy =—ig2+ (X1 +Xa). (4.22)
The correlation functions are of the form as (4.12) but now the action is
1 - - 1 1 3 AL
S=7- / d*z [a¢a¢ +0x0x + 3 VER(Qp¢ + 00 — £ (0 = e—¢/”+'ﬁ><>] :

(4.23)

Here we set

Q¢ =

S

+=. Qp=-ivk (4.24)

TH| —

with « given in (4.13) and b= 1/+/k — 2. The action coincides with (3.14) of [1], which di-
rectly arises from the reduction of SL(2) ® U(1) (®BRST ghosts) description for the coset
SL(2)/U(1). The first term of the interaction comes from (the dual of) the interaction term
in the first order formulation of SL(2) WZNW model and the second one stems from the extra
insertions of degenerate operators in the Ribault-Teschner relation [6-8].

4.3. Fermionic dualities

In this subsection, we extend the analysis by introducing A/ = 2 supersymmetry. The
fermionic version of the coset is given by
SL2IDr ® SO(2),
SLRu®U) -

(4.25)

14
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The factor SO(2); can be generated by a complex fermion v with conformal weight 1/2, and
the bosonization formula

v = YL YE(0) ~ —Inz (4.26)
is used. We define Y® in a similar way and introduce ¥ = Y% 4 Y& Notice that the Cartan
directions of the denominator algebra are generated by

_ i
H, I+3y*y =1+39Y. 4.27)

We first use the free field realization of affine Lie superalgebra s[(2]1) in subsection 4.1. In
this case, the orthogonal space is generated by Y as well as ¢, x defined in (4.11). Here ¥ may
be given by

k(1 + 2k) - 1
%Y =ib '+ S (X1 = Xa) —kY . (4.28)

We further rotate the fields as

ko 2=k +Y kv o + 2-ky (4.29)
Vi1 X 7 Ve—15T Vi XNk —1 '

The correlation functions are of the form as
N Dop oyl sy Ry 2 -
<1—[ \I’V(Zu)> L W,(z) = e2bj¢+z(sY +5Y )+1W(m)(1‘+m)(1g) (4.30)
v=1
and the action is

1 5 | - , _ b
Szﬁfd z 3¢8¢>+8x3x+¢+8w—+¢+3w—+z¢§R¢
(4.31)

n %/dzz [m%eé*wm +¢_¢_eéf'<¢4x>] .
T

Here we have introduced new complex fermions % using (4.26) but with ¥ replaced by Y.
This is nothing but the action of ' =2 super Liouville theory. In this way, we have shown that
N -point functions of the super coset (4.25) can be reduced to those of A/ = 2 super Liouville
theory.

We next use another free field realization of affine Lie superalgebra sl(2|1) in subsection 4.2.
The field space orthogonal to the denominator algebra with Cartan directions (4.27) is generated
by ¢, x in (4.22) and ¥ defined via

k(1 + 2k) - 1
%Y =ib '+ S (X1 +X2) —kY . (4.32)

We also perform the rotation of fields in (4.29). The correlation functions are of the form as
(4.30) and the action is now

1 - - | BN | o
§= Efcﬂz [a¢a¢ +Oxdx +50Y9Y + Z@R <Q¢¢ +Qux + QYY)]
(4.33)
_ [ [8215“05 _ 6*1;_1(¢*ix)+i17] _
2rk

15
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The background charges are

Qs=b+b"", Q,=—ib, Qy=—i. (4.34)
This kinetic terms of the action are the same as those in (3.11) and the interaction terms are (3.12)
in [2].* Applying the analysis of the paper, we can thus map the correlation functions of (4.25)
to those of the super cigar model described by

SL2) ® SO(2);
U@
In the BRST formulation, the coset can be described by SL(2), ® SO(2); ® U(1) (®BRST
ghosts). The first term of the interaction directly comes from bosonic SL(2), WZNW model

and the second one stems from an interpretation of extra insertions of degenerate operators in the
Ribault-Teschner relation as in the bosonic case.

(4.35)

5. Theory with a 9(2, 1; —y)-structure from a coset

A main purpose of this paper is to express the large ' = 4 super Liouville theory in terms of
a coset model (1.7). Before going to it, we would like to consider a related but different problem.
Namely, we study N-point functions of the coset (1.6) and reduce them to those of a theory with
a 0(2, 1; —y)-structure. The relation between the two models was examined in [35].

In the examples analyzed in the previous section, we actually needed only the first order
formulation of the coset proposed in [25,26]. However, in the example with coset (1.6), we have
to use the first order formulation elaborated in [5] and also the reduction methods utilized in the
proof of original FZZ-duality in [1]. We begin by describing the coset theory (1.6) in the BRST
formulation [28—31]. The effective action is given by

3
S=> " S NVigy. Bi. vil + Spelb®. cal (5.1)
i=1

with k3 = —k| — ko — 2¢s1.(2) = —k1 — k2 + 4. For the action of SL(2) WZNW model, we use
the first order formulation given in (3.2). We denote the 5[(2) currents at level k; by J with
a = £, 3. In particular, we have Ji+ = B;. The other action Sp.[b“, c,] is for the BRST ghosts

givenin (3.7) and sl(2) currents at level 2cgy (2) = —4 are denoted by J;. with a = £, 3 as before.
The BRST charge is

dZ : a 1 a
Q= yg i |:Ca (2) (; Ji@)+ EJ’”(Z)):| , (5.2)

and physical states are given by elements of the Q-cohomology in the BRST formulation.
As explained in section 3, we can remove one of pairs of (8;, ;), say, (81, y1). Namely, we
replace 1 by

d
B1(w) — ?§ gzl.bJ“(z)Q(w) =—Br(w) — B3(w) — J;-(w). (5.3)

4 The notation of Y is different from / in [2] by factor —V2.

16
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Furthermore, we decompose the BRST-charge by NA17t = > Bl.—m¥1,m and pick up non-
trivial elements of Q1-cohomology.
In this way, we can put the vertex operators of the form

V= 7’2 250 zym3y’"3 2(b1j1914b2 j2d2+b3 j393) 5.4

with b; = 1/4/k; — 2. The conditions corresponding to zero eigenvalues of (3.15) and (3.16) are
now given by

—Jji—ja—my—jz—m3+1=0,
L . o (5.5
_ Uit ptmGi+ptm—1  jpls=D _
ki +ky—2 ki +ky—2

with some integer m. There is also a similar condition with my, m3, m replaced by m», m3, m

We have shown that a map can be constructed between elements of Q1-cohomology and Q-
cohomology for our restricted form of vertex operators. Thus, we can pick up an element of
Q1-cohomology with our preferred choice of m,, m3, m as long as they satisfy (5.5). Our choice
here is

my=—ji—jpp—j+1, m3=0, m=m;. (5.6)
It is convenient to perform a reflection relation to ¢3-direction as

V= VZ’”Z )72”_12e2(171j1¢>1 +b2 j2¢2+b3(1—j3)¢3) (5.7)

with

my=mp=—j1—j—j3+1. (5.8

This choice is useful since vertex operators do not depend on y3 so we can neglect 83 in the
action as well.

The action and vertex operators still depend on (8>, y2)-system. We deal with them by apply-
ing the reduction method of [8,1]. We rewrite the vertex operators as

W, (zy) = /l |2 Vv(Zv) 5.9

; i ; iy v v v
Vi(zy) = |MU|211+2jz+213—28Mu)/2—Mv)/292(b111 b1+b2jp ¢2+b3(1=j3)¢3) (5.10)

We may insert an identity operator in the coset theory as in, e.g., [ 1,5]. Now we perform s spectral
flow operations to SL(2)k,, SL(2)k, in the numerator of (1.6) and the operation is undone in the
coset theory by performing s spectral flow to SL(2),t«, in the denominator. In the current first
order formulation, the identity operator is expressed as

1= v (&)es@1/b1=d3/b3) gy (5.11)

where the spectral flow operator v(®) (&) restricts the domain of integral over 8, such as to have a
zero of order s and effectively inserts e592/2 at w = &. We then compute the correlation function
of the coset model (1.6),

17
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N
<U(S)(%.)es(¢l/hl_¢3/b3) (S) 1_[ Vv(ZU)>

v=1
(5.12)
3 N
= / []_[ D¢i:| Dyr,Dpre™S l‘[ Vi (zy)et @1/01+62/b2=3/b3) (£
s Li=1 v=1
Here the effective action is
3 3
1 _ _ _ R
S=- / d*w [Z 01 i + P2dy2 + B2d7 + —“; (Z b,-¢,»>
i=l i=1
+ )uﬂZ,B_Z (€2b'¢1 + €2b2¢2)i| . (5.13)

Notice that 8; in the interaction term is replaced by (5.3) and the terms except for 8, are ne-
glected. The subscript s in the integral symbol represents the restriction of integral domain for
B>. Integrating y» out, we obtain delta functions for u, and a delta functional for 8, as explained
in [8,1]. After further integrating 8, out, it is replaced by a function as
N Ky N—-2—s
w— Al w— Yy
_,BZ(U)):Z My :u( &) I—[l_l ( yi)

— N
v=1 W= 2v Huzl(w —Zv)

The second equality defines a map of variables from p, to y;, which is possible only when the
conditions coming from the delta functions,

=uB(w; zy, yi) . (5.14)

N

Hv
—— =0 5.15
2 w—5) G

are satisfied fora =0, 1, ..., s. For more details, see, e.g., [1].
In order to remove the functions in the interaction terms, we shift ¢; as

1 1 1
¢’1+z_bll“'”5'2*¢“ ¢>2+2—bzln|u6|%¢z, ¢3—2—b31n|u6|2+¢3. (5.16)

The third one is chosen such that there would be no extra factor with w, in the vertex operator of
the form (5.10). Now the correlation function becomes

N N N—2—s
<H vv(zv>>=<]"[ V@) [] Vb()’i)> (5.17)
v=1 v=1 i=1
with the vertex operators
V, (2) = 201G +1/26D8) +b2(j3 +1/203) b3 (1= 5 =1/263)¢3) (5.18)
Vb()’i) — ¢ P1/b1—=¢2/b2+¢3/b3 (5.19)
Notice that the insertion at w = £ is canceled out. The right hand side is evaluated with the action

18
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C e[S a0da 4 R (S 006 ) -2 3w,
with

Q1=b1+1/by, Qa=by+1/by, Q3=b3—1/b3 (5.21)
and

Vi=e?? B =(b1,0,0), Br=1(0,b,0). (5.22)

The relation between the correlation functions in (5.17) is up to a factor that is a function of

ZV k] yl .

We then move to correlation functions of vertex operators of the form (5.9). As in [8], the
Uy-integration in (5.9) can be mapped to the y;-integration, and the extra insertions of vertex
operators at y; can be interpreted as an interaction term. Thus we can write

N N _
<1'[ wv(zv)> = <H vv(zv)> : (5.23)
v=1 v=1

The relative factor is canceled with the Jacobian due to the change of variables from u, to y;, see
[6,7,1]. The action for the right hand side is given by (5.20) but now there are three interaction
terms as

V. = ¢2bi'¢ /g_io() ,B—OLO /g__i_ii
1 ’ 1= bla ’ ’ 2 = 7b25 ’ 3= 2b17 2b272b3 .

(5.24)

For Vi, V2, we have performed the self-duality of Liouville field theory. As explained in [1], we
may perform reflection relations to Vi, V5 with respect to V3, which lead to

ki —1/2 ki —3/2 3/2—k kn—3/2 ka—1/2 3/2—k
L)

by b b3 by by b3
(5.25)
Computing the Gram matrix, we find
1 ki+ky—3 —ki+1
—2BiBj = ki +k2—3 1 k1], (5.26)
—k1+1 —ky+1 1

which reproduces (2.11)-(2.14) in [35].° This means that the theory with the action (5.20) cor-
responds to the free field realization for the coset (1.6) given in [35]. In this way, we have
shown that the N-point functions of the coset (1.6) can be reduced to those of the theory with a
0(2, 1, —yr)-structure.

5 In order to match the convention, we need to replace k; by —k; and set n = —1.
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6. Large N/ = 4 Liouville from a coset

In this section, we examine the correlation functions of primary operators in the coset (1.7)
and relate them to those of the large V' = 4 super Liouville theory, see [16]. The factor Y (k1, k2)
in the numerator is made of two 0(2, 1; —y) with ¢ =1 — ky, 1 — k» at level one. The large
N =4 superconformal algebra has two s[(2) current algebras with levels k|, k} satisfying the
relations like (1.5). This duality structure is hidden in 9(2, 1; —y); as explained in section 2, see
[39] for more details. In the next subsection, we find out a description of D(2, 1; —);. Since
the action in the WZNW model should be quite complicated, we use a description as a coset of
SL(2|1) and free bosons [39]. In subsection 6.2, we examine the N-point functions of primary
operators in the coset (1.7) and relate them to those of a different theory. In subsection 6.3, we
identify the theory as the large N = 4 super Liouville theory, which corresponds to the free
field realization of large N = 4 superconformal algebra in [58]. In subsection 6.4, we further
gauge SU (2)"/1 +, subsector and reproduce the theory with a 9(2, 1; —)-structure obtained in
section 5.

6.1. D@2, 1;k — 1)1 from SL2| )k

The factor Y (ky, k) in the numerator of the coset (1.7) is made of two D (2, 1| — i) at level
one. As a simple description of D(2, 1| — i) at level one, we consider the coset

- SL2IDr@U)yy @ U(D)yz

D2,1;k—1); 6.1)
U,
as in [39]. Here we set ¥ = 1 — k. We introduce free bosons Y, Z with OPEs as
1 2 1 2
Y(Z)Y(O)N—Elnlzl , Z(z)Z(O)NEInIZI . (6.2)

We will later determine the action of U (1)-generator J in the denominator of (6.1). We have
already examined the SL(2|1) WZNW model to some extend in section 4. It will be convenient
to adopt the first order formulation of SL(2|1) WZNW model at the level k given in (4.6) as

SWINWV o] = Efdzz [0¢d¢ — dpdg + Bdy + By + pdd + pdd + qon + i

+-5—/lﬁz[e“¢+w(p+—%ﬂnﬂﬁ—+%5ﬁ)+eb@—¢kq4-%ﬁexﬁ—+%Béﬂ

2
(6.3)

with b = 1/4/k — 1. We have slightly changed the notation such as

pr—>¢, 29, pr—>p, =0, pp—>gq, h—n (6.4)
and similarly for (p;, 6;). Here we use a bosonization formulation as

p= e , 0= eig" , qg= oht , 0= et (6.5)
with OPEs

g“ (g ()~ —Inz, h"@)h"©0)~—Inz. (6.6)

We bosonize p, 0, g, ij in terms of g%, h® in a similar way and define g = g% +g®, h = h +hR.
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The affine Lie superalgebra s[(2|1); has obvious subalgebra s[(2); generated by E t=4f*
and H| = H. There is actually hidden s[(2); as shown in [38,39]. The relation of levels is given
in (1.5). Generators of the hidden sl(2);; may be expressed as

k 1
Ef=e*F'F~, E;j=-?G"G™, H= (ﬁ> <8Y + EI) : (6.7)

With the additional free boson Z, the fermionic generators of 9(2, 1; k — 1) can be expressed as
FrelZ FeVZ GteY*Z G e YEZ. (6.8)

These generators should survive under the gauging of U (1) ;. This determines the action of J as

J:I+8Y=—b_18<p+l§(8g—8h)+3Y. (6.9)

In order to cancel the contribution, we may introduce a boson W with OPE W(z)W(0) ~
—% In|z|? and use the vertex operators of the form

V= e*%(g+h)ym?%é2bj¢+2bl<p+2tY+2uZ+2b(l+t)W . (6.10)

It will be convenient in working on the Ramond sector indicated by the first factor. Moreover, it
will be enough to deal with ¢t = 0 sector for our purpose.

6.2. Reduction of a coset

According to [16], the factor Y (kq, k2) is given by a sum of two 9(2, 1| — ¢) at level one in
the coset description (1.7) but removing Z-fields. In the BRST formulation of the coset (1.7), we
use the sum of actions as

S=Sh + S+ S L 4ld3, v3, B3] + Spelb” . cal. (6.11)

For the action S,il, we use

1 _ _ - S
sh = Efdzz (561961 — Bg1dr + AW, OW1 + Bidy, + Bro7]
1 - - = o
+ g/cﬂz [P1061 + p1061 + q19m1 + §1071] (6.12)

A _ =
+ E/dzz[eb‘(d’]w‘)(l?l + 3B (1 + 3B

+ PO gy + 18100 G+ 3B |

where b1 = 1/+/k; — 1. Now that we are interested in the correlation functions among primary
operators of the form (6.10) with = 0, we have neglected a free boson Y. For S,%z, we replace

the subscript 1 by 2. The action S}, .3, y3. B3] is for the 5[(2) WZNW model as in (3.2)

and Sp.[b%, ¢ ] is for the BRST ghosts as in (3.7).
The coset can be now analyzed in a way similar to (1.6). We neglect f1, y; and B in the
action is replaced by (5.3). The vertex operators are considered of the form
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V= s 2)/2’”2 y;“ |:1_[€ 2(6’1 +hi)+2b; (jigi+Hipi+li WA):| 62h3j3¢73 . (6]3)
i=1

Here we set b3 = 1/4/kz — 2 with k3 = —k| — kp + 4. The conditions corresponding to (5.5) are

—Jh=12—=j—1/2—my— j3—m3+1=0,

. . . . (6.14)
(ji—p—14+mQC+j+p—m) j(l—j3)
ki+ky—2 k1+k2—2
with some integer m. There are also similar conditions with m», m3, m. We may set
my=—j—jo—j, m3=0, m=my+1 (6.15)
such that 3, y3 can be neglected. We thus consider the vertex operators of the form
Wy (20) = f P |2v V(@) (6.16)
M

2
Vi (zy) = elvr2—ivia |:l_[ |'uv|2/'i+le—'§(gi+hi)+2bi (4/,-V¢i+liv¢+livwi):| e |2./3v—2€2b3(1—/3v)¢3 )
i=1
6.17)

We have performed a reflection relation to ¢3-direction. An identity operator can be inserted as
in the previous case. Here, it is given by

1= U(S)(é)es(%(g1+h|)+¢1/bl —¢3/1’3)(é§) , (6.18)

where the spectral flow operator v(")(é) restricts the domain of integral over 8, such as to have

a zero of order s and effectively inserts ¢S (5(82th)+92/b2) 41 o) = & as before.
We first examine the correlation functions of the form

) N
<v(S)(%-)eS('i(gl+h1)+¢1/b1—¢3/b3)(%-) 1_[ Vu(Zu)>

v=1
(6.19)
/Dge SH V(2 )EY(Z, | S(gjth )+ /br+a/br— ¢3/b3)(%-)
v=l1
The path integral measure is
3 2
Dg = {]_[ qu} []_[ DfpiDpiDGiDq,’DmDWi:| Dy,DB> (6.20)
i=1 i=1
and the effective action is
1 >, 1 2 _
S = g/d2z [; 9 I + Zﬂwa& + ; (—0¢pidg; + 8Wi8Wi)] (6.21)

22



T. Creutzig and Y. Hikida Nuclear Physics B 977 (2022) 115734

Jr—/d2 [Z(plae + pid6; + q;dm; +q18m)+ﬂ28yz+ﬁ28yz+kZV}
i=1 i=1

Here the interaction terms are

Vi =1 O (py 3B (P14 31, Vo= (g1 + 31601 + 310D

Vs =050 (py 4+ L Bam) (1 + 3 Baiin) . Va= PP (qa + 3 Ba62) G2 + 3 o)
6.22)

As before, integration over zero mode of y» gives delta functions for u, and integration over
non-zero modes of y» leads to a delta functional for f,. After integrating 8, out, B, is replaced
by a function

L= TIL ™ w —y0)
—Br(w) = Z B 1= = = uB(w; 2, i) (6.23)
— 2y nv 1(w —2v)
The restrictions coming from delta functions are
N

Z Hv —=0 (6.24)

= (w—§)
fora=0,1,...,s.

In order to remove the function appearing in the action, we shift the fields as

1 1 1
¢1+2—blln|u8|2e¢1, ¢’2+z_b21“'“6'2*¢2’ ¢3—2—b31n|u6|2+¢3,
(6.25)
i 2 i 2
gi+§1n|u8| —> &i» h,~—|—§ln|u8| — h;.

The correlation function becomes

N N—-2—s
<H vu<zv)>=<]"[ Vi(z0) H vb<y,> (6.26)
v=1

up to a factor that is a function of z,,, y;. The vertex operators are

2
Vo(z,) = [1—[ eZbi((jiV+1/2h,—2)¢7i+l;)(ﬂi+llyWi):| o2b3(1=j3 =1/2b3)¢3 6.27)
i=1
and
1 (yi) = e—%(g1+h1+g2+h2)—¢1/b1—¢2/b2+¢3/b3 ) (6.28)

If we consider W), (z,) in (6.16) instead of V,,(z,) in (6.17), then the vertex operators \7;) (yi) can
be regarded as an interaction term as above. The correlation functions are now written as

N N .
<1"[ wv(zv>> = <H vv<zv)> : (6.29)
v=1 v=1
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where the factor is canceled by the Jacobian due to the change of variables u, to y;. The action
for the right hand side becomes

3 2
1 [, - 1 - ,
S=- /d z [21 0¢idi + /&R (> onai)+ Zl (—99id¢i + aw,»awl-)}
1= 1=
(6.30)
1 2 5
+ Efdzz [Qm% + pid6; +qion; + G;97;) +x2; v,} :
1= 1=

where the interaction terms are

V) =1 @rten (p %,71)(151 + %;“), Vy = 10190 (g — %9])(@1 + %9_]),
Vs = 2@ () — Ly (o1 + L), Va=eP207 (g — 100 (@ + 162, (631)

Vs = e—%(gl+h1+g2+h2)—¢1/b1—¢2/b2+¢3/b3 )

The background charges are

1 1 1

=, =, =bhy — — 6.32
Q¢ 04, b Q¢ = b3 bs (6.32)

and the conformal weights of p;, 6;, g;, n; are 1/2 and similarly for p;, o;, qi» i
6.3. Large N' = 4 super Liouville theory

In the previous subsection, we have rewritten the correlation functions of the coset (1.7) in
terms of a different theory with the action (6.30). In this subsection, we identify the theory as the
N = 4 super Liouville theory. Let us first observe that if we change the fermionic variables as

Wi+aqi—>6. pi+ini—>pi. sni—pi—n. q—30—>4q. (6.33)

then the theory with interaction terms Vi, V; (or V3, V4) can be identified with those of the ' =2
super Liouville theory. Therefore, treating an interaction term V5 perturbatively, the theory can
be regarded as a sum of two A = 2 super Liouville theories with parameters k; — 1.

It is known that A = 2 super Liouville theory is dual to a super cigar model [20,2]

SL2)y4+1® SO2)
U()

where k; —1=1/(k; — 1) as in (1.5). We apply the fermionic FZZ-duality to the two N =2
super Liouville theories. Then the correlation functions of the coset (1.7) become

N N _
<1"[ \va(zv>> = <H wu(zv>> : (6.35)
v=1 v=1

where the right hand side is evaluated with the action

: (6.34)
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1 3 _ 1 2 ) )
S = E/dzz [; 0¢; 0¢; + Z\/§R (Z Q¢,«¢i) + ; (—0¢idei + aWian.)}

2 3

+E/d2z [;<piaei+piae,~+qiam + ;3 + Bidyi +ﬂ,-ay,~)+x2 w] :
1= 1=

(6.36)

The interaction terms are
Vi = 62¢1/b1’31/§1 . V= 62¢2/b2ﬁ2/§2 (6.37)

and V3 obtained by the duality map from Vs as analyzed later. The background charges are the
same as those in (6.32). The vertex operators are now

2

~ _2B2(jY 24v (7Y 2 i 417 ; +1" Wi iy 2

U, (z) = |:l_[ v 2b7 (j+1/2b7 +; )eZb, (7 +1/72b7) i +1; i+ W,):| ezb3(1 J3=1/2b3)¢3 .
i=1

(6.38)

Notice that ¢; plays the role of U (1)-factor in the denominator of (6.34).

Since ¢1, ¢ (and W1, W5) do not appear in the interaction terms (6.37) anymore (see also Vs
in (6.31)), we can integrate them out. Due to the form of vertex operators (6.38), the contributions
cancel out with each other. Thus we can use the vertex operators

2
¥, (20) = [1—[ lvi |72bi2(jiV+l/2b[-2+l;’)eZb,v (j’_U+l/2bl-2)¢i:| 62b3(17j3“71/2b§)¢3 (6.39)
i=1

and the effective action

1o [ 1
S— g/d z [;aqxaqx +VER (Z Q@"”)]

2 3
+E/d2z |:Z(Pi39i+Pi89i+4iarli+6]i377i+,3i3)/i+/3i8)/i)+)»2 Vi:| :

i=1 i=1

(6.40)

where interaction terms and background charges are the same as before.
It is time to think about V3, which involves a spin field. It would be useful to move to another
description of fermions as

PEI€2e3Es — e%(elg1+€zh1+€3gz+€4hz) (6.41)

by utilizing the triality relation of SO (8) representations. Here €; = £ and the mutually locality
requires that ]_[?:1 €; = +1. We may decouple the half of fermions furthermore and left

1 1
Y=gt QYT O~ S @Y O~ - (6:42)

Before decoupling the half of fermions, the interaction term V3 is neutral under the s[(2), 1
currents, which are the diagonal sum of s[(2),,+1 and sl(2)_> made of fermions. The s[(2);+1
currents may be expressed as
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Jh=Bi. J3i=bidgi+Bivi. Ty, =Bivivi +2bividgi — (k] + Ddy; . (6.43)
After decoupling the half of fermions, the currents made of fermions are modified as sl(2)_;.
We may express them as
=@ty Tyt TN, I =ytytt, U =y
(6.44)
T, =30y =y Ty, T =y Tyt T =gty
The interaction term V3 can be fixed up to overall factor by the singlet condition with respect to
the symmetry of sl(2)x, and sl(2),, which are the diagonal sum of s[(2)s, 41 and s[(2)_; made
of fermions. The singlet is then given by
Vi=Inny ™t =yt — gyt g et/ /iatdn /b (6.45)

which is the same as the one in (27) of [58].
The energy momentum tensor of the theory is given by

3
=Y [00i00i + 0570+ z@w YT YTy T Zﬂ,am ,
i=1 i=1

(6.46)

whose central charge is

3
6
— 2: 2)

i=1
We except that the theory has the symmetry of the large A = 4 superconformal algebra including
5[(2)"/1 and s((2) K subalgebras with (1.5). Indeed we can rewrite as
_ 3(ky + kb)) — 6k\ k),
Ky+ky—2 7

(6.48)

which is the expected value of central charge, see, e.g., eq. (B.37) of [50] (up to klf — —lgii).
Fermionic currents are constructed such as to commute with interaction terms as well. From this
condition, we find

by G =0 agoy T by 01y — b gyt T+ (1 — kYT
+ ki = Dy ™ + ke — Doy ™ + (1 — k) oy ™™
+ (ke = kYT Y TTY T (ki ko — Doy

by Gt =byagoy T — by gyt +2b gy T — by gyt
+ (A =kDnBY T+ ko — Dyfoy™ T+ ko — Doy

+ (ki = Dyiy Byt + (1 =2k ay iyt
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+ (ki — k)Y YT YT (ki ko — Doy T

by Gt =2, 9gayay T — by 9oy T + by 9y T — by syt (6.49)
+ =Dy + k= Dyiprv ™+ (A —k)yapoy ™t
+ (k2 = Dyaya oy ™ 4 (1 = 2k2)dyayp ™ F
+ (ki — k)Y YT YT (k- DAy T,

by G =205 0gayay T + by ooy T + by agiy T +2by  aguyi YT
+55 33y + (ki — DBy + (ko — Dyafoy
+ (k2 = DyayaBo¥ ™" + (1 = 2k2)0y2 ™ + (ki — Dyimi Byt~
+ (1 =2k ™™ + ki — kDY YT T — (ki + k= DAY T

The OPEs among the generators of large ' = 4 superconformal algebra are summarized in
appendix B.

6.4. Further reduction of the coset

In [16], it was also shown that the coset algebra of (1.6) can be reproduced from a further
coset of (1.7) given by
Y (ki k2)
SU@), ® SUQ), ® SUQky 14,

(6.50)

We describe it as a SU (2) K ® SU(2) K, coset of the large A = 4 super Liouville theory obtained
above. Here we derive correlator correspondences for the duality. In the BRST formulation, the
action for the coset is given by

e +Zss‘@ (1. Bi. 71+ Spelb®. cal. (6.51)

The first action is for the large A" = 4 super Liouville theory given by (6.40) with (6.37) and
(6.45). We bosonize the fermions as

ytt =i v —e i e — ¥ vt = iy (6.52)
with Y/ (2) Y} (0) ~ —6; j Inz and similarly for "> with Y;X. We further define ¥; = ¥* + Y.
The second and third actions are for s[(2) WZNW models with levels k’l .ké, respectively, given
in (3.2). The fourth action is for the BRST ghosts, which can be found in (3.7).

We apply the first order formulation of the coset as usual. Namely, in the action of large N' = 4
super Liouville theory, we remove Y1, y2 and replace f1, B> in the interaction terms Vi, V2 in
(6.37) by JF PaL f2 given in (6.44), see, e.g., (3.14). Now the interaction terms becomes
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V) = 201/b1 ,i (Y1+12) . Vo= 201/b2 ,i(Y1=T2) , W= e~ P1/b1=¢2/b2+¢3/b3 ,—iY1 (6.53)

In order to express the field space orthogonal to that of denominator of the coset (6.50), we may
redefine

201/b1 +i(Y1 +Y2) > 2¢1 /by, 2¢1/br+i(Y) — Y2) = 2¢2/b) (6.54)
with b} = 1/+/k; —2 and b} = 1/+/ky — 2. The interaction terms are now
Vi = 201/b) L V= 62¢1/b/2 . Va= e—¢1/b/1 —¢2/by+¢3/b3 , (6.55)

where reproduces (5.24). In this way, we have shown that the coset (6.50) reduces to the theory
with a 0(2, 1; —)-structure dual to another coset (1.6).

7. Boundary FZZ-triality

Up to now, we have examined correlation functions on a worldsheet of sphere topology. In
this section, we examine the FZZ-triality in the presence of boundary, i.e., D-branes. D-branes
in cigar model are classified in [68], and it was shown that there are D1-branes and D2-branes
(and somehow degenerate DO-branes). Boundary actions for D2-branes in sine-Liouville theory
can be derived from those for D1-branes in cigar model as in [2]. However, boundary actions for
D2-branes in cigar model have not been obtained yet, and due to this fact, boundary actions for
D1-branes in sine-Liouville theory cannot be obtained in the way. In appendix C, we construct
boundary actions in SL(2|1) WZNW model by following the analysis for branes in OSP (1]2)
WZNW model in [55]. From them, we can obtain boundary actions in sine-Liouville theory both
for D2-branes and D1-branes. We repeat the same analysis for supersymmetric setup, and our
results reproduce boundary actions for B-branes and A-branes in N = 2 super Liouville theory
found in [69].

In appendix C, we obtain boundary actions in SL(2|1) WZNW model at the classical level,
and it is straightforward to include quantum corrections in the first order formulation. Applying
the first order formulation to the coset (1.4), we can read off boundary actions in sine-Liouville
theory. However, the classical relations for parameters u; receive quantum corrections and hence
the values of parameters p; should be modified. We do not try to determine the parameters u; in
this paper, but in principal it could be done by repeating the analysis of [69].

In section 4, we obtained the bulk action of sine-Liouville theory from the coset (1.4) as in
(4.14). For D2-branes, the boundary actions can be read off as

1 R L
Sboundary = 7 /du[bqub T (1ot + poo)e? Jb+iJrx
(7.1)

+ (uzoy + M4G_)6¢L/b_iﬁXL]

from those for B-branes in SL(2|1) WZNW model in (C.13).° Here we have decomposed ¢ =
¢L(z) + ¢R (z) and x = XL () + XR (z). Moreover, K represents the curvature of boundary and
the Neumann boundary conditions are assigned both for ¢ and x. The boundary fermions 7, 1
are replaced by 2 x 2 matrices

% Ina quantum treatment, the boundary interaction term S e®1 can be neglected since it can be generated by the other
boundary interaction terms. Similar arguments hold also for the other cases below.
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a+=<8 (1)>, a:((l) 8) (7.2)

due to the Grassmann even property of exponential type potentials. The boundary actions (7.1)
reproduces (2.54) in [2]. For D1-branes, the boundary actions are

1 ~ A A
Sboundary = Z / du I:b’C(b + M10+3¢L/b+lﬁxL + M20-7€¢L/bﬂﬁxli| s (7.3)

which is obtained from those for A-branes in SL(2|1) WZNW model in (C.23). Here we assign
the Neumann boundary condition for ¢ and the Dirichlet boundary condition for x. The form
was already anticipated as in (E.2) of [2].

We can consider the coset (4.25) with an additional complex fermion. In this case, we have
obtained N = 2 super Liouville theory with the bulk action (4.31). The boundary actions for
B-branes are

- _ b
Shoundary = /du |:77(3 +9)n+ EIC¢:| (7.4)

1 S DY A ) IR Y SN AN 5
+g[du|:(ﬂlﬁ+,u277)€b (@ +ix)+iY +(/’L37/+/L47’)eb (pF—ixt)—iy ]’

which come from those for B-branes in SL(2|1) WZNW model in (C.13). They reproduce (5.8)
in [69] and (3.28) in [2]. Here we assign the Neumann boundary conditions for ¢, x and Y. The
boundary actions for A-brane are

- _ b
Sboundary = /d“ |:7I(3 +0)n+ E’C¢j|
7.5
L / du [Mmel;*‘(¢L+ixL)+iYL n Mzﬁeﬁ’l(dﬁfixL)fiYL]
2 ’

which come from those for A-branes in SL(2|1) WZNW model in (C.23). They reproduce (5.28)

of [69]. Here we assign the Neumann boundary condition for ¢ and the Dirichlet boundary

conditions for y and Y.
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Appendix A. Convention for Lie superalgebras

In this appendix, we introduce generators of Lie superalgebras, which may be expressed in
terms of supermatrix of the form
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A B
M:(C D). (A1)

Here A, B,C and D are n x n, n x m, m X n and m X m matrices, respectively. We call it as
n|m-dimensional representation of corresponding Lie superalgebra. The supertrace is defined by

str M =trA —trD (A2)

and the norm is fixed by (X, Y) = str (XY). See, e.g., [70] for more details of Lie superalgebras.

A.l. Lie superalgebra sl(2|1)

The Lie superalgebra is generated by four bosonic generators E*, H, I and four fermionic
ones F*, G*. In the 2|1-dimensional representation, they are expressed by

I 0 o 100
H=[0 -1 of, I=|0 § o],
0 0 0 0 1

e
—
o
e
o

Et=]0 o], Ec=|1 0 0],
0 0 O 0 0 O
(A3)
0 0 O 0 0 1
Ft=]10 o0 o, F={0 0 0]},
01 0 0 0 O
000 0 0 O
Gt=|l0 0 0], G =|0 0 —I
1 0 0 0 0 O
Non-trivial (anti-)commutation relations are given by
1 1 1
[H, E¥]=%E*, [H FY=+ F* [H G*=+;G%, [ F¥=_F",
1
[1.G¥]=—2G*. [ET.ET1=2H, [E* F7]=-F* [E*GT]=-G",
(F£,GT)=FI+H, {F% G*)=+E*.
(A4)
Their norms are
1 1 + - - o+
(H,H)=§, (1,1>=—§, (ET,E")=(E",E")=1,
(A.S)

(FT,G7Y=(F~,GNY=—-1, (G ,FH=(G",F)=1

and others are zero.
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A.2. Lie superalgebra sl(n|1)

The Lie superalgebra sl(n|1) is generated by the Cartan directions H;, [ withi =1,2,...,n—
1 and bosonic generators J; ; with i # j and i, j = 1,2, ...,n. Moreover, there are fermionic
generators F;, G; with i = 1,2, ...n. The generators may be expressed by matrices in the n|1-
dimensional representation. We introduce elementary matrices (e;,j)k,1. = 81,k 67,1.. The Cartan
generators may be expressed as

1 n
Hi=eii—eirriv1, I=-—— > eii+nentinti (A.6)

i=1

withi =1,2,...,n — 1. Other bosonic generators are

Jijj=ej A#]). (A7)
The non-trivial commutation relations among them are

(H;, Jii]l = Gik — Siv1,x — it +8iv1,0Jk 1 s

(A.8)
ijs el =8 ki — 8iidi,j -
The fermionic generators are
Fi=ent1i, Gi=eint1 (A.9)
and the commutation relations
[Hi, Fjl=—=06i jFj+6it1,;Fj, [Hi,Gj1=208i;G;j—38i11,;Gj,
(A.10)
[(I,Fjl=F;, [I,Gjl=—-Gj, [Jij,Gil=6;xGi, L[Jij, Frl=—8ixF;
might be useful. With this definition, non-trivial norms are given by
(Hi Hj) =Gl (1. =———.
(A.11)

(Jijs Jen) =38i18jk, (Gi, Fj)=—(Fi,Gj)=34i;.
Here Gg.l) is the Cartan matrix of sl(n).

Appendix B. Large N = 4 superconformal algebra

The large N = 4 superconformal algebra is generated by the energy momentum tensor 7,
four spin 3/2 generators G** and two set of affine s[(2) currents Jia witha==+,3andi=1,2
[36,37]. We may denote the two levels of s[(2) current algebras by k’1 and ké, then the central
charge is given by

o 30k +ky) —6kiky
ki 4Ky —2

asin (6.47). A free field realization of the algebra is given in subsection 6.3. In this appendix, we
summarize the OPEs among the generators.

(B.1)
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We can check that the energy momentum tensor (6.46) satisfies the usual OPE with the central
charge (6.47). Moreover, we can show that the other generators are primary with respect to the
energy momentum tensor. The spin one generators satisfy two affine s((2) current algebras with
levels k| and k) almost by construction. With our convention, the spin 3/2 generators transform
under the action of s[(2) currents as

+1G% 0 L GTeE
T} (GF(0) ~ %() L IF@GE 0 ~ 2O
(B.2)
+1GEO LGeF
B @G 0) ~ %() L FeeEo~ 2O

with e = +.
The most non-trivial OPEs are among spin 3/2 fermionic generators, which produce compos-
ite operators consisting of two 5[(2) currents. We find that

2T )
GH ()G H(0) ~ ,
Z
T 11 9 / J2 (0) L N / 8J] (0) T / J] J2+(O)
G @G (0) ~ T s i e ,
Z Z
2k2 + + + 73
B 0) 0 0) = s S0
k k k k k k
GRG0 ~ - - :

3
0 + 5 0

G (G (0) ~

Z2
k’-}-k’ 8J] (0) + k/+k/ 812 (0) + T(O)
<
g RO = 30 0) = 347 T )

Z

1 373 1 — 1 ,—
g (RO = 3570y 0) = 30y [ O) = i 17 03(0)

bl

Z
2 sJT A(O)!
G+ ()G (0) ~ : , (B.3)
B FI g )
G ()G (0) ~ e ZQH"
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59J7(0) — 53J5(0) — T(0)

k’ +k’ k’ +k’

Z

~ gz 7 O) = 3 I ©0) = 1T (0)
+

Z

1 373 1 - 17— 3
—r=s (55 0) - 31T (0) = 30, 0 (0) — k,+k, 5J1 75 (0)

+ : ,
2 I Iy (0)
G+ ()G (0) ~ —2 ,
Z
Ry () J— T ) ()
DG (0) ~ K+k,—2 ] K+, +k K+, +k ’
Z Z
2k' k' 3
Ty () S S ey () (1)
G ()G (0) ~ B ] K k)= K| k)= ’
Z Z
2 I Iy (0)
k k
G~ ()G (0) ~ —1F .

Appendix C. Boundary SL(2]1) WZNW model

In this appendix, we find boundary actions for branes in the SL(2|1) WZNW model. For this,
we follow the strategy taken for the O SP(1]12) WZNW model in [55]. Assigning two different
gluing conditions for sl(2|1) currents at the boundary, we can construct two types of branes,
which will be called as B-branes and A-branes by following usual convention.

As in the case of OSP(1|2) WZNW model, it is convenient to start from the first order
formulation only for the bosonic fields. This means that we use the classical action

k _ _ _ _ _ _
S = 2—/d21 [0010¢1 — d2d¢ps — e 17 %2360,00; + e *119256,0, ]
JT

1 _ _
+Z d*z[B (3 — 3(0200, +6,362)) + B (37 — 36200, + 0,06,))] (C.1)

d? 241
Tl R

The equations of motion lead to
B=ke 2 (37 — 10,001 +0186,)), B =ke ' (y — 162861 +0136,)). (C.2)

We express the s[(2|1) currents by
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J(Z)=kg og (C.3)

—JUF—JO Gt JEEY 4 2i H 20 1+ T FT -9 G+ JF E.
With the help of equations of motion in (C.2), we find
JF" = ke ™91=%256, — 6,8,

T = —ke= %956, 46,8,
JE =5,

JH =kdg) +7f — S 90,50, — ke 9192656,

Tl = —kddy — 5e™97920,30, + Le=1920,30, + 16108, (C4)
TE = ko, — k031 — 3¢) — 027 B + ke "2 530; — Kem91726,0,50,
JO = —kdby + k01 (3 + d¢2) + 017 B — ke 121550, — Lem017920,0,50;
JE =%(6130, + 6,30)) + kdy — 2kydpy — 77 B

+ ke ?179250,00, + ke 1 19250,00, + k616, .
We define J¢ in an analogous way but with replacing 36; by —d6;, see (4.5).

C.1. Boundary actions for B-branes

We examine a B-brane corresponding to the gluing conditions
Jé=Je (C.5)

at the boundary in the current convention. The conditions can be reproduced from the fields
satisfying

B=B. 7—y=ce” +16:10+6:01),
ke™ #7730, +801) = (62 — 02),  ke”"1FP2(36 + 362) = B(61 — 1),

_ k _ _ - _ _ _
k(3 — )1 + cBe® — 1 [e7917%2(6) — 6)) (801 — 36)) + e 1 92(6, — 6,) (36, — 362)]

-0,

(0 — ) + }1 [e=?792(0) — 61)(361 — 301) — e~ 12, — 0,) (36, — 302)] =0,
(C.6)
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2362 — 862) — (2 — 62)( + 8)(d1 — ¢2) — ce” (861 — 361) =0,

2361 — 961) — (61 — 01)(@ + ) (91 + p2) — ce? (302 — 362) = 0
at the boundary.
We would like to construct boundary action which leads to the above conditions. Using the
last two equations, we obtain

4—c?

4

01 —01)(86) — 301) = — (61 — 01)(d + 3) (B — 61)

+ ge‘f’z(él —01)(@ +3) (62 — 62) — ge"’z(é] —01)(62 — 602)(0 + ) (1 — $2),

2
(@ — 02)(362 — 86y) = —(B> — 02)(B + 9) (B — 62)

4

n %e_m(@_z — 0@+ )@ — ) + ge—@(él —01) (B — 0)(3 + 0) (1 + ).

(C7
This implies that the boundary action is given by
1 _ 1 = ~
Sboundary =5 fduﬂ(y -y - Ce(pl — = (0102 + 6201))
2mi 2
L /due—¢l—¢2 01 —61)( + ) (O — 1)
2mi 4 — 2
(C.8)
k1 —p1+2 =\ (d
— due™?""P2(6r — 62)(3 + 9) (02 — 62)
2mi 4 — 2
_ L 1 ¢ d —(¢1+¢2)/2(9' — 00 + 5) —(¢1—¢2)/2(9' —0)
wmid—c22 ] M e ¢ 2L

We move to the first order formulation both for the bosonic and fermionic fields by introducing
boundary fermions. The bulk action is given by (4.4) and the boundary action is

Sboundary = /du (B =y —ce?) = (61 — 61)p1 — (B2 — 62) p2]

|

2
k Sye L @121 5

+ 5 [ dun@+ i+ 5— [ dutuin+aise LB +0)+p) (€Y

1 B B _
tom / du(uan + paine =92 (LB O +0)) + po)
Here the parameters w1, w2, (3, ia should satisfy
2(4 —c?) 4(c* —4)

P32~ MIM4 = —— . 34 =PRI =

o (C.10)
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At the boundary we assign

B=B., pi=p1, p2=ps. (C.11)
The first line of (C.9) may be included in the bulk action as

2
5= f d’z [kéqsl ¢ — kdgaddy — 0B — 79B+ Y _(0ad pa + 0ad pa) — lez"’lﬂﬁ]
2 k

a=1

1 - P _ _ -
+ 5 d*z [P (py + $B02) (1 + $B02) — e P2 (py + 1 B0V (P2 + 15OV
(C.12)

see, e.g., [71,56] as well. Then the boundary action becomes

k _ c
Sboundary = % /dun(a +0)n — %/duﬂgd)l
1 B _
* / du(uyn + pai)e® 2 (LB (0, +B) + pr) C.13)

1 B _ _
to / du(usn + pai)e @2 B6) + ) + pa).

C.2. Boundary actions for A-branes

In this subsection, we examine an A-brane corresponding to the gluing conditions

JH—JH gl _ I gF"__jG* = Gt _ _jF"
(C.14)

JF=—Jo g —_jF JET_JET  gE _JE

’

at the boundary. The conditions can be reproduced from the fields satisfying

B=B. 7—y=ce” +16:01+6:0),
ke 1 (e?200, + e 2360)) = BB — 01), ke P (e=?030, + ¢7206,) = B — 62),

k(3 — 8)¢1 + cBe?!

k _ _ _ _ _ _
- Ze_‘m [0, — 01) (280, — e ?2861) + (61 — B2) (e~ 230, — €286,)] =0,

_ k _ _ _ _ _ _
k(3 + 8)¢o + Ze*‘f’l [(62 — 61) (280, — e 2861) — (61 — B2) (e™ 9?30, — €?206,)] =0,

2(36) — 862) — (B1 — 02) [( + D)1 + (3 — D)pa ] — c(e?2360, — e 361) =0,
200, — 36) — (62— 01) [(D + D)1 — (3 — Do ] — c(e™ 230 —e3b) =0  (C.15)
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at the boundary.

We would like to realize these equations from a theory consisting with free kinetic terms and
interaction terms. For free parts, we should assign Dirichlet boundary condition for ¢,. In order
to realize this, we may set

b=k @)+ X @) =0 (C.16)

at the boundary. We further introduce a dual variable (52 = ¢2L () — ¢§ (). The above equations
are now given by

B=B., 7—y=ce” + 1010 +6:0),

ke™?1 (86, + 861) = B(62 — 01), ke P (30 + 862) = B(6) — 62),

k(3 — 3)¢1 + cBe® — %ﬂ’l [(62 — 61)(30, — 361) + (61 — 02) (301 — 362)] =0,

(C.17)
_ - k _ _ _ _ _ _
k(@ — d)ga — Ze—‘f’l [(62 — 61) (362 — 36) — (61 — 62)(36, — 86,)] =0,
2(86) — 362) — (61 — 62) (8 + 3)(¢1 — o) — (86, — 361) =0,
2(862 — 361) — (62 — 61) (3 + 8)(¢1 + ¢2) — c(36; — 362) =0.
From the last two equations we find
206, — 01)(@ + ) (B2 — 01) — (62 — 61) (B2 — 01)(D + ) (1 + $2)
— (¢ —2)(6, — 01)(361 — 36>) =0,
(C.18)
2061 — 62)(d + 3)(B1 — 02) — (01 — 62)(B1 — 602)(D + ) (1 — $2)
—(c—=2)(0; — 62)(36, — 86,) = 0.
This implies that the boundary action is
1 1 _ _
Svoundry = 5= / dup (7~ y — e — SO\ +6:6)
(C.19)
ko1 —1+d)/2 5 3 [ —@1-d2)/2 5
— /due 1+¢2 (91—92)(3+3)[€ 1=¢2 (91—92)].
2mic—2

We move to the first order formulation also for the fermionic fields. With the bulk action (4.4),
the boundary action is

Sboundary = /du (B — v —ce?) — (62— 61)p1 — (B1 — 62) p2]

1
2mi
k - ~ _
o / dun(@ -+ )i + 1 / dune @210, +07) + pr) (C.20)
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LR

| duiie =92 (L6, +62) + p) .
27

Here the parameters should satisfy

1
M1y = ——. (C.21)
c—2
The boundary conditions are now assigned as
B=B. $=0, pi=p2, pr=pi. (C.22)

In terms of the bulk action (C.12), the boundary action is

k . c
Sy = 5 / dun(@ -+ )i — 5 f dupe® (C23)

1 5 =
o | dune®PRGEO: +6) + po)

n2 _ _ =
+ 5 | duie P "PRGBO +62) + p).

Appendix D. Generalized FZZ-triality

In section 4, the coset (1.4) has been examined and its correlation functions of primary oper-
ators have been shown to match with those of sine-Liouville theory or cigar model described by
(1.1). In succeeding sections, it was shown how the properties are useful to derive other duali-
ties, such as the one between the coset (1.7) and large A/ = 4 super Liouville theory. Recall that
many trialities were conjectured by Gaiotto-Rapcdk [13] and in particular a series of generalized
FZZ-dualities were derived in [4]. In this appendix we examine its relation to a coset of the type
(1.8), whose symmetry algebra is Y,, 1 o-algebra in the notation of [13]. We name the relation as
generalized FZZ-triality and expect it to be useful for other dualities as in the case of the original
FZZ-triality.

D.1. Bosonic triality

We start from a free field realization of affine Lie algebra sl(n), see, e.g., [26]. We introduce
n free bosons ¢, and n(n — 1)/2 pairs of (B; ;, y;, j)-systems with i > j, where the weights of
(Bi,j»vi,j) are (1,0). A linear combination of n free bosons ¢, decouples from the rest. The
non-trivial OPEs are

ik8ji

1)
$a(D)Pp(0) ~ =84 pInz, ¥ j(2)Bri(0) ~ — (D.1)
The currents Jif;(") with i < j are given by
n
I == > B (D2)

I=j+1

and the Cartan subalgebra is generated by
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Haﬁ[(n) — FI;[(") _ [:I:j_(;’) (D.3)
with
Hﬁl(n)_\/ k—ndgp, — ZVa lﬂal“l‘ Z Vlaﬂla (D.4)
l=a+1

The other generators J {(m) (i > j) can be fixed through the OPEs with these currents.
We then construct a free field realization of affine Lie superalgebra sl(n|1). We prepare an
additional free boson ¢ and n pairs of free fermions (p;, 6;) with j =1,2,..., n such that

8ij
9@p0) ~1Inz, pi(2)8;(0) ~ 7”. (D.5)

The weights of (pj,8;) are (1,0), respectively. We look for a free field realization such that

5[(11)

Jij= 15[(") for i < j. From the consistency with J; ; = J , we find

n
Fi=pi+ Y v.ipi- (D.6)

The Cartan generators are similarly obtained as

H, = ﬁa Ha+l s Ha =+vk—n+10¢, — Zya lﬂa 1+ Z Vi, algl a— Paba (D.7)

l=a+1
and
vk —n +
i +Za¢a +Zp] (D.8)
From the conditions to commute with these currents, we find out screening operators as
Qi = / dzVi(z) (D.9)
with
= (B1—1+1)
Vi= /31+11—Zﬁ1+1])/1, Pi+16 em e (D.10)
j=1

forl=1,2,...,n—1and
1
Vo= pre” T @Hen (D.11)

We then move to find a free field realization of the symmetry algebra of the coset (1.8) by
applying the method reviewed in section 3. It is convenient to bosonize the free fermions as

pi=eXi G=e"Xi | X;(2)X;(0)~—Inz. (D.12)

We then introduce new bosons by

=/ _n3¢a Zyal/gal"f‘ Z Vlaﬂkav I=

I=a+1

30 . (D.13)
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The field space of the coset (1.8) should be orthogonal to ¢A>a — qAba_H and 7). Furthermore,
(Bi,j»vi,j) with all i > j are ignored. We define new bosons by

_ . Nk—n~o Lk,
Vk=n+1X,+i¢,=—Vk—nX,, @+i - ZXaz—z ~%- (D.14)
a=1
The combinations fo=X4 — Xa+1 witha =1,2,...,n — 1 and x are regular with respect to

$a — dpar1 and §. The screening operators are now written as

Vi=—e i r=nr1 e (X1 —X141) L Vo= e*i\/ et (K= Yimt X+ 5 n+1)X (D.15)

Note that

R 1 n . n N
X - ;XEXQ =Y G5 (D.16)
a=

=1

Moreover, G 51.1) is the Cartan matrix of sl(n) and G is the inverse matrix of G l@. These are
the same as those for Y ¢ ,-algebra obtained in appendix B of [4] once the level k is identified
with that of [4] (denoted « here) as
n—k
——— =Kk —n. D.17)

D.2. Fermionic triality

In this subsection, we examine the coset
SL(n|1)x ® SO(2))
SL(n)r @ U(1)

where SO(2); represents a complex fermion ¥+ with weight 1/2. We may bosonize the
fermions as

yE=e", Y)Y (0) ~—Inz. (D.19)
The generators of sl(n); in the denominator is the same as before. However, the generator of
u(1) is shifted as

I=1+yty =1+i3Y. (D.20)

: (D.18)

In order to generate the orthogonal space, we need another field Y in addition to X, X . We may
choose the field as

| kn kn A Wk—n+1
z\/n_1<1+n_1>y_ — <¢+Z¢a>+zZX —i——Y. (D2D)
Further rotating the fields as
k P k 13 -Y (D.22)
nk—n+t DX Nntk=—nt+n LT '
(D.23)

__* v .
P L SRy ——
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the screening operators become

Vie_d = R =X C Ve=e et (X =3 Ko X+ et 1217 (D.24)
They reproduce (4.20) with (4.19) in [4].
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