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ARTICLE INFO ABSTRACT

Editor: Stephan Stieberger G(2) is the smallest exceptional group and it is the simplest and viable gauge group to minimally
extend the strong interaction sector: G(2) includes the group SU (3) of Quantum Chromodynamics
(QCD) as a maximal subgroup and it is equipped with six additional gluons that can acquire mass
via a Higgs mechanism driven by a new Higgs particle and constitute dark matter. In this article
I want to describe how the exceptional G(2) group can be a physical gauge group, capable of
extending the Standard Model (SM) of particles and including a versatile dark sector, which is
compatible with experimental observations. In fact, due to its peculiar mathematical features,
the group G(2) manifests some complex features, not properly considered in literature, which
guarantee its correct use in physics, as its {3} @ {3} decompositions w.r.t. SU(3) can acquire a
complex structure. The resulting framework can be a solid Beyond Standard Model (BSM) solution
for the dark matter (DM) problem, in the form of massive complex scalar glueballs, and it includes
the proper color representations for quarks and leptons. Several quantum field theory features are
discussed, like the G(2) coupling constant running and its spectrum before and after the phase
transition, along with all the DM astrophysical realizations, in order to present the unexpected
potential of this gauge group.

1. Introduction

As discussed in [1], a mathematical criterion to extend the Standard Model of particle physics from an algebraic conjecture was
proposed: the symmetries of physical microscopic forces could originate from the automorphism groups of main Cayley-Dickson
algebras, from complex numbers to octonions and sedenions. This correspondence led to a natural enlargement of the SM color
sector, from a SU(3) gauge group to an exceptional G(2) group, broken by a Higgs mechanism: the broken symmetry produces
an additional ensemble of massive G(2)-gluons, which is separated from the particle dynamics of the Standard Model. G(2) could
represent the optimal gauge group to describe strong interaction and dark matter at the same time. Regardless of the mathematical
process described in [1] that led us to identify this new gauge group, I want to demonstrate here, as continuation of [1], that G(2) is
indeed a good group candidate for solving the dark matter problem, keeping the SM untouched.

G(2) is always treated as a peculiar group not completely suitable for a physics theory: since all G(2) representations discussed in
physics literature are supposed to be real, the fundamental representation of the group is identical to its complex conjugate, so that
G(2) “quarks” and “anti-quarks” are conceptually indistinguishable. This induces obvious mathematical difficulties when dealing
with SM particle fields and represents the technical obstacle for its use, except for applications in lattice QCD simulations (largely
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applied to simplify standard QCD computations [2,3], avoiding the so-called sign problem [4] which afflicts SU(3)) and exotic G(2)
electroweak (EW) models [5].

To expand the examination, a complex form of G(2) was already identified by the great Elie Cartan, Friedrich Engel and Wilhelm
Killing between the end of the 19th century and the beginning of the 20th century [6-9]: the analysis of G(2) groups mathematical
features leads to the comprehension that they can actually be exploited to build a SM gauge group, without affecting the known
useful results and features of the real G(2) theory. The emerging theory is a minimal extension of the SM with correct color charges,
anticharges and singlet states, with massive complex vector fields which act as DM, and a promising behavior of the coupling running.
The implications for the dark matter sector are rich and coherent with the DM phenomenology, offering a synthetic view of several
BSM problems.

It must be stressed that this G(2) proposal does not represent a Grand Unification Theory (GUT) for particle physics, because
G(2) does not include the EW sector: there is no direct coupling with SU(2) and no induced proton decay processes by new EW
physics. The following G(2) theory broken by a Higgs mechanism can be understood as a counterpart of the EW symmetry breaking
framework, producing few new heavy bosons, as the electroweak W and Z from the standard Higgs sector, having the role of
dark matter. Thus this enlarged SM will have two complementary Higgs mechanisms for the EW and strong sectors: the usual one
produces, from the overall EW symmetry, a massless photon and three massive interacting spin 1 bosons, the other the massless
SU(3) QCD gluons and the massive non-interacting spin 1 dark gluons. As for the visible world, this scenario is capable of producing
aggregated states made up of G(2) exceptional-colored particles [1].

2. The foundation of a G(2) gauge theory for the strong sector of the Standard Model
2.1. Mathematical features

In [1] I showed that, in the real representation, G(2) can be described as the automorphism group Aut(O) of the octonion
algebra (also known as the Cayley numbers), which is a non-associative extension of the quaternions: the group G(2) consists of all
automorphisms of the octonions that fix the unit element. The group G(2) is the simplest among the exceptional Lie groups [10];
it is well known that the compact simple Lie groups are completely described by the following classes: Ay (= SU(N + 1)), By (=
SO@2N +1)),Cn(= Sp(N)),Dy(= SO2N)) and exceptional groups G,, F,, E¢, E;, Eg, with N =1,2,3, ... (for Dy, N >2) [11].
Among them, SU(2), SU(3), SO(4) and symplectic Sp(1) have 3-dimensional irreducible representations and only SU(3) between
them has a complex triplet representation (this was one of the historical criteria to associate SU(3) to the three color strong force,
with quark states different from antiquarks states [12]). There is only one non-Abelian simple compact Lie algebra of rank 1, i.e. the
one of SO(3) ~ SU(2) = Sp(1), which describes the weak force, whereas there are four of rank 2, which generate the groups G(2),
SO(5)~Sp2), SUB) and SO4) ~ SU(2) ® SU(2), with 14, 10, 8 and 6 generators, respectively [13].

If we want to enlarge the QCD sector with a minimal rank 2 algebra to include dark matter, it is straightforward we have to
choose G(2) or SO(5). The group G(2), beside its intriguing relation with division algebras, is of particular interest because it has
a trivial center, the identity, and it is its own universal covering group, meanwhile SO(5) has Z, as a center and it is not simply
connected and its universal covering group is spin Spin(5) [13]. None of A, By, Cy, Dy groups is simultaneously simply connected
and center free [14]. The non-perturbative features are related to the topological objects that gauge field configurations can produce:
for G(2), the first and second homotopy groups are again trivial, while the third is the group of integers, hence it admits “instantons”
[15]. In addition, as all exceptional groups, G(2) is anomaly free, that means safe from triangle anomalies, as shown by Georgi
and Glashow [16,17], and hence renormalizable. G(2) subgroups are SU(3), SU(2) and SU(2) X SU(2). Exceptional groups always
contain a SU(3) subgroup and have SU(3) singlets (leptons) and triplets (quarks) [18]. For example, the exceptional group E¢ has
been largely studied as a GUT [19-21], and E, in general are used in supergravity and string theory [22,23]. Proposing to enlarge
QCD above the TeV scale and have the SM as a low energy theory is surely not an unprecedented nor odd idea: for example, modern
composite Higgs theories [24-26] try to introduce (cosets) gauge groups beyond SU(3), such as SU(6)/S0O(6), SO(7)/SO(6) or
S0O(5)/S0(4), dealing with multiple Higgs, strong composite states and dark matter candidates.

The key point to promote G(2) to a viable gauge theory is that G(2) representations w.r.t. the real compact SU(3) group (with
real adjoint representation of real dimension 8) are not necessarily real. It must be noted that, even though only the real compact
representation has been study in literature, Cartan, Engel and Killing demonstrated there could be three versions of the G(2) group
[6-9]. In fact, G(2) is basically the name of the group which refers to three simple Lie groups, a complex form, a compact real
form and a split real form [27,28]: i) the complex Lie algebra g(2)c (complex dimension 14, real dimension 28), with the compact
form of g(2) as the maximal subgroup, and representing its holomorphic complexification; ii) the Lie algebra of the compact form,
which is 14-dimensional, the proper Aut(0), which is the one that has been mostly studied in literature and discussed in [1]; iii)
the Lie algebra of the non—compact split form, I will not discuss in the present dissertation. In standard calculations in physics,
only the compact real form ii) has been used [1,29], with fundamental representation {7} and adjoint {14}, decomposing w.r.t.
SU@B)into {7} ={3}® {3} {1} and {14} ={8} @ {3} & {3}, respectively. The 14 generators are explicitly written in (1)—(5). The
“complexified” version of standard compact real G(2) should have the same representations and the same decompositions w.r.t. the
subgroup of the strong interaction to be safely used. We know [9,27,28] that G(2)¢ is simple, connected and simply connected, and
it is isomorphic to the group of algebra automorphisms of the “complex octonions”; its algebra is g(2) = g(2) x C.

One objection regarding the use of the real compact form of G(2) is clearly stressed in [13]: if the {7} fundamental fermion
representation is real, it is identical to its complex conjugate (i.e. self-conjugate and not reflexive), so that G(2) “quarks” and “anti-
quarks” are conceptually indistinguishable. Then, in a pure unbroken G(2) theory, we cannot deal with usual Dirac fermions but
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rather with Majorana particles: for real G(2) representations, the {3} @ {3} term of the fundamental representation could introduce
a doubling of the color triplet and consequent issues in defining the EW transformation properties. So we have two ways to deal with
this apparent issue: i) we can try to introduce a complex G(2) representation which induces a complex (and so chiral) representation

of SU(3) or ii) we have to demonstrate that {3} @ {3} linear representations can acquire a complex structure, although {7} is real.
Let’s start from the first case.

i) From a mathematical point of view, the congruence of the two compact and complex G(2)s is not so unexpected: for any
semisimple Lie group generically called G, the finite-dimensional complex representations of a given complex form restrict to unitary
(or more precisely, unitarizable) representations of its maximal compact subgroup K [30,31]. In addition, there is an equivalence
of symmetric monoidal categories between the category of finite—dimensional complex representations of G and finite-dimensional
unitary representations of its maximal compact subgroup K [32]: this means that the tensor products of representations decompose
in the same way. This general result can be applied taking G to be the complex form G(2)¢ and K to be the compact real form that
sits inside G' as a maximal compact subgroup, i.e. G(2). In details, if K is a connected compact Lie group, then there exists a unique
connected complex Lie group G such that Lie algebras g = k X C and K is the maximal compact subgroup of G itself. This is called
the complexification of K [14,30,31]. Treating a finite-dimensional holomorphic representation z of G, this is holomorphic if and
only if the associated Lie algebra representation of g is complex linear, i.e. #(X +1iY) =z (X) +iz(Y), for X,Y in k algebra. If G is
simply connected, we can pass from the algebra g to the G group [31]. In this case, every finite-dimensional rep (I abbreviate for
simplicity) of K extends to a holomorphic representation of G and every representation of k algebra has a unique extension to a
complex-linear representation of g, both denoted = [31]. Conversely, every holomorphic rep of G restricts to a representation of K.
Furthermore, a rep is irreducible for G if and only if it is irreducible for K. So G(2) and G(2)c are equivalent. In general, one has
to also test the covering spaces of the group [14,31]: e.g. G = .SL(2,C) is the double cover of some different complex Lie groups G’
with the same Lie algebra, and similarly its maximal compact K = SU(2) is the double cover of K’ = SO(3). This “covering” issue
doesn’t show up for G(2)s, which are their own universal covering groups: there is just one complex Lie group with g¢ as its Lie
algebra, and similarly for the compact form (see Appendix A for the discussion about not-necessarily-holomorphic representations).
This means, for the present exceptional group, that G(2)¢ reps can be generally treated in the same way we use the G(2) ones. This
resembles the development of the representations of the Lorentz group for the G =.SL(2,C) case, which is almost analogous [33].

So there is indeed a complete complementarity between the two complex and real G(2), which grants the same treatment of com-
plex and real irreducible (and adjoint) representations and their decompositions, even for not-necessarily-holomorphic irreducible
reps. Therefore the results for compact real G(2) discussed in literature and especially in [1] could be extended to the complex-
ification G(2)¢c. This is relevant from a physical point of view, because it allows us to build up a correct gauge theory with the
smallest complexified exceptional gauge group, but it leads to problematic features when one needs to break the group to recover
the SU(3) landscape pertaining to QCD. In fact, during the breaking to SU(3), the complex form G(2)c must be considered as a
real Lie group, and it thus has real dimension 28 and not 14: besides the 8 SU(3) generators (realizing the aforementioned real
adjoint representation of SU(3)), G(2) possesses other 20 real generators w.r.t. its non-maximal subgroup SU (3), which cannot be
accounted by the 6 remaining 7x7 matrices alone, found in [1] and reproposed in (2)—(5). Indeed, the set of 14 complex matrices, as
described a little later, provides a realization of the adjoint representation of the compact real form G(2) (of real dimension 14), and
not of the complex form G(2)¢. So, even if it is promising and mathematically consistent, this G(2)c solution should be discarded as
non-minimal and source of further issues related to the corresponding Higgs sector.

ii) In the second case, we can try to keep the compact real G(2), if and only if the {3} & (3} representations in the decompositions
w.r.t. SU(3) can acquire a complex structure, being not isomorphic to their dual. In fact, we should observe that, even if the
fundamental representation {7} of the 14-dimensional G(2) is real, the resulting {3} and {5} representations of SU(3) contained in
the decompositions are complex and reciprocally conjugate: this is confirmed by the fact that the non symmetric coset G(2)/SU(3) =
S5° [34], which on its tangent space locally reduces to the {3} and {5} linear representations of the isotropy group SU(3) itself,
has a complex structure J [31], as demonstrated in [28], proposition 5.2, or in [35], proposition 4.1, which allows to consider the
6-dimensional real vector space as a 3—-dimensional complex space. Following a different approach, in [36] this complex structure
is interpreted as a classical ground state of a Yang-Mills-Higgs-like theory on S°, such as a broken G(2). These facts are obviously
related to the problem of definition of whether the 6-sphere admits an actual complex structure [36-41], which is not generally
true, and it is linked to the properties of the corresponding Hodge number [42]. The realization of such an almost complex structure
granting the complex behavior of the {3} @ {3} reps, which is induced from octonions [35], is peculiar for the breaking of G(2)
into SU(3) due to the G(2)/SU(3) equivalence with S°. In particular, restricting the 7-dimensional rep of G(2) to SU(3) gives two
dual-pair reps of SU(3) plus a trivial one. This is the solution we adopt for the following presentation.

We can exploit this important feature to develop a consistent physical description related to the strong sector. Clearly, this complex
structure is recovered only w.r.t. SU(3) and the unbroken G(2) theory includes real {7} reps for particles, leading to fermions which
have no reflexive (complex) reps and cannot be distinguished from their antifermions, i.e. Majorana-like particles. As introduced
in [1], to explicitly construct the complex matrices of real G(2) in the fundamental representation, one can choose the first eight
generators as [13,29]:

(A 00

Ayj=—| 0 =2% 0, @

“Vzlo 0" o
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where 4, (with a € {1,2,...,8}) are the Gell-Mann generators of .SU(3), which indeed is a subgroup of G(2), with standard normal-
ization relations TrA,4, = TrA A, =26,,. A; and Ag are diagonal and represent the Cartan generators w.r.t. SU(3).

The remaining six generators can be found studying the roots and weight diagrams of the group. G(2) has the only root system in
which the angle 7 /6 appears between two roots. It is well known that the SU(3) roots correspond to the long roots of G(2). Starting
from Patera’s and Gunaydin’s analysis [43-47], these additional generators can be written as complex matrices [5,48-51]:

o V2e, | 0 —hy iV 2e
No=——]| iA, 0 Ve [Aw=—| -4, 0 —iv2e |, 2
\/g \/zeg \/Eeg 0 \/6 —i\/Ee3T i\/§e3T 0
0 ils  \2e, 0 i iV2e,
A== —ids 0 V2e [Ap= L As 0 —ivV2e, |, (3)
\/8 \/EezT \/EezT 0 \/g —i \/Eeg i\/Ee; 0
0  —idy V2e 0 —iy iV2e
Ap= L\/— idq 0 Vae |\Ay= L\/— —4 0 -iv2e |, “)
6 \/EelT \/EelT 0 6 —i \/EelT i\/EeIT 0
1 0 0
ep=[0], ea=| 1|, e3=|0]. (5)
0 0 1

In the chosen basis of the generators it is manifest that, under SU(3) subgroup transformations, as already anticipated, the 7-
dimensional representation decomposes into [1,13,29]

(7)={3)®{3)® {1). (6)

This representation describes a SU(3) fermionic color triplet {3} (a quark-like particle), a SU(3) anti-fermion {3} and a SU(3)
singlet {1}. This color singlet can be interpreted as a lepton. So the previous fermionic representation that described fermions as a
whole, without quark-lepton distinction, breaks into the usual picture of colored quark states and “uncolored” leptonic states. Under a
SU2)® U(1) group, the fundamental representation can be decomposed into doublets and singlets with their own hypercharge-like
numbers, which resemble the fermionic left and right chiral states of the SM respectively:

(T =2}, ® (1))@ U2)_1p @ {1}) B {1}, @)

Here it is worth to stress that the electroweak SU(2) @ U(1) group of the SM is not embedded in this G(2) strong group nor into its
maximal subgroup SU (3), due to the fact that G(2) does not represent a unification theory for the overall SUB3)® SUQ2)® U(1) SM
group, being G(2) and SU(2) ® U(1) independent interactions with independent Higgs mechanisms. The fact its EW decomposition
does not exactly realize the SM fermions charges is the same as saying that there are no SU(3) EW representations that contain the
quark fields of the Standard Model, as discussed in the building of the exceptional electroweak sector in [5]. Furthermore it does
not make sense to specify an overall fermion representation G(2) ® SU(2) ® U(1) alternative to the SM one, because G(2) does not
necessarily coexist with the electroweak sector and indeed G(2) hierarchically precedes it from an energy scale point of view, being
broken at the EW scale, as it will be showed below.
The generators transform under the 14-dimensional adjoint representation of G(2) [13,29], which decomposes into [1,52]

{14} ={8) ® {3} ® {3). ©)

A G(2) gauge theory, w.r.t. SU(3), has colors, anticolors, color-singlets and 14 generators, so that it is characterized by 14 gluons,
8 of them transforming as ordinary gluons (as an octuplet of SU(3)), while the other six additional G(2) gauge bosons separate into
{3} and {3}, keeping the color quarks/antiquarks quantum numbers, being still vector bosons.

2.2. The G(2)-Higgs Yang-Mills theory

A general Lagrangian for G(2) Yang-Mills theory can be written as [1]:
1
LyylAl= —ETr[GfN], 9

with the field strength G, =9,A, — 9,4, —igz[A,, A,] obtained from the vector potential A, (x) = AZ(x)%, with g, a proper
coupling constant for all the gauge bosons and A, the G(2) generators. The associated canonical and “improved” energy-momentum
tensors (EMT) for a pure Yang-Mills (YM) theory are [53]:

1 1
4 4

where the improved one is not only conserved but also gauge invariant, symmetric and traceless.

T::’" =2Tr[-G,,0,A” + ~1,,G,,G"], T;’:’P =2Tr[G,,G’ + —1,,G,,G"], (10)
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G(2) YM theory is asymptotically free like all non-Abelian SU(N) gauge theories and, on the other hand, we expect confinement
at low energies [29], with a different realization with respect to SU(3), where gluons cannot screen quarks [1]. The one-loop beta
function for the running of the constant g, including gluons and fermions, can be found as usual as [54-56]:

3

3
_5 , __ % (11 _s2
Pe) = 15 ho=—1c5 (5 CD) = s3npS(R.)) a1

where C,(D) is the quadratic Casimir invariant of the adjoint representation D of the group, S(R, f) the Dynkin index of the
fundamental irreducible R representation for fermions, defined as a function of the generators T,(R) as Tr[T,(R)T,(R)] = S(R, )b,
ny; the number of fermionic flavors and s the spin factor, which is 2 for Dirac fermions and 1 for Majorana and Weyl fermions. For

SU(N), C,(D)= N and S(R, f) are usually normalized to 1/2, whereas for G(2), defining T,(R) = %, we can again obtain from
the aforementioned normalization relation S(R, f)g) = 1/2 and C,(D)g,, takes the value 4 [57] (which is naturally greater than
C,(D) =3 for SU(3) and equal to SU(4)). The number of flavors of G(2) should be equal to the one of the SM, i.e. six flavors of
quarks.

Introducing a Higgs-like field in order to break G(2) down to SU(3), six of the 14 G(2) “gluons” gain a mass proportional to
the vacuum expectation value (vev) w of the Higgs-like field, the other 8 SU(3) gluons remaining untouched and massless. The
Lagrangian of such a G(2)-Higgs model can be written as [1]:

Lg,ulA, @=Ly y[Al+ (DMCI))2 -V(®) 12)

where ®(x) = (®!(x), ®2(x), ..., ®’(x)) is the Higgs-like field, D,®=(d, —igzgA,)® is the covariant derivative and V' (®) = A(D? -
wz)2 the renormalizable quadratic scalar potential, with A > 0. We can choose a simple vev like & = \/LE(O,O,O, 0,0,0,w) to break

G(2) and re-obtain the familiar unbroken SU(3) symmetry:

A_g®, =0 (unbroken generators) (13)
Ag_14® #0 (broken generators) 14

This simple vev choice keeps the invariance w.r.t. the G(2) long roots but not for the short roots. Plugging this scalar field vev into
the square of the Higgs covariant derivative, we get the usual quadratic term in the gauge fields

A, A 1
2 gyt a Do by _ b
gG(Do??q)OAZ(x)A” (x)= EMabAZ(x)A“ (x) (15)
that gives the diagonal mass matrix M, for the gauge bosons, of which we can use the aforementioned trace normalization relation,
which Gell-Mann matrices and G(2) generators share, to put the squared masses terms gé w? in evidence. This new scalar ®, which

acquires a typical mass of My = \/ﬁw from the expansion of the potential about its minimum [58], should be a different Higgs
field w.r.t. the SM one, with a much higher vev, in order to disjoin massive gluons dynamics from SM one. Complementary, six
massless Goldstone bosons are eaten and become the longitudinal components of the G(2) vector gluons corresponding to the broken
generators, which acquire the eigenvalue mass M = gw. The broken generators comprise the coset space 6-sphere G(2)/SU(3)
S6.

The breaking of the G(2) color string between two static G(2) “quarks” happens due to the production of two triplets of G(2)
“gluons” which screen the quarks: {7} ® {14} ® {14} ® {14} = {1} @ ... represents a colorless fGGG fermion-gluon state. When
we switch on the interaction with the Higgs field, six G(2) gluons acquire a mass thanks to the Higgs mechanism and the larger is
Mg, the greater is the distance where string breaking occurs. When the expectation value of the Higgs-like field is sent to infinity,
so that the massive G(2) “gluons” are completely removed from the dynamics, also the string breaking scale is infinite. Thus the
scenario of the usual SU(3) string potential reappears. For small w (on the order of Ay p), on the other hand, the additional G(2)
“gluons” could be light and participate in the dynamics. Finally, for w — 0 the Higgs mechanism disappears and we come back
to G(2). Only high w values (with w much greater that the SM Higgs vev) should be considered in order to realize a consistent
dark matter scenario: in the G(2) FIMP/SIMP (Feebly Interacting Massive Particle/Strongly Interacting Massive Particle) cosmology
for an exceptional scalar glueball described in [1], with the application of astrophysical observations constraints like the Bullet
Cluster [59], the vev satisfies w > 10* GeV, which is completely consistent with a beyond SM phenomenology, with w/My = O(1)
and Mg = M5 ~2gsw for the mass of the scalar exceptional glueball made of two G(2) massive gluons. According to the huge
scale difference between the QCD scale and the supposed G(2) one, the interactions might be suppressed in general. In fact, if we
assume for example a small Ag ) ~ w =~ 20 TeV value, it follows that Apcp/Age) =~ 200 MeV/20 TeV = 1073, In addition, unlike
GUT theories like the renowned Georgi-Glashow SU(5) [58,60], it must be emphasized again that G(2) does not contain the EW
SU2)x U(1) sector and the new exceptional gluons do not easily interact with SM EW bosons nor fermions.

2.3. The coupling constant

If one wants to study the behavior of the alpha constant associated to the G(2) gauge theory which is broken into SU (3), the beta
function has to be completed with the scalar contribution, so that Eq. (11) f, becomes [54-56]

11 2 1
fo == Co(D) + 550 S(R.f) +czny S(R.S), (16)
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Fig. 1. The running of the alpha constants for SM interactions and G(2). The constant coefficient in Eq. (17) is set to obtain the unification of U(1), SU(2) and G(2)
in the two aforementioned spin cases. The bins on the x-axis are logarithmic.

where ny =6, ny =1 is the number of the coupled Higgs-like scalars in the present theory, ¢ =1 for a complex scalar and ¢ = 1/2
for a real scalar, and S(R,.S) = 1/2 is the Dynkin index for scalars in the fundamental representation. To compare the coupling

constant running with the others of the SM, computed w.r.t. the Z boson mass scale, the resulting a(‘;(lz) is:

_ boco),, U
1 _ s
aG(Z)(y)—const— Tln <E> a7
where y is the energy scale in GeV and fy g(5), = (—=25/2,—151/12) for s = 1 Weyl/Majorana fermions (with a complex and real scalar
respectively), and fy (), = (=21/2,—127/12) for s = 2 Dirac fermions: this entirely defines the slope of the G(2) alpha constant. The
differences between the real and complex scalar cases are less than 1%, thus not significant for the behavior of the beta function. The
constant term is not physical, because we cannot measure the « coupling at m, energies being G(2) already broken at the EW

s
scale.

The corresponding functions are displayed in Fig. 1 (see the Appendix B for computational details), that shows the possibility to
obtain the unification of the forces coupling constants via a transition between the SU(3) regime and the G(2) one: the slope changes
due to the recovery of G(2) symmetry, becoming steeper. This allows us to intercept the unification point of electromagnetism and
weak force at about 10'3 GeV, keeping the EW sector untouched.

One could obviously fix this G(2) — SU(3) transition point at higher energies, passing the electroweak intersection point and
invoking a more general GUT theory. But relying on this claim to unification, it is possible to determine a tentative transition in
the strong sector which would occur approximately at 10'0 Gev (ag(), ~1/30) and 10° Gev (aG(2), ® 1/27), in the two spin cases.
It is also interesting to notice that a complex scalar with a mass around the EeV scale, a quartic renormalizable potential and a
small coupling with the SM Higgs has already been suggested in literature to stabilize the SM vacuum up to the Planck scale [61]
(removing the metastability which occurs around 10' GeV, due to the top quark large negative contribution to the Higgs quartic
coupling [62,63]). In [62] the SM vacuum stability is instead realized with a real scalar singlet. This metastability removal function
could represent an important “added value” for the exotic Higgs which breaks G(2) symmetry.

To explore the possibility of a gauge unification, even if the building of a GUT is beyond the present purpose, the smallest group
which includes both G(2) and a SM-like product SU(2) ® U (1) would be the aforementioned famous exceptional Eg, which has G(2)
and SU(3) ® G(2) as maximal special subalgebras, being SU(2) ® U (1) the maximal regular subalgebra of SU (3). It is worthy to note
that unification approaches in literature using E4 almost exclusively exploit its maximal regular subgroups SU(3) ® SU(3) ® SU(3)
[19,21,64] and SO(10) ® U(1) [65], whereas its special subgroups have only recently been given attention [66].

2.4. The particle spectrum

For what concerns the spectrum of a hypothetical G(2) strong sector, the physics appears to be qualitatively similar to SU(3) QCD
[1,671, but richer. In the spectrum of the unbroken G(2) phase there are many more states beyond standard mesons and baryons:
one-fermion-three-G(2) gluons hybrid states (and, in general, the fermion confinement for one-fermion- N-G(2) gluons, with N > 3),
(f f) difermions, (f f f f) tetrafermions and (f f f f f) pentafermions, etc. If we take f as a quark, states with baryon number 0 and
3 are somehow in common with QCD, whereas B = 1,2, of J = 1/2 hybrids and J =0, 1 diquarks respectively, are G(2) specific, as
well as B =4, 5 tetra—penta states. A tentative spectrum for the bosonic diquarks from real G(2) lattice simulations has been proposed
in [67]. G(2) and SU(3) also share glueballs states, for any numbers of G(2) gluons (2 and 3 in the ground states) and hexafermions.
The explicit decompositions of the products are reported in [1].

It should be noted that this “hadronic”-like categorization is peculiar because, before the breaking into SU(3), these bound
states do not distinguish between colored quark states and color-singlet lepton states nor between colored particle and antiparticles.
Thus these naturally neutral G(2) states are made of generic Majorana fermions, not yet separated into quarks/antiquarks and
leptons/antileptons, and these composite states are even more exotic than pure hadronic particles: they form a fermions plus glueballs
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ensemble with hybrid states. Again it must be stressed that they do not possess EW features yet and they should be singlet w.r.t.
SM interactions. In such a sector, a sort of total absolute fermion number F (as a baryon-lepton numbers |B + L| sum) should be
conserved, but not necessarily the separated baryon and lepton numbers after the symmetry breaking. For example, if one assumes
F =1 in the {7} G(2) state, after the decomposition w.r.t. SU(3) we have the same number of quarks and antiquarks charges
({3} { 5}) with total baryon number B =0 and a lepton singlet with L = +1, with an overall conservation of the fermion number
F but not of L alone. This could be a source of quantum numbers violation.

In this scenario, the new G(2)-breaking Higgs could be “dark” and entirely not capable of interacting with SM particles (so that
the Yukawa couplings are zero), nor capable of giving the mass to fermions through a standard Yukawa coupling term of the type
Y LOR (with Y the Yukawa coupling constant, L an antifermion left-handed SU(2) doublet and R a fermion right-handed SU(2)
singlet), which could be not viable because we still do not have quarks/antiquarks and leptons/antileptons fields separated. Even if
the G(2) Higgs is almost dark, as in some BSM theories [68-71], residual interactions in the fundamental representation (i.e. with
{7} Majorana fermions ¥ = ¥¢), could allow a mass-like term of the type [72,73]

—%(m v+ DT C¥ + PP = —%M(‘PTC‘I’ + PP, 18)

with m,, a possible intrinsic Majorana mass, y the coupling constant, M the overall mass matrix, C the charge conjugation matrix,
¥ =97C and ¥ = CPT the Majorana conditions [72] for the spinors: this could be an analogue of the SM Yukawa coupling for the
real G(2) fermions.

The symmetry breaking carried by the G(2)-Higgs gives the strong color SU (3) feature to the G(2) fermions lacking of separate
baryon and lepton numbers. In this sense, the new Higgs does not act as a technicolor scalar leptoquark which transforms leptons
into quarks and vice versa [74-76], rather it induces the “universal separation” which splits the original generic fermion. The usual
SM Higgs symmetry breaking is a transition from EW massless eigenstates to massive measurable ones: it is described as an intrinsic
mass-producing phase transition, which acts on flavors and chirality. On the other hand, the G(2) breaking is the one which separates
Majorana fermions into Dirac quarks/antiquarks and leptons, through the color feature of the fundamental {7} = {3} & { 5} @ {1}
representation.

When G(2) transition occurs, as discussed above, fermion fields not necessarily have masses themselves (they are Majorana/Weyl
fermions), because they cannot experience the SM Yukawa coupling which works at much lower energy scales, so all the singlet
states constituents of the G(2) spectrum could be massless, unless we introduce the aforementioned non-vanishing mass term for
G(2) Majorana fermions. Thus, if we could access the G(2)-Higgs phase transition (PT) scale, we could observe an almost massless
phenomenology/dynamics, except for the scalar particle which triggers the phase transition, i.e. the exotic Higgs, and the massive
generators of the broken symmetry, i.e. the dark exceptional gluons. But if we accept the existence of a mass gap for a Yang-Mills
theory [60] such as G(2), there would always exists a non-zero mass state which represents the least massive particle predicted
by the theory, e.g. a glueball. In addition, regardless the mass term for the Majorana G(2) fundamental particles, some composite
fermionic states can acquire mass through the exchange of exceptional {14} representation gluons within the bound system. The
masses of the composite fermionic G(2) particles described before might dynamically emerge from usual fermion and gluon kinetic
energy, like in the proton [77] case. The difference is that QCD-like fermionic condensates and anomalous contributions could not
contribute because G(2) fermions might be massless, there is no broken chiral symmetry and exceptional gauge theories are anomaly
free [78]. Furthermore, being anomaly free, G(2) is not affected by the SU(3) strong CP problem and it does not introduce axion
particles [79] in the unbroken phase.

The aforementioned composite states could appear in extreme environments which recover the exact G(2) symmetry, such as
exotic neutron-like stars. In fact, collective manifestations of G(2) exceptional matter could be distinguishable from QCD: for ex-
ample, a G(2)-QCD neutron star could display a distinct behavior with respect to a .SU(3) neutron gas star, as shown in [80] for
lattice purposes. G(2) “real fields” matter could be a very interesting phase of matter to be studied for astrophysical purposes: once
the SU(3) QCD is no longer feasible and the involved temperature and pressure are sufficient to restore G(2), the colored Dirac
fermions cease to exist and they are replaced by their Majorana versions, which include color triplet, antitriplet and singlet. The
resulting system could be treated as a realization of a “Majorana star” made of strongly interacting G(2) particles. In general, SU(N)
Yang-Mills theories with N > 3 manifest first order deconfinement PT [81-85], which are more markedly first order for increasing
N. The peculiarities of the PT from lattice real G(2) to SU(3) have been extensively studied in [2,15,86-88], confirming that G(2)
gauge theories have a finite-temperature PT mainly of first order and a similar but slightly discernable behavior with respect to
SU(N) [15]. In particular, in [89] the authors found the line of a first order PT connecting G(2) and SU (3) gluodynamics, whereas
a line of second order PT between G(2) deconfinement phase and the deconfined SU (3).

2.5. The exceptional glueballs: boson stars, black holes and Q-balls

As discussed in [1], the G(2) extension of the SM produces an exceptional particle sector: if we move away the six G(2) gluons
from the dynamics, these bosons should be secluded and separated from the visible SM sector, without experimentally accessible EW
interactions and extreme energies should be mandatory to access the G(2) string breaking. In addition, G(2) gluons are electrically
neutral and immune to interactions with photons and weak W, Z bosons at tree level. Another advantage of a G(2) broken theory
is that no additional families are added to the Standard Model, unlike SU(N) theories: this seems a good scenario for a cold dark
matter (CDM) theory (cold means non-relativistic and refers to the standard Lambda-CDM cosmological model), once provided
stable or long-lived candidate. The dark massive gluons from the G(2) symmetry breaking can form dark glueballs constituted by
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two (or multiples) G(2) gluons, with integer total angular momentum J = 0,2 for the simplest 2—gluons balls, in which the massive
constituents posses the color/anticolor features. To ensure the stability of the lightest JC = 0*+ “pion-like” state at least, in [1] few
alternatives, besides the trivial condition My > M to avoid the decay into the exotic Higgs, have been proposed: i) an accidental
symmetry, i.e. a conserved additive gluon number I' to prevent the decay into mesons (like the baryon number B for protons); ii) a
global discrete Z, or Z, symmetry (or a continuous U (1) symmetry), with DM which is odd under the new symmetry while SM fields
are assumed to be even; iii) a G—parity conservation for a generic Yang-Mills theory, to prevent decay into G—-even SM particles,
unlike pions.

For such a dark sector a Dark freeze-out cosmological scenario has been proposed in [1], for which DM reaches an equilibrium heat
bath within the dark sector itself, never interacting with SM particles. The two-gluons G(2) scalar glueball .S is ab initio produced
out of thermal equilibrium, for instance by a heavy mediator decay, such as the new G(2)-Higgs (H — DM DM): this is viable if the
coupling between DM and the heavy Higgs is sufficiently weak, realizing an exotic-Higgs portal DM [1,90], which is described by:

2 A A
V(®,8)=V(®) + ’%S2 + ?454 + %qﬂsz (19)
where A, is the quartic self-interaction strength, Ay ¢ is the heavy Higgs-scalar glueball .S coupling and V' (®) is the exotic Higgs
potential described in section 2.2; M g% = m? + Ay gw?/2 can be defined as the total mass after the G(2) symmetry breaking. The
mass scale m is already set by the new Higgs vev, as M; = ggw and m ~ 2g;w. The dark matter mass is then defined as:

Mg =2w\/g% + Ays/8. (20)

The energy scale of the DM mass is set by the intensity of the fundamental couplings gé =4ragp) and Agg. If Ay is dominant
but sufficiently small (A ¢ < 1077 [91]), a FIMP cosmology via a freeze-in mechanism [92] is achieved, the DM mass is of the
order of w+/Ay s and one can recover a correct dark matter relic abundance Qh?% ~0.12 [93]. In addition, it is possible to estimate
the lower bound w > 10* GeV [1], obtained via the DM-DM scattering cross section limit from the Bullet Cluster [59,90,94],
as already mentioned: for high self-interaction 4, ~ 10, Ay ¢ ~ 107199 and w/My = O(1), the resulting scalar glueball mass is
Mg ~ 10~6*Y M, naturally leading to a DM mass in the GeV region [95]. Otherwise, if g; dominates and it is defined by the
unification attempt of the alpha constants in section 2.3, g ~ 0.6+ 0.7 sets the DM mass to the w scale, which is roughly > 10° GeV.
No unitary upper bounds for non-thermal DM can be universally achieved, unlike the O(100) TeV limit for the usual WIMP thermal
case from s—wave annihilation [96].

As anticipated, the FIMP scenario can change if 4, is large enough (4, > 1073 [95]), i.e. if scalar self-interactions are active: the
DM particles, initially produced by the previous mechanism, may thermalize among themselves, due to number-changing processes
(generic npy, — n’D . Processes), which reduce the average temperature of DM particles and increase the number density until
equilibrium is reached. The resulting relic abundance could therefore change even though the coupling between the visible and dark
sector is absent. This could be the case of a SIMP scenario with a dark freeze-out mechanism [90,91,95]. See [1] for details and
insights about the realization of such a FIMP/SIMP cosmology.

For negligible thermal production of DM particles, DM should come from a non-thermal mechanism, leading to a Super-WIMP
(SWIMP)-like scenario, for example through a direct DM—-producing primordial field decay, like the inflaton [97-99], if the heavy
Higgs scalar responsible for the G(2) — SU(3) transition is identified as the inflaton field itself. In fact, heavy DM can be entirely
produced during the reheating era [100,101], which is the phase that bridges inflation and the standard Big Bang, repopulating the
Universe. In this inflaton—portal case [102], the glueball abundance is basically fixed by few parameters, i.e. the reheating temperature
T,,, the DM mass, the inflaton mass and its branching ratio Bg into G(2) gluons/scalar glueball, and it can be approximated to [97]:

Trh
GeV

For a cosmological reheating above the GeV scale, the Bg(Mg /M) factor should be quite small, i.e. < 107°. As corroborated by
recent and sophisticated calculations, the inflaton-portal scenario works well especially for large DM masses, between the weak scale
and the PeV scale [98], and for extremely decoupled EeV+10 EeV candidates [102] and inflaton mass of 0(103) Gev (large-field
inflation models), which could be a case similar to the present heavy G(2) glueballs one. Since the inflaton mass could be rather large
as compared to the visible sector, interactions between DM and SM particles should be extremely suppressed, preventing thermal
equilibrium, the two sectors being highly decoupled once they get populated by inflaton decay. The reheating will give rise to
different temperatures for the two baths, according to the decay branching ratios of inflaton [102]. In general, the total DM relic
abundance can be the sum of a freeze-in production and the dominant inflaton decay [100], also including gravity-mediated decay
processes [101], eventually modified by a SIMP dark freeze-out [103,104].

Hereafter the boson star-black hole interplay is discussed. For what concerns the astrophysical manifestations of the G(2) dark
matter, exceptional glueballs could form boson gases or could collapse or aggregate into extended objects, which could populate the
so—called dark halo. Our glueball scalar field .S evolving in the General Relativity framework can be described by the Einstein-Klein-
Gordon (EKG) action,

= [ B[R _wvausy s —
s /dx,/ g[16”G g"a"Sa, S V(S)], (22)

where V(S) is the bosonic potential, .5 the complex conjugate for a complex scalar, R is the Ricci scalar, gt is the metric of the
space-time, g its determinant and G is Newton’s gravitational costant. The variation of the action with respect to the metric leads to

Qgh? ~2x108Bg(Mg/ M) 21
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the related Einstein equations [105,106] for static, spherically-symmetric geometries. The key ingredients to build up stellar objects
with non-light bosons are mainly the magnitude of the quartic order self-interaction A, of the constitutive boson and its mass, given a

2
generic quartic potential V' (|.S|?) = % |S1%+ %“ |S|* for the complex scalar S, like the one in (19): repulsive self-interactions (A44>0)
can balance gravity and give rise to very dense boson stars (BS) configurations with structured layers [107]: the stress—energy tensor
of a BS is in general anisotropic and the macroscopic scalar radial pressure works against gravity. Also rotating BS solutions do exist
[108], and they are expected to be possibly stable in the large coupling regime 4, > M § of the quartic self-interaction [109]. The
maximum mass for such an object, the corresponding boson star radius and the critical particle number [1,105,107,110,111] are

/ 3 / / 3
Mmax A4 MP1 max _, A4 X 10km max _, Ay MP/ (23)
BS 2 2° BS 2 2 7 BS 3 3
M5 /GeV M /GeV M3 /GeV
1/3

where Mp, = 1/\/Ez 12x 10°GeV ~ M
In [1], an approximation to SU(N = 4) of the quartic coupling of the type [111] A, ~ (47)?/N? ~ z? was proposed for G(2). Such
a boson star can potentially mimic a stellar black hole (BH) or a neutron star as a gravitational waves source but it could be in
principle discriminated studying tidal perturbations of inspiraling binary systems [112], tidal effects of the gas clouds around the
boson star [113], extrapolating the spin of the merger remnant [114], or from peculiar universal relations for rotating BS between
moment of inertia, angular momentum and quadrupole moment [108]. Interestingly, in [115] the authors found that the radius to
mass ratio for a SU(N) scalar glueball dark matter star is always larger than the Schwarzschild radius of a black hole with equal
mass. Furthermore, a BS can be transparent, i.e. visible matter can accumulate into the center of the star or pass through the BS
interior [107]. So it might be possible to detect a BS also from its radiation emission and the associated gravitational redshift and
gravitational lensing effects. On a larger scale, BS can even mimic a supermassive black hole (SMBH) in an active galactic nucleus
[107]. All these observations strongly depend on the choice of the scalar potential, which could be changed to the giant boson halo,
Log, Sine-Gordon and Cosh-Gordon or Liouville BS models (see [107] for a complete review of BS physics): here the discussion is
restricted to the standard Colpi-Shapiro-Wasserman quartic potential, which is sufficient and coherent with the minimal Higgs—
portal case covered so far. Obviously, the feasibility of a star made of self-interacting scalars also depends on a correct estimate of
the possible 3 - 1, 3 —» 2 and 4 — 2 number changing annihilation processes inside the star [111], which in turn depend on the
symmetries (e.g. Z,, or a global U(1) conserving the particle number) of the exotic sector.

From the previous equation (23), for a Mg ~ 10 TeV scalar, the resulting object carries a small mass M,,,, < 1078 \/A_4MO
w.r.t. usual stars, about one hundredth of the Earth mass and a sub-millimeter radius for A4 ~ 1 + 10 (where the perturbativity
limit A, <4z must be fulfilled anyway [1]), making it a “marble” of dark glueballs. Instead, for a 1 GeV scalar, Mpc* S \/2_4 Mg
and RFC S \/Z x 10km stand, producing a solar mass object with a neutron star-like radius. Both the aforementioned M, .
ranges, i.e. 1078 M and few M, fall into mass windows with weak constraints for MACHOs from up-to-date microlensing analysis
[107,116,117]. As stressed in [111], at the maximum mass the radius is slightly larger than the corresponding Schwarzschild radius
and, for 4, = O(1), the relation is similar to the Chandrasekhar mass for white dwarf stars M, ,; ~ Mf, i mﬁ; for the so—called mini

is the Planck mass and M, the solar mass, and G is Newton’s gravitational constant.

boson stars, with no scalar interaction potential, the maximum mass is quite smaller and scales with ~ M 12,1 /Mg.

So, the highest is the vev of the G(2)-Higgs, the smallest is the resulting scalar glueball star. For instance, if we consider the
scenario in Fig.1 and we take w as an intersection point between SU(3) and G(2), we can obtain an estimate for the exceptional
gluons mass and compute the effective radius of a boson star made of exceptional complex scalar glueballs: choosing the lowest
energy case Ag), ~ W~ 10° GeV, with aG2), ® 1/27 (the same reasoning can be done for Ag,) ), the consequent scalar mass is

Mg = 2ggw =2w4/4nag0), = 14w~ 10°GeV. (24)

For such an extreme particle mass, the star maximum radius is comparable to the one of a nucleus. To check if this incredibly tiny
object might approach a black hole radius, we can qualitatively compute its Schwarzschild radius starting from a single glueball:
Rg[M ~10°GeV] =2MG/c? = 2.6 x 10~* m. Therefore, if the star collects more than approximately 10°! exceptional glueballs (a
number which is extremely lower than the number of protons in the Sun, for comparison), a nucleus-size event horizon Ry ~ R}
can be reached and the G(2) glueball-star starts being a BH. Such an exceptional star, with mass of the order of 1078 M and
EeV constituents, becoming a BH, could play the role of a light primordial black hole (PBH) [118]: in fact, the condition Mpgy 2
10-(9<18) pp o ensures the PBH will not evaporate in a time—scale comparable with the age of the Universe [119]. In general, regardless
the features of the glueball star, it is a priori always possible to create a population of dark matter-based primordial black holes if
the very early Universe is born with a large-enough-magnitude density fluctuation so that it itself rapidly collapses [120], leading to
the formation of primordial black holes well prior to the formation of any stars. These microscopic BHs originating from exceptional
dark matter could merge together during the evolution of the Universe itself, producing larger and larger objects, being the seeds
for more massive BHs, or even supermassive black holes [121,122], if the primordial merging rate is sufficiently high: even if part
of the DM abundance is subtracted to form SMBH, it is true that the mass of a SMBH at the center of a spiral galaxy is usually only
one %o of the mass of the hosting DM halo [123,124]. This DM-BH equivalence and interplay scenario is easily achievable for very
high w and consequent DM mass. It must be stressed in this special case it is dark matter that produces PBHs rather than PBHs making
up DM [125]. So DM can be initially manifested as exceptional glueball particles, small boson stars or light PBHs in a complicated
mixture. According to the fact that baryons can affect the DM halo through their own gravity and by modifying the gravitational
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potential of the galaxy, these tiny objects can be subsequently swept away from the galactic center via stellar feedback and DM
heating [126-129], producing the “cored halo” we observe today [130,131].

Luckily, for a few years we can take advantage of both electromagnetic and gravitational waves astronomy as powerful probes to
discriminate compact objects as a function of their “compactness” or “closeness” to a black hole (a quantity related to the mass to
radius ratio M /R), “shadows” and gravitational waves emission [106]. For example, a hypothetical binary SU(N) gluons star could
be disentangled from a binary black hole system, due to possible differences in the gravitational wave frequency and amplitude, as
demonstrated in [115]. As stressed before, it is possible that exceptional G(2) DM should have different types of manifestations, i.e.
boson gases, boson stars and BHs, at the same time, as a function of its evolution history.

Another fundamental possibility for astrophysical macrostates built up via G(2) glueballs not discussed in [1], is the Q-ball
solution, a type of non-topological soliton. This is a localized field configuration with a stability guaranteed by a conserved “charge”,
i.e. the particle number [132]: the soliton has lower energy per unit charge than any other configuration. The soliton is approximately
spherically symmetric. To build up a Q-ball, an attractive quartic self-interaction potential is needed, opposite to the boson star case,
so that 4, <0, along with a sextic repulsive potential term [133-137], under a U(1) symmetry: the resulting Q-ball is a finite-sized
object containing a large number of complex-valued scalar bosons, which is stable against fission into smaller objects and against
“evaporation” via emission of individual particles, because, due to the attractive interaction, it is the lowest-energy configuration
of that number of particles [132]. Q-balls can mimic solar masses objects like boson stars and BHs (or even SMBHs [138,139]),
and they have rich cosmological implications [140]. Eventually, the Q-ball can gravitationally capture baryonic matter, granting
a ultrahigh density and pressure environment for the formation of radio sources or even black holes [139]. In a very recent work
[141] their gravitational lensing features and mass-radius relations have been studied in details. The mass of the complex scalar
forming a Q-ball, the total mass of the Q-ball and its radius largely depend on the structure of the underlying theory and do not
have conclusive theoretical nor observational constraints [133,138-141].

An analogous reasoning can be applied for the GGG glueball made of three exceptional massive gluons, a sort of proton-like state
with spin 1, if stabilizeable, introducing a vector DM-new Higgs portal [142,143] and building up Proca stars [144-146]. All the
scenarios demonstrate that the G(2) dark sector could be very versatile in reproducing dark matter phenomenology [1]. Concluding,
the ways to test this enlarged G(2) strong sector which includes exceptional-colored glueball DM can be summarized as follows: i)
the discovery of a heavy scalar at colliders, the exotic Higgs, if it posses an albeit small interaction with the visible sector (or at least
the SM Higgs), with a possible consequent decay into exceptional DM states; ii) the observation of the G(2) — SU(3) phase transition
produced in future colliders collisions, like the phase transition between a hadrons system and the quark-gluon plasma (QGP); iii)
an astrophysics detection of an exotic object/system, such as a neutron-like star made of G(2) strong matter (a “Majorana star”),
glueball-stars, light PBHs or Q-balls; iv) a cosmological G(2) — SU(3) first order PT [147-150] detectable by future gravitational
waves detectors in space, such as eLISA [151], or gravitational waves from PBHs mergers [152].

3. Conclusions

The choice of G(2), as non-Abelian simply connected and center free exceptional Lie algebra of rank 2, is the minimal viable
extension of the Standard Model including a reliable exotic sector, requiring no additional particle families nor extra fundamental
forces. The real and complex G(2) groups were deeply discussed, leading to a proper solution to enlarge the SU(3) group of the
SM which is not only a lattice QCD tool for computation. This represents a solid construction of a coherent particle gauge group to
describe a larger strong interaction, which operated in the Early Universe before the emergence of visible matter. When the Universe
cooled down, reaching a proper far beyond TeV energy scale at which G(2) is broken, usual SU(3) QCD appeared through a first
order phase transition, while an extra Higgs mechanism produced a secluded sector of cold exceptional-colored bosons: the behavior
of this PT has been analyzed from the point of view of the coupling constants running, putting in evidence the potential unification
of the forces strength. It has also been shown that G(2), once broken via a Higgs mechanism, is characterized by the proper color
charges, anticharges and singlet states w.r.t. SU(3), which are grouped in its fermionic fundamental {7} real representation. The
nature of the possible Yukawa-like interaction between this exotic Higgs and the G(2) real Majorana fermions, which do not have
defined baryon and lepton numbers, was discussed, pointing out the peculiarity of the G(2) spectrum before and after the symmetry
breaking. The SM can be naturally embedded in this framework with a minimal additional particle content, i.e. a heavy scalar
Higgs particle, responsible for a Higgs mechanism for the strong sector symmetrical w.r.t. the EW one, and a bunch of massive
vector gluons whose composite states play the role of DM. Even if the extra Higgs possesses visible decay channels, it belongs to
a very high energy scale which is certainly beyond current LHC searches, i.e. a tens/hundreds of TeV scale at least, defined by its
vaccum expectation value. Furthermore, the resulting exceptional complex scalar glueball DM is certainly compatible with direct,
indirect, collider searches and astrophysical observations, as it is almost collisionless. Several advantageous occurrences guided the
development of the theory: the mathematical correspondence with automorphism groups of Cayley-Dickson algebras [1]; the great
simplicity of the exceptional theory and of the new Higgs sector; the energy scale of the G(2) — SU(3) PT suggested by the slope
of the running constant, which could be compatible with the great desert of particles highlighted by LHC and, at the same time,
it could cure the metastability of the SM vacuum; the rich astrophysical realization which includes a suitable interplay between
dark glueball-stars and BHs. Concluding, G(2) phenomenology guarantees peculiar manifestations in terms of extreme astrophysical
compact objects, such as hypothetical G(2) neutron-like stars, boson stars made of G(2) glueballs, Q-balls or even BHs made of
collapsed G(2) glueball-stars, which can populate the dark halos and be disentangled from known stars in the near future.
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Appendix A

To be as general as possible, if we consider not-necessarily-holomorphic reps, we have to extend them holomorphically to the
G complexification of G. From the Lie algebra point of view, we consider g¢ as the set of formal pairs X + JY with X and Y in
g and J a complex structure [31], distinct from the original one on g. g¢ is isomorphic to the direct sum of two copies of g, in the
form of X +1JY and X —iJY [31]. If G is simply connected, its “complexification” is the unique simply connected group whose
Lie algebra is gc and it is also the product of two copies of G; by complex linearity one obtains that z(X + JX) = z(X) + iz (Y).
Since complexified G is a product of two copies of G [31], the irreducible reps have the form of a tensor product of an irreducible
rep z of the first copy of G with an irreducible rep z’ of the second copy. The reps of the first copy of G inside complexified G¢
are the holomorphic reps of the original G, while the reps of the second one are the anti-holomorphic reps. From this, we conclude
that the not-necessarily-holomorphic irreducible reps of G have the form of the tensor product of a holomorphic rep of G with an
anti-holomorphic one: in general the tensor product of two irreducible reps of G will not be irreducible as a rep of G, but in the G(2)
special case it is [31].

Appendix B

The Standard Model alphas running is computed following the usual formalism [54-56] w.r.t. the Z boson mass scale, with
p=- IS—ICZ(D) + s%n SR, )+ %n uS(R, S) the general one-loop expression for the groups, with s = 2 for Dirac fermions, S(R, f) =
S(R,S)= 3/5Tr[Y2/4] (Y is the hypercharge operator) and C,(D) =0 for U(1), whereas S(R, /)= S(R,S)=1/2 and C,(D)= N
for SU(N):
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where the explicit betas are
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with n;; =6 and ny =1 for no BSM physics. The SM parameters fine-structure «, Weinberg angle 6y, and strong coupling ag are
computed using the most up-to-date values from the Particle Data Group (PDG).
All data generated or analysed during this study are included in this published article and its supplementary information files.
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