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ABSTRACT: We study jet fragmentation via final-state parton splittings in the medium.
These processes are usually calculated theoretically by invoking the large- N, limit. In this
paper we perform the first computation of a 1 — 2 parton splitting in a thermal medium
at finite numbers of colors ., for arbitrary momentum-sharing fraction z and with full
transverse dynamics. We show how the problem can be transformed into a system of
coupled Schrédinger equations, that we solve numerically. The novel numerical results are
used to estimate the accuracy of several widely used approximations. We check the error
introduced while going from finite NV, (i.e. N. = 3) to the large- N, limit, which we find to
be small. For unbalanced splittings, e.g. when z — 0, only one of the partons is affected by
transverse momentum exchanges with the medium. The emission process then separates
into a term responsible for the 1 — 2 splitting and the subsequent independent broadening
of the daughter partons. This is also referred to as the factorizable term. For finite z, further
contributions arise that are responsible for the coherent color dynamics of the two-parton
system, and these are referred to as non-factorizable terms. These were argued to be small
for soft (unbalanced) splittings and for large media. In this work we therefore determine
the accuracy of keeping only the factorizable term of the large- N, solution. We find that
the error is insignificant at a small splitting fraction z ~ 0, but can be sizable in a more
balanced splitting with z ~ 0.5. Finally, we also examine the eikonal approximation, which
amounts to approximating the partons’ paths through the medium as straight lines. We
find that it is associated with a substantial error for the parameter values we explored in
this work.
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1 Introduction

High energy heavy-ion collisions provide a glimpse of a new state of nuclear matter that
emerge only when extreme energy densities are achieved. Under these conditions color
degrees of freedom, carried by the fundamental quark and gluon excitations, are released
and influence the material properties of the system, hence the name quark-gluon plasma
(QGP) [1]. One way of measuring the properties of the QGP is to rely on internal probes
that were created concurrently with the plasma. So-called “hard” probes refer to a class
of observables that, due to the large energy or mass scale involved, are created at very
short time scales such that their production mechanism is independent of the complicated
processes leading to the formation of a QGP and, therefore, are effectively happening in the
vacuum. However, in subsequent stages, when these probes traverse a spatially extended
and evolving QGP to reach the detector, modifications of their properties can occur. By
comparing the same “hard” observable in proton-proton (p-p) collisions and in heavy-
ion collisions (A-A), one can extract information that can be compared to first-principle
calculations of the QGP dynamics.

One of the most useful internal probes in the pursuit of studying QCD and the QGP
are so-called jets. These are collimated sprays of energetic hadrons originating from the
fragmentation of a highly virtual initial parton [2, 3]. Jets are produced both in p-p collisions
and in heavy ion collisions. In p-p collisions the fragmentation process brings the initial high
virtuality of the parton, which is of the order of its transverse momentum p7, down to the
hadronization scale where non-perturbative effects dominate [4-6]. In heavy-ion collisions,
however, the medium provides a scale related to the achieved energy density that interferes
with the vacuum-like fragmentation. The induced interactions modify the jet properties
compared to the vacuum baseline, leading to a set of phenomena that are usually referred to
as jet quenching [7, 8], for reviews see [9-14]. Given that jets probe a wide range of scales of
heavy-ion collisions, they can serve as probes of the initial pre-equilibrium dynamics [15, 16]
and anisotropy of the medium [17, 18], as well as of the late hydrodynamic evolution [19].
There is a substantial experimental effort at RHIC and the LHC in quantifying the effects
of jet quenching, focusing on a range of different observables [14, 20-24].

The dominant driver of jet-medium modifications is induced radiative processes. In
dense media, where multiple scatterings are important, the in-medium splitting functions
can be understood from the underlying scales that separate the limiting cases [25-31]. This
is true whether the spectra are differential in both the longitudinal momentum splitting
variable z and the relative transverse momentum dI/[dz d?p], or simply dI/dz. The full
problem can be tackled by numerical [32-37] or analytical techniques [38-43].

Medium-induced radiation is mainly responsible for the diffusion of jet energy to large
angles, leading to energy loss of jets which induces a bias on the observed jet samples.
The total jet energy loss is also sensitive to the medium parameters through the number
of resolved substructures acting as sources for medium-induced emissions [44, 45]. When
emitted at small angles, medium-induced emissions can also modify jet substructure [46-49].
In both cases described above, it is desirable to have a precise description of medium-induced
emissions to exploit to a maximal extent jet observables as probes of the QGP.



It is well understood that radiative processes in the medium are non-local, meaning that
they extend over finite longitudinal distances in the medium [25, 50-53]. The characteristic
branching, or formation, time arises from the transverse momentum accumulated during
the splitting. In dense media, dominated by Gaussian diffusion, the dispersion in transverse
momentum grows linearly with time, i.e. (k? ) = §t, where ¢ is the so-called jet quenching
parameter. The resulting branching time, scaling as t,, ~ w/(k?) ~ \/w/q, can therefore
extend up to the length of the medium, ¢, ~ L, for sufficiently energetic splittings,
with w ~ ¢L?. On the contrary, sufficiently soft splitting splittings should occur quasi-
instantaneously in the medium, i.e. with ¢, < L.

However, the non-locality of medium-induced emissions also has a more profound
consequence. It turns out [28] that the splitting products can remain color correlated to each
other over an extended period of time. During this time, the pair interacts coherently with the
medium as it is allowed to explore different color representations. After the pair de-correlates,
both daughters continue to broaden independently until they exit the medium. Using
analytical calculations in the large-NV, limit for gluon-to-gluon branching, the decoherence
time was estimated to be of the same order as the branching time ¢, [28], see also [54] for
a similar discussion. The large- N, approximation consists of taking the number of colors,
N¢, to infinity which greatly simplifies the color structure of the problem, making it easier
to solve. Hence, for sufficiently short branching (and decoherence) times, non-factorizable
contributions are expected to scale as t,/L and quasi-instantaneous 1 — 2 splittings
factorize from long-distance transverse momentum broadening. This factorization, which we
will critically examine below, lends support to a probabilistic, Markovian picture of multiple
emissions [55], see also [37] for similar rate equations in the context of thermal effects.

Contributions that violate this probabilistic picture become important for long formation,
or branching, times. Multiple emissions with overlapping formation times lead to interesting
factorization-breaking effects [56—61]. In particular, in the regime of strongly ordered
formation times, one can reinterpret part of these effects, namely the ones as contribute
with logarithms of the medium length, i.e. log? L and log L, as radiative corrections to the
jet quenching parameter ¢ [62—-66]. It is still an open question how to extend the description
of multiple in-medium splitting beyond the probabilistic picture, see e.g. [43, 67, 68].

On the other side of the spectrum we can consider very hard emissions in the medium.
These occur on short timescales and are expected to be vacuum-like, giving rise to new
color sources that can be affected by interactions over long distances [69]. Kinematically,
short formation times correspond to balanced splittings occurring at large relative angles.
In order to overcome some of these problems and to focus on hard 1 — 2 emissions in the
medium, i.e. when both daughter partons carry a large longitudinal momentum (z ~ 1/2
and E — 00), one introduced the eikonal approximation [30]. This consists of fixing the
straight-line trajectories of the partons through the medium, thus neglecting completely
their transverse momentum broadening. In this approximation, the problem reduces most
clearly to that of decoherence of the intermediate partons that move apart from each
other in transverse space as ~ 6t, where € is the relative angle of the pair. Going beyond
the large- N, approximation was then achieved in [70]. For a further discussion of color
dynamics in the QGP, see also [71-73]. Nevertheless, the eikonal approximation becomes
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Figure 1. Three different splitting processes where a parton with LC longitudinal momentum
pt = E splits into two partons with momenta 2E and (1 — 2)E. The processes shown are v — ¢q,

q — gq, and g — gg.

unreliable exactly where the medium scales become important, where transverse momentum
broadening starts playing an important role.

In this work, we address the full calculation of the medium-induced splitting function in
relative angle 6 (or transverse momentum p) and longitudinal momentum-sharing fraction
z of one single parton into two, for some relevant examples see figure 1, for dilute as well

L' This includes effects from a

as dense media, surpassing all previous approximations.
finite number of colors N, and comprises all non-factorizable contributions. We arrive at
a simple formula that generalizes well-known results obtained earlier only in the limit of
soft emissions, i.e. z < 1 [36, 42, 52], and resembles the heuristic picture of a two-step
process of emission and subsequent broadening argued for above. However, it involves a
novel building block, the quadrupole correlation function, that describes the full dynamics
of the daughter parton pair after the splitting. The quadrupole function is governed by a
hierarchy of coupled Schrédinger equations, which describes all possible intermediate color
representations of the daughter parton pair. Our novel approach allows us to critically
examine the conventional approximations and shed light on the dynamics of large-angle
and balanced emissions.

We also analyze the deviations from the factorization of the two-parton emission
spectrum, and examine the size of the corrections stemming from non-factorizable processes,
whether at large- or finite- V., in a wide kinematic range.

The paper is structured in the following way: in section 2 we will introduce the basic
elements and notation that we will use throughout the paper. In section 3.1 we will derive
the spectrum for medium-induced emissions on general grounds, and show how the different
approximations simplify the calculations. Lastly, in section 4 we do the calculation for a
specific splitting process, and in section 5 we show the results of our numerical calculation.

2 Basic elements and notation

To describe the medium interaction we consider how hard QCD partons behave in an
external classical colored field. We work in light-cone gauge A* = 0.2 A parton with large
light-cone (LC) “energy” E = p* (or, more precisely, longitudinal momentum) couples
mainly to the reciprocal background field component A(t,7) = A~ (z, 2~ ~ 0,7), where

n-medium splitting functions (or exclusive two-particle cross sections) were also computed in the
so-called opacity expansion [74, 75|, appropriate for dilute media [43].

*We use the conventions z* = (z, 27, &), where 2™ = (2° + 2%)/2, 27 = 2° — 2% and = = (2, 2?), and
similarly for other variables.



we have introduced the light-cone “time” ¢+ = ™ and we have neglected the extent of the

background field in the = direction. This immediately guarantees that no longitudinal

momentum is exchanged between the parton and the background field, restricting the

dynamics to the two-dimensional transverse space at each instant of light-cone time.
Then, the in-medium propagation is described by the propagator,

x t
(x|GRr(t, to)|xo) = i Dr exp [zg ) ds 7‘*2(3)] Vr(t, to; [7]) , (2.1)
0 0
describing the transition of a parton from transverse position &g at time tg to the transverse
position « at time ¢ (it is implicitly assumed that ¢ > ¢¢). The parton is constantly “kicked”
in the transverse plane by the medium interaction, and it can therefore take an infinite
number of possible paths through the medium. These are summed up in the path integral.?
The interaction with the medium also involves an exchange of color. The color rotation
is encapsulated in a Wilson line along the parton trajectory, given by

Vg (t,to; [r]) = Pexp [ig tds A%(s,7r(s))Th

to

(2.2)

Here, the label R refers to the fundamental representation of SU(3) for quarks, i.e. R = F
with (7%);; = t{;, and the adjoint representation for gluons, i.e. R = A with (T?)ec = j fabe,
Finally, for the anti-quark, the propagator is given by

(@0lG (0. )) = [ Dresp iy td57'°2(s)] VAt to: Ir]). (2.3)

o to

Here, we have used the fact that the background field is real, i.e. A%*(s,7) = A%(s, 7).
In vacuum, i.e. setting A = 0, the propagator simply reduces to its vacuum counterpart

E B (z—=z0)>
2

(@(Go(t to)lwo) = 5y ye ™ 70T (2.4)

This can be written in momentum space as

(plGo(t, to) po) = (2m)28(p — po)e~ Ex(t—t0). (2.5)

Although we have skimmed over some details, the adiabatic turn-off prescription, which is
crucial when the time arguments tend to 4-co, can easily be reinstated.

At high energy, i.e. E — 00, the parton becomes increasingly constrained to the
classical trajectory between the end-points, and the path integral in eq. (2.1) becomes
trivial, reducing to a product of a free propagator and a Wilson line,

Gr(t,to) ~ Go(t, to) Vr(t, to; [xal) (2.6)

where x(s) = tt__tso xo + f:fg:c. This is called the eikonal approximation and can be used to

simplify calculations when considering highly energetic partons. Correspondingly, deviations

3Switching between transverse coordinate basis and transverse momentum basis is straightforward by
applying |x) = fp e”P®|p) and (x| = fp ¢P*(p| for the initial and final state bases, respectively. Throughout,
d2q

we use the notation fq = f CTER



from the straight-line trajectory are called non-eikonal corrections, see also [76, 77] for
a systematic expansion in non-eikonal corrections. However, in the general case for jet
quenching observables in dense heavy-ion collisions the full propagators, as given in eq. (2.1),
are used.

When computing observables, combining the parton evolution in the amplitude and
the complex-conjugate amplitude, one has to account for the fluctuations of the background
field. Assuming that the amplitude of the background field is Gaussian, the medium average
over the classical field is given by

(A%, ) AY (7)) = 6%n(t)6(t — ') y(r — '), (2.7)
where n(t) is the density of scattering centers and the function (r) is given by

i .rdzael
1) = [ e, (2.8)
q

and d?c,/d?q is the elastic scattering cross-section in the medium.

3 Describing parton splitting in the medium

3.1 Derivation of the emissions spectrum

In this section, we discuss the 1 — 2 splitting process on the partonic level in a deconfined
medium. We consider the splitting of a parton of type a with initial transverse momentum
po and energy E into two partons of types b and ¢, with transverse momenta and energies
(kt =2E,k) and (¢" = (1 — 2)E, q), respectively, where z is the energy sharing fraction.
The conservation of energy is implicitly accounted for in all the vertices. This is depicted
in figure 2, where we have placed the process occurring in the amplitude upstairs, and
the corresponding process in the complex-conjugate amplitude downstairs. It could be
one of many possible splitting processes involving photons, quarks and gluons, but here
we choose to keep the notation general and postpone the discussion of a concrete process,
namely v — ¢q, to section 4.2. For further details about the calculation, we refer to
appendix B, where we explicitly have derived the double-inclusive cross sections for v — ggq
and g — gg splittings.

After performing the medium averages and simplifying the color structure, we can write

the inclusive splitting cross section as

do gch /oo t2 ; 7= _
== Re dtg/ dtl/ _ I‘Z(kl — Zpl) . FZ(kQ — ng)
koqu (2E)2 0 0 pop1kikapop2ka

X (k7 q; k7 q‘S(4)(t007t2)|k27 q2; IZ:27252 - IZ:Q)
x (K2, g2; P2|S® (ta2, t1) k1, p1 — K13 1)
x (p1; 215 (t1,0)|po; Po) (Miy(E, po) MG (E,po)) , (3.1)

where the invariant phase space element is dQ2, = dEd?p/(2E(27)3). Here, Cg is the
squared Casimir operator of the initial parton, or in other words the color charge of the
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Figure 2. The process of a parton splitting into two, where the time runs from left to right. The
amplitude is depicted on the top and the complex conjugate amplitude is on the bottom. All lines
refer to propagators that include arbitrarily many medium interactions. Due to the lack of exchange
of longitudinal momentum with the medium, the energy stays constant along the lines but the
transverse momentum (or transverse position) is continuously updated according to eq. (2.1). The
parton is created at the initial time ¢y = 0, and the splitting occurs at time ¢; in the amplitude
and at a later time 5 in the complex conjugate amplitude. Due to the transverse momentum
conservation in the vertices, g1 = p; — k1 and g = p2 — k.

emitter.® The index “i” represents the spin/polarization state of the initial parton before
the splitting, which is averaged over, and the product of vertices, i.e. T - 1-\;’ involves a
further summation over the final spin/polarization states. Since we will be interested in the
cross section averaged over azimuthal angles, we can simplify the vertex structure as

4Pba(z)

2(1—2) (k1 — zp1) - (k2 — zﬁg)éﬁ, (3.2)

CRFi(kl — Zpl) . 1-\{(]%2 — Zf)Q) =

for further details see appendix B. In effect, the product of fundamental vertices becomes
directly proportional to the Altarelli-Parisi splitting function Py, (z) [78-80]. The sum over
initial polarizations now becomes trivial, allowing to isolate the cross section for the Born
process, as dog/dQp, = (| Mo(E,po)|?).

The time integrations in eq. (3.1) both start at the initial time ¢ = 0. This corresponds to
the creation of an initial hard, energetic particle that propagates through the medium [52, 81].
Then, we can finally write

do
dQ,dQ,

dog
dQy,

=2E /dQPO 216(E — k™ — q*) Pa(k, q; po) (3-3)

4Concretely, Cr = N, for g — gg, Cr = Cr for ¢ = qg and Cr = Tr = % for g — qq and v — qq.



This is the final answer for the two-body cross section in terms of the momenta of the two
final-state particles.

The propagation of the partons in the amplitude and complex-conjugate amplitude
during the various stages of the splitting process, as depicted in figure 2, is encoded in the
two-point, three-point, and four-point functions. These are in turn given by correlators of
the dressed propagators, namely

(p1; p1|S P (t1, to)[Po; Po) = di2 ((p1]Galpo) (DolGL|P1)) , (3.4)
(2, q2; P2| S (ta, t1) |1, p1 — k13 P1) = dﬁc«kﬂgb\kl)(QﬂQc’Pl — k1)(p1/Gl|p2)) . (3.5)

and finally,

(k, q; k, q|S™ (too, 12) | k2, q2; k2, P2 — k2)
= di ((K|Gy k=) (q|Gelg2) (B2 — k2| Gl lq) (k2| G K)) | (3.6)

where we have dropped the time dependence of the propagators on the right-hand side of
3)

abc
color connecting the propagators and normalizing to the total color charge. We have here

the equations. The process-dependent color factors d((f), d’y and dl(é) are responsible for

also neglected all color indices to be as general as possible. The various color structures for
several concrete splitting processes can be inspected in appendix A.4.

The n-point correlators possess a translation symmetry which renders them invariant
under the simultaneous transverse shift of all the coordinates. In momentum space, this
becomes manifest as the conservation of momentum incoming and outgoing legs, see
appendix A for details. Concretely, the four-point function then becomes

(k, q; k, q|S™ (too, 12) | k2, q2; k2, P2 — k2)
= (2m)%5° (g2 + k2 — P2)
x SW((1 = 2)k — 2q, ks — 2p2, ko — 2P2, P2 — k — qltes, 12) , (3.7)

see eq. (A.11). Enforcing the delta-function appearing in (3.7), i.e. p2 = g2 + ko, the
three-point function (3.5) further becomes

(K2, Do — ko; Pa|S® (ta, t1)| k1, p1 — ks 1)
= (2m)25(p1 — P1) S® (ko — 2p2, k1 — 2p1, p1 — Polta, t1) - (3.8)

At this point, it becomes apparent that it makes sense to introduce new momentum variables,
namely

l1 = kl — Zp1, lg = kg — Zf)Q y and l_Q = 1232 — Zf)g . (39)

Finally, using that p; = p; in (3.4), the two-point function becomes

(p1; P11SP (t1 — to)|Po; o) = (27)28(Po — Po)P(P1 — Polt1, to) , (3.10)



where P(plt1,to) is the broadening function. In the new momentum variables, the splitting
function becomes

2Pa z o0 o0
Py(p, P;pg) = gb(;QRe/o dtq dto

z(1—2) t
X / _ ll . [2 8(4)(1)7 l27i2)]52 - P|t007t2)
p1lilopals
x 8@ (Iy,11, p1 — Palta, t1)P(p1 — polt1, to) (3.11)

where we have introduced the total and the relative transverse momentum of the pair,
P=k+gq, and p=(1-2)k—2z2q, (3.12)

respectively.

In what follows, we will be interested in the information about the relative transverse
momentum, while the total momentum P can be integrated out. The Jacobian from the
change of variables yields do/[dQ dQ,] = (27)%42(1—2)E do/[d2dE d?p d? P]. The reduced
differential cross section in (3.3) then becomes

/ _ 4 doo
p dQdQ, d:d?pdE’

(3.13)

The integrals over po and p; can now be dealt with independently, by shifting separately
the integration variables ps — P — P and ps — p1 — p2, and we end up with a rather
compact formula from the emission spectrum in momentum space

d7
dzd?p 471'2 1 —2)

asPa
= b R/ dt1/t dtZ/l -1 Q(p, 1o, a|too, ta) K (12, U1 |ta, 1) -
1 122

(2m)?

/P2 paPpO)

(3.14)
Here we have defined the quadrupole
Opolo: ot t) = [ SV (pola,lo, Pl ta). (315)
the splitting kernel,
K(la, lit2, t1) = /m S® Iy, 11, Polta, 1), (3.16)

and used that [, P(p1 — polt1,to) = 1.
Switching to a formulation in transverse position, we apply Fourier transforms of both

correlators, to arrive at

dl o Pb ilu—i
om)? — s R/ dt/ dt/ e i(u—u)p
( ) dZde ! t1 2 us Ul

X (8u1 : 8’122) Q(’U,,'U;7 u27u2|tooat2)lc(u27ul|t27tl)‘

(3.17)

u1=u9=0"



where we introduced the notation w = z(1— z)E. The (u, u) spatial coordinates are given in
terms of the original coordinates in (A.7). In this work, we will concretely use eq. (3.17) to
find a numerical solution. Both egs. (3.14) and (3.17) are extremely compact formulas that
account for the full kinematics of medium-induced splitting in an arbitrarily dense medium.

The quadrupole Q(ts,t2) and splitting kernel KC(t2,t1) are given by the path integrals

ds (u?—u?

ug
O(ug, Ug; wa, Ustoo, ta) :/ Du Due B f C(4)(u,11), (3.18)
Us U9

u i@ [ dsu?
K(us, wnlta, 1) = | Due'sJu T7e®) ). (3.19)

uy
Hence, after exploiting symmetries of the problem, we have arrived at a description of the
problem in terms of a one-body quantum-mechanical propagator K(tz,t1), that lives in the
time-interval between the splitting time in the amplitude and in the complex-conjugate
amplitude, and a two-body propagator Q(t~,t2), that describes the system after the latter
splitting time until the end of the medium.®

The correlators C(™ are given by process-dependent configurations of Wilson lines, e.g.
: 3
e = i) ()
4
¢ = di (v Vv . (3.20)
In these correlators the color indices are traced over, and the specific form of the color
factors dgz)c and d,()i) depends on the process.

It turns out that the three-point function can be represented as a single exponential,
namely

— t2 Sv u
CO (ulty, t)) = e Jui’ dsvea ). (3.21)

where vy, (u) is the process-dependent potential of a splitting a — be, and is given as

pa(r, 1) = n(1) Ccz"aa(r) + C‘;d’a(zr) + 61’2%((1 — 2, (3.22)

where the color factors are ¢y, = C. + Cp — C,, etc., and C, = Cg are the individual color
charges of the three partons. The broadening potential ¢ is a combination of real and
virtual interactions o(r) = ¢g2[y(0) — v(r)], where () is defined in eq. (2.8).

The four-point function, or quadrupole, is more complicated since it allows for the
mixing between color states [73]. It therefore corresponds not only to a two-body but also
a multi-level quantum-mechanical problem. It can be calculated through a coupled system
of Schrodinger-like differential equations, which is derived in appendix C. The specific
details of this many-level system depend on the color charges of the involved particles.
The correlator C™® is itself a color singlet, and therefore the number of coupled equations
corresponds to the number of possible color singlets one can make out of four partons.
Analytical solutions exist only in the large- N, limit, where the system of coupled equations
drastically simplifies. Will discuss different approximations of Q(t~,t2) as well as solve it
exactly numerically for the v — g process in the following sections.

5In the vacuum, the quadrupole in momentum space reduce to a product of delta functions implying the
absence of any further transverse momentum broadening of either of the legs.



3.2 Isolating the medium contribution

To continue it is convenient to divide the process into three regions, depending on whether
the splittings in the amplitude and complex conjugate amplitude happen before or after the
system exits the medium. These regions are: 1) t; < to < L (in-in region), 2) t; < L < ty
(in-out region) and 3) L < t; < t2 (out-out region). The spectrum then separates into

dIfull d[in—in dIin—out d[out—out
dzd?p - dzd?p + dzd2p + dzd?p

(3.23)

In many cases we want to study the medium contribution, which can be gotten by simply
subtracting the vacuum spectrum. The out-out contribution describes a splitting happening
entirely out of the medium, which means that it is equivalent to the vacuum spectrum. The
medium contribution to the spectrum is then given by

d Imed d Ifull drvac

dzd2p ~ dzd?p  d2d?p
_ d[in-in d[in-out
~ dzd2?p + dzd2p

(3.24)

One way of isolating the medium contribution to the spectrum is to calculate the so-called
medium modification factor Fi,eq, given by

dIfull B drvac
dzd?2p  dzd2p

(1 + Fmed) . (325)

We will put some effort into calculating the three contributions individually, and will in the
end use that knowledge to calculate Fieq.

We can immediately deal with the out-out contribution, which is equivalent to the
vacuum contribution. Outside of the medium the three- and four-point correlators simply
reduce to C®) = C = 1, meaning that the path integrals are free. The three-point function
becomes the free propagator, i.e. K(ua, u1|t2,t1)g—0 = Ko(ua —ul, ta —t1), where

Ko(u, At) = el (3.26)
or, in momentum space
2
Ko(p — po, At) = (2m)*6%(p — po)e™ 55" (3.27)

The quadrupole becomes a product of two free propagators, i.e. Q(too,t2)g—0 = Qo(tso, t2),
where

Qo(uy, U, U2, Unltoo, ta) = Ko(ur — U2, too — t2) Kp(Us — U2, teo — t2) . (3.28)
In momentum space this simply becomes

Qo(p, l2, l_2|too, tQ) = (27‘(’)4(5(}) — lg)(s(p — l_g) . (329)
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This simply represents the fact that, in the absence of further transverse momentum
exchanges, the transverse momentum of the pair remains the same after the splitting has
taken place, i.e. after to.

The out-out, or vacuum, contribution is reached by inserting the free propagators
into (3.14), which simply becomes

d Jout-out a 0 oo - p2
21)?———— = — Pu(2)R / dt; [ dtpp?eii(tzh)
(2m) dzd%p w2 ba(2)Re L " 2p e 2
2a
— psta( 2). (3.30)

In a more familiar form, it reads

dIoutfout _ %Pba(z) (3 31)
dzdp? 27 p? '

where p; = |p| = wf in the small-angle approximation, which is nothing else than the
well-known vacuum splitting function.

Similarly, the in-out contribution is immediately found to be given by

drment 2, 1
2 Qs
(2m) dzd?p  w p?

~ Pou(z Re/ dtl/ Py 9 K(w, | L )| . (3.32)

The equation for IC(L,¢1) is given in (3.19) and describes a splitting process that starts at
time ¢ and extends all the way to the end of the medium L. For general medium potentials
n (3.21), the path integral has no analytical solution, and it is more useful to reformulate
the problem as an evolution equation on (¢, 1), that reads

2

aat + 87 + Z’Uba( )‘| K(u,ul\t, tl) = zé(u — ul)é(t — tl) , (333)
where v,,(u) is a process dependent potential, see eq. (3.22). This correlator is a Green’s
function, whose evolution equation takes the form of a Schrédinger equation in 241
dimensions, describing the transition between initial time ¢; and the final time t. The
evolution can be solved using analytical [38-43] or numerical methods [32-37], and is the
basic building block for computing the energy emission spectrum dI/dz, differential only in
the momentum-sharing fraction z, see section 3.3.

Lastly, the in-in contribution is given by

L L
Pba( )Re/ dtl dtg
0

t1

dIln ln
(2m)° dzd?p

X / e TP, - Og,) Q(u, W, uz, Un| L, t2) K (uz, wrt2, 1))
uoul

u1=u2=0"

(3.34)

It is clear that to calculate the in-in spectrum, we have to be able to calculate the quadrupole
Q(u,u,u2,uz|L, t2). In the next subsection we will show one way of doing this numerically.
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Now we will show how to calculate the four-point function in position space

UL L S ds (@7-82) ()

Q(uL’aL’u27a2‘Lat2) :/ Du 'Z)'aeiE to

Uuo u

(u, @) . (3.35)

The four-point correlator C® is a medium-averaged trace of Wilson lines. In our ap-
proach all adjoint Wilson lines are turned into fundamental ones using the identity
Ut = 2tr {t“VFthT} 6 1f ™ contains n pairs of Wilson lines in the fundamental repre-
sentation there will be n! different ways to connect the color of these Wilson lines. The
correlator we are interested in calculating is only one of these states C(4) = Ci(4), and can be
found through a system of differential equations that involves all of the states

d

dt
The sum runs over all of the n! color states. In [70] we derived a general method of

calculating the evolution matrix MM, which we refer the readers to for more details. In the
large- N, limit the matrix M simplifies greatly and the system becomes analytically solvable.
We will show a concrete example of this in section 4.2.

The quadrupole Q; is a double path integral over the correlator C;. In appendix C it is
shown that the path integral can be given equivalently in terms of a system of Schrédinger
equations, namely

0 02 —02

l 0ij 5 ot 0= 2w
where 1, = [1,1,..., 1] and we have defined U = (¢, u,u).

From this it is possible to derive Schrodinger equations for objects that contain the

—iM;; (u, )1 Q;(U,Us) =i1;6(t—1t2)6* (u—uz)d*(w—u2),  (3.37)

four-point function. Defining

u u]L / dtg/ dt1/
u2

X (Ouy + Og) Q(u, @, uz, Us|L, t2) K (ua, wilta, t1)], g o

A~ 2__92
and acting on this object with the derivative operator D[] = i% + 8"2w8ﬁ

(3.38)

— iM(u,w) it turns
into a non-homogeneous differential equation

~ L
B[ F(w,alL)] = ~i 0a0*(u) - O, / Aty K (w, u| L, ty)] (3.39)
0

u1=0"
where we have omitted the explicit form of the initial condition. The derivative of the
Dirac delta might look odd, but it can be dealt with numerically by simply choosing some
representation of the delta function. Using this object the in-in spectrum becomes

dI'™n oy Pyo(2) (u—ii _
2 _ Qs Lpg —i(u—u)p

= Re e F(u,u|L). 3.40
i g (w, @) (3.40)

The recipe for calculating the spectrum is then the following: calculate F(u, w|L) numerically

(27)

through the Schrédinger equation (3.39), then do a numerical Fourier transform and insert
the result into eq. (3.40). In the next section we will do this for a specific splitting process.

SFor problems involving only gluon lines, alternatively one can work entirely in the adjoint representa-
tion [73].
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3.3 The energy spectrum

In many cases we are not interested in the transverse momentum of the splitting, but only in

2_dl
dzd2p-

For now, we take the integral without any restriction on the phase space. Starting with the

the energy fraction carried by each parton. That is, we want to calculate % = fp(27r)

expression for the fully differential spectrum in momentum space (3.14), we write

dl  «ag 0 0 _ _

di = 7Pba(Z)Re/ dtl/ dtz// _ l1 . l2 Q(p,lQ,lQ‘too,tQ)’C(IQ, l1|t2,t1) . (3.41)
z w 0 t1 p Jlila2l2

The relevant part to study is the part involving the quadrupole. Making use of the definitions

of Q(t,ta), we find that

/Q(pvlz7l_2!t,t2) =/ SW(p,ly,ls,p2 — P),
p Pp
= / (kvq;kaq|S(4)|k27q2;E2)ﬁ2 _E2)7 (342)
P7P7Q2

where in the first line we have reinstated the original combination of momenta ps — P. Using
the definition of S™(t,t,) in terms of the dressed in-medium propagators, see eq. (3.6),
and using that fq((jQ]gT]q)(q]Q]qg) = (27)25(q2 — q2) and is diagonal in color space, we can
finally show that

| 0.to Llt ta) = 2m)25(12 — L) (3.43)

The integral over the quadrupole has been reduced to a Dirac delta, and only the splitting
kernel K(t2,t1) actually contributes to the energy spectrum, which now reads

dl  « 0 0
— = 2 P(2)R dt dt - KL, L |ta, 1), 3.44
L= ba (%) e/o 1/t1 2/11121 2 K(la2, Li]t2, t1) (3.44)
as o o0
= & Pa(2)Re /0 aty [ a0, 0, Kl ylto,t)emy0. (3.45)

in momentum and transverse-coordinate representation, respectively.

4 Photon splitting in the harmonic oscillator approximation

So far our results have been completely general, valid for any potential and splitting
process. In this section, we will employ our formalism to calculate a specific process in the
medium and plot the results. For the potential we will use the harmonic oscillator (HO)
approximation [25, 50]. Then we will narrow our calculation further and study the specific
case of a photon splitting to a quark-antiquark pair.

4.1 Harmonic oscillator approximation
The elastic scattering potential o(r) can be expanded at short distances |r| — 0 as

doel
d2q

iqr TP 1
n(t)Cro(r) = an(t)CR/ (1 —e'l ) R~ 17‘2(]]{ log = +O(rtu?), (4.1)
q *

~13 -



where the form of the first term is universal for the scattering potentials used in the
literature, while the scale u, is model-specific and depends on how the IR divergence of the
scattering is screened by medium effects [40]. Assuming the logarithm is a slowly varying

function, we drop it to arrive at
1,
n(t)Cro(r) ~ iquz, (4.2)

which is the so-called harmonic oscillator (HO) approximation [25, 50], see [38—43] for a
consistent treatment of the logarithmic corrections. The HO approximation is appropriate
for accounting for multiple, soft interactions with the medium. This is usually what mainly
governs the dynamics of soft splittings. Besides, it is a very useful approximation since
it allows for analytical solutions, in particular for the three-point function K(t2,t1) in
governing the splitting process.
Focusing solely on the three-point function for now, it follows that the potential of the
path integral, given in eq. (3.22), becomes
1.
Upa (7, 1) = quarz , (4.3)
where
A~ Ceba Cach 2 Chac 21 A
= + z° + 1-=2 . 4.4
o = | g+ 022 4 2 (12| (44)
For the process that we will consider in this paper, see section 4.2, v — gq we have G4, = ¢r.

Finally, the parameter § is in general a function of time. In this paper we will simplify
this and use brick medium §(¢) = ©(L — t)§, where we treat ¢ = §r as constant.
In this approximation the splitting kernel becomes K(t2,t1) = Kuo(te,t1), where

wl) S0 A [cos(QAt) (u2+u2)72u1-1m]
2sin(QAt) 1 2 45
27 sin(QAt) ¢ ’ (4:5)

where At =ty —t; and Q = %\/(jba/w.
Hence, in the HO approximation one can obtain analytic expressions for the in-out

Ko (u2, uilte, t1) =

spectrum and part of the in-in spectrum. The in-out spectrum, given in eq. (3.32), can be
simplified by using the relation

’ WU 98 cot Ot u?

/O A1 By Koo (18, w1t 1)y = — el €0t 200 (4.6)

After doing the integral over u the in-out contribution in the HO approximation becomes

Jin-out 20 L 1 tan(Qt) 9o
om)? = -"P.(2)R / dt —5——e 20 P
(2m) dzd?p w ba(2) Rei 0 cos2(Qt)e ’
4 .tan
- —%Pba(z) Re {1 - e‘ltﬁ%mpﬂ . (4.7)
p

Similarly, the in-in spectrum can also be simplified. Again the first time integral can be
done in the HO approximation, and eq. (3.34) becomes

in-in L
(277)2 jldQ = %Pba(z)lm / dt2 / e*i(UL*ﬁL)'p ei% cot Qto u%
S W 0 usur,Ur,

U2 _ _
X w2 - Ouy Q(uLauLau25u2|L’t2)‘ﬁ2:0'

2
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In our numerical calculations we will compute the object F(u,u|L) given in eq. (3.38).
In the harmonic oscillator picture this is given by

¢ »
F(u,u|L) = _if/ dtg/ ot 5% cot (Q2)u3 (u; -8u2> Qu, w, ug, uslt, ta)|, . (4.9)
s 0 ws u2 ug—
This object can be computed through the Schrédinger equation
l. o 02— 02

- iM(u,ﬁ)] Flu,a|L) = —= % 0562 (w) ' oH@Dw*  (410)

Z§+ 2w TUu

We finally stress that the HO approximation is not a necessary ingredient for our numerical
procedure. When dealing with the full expression in (4.1), we would need to solve the three-
point function KC(t2,t1) with advanced resummation techniques or numerically, and provide
numerical data as the non-homogeneous contribution to the evolution equation (4.10).

4.2 Pair production

Turning finally to the concrete goal of our numerical calculation, let us examine the process
of a photon splitting into a quark-antiquark pair, v — ¢¢. The full derivation of this cross
section is done in appendix B.1.

The reason for choosing this process to study is mainly a practical one. We have to
solve a system of differential equations numerically. For v — ¢g the system is 2 x 2. Naively,
the size of the problem for ¢ — ¢g splitting is 6 x 6 and for ¢ — gg it is 24 x 24. But
by a clever choice of basis [73, 82|, these problems could be reduced to 3 x 3 and 8 x 8,
respectively. Since the numerical complexity increases, with limited computing resources,
we chose the least complicated one for the current work.

Another reason is that v — ¢q is a pretty good proxy for studying both ¢ — gg and
g — gg. The difference between the three cases is the Wilson line correlator C™ in eq. (3.35).
For v — gq this is

1
C(L,ts) = E(trmvgvivg]) , (4.11)
while for ¢ — gg and g — gg it is [28, 54]
1
CS(L,ty) = N (te[VI VA Vg V3] tr[ V] V] — N tr[VIV4]) (4.12)
Chy)(Lt2) = oy (VI Vil eV VoVl 6V Vel = eV Vi VeV ViV val)

(4.13)

There is obviously a big difference in color complexity between these three systems. However,
the large- N, limit can be used to simplify Cs(,g) and Cg;). In both cases the first term goes as
N?, while the second goes as N2, meaning that the latter is subleading in N,. Additionally,

in the large- NV, limit, the first term becomes a product of several factors, namely

C(L, 12) = <o ViV V3] GV Val) (414)
Chg) (Lit2) = %@r[VMD<tr[V1VJV§V§]><tr[V5v2]>. (4.15)
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These consist of products of dipoles and a quadrupole. The dipoles are easily calculable

1

C

L —
(Vivl) = ¢ O o, (4.16)

where we have introduced the notation 0,7 = o(r1 — r7). However, the quadrupole is not
trivial. Notice that the quadrupole that appears in the ¢ — qg and g — gg splittings is the
same as the one for the v — ¢q process. One can therefore write

Cla) (Lit2) = Pys(L, t2)C3) (L t2) (4.17)
CO (L ta) = Py1(L.t2)Pos(L, t2)CY (L. 1) (4.18)

Hence, by calculating the v — ¢q process we also calculate the non-trivial part of the
q — qg and g — gg processes.

In the pair production case the potential in the path integral for the four-point function
in (3.35) is a correlator of four Wilson lines, given in (4.11). There are two ways of connecting
the color of these four Wilson lines, leading to a system of Schrédinger equations (3.37)
with two states. The two states are defined as C{A‘) = 1/N02<tr[V1V2T][V§ViT]> and C§4) =
1 /Nc<tr[V1V2TVQViT}), where the latter represents the physical state that we are interested in.

To solve the Schrédinger equation given in eq. (4.10) we need to know the explicit form
of the potential matrix M. In the v — ¢g case the indices are ¢ = 1,2 and the states Q; are
defined through eq. (3.35) with the potentials CZ-(4). The second solution Qs is the physical
state that is part of the emission spectrum, but it is coupled with the state Q; through
the potential matrix in the Schrodinger equation. The potential matrix was derived in [70],
and for an arbitrary potential it is

1 2C 1) + =2 -+
M= Ly |2OP(O12+ 021) + B Ne=to (4.19)
2 —NCZQ 2CF(0'11 -+ 052) + VCZQ
Here we have introduced
X1 =013+ 091 — 011 — 0%
Yo =05+ 079 — 012 — 075 (4.20)
In the HO approximation, the potential matrix is given by
A 2, =2 1 — 1 ~
M= g |Crlu*+u ]+mu-u —Nu-u (4.21)

CACE | Nez(1-2)(w—a)? [Cp— Nez(1—2)|(u — u)?

The parameter ¢ that appears here is in the fundamental representation §r = §g,. In
the potential matrix we have used the coordinate transformation (A.7) to go to the (u,u)
coordinates. To get the full solution of the system we plug this matrix into eq. (4.10) and
solve the differential equation numerically. This finite- N, result can then be compared to
the large- N, calculation, which we will discuss now.
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4.3 The large-NN. limit

In the large- N, limit the potential matrix simplifies to

4 2 4 =2
_ q[ u®+u 0 (4.22)

4 (22(1—2)(uw—w)? [22 + (1 — 2)(u — u)?
This simplification actually makes it possible to reach analytical solutions for both of
the states.

Calculating Q7. In the large-N. limit the equation for Q; decouples from Q, and in
the path integral formulation it becomes a product of two independent path integrals

uy, ’LLL w ) 4
Ql(UL7U2) :/ Du Duezf d8[2 u u )+'L (u?+u )]
u2 uz
= ’CHO(uLaUQ‘L)tQ)’C;O(’aL,’aQ’L,tQ) s (423)
with Kyo given in (4.5), and K}, is the complex conjugate with Q* = 1+1 i/w.

Calculating Q5. The second quadrupole Q5 is the one that is present in the emission
spectrum, and its calculation is therefore of some importance. It is given by the non-
homogeneous Schrédinger equation

ﬁ + Ou — 0% + ig[ZQ + (1 - 2)?(u — u)Q] (U, U,)

ot 2w 4
_ —zgz(l ) (u— @) (U, Uy), (4.24)
where Q1 (U, Us) is given in (4.23). The solution to this
Q(U,Uy) = Q5(U,Us) +/t: dts /M k(U V)T(V)Q1(V,Us), (4.25)
where the transition function is T(V') = —z(1 — 2)§(v — ©)?/2. These two terms were coined

the factorizable and non-factorizable terms in [28]. Notice that the non-factorizable term is
proportional to z(1 — z), so in the soft limit z — 0 or z — 1 it becomes negligible.
The factorizable problem is solved by a homogeneous Schrodinger equation

0 2o

— i 17,2 _ )2 Y fac
i+ iR (- w) ] AU, )
= i0(t — t2)0%(u — ug)0? (u — us) . (4.26)
This is easier solved in the path integral form
u U s w2—a2)+id[22 —2)2(u—u)?
QfaC(UL,Ug):/ “pu [ Dt i [0 ] (4.27)
Uuo u

After changing variables to y = u — u, @ = 1/2(u + u) the potential becomes independent
of «, and the path integrals can be performed. The result is

w

2 N
A ) ol agl(@—z2)-(y—y2) e*%[22+(1*Z)Z]At[y%y'y?*yg] (4.28)
2w At ’

Qfac(m7 Y, x2, y2|L7 t2) = (

where At = L — t9.
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It is worth pausing at his point, and consider the form of this function in Fourier space,
given by
QfaC(p, lg, [2) — / ei(w2+%y2)-l2*i(w2*%y2)'l_2*iy'1’anc(a;7 Y; T2, yg) . (429)
Z,Y,T2,Y2

We see that we can take the x integral directly on the four-point function. After further
simplifications, we find

08(p. 1y, Iy) = (21)28(1y — L. i e
= — e Geff (L—12
= (27)25(ly — bo)Pegg(p — lo| L, t2) , (4.30)

where the effective ¢ parameter for the photon decay is e = [22 + (1 — 2)?]4.
The non-factorizable piece,

t
Quen—fac(y ) :/t dt3/ COF(U,V)T(V)Qi(V,Us), (4.31)

is much more complicated since it depends on both of the color-states of the four-point
function. In the large-N, limit, we have an explicit solution for Q; and can therefore solve
eq. (4.31). One can show that in momentum space it is given by

_ L ) - -
Qnonffac(pal27l2‘Lat2) :/ dtS/l /eil(pih).up(zu”[’vt3)P<(1 - Z)U|L,t3)
to 3Ju
x T(ults) Qi (s, 1o, La|ts, t2) (4.32)

where we have written the two-point broadening functions in coordinate space, i.e. 75(11,) =
Jo e~ P%P(p). Since T(u) = —z(1 — 2)gu?/2, we can trade it for a double derivative and
obtain

_ 1 (L
Qnon-tue(Pr 12, | L t2) = S 2(1 — 2)d / dts /
to I3

X (813 . 811)7383(]9 — l3|L, tg)Ql (lg, lg, [2|t3, tg) . (433)

The quadrupole Q; was given in (4.23), and in momentum space it is

Q1 (13,12, la|ts, t2) = Kuo(ls, Lalts, t2) Ko (I3, Lats, ta2) (4.34)

where the splitting kernel in momentum space is

2T

AT monemaan [os(QAL) (B+3)—20x-1s]
1w sin(QAt)

Kuo(ls, la|ts, t2) = (4.35)

After taking the double derivative and doing the last Gaussian integral you arrive at the
somewhat complicated expression

_ 1 L 2
Qnon—fac(pal%lQ’LatQ) - _52(1 - Z)(j dt3z
t2
= 2c c o] _&
x Q1(p, b2, la|ts, t2) [1 L } e A (4.36)
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where we have defined the time-dependent factors

2
- 4.37
Gett (L—1t3) (4.37)

2
A= ——— — —w[Qcot Qtg—t9)—Q cot Q* (t3—t 4.38
g p— iw[Qcot Q(ts—t2) — Q" cot Q7 (t3—12)], (4.38)

W Q( __ b >_ i b (4.39)
T tanQ(ts—t2) P sinQ(ts—t2))  tanQ(tz—t2) \P sinQ*(tz—t2) )|~

4.4 Factorizable and non-factorizable contributions to the spectrum

Hence, in this case, the factorizable part of the spectrum reads

dIm in to
(271—)2 dzlecg w2 Pba Re/ dt2/ dtl/ l1 lgpeﬁ<p ZQ‘L tz) (lg,ll‘tg,tl) (4.40)

= & Pra(2)Re /0 dts /0 dty e~ PP Pog (| L, t) By By K (., ylta, t1)y—o. (4.41)

This describes a splitting of one parton into two at times t; < t < to and the subsequent
incoherent broadening of the two-body system, described by the effective jet coefficient e,
at times to <t < L.

After doing the remaining momentum integrals the factorizable part of the spectrum
becomes

lIl in

ac 2055
(2m)° dzfd2 Pba

2wS cot(Q2t) I
R / dt 2w cot () +igeg At . 442
e 2w ot (1) + iGeg AL ! (442)

Similarly, the non-factorizable part of the spectrum is

d in—i{l (1 — 2 qu to _
97)2 Eononcfac _ & al R/dt/dt/dt/ 1 -1
(27) dod2p 5.2 2 1 3 L bials 1t

X (Op - Op)Per(p — 13| L, t3) Q1 (I3, Iz, la|t3, t2) K (Lo, Ly [t2, 1) . (4.43)

The two expressions (4.42) and (4.43) constitute the main analytical results in the large-N,
limit. However, it is worth to stress that the full finite- N, result can similarly be interpreted
as a factorizable contribution, corresponding to the diagonal elements of the interaction
matrix M, see (4.21), and the remaining diagonal and non-diagonal, or non-factorizable,
contributions.

It is interesting to study the time scales of the different parts of the spectrum. The
splitting kernel KC(t2,t1) is governed by the time scale ty,, = \/2w/{, called the branching
time. This which is evident from (4.5), which contains the combination |Q7| ~ 7/ty,, where
the time difference is 7 = 5 — t1. This constrains the extent of the time difference to be of
the order of ty,,. The scaling of the spectrum with the medium length can be clarified by
shifting the time integrals as

/OLdtg Othtl(...)—>/0Ldt/0L_th(...). (4.44)
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For a large medium or for soft emissions, such that L > ty,,, the integration over 7 yields a
factor ~ ty;, while the remaining integration over t scales with L. Hence, the factorizable
piece is expected to scale linearly with L.

The time dependence of the non-factorizable piece is not so straightforward, as it is
a convolution of two different quadrupoles, see eq. (4.33). Between t2 and t3 the time
dependence is set by Qj(t3,t2), which exhibits the same characteristic time scale as K(ts, t2),
namely at the order of the branching time t,,. One therefore expects the integration over
the intermediate time t3 to yield a factor fy,. It can be shown numerically that the non-
factorizable term vanishes in the z — 0 limit, see figures 9 and 12, since tp, /2. This has to
be compensated by another length scale, which should emerge from the remaining dynamics
between t3 ~ to + t,, and L. In [28] the authors argued that the non-factorizable part
contributes only as ty, /L, suggesting that the non-factorizable contribution should become
less relevant for large media. In section 5 we will critically examine this proposed behavior.

5 Numerical results

In this section we will present the results of our numerical calculations for the v — ¢g
splitting. The system of coupled Schrédinger equations is solved on a dense grid using the
fourth-order Runge-Kutta method. The coupled set of equations is defined in eq. (4.10) and
the potential matrix M entering these equations is given in (4.21) at finite-N, and (4.22)
at large-NN.. The simulation error was estimated by comparing the simulated value of the
factorizable problem with the analytical solution given in (4.42). The code we used to do
these simulations can be found here: https://github.com/johannesgutn/schrodinger.

As mentioned above, we have chosen to focus on the v — ¢q process due to the small
dimension of possible intermediate color states and, thus, the number of coupled equations;
the ¢q pair can only be in two (singlet and octet) configurations. Our approach can be
straightforwardly generalized to more complicated systems like ¢ — gqg and g — gg, however,
it is not a trivial task. The main problem is that in these cases the potential matrices M
have a much higher dimension than in the photon case, and the number of coupled evolution
equations grows rapidly. This also comes with a much higher demand for computing power
and time, which is one of the reasons why we decided to focus on the photon case. On the
other hand, as discovered for the calculations in the eikonal approximation [70], one would
expect more pronounced deviations from the large- N, limit in splitting processes involving
more color.

The object we end up with after doing our numerical calculation is

F(p|L) = / e TP F(y, ulL), (5.1)
uu

where F(u,u|L) is defined in eq. (4.9). The code then simulates the time evolution of the

object F(p|L), as a function of the splitting fraction z and the transverse momentum p, or
equivalently splitting angle 6, as |p| ~ wf.

We focus on the medium modification factor Fjeq, introduced in (3.25). It measures

how much the medium-induced emission spectrum differs from the vacuum spectrum, and
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Figure 3. F;’ejiin as a function of time for different values of w.

dIin—in dIin—out drvac
Fred = . 5.2
d (dzdzp * dzd2p> /ddep (5:2)

This ratio cancels directly out the soft and collinear divergences contained in the vacuum

is defined as

spectrum. In particular, since the Altarelli-Parisi splitting function is canceled out in (5.2),
we expect that Fi.q should give a measure of the medium modifications that is, at least
qualitatively, universal among the medium-induced splitting processes (up to the magnitude
of the effects).

In the previous sections we have computed the vacuum and in-out contributions
analytically in the HO approximation, see egs. (3.30) and (4.7). For the in-in contribution
we have as mentioned calculated the object F(p|L) numerically. Inserting this into the
above equation gives

p2 -tan(QL) o

Fieda = Re <2w2]—"(p\L) -2 [1 —e 2w P ]) . (5.3)

We will now discuss some of the main observations from the results of our simulations.

5.1 The in-in contribution

To start, it is interesting to look at just the in-in contribution, as this is what was studied
in [28]. To do this we define FI™ ™ = Re %f (p|L), and plot this as a function of time and
0 in figures 3-5. In [28] the authors argue that the non-factorizable part should be negligible
as long as L > tp, = \/2w/{. The medium parameters were chosen to put focus on where
the effects are most sizable. We can now use our numerical results to check this statement.

Looking at the left plot in figure 3 we have t,, ~ 0.5 fm and ty,;, ~ 0.8 fm for z = 0.09
and z = 0.5, respectively. We would therefore expect the finite- N, and the factorizable
results to match closely at late times. However, this is not what we see. For z = 0.5 the
two solutions actually move away from each other at around 1fm. The same is also true for
the 100 GeV plot on the right, but since error bands are bigger it is harder to draw concrete
conclusions.
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Figure 4. Fg‘;im as a function of time for two different values of §.

To study the behavior at late times in more detail we have in figure 4 plotted gleain up
to 5 fm. Numerically this was only possible at 10 GeV, as the error blows up at late times
for the 100 GeV case. In this figure we have used two different values of ¢, which is a way of
varying ty,, while holding w constant. From this figure it is clear that the difference between
the finite- N, and factorizable solutions grows at around 1fm, and stabilizes to a constant
value. This contradicts the notion from [28] that the non-factorizable should become less
important at late times. However, it is consistent with [70], where we also found that the
difference between the finite IV, and factorizable versions of the quadrupole amounted to a
constant shift after some time.

On the other hand, it is interesting to note that the error in the case where § =
1.5GeV?/fm is bigger than the error when § = 3 GeV?2/fm. This does seem to support the
claim that the non-factorizable piece is less important when § is big, or equivalently %y, is
small. Together, these observations seem to indicate that the size of the non-factorizable
term as a function of the different parameters is more complicated than previously thought.

In figure 5 we have plotted the in-in contribution as a function of the splitting angle 6.
This is also interesting to study, as the estimate that the non-factorizable piece should be
small when L > t},, contains no information about the angle. We see that the factorizable
piece matches the full solution one when Fyoq itself is small, while the two solutions show
differences around the peaks in the distributions. Of the four curves in figure 5 only the one
with z = 0.5 and E = 10 GeV (¢, =~ 0.8) exhibits a significant difference between the factoriz-
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Figure 5. F;lefii“ as a function of 6 for different values of w.

able and full solution. However, in the four plots the branching time t,,, ranges from 0.8 fm to
1.4 fm, which is smaller than L, but not very much smaller, so it is hard to draw conclusions.

It is clear in both figures 3 and 5 that the non-factorizable part is small when z is small,
which is what we expect from the analytic calculation (4.25).

5.2 Validation of the numerical results and comparison to approximate

solutions

Armed with our numerical simulation we have the opportunity to study several approxima-
tions. From now we plot the full Fi,eq, given in (5.2), which also includes the in-out term.
As a first test case, we study going from the full finite- NV, result to the large- N, solution.
This amounts to simplifying the potential matrix in the Schrodinger equation from (4.21)
to (4.22).

The next approximation we examine is comparing the magnitude of non-factorizable
effects in the splitting. The factorizable piece corresponds to keeping only the first term of
the quadrupole, see eq. (4.25). This is what is usually done in most practical applications,
and is therefore a very important test. For instance, for the special case of g — ¢q (even
with massive quarks), this is the only contribution at large- N, [83].

Lastly, we will also compare our non-eikonal result to the fully eikonal approximation,
where all the partons are put on classical paths. This is the approximation we used in [70],
where we performed a similar study. Here, we put this approximation to the test.

We evaluate the numerics for the medium parameters § = 1.5 GeV?/fm and L = 2fm,
and choose two, widely separated initial energies £ = 10GeV and £ = 100GeV as
representative test cases. The simulated Feq at finite N, is shown in figure 6, where we
have plotted it in the two-dimensional (log ,log §) plane (or Lund plane) for a wide range
of splitting fractions and angles.” In this representation the vacuum spectrum alone, in
the soft limit, would correspond to a constant < a;Cpr. Hence, this provides a compact
representation of where the medium effects are most pronounced.

"Following the high-energy notations, we are using natural logarithms throughout.
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Figure 6. Fieq, given in eq. (5.2), simulated at finite-N, for two different energies, i.e. for
E =10GeV and E = 100 GeV. See text for further details. The two medium scales |p| = Qs and
|p| = (wd)'/* are also plotted, as well as t; = L.

In figure 6 we have also depicted the medium scales related to the transverse momentum
scales from splitting, i.e. |p| = p; = wh ~ (w§)'/* (thick, red line), and broadening, i.e.
pt = wl ~ Qs = /GL (thick, blue line). Finally, we also delineate where the formation
time t; = 2w/p? becomes equal to the medium length L (thick, green line). Clearly, as is
most visible for the higher parton energy (figure 6, right), medium effects are occurring
at large angles and scale nicely with Qs. However, whenever Q, ~ (wg)'/4, i.e. for long
branching times, we note a net negative effect of medium interactions. In this regime, both
of these scales also become comparable to the condition on the formation time ¢ < L, or
pt > \/2w/L. Note, however, that the full spectrum, i.e. vacuum plus medium, is positive.

Finally, we note that the simulation errors become quite large for large angles and
large z for £ = 100 GeV, and our results are therefore not shown in the lower, left corner of
figure 6 (right). We now turn to discuss exactly the simulation errors.

Estimating the simulation error. Before we do any of these comparisons we will
discuss the error in our simulation. In this work, we have done three numerical simulations,
corresponding to i) the finite- N, result, ii) the large-N. result, and iii) the factorizable
part of the large- N, result. The third point corresponds to a special case where we solve the
coupled Schrodinger equations with the potential matrix M at large- N, eq. (4.22), while
also setting the non-diagonal contributions to zero. In this case we also have an analytic
formula, eq. (4.42). This gives us a way to compare our numerical simulations, in this
special case, to a well-defined answer and the difference between these two will then give us
an estimate of the simulation error.

Hence, as a proxy for the full numerical error, we define the error of the simulation
as 1 + Fleq calculated analytically and numerically, according to prescription iii) above.
Hence, we define the accuracy as,

|Fmed analytic — Frned simulated‘
Apum = et ’ . 5.4
e 1 + |Frned,analytic| ( )
This quantity is plotted on the Lund plane in figure 7.
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Figure 7. The simulation error A, defined in eq. (5.4), for two different energies.

As one can see from figure 7 the simulation error is generally small for the 10 GeV case.
For the 100 GeV case the error grows large for big # and z ~ 0.5. We therefore do not
expect to get accurate results in this part of the phase space. This comes from the fact that
the Schrodinger equation (4.10) contains a non-homogeneous term with a complex phase
which is proportional to y/w. This phase will oscillate rapidly when w is big, meaning we
need an increasingly detailed grid to capture these oscillations. Further work is needed to
address this corner of the phase space.

However, except for this corner of the phase space for the 100 GeV case, the simulation er-
ror is sufficiently small to be able to draw meaningful conclusions from the numerical results.

Comparing finite- N, and large-N.. In [70] we found that there is only a very small
difference between the spectrum for finite N, and large-IN, in the v — ¢q case. In that
paper we used the eikonal approximation for all the partons, so it is interesting to see if
anything changes when we here include the possibility to accumulate transverse momentum
along the partonic lines. Again we define the difference between the two schemes on the
level of 1 + Fieq, and plot

AN = ‘F‘med,ﬁnite—NC - FmedJarge—NC‘ : (55)
1 + ‘Fmed,ﬁnite—NC’

c

in figure 8. As we can see from the difference between the finite- N, and large-N, results
are very small in the whole (6, z) plane, mostly under 1 %. This is consistent with our
earlier findings in [70]. However, in that work we found substantial differences in the cases
of ¢ = qg and g — gg, so we would expect the same in this case.

Since the difference between the results at finite N, and large-N, is so small we will
subsequently only plot the result at finite N.,.

Comparing large-N. and the factorizable contribution. The quadrupole at large-
N, is given in eq. (4.25). In most analytic calculations of the emission spectrum the second
non-factorizable term is dropped, and only the first term is considered. We directly see from
the definition that the non-factorizable term vanishes for soft emissions z — 0. For soft or
unbalanced splittings, z < 1, we expect the non-factorizable contributions to be suppressed
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Figure 8. The difference Ay, between 1 + Fq simulated at finite N, and large-N,, defined in
eq. (5.5).
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Figure 9. The difference Ayon_fac between 1 4 Fiq calculated at large-IN,. and keeping only the
factorizable term of the large- N, solution, defined in eq. (5.6).

by an inverse length, i.e. t,, /L (at least this was argued in the large- N, limit) [28]. However,
there could be important differences at finite z and large angles.

In order to gauge the importance of the full range of non-factorizable contributions at
finite- V.., we define

|Fmed large—N. — Fmed factorizable‘
A _f = ) g C ) 5'6
non—rac 1 + ‘Fmed71arge_NC| Y ( )

which is plotted in figure 9. We see from comparing figures 8 and 9 that dropping the
non-factorizable part of the large- N, solution introduces a considerably bigger error than
what is introduced by going from finite- N, to large-N,.

It is also clear that this approximation works well in the soft limit, as expected. This
indicates that it is safe to only use the factorizable piece when calculating soft emissions.
However, for finite z one should be more careful, as there might be significant contributions
from the non-factorizable term, leading to significant deviations.

Comparing the eikonal approximation and non-eikonal corrections. In [70] we
also studied many of the same effects we have presented here. However, in that paper we
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Figure 10. The difference Agjx between eikonal and non-eikonal 1 + F,eq of the large- N, solution,
defined in eq. (5.7). The non-eikonal result is obtained from numerical simulations, while the
eikonal results is calculated using the analytical formulas for the factorizable and non-factorizable
terms (D.15) and (D.16).

used the eikonal approximation, where all the partons travel on straight lines through the
medium. In appendix D we show how the calculation simplifies in the eikonal limit. It
is interesting to examine how well the eikonal approximation actually works. We expect
that the eikonal approximation works best when w is big, or when z ~ 0.5. In figure 10
we have plotted the error introduced by using the eikonal approximation, compared to the
non-eikonal version, defined as

Aeik = |Fmed,non—eikona,l - Fmed,eikonal| ) (57)
1+ |Fmed,non—eikonal|

As one can see the eikonal approximation overestimates the contribution by a big margin,
especially along the line wf ~ @y, i.e. around the peak of the spectrum. We can therefore
conclude that using the eikonal approximation does not work well for the values of the
parameters we have chosen in this paper.

In figure 11 we have plotted Fi,eq as a function of z at a higher energy of £ = 1000 GeV,
to study whether the eikonal approximation is accurate at this energy scale. From the
figure it is clear that it does indeed work well for z close to 0.5. However, it still fails to
capture the main contribution of Fj,eq, which is present at lower z.

We would also like to point out that we have here used the eikonal approximation on
all of the partons. It is common to study the case where one of the emitted partons is soft,
while the other is hard. In that case the eikonal approximation could be used on the hard
partons, while the full transverse dependence of the soft parton should be kept. We expect
this to give a more accurate result than the fully eikonal case, but we have decided not to
pursue this scheme further here.

5.3 Precision calculation of splitting function in the Lund plane

Finally, we turn to the state-of-the-art calculations of the splitting function, evaluated in
the HO approximation without any other further approximations. In this section we discuss
our results, and plot slices of the Lund plane as a function of different parameters.
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part of the large- N, solution, as a function of z, for a much higher energy E = 1000 GeV. Only the
factorizable part was used here, because the non-factorizable term is expected to be small at large
energies.
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Figure 12. F,oq calculated at finite N, and the factorizable part of the large- N, solution. On the
Lund plane we have indicated constant 6 slices that we plot as a function of z.

In figure 12 we have plotted Fieq simulated at finite V.. We have plotted a slice of this
at constant 6, as a function of z. We have plotted both the simulated finite- V. result and the
analytical formula for the factorizable piece of the large- IV, solution. It is interesting to note
that the two different solutions are within error bands of each other at low-z, i.e. z < 0.1.

However, as z approaches 0.5 the two solutions diverge. The factorizable part overesti-
mates the finite- V. value by a significant margin. In addition, the two solutions peak at differ-
ent z-values. This again shows that the factorizable part is not as accurate at finite z > 0.1.

Next, in figure 13, we plot the medium modification Fi,eq for two slices of constant z, as
indicated on the Lund plane in the inset. We plot this as a function of the dimensionless ratio
pt/Qs, where p = |p| = wh. In the soft limit, z < 1, one expects that the distribution should
peak around p;/Qs ~ 1 [41]. This is indeed the case for both the factorizable part (now at
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Figure 13. Fy.q calculated at finite N, and the factorizable part of the large- N, solution. On the
Lund plane we have indicated constant z slices that we plot as a function of p;/Qs.
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Figure 14. F.q as a function of time for two different energies.

finite-z) and for the full, finite- N, simulation, although the peak is less distinguishable due
to the numerical errors. However, the factorizable solution again overshoots the true value,
especially at large p; or angles.

As our last numerical results, we show the time evolution of Fj,eq in figure 14. Here we
have chosen z and 6 to be close to the respective peaks in the distributions at L = 2 fm.
From these plots it is clear that the peak of the distribution moves with time. As we sit
in a constant point in the (6, z) plane the distribution is first negative, and then becomes
positive as time progresses.

We note also that the large-N./factorizable result agrees with the full calculation at
early times, to diverge from it at later times. This is related to the physics of multiple
scattering. At early times in the medium, there were simply not enough scatterings to
cause strong color rotations so as to probe the many possible intermediate states of the
two-body final particle system. This, however, changes when time progresses and the full

color dynamics become apparent.
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As is well known [42], hard medium-induced emissions occur mostly at early times
in the medium. It can be explicitly checked that the mixing of different color states only
occurs at higher orders (N > 1) in the opacity expansion. In order to induce the color
dynamics responsible for factorization-breaking effects one needs frequent scatterings to
occur; some to induce the splitting and others in charge of de-correlating and broadening
the final splitting products.

6 Conclusion and outlook

In this paper we have derived the spectrum for a medium-induced emission without invoking
the large-N,. or eikonal approximations. This was done in section 3.1. The spectrum
can be divided into a vacuum component (called out-out) and a medium component,
consisting of an in-out piece and in-in piece, which for a general potential are given in
egs. (3.30), (3.32) and (3.34), respectively. The in-in contribution contains the quadrupole
correlation function Q(L,t), which currently cannot be solved analytically without using
the large-N, approximation. We then showed how the in-in contribution can be solved
through a Schrodinger equation in eq. (3.39).

In section 4, we focused our efforts by applying the general results we derived in the
previous sections to a state-of-the-art calculation of a concrete splitting process. We chose
to study the process v — ¢g, in the harmonic oscillator approximation. We here found that
the large- N, approximation works extremely well for the photon case, which also echoes
the results we found in [70]. Our main result of this calculation was shown in figure 8.

We also examined how well the full spectrum can be approximated using only the first
of the two terms in the large- N, solution of the quadrupole, given in eq. (4.25). This is
important, as usually only the first term, referred to as the factorizable term, is kept in
calculations of the emission spectrum, as the quadrupole then simplifies substantially. The
factorizable and full solutions were shown in figure 9 and also figures 12—-14. As expected
from the analytical formula (4.25) we found that the factorizable term provides an excellent
approximation of the full solution in the soft limit when z ~ 0. However, we do see a small
deviation at finite z, at the order of 10 %, and even higher at large angles. It could therefore
be important to include both terms in studies that focus on corrections where z is not small.

Our results, also summarized in figure 4, indicate that the non-factorizable terms
are sizable and persistent even for large media. Furthermore, figure 5 demonstrates that
these contributions decrease when decreasing the branching time. This indicates that the
color-dynamics taking place from moment of the branching to the end of the medium is
non-trivial. These effects are expected to be bigger for partons with a higher color charge,
such as g — gg branching, and deserves further studies.

We also compared our result to the fully eikonal result, where all the partons are put
on straight lines. This is what was done in [70], so keeping the full transverse dynamics
is the main improvement over that paper. We found in figure 10 that the fully eikonal
approximation is not generally very effective at capturing the spectrum, especially at low w.
However, it should be noted that in many calculations the soft limit is used, where you keep
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the non-eikonal behavior of the soft line, while putting the rest on straight lines. We expect
this to work better for small z, and is something that could be studied in future work.

Having established a working methodology, this work therefore paves the way for
precise calculations of all QCD and QED/EW splitting functions in the medium. As a next
important step, we will attempt to solve the necessary evolution equations for ¢ — gg and
q — qg which both contain soft divergences and should therefore occur frequently in the
QGP. On the level of spectra differential only in the momentum-sharing fractions, this
would also be relevant for studying overlapping formation times in ¢ — ggg splitting beyond
the soft and/or large-N, limits [73]. A further perspective worth considering is to simulate
more partons as many-body and multi-level (in the sense of color) quantum-mechanical
systems in a background field. This effort seems however daunting due to the exponentially
growing size of the system of coupled evolution equations, describing the available color
representations of the involved partons.

Going beyond the HO approximation is also, in principle, straightforward. In order to
achieve a full resummation one should use the complete elastic medium scattering potential,
and use the most general interaction matrix M as given in eq. (4.19). In this case, one also
needs to evaluate the three-point function K(u,us|t2,t1) numerically with a completely
analogous numerical Schrodinger equation. Hence, the non-homogeneous contribution to
F, as in eq. (3.39), would be provided as numerical data. In principle, one could also use
scattering potentials extracted from lattice simulations of high-temperature QCD [84].
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A Simplifying n-point functions

Here we will show how the n-point functions present in eq. (3.1) can be simplified. It is
adapted from the procedure shown in [28].

A.1 Four-point function

The four-point function up to some final time ¢; is given by

(k,q;k,q|SW (t1,t2)|ka, g2; k2, Pa— ko) :dbc<(k|gb|k2)(Q\gc\Q2)(132—%\QZ!Q)(’;@W;Ik)> ,
(A1)

where the color factor dp. is process dependent, and we have neglected all color indices.
The propagators are usually formulated in position space, see eq. (2.1), so after a Fourier
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transform it becomes

(k, q; k, q|SW (5, t9) k2, q2; ko, Pa — k)

_ oik2-wa— —ika-Ta+iqa-y2—i(P2—k2) G2 —ik-(x—T)—iq-(y—Y)

T2Y2Y2T2TYYT

x (@, y; &, 9|SW (ty, ta)| @2, y2; Ta, Uo) - (A.2)

The four-point function in position space is then given by

( GISW (t5, to)las, yo; @2, U2) = doe ((@1Gs|2) (y|Gcly2) (92161 19) (@216 |) )

T,Y; T,
z fds [z(#2—72 z —
/ / Drg/ Dy Dﬁe f ds [2(#3—72)+(1—2)(#3 7’2)}6( )(T17T27'F27'Fl),
T2 Y2 Y2

T2
(A.3)
where the potential term C™ is a correlator of Wilson lines
CW (11,19, 79, 71) = dje <%(T1)Vc(7'2)‘ﬂ(f2)%T(7:1)> - (A4)

The Wilson lines V(7) can be in the fundamental or adjoint representations depending on
the process.

In [70] it was shown that all Wilson line correlators can be written as a system of
differential equations

d L _ (4)
ZcW A.
4 iC; (A.5)

Here C; indicates some other color configuration of the same Wilson lines. It was also shown
in [70] that the evolution matrix only depends on the differences of the coordinates

Mij = Mij(o12, 013, 011, 023, 013, O12) - (A.6)

Here we have used the notation 012 = o(r1 — r2). This implies that C® also only depends
on the differences of the coordinates. It is therefore natural to change to the following
coordinates, with unit Jacobian

1 — 7:1) + (1 — Z)(T‘Q — ’Fg)

[z(r1+71) + (1 — 2)(re + 72)] . (A.7)

Now the correlator C) only depends on the coordinates w, % and v, and there is no
dependence on w. The four-point function then becomes

(z,y;2,9/S" )(tf to)|T2, Y2; T2, Y2)

/Dw/Dv/Du/Due i§ [ ds [2oitx(1—) i )}0(4)(%11,0). (A.8)
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Since the potential does not depend on w the path integral over w can be done, which has
the effect of forcing v to be on the classical path v — wv.. The result is

(iE, Yy jv g|5(4) (tfa t2)|$27 Y2; j27 ?32)

? i AvAw i [T ds (u2—a?
_(—E e GEOR /Du/Dﬁe 5 i s )6(4)(u,ﬁ,vcl), (A.9)
27T(tf — tg)

where Aw = w(ty) — w(t2) and we have defined w = 2(1 — 2)E. Now we can return to
momentum space. After performing the same coordinate change on the Fourier components

in eq. (A.2) the integrals involving the w components are

B
) i B Ay(wy —
/ eiw2:(qatha—p2) ' Tty —13) v-(wr —ws)
wrws

_ (W)Z (2m)%6 (Av)(2m)°0% (g2 + k2 — P2) (4.10)

Inserting this into the expression for the four-point function in momentum space eq. (A.2)
and doing one v integral leads to eq. (3.7)

(k,q; K, q|SW (ts,t2) ka2, q2; ko, P — ko) = (27)26% (g2 + ko —P2)

X/ o1V (Pa—q—k) itz (ka—2p2) —itia- (ka—2p2) —i(us—iig)-(1—2)k—2q)
ULU FULU

uf ﬂf W tf 22 z9
x/ Du Due'? Jif s )5(4)(%’&,’0)

uz Uu2

= (27)%0% (ga+ ko —P2)SW (1 —2)k—2q, ko — 2Pa, ko — 2Pa, po—k —qlts,t2) . (A.11)

Here it is clear that it is more convenient to use the momentum variables Iy = ko — zp2,
ly = ko — 2p2, p = (1 — 2)k — 2q and P = q + k, where the four-point function is
SW(p,ly, 12, ps — Plts, ta).

A.2 Three-point function

The three-point function is given by
(K2, q; P2l S (2, 11) [k, p1— K3 P1) = dae { (k| Golker) (€| Gelp1 — 1) (51[G][P2) ), (A12)

where the color factor d,p. is process dependent, and we have neglected all color indices.
The propagators are usually formulated in position space, see eq. (2.1), so after a Fourier

transform it becomes

(2, g2; Pa| S (ta, t1) k1, p1 — k1; 1)

_ eikl -1 —iko-xo+i(p1—k1)-y1—iqe-y2—ip1-Z1+ip2-Z2

T1T2Y1Y22122

X (@2, Y2; 22| 8P (ta, t1)|@1, y1; 21) - (A.13)
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The three-point function in position space is then given by
(22, y2; 22| SP) (o, 11) @1, Y15 21) = e <(332|gb\331)(y2|gc|y1)(51|gl|52)>

T2 Y2 zZ2 ‘E 12 -2 A2 =2
— Drl/ Drz/ Dige’? Jig ds A2 TO]C(?’)(TLT%FO), (A.14)
Y1 z

where the correlator C3) is given by
C®)(r1, 79, 70) = dupe <v;,(r1)vc(r2)v;(fo)> . (A.15)

The Wilson lines V() can be in the trivial, fundamental, or adjoint representations
depending on the process.

In [70] it was shown that all Wilson line correlators can be written as a system of
differential equations

= (11, 79, 7o) = Mij (1 — Fo, 2 — T, T2 — 7‘1)0]('3)(7“1,7“2,1:0) : (A.16)

Here C](g) indicates some other color configuration of the same Wilson lines. The fact that
the evolution matrix only depends on the differences of the coordinates implies that the
same is true for the correlator: C(ry,re,79) = C(r1 — 79,72 — 79,72 — 71). This leads
naturally to a variable change, with unit Jacobian

U =Ty —"Te

v=2zr1+ (1 —2)ry — 7 (A.17)

Now the correlator C3) only depends on the coordinates w and v, and there is no dependence
on 9. The three-point function then becomes

(w2, y2; 22|S¥ (ta, 11) |21, 415 21)
E (2 4s[5 02152 1 9g .
= /Du/Dv/DrOe 7 Sy ds[p-2)ut4oP420 TO]C(S)(u,v). (A.18)

Since the potential does not depend on 7y the path integral over 7y can be done, which has
the effect of forcing v to be on the classical path v — wv.. The result is

(22, Y2; 22| S (t2, t1) |1, y1; 21)

E 2 i—E  Av-(Av Zo—2Z i ['2dsu?
= <27T(1€2—tl)> e (t2—t1) (Bot2zaz) /D’u,e 2 ftl C(g)(u’a vcl)a (Alg)

where Av = vy — v1 and we have defined w = z(1 — z) E. Now we can return to momentum
space. After performing the same coordinate change on the Fourier components in eq. (A.2)
the integrals involving the z components are

/ eiil'(p1—ﬁ1)e—i22'(k2+qz—ﬁ2)eiﬁAv.(grgl)

_ (%(t}_m)? (2m)%6% (Av)(2m)°6 (p1 — 1) (4.20)
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Here we have used that ps = ko + g2, see eq. (3.7). Inserting this into the expression for
the three-point function in momentum space eq. (A.13) and doing one v integral leads to
eq. (3.8)
(k2. q2; P2| S (t2, t1) k1, p1 — k1; P1) = (27)26%(p1 — P1)
« / o0+ (p1—p2) Hius (k1 —2p1)—ius-(kz—2p2) / Due's i © 06 (u, v)
w1 U2V

= (2m)26(p1 — p1)S®) (kg — 2P, k1 — 2p1, P1 — Palta, 1) - (A.21)

After defining the momentum variables Iy = ko — zps and Iy = ki1 — zp; this becomes
S (1y, 1, p1 — Polta. t1).

A.3 Two-point function

The two-point function is

(p1; p1|SP (t1, t0)|po; Po) = d) <(p1|ga(t1,to)|P0)(ﬁo|gl(to»t1)|131)> , (A.22)

where we have used that p; = p; from (A.21). After Fourier transforming this becomes

(p1: P1|S*(t1 — to)|po; Po) = / - erpr@mmE) R0 R0ibo B0 () 24| S (4 — to)|ao; Eo) -
xT1TOT1To
(A.23)
In position space it can be written in terms of path integrals

(@13 %1|S2(t1 — to)|zo; Zo) = 2 ((@1|Ga(tr, to)|20) (@05} (t1, 1) Z1))
x T iE 31 S(F2—72
= [ e [T Drc e HE @ 1), (A24)

xo )
where C?) is a Wilson line correlator that has a simple solution

e—CR fztol dsn(s)o(r—r) .

CH(r — Flt1, o) = dP <VaVaT> = (A.25)

Changing coordinates to u = r — 7 and v = 1/2(r + 7) the potential does not depend on v,
and the path integral over v can be performed. This has the effect of forcing u to be on
the classical path, and the full two-point function becomes

£
2w At

i%(ulfuo)'(vlfvo)fcR f:ol dsn(s)o(uer)

2

_ 00 (Do—Bo)—iter -1+ Littg- (Dot-b

(p1;P1|S*(t1 — to)|Po; Po) :( ) / o0 (Po—Po) —iur-pit5iuo-(Po+po)
U1 UV VO

X e (A.26)

All but one of the integrals can be done immediately, leading to a momentum-conserving
delta function

(p1;P1]S® (11 — to)Ipo; Po) = (27)°6(po — Po)P(P1 — Polt1, to) - (A.27)
Here we have defined the broadening distribution P as

—iu - - ‘1 sn(s)o
P(p1—P0|t1,t0):/e u(p1—po)~Cr [, dsn(s) ()

u

(A.28)
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A.4 Summary of color structure

In the main text we have written the n-point functions in a very general way, namely

(p1:D1]S@ (t1,0)|Po; o) = dP (p1|Ga(t1.t0) |P0) (Bo|Gi (o, t1)|P1))
(K2, q2; 2| S (t2, 1) k1, p1 — k13 B1) = dons (K2 G K1) (@2Gelpr — k1 ) (811G [52))
)

(k@ K, g S™ (o, t9) | ko, @o; oo, o — ) = AL ((K|Gylka) (q|Ge|@a) (P2 — ka| Gl @) (o |G K)) .
(A.29)

Here we have neglected all the color indices. Here we present the n-point correlators for the
two processes v — qq and g — gg with full color dependence. The process dependent color

factors de) , dgz)c and déi) then be inferred from this.

In the case of v — ¢g the two-, three-, and four-point functions are given as
SO (t1,t0) = (p1|Golpo) (Po|Gd 1)
1 = _ _
SO (ts,11) = . (trl(k2|Gr k1) (Po — k1|Gr|q2)]) (ol Gh (11, £2) |p2)))

1

S (te, 12) = 1~ (tr[(KIGF |k2) (421Gr1a) (4l G 1|2 — k) (Ral G R)]) (A.30)
Finally, for the g — gg process we have
1 _ _
S®(t1,t0) = ~v2 1 tl(P1]Galpo)(PolGalp1)])
1 a _ a1a2 | =
S®(ty,t1) = N72fa2b262fa1blcl<(k2|g%bl|k1)(Q2|gfcl\P1 — k1)(P1]G 2 (p2))
C(Nc - 1)
1 _ -
(4) — = fpasbaca pasbaco
X (k|G k2) (]G5 |a2) (2|G " k) (P2 — k2|G !> q)) - (A.31)

Here we have neglected the momentum dependence on the left-hand side to make the color
structure more clear.

B Calculation of different processes
Here we will show how to derive the emission spectrum for two different physical processes.

B.1 Pair production

The pair production matrix element is
ij o L iiq T 5717
ML (kg) = [ dtn [ R (G (b, ) e T (1[G (1, o))
0 popikiqi

ivj 1
X (qu, kl\V,\éfslj|p1)ﬁ(p1|go(t1,to)\po)/\/lo,\(po) . (B.1)

Here the photon propagator is simply the free propagator, given in (2.5). The vertex is
given by
(q1, k1|V,\z§f;j Ip1) = 6771 (27)%8(p1 — k1 — q1)eTas,s, (k1 — 2p1) (B.2)
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where )
21

F)\sisj (Q) = 5—8j81' (26)\31- - (1 - Z)éAsj)mQ CEX- (B3)
The cross section is, after summing over flavor
e UMk ) (B.4)
dQdQg '

After squaring the amplitude the cross section is

d?o e2 ny to
Re / dt / dt / Mox(po) M
A0dQ,  (2E)2 2 1 p0p1k1q2k2p0pgé2pl< ox(Po) M5 (o))

X Ts;s; (k1 — Zpl)Fxsisj(k — 2P2){(P11Go(t1., t0) [Po) (Po|Gd (to, t1)P1))
x (k2| G2™ (ta,t1) k1) (p1 — k1|GRP2 (t1, t2)|a2) (P1|Gd (11, £2)[B2))

X ((RIGH (too 12) o) (@21 GI (toc, £2) @) (@IGH™ (b2, too) B2 — Ke2) (K2l G (82, o) |K))
(B.5)

This equation contains a lot of information and should be understood in the following way:

the two-point function between tg and ¢; describes the propagation of the initial photon.
Then the splitting happens in the amplitude at ¢1, and in the complex conjugate amplitude
at t9, which is described by the three-point function. Finally, the quark-antiquark system
broadens until the end of the medium and propagates until .,

The two-point function is simply

2 _
P
((P1]Go(t1, t0) [Po) (Po|G (to, t1)[P1)) = (2m)*8(p1 — Po)d(B1 — Po)e™ 2 ). (B.6)
The three-point function is

(k2| G2 (ta, 1) |k1) (Do — k1G22 (t1, t2)|q2) (Bo| G (41, t2)|Pa))

512j2

=N (tr](k2|Gr (t2, t1) k1) (Do — k1|Gr(t1, t2)]g2)] (B0l G (11, t2)|P2))

= 0272 (kyg, qo; Pa| S® (ta, t1) |1, Do — k1; Do)
= 672 (27)*6(po — p0)S®® (ka — 22, k1 — 2P0, Po — Palta, t1) (B.7)
Finally, the four-point function becomes
(r[(KIGr (too, t2) k2) (42]GF (foc. 12)|0) (|G (f2, toc) P2 — K2) (K2l G (b2 o) [K)])
= Ne(k, q; k, q|S™W (too, t2) k2, @2 k2, P2 — k2)
= N(2m)26(p2 — k2 — @2)SW((1 — 2)k — 2q, k2 — 2P2, k2 — 2P2, P2 — k — g|too, t2) -

(B.8)
Plugging this into the cross section we get
d(iggq _ (72“; N, Re/ dty /” dty /poklw_m (Mox(po) Mg5(po))
X Dag;s; (k1 — Zpo)rj\sisj (ko — 2po)
x 8B (ky — 2pa, k1 — 2po, po — Paltz, t1)
x SW((1 = 2)k — 2q, ky — zp2, k2 — 2P2, P2 — k — q|too, t2) . (B.9)
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After using that the vertices combine as

b 4

Dasis; (Q1)T 54, (Q2) = (2 + (1 - 2)2)mQ1 Q2 (B.10)

we end up with

2 o) to _
Py(k,q; = ———PF, dt dt ki — (ko — zp
2k, aip) = S g P IRe [t [an [ (= apo) - (R )

x 8B (ky — 2pa, k1 — 2po, po — Paltz, t1)
X 5(4)((1 — Z)k — Zq, kz — Zﬁg, 1252 — ZﬁQ,ﬁQ — k- q|too,t2) s (Bll)
where we have introduced the Altarelli-Parisi splitting function
Py (2) = npNe[z2 4+ (1 - 2)7]. (B.12)

B.2 Gluon-gluon splitting

This is calculated in detail in [28], but we will repeat the most relevant parts here. The
matrix element is

M 5. (K, q) :/ dtl/ /\Z)e 251 (k|G (tos, t1) K1)
0 pop1kiqi
2

L B
x €5 ¢TI (|G (too, t1)|q1) (qu, K1 a1b1c1|P1) (p1]G™* (t1, t0) [Po) M§ (o) ,

2F

(B.13)

where all the propagators are gluon propagators. The vertex is given by
(q1. k1 |V,%} . Ip1) = (2m)20(p1 — b1 — @) g f* ' T (g — 2p1) | (B.14)

and
ijk L i L iij i ojl
Q) =2( Q0"+ —Q's" - Q") . (B.15)
z —z

The cross section is simply achieved by squaring the amplitude and averaging over the
initial and summing over the final quantum numbers

20'
oo, = LM a)). (B.16)

After squaring the amplitude and use polarization sums ), ef\ef\j = 6% this is

dQU = 92 Re /oo dtz /t2 dtl/ Fijk(kl - Zpl)rgjk(EQ - ZﬁQ)
dQdQg (2E)? pop1k1q2kapop2kap

X fubien pazbata pqiao (poy M0 (50 (py |GH (1, to) | po) (Bo] G0 (Lo, t1)|P1)

X (Kk2|GP2 (Lo, t1)| k1) (q2|G2 (t2, t1)|p1 — k1) (P1]GT%2 (t1, t2) |Pa)

X (KIG™2 (too, 12) | k2) (@G (too, t2) q2) (Rl G120 (t2, too) k) (B2 — K2|G 1212, t0) )
(B.17)
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We have divided into three regions by using the property

(KIG™ (s 1)) = [ (RIG™ (s )] Ie2) Ul G (12, 11) ) (B.18)

2

The cross section again looks quite complicated, but it can be divided into three distinct
physical processes.

The initial state can be simplified by using
5[10[_10

= WMé(po)MSz(ﬁo) : (B.19)

MG (po) Mg (o)
This makes it possible to simplify the 2-point function

59970 (p1 |G (11, 1) [P0) (Bo|G 0% (10, 1)) = 64 (p1: 211 (11, t0) po: o)
= 6“9 (2)%6(Po — po)P(p1 — polt1, to) -

(B.20)
With this, the 3-point function becomes
FOe (g |GP21 (ta, 1) k1) (2] G2 (o, t1) [P — K1) (P1|G T %2 (t1, t2)[P2)
= f92222 (ky, go; p2| S®) (ta, t1) k1, p1 — k15 P1)
= fa2b22(91)25(py — p1)S®) (kg — 2P, k1 — 2p1, P1 — Palta, 1) - (B.21)

Finally, the 4-point function is

fr2bacz pazbals (B GW2 (1 t0) ko) (@] G (oo t2)|g2) (k2| G20 (ta, too ) |K) (P2 — k2| G2 (ta, too) @)
= Nc(NCQ—l)(kﬂ;k,Q\5(4)(too,t2)|k27Q2;’_62,132—’;72)
= Nc(NCQ—1)(277)25(152—ki2—QQ)5(4)((1—Z)k—zq,k&—zﬁza’_Cz—ZﬁQ,ﬁQ—k—Q\too,b)~
(B.22)

After using these relations the cross section becomes

d*o g NRe/Oodt /t2dt / Tk (K )Tk (kg — 2o
= . —z —2z
koqu (QE)2 0 ? 0 ! pop1k1kapoks LA 2P

X M%(po)MSE(po)P(m —polti,to)
XS(B)(’% —zp2, k1 —2zp1,p1—D2lt2, t1)

X3(4)((1—2)k—2q,k2—2132,’;32—2132,132—k:—q]too,tg) . (B.23)
ij ij 1 1 i i i
NMQTTHQa) = | 5+ s | Q- Qe +2Q1)
4
:mpgg(Z)WQer (B.24)

The last step is true if we only consider inclusive cross sections and average over azimuthal
angles.
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We can now combine the initial hard processes in d%ys = |Mo(po)|?, and extract this
0
from the equation. Using this together with eqgs. (3.3) we get the generalized splitting
function

92 oo to
Py(k,q;po) = —=—— 5 Pyg(x)Re | dta | dt
2( q PO) Z(l — Z)E2 gg(Z) e/O 2/O ! /171k1k2P2’_€2

x (k1 — zp1) - (k2 — zp2)P(p1 — polti, to)
X 3(3)(k2 — zp2, k1 — zp1, p1 — P2|ta, t1)
x SW((1 - 2)k — 2q, ks — 2Pa, ks — 2P2, P2 — k — qltoc, t2). (B.25)

Here we have introduced the Altarelli-Parisi splitting function

[1—2(1 - 2)]?

ng(z):Nc 21— 2)

(B.26)

C Deriving the Schrodinger equation

Here we show how to derive the Schrédinger equation (3.37) starting with the path inte-
gral (3.35). We will do this for a general system, which the specific system in question is
only a special case of. Let the path integral go from some initial state at (¢, wo, o) to
some final state at (t + €, uy, uys).

uf uf cw [tte 22 =2
Qi(ufaﬂfaU07110’t+€,t0)E/ Du/ Dt ly U)Ci(U,ﬁ|t+6)- (C.1)

ug u,

In this equation C; indicates some Wilson line correlator. In [70] it was shown that all
Wilson line correlators can be written as a system of differential equations.

d
&Ci(t) = M;;C;(t). (C.2)
Here C; indicates some other color configuration of the same Wilson lines. Notice that this
implies that C;(t +¢€) = C;(t) + €l;;C;(t) when e — 0. Start by discretizing the path integral
with N time intervals with length e. Let the whole path integral go from ¢y to ¢ + €. Then
we separate the very last interval from the N — 1 preceding ones. Then we have

Qi(uy,us, ug, uglt + €, o)

1 _ w [tre -
= AuAﬁ/duN_l/duN_l exp {12/t ds(u%\,—u?\;)}

UN_1 UN_1 t .
X / Du/ Du exp {202) ds(u? — u2)}

uo U to

X (CZ(U, ’l_l/‘t) + 6Mij(uN_1, ’llN_l)Cj(u, ﬁ|t))

1 /d /d_ W UN — UN_1 2_ uy —uy_1)>
1AL UN_1 un—rexp qige || ———— —

X (Qi(un—1,un—1|t) + eMij(un—1,un—1)Qj(un—1,un—-1]t)) . (C.3)
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We have used the more compact notation Q;(un_1,un—1|t) = Q;(un_1,un—_1, o, Uolt, o).
The normalization factors are

2mie

Ay =—Ag =

(C.4)

w

Using that uy = uy we see that the integral over uy_; is dominated by terms where
wr—un—1 is small (same for uny_1 and uy). We define new variables through uy_1 = uy+§
and uy_1 = uy + 71 so the integration becomes

Q'(Uf,ﬁf,uojﬁ0|t+€ to)
AA /dg/dnexp{ 62—77)} i(up + & up+nlt)

Q
e /dg/d”e"p {126 (¢ ’72)} Mij(up + & ap +m)Qj(ur + & g +nlt).
(C.5)

Now we Taylor expand Q; and M;; in £ and 7 in the following way
1+&-0u+mn-0a

32 (92 82 02 _

After using the normalization factors (C.4) the Gaussian integrals become

AulAu /dg/d” exp {Z;}e (€2 - nz)} —1
AlA-/dg/d”@'aﬁ"‘aﬁ)@m{i; (&-n)} =0

PP P P W
A A [ de [ an (51 2 g T Ty )exp{z% (52—’"’2)}

- g (02 -02) . (C.7)

Going back to (C.5) one can see that after expanding all the terms linear in £ and 1 are
zero. The second term in (C.5) already goes as €, so the integrals quadratic in & and 7 give
something going as €2, and can be discarded. In the end we get

0
Qi(u,u uo,uoft to) + €5, Qilu, u, uo, uolt, o)

{1 + — (82 ):| Qi(u,ﬁ, uo,ﬁ0|t,t0) +el}/liij(u, ﬁ,uO,ﬁo|t,t0) . (CS)
Gathering all the terms linear in € we get the Schrodinger equation
. 3 92 — 92 _ _ . _ _ _
— + =" Qi(u,u, ug, uolt, to) — iM;;(u, w)Q;(u, u, ug, uolt, to)
875 2w
= ’L'Qi(u,ﬂ,’u,o,ﬁoﬂo,to) . (Cg)
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Notice that there is a minus sign in front of 2. This is something that would only normally
appear if the mass is negative. The initial condition is a delta function at the starting point

in the transverse plane

ZQZ(’U,, ﬁ, Uuo, ﬁo‘to, t[)) = Z(S(t — to)éz(u — UO)52(’11 — 17,0) . (C.lO)

D The eikonal limit

If the energy of both of the daughter partons is big one can use the eikonal approximation.
The eikonal approximation assumes that the partons travel on straight lines through the
medium, and neglects the effects of momentum broadening. The medium propagator
eq. (2.1) then reduces to the eikonal propagator eq. (2.6). The splitting process simplifies
greatly in the eikonal approximation. Starting with eq. (3.1) all of the momentum integrals
can be done, and you end up with

2 0o 00
Palk.@:p0) = g Pel2) (270 (po —  — K)Re [~y [ a
1

x (1= 2)k — 2q)%e izs(Fa- =2k (=) () (¢t £)CB)(ty,¢1).  (D.1)
The objects C® and C® represent Wilson line correlators, given in eq. (3.20).

After defining p = zq — (1 — z)k and P = g+ k, and integrating out P we end up with
the eikonal analogue of eq. (3.14)

ar o p? o >
(2m) Catp =~ 2 D (2)Re , A ) de
. 2
x ¢ 1@ (1 )0 (19, 1) (D-2)

This is perhaps more conveniently written in terms of the angle 6 between the two
daughter partons, using the relation p? ~ (fw)?. This is accurate for small angles 0 < 1.
Then the emission spectrum is

I , dI

dzd ~ Y adp
_ Qs o3 o o —i902 (45— t1) (4) 3)
= 72 w0 Pba(z)Re dtl dtge 2 C (too,tQ)C (tg,tl) . (D3)
T 0

t1

This spectrum was calculated for three different processes in [70]. In this paper we will
write the spectra in terms of the transverse momentum p.

Again, we can divide it into the out-out (vacuum), in-out, and in-in contributions. For
the vacuum contribution we have C®) = C®) = 1, and we get the same as in the non-eikonal
case

9 dIout—out 2as

(2m) “Ldlp pra(z)- (D.4)
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For the out-out spectrum we have CY = 1, and we get

d[in-out a p L L
2r)>2 = %P p (R / dty [ at
r gy = 5 PR [ ey [ a,
X e_i%(tQ_tl)C(3)(L, t1). (D.5)
Lastly, the in-in spectrum is
dIin—in a p2 L L
272 = = P.(2)R / dt dt
(ﬂ-) dZdzp w? b (Z) € 0 1 " 2
2
6_1%('52_751)6(4) (L, tg)C(3) (tg, tl) . (D.G)

Let us consider the v — gg process and use the harmonic approximation. The partons
travel on straight lines, so u?(t) = (t — t1)%60? and u?(t) = (t — t2)?0%. The three-point
function is

[

L ap” 4o 4.)3
CO(tg, 1) = e 120z (2 0)7 (D.7)
Hence, the in-out contribution is given by
din-out 2 % 3

(27)? _ %% p (z)Rei/Ld e BT LT (D.8)
Y azp 2(1—2)E ™ 0 O ' '

The four-point function is not trivial to calculate in the eikonal approximation either.
However, it can now be calculated through an ordinary differential equation, instead of a
more complicated Schrédinger equation

e (t,12) = M5 () (1) (D.9)

The matrix in eq. (4.21) now has a simple time dependence
46> [CF[(t—tl)QJr(t—tg)?]JrJ\l,c(t—tl)(t—tQ) g (t—t1)(t — o) 1

4Cp Nez(1 — 2)(ta — t1)? [Cr — Nez(1 — 2)](ta — t1)?
(D.10)

M() = —

This can be solved numerically.
In the large- N, approximation the above matrix simplifies

102 | (t —t1)% + (t — t2)? 0
M(t) = — L= (=) 2)2 5| - (D.11)
4 22’(1—2’)(t2—t1) [1—22(1—2)](t2—t1)
The zero in the upper right entry means that C£4) can be solved analytically
C§4) (L, t2) = eiﬁ%[(L7t2)3+(L7t1)37(t27t1)3} . (D12)

(4)

The physical solution that we need in the emission spectrum is C, . This can be solved
using the solution of C§4) through

1 gp? L
(L, t2) = CL) o (Lota) — 5w 21— 2)(t2— 1) /t dsCS) (L, s)CtV(s,t2),  (D.13)
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where the factorizable solution is

)

e (L, 5) = o~ B 1m20-2](Ems)(ta—nr) (D.14)

and the second term constitutes the non-factorizable solution.
The factorizable contribution to the in-in spectrum is

d 11'1 in 4a
2 2 fac S Pa
(2m) dzd?p  G[1 —22(1— z)] ba(2)
x Re / dT oiB B (1 S S Z)](LT)TQ) . (D.15)
Similarly, the non-factorizable contribution is given by the slightly more complicated
expression
drinin 20050%2(1—2)
9 2 "non-fac _ _ =5 P .
e e T P i GG
x Re /L dr /L dae_i§Tefﬁ%2[(‘77T)3+03] (1 (fi%[1 22(1- ZH(LU)T?).
0 T
(D.16)
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