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We present a comparison of existing experimental data for the radiative leptonic decays P — £u,y,
where P = K or 7 and £ = e or y, from the KLOE, PIBETA, E787, ISTRA+ and OKA collaborations with
theoretical predictions based on the recent non-perturbative determinations of the structure-dependent
vector and axial-vector form factors, Fy and F, respectively. These were obtained using lattice
QCD + QED simulations at order O(a.y,) in the electromagnetic coupling. We find good agreement
with the KLOE data on K — ev,y decays from which the form factor F* = Fy + F, can be determined.
For K — uv,y decays we observe differences of up to —34 standard deviations at large photon energies
between the theoretical predictions and the data from the E787, ISTRA+ and OKA experiments and
similar discrepancies in some kinematical regions with the PIBETA experiment on radiative pion decays.
A global study of all the kaon-decay data within the Standard Model results in a poor fit, largely because at
large photon energies the KLOE and E787 data cannot be reproduced simultaneously in terms of the same
form factor F. The discrepancy between the theoretical and experimental values of the form factor
F~ = Fy — F, is even more pronounced. These observations motivate future improvements of both the
theoretical and experimental determinations of the structure-dependent form factors F* and F~, as well as
further theoretical investigations of models of “new physics” which might for example, include possible

flavor changing interactions beyond V — A and/or nonuniversal corrections to the lepton couplings.
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I. INTRODUCTION

The decays of charged pseudoscalar mesons into light
leptons, P — ¢v,[y] where ¢ stands for an electron or a
muon, represent an important contribution to flavor physics
since they give access to fundamental parameters of the
Standard Model (SM), in particular to the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements [1]. At tree
level, i.e., without a photon in the final state, these decays
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are helicity suppressed in the SM due to the V — A structure
of the leptonic weak charged current, while the helicity
suppression can be overcome by the radiated photons.
Therefore, radiative leptonic decays may provide sensitive
probes of possible SM extensions inducing non-standard
currents and/or nonuniversal corrections to the lepton
couplings.

Radiative leptonic decays also provide a powerful tool
with which to investigate the internal structure of the
decaying meson. In addition to the leptonic decay constant
fp, there are other structure-dependent (SD) amplitudes
describing the emission of real photons from hadronic
states, usually parametrized in terms of the vector and axial-
vector form factors, 'y and F, respectively. Thus, a first-
principle calculation of radiative leptonic decays requires a

Published by the American Physical Society


https://orcid.org/0000-0001-5746-0065
https://orcid.org/0000-0002-4508-6421
https://orcid.org/0000-0002-4565-9680
https://orcid.org/0000-0002-5533-6746
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.053005&domain=pdf&date_stamp=2021-03-17
https://doi.org/10.1103/PhysRevD.103.053005
https://doi.org/10.1103/PhysRevD.103.053005
https://doi.org/10.1103/PhysRevD.103.053005
https://doi.org/10.1103/PhysRevD.103.053005
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

R. FREZZOTTI et al.

PHYS. REV. D 103, 053005 (2021)

nonperturbative accuracy, which can be provided by
numerical QCD + QED simulations on the lattice.

In Ref. [2] a strategy was proposed to enable lattice
computations of QED radiative corrections to Pt —
¢*v,ly] decay rates at order O(a,y, ). The strategy naturally
obeys the Bloch-Nordsieck mechanism [3], in which the
cancellation of infrared divergences occurs between con-
tributions to the rate with real photons in the final state and
those with virtual photons in the decay amplitude.

Within the RM123 expansion framework [4,5] the
strategy of Ref. [2] was applied in Refs. [6,7] to provide
the first non-perturbative model-independent calculation of
the SD virtual contribution to the pion and kaon decay rates
into muons. The contribution with a real photon in the final
state was still evaluated in the pointlike (pt) effective theory,
which is only adequate for sufficiently soft photons (see
Ref. [2]). This limitation has recently been removed in
Ref. [8], where the pt and SD amplitudes for real photon
emission have been determined nonperturbatively in
numerical lattice QCD + QED simulations at order
O(aey) in the electromagnetic coupling. The calculations
were performed in the electroquenched approximation in
which the sea quarks are electrically neutral'.

The aim of this work is to carry out a comparison
between the theoretical predictions based on the non-
perturbative determination of the SD form factors Fy
and F, evaluated in Ref. [8] and the experimental data
available on the leptonic radiative decay K — ev,y from
the KLOE Collaboration [9], on the decay K — pv,y from
E787 [10], ISTRA+ [11] and OKA [12] collaborations
and on the decay n" — e'v,y from the PIBETA
Collaboration [13].

The plan of the remainder of this paper is as follows. In
Sec. II we recall the basic formulas for the double and
single differential decay rates d°I'y/dE,dE, and dI', /dE,
for real photon emission, where E, (E,) is the photon
(lepton) energy in the rest frame of the decaying meson.
The subscript 1 indicates that there is a single photon in the
final state. In Sec. III the impact of the SD contributions to
the total rates of 7y, 7,0, Keap) and K pp decays is
evaluated. We confirm the expectation that the SD con-
tributions to I'; are negligible for decays into muons,
but find that they are a very large contribution to the
totally inclusive rate for K[, decays. In Secs. [V-VI the
experimental data of Refs. [9-13] are briefly described and
compared with our theoretical results and with the pre-
dictions of chiral perturbation theory (ChPT) at order
O(e?p*) [14-18]. For kaon decays, we show that there
is a good agreement between our determination of the form
factor F* and the KLOE data on K — ev,y decays, but we

'Note that at order O(agy,) the impact of electroquenching on
the emission of a real photon is an SU(3)-breaking effect, since
the contributions from the u, d and s quarks cancel in the SU(3)-
symmetric limit.

find discrepancies of up to 3—4 standard deviations at large
photon energies between our predictions and the E787,
ISTRA+ and OKA data on K — uv,y decays. We also
find similar discrepancies in some kinematical regions of
the PIBETA experiment on the radiative pion decay. In
Sec. VII a simultaneous fit of the KLOE, E787, ISTRA+
and OKA experimental data on radiative kaon decays is
performed within the SM and adopting a linear dependence
of the SD form factors F* = F, & F, on the photon
energy, as suggested by the lattice results of Ref. [8]. The
quality of the fit is poor because the KLOE and E787 data
cannot be reproduced simultaneously in terms of the same
form factor F*. There is also a particularly pronounced
discrepancy between the theoretical and experimental deter-
minations of the form factor F'~. These observation motivate
future improved theoretical and experimental determinations
of the structure-dependent form factors F™ and F~, as well
as further theoretical investigations of theories “beyond the
Standard Model" which might for example, include possible
flavor changing interactions beyond V — A and/or non-
universal corrections to the lepton couplings. Our conclu-
sions are summarized in Sec. VIIL

II. DIFFERENTIAL RATES FOR RADIATIVE
LEPTONIC DECAYS

Following Refs. [2,8] the double differential rate for the
radiative leptonic decay of a charged pseudoscalar meson,
Pt — ¢*u,y, can be written as the sum of three contri-
butions:

JZF(P+—>K+IJ/}/) — d2F1
_dxydxf
_em o) [ @RY N d’R®  d*RINT
4 dx,dx, dx,dx, dx,dx,|’
(1)

dx,dx,

where the subscript 1 denotes the number of photons in the
final state, while x, and x, are the photon and lepton
kinematical variables, defined as

2P -
= 7217‘0 —r (2)

y 7 e 2

mp mp

where P is the four-momentum of the decaying meson with
mass mp, p, is the four-momentum of the final-state lepton
with mass m,, k is the four-momentum of the photon and
ry = my/mp. In the rest frame of the decaying meson one
has x, = 2E,/mp and x, = 2E;/mp — r2, where E, and
E, are the photon and lepton energies respectively.

In Eq. (1) the quantity I'¥) is the leptonic decay rate at
tree level, given explicitly by
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G2 |V |2f2
— _FTCRMIJP C81;M Pm?,rfg(l - r%)2 (3)

)
where G is the Fermi constant, Vi the relevant CKM
matrix element and fp the leptonic decay constant of the
P-meson.

The other entries on the right-hand side of Eq. (1) are

&R} 2
- b b 4
dxydx,,ﬂ (1 _ rbzﬂ)zfpt(xy xf) ( )
IR® _ IR LR
dx,dx, dx,dx, dx,dx,

2

=370 = ol X F (5P

2

Mo Fan ) (5P (5)

+—
2320 7)

d*RINT
dx,dx,

LRNT  PRNT'
dx,dx,  dx,dx,
2mp
= (. x)F(x)

fP(l_’%)

2
G )@

where the superscripts = correspond to the two photon
helicities and the three terms in Eqs. (4)-(6) represent
respectively the contribution of the pt approximation of the
decaying meson, the SD contribution and the contribution
from the interference (INT) between the pt and SD terms.
Note that in the literature the pt contribution is often
referred to as the inner-bremsstrahlung term. The kinemati-
cal functions appearing in Egs. (4)-(6) are given by

l—xf
x2(x, +x,—1)
2x,r2(1 —r%)
x,+x,—1]

Fuli o) = P%Jm—mm—@

(7)
Fap(xyxe) =(x, +x, = D[(x, +x,~ 1 +r2)(1 —-x,) -2,
(8)

Jap(y.x0) = =(1 = x,)[(xp = 1+ r2)(1 = x,) = 7],
)
1 —x,
xy(x7+xf— 1)
x[(x, +x,=1+7r2)(1—-x,)—rz], (10)

fIJIr\IT(xy’xf) =-

1 —x,
xy(xy +x,—1)
X X2+ (x, +xp— 1+ r2)(1 —x,) = rz],
(11)

fI_NT(xyvxf) =

and the quantities F*(x,) are the simple combinations
F*(x,) = Fy(x,) £ Fa(x,) (12)

of the vector Fy(x,) and axial-vector F,(x,) form factors
which, together with fp, describe the emission of a real
photon in the leptonic decay of the P-meson.

Recently the vector and axial-vector form factors have
been determined on the lattice for decaying pions, kaons, D
and D, mesons for a wide range of values of x,, adopting
the electroquenched approximation in which the sea quarks
are electrically neutral [8]. In this work we adopt the
definition of the vector (Fy) and axial-vector (F,) form
factors given in Sec. II of Ref. [8] (see also Appendix B
of Ref. [2]). For the decays of the pion and the kaon
(P = n, K) we make use of the linear parametrization of the
physical results for Fy and F, provided in Sec. V of
Ref. [8], which is an excellent representation of our lattice
data throughout the physical region, i.e., we write

FY(x,) = Cy + Djx,, Fi(x,) = Ck + Dfx, (13)

with

Ch = 0.0233 +£0.0021,  Df = —0.00026 = 0.00027,
(14)

CK =0.1244£0.009,  D§ = -0.024 £0.010,
(15)

and

C% = 0.0104 £ 0.0026, D% = 0.00035 £ 0.00057,

(16)

CX =0.0370 £ 0.0088, DX = —0.0012 £ 0.0074,

(17)

where the uncertainties include statistical errors as well as
the various sources of systematic errors, except for the QED
quenching effect [8]. The impact of the latter is expected to
be mild as it is an SU(3)-breaking effect. The full
correlation matrices of the parameters in Eqs. (14)—(17)
are collected in Tables I and II for pion and the kaon decays
respectively. In the following the uncertainties and corre-
lations of the two form factors are taken into account
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TABLE 1. Correlation matrix for the parameters C%, Cy, D}
and D7, [see Egs. (14) and (16)] of the linear parametrization (13)
provided in Ref. [8] for the decays of the pion.

TABLE II.  Correlation matrix for the parameters C%, CX, DX
and D"§ [see Egs. (15) and (17)] of the linear parametrization (13)
provided in Ref. [8] for the decays of the kaon.

cx cr D% Dy,
c% 1.0 0.323 —0.419 —0.185
cr 0.323 1.0 —0.444 —0.570
D* —0.419 —0.444 1.0 0.523
Dy, —0.185 —0.570 0.523 1.0

ck ck DX DY
ck 1.0 0.027 -0.673 0.067
ck 0.027 1.0 0.032 -0.714
DX -0.673 0.032 1.0 -0.193
DY 0.067 -0.714 -0.193 1.0

adopting multivariate gaussian distributions for the param-
eters in Egs. (14)—((17)) with 10,000 events.

The experimental data from the KLOE, E787, ISTRA+,
OKA and PIBETA, collaborations [9-13] correspond to
radiative decay rates integrated over the lepton variable x,

|

}‘pt(xy;xo’xl) = /Xl dxffpt(xyvxf) = _[2<1 - r?’)(l _xy) +

X0

+2r§(1—r§)< b1 )

X, +x1—1 x,+x—1

~ X1
Fsp (X, X0, %) = / dxsfsp(x,. x7) = =(x —xo){xi - X

Xo

1 X
—§r§x7(2—x0—x1)+—y[x%+x0x1+x(2)+9—6(x0+x1)]+x0+x1—1—

3

~ X1 1 X
Fsp(x,sx0,x1) = / dxsfsp(x,, x0) = —(x —xo){—r§x7(2 —xo—x1) + -~

2
x7] 2

and including specific kinematical cuts on the lepton momen-
tum and/or on the emission angle 6,, between the lepton and
the photon. We therefore introduce the (partially) integrated
kinematical functions f, sp inr(X,; X0, X1 ) defined as

X1 — Xo

14

1 x, +x—1
+—[2(1—r?)(l—l—r?—x},)—l-x}%]log(%), (18)

X, x, +x9—1

(B=r;=xo—x)

2 2
xl +)C0.X] +X0
—_ 3, 19

3 } (19)

[x7 + xpx; + X3+ 3(1 —xo—xl)]},

X0 2 3
(20)
~ Xy 1 2—Xxy—X x, +x; —1
Jinr (X3 %0, 1) = / dxgfine (X, x7) = =5 (x1 = Xo) =0 L 2(1—r) +x+ x| + r’x, log L),
%o 2 X, X, +xo— 1
(21)
- X1 . ~ x, +x;—1
leT(xy;Xval) = / dxt’fINT(xy’xf) = _f?I-\IT(xy’x()) — Xy [xl —Xo — Xy log (77>], (22)
X X, + X9 — 1

where x, and x; depend on the specific experimental conditions (see later Secs. IV-VI). Thus, the partially integrated

radiative decay rate for x, € [xg, x;] is given by

[% _%Fm){ﬁiﬂ * [d;_s] * ﬁf—] } (23)
74 [xo.x1] 7 4 [xp.x1] 7 dxg] v Lo
where

4R N

[dxy] o] (= mlxom). (24)
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{dR?D] _ m?
dx, o] 2f3r2(1—r2)
[delNT} _ 2mp
dxy [x0.x1] fP<1 - F%)

3 {};D(xy;xovxl)[F+(xy)]2 + ]Nch(xy;x()vxl)[F_(xy)]z}’ (25)

2 [}?I—\IT(xy;xO’xl)F+(xy) +]~CI_NT(xy;xO’x1)F_(xy)]' (26)

In the absence of kinematical cuts x, varies between xo = 1 —x, + xyrﬁ/ (1 =x,) and x; = 1, so that in this case

X

Fo = Tulx,) = —1{ {(2_”)2— 4@} (1—x,—2) = 2(1=2)(1 + 2 = x,) + x2] log<1 _XV) } (27)

% 1 —x,

. - (2+4r2-2x,)(1-x,—1r2)?
fs+D - fSD(xy) = x? 6(1y_ xy)z - )

fsp = Fsp(x,), (29)

JCI+NT - 7ff\IT(xy)

4
xr[ Ty

l—xy

1 —
_l+xy—|—2r§log< rﬁ)}, (30)

2 ¢

}I_NT - }‘I_NT(X}/)

- r2 1—x
:_ﬁNT(xy)jof[l —fx _1+10g( E rﬂ (31)

14

11 INCLUSIVE DECAY RATES FOR 7,5,
AND K, DECAYS

7]

For real photon emissions the knowledge of the SD
vector and axial form factors, Fy(x,) and F,(x,), and of
the meson decay constant fp is sufficient to compute the
partially integrated decay rate (23) for any choice of the
range of integration [x(, x;] over the lepton variable x,. In
this section we consider inclusive decay rates with no
kinematical cuts on x, and after integration over the photon
variable x, in its full kinematical range.

From Egs. (27)—-(31) it can readily be checked that as
x, — 0 one has dRP/dx,  x; and dRN" /dx, « x,, while
dR‘ft/dxy o 1/x,. Therefore, the inclusive SD and INT
contributions are infrared safe, while the pt contribution
exhibits a logarithmic, structure-independent infrared
divergence. This divergence cancels the corresponding
logarithmic infrared divergence of the virtual photon
contribution (I'y) to the inclusive decay rate [3]

2AE,/mp dFl
F(AEy> = FO + F] (AE},) = FO + / dxy—,
0 dx},

(32)

>
Ty

where AE, is the maximum detected energy of the emitted
real photon (in the meson rest-frame). Thus, in the
intermediate steps of the calculation of Eq. (32) it is
necessary to introduce an infrared regulator. To this end,
a strategy to work only with quantities that are finite when
the infrared regulator is removed, has been developed in
Ref. [2] and applied to pion and kaon leptonic decays in
Refs. [6,7]. The inclusive rate I'(AE,) is reorganized as
follows

T(AE,) = Jim [[y(L) — I7(L)]
+ lim [T () + T} (AE,. 1)
ﬂ}/_}
+I{P(AE,) + I'NT(AE,) (33)

with the length of the lattice L and u, (for example, a
photon mass) acting as infrared regulators in the first two
terms on the right-hand side. The exchange of a virtual
photon depends on the structure of the meson since all
momentum modes are included, and I'y(L) must therefore
be computed nonperturbatively. We will now explain that
on the right-hand side of Eq. (33), each of the two terms on
the top-line are infrared finite, as are separately the two
terms on the second line.

In the first term on the right-hand side of Eq. (33) the
quantities T'y(L) and T (L) can be evaluated on the lattice
using the lattice size L as the intermediate infrared
regulator. Both I'y(L) and T')(L) have the same infrared
divergences which therefore cancel in the difference. In our
papers we use the lattice size L as the infrared regulator by
working in the QED; formulation of QED in a finite
volume [19], but any other consistent formulation of QED
in a finite volume could equally well be used. The differ-
ence [y — th is independent of the regulator as this is
removed [20]. Ty(L) depends on the structure of the
decaying meson and is computed nonperturbatively on
the lattice [7,20].

In the second term on the right-hand side of Eq. (33) the
decaying meson is taken to be a point-like charged particle
and both I') (,) and I'}' (AE,, y1,) are computed directly in
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infinite volume, in perturbation theory, using some infrared
regulator, for example a photon mass u,. Each of the two
terms is infrared divergent, but the sum is convergent
and independent of the regulator [3]. In Refs. [2,20] the
perturbative calculations of [I) + I'}'(AE,)] (see Eq. (39)
below) and I (L) have been performed with a small
photon mass p, or using the finite volume respectively,
as the infrared regulators.

Each of the two terms on the second line of Eq. (33) are
infrared finite and can be computed directly in infinite
volume limit requiring only the knowledge of the structure
dependent form factors, F,(x,) and Fy(x,), and of the
meson decay constant fp [8].

Using the decomposition (33), the infrared-finite inclu-
sive decay rate I'(AE,) can be written as

I'(AE,) =TO[1 + 6R, + SR, (AE,)
+6RSP(AE,) +6RINT(AE,))],  (34)

where

| B
ORy = WLIEEO[FO(L) - th(L)L (35)

SRy (AE,) = lim

=0

T8 (u,) + T (AE, . u,)
r©

[-1 o

2AEy

Q
SRSP(AE,) = =2 / " d
! ( y) 4r 0 N

dR{P

" dx,

2AEy

2
Qe mp o -
= _— d

4 2f%r2(1 — r?)ZA % fsp (%)

<A () + [F~(x,)1}, (37)

2AE,

SRINT(AE,) = Zem / " d
1 ( }/) 471' 0 *

dRINT

" dx,

2AEy

Qem 2mp Tmp -
= Rl )y i) )

+ Finr () F~ (%)) (38)

In Egs. (34)-(35) o6R represents the SD virtual contribution
(including also the universal short-distance electroweak
correction (20t /) log(M;/My) ~5.9 x 107), while in
Eq. (36) 6R(AE,) is the (infrared-safe) sum of the point-
like contributions of a virtual and a real photon with energy
up to AE,, evaluated within the W-regularization scheme
for the ultraviolet divergences which was calculated in
Ref. [2] to be

1 M3
SRy(AE,) =5 {—2 log(r3) [2 e 10g<r§>] +3log ( e ) -3
. -

w

3-11r; 1472 . 3—6r2—4rg(1=1r2) +r%
tT 2 2 log(r?) — 4—1 = Lip(1-r2) + 1=y log(1 = rg)
re(4—4r; —rg) 1+ . rp22 —28r2 —3rg
£ 2 Plog(r2) —4 L == 7 39
(1 — ré)z Og( f) 1— 12(rE) + 2 (1 _ r%)z ( )

where ry=2AE,/mp and Liy(x) =— [ dulog(1—u)/u.

Using the vector and axial form factors given in
Egs. (13)-(17) we have calculated the (totally inclusive)
contributions SR}P(AEF®™) and SRINT(AER®) for the
processes K(z) — u(e)vy, where AEF™ = mp(1 —r2)/2.
Our non-perturbative results are shown in Table III to-
gether with the corresponding contribution SR, (AE})™)
from Eq. (39). For the ratio (mp/fp) appearing in
Egs. (37)-(38) we take the values (139.6 MeV/
130.4 MeV) and (493.7 MeV/156.1 MeV) for P=nx
and K, respectively”.

’For the kaon the value fx =156.1 MeV is taken from
Ref. [7] and is based on the latest FLAG average [21] for fx+
corrected for strong SU(2) breaking effects.

In the same Table we also show the values of the SD
virtual contributions 6R(7,,) and 6R((K ), which can be
derived from the results of Ref. [7]. There, the combination
SRy + OR,(AEP™) was evaluated for K(z)— uvly|
decays, obtaining

SRo(7,2) + 6R (7,013 AEP™) = 0.0153(19),  (40)
Ro(K,2) + SRy (Ko AEP™) = 0.0024(10).  (41)

For decays into a final-state electron, the lattice determi-
nations of the SD virtual contributions SRy(7,,) and
6Ry(K,), which are currently missing in Table III, are
in progress.

From Table III it can be seen that for radiative decays
into muons the SD and INT contributions are negligible
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TABLEIIL  Values of the contributions Ry, SR (AEP™), SRIP (AEY™) and SRINT (AEP™), defined in Eqs. (35)-
(38), evaluated using the lattice results of Refs. [7,8] for the decays K (z) — u(e)v[y]. In the last row the values of the

maximum photon energy, AE}™, are also shown for each decay process.

el 7)) Ko Kian
SR, ) 0.0411(19) ) 0.0341(10)
SRy (AEM™) -0.0651 -0.0258 —0.0695 -0.0317
SRIP(AEM™) 5.4(1.0) x 107 2.6(5) x 10710 1.19(14) 22(3) x 107
SRINT(AED™) —4.1(1.0) x 1073 —1.3(1.5) x 1078 -9.2(1.3) x 107 —6.1(1.1) x 107>
AET™ (MeV) 69.8 29.8 246.8 235.5

*Not yet evaluated by numerical lattice QCD + QED simulations.

compared to the pt one, and, therefore, the results (40) and
(41) represent respectively the totally inclusive corrections
to the tree-level decay of pions and kaons into muons. This
had been anticipated in Ref. [7], where the SD and INT
contributions were neglected in the extraction of the CKM
matrix element |V | using the experimental result for the
total decay rate I'(K — uv[y]) from the PDG [1].

The situation is very different for radiative kaon decays
into electrons where the relative SD contribution is very
large and even exceeds 1. This is related to the presence of
the factor r% in the denominator of Eq. (37), which
compensates the factor % present in the tree-level rate
I'® because of helicity suppression [see Eq. (3)]. In the
next section we will compare our non-perturbative pre-
dictions with results from the KLOE experiment on the
radiative kaon decay K,,,, which is devoted to the inves-
tigation of this large SD contribution [9].

The discussion and results in this section concerned the
rates for inclusive decays to which the exchange of a virtual
photon contributes significantly. For the remainder of this
paper we focus on the differential rates for decays with a
real photon in the final state, i.e., P — £v,y decays.

IV. COMPARISON WITH THE EXPERIMENTAL
RESULTS FROM THE KLOE COLLABORATION

In Ref. [9] the KLOE Collaboration has measured the
differential decay rate dI"(K,,,)/dE, for photon energies in
the range 10 MeV < E, < EJ™ ~250 MeV with the con-
straint p, > 200 MeV. More precisely, they have measured
the differential branching ratio

dR*P 1 dI'(K,
dE, F(KﬂZ[r]) dE, Pe>200 MeV
integrated in five different bins of photon energies:
: B dRSP
ARSXPi = E 4
ARG (@3)

with E} = {10,50, 100, 150,200,250} MeV.

Since we work at first order in «.,, we can replace
['(K 1) with its tree-level expression (3) in the denom-
inator of Eq. (42).” Thus, the theoretical prediction AR™Mi
can be decomposed into the sum of three terms

ARME — ARPL + ARSD:i 4 ARINTJ’ (44)
where
A RPUSD.INT).i
rOK,) /2E;+1 Jmy J [der’t(SD»INT)}
= ——— X, | ——————
F(O)(Kuz) 2E}/my ! dx, P.>200 MeV
(45)
with

F(O)(KeZ) mg (1 - 72)2
ro (K/ﬂ) fzt (1 - rlzt)

S~25680 x 1075 (46)

and r, = m,/mg and r, = m,/mg.
The presence of a constraint of the type p, > p,min
implies that x, > x,;,, where x;, is given by

2
Xmin = m_ mg =+ pg,min - r%' (47)
K

We therefore obtain

2}pt(xy; X0s 1)’ (48)

dRry' _%em 2
I (1-1r2)

dxy

The results shown in Table III imply that the difference
between the total rate T'(K,,;)) and its tree-level expression
I'9(K,,) is at the level of few permille.
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TABLEIV. Values of the KLOE experimental data AR [9] and of the theoretical predictions ARSP and AR™, evaluated with the
vector and axial form factors of Ref. [8] given in Eqgs. (13)—(17), tabulated in the 5 bins of the photon’s energy adopted by the KLOE
experiment on K — evy decays. The seventh column is the ratio between the experimental data and our theoretical predictions. In the
fourth column the first error is statistical and the second one is systematic. The last column shows the prediction of ChPT at order
O(e?p*), based on the vector and axial form factors given in Eq. (53).

Bin E, (MeV) p. MeV) ARSPi 5 106 ARSD: % 106 ARM % 106 exp /th ChPT
1 10-50 > 200 0.94 +£0.30 £ 0.03 0.26 +£0.04 1.25 £0.04 0.75 £0.24 1.13 £0.03
2 50-100 > 200 2.03 £0.22 £0.02 2.26 £0.30 2.28 +£0.30 0.89 £0.15 1.44 £0.36
3 100-150 > 200 447 £0.304+0.03 5.06 £0.67 5.07 £0.67 0.88 £0.13 3.50 £ 0.96
4 150-200 > 200 4.81 £0.37 £ 0.04 6.00 £0.78 6.00 £ 0.78 0.80 £0.12 4.46 +1.25
5 200-250 > 200 2.58 £0.26 £ 0.03 2.85 £0.38 2.85 +£0.38 0.91 £0.15 2.25 +0.63
1-5 10-250 > 200 14.83 £0.66 +0.13 16.43 £2.12 1743 £2.12 0.85+0.11 12.79 £ 3.24
dR?D} Qe m% < r2 >
—_— = Xo = max | Xy, 1 —x, +x . (51)
{ dx, P 21212 (1 — r2)? i 71—y,

x {fép (i x0, DIF (x,)]?
~ ) _ ) Using our form factors (13) with the parameters given
+ fsp (0. DIF ()] (49) in Egs. (15) and (17), the INT contributions AR™NT turn
out to be totally negligible (<107°), while the pt term
ARPY only contributes significantly in the first bin

dRINT a om (10 MeV < E, < 50 MeV) where however, it is the dom-
1 — —em K . LT . . .
{ dx ] T 4r fr(l=12)2 inant contribution leading therefore to a precise prediction
72 Pe>Pemin . ‘ for this bin. For the remaining 4 bins, i.e., for i > 1, our
X [finr (x5 %0, 1) F* (x,) theoretical predictions AR"™ are largely dominated by the
T— _ SD,i . + . .

+ Finr (%3 %0, ) F~(x,)] (50) SD term, AR>"*, more precisely by the ED contribution
related to the square of the form factor F*(x,). Our results
are collected in Table IV and shown in the left-hand plot in

where x is given by Fig. 1 together with the experimental data AR’ from
8 T T T T T 020 —r——7T+—T—T7 "7 T 7T

[ [ 0 kioe ] I : ]
L i = lattice J
6 [ | O lattice | 0.18 - m 7]
B ] b KLOE 1
R - AN _
2 4 A E
. f ChPT O(e’p") . 0.16 5\\\\\\ ]
o | {1 ~ & ]
Y o4l | +\></ - LT i
.y M L WM >
T [ K>evy 014 - \\*
2 | 3 ]
0.12 - H
L f L kaon 1
0 I | | | | | 0.10 - e — -

0 1 5 3 4 5 6 0.0 0.2 0.4 0.6 0.8 1.0

bin %

FIG. 1. Left panel: comparison of the KLOE experimental data AR®*P [9] (red circles) with the theoretical predictions ARM, (blue
squares) evaluated with the vector and axial form factors of Ref. [8] given in Eqgs. (13)—(17), for the 5 bins (see Table V). The green
diamonds correspond to the prediction of ChPT at order O(e?p*), based on the vector and axial form factors given in Eq. (53). Right
panel: comparison of the form-factor F*(x,) extracted by the KLOE collaboration in Ref. [9] and the theoretical prediction from
Egs. (13)—(17). The shaded areas represent uncertainties at the level of 1 standard deviation.
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KLOE. For all bins a consistency between theory and
experiment is observed within about 1 standard deviation.
This consistency is underlined in the right-hand plot of
Fig. 1, where we compare the form-factor F*(x,) extracted
by the KLOE collaboration in Ref. [9] with our theoretical
prediction.

In order to provide a more quantitative measure of the
overall level of agreement between theory and experiment
we evaluate the reduced )(z—variable, defined as

Nbin:

1 A |
Hred = Z (ARSPH — AR‘hl)C] (ARSXPJ — AR™MJ),
bins l,j=1
(52)
where C! is the inverse of the global

(experiment + theory) covariance matrix and Ny, is the
number of data points. Since for all the experiments
the covariance matrix is unavailable, we include only the
correlations of the theoretical predictions. For the com-
parison of the theoretical predictions with the results from
the KLOE experiment we find y2, ~0.7.

In Table IV the last column contains the predictions of

ChPT at order O(e?p*), i.e., based on the following vector
and axial form factors
cerer — P DERPT — (),
YoArs !
8
CPT ==L (Lp 4 Ly,), DY =0 (53)
P

with L§+ L}, =0.0017(7) [22] and taking mg/fx =
493.7 MeV/156.1 MeV. These predictions are in good
agreement with the experimental points to within about 1
standard deviation (;(red ~ 1.3).

V. COMPARISON WITH THE E787,
ISTRA + AND OKA EXPERIMENTS

In this section we compare our lattice predictions with
the experimental data on the leptonic radiative decays of
kaons into muons, K,,,, obtained by the E787 [10],
ISTRA+ [11] and OKA [12] collaborations. The kinemati-
cal regions in terms of photon and lepton energies were
suitably chosen in order to enhance the contributions of the
SD™" term in the case of the E787 experiment and of the
INT~ term in the case of the ISTRA+ and OKA experi-
ments. We remind the reader that the SD™ and INT™ terms
are related to the square of the form factor F* and to the
form factor F~, respectively.

A. The E787 experiment

In Ref. [10] the E787 Collaboration has investigated the
K,,, decay for photon energies in the range 90 MeV <
E, < EJ* ~235 MeV with the constraint that the muon

kinetic energy is larger than 137 MeV (ie., E, >
m, + 137 MeV =~ 243 MeV). In such kinematical regions
the radiated photons come mainly from the pt contribution
and the SD" terms [10]. In order to compare their results
with those from other experiments, the E787 data are
integrated over the small allowed range of muon energies
243 MeV < E, < EJ™ ~258 MeV, assuming a constant
acceptance, to obtain the differential branching ratio

AR 1 [dF(Kﬂzy)

dcos(0,,)  T(K,ap) dcos(ﬁw)] E,>90 MeV,E,>243 MeV

(54)

as a function of the emission angle 6,, between the muon
and the photon in the kaon rest-frame.
At leading order, O(a.,, ), the theoretical prediction for

dR™/d cos(6,,) can be written as the sum of the following
five terms
dR™ dR™ dRSP" dR™NT
= - -
dcos(0,,) dcos(d,,) dcos(d,,) dcos(d,,)
dRSD’ dRINT’
+ + , (55)
dcos(6,,) dcos(d,,)
where
dRP (SD*,INT*) 1— ,“ dszt (SD*,INT*)
d
“dcos(8,,) cos(@ / / i [ dx,dx, }
s {cos(ew) Xt —2(xﬂ +x,— )/xy} ’
(x, + rf,)2 —4rﬁ
(56)
with xmm [2(90MeV)/my]~0.36, xmi” [2(243MeV)/

mg—r]~0.94 and r, = m;/m% 50046 while the dou-

ble differential branching ratios dZR‘Iﬁ(SD INT) )/ dx,dx, are
given by Egs. (4)—(6). On the right-hand side of Eq. (55)
the first term is the pt contribution, the second and third
terms depend on the form factor F*(x,), while the fourth
and fifth terms depend on F~(x,).

Since the pt contribution is a purely kinematical factor,
it can be subtracted from the experimental data without
introducing any uncertainty. The corresponding subtracted
data are compared with our theoretical predictions in
Table V and in Fig. 2. A reasonable agreement is found
except for some points at large backward angles, i.e., at
large photon energies, where the tension reaches about 2-3
standard deviations. There the data are dominated by the
contributions coming from the form factor F*(x, ). For the

global reduced y2-variable [see Eq. (52)] we get ;(rzed ~ 1.6.
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TABLE V. Results from the E787 experiment [10] (see text)
after subtraction of the pt contribution, d(R*P — R?")/d cos(8,,)
for selected values of cos 0,,, together with our theoretical
predictions d(R™ — R™)/d cos(6,,) evaluated using the vector

and axial form factors of Ref. [8] given in Egs. (13)—(17).

cos(6,,) - 10 ey - 10°
~0.996 1.264(135) 1.051(146)
~0.988 0.865(127) 0.820(114)
~0.980 1.059(124) 0.658(92)
-0.972 0.900(112) 0.536(75)
~0.964 0.685(106) 0.440(62)
~0.956 0.463(94) 0.365(52)
-0.948 0.460(103) 0.304(44)
~0.940 0.368(91) 0.255(37)
-0.932 0.320(94) 0.215(31)
~0.924 0.315(82) 0.182(27)
-0.916 0.251(88) 0.154(23)
-0.908 0.081(71) 0.131(20)
~0.900 0.146(71) 0.112(17)
COS(HW) d(gR;:‘:’(—gip;) .10* %(—g[j:‘)) 104
-0.892 0.194(79) 0.095(15)
~0.884 ~0.001(28) 0.081(13)
-0.876 0.013(74) 0.069(11)
—0.868 0.011(74) 0.059(9)
~0.860 ~0.009(68) 0.050(8)
-0.852 0.014(62) 0.042(7)
~0.844 0.104(65) 0.036(6)
-0.836 ~0.017(44) 0.030(5)
-0.828 0.053(62) 0.025(4)
-0.820 0.074(56) 0.020(3)
—0.812 0.047(56) 0.016(3)
~0.804 0.016(50) 0.013(2)

Note that, though generally small, the relative contribu-
tion of SD™ + INT~, which depends on the form factor
F~(x,), becomes more important as cos(6,,) increases (i.e.,
as x, decreases), reaching about 20%-30% of the term
SD* + INT* at the lowest available values of x,.

We remind the reader that, as shown in Sec. IV, our
lattice form factor F*(x,) leads to a good description of the
KLOE data [9]. A consequence of this is that the tension
between our theoretical predictions and the E787 data
which is visible at large x, in Fig. 2 is not unexpected
because of a tension between the two experiments. The
KLOE collaboration has estimated F*(x, = 1) to be equal
to 0.125 £ 0.007, = 0.001yg [9], while the estimate of
E787, assuming a constant form factor, is 0.165 +
0.007 4 = 0.011y [10]. The difference is at the level of
about 3 standard deviations (see also the discussion in
Sec. VII below). Our theoretical prediction for this quantity
is F*(x, = 1) = 0.1362 4 0.0096.

Thus, further experimental investigations of the form
factor F*(x,) in radiative kaon decays into electrons and

muons are required. In particular, an investigation of the
decay K., at large electron energies will provide the
opportunity for an accurate determination of |F*(x, )| for a
wide range of values of x,. This is illustrated in Fig. 3,
where the pt, SD*, SD~, INT+ and INT™ contributions to
the differential branching ratio

dR 1 [dr(K,,)
dCOS(Qe}/) F<Ke2[y]) |: (57)

d COS(Qey)} %,>0.2,%,>0.93
are shown as a function of the emission angle 6,, between
the electron and the photon (in the kaon rest-frame) after
considering the kinematical cuts x, > 0.2 (E, > 49 MeV)
and x, > 0.93 (E, > 230 MeV). These kinematical cuts
are indicative of a possible definition of a signal region with
minimal background contamination both from the pt
contribution to K ,,, and from the semileptonic K3 process
in a fixed-target forward detector such as that in the NA62
experiment [23].

B. The ISTRA + and OKA experiments

In Refs. [11,12] the ISTRA+ and OKA collaborations
have selected appropriate kinematical regions (strips)
in order to determine the contribution of the interference
term INT~. For each strip, specific bins are selected in
the photon and muon variables x, and y, =2E,/mg =
X, + r/%, where E, is the muon energy in the kaon rest
frame. A further constraint cos(6,,) > cos(6,,) is imposed
on the emission angle 6,, between the muon and the
photon. The kinematical cuts are collected in Tables VI
and VII and can be taken into account by using the
kinematical functions fpt’SD,INT(x},;xo,xl), given in
Eqgs. (18)—(22), with

. X
xo = max |y (i) — rﬁ, 1 —yx . (58)

4

2
_x7+rul

xp = min [x\, y?(i) — r7, 1], (59)
where the index i labels the strip and x, is equal to

x+:%[b+\/b2—ac]—rﬁ (60)

with

a=(221) —cost(0,), (61)
)

“We thank members of the NA62 experiment for discussions
on this point.
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d(R-R"™) /dcos(6 )
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TTSDT + INTT
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FIG.2. Comparison of the E787 experimental data after the pt contribution has been subtracted, d(R®*P — R™)/d cos(@m,) (red circles)
[10], with the theoretical predictions d(R™ — RP)/d cos(6,,) (blue squares), evaluated using the lattice form factors of Ref. [8] given in

Eqs. (13)—(17). The dashed and dotted lines correspond to the contributions d(RSP" 4 R™NT")/dcos(6

;) and d(RSP” +

RNTY /d cos(6,,) respectively. The upper horizontal axis shows the maximum value of x,, x;"*(6,,), allowed by the value of the
angle 6, taking into account the kinematical cuts of the E787 experiment [see Eq. (56)].

0.43

4

X ma><(6 )

ki ey

0.33 0.27 0.23 0.20
—— T T T T

ey
(@]

dR / d cos®

FIG. 3.

-0.7
cosf
ey

Results for the pt, SD*, SD™, INT* and INT~ contributions to the differential branching ratio (57) as a function of the emission

angle 0,, for the decay process K,,,, calculated using the lattice form factors of Ref. [8], given in Egs. (13)-(17), with the kinematical

cuts x, > 0.2 (E, > 49 MeV) and x, > 0.93 (E, > 230 MeV).

2 1- 2
b:(——l)ﬂ, (62)
Xy Xy
L-x,+1\?
¢ = r2cos?(Oey) + <M) (63)
Xy

and cos(6,;) given in Tables VI and VII for each strip.
In both experiments the measured observable is the ratio
Nexp/ Ny of the number of observed photons in each strip

to the number of pt (or inner-bremsstrahlung) events. N, is
estimated using the GEANT3 package [24].

The comparison of the experimental results with our
predictions, and also with those obtained using ChPT
at order O(e*p*) based on the vector and axial-vector
form factors given in Eq. (53) with mg/fx =
493.7 MeV/156.1 MeV, is presented in Table VIII and
in Fig. 4. It can clearly be seen that at large photon energies
there is a significant tension between the experimental data

053005-11



R. FREZZOTTI et al.

PHYS. REV. D 103, 053005 (2021)

TABLE VI. Kinematical cuts adopted in the ISTRA+ experi-
ment of Ref. [11] (see text).

Strip x, Vi cos(Oy)
01 0.05 <x, <0.10 0.90 <y, <1.10 -0.8
02 0.10 < x, <0.15 0.90 <y, <1.10 —0.8
03 0.15 <x, <020 0.85 <y, <1.00 —0.8
04 0.20 < x, <0.25 0.80 <y, <0.95 -0.2
05 0.25 < x, <0.30 0.75 <y, <0.90 -0.3
06 0.30 < x, <0.35 072 <y, <0.87 -0.4
07 0.35 <x, <0.40 0.65 <y, <0.85 -0.3
08 0.40 < x, <045 0.62 <y, <0.85 —0.5
09 0.45 <x, <0.50 0.57 <y, <0.80 —0.7
10 0.50 < x, <0.55 0.52 <y, <0.75 -1.0
11 0.55 < x, <0.60 0.48 <y, <0.70 -1.0
TABLE VII. The same as in Table VI, but in the case of the
OKA experiment of Ref. [12].

Strip x, Vu cos(Oey)
01 0.10 < x, <0.15 0.89 <y, < 1.01 —0.8
02 0.15 <x, <020 0.85 <y, < 1.01 -0.2
03 0.20 < x, <0.25 0.80 <y, < 1.00 -0.2
04 0.25 < x, <0.30 0.75 <y, <097 —-0.4
05 0.30 < x, <0.35 0.70 <y, <0.93 -04
06 0.35 <x, <040 0.66 <y, <0.90 —0.5
07 0.40 < x, <045 0.62 <y, <0.88 -0.5
08 0.45 <x, <0.50 0.58 <y, <0.86 —0.6
09 0.50 < x, <0.55 0.54 <y, <0.83 —0.6
10 0.55 < x, <0.60 0.50 <y, <0.80 -0.6

and our nonperturbative results (and also those obtained
using ChPT). For the global reduced y?-variable [see
Eq. (52)] we find y2,~3.9 and ~3.4 for the ISTRA+
and OKA experiments respectively. Thus, improved deter-
minations of the form factor F~(x,) are required from both
experiment and theory in order to consolidate or eliminate
the discrepancies.

VI. COMPARISON WITH THE EXPERIMENTAL
DATA FROM THE PIBETA COLLABORATION

In Ref. [13] the PIBETA Collaboration has investigated
the radiative pion decay into electrons 7, and has
measured the following branching ratios

1 /Efx"“ JE
[(z — wly]) Je r

v

X/E?m dEe dZF(ﬂ.Jr_)eJrl/},)
- dE,dE,

ARexp,i =

(64)

i
e

:| 0.,>40°

integrated in four different kinematical regions of photon
and electron energies with the constraint 6,, > 40°. The

TABLE VIIL.  Values of N,/Ny (see text) for the ISTRA+
[11] (left panel) and OKA experiments [12] (right panel),
compared to our theoretical predictions N,,/N,,, evaluated
using the vector and axial form factors of Ref. [8] given in
Egs. (13)-(17), for the kinematical strips selected by the two
experiments (see Tables VI and VII). The fourth columns
correspond to the predictions of ChPT at order O(e?p*), based
on the vector and axial form factors given in Eq. (53).

Strip Nexp/ Ny N/ Ny ChPT

01 0.922(65) 1.0001(1) 1.0002(1)
02 0.983(33) 1.0001(2) 1.0004(4)
03 1.001(22) 0.9996(4) 1.0005(8)
04 0.982(23) 0.9983(7) 1.0002(14)
05 0.982(21) 0.9956(11) 0.9994(23)
06 0.974(24) 0.9922(17) 0.9981(36)
07 0.922(25) 0.9873(25) 0.9963(54)
08 0.890(27) 0.9816(35) 0.9942(77)
09 0.924(34) 0.9718(47) 0.9895(104)
10 0.853(46) 0.9591(62) 0.9830(137)
11 0.625(79) 0.9436(81) 0.9747(176)
Strip Nexp/ Ny N/ Ny ChPT

01 0.972(18) 1.0000(2) 1.0004(3)
02 1.022(17) 0.9995(3) 1.0004(7)
03 0.988(11) 0.9983(7) 1.0002(14)
04 0.988(11) 0.9966(11) 1.0001(24)
05 0.966(14) 0.9935(17) 0.9991(38)
06 0.992(14) 0.9889(25) 0.9975(56)
07 0.959(17) 0.9827(35) 0.9950(79)
08 0.905(19) 0.9747(47) 0.9916(107)
09 0.922(22) 0.9641(61) 0.9865(139)
10 0.857(27) 0.9512(78) 0.9800(177)

kinematical regions are labeled as i = A, B, C, O and the
values of the minimum photon and electron energies are,
respectively, E = {50,50,10,10} MeV and E. = {50,
10,50, m,} MeV. The maximum photon and electron
energies are Ey® ~ EJ®™ ~m,/2 ~70 MeV. The region
O is a combination of the other three regions supplemented
with extrapolations based on Monte Carlo simulations [13].

As was the case for K,,, decays in Eq. (44), at order
O( ey ) the theoretical prediction for each bin for z,,, decays,

AR™  can be decomposed into the sum of three terms
ARth,i — ARpt,i + ARSD,i + ARINT'i, (65)
where in this case

A RPUSD.INT).i

Tz - e) /1—r3 W [dRﬁ’t(SD‘INT)
2

IOz — ) dx, 1|E6>E2.(9€y>40°

(66)

E,/m,
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FIG. 4. Comparison of the experimental results from the ISTRA+ [11] (left panel) and OKA [12] (right panel) collaborations with our
theoretical predictions. The predictions were evaluated using the vector and axial form factors of Ref. [8], given in Eqgs. (13)—(17), for the

kinematical strips selected by the two experiments on K 5,

decays. The green diamonds correspond to the prediction of ChPT at order

O(e?p*), based on the vector and axial form factors given in Eq. (53). Note the different scales of the vertical axes in the two panels.

with

F(O) 2(1 = 2)2
(Tea) _me (1= 10)” | heay 5 104
rO(z,)  my(1—ry)?

(67)

and r, = m,/m, and r, = m,/m,.
The constraint on the electron energies E, > E! implies

X, > xmm, where

. 2E!
xio=""¢—p2 (68)

while, using momentum conservation, the constraint

0oy > 0.y = 40° implies x, > x_ for x, <1 —r,, where
2 2 2
=—[b=Vb*—ac]-r; (69)
a

and a, b and c are given by Egs. (61)~(63) (replacing r,
with r,). In the region 1 —r, <x, <1 - r2 the constraint
0oy > Oy = 40° is always satisfied.

The contributions [dRﬁ’t’SD’INT /dx,)g - ki ,,>40° Are given
by Egs. (48)—(50), with mg, fx now replaced by m,, f,,
and with x, equal to

x
Xo = max(mm,x_,l—xy—l—r%lyx> forx, <1-r,
N

2 My
= max xmln,l—xy+rel_x

) for x, > 1 —r,.
v

(70)

Using the form factors (13) with the parameters given
in Egs. (14) and (16), the INT contribution AR™T is
negligible in all the kinematical regions and the SD term
ARSP is dominant only in region A, while in the other
kinematical regions the pt term ARP“ dominates.
Therefore, in order to better highlight the SD contribution
we subtract from the experimental data the pt contribution,
which is a purely kinematical effect and does not introduce
any uncertainty. The values of ARP', of our nonperturba-
tive predictions for ARM — ARPY and of the subtracted
experimental value AR’ — ARPY are collected in
Table IX and shown in Fig. 5. In Table IX the last column
shows the ChPT predictions at order O(e?p*), based on the
vector and axial form factors given in Eq. (53)
with m,/f, = 139.6 MeV/130.4 MeV.

It can be seen that in the kinematical regions A and B the
agreement between theory and experiment is good, while for
the kinematical regions C and O, where the ChPT pre-
dictions at order O(e?p?) also differ significantly from the
measurements, a tension occurs at a level of about 2.2 and
4.1 standard deviations respectively.5 Since the kinematical
regions defined by the PIBETA experiment largely overlap
with each other, the precise knowledge of the covariance
matrix is crucial for obtaining any reasonable estimate of
the global reduced y?-variable [see Eq. (52)]. Thus, in the

’A tension of about 2.8 standard deviations is also present
between our predictions and the older experimental data
from ISTRA Collaboration [25]. There the kinematical cuts
E, > 21 MeV and E, > (70 — 0.8E,) MeV were applied, which
implies that 6,, > 60°.
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TABLE IX. Values of the PIBETA experimental results AR®P [13], of the pt contribution ARPY, of the quantity (AR®®P/

— AR

and of the theoretical predictions ARSP and (AR™ — ARPYY), evaluated with the vector and axial form factors of Ref. [8] given in
Egs. (13)—(17), corresponding to the four kinematical regions adopted in the PIBETA experiment on z* — e¢*vy decays. Energies and
branching ratios are given in units of MeV and 1078, respectively. In the kinematical region A the constraint 0,, > 40° is automatically
satisfied [13]. The last column shows the prediction of ChPT at order O(e?p*), based on the vector and axial form factors given in

Eq. (53).

Region  E, E, 0., AR ARPY (ARSI — ARPYY) ARSD (AR™I — ARPUY) ChPT

A >50 >50 >40° 2614+0.021 0385  2.229+0.021 1.94 £ 0.40 1.93 £ 0.40 2.97 £0.82
B >50 >10 >40° 1446+022 11.66 2.80+0.22 3.01 £0.54 2.93+£0.54 4.43 +£0.92
C >10 >50 >40° 37.69+046 35.08 2.61 +£0.46 5.07 +£1.03 5.07 +1.04 7.75 £2.07
¢ >10 >m, >40° 7386+£054 7226 1.60 & 0.54 6.87 £ 1.26 6.70 + 1.26 10.13 £2.11

absence of the experimental covariance matrix we do not
provide any estimate of y2; for the PIBETA experiment.

Possible contributions in the PIBETA kinematics arising
from tensor interactions beyond the SM have been dis-
cussed in the literature (see e.g., Refs. [16,26] and
references therein). In Ref. [17] the impact of O(e?pf)
terms was estimated using also the large N, expansion
within ChPT and found to be at the level of about 15% on
the axial form factor. Such a contribution led to a better
agreement with the PIBETA data and to the conclusion that
the addition of tensor interactions was not needed. Our
lattice results for the kinematical region C and possibly also
for the kinematical region O might open again the issue of
the role of possible flavor-changing interactions beyond the
V — A theory in radiative pion decays.

VII. SM FIT TO THE EXPERIMENTAL DATA

The results obtained in the previous sections naturally
raise the issue of whether the vector and axial form factors

can be modified in such a way as to significantly reduce the
discrepancies with all the experimental data while staying
within the SM. To this end the KLOE, E787, ISTRA+ and
OKA data can be fitted simultaneously since they concern
kaon decays, while only the PIBETA experiment measures
the pion decay rates. We stress that the discussion in this
section assumes the validity of the SM in general, and
lepton-flavor universality in particular, allowing us to
combine data from kaon decays into electrons and muons.

For radiative kaon decays we observe that:

(i) the KLOE data include values of x, in the range from
approximately 0.04 to about 1.0. At large values of
x, the data are mainly governed by the form factor
F*(x,), while at lower values of x, the data are also
moderately sensitive to the form factor F~(x,);
the E787 data cover a range of values of x, from
approximately 0.36 to about 0.96. They are sensitive
to the form factor F'* (x,) at large values of x, and to
a lesser extent also to the form factor F~(x,) at lower
values of x,;

(i)

15 T T T T
O PIBETA 1
o O lattice > et vy 1
— 10 | -
* -
5 <O chpT 0(e%p") i
: rlL
4 _
s 5| } b ]
0 | | | |

A B

C 0]

kinematical region

FIG. 5.

Comparison of the PIBETA experimental data [13] with the pt contribution subtracted, (AR*P¥ — ARPYY) (red circles), with

the theoretical predictions (AR™’ — ARPYY) (blue squares), evaluated with the vector and axial form factors of Ref. [8] given in
Eqgs. (13)—(17), for the four kinematical regions adopted in the PIBETA experiment on z" — e*vy decays. The green diamonds
correspond to the prediction of ChPT at order O(e?p*), based on the vector and axial form factors given in Eq. (53).
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(iii) the ISTRA+ and OKA data include values of x, in
the range 0.05 < x, < 0.60 and they are sensitive to
the form factor F~(x,) at large values of x,.

In fitting the kaon data we adopt a simple linear para-
metrization of the form factors F (x,), suggested by our
lattice results, namely

Fi(x,)=Cs+ D.yx,, (71)
where the four quantities C. and D, are now treated as free
parameters.

A total of 51 experimental data points (5 points from
KLOE, 25 points from E787, 11 points from ISTRA+ and

min max
D x
[0.04,0.2] [0.2,0.4] [0.4,0.6] [0.6,0.8] [0.8,1.0]
8 T T T T T
O KLOE
61 | © globalfit 7
@E O lattice t
x 4 —
=
< K>evy %
g -
0 | | | | |
0 1 2 3 4 5 6
bin
E (MeV)
Y
0 200 40 60 80 100 120 140
I R R R RS SR
R AL = 5 Sy :
: 28800
0.9 |- ,_4)_‘ -
g [ Lo
pd r .
>, 081 ]
z’ L | O ISTRA+
0.7 + ) o
[ | © global fit K=>uwvy
0.6 |-
C O lattice
o Y- AT R R I A R
0.0 0.1 0.2 0.3 0.4 0.5 0.6

X
Y

10 points from OKA) are then fitted using the form factors
(71) adopting a standard y2-minimization procedure with a
bootstrap sample of 5000 events generated to propagate the
uncertainties of the experimental data and giving the same
weight to each of the four experiments. We remind the
reader that for the various kaon experiments the correlation
matrices of the data are not available. Therefore, in our
fitting procedure the experimental data are treated as
uncorrelated. The quality of the best fit is poor: the optimal
value of y?/(no. of points) is equal to 1.3,5.3,3.1 and 2.2
for the KLOE, E787, ISTRA+ and OKA data, respectively.
The comparison of the results of the global SM fit with all
the experimental data is shown in Fig. 6. The largest tension
max

6 )

¥ wy
0.96 0.71 0.57 0.47 0.41

X

I O E787 | |
1.210™ -
o= i + © global fit| T
% i + 1
(@] 4
© 5
- 8.010 O lattice |
~ _@ [{) |
"a L 4
& L d:IJ 95 K' > u' vy |
© 4.010° | -
© L Lo 1
- §
0.0
PR SR RN SR [N T TR TR TR N S T L=
-1.00 -0.95 -0.90 -0.85 -0.80
cos(0 )
wy
E (MeV)
Y
0 20 40 60 80 100 120 140
1.05 [
1.00 freeeeees gi B T, .
i 5| ]
: R .
| 0 J
~5 0.95F é
~
o
8 O OoKA
Z 0.90}|
O global fit K'> u vy
0.85 |-
O lattice
0.80-""""“"“""""'
0.0 0.1 02 03 04 05 06

X
Y

FIG. 6. Results of the global SM fit (black diamonds) applied to the KLOE [9], E787 [10], ISTRA+ [11] and OKA [12] data (red
circles) adopting the linear parametrization (71) for the form factors F*(x,) and F~(x,). The blue squares represent the theoretical SM
predictions evaluated with the lattice form factors determined in Ref. [8].
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TABLE X. Correlation matrix for the parameters C, C_, D,
and D_ [see Eqs. (72) and (73)] of the linear parametrization (71)
adopted for the SM fit of the KLOE, E787, ISTRA+ and OKA
data.

C. C_ D . D_
C, 1.0 -0.393 -0.975 0.337
C_ —0.393 1.0 0.379 —-0.962
E+ -0.975 0.379 1.0 —-0.331
D_ 0.337 -0.962 -0.331 1.0
TABLE XI. Correlation matrix for the parameters C,, C_, D,

and D_ [see Eqgs. (74) and (75)] of the linear parametrization of
the lattice form factors F*(x,) and F~(x,) determined in Ref. [8].

o C. D, D_
C. 1.0 0.087 -0.703 -0.118
loll 0.087 1.0 —0.196 —0.693
D, ~0.703 ~0.196 1.0 0.297
D_ ~0.118 ~0.693 0.297 1.0

occurs for the E787 data and is a consequence of the
simultaneous presence of the KLOE data, as will be
explained below.

The values found for the four parameters appearing in
Eq. (71) are determined to be

C. =0.134+£0.012, D, =-0.00240.019, (72)
C_ =0.157 £ 0.049, D_ =-0.003+0.102, (73)
0.20
I 2 lattice ]
018 [ kaon |]]] global fit ]
i ./, ChPT 0(e%p")| ]

F'(x)

while for comparison the values of the same parameters
corresponding to the lattice form factors (15) and (17) are
C, =0.161 £0.013,

D, =—0.025+0011, (74)

C_=0.087 +=0.013, D_=-0.023+0.014. (75)
The corresponding correlation matrices are presented in
Tables X and XI.

Note that the dependence on the form factor F*(x,)
in the global fit to all the data is dominated by the SD*
term and hence by |F*(x,)|. We are therefore unable to
determine the sign of C from the global fit alone. Given
that both our lattice results and ChPT yield a positive value
of C, we have started our minimization procedure with a
positive value and subsequently always obtained positive
final values of C., for all the bootstrap events.

In Fig. 7 the “optimal” form factors [obtained from
Egs. (72) and (73)] are compared to our lattice form factors
[obtained from Egs. (74) and (75)] and to the corresponding
predictions of ChPT at order O(e?p*) given by Eq. (53).
While the discrepancy for the form factor F*(x,) is
relatively mild, for F~(x,) there is a discrepancy of a
factor of approximately 2 with the lattice results and even
more with the O(e?p*) ChPT predictions. We have also
explicitly checked that similar qualitative conclusions hold
if different parametrizations of the x, dependence of the
form factors F, (x,) to that in Eq. (71) are adopted.

The difficulty in performing a global fit within the SM
is partly due to the inconsistent results in the form
factor F*(x,) from the KLOE and E787 experiments, as

03 77— 7]
- =~ lattice ]
0.30 | N .
E |||| global fit kaon E
0-25 1 rs chpT 0(e%p") ]
__ 020} -
=
= ans 8 |
0.10 D
h V&Qﬁ&%&ﬁﬁﬁwﬁyﬁ
.05 [0 7 7 7 7 7 5
b
o A
000 Lt v v vt vt
0.0 0.2 0.4 0.6 0.8 1.0

X
Y

FIG.7. Comparison of the form factors F* (x,) (left panel) and F~(x, ) (right panel), given in Eq. (71), obtained by the simultaneous fit
of the KLOE [9], E787 [10], ISTRA+ [11] and OKA [12] experimental data corresponding to Eqs. (72) and (73), with our lattice results
from Ref. [8] corresponding to Eqs. (74) and (75) and with the ChPT predictions at order O(e?p*) given by Eq. (53). All the shaded

areas represent uncertainties at the level of 1 standard deviation.
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FIG. 8.

0.40 —— &% lattice ——
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Comparison of the form factors F*(x,) (left panel) and F~(x,) (right panel), given in Eq. (71), obtained by the fitting either

KLOE [9], ISTRA+ [11] and OKA [12] data (red shaded areas) or E787 [10], ISTRA+ [11] and OKA [12] data (green shaded areas).
The black shaded areas correspond to the simultaneous fit of all the experimental data from KLOE [9], E787 [10], ISTRA+ [11] and
OKA [12]. The blue shaded areas represent our lattice results from Ref. [8]. All the shaded areas represent uncertainties at the level of 1

standard deviation.

discussed in Sec. VA. This is further illustrated in Fig. 8
where the results for the form factors from the best fits are
plotted omitting either the E787 data or the KLOE data and
compared to the lattice results. The best separate fits to the
KLOE and E787 data result in significantly different values
of the form factor F*(x,). It can also be seen that the
optimal form factor F~(x,) always deviates significantly
from our lattice results and its slope is also sensitive to the
inclusion of either the KLOE or the E787 data or both.
At low values of x, the KLOE data prefer smaller values of
the form factor F~(x, ), while the E787 data are compatible
with larger ones. This is again related to the different values
of the form factor F*(x,) from the KLOE and E787
experiments shown in the left panel of Fig. 8. At large
values of x, the form factor F~(x,) is mainly governed by
the ISTRA+ and OKA data.’ Finally note that the
extraction of the form factor F*(x,) from the KLOE
data is affected by the simultaneous inclusion of the
ISTRA+ and OKA data at low values of x, (compare

®The inclusion of the E787 data has two main consequences on
the optimal form factors corresponding to the KLOE + ISTRA +
OKA analysis: (1) at large x, the form factor F*(x,) increases
and correspondingly the form factor F~(x,) should decrease to
keep unchanged the sum SD* + SD~ governed by the KLOE
data; (2) at low x, the E787 data for cos(6,,) = —0.9 (see Fig. 2)
require larger values of F~(x,) to compensate the SD* + INT*
contribution. The above features produce the flattening of F~(x,)
observed in Fig. 8 when all the experiments are considered.

the red striped area in the right panel of Fig. 1 with the red
shaded area in the left panel of Fig. 8).

VIII. CONCLUSIONS

We have presented a comparison of our theoretical
predictions with the existing experimental data on the
radiative leptonic decays K — ev,y from the KLOE col-
laboration [9], K — uv,y from the E787, ISTRA+ and
OKA collaborations [10-12] and 7 — ev,y from the
PIBETA experiment [13]. The theoretical predictions are
based on our recent nonperturbative determinations of the
vector and axial-vector form factors corresponding to the
emission of a real photon, using lattice QCD + QED
simulations at leading order in the electromagnetic cou-
pling, O(a.n), in the electroquenched approximation [8].

We find good consistency between our theoretical
predictions and the experimental results from the KLOE
experiment on K — evy decays [9], but a discrepancy at the
level of about 2 standard deviations for the data at large x,
from the E787 experiment on K — uvy decays. Indeed
the results from the two experiments do not agree. We also
find differences of up to 3—4 standard deviations at large
photon energies in the comparison of our predictions with
the E787, ISTRA+ and OKA data on radiative kaon decays
as well as for some kinematical regions of the PIBETA
experiment on the radiative pion decay.

We have also performed a simultaneous fit of the KLOE,
E787, ISTRA+ and OKA experimental data on the
radiative kaon decays staying within the SM and adopting
the linear ansatz in Eq. (71) for the SD form factors
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Fi(x,), as suggested by the lattice results of Ref. [8].
The quality of the fit is poor because, as mentioned
above, the KLOE and E787 data cannot be reproduced
simultaneously in terms of the same form factor F*(x,).
We find a particularly significant discrepancy between
our predictions and the experimental data for the form
factor F~(x,).

These conclusions call for improvements in the deter-
mination of the structure-dependent form factors F*(x,)
and F~(x,) from both experiment and theory. In this
respect, we look forward to the results from the analysis
of the NA62 experiment on the K,,, decay, which is in
progress and which is expected to provide the most precise
determination of |F*(x,)| [23]. If the results from NA62
confirm that there is a discrepancy between the form factors
obtained from decays into electrons and those obtained
from decays into muons from the E787 experiment, this
would provide a motivation for better determinations also
of the form factors from K — uv,y decays. On the
theoretical side is should be noted that the values of
Fy, in Ref. [8] are the first lattice results of these
quantities, so it can be expected that the precision will
be improved in the next generation of computations.

We end by repeating that it is also conceivable that
the tensions observed above between the experimental
data and our lattice predictions are due to the presence
of new physics, such as flavor changing interactions
beyond the V —A couplings of the Standard Model

and/or nonuniversal corrections to the lepton couplings.
This possibility deserves further theoretical investigations.
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