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Abstract

In this paper, we demonstrate that in frustrated magnets when several conventional (i.e., symmetry-
breaking) orders compete, and are “intertwined” by a Wess-Zumino-Witten (WZW) term, the possibility
of spin liquid arises. The resulting spin liquid could have excitations which carry fractional spins and obey
non-trivial self/mutual statistics. As a concrete example, we consider the case where the competing orders
are the Néel and valence-bond solid (VBS) order on square lattice. Examining different scenarios of vortex
condensation from the VBS side, we show that the intermediate phases, including spin liquids, between the
Néel and VBS order always break certain symmetry. Remarkably, our starting theory, without fractional-
ized particles (partons) and gauge field, predicts results agreeing with those derived from a parton theory.
This suggests that the missing link between the Ginzberg-Landau-Wilson action of competing order and the
physics of spin liquid is the WZW term.
© 2022 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the Landau paradigm, the phases of matter are characterized by broken symmetries. In
the last two decades, it is recognized that the phases of quantum material might not follow this
paradigm. Consequently a frontier of condensed matter physics is the study of orders without
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broken symmetry. This includes symmetry-protected topological (SPT) order, such as topological
insulator and superconductor [1-3], and “intrinsic topological order” such as that exhibited by
spin liquids [4].

Generally speaking, in 2+1 dimensions, theories of non-chiral spin liquids (for early exam-
ples, see Ref. [5,6]) have two key ingredients. (i) Spins fractionalize into partons. These partons
usually couple to a gauge field, which tends to glue the partons back into the physical spins;
(i1) A Higgs phenomenon, in which Higgs bosons carrying multiples of the fundamental gauge
charge condense. After (ii) the gauge field is (partially) gapped and the partons are deconfined
[5]. Moreover, the ungapped gauge flux has non-trivial mutual statistics with the particle carrying
the fundamental gauge charge. In fact, (ii) can happen without (i). For example, the condensation
of double vortices in a theory of U(1) bosons gaps the gauge field (which is dual to the phase
of the original boson field), so that the gauge group becomes Z,. The Z, flux has mutual —1
Berry’s phase with the single vortex.

In this paper we take a different perspective, where the starting point is a Ginzburg-Landau-
Wilson action describing the competition of conventional orders (hence no partons and no gauge
field). However, the action contains a WZW term that “intertwines” different order parameters. In
the concrete example we study, the competing orders are the Néel and valence-bond-solid (VBS)
order of a frustrated magnet. The fractional spin is carried by the VBS vortex [7-9], the phase of
the VBS order parameter acts as a gauge field, and spin liquid is triggered by the condensation
of double vortices.

The example described above is relevant to the frustrated spin 1/2 Heisenberg model. For the
square lattice Ji-J, Heisenberg model, numerical evidence suggests the ground state evolves
from Néel to VBS order as a function of increasing J>/J;. Interestingly, for a narrow interval
of J>/J1 neither order is present. It is widely felt that some sort of quantum spin liquid could
be present in this J,/J; interval. This includes the critical U (1) spin liquid associated with the
“deconfined quantum critical point” [10], as proposed in Ref. [11], and gapped [12] or gapless
spin liquid [13—17] phases.

This paper begins by deriving the theory of Ref. [8], namely, the VBS-Néel O (5) non-linear
sigma model with a WZW term (Eq. (15)). We start with the famous parton theory (the 7 -flux
mean-field theory) of Affleck and Marston [18]. Here the partons are massless Dirac fermions.
These partons couple to a SU (2) gauge field which, as we shall assume, is confining. In Ref. [8],
it is shown that a WZW term exists among the five mass terms of these massless fermions.
However, this is done without worrying about the SU (2) gauge field. In this paper, we begin by
reviewing a derivation of the theory in Ref. [8] in the presence of confining SU (2) gauge field
fluctuations [19].

In a nutshell, the derivation amounts to the following. Without worrying about the SU (2)
gauge field, there are 36 possible mass terms, each corresponds to a parton-antiparton bound
state. Borrowing the language of QCD, the partons are quarks and the mass terms are mesons.
After the SU(2) confinement, only 5 mesons survive low energies. They correspond to the Néel
and VBS order parameters in Ref. [8]. Importantly, it is shown that the WZW term survives the
confinement, leading to a five-component non-linear sigma model with a WZW term (Eq. (15)).

The WZW term predicts the vortex of the VBS order possesses fractional spins (S = 1/2)
[7-9]. We shall present a microscopic understanding of this spin fractionalization via the fermion
zero modes, and show that it manifests the WZW term. Moreover, when the same WZW term
is evaluated for the space-time process involving the exchange of vortices, it predicts the statis-
tics of the vortex is bosonic [7]. This is also confirmed by the fermion integration. In this paper
we consider different sequences of VBS vortex condensation. Motivated by the double-vortex
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Fig. 1. The phase diagram where the green path realizes the direct transition between the Néel and VBS phases. The red
cross marks the phase transition. The yellow path goes through a nematic spin liquid and a uni-directional incommensu-
rate spin density wave (SDW) (spin spiral state), phases between the VBS and Néel states. The red crosses on the yellow
path mark the respective phase transition. The inset in the lower-left corner shows the location of the SDW wavevector.
Here S is the mass of the spin-singlet double vortex and s is the mass of spin 1/2 single vortex.

condensation in the U(1) boson theory, we show the condensation of double VBS vortices trig-
gers spin liquids. However, as we shall see, the spin liquids so obtained always break certain
symmetry.

Our results are summarized by Fig. 1, Fig. 2 and Fig. 3. In each figure there are two alternative
paths (marked as green and yellow) leading from VBS to Néel order. The green path realizes the
direct transition between VBS and Néel order. The transition (marked by the red cross) can be
first order [20-22] or continuous [10]. The yellow paths, on the other hand, involve intermediate
phases. These include different types of Z, spin liquids which break either the lattice, time
reversal or the spin rotation symmetry. They are accompanied by phases that break spin rotation
symmetry. Here the red crosses mark the respective phase transitions. Remarkably, the scenario
in Fig. | was predicted by the Schwinger-boson parton theory of Sachdev and Read [6].

It is important to point out that while the scenarios presented in Fig. 1 and Fig. 2 require
the existence of further-neighbor, same-sublattice, spin interaction which favors spin singlet. In
contrast, scenario in Fig. 3 requires the interaction to favor spin triplet. Therefore, Fig. 1 and
Fig. 2 are more relevant for the frustrated Heisenberg model.

Before going any further, two cautionary remarks are in order. The first is the existence of a
controversy concerning whether the Néel to VBS transition is first order or can be continuous.
This is triggered by the presence of violations of finite-size scaling (for a summary see, e.g.,
Ref. [23]). Whether this violation is caused by a first order transition [20-22], or by unconven-
tional scaling behavior near a continuous transition (for example the existence of two divergent
lengths triggered by the tuning of a single parameter [24]) is not completely settled. The second
is the validity of the O(5) non-linear sigma model in Eq. (29), note that Eq. (29) allows for the
possible O(5) symmetry breaking terms, in the vicinity of the Néel to VBS transition. The reason-
ableness of Eq. (29) is supported by Ref. [25] and Ref. [26], where it is found an emergent SO(5)
symmetry exists near the transition point. Recent sign-problem-free Monte-Carlo simulation of
Eq. (29) suggests that the model can accommodate both first order and continuous transition with
a multi-critical point in between [27]. Our basic assumption is that Eq. (29) can faithfully capture
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Fig. 2. The phase diagram where the green path realizes the direct transition between the Néel and VBS phases. The
red cross marks the phase transition. The yellow path goes through a time-reversal breaking spin liquid and an isotropic
double spiral (SDW) phases between the VBS and Néel states. The red crosses on the yellow path mark the respective
phase transition. The inset in the lower-left corner shows the ring of ordering wavevector of the double spiral phase. Here
S is the mass of the spin-singlet double vortex and s is the mass of spin 1/2 single vortex.
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Fig. 3. The phase diagram where the green path realizes the direct transition between the Néel and VBS phases. The
red cross marks the phase transition. The yellow path goes through a topological ordered AF ordered phase between the
VBS and Néel states. The red crosses on the yellow path mark the respective phase transition. Here S is the mass of the
spin-triplet double vortex and s is the mass of spin 1/2 single vortex.

the physics in the vicinity of the Néel to VBS transition. Under such assumption we explore the
possibilities of other intermediate phases.

In addition to the cautionary remarks above, we should comment on whether the scenarios
in Fig. | and Fig. 2 are, at all, consistent with numerical studies done on microscopic models.
Recent developments on the Néel to VBS transition in frustrated spin models [28-31] suggest the
“deconfined quantum critical point” might actually multi-critical. It separates a weakly first order
direct Néel to VBS transition from transitions intervened by the spin liquid phase. Moreover, in
these studies the spin liquid is likely gapless, and the incommensurate magnetic phases in Fig. 1
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Fig. 4. A scenario where the incommensurate magnetic phase is difficult to detect in a finite-size numerical calculation.
Here the red point is multi-critical which separate a direct Néel to VBS transition from transitions involving intermediate
phases.

and Fig. 2 have not been observed. Let’s see whether these observations can be accommodated
by, say, Fig. 1. In Fig. 4 we show a scenario where the orange path cuts though the incommen-
surate phase close to the multi-critical point (the red dot). Under such condition it would be
very hard for a finite-size numerical study to detect the incommensurability, because the latter
vanishes as the multi-critical point is approached. Therefore for all practical purposes, the spi-
ral phase is indistinguishable from the Neel state, and the multi-critical point marks the end of
a first order transition, beyond which the spin liquid intermediate phase appears. Finally, if the
orange trajectory stays close to the multi-critical point, it will be hard for a finite size numerical
calculation detect the non-zero spin gap.

The organization of this paper is as follows. In section 2 we briefly review the derivation of
the Néel-VBS non-linear sigma model with a WZW term [19]. Here we start from partons which
are 4-flavor Dirac fermions (it turns out that it is more convenient to view them as 8-flavor Ma-
jorana fermions) representing the quasiparticles of the w-flux phase [18]. These fermions couple
to a confining charge-SU (2) gauge field [32]. We will treat such confinement. In section 3, we
derive the spin (with S = 1/2) in the core of a single VBS vortex. Here we take two alternative ap-
proaches. In subsection 3.1, we determine the Berry phase of the vortex core from the WZW term,
and identify it with the Berry phase of S = 1/2 in 0+1 dimension. In subsection 3.2, we solve
for the fermion zero modes in the vortex core, and show that the occupation of these zero modes
leads to S = 1/2 which is a charge-SU (2) singlet, hence survives the confinement. The consis-
tent results of subsections 3.1 and 3.2 imply that these two approaches are equivalent, i.e., the
fermion zero mode is the manifestation of the WZW term. In section 4 we determine the statistics
of the VBS vortex by computing the Berry phase associated with exchanging two vortices. In 4.1
we compute this phase using the WZW term, and in 4.2 we compute it by fermion integration.
Again, the consistency of the results in subsections 4.1 and 4.2 implies the equivalence of the
two approaches. In section 5 we determine the projective representation of one-lattice-constant
(of the square lattice with the original 1 unit cell) translation carried by the fermionic partons,
and use it to derive the transformation law of Q. The same transformation law can be deduced by
inspecting Fig. 6. Using this transformation law, we deduce the effects of translation on the VBS
vortex, and construct the vortex field theory in Section 6. In section 7, we study the condensa-
tion of the single VBS vortex which leads to the direct VBS-Néel transition shown as the green
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paths in Fig. 1 to Fig. 3. In section 8, we study the scenario in which the condensation of spin-
singlet double VBS vortices precedes the condensation of single vortices. Section 8 contains 4
subsections. In subsection 8.1 and 8.2, the double vortex is a p-wave pair of two single vortices,
while in subsection 8.3 and 8.4 the double vortex is a py + ip, pair of two single vortices. The
discussions in these sections lead to Fig. 1 and Fig. 2. In section 9, we study the scenario where
the spin-triplet double VBS vortex condenses. This leads to Fig. 3. As the concluding discussion,
section 10 includes the relation of the current work with the parton approaches, and the effects
of hole doping. In addition to the main text, there is one appendix A which presents details of
integrating out the massive single vortices when the double vortices have condensed.

2. The O (5) non-linear sigma model (Eq. (15)) derived in a nutshell

In this section we review the derivation of the non-linear sigma model of Ref. [8] presented in
Ref. [19]. At half-filling, the low energy degrees of freedom of the Hubbard model are spins. The
fermion parton representation amounts to representing the spin operator as bilinears of fermion
(“spinon”) operators, namely,

1
S§ = 5 FruOus fip- (1)

The Hilbert space of spins is recovered after imposing the single occupation constraints
fyfir+ £l =1 &)
Toet
Fhfi =0
fivfir =0.
Because the last two lines of Eq. (2) break the spinon number conservation, it’s convenient to
rewrite the spinon operators using Majorana fermions
fi(x = Fi,]ot + iFi,2a~
In terms of the Majorana operators, the spin operators are represented as
|
St = EFZ.TE“F,-, where 3)
YT =(-YX,1Y,-YZ),
where F; has four components. In the last line of Eq. (3), [,X,Y,Z stand for Pauli matrices
00, Oy, 0y, 07, and two Pauli matrices standing next to each other denote tensor product. In
Eq. (3), the first and second Pauli matrices carry the Majorana and spin indices respectively.
Using F; the occupation constraints read
FI(XY)F:=F'T'F;=0 4)
FIzY)F:=F'T’F; =0
FI(—YI)F:=F'T*F; =0.
In the Mott insulating phase, the low energy Hamiltonian is a function of spin operators.
Expressed in terms of the parton (Majorana fermion) operators, even the simplest bilinear spin-

spin interaction involves four fermion operators. By (i) introducing the auxiliary fields x;; and
A;; that decouple such four fermion operators into fermion bilinear, and (ii) impose the constraint
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Fig. 5. The hopping term in the 7-flux phase saddle point solution of Eq. (5). The orange square labels the 4-site unit
cell.

in Eq. (4) by space-time dependent Lagrange multipliers ailo, ai20, al?’o, we obtain the following
spinon path integral [33]

Z=/D[F]D[X]D[A]D[ao]exp(—S)

where
f 3
S:/dr{ZFiTaoFi+Z§J,~j[FiT<Re[X,~j]YI (5)

o i (i)

+ilmlxi; 11 + Re[A;j1XY — Im[A,-j]ZY) F;

+ x> + |7lij|2:| —i Zaf’o (FiTTbFi) }

i

In Eq. (5) J;j is the exchange constant between spins on site 7 and j.
2.1. The m-flux saddle point

The Affleck-Marston 7 -flux phase is a saddle point solution of Eq. (5) where {/J;;} only ex-
tends to the nearest neighbors.! It corresponds to

-123 0

Nij=0, Xivgi=ix> Xiwsi =i(=D"x, @y : (6)

where x is a real number. The hopping pattern in Eq. (6) is shown in Fig. 5, where the arrows
point in the direction of +i x hopping.

Choosing a 4-site unit cell and define I//T = (F1, F», F3, F4)T, the momentum-space mean-
field Hamiltonian read

! In the following we shall start with the nearest-neighbor interaction and derive Eq. (15). The further neighbor inter-
actions will be incorporated later on, in the non-linear sigma model as the ... in Eq. (29). This approach is useful so long
as the Néel and VBS remain to be the most prominent competing order parameters.



Y.-T. Huang and D.-H. Lee Nuclear Physics B 986 (2023) 116043

. 3
Hyp =—27x ;Mk (11 ® h(k)] Yk, )
where
0 —i(1=ehy —j(1 = etk 0
i =ik 0 0 i(1—e*)
hik) = i(1 —e k) 0 0 —i(1 — etkn)
0 —i(1 —e k) (1 —ek) 0

The fermion dispersion is given by

3J
Ek) = :t?x\/4 — 2 (cosky + cosks),

where each branch has 8-fold degeneracy.
The fermion low energy modes occur near the node ko = 0. Writing k = ko +¢ and expanding
the mean-field Hamiltonian to linear order in ¢ we obtain

R 3J
Hye =% ) _v" (—o@T1 +9T)v @), ®)
q
where
M =111X, T,=1IXZ. 9

In Eq. (9) the first two Pauli matrices correspond to the Majorana and spin degrees of freedom.
The indices of the tensor product of the last two Pauli matrices label the 2 x 2 unit cell in Fig. 5,
namely,

ZI=+1, I1Z=+1:sitel
ZI=+1, 1Z=—1:site2
ZI=—-1, 1Z=+1:site3
Zl=—1,1Z=—1:sited

Fourier transforming the Hamiltonian back to the real space, we obtain

N 3J
Hyie = 7#X /dzr ¥ (r) (—iT0;) ¥ (r), 10)

where ¥ (r) =>_ q V(g)e'9" . Eq. (10) is the point of departure for the following discussions.
2.2. The SU (2) gauge field and the confinement

Because the operators in Eq. (3) are invariant under the following local “charge-SU(2)” trans-
formation

Fj— " F;, 1t = (XY, ZY, —YI) or (11)
W) — d%OT ) TO = (XYII, ZYII, —YIII),

we expect that the spinon field theory should involve a charge-SU (2) gauge field. We stress that
this SU (2) is different from the spin SU (2), which is generated by

8
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S =(=YXIIL,IYII,-YZII).
The spatial components of the charge SU (2) gauge field are identified as

Uij = Uijeiaif,
where a;; = a;’j T?, while ‘15’0 act as the time component of the charge-SU (2) gauge field [33].
Thus, the continuum version of the low energy theory is given by

S= / drdzr{wT [(ao — iag) — i%x T (0; — iai)} v+ %Tr[fwf;w]} (12)
where I'; is given by Eq. (9),and a;, = ay, T? with T? given by Eq. (11). The last Maxwell term
in Eq. (12) is generated by integrating out the high energy fermion degrees of freedom.

Via non-abelian bosonization [19], it is shown in the absence the SU(2) gauge field, there are
35 mass (gap-opening) terms for Eq. (8) relevant to the discussion here. Each of these mass terms
has the form

v My (13)
and corresponds to a spinon-antispinon bilinear. Borrowing the language of QCD, the order pa-
rameters correspond to these mass terms are the meson fields. Under the constraint that the total
gap is a constant, the meson fields form the manifold %, and the % non-linear
sigma model with a WZW term governs the dynamics of the mesons. We then use the method
developed by Witten [34] to gauge the non-linear sigma model (this is explained in appendix F
of Ref. [19]). We find that the following subset of mass terms are SU(2) singlet, hence do not
couple to the SU(2) gauge field (this is explained in appendix J of Ref. [19]).

M =YXZZ,IYZZ,YZZZ,I11Y,IIYZ. (14)

The meson corresponding to the above mass terms are the only ones surviving at low energies.
These mesons form an $* sub-manifold in %. Substituting these meson fields into the

ﬁ% non-linear sigma model, we obtain Eq. (15),

W] =2L /d3x (BMQ,-)Z + Wwzwl€2]. (15)
gM
Here the order parameter Q= (n1, na, n3, vy, v2) is a five-component unit vector associated with
the masses (M1, M, M3, M4, Ms) in Eq. (14). Because M| > 3 are the masses that correspond to
the Néel order, and M4 5 are to the VBS order, (see Fig. 6), we identify Eq. (15) as the non-linear
sigma model governing the Néel-VBS competition. Due to the charge-SU (2)-singlet nature of
the masses, Eq. (15) is immune to the SU (2) gauge fluctuations!

We stress that aside from the WZW term, Eq. (15) is the “fixed-length” version of the
Ginzberg-Landau-Wilson action of five competing order parameters. Wyzw, given by Eq. (16),
is pure imaginary with quantum mechanical origin. As we shall see, it is the missing link between
classical competing order and spin liquid physics.

2.3. The Wess-Zumino-Witten term

The WZW term is a Berry’s phase, namely,

2mi

W zwlQ] = ———

o Z/Gijklmﬁidﬁjdﬁkdﬁgdﬁm. (16)
TT

B
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(d) ()

Fig. 6. Spin configurations associated with the VBS and Néel order. The green box mark a unit cell. The orange ellipse
denotes spin-singlets. The first four figures represent VBS order with (a) vy > 0,vp =0, (b) v] <0,v2 =0, (¢c) v] =
0,v2 >0, (d) v =0, vy <O0. Figure (e) is the Néel order in specific (ny, ny, n3) direction.

In Eq. (16) Q(r, x, v, u) represents a one-parameter-family extension of the space-time config-

uration SAZ(Ax, v, 7). At u = 0, the configuration is trivial, say, fZ('l:, x,y,0)=1(0,0,0,0,1). At
u =1 the Q2 realizes the physical configuration. It can be shown that exp (—Ww zw) is indepen-
dent of the specific choice of the one-parameter family as long as the coefficient in Eq. (16) is an

. . 2mwi 2
integer multiple of Z75.

3. The spin of a VBS vortex
3.1. The WZW term restricted to the vortex core

In this subsection, we show that the WZW term in Eq. (16) predicts that the core of a VBS
vortex harbors a spin with § = 1/2.

2 In order for the interpolation between the trivial and non-trivial configurations to exist, it requires any configuration
of the order parameters can be smooth deformed into a trivial configuration. This requires the homotopy group of the
space-time to the order parameter space map to be trivial

73(S*) =0.
To ensure exp (— Wy zw) to be independent of the specific path of interpolation it requires
mSH=2.

Of course both of these requirements are satisfied by the five component order parameter space 54,

10
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Fig. 7. The tube of radius r. around a vortex loop (the blue dashed line).

In a VBS vortex configuration, Q= (0,0,0, vy, vp) with v12 + v% = 1 everywhere except close
to the vortex core, where v% + v% — 0 while n% + n% + n% — 1. Let’s compute the Berry phase
associated with a single vortex loop, which is a one-dimensional closed curve parametrized by
7, (the blue dashed line in Fig. 7). The core region, drawn as the gray tube in Fig. 7, has radius
r. Thus the tube region forms S' x D? where S is the vortex loop and D? is the 2D disk with
radius r.. Within the tube, (n1, ny, n3) has non-zero magnitude.

Let’s use r and ¢ to parametrize the local radial distance from the vortex loop and the angle
around it (see Fig. 7). The configuration of Qis given by

Qr.¢. 1) = <\/ 1= f2(ri(w), f(r)cose, f(r) Sin¢> a7

where f(r) is a smooth function satisfying f(r) — 1 for r > r., and f(r) — 0 as r — 0. Since
the vortex core is microscopic in size, in Eq. (17) we have assumed that there is no spatial
(i.e., r, ¢) variation of n. Nonetheless, the direction of 7 can vary along the vortex loop (i.e.
depends on t,). To evaluate the WZW term, we smoothly deform Eq. (17) to a configuration
where 71 is constant along the vortex loop (due to 71(S?) = 0 such a deformation exists). Let

u € [0, 1] parametrize the deformation, i.e., I;l(‘L'U, u = 0) = n(z,) while r:z(tv, u=1)=2z The
corresponding deformed €2 is then given by

Q. T u) = (1= f2(r) iz, ), f(r)cosg, f(r)sing). (18)
Pluging Eq. (18) into Eq. (16), we obtain,

1 - ~ -
Wwzw ==27i [ — / dudz, €ng d,np dg,nc | . (19)
D2

Eq. (19) is the Berry phase associated with a S = 1/2 spin in the (0 4 1)-dimensional coherent
state path integral. This shows there is S = 1/2 spin residing in the core of the VBS vortex.

3.2. The fermion zero modes

In the following, we study the spinon zero modes in the VBS vortex core. The spinon Hamil-
tonian associated with a vortex read

11
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a, = / d*r Y7 (P ()Y (r) (20)
where hy,(r) = [—il’101 —iT20, + vi(r)My + vo(r)Ms].
Here I'1, I'y are given by Eq. (9) and M4, M5 are given by Eq. (14). To map the zero mode
solution of Eq. (20) to a solved problem, namely, Ref. [35], we interchange the order of lower-

right and upper-left sites in the unit cell (i.e., 2 <> 4 in Fig. 5). This is achieved by the following
orthogonal transformation /7 ® R where

1 0 0 O
0 0 01
k= 0 010 @D
01 00
Under this change of basis
0
ho(r) = (IT®R)-hy(r)- (T @R =118 (QW) Q(()')) , 22)
where
Q=—i[X01+Zh +vi(r)E+va(r)]]. (23)
The fermion zero modes are the normalizable zero energy eigenvectors satisfying
QJr (ul) =0,u35=u4=0 or
uz
us
Q( ):0,u1=u2=0. (24)
2%

Given vy (r) and vy (r) forming a vortex pattern, Eq. (23) and Eq. (24) were solved by Jackiw
and Rossi [35].
Because the sites in each unit cell have been reordered, namely,

1 < lower — left , 2 <> upper — right , 25)

3 < upper — left , 4 <> lower — right .

The zero mode localizes on the lower-left and upper-right lattice sites if there is a normalizable
solution for

pfury _
Q (u2>_0' (26)

Similarly, it is localized on the upper-left and lower-right lattice sites if there is a normalizable
solution for

uz\
Q(u4) =0. 27

Ref. [35] explicitly solved the differential equation. Their solution shows that, depending on the
vorticity, the zero mode is localized on different sublattices. Specifically when the vorticity is +1,
the zero mode localizes on site 1 and 4, and when the vorticity is —1, the zero mode localizes on
site 2 and 3. Note that (1,2) and (3,4) belong to different sublattices of the square lattice. Finally,

12
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each Majorana zero mode has a degeneracy 4, which corresponds to two complex fermion zero
modes — one for each spin.

After unit cell site reordering in Eq. (25), I 1 Z1 = %1 corresponds to the two sublattices of the
square lattice, and the zero mode of vorticity ££1 has I/ Z1 = £1. Within each of the /I Z1 = %1
subspace, the /11Z = +1 components of the zero mode are related by Eq. (26) or Eq. (27). In
other words, for a vortex of fixed vorticity (1), each Majorana zero mode is 4-fold degenerate.
It is straightforward to show that the projection of T? in Eq. (11) onto the degenerate subspace
is given by

1
ay = Z&Zrb, where 1, = Z(XY, ZY,=YI).
k=1

This is the same as the charge-SU (2) generator for a single site. Thus, the charge-SU(2) singlet
constraint requires that only one of the spin zero modes can be occupied. Finally, turning on 7 in
the vortex core splits the zero modes and produces a S = 1/2 magnetic moment.

The above analysis has implications later on, when we consider hole doping. Namely, hole
doping removes the core spins of the VBS vortex. This is consistent with the effects of hole
doping in the t-J model.

4. The statistics of the VBS vortex
4.1. The WZW term restricted to the vortex exchange process

We can determine the statistics of the VBS vortex by computing the Berry phase associated
with the space-time configuration €2 in which two vortices are exchanged. Technically, because
our space-time is 3, we need to consider the process in which two pairs of vortex-anti-vortex
are created out of vacuum, exchange the two vortices, and then annihilate the vortices with the
anti-vortices at the end. Such Berry’s phase contains two contributions: 1) the Berry phase due
to exchange of the vortices and 2) the Berry phase associated with the spin 1/2 in the vortex/an-
tivortex cores. To isolate the Berry phase due to the exchange, we lock the core spins in, say, the
positive nz-direction.

In the following, we present an argument which suggests that under the space-time configu-
ration discussed above, the Berry phase arising from the WZW term in Eq. (16) is zero. To argue
that the Berry phase is zero involves two steps. (i) Using the result in Ref. [36], one can show
that when any one of the five components of $2 is zero, the WZW term reduces to the topolog-
ical f-term (with 8 = ) for the remaining four components. This topological term is non-zero
only when the wrapping number associated with the mapping from the space-time to the order
parameter manifold, in this case S3 . is non-zero. (i) We note that in the present situation only
three components of €2 are non-zero. By counting the dimension of the space-time image, we
conclude that any such 2 cannot produce a non-zero wrapping number in S°, hence the Berry
phase vanishes.

4.2. Fermion integration
The © configuration discussed in the preceding subsection represents a map from the space-
time (S3) to the order parameter space S? formed by (13, vy, v2). In general, such a mapping

allows for a Hopf term.

13



Y.-T. Huang and D.-H. Lee Nuclear Physics B 986 (2023) 116043

Let’s go back to the Majorana fermion representation. Integrating out the fermion gives rise
to the WZW term in Eq. (16). The difference now is that only (n3, v, v2) are non-zero and the
corresponding spinon masses are given by (M3, M4, Ms) in Eq. (14). Because both the gamma
matrices in Eq. (9) and all the mass terms in Eq. (14) conserve the fermion number, (the asso-
ciated U (1) symmetry is generated by Q = Y I11), it’s convenient to complexify the Majorana
fermion so that

I'—I1XX, I'h—>1XZ
M3 —ZZI, My — IXY, Ms — IY]I.

These matrices commute with Z711, and hence can be block-diagonalized into the ZI1 = +1
sectors. Within these each sector, the fermion integration leads to a coefficient 7 Hopf term
(see [36,19]). Thus, the net Hopf terms cancel, resulting in a vanishing Berry’s phase.

Therefore both subsection 4.1 and subsection 4.2 points to the fact that the S = 1/2 VBS
vortex is a boson.

5. Translating the vortex

Due to the hopping phase in Fig. 5, translation by one lattice constant (of the square lattice
with the original 1 x 1 unit cell) is realized projectively. This is because in order to restore the
mean-field Hamiltonian, translation must be accompanied by a gauge transformation. Restoring
the original site labeling in Fig. 5, it can be shown that the combined transformations are given
by

Y (raot R Y (F)ao2
w(r)ch T; '(//(r +£)ao’l
Vaos | | Va0t |
I/f(r)ot<74 —I/f(l‘ + £)0w3
V(raoi . V(a3
W(r)amZ Ty w(r)oza4
Vo3 | | @+ Dot
1//(7‘),104 —I//(I' + 3’)0(02

where the subscripts of i are « = Majorana index, o = the spin index, and 1,2, 3,4 are the
site indices in the unit cell (Fig. 5). This gives the following transformation matrices for the low
energy spinon modes,

T =11ZX, TV = 11X1.
As before, the Pauli matrices are ordered according to

Majorana ® spin ® 4 x 4 unit-cell sites

When acted on the masses of Eq. (14), this leads to the following transformations of the VBS
and Néel order parameters

T

(nls na,n3, vy, UZ) —)(_n19 —h3, —n3, —vy, U2)
;

(nls na,n3, vy, UZ) _)(_nl» —h3, —n3, vy, _U2)

14
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The same conclusion can be reached without worrying about the fermion projective transforma-
tions by directly inspecting Fig. 6.

Because reversing the sign of v or vy changes the vorticity of a VBS vortex, and due to the
discussion in section 3.2, we conclude that translation results in particle-antiparticle conjugation
on the spin label of (the relativistic) ¢, namely,

Ty, Ty "
o —> Eaa/¢g/~ (28)

This transformation law will be useful later when we discuss the symmetries of the vortex field
theory.

We note that many of the results in this section, e.g., vortex spin, the effect of translation on
vortex field, are readily obtained by Levin and Senthil [7] using picturesque arguments.

6. The field theory of single VBS vortices

Eq. (15) possesses an emergent symmetry (the SO (5) symmetry) [25,26] which is not shared
by the microscopic model. Therefore generically we should supplement Eq. (15) with additional
O(5) symmetry breaking terms, i.e.,

A 1 A
W] = % /d3x (8MQ,-)2+ Wwzwl($2]
M

+ O(5) symmetry breaking terms 29)

These additional terms can be generated by, e.g., integrating out the high energy fermion modes,
or by integrating out the charge-SU (2) gauge fluctuations. A simple example of such term is

D [d*x (Z?: nr =37, vl.z), which tips the balance between the Néel and VBS order.

In the rest of the paper we shall start from the VBS phase and look at the possible vortex
proliferations that can eliminate the VBS order [7].

As seen in the previous section, the VBS vortex is a spin-1/2 boson.? In addition, the core-spin
resides on opposite sublattice for vortex and anti-vortex. Hence conservation of vorticity implies
that the vortex hops among the same sublattice. In terms of the vortex annihilation operator ¢,
the action for a relativistic boson field ¢, has the form

v 1
S¢ Z/d3x|:|(8u - iau)¢o|2 + 5|¢s |2 + E|¢cr|4 + E(G,uvpavap)z]» (30)

where o =1, |, and a,, is the U (1) gauge field (not to be confused with the charge-SU (2) gauge
field, which had been integrated out) whose fluctuation is the dual representation of the phase
fluctuation of the VBS order parameter yrvps = v1 + iv2. The theory in Eq. (30) can be obtained
by the usual U (1) boson duality of the VBS order parameter 1rvps, except that the vortex core is
decorated with § =1/2.

Eq. (30) has the following symmetries,

Vorticity conservation : ¢y — €'"¢py,

U (1) gauge symmetry : ¢, — € "¢, . a, — ay, + 9,7(x)

3 Here we emphasize that the spin is a flavor degree of freedom. It is not the “spin” in the Dirac sense, otherwise, the
spin-statistics theorem would be violated.
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Flavor (spin) SU (2):¢ps — Uye'@Py’, Where uyor € SU(2)
T, Ty: b — Eaa’(p:/
T: ¢ = Ego'@0 3D

Note that unlike ordinary translations, sz = TV2 =—1.

As it stands the gauge field in Eq. (30) is non-compact. However, because of the underlying
square lattice, the VBS order parameter is subjected to a 4-fold anisotropy.* This means that a uis
in fact a compact gauge field, and in carrying out the path integral we need to include the space-
time events where degree 4 monopole in a;, can pop in/out. In the phase where such monopole
condenses, the vortices are confined and the VBS long-range order prevails. However, we shall
be interested in condensing various types of VBS vortices in the following. In those phases a,
is necessarily deconfining. Therefore to address the properties of these vortex condensed phases,
we shall ignore the monopoles and start with Eq. (30).

7. The condensation of single vortices — the direct VBS to Néel transition

In Ref. [7] it is proposed that the condensation of ¢, leads to the Néel order. Moreover, it
is argued that the de-confined quantum critical point (DCQCP) between VBS and Néel order is
realized when the s in Eq. (30) is tuned from positive to negative so that (¢, ) # 0. Such single
vortex condensation leads to the Néel state with the antiferromagnetic order parameter given by

n =¢;Ealg¢lg.

This direct VBS to Néel transition is marked by the red cross on the green paths in Fig. 1-Fig. 3.

In the next three sections we shall study the scenarios in which preceding the single vortex
condensation, the double vortex (with vorticity =2) condenses first. Since a double vortex is the
bound state of two single vortices, and the single vortex is a spin 1/2 boson, exchange symmetry
implies the double vortex can be either 1) spin-singlet and odd-parity, or 2) spin-triplet and even-
parity. The fact that spin-singlet double vortex has to be odd in parity is responsible for the
breaking of the point group or time reversal symmetry in the coming sections.

Note that such broken symmetry depends on the geometry of the underlying lattice. In
Ref. [37] it is pointed out that on the honeycomb lattice it is possible for spin-singlet odd parity
double vortex to preserve the point group symmetry.

8. The condensation of spin-singlet odd-parity double vortex

In terms of ¢, the double vortex annihilation operator is given by

- 1
Dy (x) = ﬁasl (%) Eap e pp (x). (32)

Here o = 1, 2 label the spatial directions, a, b labels the spins, and E,j, is the two-index anti-
symmetric tensor. Recall that on bipartite lattice, vortices with the same vorticity resides on the
same sublattice, hence for the square lattice « = 1 means % and ¢ = 2 means %

4 The preferred angles of yrygg will depend on whether we have the columnar or plaquette VBS order.
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The action which involves both the single and double vortex fields is given by
3 1 2 . 2 . = 2
Sy = | 4 25 (Cunnhtp)” 10 = a0 + 10y — 120,86l (33)

- e
+V¢>a [ds] + Vj)a[q)a] —A |:q>ot <E¢TE8&¢> +c.c. :| }
In Eq. 33)
2,V 4
Voo [Po] =55 " + —|¢o| (34)

Vi, 1B =81al? + L (8111 4+ 1B21%) + Vald Pibal? + 2 (@182 e,
and the A term enforces Eq. (32). Eq. (33) is consistent with the result of Ref. [6,38].

On square lattice, the quartic terms in Vs, [®,] are constructed to be invariant under the spatial
90 degree rotation, inversion, and time-reversal transformations

d~>1 90 deg rotation &)2

~ N .

9} — P

&> 1 Inversion — &3 1

~ _ ~

102 —®,

&) 1 time-reversal &3 1

- — | < ). 35
( L) ) < o2 ) 4

Let’s first focus on V@a [éa]. Assume
&)a = ,ani@” )

the potential energy is given by

Vg, [@a1=5(p} + p3) + %(pf +p3) + Vapip:
+ Wp?p3 cos(2(O — ©y)).
Due to the last term, V@a [®g] is minimized when
O =000 =0+ for W <0
<Y =®2:|:% for W > 0. (36)

Setting ®1 and ©; to satisfy Eq. (36) we obtain, for either sign of W,

Vg, [Pal = S(Pl+02)+—(P1+Pz)+V2P1P2 |Wlpip3.

It is straightforward to show the extrema of the above equation occur at

-5
2 2
01 :pzz—oro.
B V2w

The non-zero solution would require

17
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[V
S<71+V2—|W|><O.

Moreover, for the V&)a [Ci>a] to be bounded from below we must have % + Vo — |W| > 0. There-
fore

For§$>0: & =®,=0

= O =+ :=pel® for W <0
For§<0:{ '=r2=pe = 00 37)
O =4id; ;= pe' for W >0

Note that <f>1 = :I:&DZ preserves time-reversal but breaks 90 degree rotation symmetry, while
@ = +i P, breaks time-reversal but preserves 90 degree rotation symmetry.
8.1. The condensation of p-wave double vortices — a nematic, symmetry-enriched, 7., spin

liquid

The sign of W relevant to this subsection is W < 0. Let us consider the case where S < 0 (this
is the mean-field value, in reality there will be fluctuation correction). Let’s take, e.g.,

d~>1 = &32 = pei®.

Plug this into Eq. (33) we obtain

1
Sy :/d3x|£(ewava,,)2 1By — iap)po 2

+20%(0,0 — 2a,)|* + Vg, [¢o]

—Ap [e—"@ (%(/)TE&xd)) fec ] } (38)

In passing to the last line we have used the fact that 91 + 9, = 0.

It is important to note that under inversion, ® — © + 7. Since ® can be absorbed by a,,,
Eq. (38) is invariant under inversion. Therefore, although naively p-wave paired double vortex
breaks the inversion symmetry, only the 90 degree rotation is broken because the sign change
can be absorbed into the phase of ® 1,2 The resulting phase is nematic.

Isolating the parts of Eq. (38) that depends on ¢, we obtain

[ 5|10 = ia8a + Ve, 100
—i® 1 T 1 T
—ap [e <72¢ Edg+ 0 E82¢> +c.c.i| }

_ 3 . 2 1 —i® T
_/d x[|(aﬂ —ia)po 2 + Vg, [po] — %Ap[e & E8x¢+c.c.]}. (39)

In passing to the last line we have used the fact that 91 + 9> = 0.
Next, we perform the gauge transformation

0
bo —e 2 oo,

under which the action becomes
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$p.= [ {10, = 4,080 + Vo, 190]

—AZ[ ( é E8x¢>+c.c.]}, (40)

where
1
Ay i=ay, — 58,L®.

Note that ¢, is a spin 1/2 field under the global spin SU (2) transformation. Moreover, because of
the double vortex condensation, the gauge charge (with respect to a,) of ¢, becomes conserved
mod 2, i.e., equal to either O or 1.

Let’s now consider the case where ¢, remains massive and ask what is momentum location
where the mass gap is minimum. For this purpose, we temporarily turn off the coupling to A, in
Eq. (40). Decomposing ¢, into the real and imaginary parts

é1 uy+ius
= = . , 41
¢ <¢2 uy +iuy @0
the action that is quadratic in # can be written as
/d3x{ _— (82+s11)u—«/§kp uTZEaxu}, 42)
where

U= (ui,uz,u3, us).
Upon Fourier transformation Eq. (42) turns into
d3
"

h(q) uq
where

h(qo, 4x,4qy) = (cﬂ + s) 11 4+~20p ZYqy.
The eigenvalues of h(qo, g, gy) are

q§+qf+q§+siﬁqux

1 ? 2 2 1 2

For s > %(Xp)z, ¢ is gapped, and the minimum of the gap occurs at +q, where

1
90 = (%/\p,o)- (43)

Now let’s turn the coupling to A, back on, and integrate out the massive ¢, to yield an effective
theory for A,,. (For details see appendix A.) To the leading order (in Ap/+/s) the result is

i (3) o= () [we-ar
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This spatial anisotropic Higgs term should be added to the
/d3x|(aﬂ —2a,)®1* + 13 — 2a,) P2 |?

:2,02/d3x(8u® —2a,)?

term in Eq. (33) to yield
2
3 2 2, NS (e 2
/d «](20%) 0,0 = 200> + o <$> (8,0 - 2a,)?} (44)
:/d3x %(au®—2aﬂ)2
where u is summed over 0, 1, 2.
Now we perform the standard duality transformation [39] on the Boltzmann weight associ-

ated with Eq. (44). The first step includes a Hubbard-Stratonovich transformation followed by
decomposing ¢'® into a smooth and vortex part, namely, ¢/© = ¢!® x Y. This leads to

exp{—/d3x %(aﬂ®—2aﬂ)2}

:/D[J“]exp{ —/d%[i(ﬂ)z—u“(%@s+;T§al—,“n ~2a,) |},

In the second step, we perform the integration over ®; and write the path integral over Y, as the
sum over the vortex world-lines (vw)

%:/D[@Y]D[J“] exp{ — f [ﬁ(ﬂ‘)z e <3,L®S n %Tzal#n - 2aﬂ> ]}

- / D" exp[—/[ﬁu“)z—iﬂ GTZ‘%“TU—zaM)] 45)

YW 3 J =0
Third, we solve the constraint 9, J# = 0 by introducing a gauge field

1
It = 5=y,

Eq. (45) becomes
> | DIbu] - ! (e"P3,b,)% — Lemngp (Lt o
— wl CXP 8728, ¢ vp 27t6 VPG v Y an

1 i ,
:Z/D[bu] exp | —/[&ngﬂ (" 0,by)” + —€""bydya, +ibuky |} @o
VW

where K’ is defined by

1 1_.d
Kk :EG’“’"BU (?TZT“‘n,) .

Physically K%v is the vortex current associated with Y,. To summarize, after including the
Maxwell term for a,, in Eq. (33), the total effective action reads
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1

—p (e"Pd,b))° (47)
22

3 1 2
Setr= | d x[g(euvpauap) +

T+ dua, + ik KY, |
.7T v
Eq. (47) can be rewritten as

1

1
Sei = [ 5[ (g + (b, ? (48)

2

i . .
+E d3x|:€,uvk ZaiKljava){‘i‘lZ JOL[L(lotJalIL)]-
1,J o

Here I, J = 1,2 with a, = a,, and a}, = by, @ =Y, ¢, . In addition,

lg, = (é) Iy, = (?) : (49)

(0 2 (0 172
K‘(z 0)2”( _(1/2 0)
JEe,T) = 82 (x — x0(0)(1, q).

In Eq. (49) x4 (7) is the world line of the a-type quasiparticle.” It is important to point out that in
Eq. (48) we have put back the current of a ¢, test-particle in order to keep track of the statistics.
At low energies and long wavelengths the first two Maxwell terms in Eq. (48) are irrelevant,
hence can be omitted. The remaining parts of Eq. (48) determines the topological order. Eq. (48)
is consistent with the matter-double-Chern-Simons action of Ref. [40].

This K matrix in Eq. (49) contains the information of the ground state degeneracy on Riemann
surfaces and the self and mutual statistics of quasiparticles [41]. On a genus g Riemann surface,
the degeneracy = |det (K)|$ = 48. The exchange statistics of the «-type quasiparticle is given by
the Berry phase

(- k7'.1,).
The mutual statistics is given by the Berry phase
2 (1T K71 1p)

arising from particle of type « circling around particle of type g. From the above formula, it’s
easy to check that both particles are bosons. Circulating ¢, around K+, gets a phase of e'* = —1.
This last fact implies that the bound state of ¢, and K, is a fermion, with

1
l‘z’o@K“{v = (1) N

Topologically, the statistics of the ¢, particle, the Y, vortex, and the bound state of ¢, and T,
vortex are the same as the anyons (e, m, €) in a Z, spin-liquid, namely,

5 For the sake of the statistics, we only care about how ¢4 couples to a;,, hence the current we write down for Jbs is
only the “charge” current with respect to a;, . To freeze the spin degrees of freedom one can polarize the spin in, say, the
7 direction.
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¢ particle — e (50)
T vortex — m

Bound state of Y, vortex and ¢, particle - € =e - m.

It is important to point out that in addition to the Z, topological order in Eq. (50), this spin
liquid breaks spatial rotation symmetry as shown in Eq. (43) and Eq. (44). Moreover, since ¢,
carries spin 1/2 quantum number, this anyon is symmetry-enriched. Therefore the spin liquid we
obtain is a nematic, symmetry-enriched, Z, spin liquid.

8.2. The subsequent condensation of single vortex — an uni-directional spiral AF phase

The subsequent condensation of ¢, in the nematic symmetry-enriched Z, spin liquid occurs
when s < %()u,o)2 (mean-field value, in reality there will be fluctuation correction). Under such

condition the momentum modes g, = :I:%)»p (0,1,0) of ¢, condenses. Plugging into 71 =

¢3¢ and taking into account of Eq. (28) and Eq. (43), this gives incommensurate spiral with
wave vector

(mw,m) £2¢q,.
The phase diagram is shown in Fig. 1, which also appears in Ref. [6,40,38].

8.3. The condensation of px + ipy double vortices — a time-reversal breaking
symmetry-enriched 7, spin liquid

The sign of W in Eq. (37) relevant to this subsection is W > 0. Let’s consider S < 0 (mean-
field value, in reality there should be fluctuation correction) and choose, e.g.,

&)1 :—id~>2=pei@

Here we consider the situation that ¢, remains massive. We determine the momentum location
where the mass gap of ¢, is minimized by turning off the coupling to A, in

S¢=/d3x{|<8u—iAu>¢a|2+s|¢a|2+§|¢a|“ (51)

_AZ[ ( ¢ E(ax—i—la))qb)—i-cc:“

After the decomposition in Eq. (41), the action that is quadratic in u reads

fd3x{ —uT (0% + 11 u—~2rpu” (ZE ) + XE 82)14}. (52)
Upon Fourier transformation, Eq. (52) turns into
d3
2n )3 h(q) Ug
where
h(qo.q1.q2) = (4% +5) IT +~/24p (ZY q1 + XY o). (53)

The eigenvalues of 4 (qo, ¢1, q2) are
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1 2 1
@ +1g» +s+vV200 gl = 2+(| |i—xp) +[s——<xp)2].
90 q q 90 q \/5 )

For s > %(Ap)z, the minimum gap of ¢, occurs at

lq| L
ql = —=4p,
V2
which is a ring in momentum space.
Because the eigenvector of Eq. (53) is not invariant under the time reversal transformation

h(qo,q) — (ZE)™" - h(qo, —q) - ZE,

the ¢, mode at momentum ¢ and spin o does not have the same energy as that at momentum
—q and spin —o, i.e.,

E;(q) # E—o(—q). (54)

Eq. (54) is a manifestation of the breaking of time reversal symmetry.
Since ¢, is gapped we can integrate it out to yield an effective action for A,. To the leading

order in % the answer is (the details are given in appendix A)

2
Vs (o 2/ 3 (a2 a2\ _ VS (A 2/ 3 2
—\|— d’x AT+ A5 ) =—| — d 0,0 —2a;)”.
247 \ /s x( it 2> 96 \ /s le_;( ' %)
This Higgs term should be added to

/d3x {|(au —2a,)®11> + (3, —2au)&>2|2] =2p2/d3x(8M(H) — 24,

of Eq. (33) to yield

292 [ 2
f x| (20%) 3,0 — 24,0 + % % [Z(a,@i - 2ai)2:| | (55)

=

This time, the additional contribution to the Higgs term breaks the space-time rotation but pre-
serves the spatial rotational symmetry. In the subsequent duality transformation, all the deriva-
tions in subsection 8.1 follow, except that the Maxwell term for b, becomes space direction-
independent. The K-matrix which determines the self and mutual statistics of quasiparticles
remains unchanged. Here the spin liquid is a time-reversal breaking, symmetry-enriched, Z;
spin liquid.

8.4. The subsequent condensation of single vortex — a “double spiral” AF phase

For s < %()\p)2 (mean-field value, in reality there should be fluctuation correction), a whole
ring of momentum modes of ¢, with go = 0 and |q| = %Ap, become unstable. This pre-
serves the spatial rotational symmetry but breaks the time-reversal symmetry (Eq. (54)). We
have checked that up to the fourth-order terms in u, all the modes lying on the momentum ring
remain degenerate. Plugging into 77 = ¢ 5 ¢, this leads to a ring of momentum center around
(r, ). Following Ref. [42] we refer to this phase as the “double spiral” AF phase. The phase
diagram corresponds to W > 0 is given in Fig. 2.
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9. The spin triplet double vortex

Here we consider the scenario that the double vortex is a spin-triplet, even-parity, bound state
of single vortices. In terms of ¢, the double vortex field is given by

1
O, (x) = %@Z xX)(Eon)apdp(x), n=x,y,z. (56)

Under the action of the symmetries in Eq. (31), ®,, transforms according to

Vorticity conservation U(1): ®,, — Mo, (57)
Flavor SU (2): ®,, = Ryn®n, Run € spin-1 rep of SU(2)

T, Ts: @y — — D),

T: ®, — —d,.

The action involving ¢, and &, and is invariant under Eq. (31) and Eq. (57), is given by
Sp.0= [ |G~ 10,000 + 10, - 120,00, (58)
v V1 V2
+5l¢po I* + 5|¢a|“ + 8@, % + = (@0 @], P) + = (D0 (D Pi)

— cb*(ing(Eo) ¢)+hc +i(e Ba)z}
nﬁa n)ab®Pb -C. 2g nvpvdp

where the A term enforces Eq. (56). In the following, we consider the scenario where the double-
vortex &, condenses while the single-vortex ¢, remain gapped.

9.1. The condensation of spin triplet double vortices — the AF* phase

For § < 0 (mean-field value, in reality there should be fluctuation correction), the magnitude
of &, acquires a non-zero expectation value and the fluctuation of |®,| is massive. Under such
condition it is convenient to separate the massive and massless degrees of freedom by writing

D, = po €'°Z,(Q), (59)
Here Z(fZ) is the spin-1 coherent state, which is related to the spin 1/2 coherent state,

Ao cos(@/2) \ _ (a
280 = <sin(9/2)efy) = (ﬂ)

~

Q = (sinf cos y, sinf siny, cos6)

by
12 @2
B TP o 60
n ( )_EZ( ) Eonz(2) = 72(05 +B91- (60)
—2ap

Plugging Eq. (59) and Eq. (60) into the stiffness terms for &, in Eq. (58), we get
/d3x|(aﬂ —i2a,)®,|? (61)
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3 1 2
:pé/d3x{[<TTTMT—2aM+l—.ZTBMZ> +(3MZT)(3MZ)+(z*aMZ)(zTauz)]}

9 1 . 2 1 N
=p§>/d3x{[(ﬂ+‘¥—2aﬂ+TZ'BMZ) +§(8/49)2]}’
1 l
where
T:=¢°.
Note that

1. 1. 6
(-,z%zz) =2 <Tz‘dz) =2sin’ 3 dy
1 l

In the phase where ¢, is massive, we can integrate out ¢, . The parts of action involving the
single vortex field ¢, read

S¢:/d3x{|(8ﬂ — ia,)a 1 +s1go [ + 310
—pe [e"@z;‘; <%2¢TE0,1¢) + h.c} }

To leading order (in Apg /s), the result of ¢, integration (see appendix A for details) is

ﬁAp¢2/3 . 0 1. 2
_ M (22 a4 [73 &2 +3 (T Y — 20, + - Z279,2 ]
32w K} x| 70u” + I a“—i—i "
Adding the above result to Eq. (61), we have
/d%[—l ¥y g, +1710,2) + L 7] (62)
21 i g 260 N

where

1 ) 322
=po\1 =357
2ho 32753/

L P
2xq 2 167s3/2 )

Now we generalize the duality transformation for § = 1/2 bosons in Ref. [43] to S =1
bosons. First we introduce the Hubbard-Stratonavich field J# and split

T=e9,
to obtain
1.9 2 2
<_.TT_.MT - 2Clu + ?ZTBMZ) ]

l 1

expi—/de L(8 Q)% +

200 H 200
I ., A

_ In _ |43 2 20 quy2

_/D[J Jexp | /dx[zm(aﬂsz) + UM

1.9 2
—iJH (aue)s + =1 £y —2a, + —,z*aﬂz> ]}
1 1 1
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Second, we perform the integration over ®; and write the path integral over Y, as the sum over
the vortex world lines,

1 A )\.@ 2
D[O,1D[J"] ex —f — (0,97 + =2 (63)
> [ poanurren| - [ [ 00747
1 .9 2 .
g (8H®s+7TZ#TU—2aM+—'z'3Mz>]}

= / D[J"] exp{ /+—(a Q)]]

YW 3, J =0
A 1_40 2
+ TO(J")2 —iJ* <7TZ#TU —2ay, + tzTauz)
i i i
Third, we solve the constraint 9, J# = 0 by introducing a gauge field

1
J“ = Eéﬂvpavbp,

after which Eq. (63) becomes
Z f DIb,] exp / [m(aﬂg) +8n—2(ewavbp) (64)
v, 1 Tal‘«
——e“ P9,b, T Ty _2‘1#"' Z29,z ]}
T
22/0[19 ]exp{ —f[—(a {2)2+’\—®(e“”pavbp)2
K g 82
vw
i 1 .0 2
— 5= €"bud, (l—_T,Ll—_"TU —2a, + l—,zkapz>]}
1 - Lo 2
- DIb {— [ (3,02 + 2O (emeyp
ZW/ [b,] exp f + 5= 0. + 570D,

i .
b L0, + it (k2 262) |

where K and K are defined by

1 1y
Kﬁv = EGMV'DaU (l—Tvl—TU>

1 1 1 , 1 bera o s
Kg=5_—¢""d, (l—,zfapz) = € sinG 8,0 0,y = —ee Q! 9,0P 9,0

Physically K % is the vortex current in Y, and K% is the skyrmion current in €. To summarize,
after including the Maxwell term for a,, in Eq. (58), the total effective action reads

1 re
Setr = / d3x[£(ewpavap)2 + o3 (€ uby)? (65)

i . 1 )
+ " budua, +ib (K%, +2KL) + 57 ) |
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The parts of Eq. (65) that determine the topological order is the same as Eq. (49) except now
there are three quasiparticles, namely, « = ¢, vortex in Y, and skyrmion in 2. The current of
these quasiparticles couples to the gauge fields via Eq. (49) where

1 0 0
z%:(O), le=<1>’ zKQ=<2>.

Follow the same procedure as in subsection 8.1, it’s easy to check that all these three quasiparticle
are bosons. Kq has mutual boson statistics with all other particles, while the mutual Berry phase
¢ between and K~ is e'™ = —1. This last fact implies that the bound state of ¢, and K, with

1
l¢r7 ®K"f‘v = 1 ’

is a fermion. Topologically, the self/mutual statistics of the ¢, particle, the Y, vortex, and the
bound state of ¢, and Y, vortex are the same as in the anyon quasiparticles (e, m, €) in a Z»
spin-liquid, namely,

Q skyrmion — 1
¢ particle - e
T, vortex — m

Bound state of Y, vortex and ¢, particle — € =e - m.

In this spin liquid there is a coexisting Néel long-range order. The Goldstone mode of such or-
der is described by the term proportional to [ d 3x (8“52)2 in Eq. (65). This coexisting symmetry-
enriched Z, topological order and Néel order is referred to as “AF*” in the literature.

9.2. The subsequent condensation of single vortex — back to the Néel state

From the AF* phase discussed in the preceding subsection, the condensation of ¢, will Higgs
the gauge field a,, and consequently the Z, topological order is lost. The resulting phase is the
same as the Néel state obtained directly from condensing the single VBS vortex (see Fig. 3). The
reason there is no more phase transition in the lower half of the phase diagram in Fig. 3 is the
following. Once the single vortex ¢, condenses, the A term in Eq. (58) acts as an “magnetic field
term” for ®,,. Hence ®,, will automatically acquire a non-zero expectation value. Consequently,
there is no transition when one tunes S from positive to negative.

As mentioned earlier, the scenario depicted in Fig. 3 requires two S = 1/2 vortices on the
same sublattice (hence the same vorticity) to form a triplet bound state. It is unclear to us what
kind of spin interaction will favor that.

10. Final discussion

In this section, we will not talk about the AF* phase in section 9 due to the irrelevancy to
frustrated antiferromagnets.

As mentioned earlier, it is quite remarkable that the result of subsection 8.1 and 8.2 agree
with the result of Schwinger boson parton approach in Ref. [6]. It turns out that the spin-1/2
VBS vortex in the current work plays the role of the Schwinger boson in Ref. [6]. The U(1)
gauge field, which is dual to the phase of the VBS order parameter in the current work, plays
the role of the gauge field arising from the fractionalization of the physical, spin, into bilinear
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in Schwinger bosons. Since the spin liquid state possesses w-flux anyon, the bosonic spinon can
form a bound state with it and become a fermion. The quantum number of such excitation is
consistent with the fermionic spinon obtained in the fermionic parton approach of Z, spin liquid
[5,38].

The nematicity in the spin liquid discussed in subsection 8.1 is due to a spontaneous symmetry
breaking. It is possible for quantum fluctuations to suppress the nematic order and restore the 90-
degree rotation symmetry. In that case, the spin liquid discussed in subsection 8.1 will become
a true symmetry-enriched Zj spin liquid (i.e., without symmetry breaking). Similarly, quantum
fluctuations can also restore the time-reversal symmetry and render the spin liquid discussed in
subsection 8.3 a true symmetry-enriched Z, spin liquid.

Finally, we would like to say a few words about hole doping. Motivated by the results of
subsection 3.2, we expect doping to remove the S = 1/2 in the VBS vortex core. Moreover, we
can show that after such spin removal, the vortex becomes a spinless fermion. Since the vorticity
remains unchanged by such a removal process, naively one expects these fermions to inherit the
vorticity quantum number, namely, f+ and f_, and live on opposite sublattices. However, in
the spin liquid phase, the double vortex has condensed. This makes the vorticity only defined
mod 2. As aresult, f4 and f_ are no longer distinct. The resulting single fermion species live
on both sublattices. This is consistent with the bosonic spinon approach where the doped holes
are spinless fermions. When such a fermion bounds with a neutral S = 1/2 bosonic vortex, the
vorticity cancels. (Note that in the presence of double vortex condensation, the vorticity of a
single vortex is also defined mod 2.) The composite particle has charge +e and spin 1/2, hence
has the same quantum number as the photohole in photoemission experiments. Because of the
vorticity cancellation, to the leading order, these fermionic holes no longer couple to the VBS
gauge field (which has been Higgsed to Z,). These composite holes can form a topological Fermi
liquids state (FL*) featuring a small Fermi surface [44].

In the Néel, the spiral, and the double spiral SDW phases, where the single vortex condenses,
the distinction between fi and f_ also ceases to exist. When such a fermion bounds with the
condensed S = 1/2 single vortex, it also acquires the quantum number of the photohole. These
composite holes carry spin 1/2 moment and interact with the order parameter 7i = ¢ ¢ via the
Yukawa coupling. In those phases, the geometry of the small Fermi surfaces will depend on the
magnetic order. In the VBS ordered phase the two types of fermion f; and f_ remain distinct,
and they hop among the same sublattice. Such a fermion can also form a composite hole with
a § = 1/2 vortex residing on the opposite sublattice (to cancel the vorticity). It is unclear to us
whether such composite holes can be itinerant in the presence of VBS order. If so, they will form
a conventional FL with small Fermi surfaces due to broken symmetry.

In the spin liquid phases, the -flux anyon can convert the spinless fermion into boson, and
at the same time convert ¢, into S = 1/2 fermions. These quantum numbers are consistent with
the fermionic spinon approach, where the doped holes are bosons.

CRediT authorship contribution statement

Yen-Ta Huang: Conceptualization, Formal analysis, Methodology, Software, Visualization,
Writing — original draft, Writing — review & editing. Dung-Hai Lee: Conceptualization, For-
mal analysis, Funding acquisition, Methodology, Project administration, Software, Supervision,
Visualization, Writing — original draft, Writing — review & editing.

28



Y.-T. Huang and D.-H. Lee Nuclear Physics B 986 (2023) 116043

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgement

This work was primarily funded by the U.S. Department of Energy Office of Science, Office
of Basic Energy Sciences, Materials Sciences and Engineering Division under Contract No. DE-
AC02-05-CH11231 (Theory of Materials program KC2301). This research is also funded in part
by the Gordon and Betty Moore Foundation EPIQS program under award GBMF8688.

Appendix A. Integrating out the massive ¢,
A.l. The general formalism
In integrating out ¢, we face the following functional integral
Zla,, ©] = e Wlan-01 = / Du(x) e S():a.01 yhere (66)

S[u(x),au,®]:/d3qu Dla,, O] u.

Here we have adapted Eq. (41) so that u(x) is a real boson field and D[q,,, ©] is a symmetric
space-time (differential) operator. A convenient trick for doing such integration is to perform the
corresponding complex boson integration and divide the resulting effective action by two.

To see this, consider two copies of real boson fields u, and ug coupled identically to a, and
©. After the boson integration, the result should be the square of that in Eq. (66), namely,

/Dua Dug o~ [Slua ().a,,©1+S[up (x),a,.01] _ {Z[aﬂ, @]}2 — ¢ 2Wla,. 0]
On the other hand, we can combine u, g into a complex fermion field
Y =uq+iug,
so that the sum of the real fermion actions can be written as a complex fermion action,

ugD[aM, Oluy + ugD[aM, Olug = wTD[aM, Olp.

Note that the cross terms cancel out, due to the commutation relation between u, and ug, and
the fact that

T
[Play. ©1] =Dla,. 01
Consequently if W[a > @] is the effective action due to the complex boson integration, we have
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I 1 1
Wia,.. ©] = 5Wla,. 0] = —5In [ det(Dla,. 007" = ETr[ln(D[aM, o)) (67)

Due to Eq. (67), we shall focus on the complex boson integration.
To proceed we write

Dlay, ®l=Dy+ V]a,, O] = (— 32+s)+V[aM, Q] (68)

where V[a,, ®] includes the terms describing the coupling of ¢, to the gauge field and ®. By
the usual perturbative expansion we have

Wla,, ©] =%Tr[ln(Do + Via, @])]
Lt oy + Z CU (o5t

The control parameter of this expansion will be discussed separately for the spin-triplet parity-
even and spin-singlet odd parity double vortex cases. Finally, the Tr[ ln(Do)] term is a constant
independent of the external field so that we can neglect it.

A.2. Spin-singlet odd-parity double vortex condensation

For spin-triplet-parity-even double vortex the part of action that involves ¢ is given by

2
1
=/d3x{|(au —ia) ol +slpe* =1 I:,oiee)“ <—¢>TE8i¢) + h.c} }
i=1 ﬁ
Here we do the transformation

;0
p—e'29,

under which the action becomes

2
So :/d3x{|(3u — 1495 1* + 5160 | x; [pl- (%NEM) + h.c} |
where
Ay =a, — %a,@ (69)
is a U(1) gauge field.

In terms of the real boson field in Eq. (66), the potential V[a,, ®] in Eq. (68) is

2
Via,, O] :/Cﬁx[ — VY pai Moy + i@+ A Eo + Ay |
i=1
where A, is given by Eq. (69), and py; and py; are the real and imaginary parts of p;, and

Yo=-YI
My =2ZY
My =XY
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The remaining real boson integration is straightforward. The leading order (in Ap;/+/s) contri-
bution gives

)\'2

w zﬁ -
24w s

For the nematic spin liquid in Eq. (39), we have p; = §;xp. This gives us

- () forie () forooa

In the case of the time-reversal breaking spin liquid we have p; = p and py = ip. This results in

A 2
Wi <7p> [ (414 43)
(N [ aSs )2

Again the presence of the prefactor /s can be determined from dimension counting.

Ai [patpaidij = paipaj] A

A.3. Spin-triplet even-parity double vortex condensation

For spin-triplet-parity-even double vortex, the term in the action which involves ¢, is given
by

N
Ss :/d3x{|(au —ia,)0 2 + 5l¢a 2 — Moo |:e_’®ZZ(Q) <72¢TE0,1¢> + h.c.:| }

Before continuing, note that we can do the transformation

p—e%u'y,
where
0 _qip @it
Ay [ coss sin 5e
M(Q)_(sin%e’¢ cos § >
and action becomes
3 , 2 2 s (LT
Sp= | {100 —iADBs 2+ 5160 = 200 | Zi(2) 59" Eond ) + e }
Here
Z,(2) ! (1,4,0)
)= —F= 517 3
" V2

and A, contains both the U (1) and the SU (2) parts, namely,

3
1 1
Ay i=ay, = 58,0 - ;ua,ﬂﬁ =) Alo,
a=0

where
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0 1

AY =ay ~ 50,0

AL =L (iny 9,0 +sino 9
M_E(smy .0 +sinf cosy 0,7)
2 _ ! 3,0 +sinfsiny d
AM—E(—cosy .0 +sinfsiny 9,y)

1 1
Ai = _E(l —c0s6)d,y = —lszauz.

In terms of the real boson field in (66), the coupling potential is
Viau. ©, Q1= — V24 Zan(2) Man + i (9, A% + A%3,) Tq + A% AL T, S,
where o = 1,2 and a, b,n = 1,2, 3. The Z1,,(Z) and Z,,(z) are the real and imaginary parts of
Z,(2), and
My, =(ZZ,—XI,—ZX)
My, =(—XZ,-ZI1,XX)
Y. =(=YI,-YX,IY,-YZ)

The remaining perturbative integration of the boson is straightforward. The leading order (in
Apg/s) contribution gives

W[O, 2,a,]
2
=50 (45) () s a7
o\ 2
= (%) [ e a0 o]

The presence of the prefactor /s can be determined by dimension counting.’
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