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1 Introduction

Distance measures on a space of density matrices play a crucial role in quantum informa-
tion theory. Among them, relative entropy [1] has nice properties such as positivity and
monotonicity, which have been efficiently used to prove many intriguing results in quan-
tum field theory, see, for example [2–4]. The relative entropy S(ρ||σ) between two density
matrices ρ, σ is defined by

S(ρ||σ) = trρ log ρ− trρ log σ. (1.1)

Properties of relative entropy are reviewed in [5].
Although it is difficult to explicitly calculate relative entropy in QFT, we can pertur-

vatively compute S(ρ0 + δρ||ρ0) by expanding it in δρ, when the two density matrices are
sufficiently close to each other |δρ| � 1. A nice way to do this is to use the modular flow
of the reference state ρ0 [6]. When this prescription is applied to conformal field theory, it
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turned out the second-order term of the expansion (Fisher information) can be rewritten
holographically in terms of the canonical energy on the dual anti de Sitter space [7, 8].
The result matches with the prediction of the Ryu Takayanagi formula and its covariant
generalization [9–11]. See the related discussions [12–21].

Rényi relative divergence (RRD) is a one parameter generalization of relative entropy.
It is defined by [22],

Dα(ρ||σ) = − 1
1− α log tr

[
ρα σ1−α

]
. (1.2)

It has also nice properties which are inherited from relative entropy [23]. Recent dis-
cussions of applications of RRD include [24–28]. One of the difficulties in computing RRD
is that this quantity breaks the U(1) translational symmetry of Euclidean time direction.
In [29], an efficient way to perturbatively expand RRD by utilizing the resolvent of den-
sity matrix was found. In the same paper, it turned out that the second-order term of
the expansion of RRD again has a holographic expression. Other studies of perturbative
expansion of RRD include [30–32].

These perturbative expansions of relative entropy as well as RRD allow us to efficiently
compute them. However, it turns out that in general these series do not converge, as is
often the case in perturbations in quantum field theory. This is because δρ is not a bounded
operator. Therefore, finding a prescription to resum these series is important. This is also
interesting from the holographic point of view, as the higher order terms of the expansions
are related to the emergence of full bulk gravitational equations of motion beyond the
second order. See also [33] for a recent progress to resolve the non-convergence problem.

As a first step toward this direction, in this paper we holographically compute Renyi
relative divergences without using perturbative expansion, in two dimensional JT grav-
ity [34, 35] plus a bulk matter theory. We hope this example will give a hint on how to
resum the perturbative series found in our previous papers [14, 29]. JT gravity describes the
near-horizon dynamics of near extremal black holes [36]. The dynamical degrees of freedom
of the theory are the reparametrization modes, which live on the boundary of AdS2, break
the asymptotic symmetry of the spacetime [37]. The Lagrangian of the resulting effective
theory on the boundary is given by the Schwarzian derivative of the reparametrization
modes. A nice review of this topic is [38].

We prepare two density matrices by turning on constant background fields coupled to
a marginal operator in the boundary theory. We then calculate the RRD between them,
which has a path integral expression with a time dependent background field. To calculate
this RRD holographically, we first find the bulk configuration whose boundary condition
matches with the time-dependent source in the field theory side. This bulk configuration,
known as Janus solution was obtained in [39]. In this paper, we will fully use this result.1

A nice thing about the solution in two dimensions is that the simplicity of the theory
allows us to treat the effect of back reaction exactly for the general Rényi index α. In
higher dimensions, what we can do best is to work in the regimes where the effects of
the back-reaction is small, and the perturbative expansion of the on-shell action gives a
good approximation.

1This solution shares similar properties with its higher dimensional counter part [40, 41].
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This paper is organized as follows. In section 2 we define the Rényi relative divergence
of our interest in Schwarzian theory coupled to a marginal operator. In addition, we
explain the path integral expression of the RRD in this theory. In section 3 we discuss
the holographic dual of this setup, ie JT gravity in AdS2 coupled to a bulk massless scalar
field. We then present the relevant solution, whose on-shell action computes the Rényi
relative divergence holographically. In section 4, we derive the reparametrization mode
of the boundary theory which dominates the path integral, from the bulk configuration
derived in the previous section, and carefully evaluate its Schwarzian action in section 5.
We then assemble these calculations and present the main result in section 6. In section 7,
we discuss the perturbative expansion of the main result.

2 Set up

We study a 0+1 dimensional theory of reparametrization modes f(u) ∈ Diff [S1]/SL(2,R),
on the circle S1 with periodicity 2π. The action of this theory is given by Schwarzian
derivative of f(u),

SSch[f ] = −C
∫ 2π

0
du

[
{f(u), u}+ f ′2

2

]
, {f(u), u} = −1

2

(
f ′′

f ′

)2
+
(
f ′′

f ′

)′
. (2.1)

Throughout this paper, u is the coordinate of S1 on which the theory is defined. This
action naturally appears as the low energy effective theory of the SYK model [42].

We couple these modes to a scalar operator O. For simplicity, we assume the operator
is marginal, ie, its conformal dimension ∆ is 1, and it is a generalized free field, which
means that its correlation functions can be computed by Wick contractions. In this theory,
there is a class of density matrices {ρλ}, prepared by turning on a constant background
field λ ∈ R for the marginal operator O on the thermal ensemble e−2πH ,

ρλ = exp
[
−2πH + λ

∫ 2π

0
du O(u)

]
, (2.2)

where H is Hamiltonian of Schwarzian theory. We will take into account the normalization
of the density matrix later.

We would like to compute the Rényi relative divergenceDα(ρλ+ ||ρλ−) between two such
density matrices ρλ+ and ρλ− . To this end, we first calculate the following quantity,

tr ραλ+ ρ1−α
λ−

= tr
[
exp

(
−H + λ+

∫ 2πα

0
O(u) du+ λ−

∫ 2π

2πα
O(u) du

)]
. (2.3)

The right hand side has a path integral expression,

tr ραλ+ ρ1−α
λ−

=
∫
Df exp

[
−SSch[f ]− 1

8π

∫ 2π

0
du1du2λ(u1)λ(u2) 〈O(f(u1))O(f(u2))〉

]

=
∫
Df exp

−SSch[f ]− 1
8π

∫ 2π

0
du1du2λ(u1)λ(u2)

 f ′(u1)f ′(u2)

sin
(
f(u1)−f(u2)

2

)2


 ,

(2.4)
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Figure 1. The background field profile λ(u) for the marginal operator which appears in the path
integral. The source jumps discontinuously at u = 0 and u = 2πα.

with the time-dependent background field λ(u) which is coupled to the marginal scalar
operator O,

λ(u) =

λ+ 0 < u < 2πα
λ− 2πα < u < 2π,

(2.5)

see figure 1. 〈O(f(u1))O(f(u2))〉 in the second line of (2.4) is the two point function of the
marginal operator O in the presence of the reparametrization mode. As we will see in the
next section, this action is related holographically to JT gravity coupled to a massless free
scalar field theory in AdS2. We evaluate this path integral in the semiclassical limit C � 1.

3 The holographic set up

The setup we are considering has a gravity dual, namely AdS2 JT gravity coupled to a free
massless scalar field χ which is dual to the marginal operator O. The total bulk action is

I =− φ0
16πG

[∫
dx2√gR+2

∫
K

]
− 1

16πG

[∫
dx2√gΦ(R+2)+2

∫
φbK

]
+IM [g,χ], (3.1)

JT gravity part involves dilaton Φ as well as metric gµν . The matter part IM [g, χ] is
the action of free scalar field χ,

IM = −1
2

∫
dx2√g

(
gab∇aχ∇bχ−m2χ2

)
. (3.2)

One notable feature of the bulk action is that there is no coupling between the dilaton
φ and the matter field χ. Hereafter, we set the mass of the scalar field to zero m = 0, so
that the primary O is a marginal operator ∆O = 1.

This action describes excitations on top of an higher dimensional extremal black hole
geometry, dimensionally reduced to two dimensions. The first term of the action (3.1)
is purely topological, describes the grand state degeneracy of the extremal black hole.
Therefore, the constant φ0 corresponds to the entropy of the higher dimensional extremal
black hole. The second term of the action (3.1) captures excitations on top of the extremal
black hole, and the total dilaton Φ + φ0 corresponds to the entropy of the excited black
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hole. In order for the effective description valid, we need φ0 � Φ. The equations of motion
for dilaton Φ and the metric gµν is

∇µ∇νΦ− gµν∇2Φ− gµνΦ = 8πG Tµν [χ], R+ 2 = 0, (3.3)

where the stress tensor Tµν [χ] of the massless scalar field χ,

Tµν [χ] = ∇µχ∇νχ−
gµν
2 (∇ρχ∇ρχ) . (3.4)

The second equation of (3.3) fixes the metric to that of pure AdS2. In Poincare
coordinates, this metric is given by

ds2 = dt2 + dz2

z2 (3.5)

Due to the equations of motion (3.3), the bulk action (3.1) is reduced to the field theory
action (2.3) on S1 [37], once we fix the location of the boundary (t, z) = (t(u), z(u)) in the
bulk, and the relation between t(u) and the reparametrization mode f(u), which will be
discussed later. In doing so, we also need the identification of the coupling constants on
both sides,

C = φ̄

8πG. (3.6)

t(u) and z(u) define an embedding of the boundary S1 to Poincare AdS2. Furthermore,
the symmetry imposes the relation z(u) = εt′(u), where ε is the UV cut-off of the boundary
theory. The location of the boundary line t(u) is specified by imposing the boundary
conditions

Φ(t(u), εt′(u)) = φ̄

ε
, χ(t(u), εt′(u)) = λ(u). (3.7)

In this way, the task of computing Rényi relative divergence in the semiclassical limit
C � 1 is reduced to find the corresponding solution of the gravitational equations mo-
tion (3.3), and specifying the reparametrization mode f(u) from the solution.

3.1 The construction of the bulk configuration

3.1.1 The Janus solution

Our starting point is the Janus solution, obtained in [39]. This solution also naturally
appears in a recent discussion on the entanglement entropy between two disjoint universes
and its relation to island formula [43]. Also, this class of solutions has been also discussed
in slightly different contexts [44, 45]. In the global AdS coordinates (µ, ts) where the metric
takes the following form,

ds2 = dt2s + dµ2

cos2 µ
, −π2 < µ <

π

2 , (3.8)

this solution is given by

Φ(µ, ts) = Φ0(µ, ts)− 4πGγ2(1 + µ tanµ), (3.9)
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and
χ(µ) = γ

(
µ− π

2

)
+ λ+, (3.10)

where γ is the difference between the background fields, γ = (λ−−λ+)/π, which is necessary
to impose the boundary condition,

χ
∣∣
µ=π

2
= λ+, χ

∣∣
µ=−π2

= λ− (3.11)

Φ0(µ, ts) is the “souceless” of the dilaton, satisfying the equations of motion (3.3) with
Tµν [χ] = 0. This part will be fixed later.

3.1.2 Mapping the solution to Poincare AdS

To relate the dilaton profile (3.9) to the reparametrization mode f(u), it is convenient to
write down the solution in Poincare coordinates with the metric (3.5).

The relation between global and Poincare coordinates is

z + it = eiµ+ts ↔ ts = 1
2 log

[
z2 + t2

]
, µ = tan−1 t

z
. (3.12)

The dilaton profile in Poincare coordinates is,

Φ(z, t) = Φ0(z, t)− 4πGγ2
(

1 + t

z
tan−1 t

z

)
. (3.13)

the sourceless part of dilaton Φ0 is in general,

Φ0(z, t) = ξ(t2 + z2) + κt+ η

z
. (3.14)

Finally, the scalar field χ profile is

χ(t, z) = γ

(
tan−1 t

z
− π

2

)
+ λ+. (3.15)

Its boundary value depends on the sign of the time-like coordinate t,

χ(t, z)→

λ+ t > 0
λ− t < 0

, z → 0 . (3.16)

4 On shell reparametrization mode

Having specified the solution of the equations of motion (3.13) and (3.15), now the task
is to find the location of the boundary (t, z) = (t(u), εt′(u)) on which the boundary con-
ditions (3.7) are satisfied. This also fixes the parameters (ξ, κ, η) of the sourceless part of
dilaton Φ0 (3.14). At the same time we relate the boundary location t(u) in Poincare AdS2
to the boundary location in Poincare disc, which is identified with the reparametrization
mode f(u) in the Schwarzian action (2.1), via an appropriate bulk diffeomorphism.
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The boundary location for sourceless dilaton. We begin our discussion from the
case where the dilaton is sourceless Φ = Φ0, ie when the stress tensor of the scalar field
vanishes Tµν [χ] = 0. The general form of such dilaton profile is given by (3.14). We want
an embedding t(u), which maps the segment I+ : 0 < u < 2πα (the red interval in figure 1)
on the boundary circle of Poincare disc S1, to t > 0 part of the boundary of Poincare AdS2,
and its complement I− : 2πα < u < 2π (the blue interval in figure 1) to t < 0. Such a map
is given by

t(u) = −
sin u

2

sin
(
u−2πα

2

) . (4.1)

The sourceless dilaton profile which satisfies the boundary condition (3.7), is given by
choosing the coefficients (ξ, κ, η) in (3.14),

ξ = φ̄

sin πα, κ = 2φ̄
tan πα, η = φ̄

sin πα. (4.2)

Note that since the Schwarzian derivative of (4.1) is still constant

{t(u), u} = 1
2 , (4.3)

the introduction of the index α does not change the thermodynamic quantities of the black
hole as it should be.

The boundary location in the presence of the source. Now let us turn on the
source γ. We find that by choosing the following coefficients (ξ, κ, η) in (3.14), one can
satisfy the boundary condition.

ξ = φ̄ν

sin παν , κ = 2φ̄ν
tan παν + 2π2Gγ2, η = φ̄ν

sin παν . (4.4)

Here we introduce ν, which will be identified with the temperature of the backreacted
black hole, caused by the source γ.

We should remark that our choice of the sourceless part Φ0 is slightly different from
the choice of [39]. In [39], Φ0 was fixed by demanding that the temperature ν of the back
reacted black hole is always fixed, ie independent of γ. This is not convenient for our
purpose, since with this choice the boundary conditions (3.7) can not be satisfied. Indeed,
we will see later that onece we choose Φ0 which satisfies the boundary condition, then the
temperature of the backreacted black hole does depend on γ.

Let us first consider the interval 0 < u < 2πα. If we choose the map,

t(u) = −
sin νu

2

sin
(
νu−2παν

2

) (4.5)

then I+ is correctly mapped to t > 0, and satisfies the boundary condition for the scalar
field χ(u) = λ+. Furthermore, due to the choice of the sourceless part,the pull back of the
total dilaton on I+ also satisfies the boundary condition Φ(t(u), εt′(u)) = φ̄/ε.
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On the complement I− : 2πα < u < 2π, we employ a generalized ansatz for t(u),

t(u) = −
sin f(u)

2

sin
(
f(u)−2πνα

2

) . (4.6)

In addition, for the continuity we demand f(2πα) = 2παν. Then the pullback of the
dilaton profile (3.13) with (4.4) on this curve is

Φ(u) ≡ εΦ(t(u), εt′(u)) = φ0
f ′
− 4πGγ2

[
−π2 + tan−1

(
h(u)
εf ′

)](
h(u)
εf ′

)
, (4.7)

with
h(u) = −2

sin(πνα) sin f2 sin
(
f − 2πνα

2

)
. (4.8)

When |h(u)| � εf ′(u), we can replace arectan in (4.7) with either π
2 or −π

2 , de-
pending on the sign of h(u). For example we can do this on the following regions
I+
ε :
√
ε < u < 2πα−

√
ε and I−ε : 2πα +

√
ε < u < 2π −

√
ε, where h(u) is sufficiently

large, in the ε→ 0 limit.
If we impose the boundary condition in (3.7) for the dilaton, we get

f ′(u) =


ν, u ∈ I+

ε ,

ν − 8π2γ2G
φ̄ sin(πνα) sin f

2 sin
(
f−2πνα

2

)
u ∈ I−ε .

(4.9)

4.1 Fixing the temperature

Now let us fix the temperature ν of the backreacted black hole. To do this, recall the
expression two-point function of the marginal operator O dual to the bulk scalar field χ,

〈O(u1)O(u2)〉 = f ′(u1)f ′(u2)
4 sin2

(
f(u1)−f(u2)

2

) . (4.10)

In order for the correlator to have the appropriate periodicity u1 ∼ u1 + 2π, the
reparametrization mode f(u) has to satisfy f(2π) = 2π. From (4.9), we see that this
condition is equivalent to∫ 2π

2παν

df[
ν − 8π2γ2G

φ̄ sin(πνα) sin f
2 sin

(
f−2πνα

2

)] = 2π(1− α). (4.11)

This equation determines the temperature ν of the back reacted black hole, as a func-
tion of γ and α. In general, it is difficult to obtain its explicit solution.However, one can
perturbatively solve this equation around γ = 0, let ν = 1 + δν, then,

δν = 2πγ2G

φ̄ sin(πα)
[2π(1− α) cosπα+ 2 sin πα] +O(γ4). (4.12)

– 8 –
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4.2 The large source limit

When the difference of the source γ is large, we can also solve this equation exactly. In
this limit, the temperature of the back reacted black hole gets maximal, ie ν → 1/α. If
the temperature could be larger than this value, we were unable to impose the periodicity
condition f(2π) = 2π. Indeed, when γ � 1 one can consistently solve the equation for ν
by 1/γ2 expansion.

Since ν → 1/α, the range of the integration (4.11), become smaller, 2παν → 2π. In
order for the integral non zero, the integrand has to diverge in this limit. In particular,
by expanding the integrand near f ∼ 2π, we see that in order for this to happen, ν has
to satisfy

ν = 1
α
− φ̄

2απ3Gγ2 + · · · . (4.13)

We emphasize that this reasoning is only valid when α 6= 1 or equivalently, when the
left hand side of (4.11) is non-zero. In particular, when we calculate the relative entropy,

S(ρ+||ρ−) = lim
α→1

Dα(ρ+||ρ−), (4.14)

we can not use the expansion, since this limit involves α ∼ 1.

5 Evaluating the semi-classical action

Having specified the reparametrization mode which dominates the path integral (2.3), in
this section, we evaluate its on shell action. It is straightforward to evaluate the action
on I±ε where the reparametrization mode is given by (4.9). However near u = 0 2πα, lets
say C+

ε : −
√
ε < u < +

√
ε, and C−ε : 2πα −

√
ε < u < 2πα +

√
ε, the boundary source

λ(u) changes discontinuously, and total dilaton profile behaves like a step function. Ac-
cordingly, higher order derivatives of the reparametrization mode develop delta functional
singularities. Therefore, in evaluating its Schwarzian action SSch, we need special care. It
is convenient to split the integral into four pieces.

SSch = −C lim
ε→0

[∫
C+
ε

+
∫
I+
ε

+
∫
C−
ε

+
∫
I−
ε

]
du

[
f ′2

2 −
1
2

(
f ′′

f ′

)2
+
(
f ′′

f ′

)′]
(5.1)

≡ lim
ε→0

SC+
ε

+ SI+
ε

+ SC−
ε

+ SI−
ε
. (5.2)

5.1 Normal part

It is straightforward to evaluate SI+
ε

and SI−
ε
. This is because the expression of the

reparametrization mode gets simplified in these regions (4.9). In general, when a reparame-
trization mode satisfies the relation,

f ′ = a− b cos(f − δ), δ ∈ R, (5.3)

then, the Lagrangian is constant,

LSch[f ] = f ′2

2 −
1
2

(
f ′′

f ′

)2
+
(
f ′′

f ′

)′
= a2 − b2

2 . (5.4)
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For the remparametrization mode of interest (4.9), we obtain

LSch[f ] =


ν2

2 , u ∈ I+
ε

1
2

(
ν − 4π2Gγ2

φ̄ tanπαν

)2
− 1

2

(
4π2Gγ2

φ̄ sinπαν

)2
, u ∈ I−ε

(5.5)

LSch is related to the stress energy expectation value 〈T00〉 of the boundary theory [37]

〈T00〉 = CLSch[f ]. (5.6)

Therefore the expression (5.5) implies, when the dilaton profile is analytically continued
to Lorenzian signature, it represents a two sided black hole, in which the temperatures of
the left and right horizons are different. However, in the large γ limit, we can see that

1
2

(
ν − 4π2Gγ2

φ̄ tan παν

)2

− 1
2

(
4π2Gγ2

φ̄ sin παν

)2

→ ν2

2 , (5.7)

by plugging (4.13). This indicates that two black hole temperatures coincide in this limit.
By combining these results, the normal part of the action is given by

lim
ε→0

SI+
ε

+SI−
ε

=− φ̄

8πG

παν2+π(1−α)

(ν− 4π2Gγ2

φ̄tanπαν

)2

−
(

4π2Gγ2

φ̄sinπαν

)2
 . (5.8)

5.2 Defect part

Now let us evaluate the action on the transition regions C+
ε , C−ε . Naively speaking, since

we take ε → 0, SC+
ε
SC−

ε
are vanishing. However, we see that since the last term of the

Lagrangian (5.1) is highly singular due to the discontinuity of the source profile λ(u), and
SC+

ε
SC−

ε
are indeed non vanishing even in the ε → 0 limit. Indeed the sum of these two

terms are given by

lim
ε→0

SC+
ε

+SC−
ε

=−C lim
ε→0

[(
f ′′

f ′

)
u=
√
ε

−
(
f ′′

f ′

)
2π−
√
ε

]
−C lim

ε→0

[(
f ′′

f ′

)
u=
√
ε

−
(
f ′′

f ′

)
2π−
√
ε

]

=−πγ2. (5.9)

Here, we used the fact that the integral of the first two terms of the Lagrangian vanishes
in the ε → 0 limit. Two terms of the right hand side of above equation can be evaluated
by using the approximate expressions (4.9) for f(u).

5.3 Matter part

Finally, we need to evaluate the matter action related to the marginal operator O, which
explicitly depends on the time dependent source λ(u) (2.5).

− IM = 1
8π

∫ 2π

0
du1

∫ 2π

0
du2 λ(u1)λ(u2) f ′(u1)f ′(u2)

sin2
(
f(u1)−f(u2)

2

) . (5.10)
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In evaluating this integral, we have to properly regulate the singularity at u1 = u2.
This regularization can be implemented by introducing a UV cutoff ε to the integral as

−IM = 1
8π

∫ 2π−ε

ε
du1

[∫ 2π

u1+ε
+
∫ u1−ε

0

]
du2 λ(u1)λ(u2) f ′(u1)f ′(u2)

sin2
(
f(u1)−f(u2)

2

)
=

2λ2
+α

ε
+

2λ2
−(1− α)
ε

− πγ2 log
∣∣∣∣sin πανε

∣∣∣∣ , (5.11)

here, we used the definition γ = (λ− − λ+)/2π.

5.4 The net result

By combining these results, The total action is given by

log ρα+ρ
1−α
− = − lim

ε→0

[
SI+

ε
+ SI−

ε
+ SC+

ε
+ SC−

ε

]
− IM

= φ̄

8πG

παν2 + π(1− α)

(ν − 4π2Gγ2

φ̄ tan παν

)2

−
(

4π2Gγ2

φ̄ sin παν

)2
+ πγ2

+
2λ2

+α

ε
+

2λ2
−(1− α)
ε

− πγ2 log
∣∣∣∣sin πανε

∣∣∣∣ . (5.12)

6 The calculation of the Rényi relative divergence

Now let us assemble the results so far, to calculate the Rényi relative divergence Dα(ρ+||ρ−)
of our interest. Including the normalization, this quantity is defined by

Dα(ρ+||ρ−) = − 1
1− α log

 tr
[
ρα+ρ

1−α
−

]
(tr [ρ+])α(tr [ρ−])1−α

 . (6.1)

The denominator is computed by evaluating the on-shell action in the presence of the
constant scalar field χ = λ±,

log tr ρ+ = φ̄

8G +
2λ2

+
ε
, log tr ρ− = φ̄

8G +
2λ2
−
ε
. (6.2)

By combining this with (5.12), we arrive

Dα(ρ+||ρ−) = − φ̄

8G(1− α)

αν2 + (1− α)

(ν − 4π2Gγ2

φ̄ tan παν

)2

−
(

4π2Gγ2

φ̄ sin παν

)2
− 1


+ πγ2

1− α

(
−1 + log

∣∣∣∣sin πανε

∣∣∣∣) (6.3)

The result involves the temperature of the back reacted black hole ν, which is specified
by solving (4.11). In particular, when γ is large, it is given by (4.13). From this we obtain
an analytic expression of the Rényi relative divergence in this limit γ � 1,

Dα(ρ+||ρ−) = − φ̄

8Gα2 (1 + α) + πγ2

1− α

(
−1 + log

∣∣∣∣∣1ε sin
(

φ̄

2π2Gγ2

)∣∣∣∣∣
)
, (6.4)
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In this expression, γ2 � 1/ε is understood also, in order for the validity of the bulk
effective theory. We remark that the approximate expression of the black hole tempera-
ture (4.13) is not valid near α = 1. This is the reason α→ 1 limit of (6.4) is not smooth.

In [29], we obtained a general formula for a perturbative expansion of Rényi relative
divergence. This was done by writing

tr ρασ1−α = 1
2πi

∫
C
dz zαtr

[
σ1−α

z − ρ

]
, (6.5)

and expanding the denominator of the right hand side, by assuming δρ = ρ − σ is small.
In our case, this amounts to expand the RRD with respect to the background field λ. The
result is concisely summarized in terms of integrals along the modular flow of the reference
state σ. However, the expansion obtained in this way is an asymptotic series, so we need
to find an prescription to resum the series, to make it well defined. Now, given the exact
result (6.3) at hand, it would be interesting to study how the resummation works, and the
result obtained in this paper is reproduced from the asymptotic series.

7 A perturbative expansion of the Rényi relative divergence

Thus far, we computed the Rényi relative divergence only in the large γ limit. This is
because we can solve the equation for the temperature of the backreacted black hole ν only
in this limit. Of course, we can study this divergence in another limit, namely in the small
γ limit, by the perturbative expansion from γ = 0.

The non trivial part of the reparametrization mode can be obtained from∫ f(u)

2παλ

df[
ν − 8π2γ2G

φ̄ sin(πλα) sin f
2 sin

(
f−2πλα

2

)] = u− 2πα. (7.1)

One can perturbatively solve this equation near γ = 0,

f(u) = u+ γ2g(u) +O(γ4). (7.2)

Accordingly, the on shell Schwarzian action can be expanded like

SSch[f ] =
∞∑
n=0

γ2nS2n = S0 + γ2S2 + γ4S4 +O(γ6). (7.3)

The leading correction S2 is vanishing because of periodicity g(0) = g(2π). Thus,
the first nontrivial part of the action starts from S4. This gives the leading gravitational
contribution to the Rényi relative divergence.

Eq. (7.1) is equivalent to

f ′(u) = ν − 8π2γ2G

φ̄ sin πα
sin u2 sin u− 2πα

2 +O(γ4), u ∈ I−ε . (7.4)

By integrating this expression we get,

g(u) =
[
δν − 4π2γ2G

φ̄ sin πα
((u− 2πα) cosπα− (sin(u− πα)− sin πα)

]
, (7.5)

– 12 –
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where δν is given by (4.12) which we reproduce here,

δν = 2πγ2G

φ̄
[2π(1− α) cotπα+ 2] . (7.6)

Notice that g(u) satisfies the periodicity condition g(u) = g(2π) = 0. One can easily
expand the Schwarzian action up to γ4 term,

γ4S4 =
∫ 2π

0
du (g′(u))2 − (g′′(u))2 (7.7)

=
∫ 2πα

0
du(g′(u))2 +

∫ 2πα

0
du (g′(u))2 − (g′′(u))2.

By plugging (7.5) into the action, we obtain

γ4S4 = −2π(δν)2 + 8π3γ2G

φ̄
δν cotπα. (7.8)

Similarly, we can expand the matter part (5.11) up to γ4 term,

− IM =
2λ2

+
ε
− πγ2

[
log

∣∣∣∣sin παε
∣∣∣∣+ πα cotπα δν

]
. (7.9)

By assembling these results, we obtain the perturbative expansion of the Rényi relative
divergence (6.1) up to γ4 order,

Dα(ρ+||ρ−) =− 1
1−α

(
−2π(δν)2+ 8π3γ2G

φ̄
δν cotπα

)
+ πγ2

(1−α)

[
log
∣∣∣∣sinπαε

∣∣∣∣+παcotπα δν
]
.

(7.10)

The relative entropy S(ρ+||ρ−) is given by the α→ 1 limit of the divergence,

S(ρ+||ρ−) = tr ρ log ρ− tr ρ log σ = lim
α→1

Dα(ρ+||ρ−). (7.11)

This relative entropy has an additional divergence coming from the derivative of
log | sin πα|. After introducing the UV cut off for this, the perturbative expansion of the
relative entropy is

S(ρ+||ρ−) = γ2

ε
− 4π4Gγ4

3φ̄
− 2π

3

(
4π2γ2G

φ̄

)2

+O(γ4) (7.12)

Positivity of the relative entropy is guaranteed, since the first term is positively
divergent.

8 Conclusion and discussions

We studied the Rényi relative divergence (RRD) Dα(ρ+||ρ−) between two states prepared
by a path integral in the presence of constant back ground fields coupled to a marginal op-
erator Oin 0+1 dimensional Schwarzian theory. In doing so, we utilized the holographic set
up, where JT gravity is coupled to a massless scalar field, dual to the marginal operator O.

– 13 –
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The technical challenge of such a calculation is to deal with the back reaction of the
bulk scalar field which is sourced by the time dependent background field on the boundary.
Due to this difficulty, the main tool to study this kind of RRD has been the perturbative
expansion with respect to the background field. However, the simplicity of JT gravity
allows us to fully specify such back reaction in an exact manner. Having this advantage in
mind, in the body of this paper, we mainly focused on the regime where the back reaction
of the source is significant. The back reaction made the temperature ν of the black hole
maximal, allowed by the Rényi index α, ie ν → 1

α . The resulting RRD was given by the
on shell action of this black hole plus the contribution of the discontinuity of the source.

Let us briefly discuss the Lorenzian geometry of the solution (3.9). In global coordi-
nates, the Lorenzian dilaton profile is given by

Φ =
(

νφ̄

sin παν

)
cos τ
cosµ +

(
2νφ̄

tan παν + 2π2Gγ2
)

tanµ− 4πGγ2 (µ tanµ+ 1) . (8.1)

It represents a two sided black hole with a long interior region. The locations of these
horizons are the critical points of the Lorenzian dilaton profile ∇aΦ = 0. The region
between two horizons corresponds to the interior of the black hole. As we increase γ, the
interior region gets larger and larger. In general, the temperatures of the two horizons are
different. However, as we saw in (5.7), in the large γ limit, two temperatures eventually
agree. Note again this solution is slightly different from the one in [40] by the choice
of the sourceless part of the dilaton. If we choose the sourceless part as in [40], then
the temperature of the two black holes always agree. However, this does not yield the
reparametrization mode which satisfies the boundary conditions (3.7).
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