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Abstract

We construct the Lax-pair, the classical monodromy matrix and the corresponding solution of the Yang—
Baxter equation, for a two-parameter deformation of the Principal chiral model for a simple group. This
deformation includes as a one-parameter subset, a class of integrable gauged WZW-type theories interpo-
lating between the WZW model and the non-Abelian T-dual of the principal chiral model. We derive in
full detail the Yangian algebra using two independent methods: by computing the algebra of the non-local
charges and alternatively through an expansion of the Maillet brackets for the monodromy matrix. As a
byproduct, we also provide a detailed general proof of the Serre relations for the Yangian symmetry.
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1. Introduction and motivation

A class of o-models was recently constructed via a gauging procedure involving the WZW
action and the general Principal Chiral model (PCM) action for a group G [1]. The end result is
the action

k _ -1
Sk,1(8) = Swzw k(8) + - / Je(t=p") Ik, (1.1)

where Swzw k(g) is the WZW action at level k of a group element g € G and A is a general
dim(g) square real matrix. In addition, we have employed the standard definitions

J¢=Te(T,d1887"), J4=Te(T.g 'o_g), Dap =Tr(TugTrg™ "), (1.2)

with T,, a = 1,2, ..., dim(g) being the generators of the Lie algebra g satisfying the commuta-
tion rules, normalization and Killing form

[Ta, Tp] = fubcTc, Tr(TyTp) = Sab, KZ = 8Z

The key property of this action arises when A is proportional to the identity, i.e. 1,5 = A84p, since
then it becomes integrable. This was shown in [1] by explicitly demonstrating that the current
components I+ = I{ T, obey the standard integrability conditions

dr1_+0_1L =0, oyl —o0_ I +[Iy,1_1=0. (1.3)
The explicit realization in terms of the o -model action variables is
+00
H= ! do (1818 +1°1°
= 42 o (1418 +1°17),
—0o0
Ii=—1+A(H—KD)abJ+’ IfZ——l_H\(H_)‘D ) 17 (1.4)

where we have also included the expression for the Hamiltonian corresponding to (1.1). The
general proof was done in [1] by explicitly demonstrating that certain integrability algebraic
constraints provided in [2,3] were satisfied. A simpler way to prove the integrability of (1.1) has
been given more recently in [4] by utilizing the fact that the construction involves, as mentioned,
a gauging procedure reminiscent of the gauged WZW models.

As discussed in detail in [1] a motivation for studying this action relates to the global prop-
erties of the variables in o -models arising via non-Abelian T-duality. The latter generalizes, in a
certain sense, Abelian T-duality [5] and was initiated by [6-8]. It is easily seen that when the ele-
ments A,p — O then (1.1) becomes the WZW Swzw «(g). Also recall [ 1] that when A approaches
the identity matrix, k — oo and g € G is appropriately expanded around the identity group ele-
ment, then (1.1) becomes the non-Abelian T-dual for the general PCM.! Hence (1.1) interpolates
between these two extreme cases and a way of thinking to the non-Abelian T-duality of the PCM
is as a limiting case of (1.1). In the latter action the group element g € G is parametrized by
compact variables. Hence the non-compactness displayed by the variables in the non-Abelian
model is attributed to the zooming-limiting procedure we mentioned.

' For the isotropic case see the derivation in [9,10] and for the general anisotropic case in [11]. Recent developments
in non-Abelian T-duality in the presence of RR flux fields initiated with the work in [12]. For relations to the AdS/CFT
correspondence, a discussion of global issues and further developments and references see [13—15].
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The perturbation away from the WZW point is driven by the term A, J§ J b which for generic
Aab preserves no isometries (enhanced to Gy X Gg when Ay, = Ad,p). Based on that, on the
matching of global symmetries and on the result of the computation of the renormalization group
flow equations for the matrix A in [16,17], one concludes that (1.1) provides the effective action
for the bosonized anisotropic non-Abelian Thirring model valid to all orders in A and to leading
order in the 1/k expansion. In the same papers the following remarkable symmetry was also
noticed

S_i1(87") = Skale), (1.5)

which in fact mathematically dictates the form of all the aforementioned properties.

In this paper we will further investigate the integrable structure of a two-parameter deforma-
tion of the PCM, which includes as a one-parameter subset (1.1) for the prototypical isotropic
case Agp = Adgp. In particular, based on the underlying algebraic structure, we will show the
existence of a Yangian algebra [ 18] (for reviews see [19-21]) of classically conserved non-local
charges in the spirit of a similar computation for the (generalized) Gross—Neveu and the isotropic
PCM in [22]. In the isotropic case, the Yangian algebra corresponds to the adjoint action on g,
ie. g Aalng, Ap € G. In addition, we will provide the Lax pair and we will compute the
Poisson brackets of its spatial part which take the Maillet form [23,24]. This will provide an
array of coefficients which, as required for consistency, solve a classical modified Yang—Baxter
equation. This allows for the derivation of the Maillet brackets of the monodromy matrix [23,24].
An expansion of these brackets will provide an alternative derivation of the Yangian algebra.

This work is organized as follows: In Section 2 we review the derivation of the Lax pair and the
corresponding (classical) monodromy matrix for a general class of two-dimensional systems. In
Section 3 we compute the Maillet brackets of the spatial part of the Lax pair. Using this, we derive
a class of solutions of the modified classical Yang—Baxter equation and the Maillet brackets of
the monodromy matrix. In Section 4 we explore the realization of the Yangian algebra through
the charge algebra and through an expansion of the Maillet brackets of the monodromy matrix.
Details of the derivation are given in Appendices B—D respectively. In Section 5 we conclude with
a discussion on possible future directions. Besides Appendices B—-D we also include Appendix A
where we revisit the proof of Drinfeld’s relations.

2. Lax pair and the classical monodromy matrix

The purview of this section is to construct the Lax pair and the monodromy matrix of a class of
integrable o -models which were constructed in [1] and reviewed in Section 1. We will provide
a rather general discussion by assuming that the equations of motion and the flat connection
identities are given by’

A+p)osl-+(1—p)a_I, =0, 04l —o_ I +[I4,1-1=0, Q2.1

2 The world-sheet coordinates (6%,07) and (t, o) are related by

oti=t+o, =0, =0r40_, 0:=0,=0r —0_,

so that xdo® = +do® and xdr = do, xdo = dt in Lorentzian signature.
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where [ is a Lie algebra valued one-form
I1=1T,, 1“=1{do" +1%o", (2.2)

which for p = 0 describe the integrable (isotropic) o -models reviewed in Section 1, whereas for
© # 0 the form of the action is not known. We can rewrite (2.1) in a differential-form notation as

T:=I1-pxl, dxI)=0, dI+IATZ=0, (2.3)

which makes manifest the classical integrability even when p # 0. Note that, even though the
redefinition (2.3) has made the parameter p disappear from the integrability conditions, it may
very well be present in the Poisson brackets for Z¢.

Using the above and assuming fields vanish at spatial infinity, we can construct the first two
conserved charges [25]

+00

Qo = / doZy(o),
—00
400 +00 o
Q:/wm@+/wm®/w%wy (2.4)
—00 —0o0 —00
and another (still conserved and, as we will see, particularly convenient) combination of them
~ 1 ,
QM=Q—§%
+0o0 +00 o
1 / i
= doZi(0) + 3 do do [Io(o), Io(o )] (2.5)
—00 —00 —o0o

In the above formula, we have rewritten the second term — corresponding to Q% — by splitting the
double integral in the two domains o > ¢’ and ¢’ > ¢, and changed variables o <> ¢’ in one of
the pieces.

It is well known that the (infinite number) of conserved charges can be methodically con-
structed from the Lax pair

doL1 —01Lo=[Lo,L1] or dL=LAL. (2.6)

Using the latter we can show that the monodromy matrix (see, for instance, [26])°
o
M(v) := Pexp / doLi(o;v) 2.7)
—0oQ

is conserved for all values of the complex spectral parameter v, namely dgM (v) = 0.

3 The path ordered exponential reads

+oo +o0

+o00 o
Pexp/daf(a)::l—l— / dof(o)+ / do / do’ (o) f(o') + -

—00 —00 —00 —00
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In our case the Lax pair reads

e L 2.8)
or, equivalently, L4 (o;v) = —%Ii. By expanding M in powers of v/ := v + p, we find an
infinite set of classically conserved charges:

v/ V2 ~
M(V) =1+ 1= Qo+ T=3(Q = Q0 +O("). 29

One recognizes combinations of the charges (2.4) in the coefficients of the expansion.
3. The Maillet brackets and the Yang—-Baxter equation

In this section we prove that when the above quantities are supplied by an appropriate alge-
braic structure, this allows to find explicit solutions to a modified classical Yang—Baxter equation.
Consequently, the monodromy matrix obeys the associated Maillet brackets.

Following Sklyanin [27], we compute the Poisson brackets by first writing L = L{ T, and
then*

LV 015 w), LY (025 )} = [L§ (01 1), LE(02: )} T © T 3.1
The Poisson brackets assume the Maillet-type form [24]
([r— L @15 )]+ [rpws L (01:0)])812 + 810 (v — y00), (3.2)

where 74, (as a shorthand notation for r4 (i, v)) are matrices in the basis T, ® Tj. This is
guaranteed to give a consistent Poisson structure, provided the Jacobi identities for these brackets
are obeyed. This enforces r+, to satisfy the modified classical Yang—Baxter relation

(13) (12) (23) (12) (23) (13)
[r+vlv3’ r*VlVZ] + [r+v2v3’ r+v1vZ] + [r+V2v3’ r+v1V3] =0. (3:3)

The non-vanishing coefficient of the §’ term in (3.2) is responsible for the above modification
of the classical Yang—Baxter relation. Using (3.2), one can derive the Poisson brackets for the
(classical) monodromy matrix [23]

{MD(w), MP )} = [rw, M) @ M0)] = MP )5, M (1)
+ M50 MP ), (3.4)

which is consistent with the Jacobi identity, if we define the equal-point limits of the Poisson
brackets through a generalized symmetric limit procedure [23].

Returning to the case at hand, it was pointed out in [28] that the Poisson structure of the
isotropic PCM admits a one-parameter family of deformations (with parameter denoted by x).

4 The superscript in parenthesis stands for the notation of tensor products of spaces
MY =mel MP=IeM,

m1? =T, ® T Q1L m1 =y T, @1 Tp, m® =mpl@ T, T,

for an arbitrary matrix m = mgp T, ® Tj, in the tensor product algebra.
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Subsequently, in [2] this deformation was further extended by introducing a second parameter p.
In our conventions such two-parameter algebra reads”

178,75} = =262 fape (1 + p* + (1 — p2)x) L§ 6507 — 8¢ 08ab0, 1,
{78, 70} =26 fure (40T + (1 + p* + x(0° — 1)) 8667 — 8e> pdand,, g,
(5.7 = (7. %)
= =26 fupe (14 p2 + (1 — p?)x)I{85 60 + 4€* (1 + p*) 88, - (3.5)
When p 0, the action (1.1) provides a realization of this algebra for a general group G [1] with
X = 22 +1 (for the SU(2) case this realization was found by a brute force computation in [2]).

There is no known action realizing the above algebra for p # 0.° Plugging (2.8) into (3.2) and
using the algebra (3.5), we find that the matrix ry, read

Pty B> ragp I, H::ZTa(X)Ta,

5,21 + 1?4 x(1— 2>)w+p)(v+p)

T = - -2
P L i o ek )L (U 2L Ul B
. -1 —v?) -

and henceforth r,,, denotes the scalar. As for (3.3), it reduces to the single algebraic condition

Ttvv3F+vivy = FhvjusF—vny + Ttvv3+vpvss (36)

extracted from the coefficient in front of the combination f,5.T¢ ® T? @ T¢. For completeness,
we provide the values of r,, and s,,,, obtained by rewriting r4,, =7, £ 5,0:

2 (1= v 4 x(1 = )1 = v2) (e + p)(v + p)
(n=v)(1 = u) (1 —?)
) (e +v)(+p)(v =+ p)
(1= pu2)(1—v?)

Fuy = —2e

9

) (3.7)

Suy = —2e

which are generically non-vanishing.

5 Alternatively, in light-cone coordinates the algebra reads

{79, T8} =€ fape[(1 F P TS — (A F )%+ 2x(1 = p2)) T ]850 £267 (1 F p) 2800, 1

178,70} = € fape[(1 = 9)PTE + (14 0)°TS S5

6 The algebra for the PCM (pseudo-PCM) corresponds to choosing the parameters x =1 (x = —1) and p = 0. The
value x = 1 corresponds to taking the parameter A in this paper to unity. The fact that then the action (1.1) does not
become that for a PCM but rather for its non-Abelian T-dual is consistent since non-Abelian T-duality can be cast as a
canonical transformation in phase space [9—11]. We also note that for p =0 and e — 0, x — 00, we obtain under an
appropriate rescaling of the currents the algebra for the (generalized) Gross—Neveu model when 2 x is finite, and for the
conformal case when ex is finite.
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4. The realization of the Yangian algebra

The scope of this section is to explicitly realize the Yangian algebra by performing the mutual
Poisson commutators between Qg and Qf and, alternatively, via an expansion of the Maillet
brackets for the conserved monodromy matrix M.

The Yangian algebra Y (g) is an associative Hopf algebra generated by the elements J, and

Q, obeying [18]
[Ja, Jp] = FapeJe, [Ja, Qb]z[Qas Jb]zFachc~ (41)
In addition, the request that the co-product map (which we call f to avoid conflicts of notations)
on J, and Q,, namely
o
fU) =1 QI +1I® Jg, f(Qa):Qa®H+H®Qa+EFab0Jb®JC, aeC,
4.2)

acts as a homomorphism,’ implies the Serre relations — see Appendices A.1 and A.2 for details.
The first Serre relation reads

2
o

[Qav [Ob, Jc]] - [Ja, [Ob, Qc]] = ﬂaabcdef-](d-]e]f)a

Aabedef = Fadak Fpel Fefm Frim 4.3)

where J(, Jp J;) denotes the sum of all permutations of J, J J..,% which for (classical) commuting
quantities simplifies to 6J,JpJ.. The first Serre relation is trivially satisfied for the su(2) case,
as it turns out that dupedesr = Eabetcfd — Edbescsfa- Using the Jacobi identity on the second term
of the L.h.s. of (4.3), and using the second of the relations (4.1), we easily find that (4.3) can be
written as

2
[07
FaapQc, Qal + Fucal Op, Qul + Fape[Qa, Qul = ﬁaahcdefj(djejf)a 4.4

a form which is particularly convenient for our purposes. In addition, the second Serre relation
reads

Frea[[Qa: Obl. Ok ] + Fran[[Qc, Qal. Q]
Ot2
= ﬁ(aabkgekacd + acdkgef Frab) J(gJe O 1)- 4.5)
7T A homomorphism is a structure-preserving map between two algebraic structures (such as groups)
fiAr B with f(a; +a2) = fla1) + f(a2),  flaiaz) = f(a1)f(a2), Vai,az € A.
8 This sum explicitly expands as

JaIvJey=JadpJc + Jcdadp + JpJcda + JadcIp + IpJade + JcdpJa-
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The first Serre implies the second one (for details see Appendix A.2), except for the su(2) case
where it reads

[[Q(lv Qb]v [‘]Ca Qd]] + [[QC’ Qd]v [J(lﬂ Qb]]
2
24(

Hence, for the su(2) case only this relation is non-trivial.

5eab(8fc gd — 8fd(scg) + Secd((sfa gb — 5fbaag))J(dJe Qf) (4.6)

4.1. Yangian algebra through the algebra of charges

Next we work out the algebra of the classical charges Qg and Q1 defined in (2.4) and (2.5).
Their components read”

+00
04= [ dziio.
—00
+00 ] “+00 400
0f = / do Z{(0) + 7 fabe / / d*o12 £12Z8 (01) IS (02). 4.7
—00 —00 —0O0

A comment is in order regarding the form of the charges. This should be in agreement with
the co-product (4.2) and realized as half-positive and half-negative axis splitting (see [22] for
details), upon the identifications

1
Ja > ng Qq > Q(llv Fape = Efabc- (48)
Using (3.5) we compute the Poisson brackets for the zeroth level charges'’

{Q QO} _26 ( +p +x( ))facho (49)
Using the Jacobi identity we find that

9 We use the definition

1 if o1 > 0o
812:8(01—02):{_1 ifo <oy and &' (x) =28(x).

10° Ty avoid ambiguities arising from the non-utralocal terms, like

/do’ld0231512#/do’zddlalﬁlz

we follow [25] and we define the Poisson bracket

{201 QOI}_ “m lim {Qo QbLz}’

—o0oLj—o00

where QSIL are volume cutoff charges (the same as Qg 1 with range from —L to L).
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+0oo

(08,00} = 2Afuse / do T¢ (o)

—00

+00 a]
+A(fbeffaed+fbdefaef)/ddlfg(dl)/dcfzI(‘)f(Gz)
—00 —00

— {08 08} =—262(1 4 p> + x(1 = p?)) fube 0. (4.10)

For notational convenience we define
A=—c(1+p* +x(1 - p?)). (4.11)

Finally, we can compute {Qf, Qll’ } as follows:
0f =x" 43" {of off = {x® ")+ {x P = {6y 0
{xa’xh} + {xav yb} - {xh9 ya} = fachgl)C,
0 =262 (14 p2 +x(p* — 1)) Q4 + 8¢p / doT¢
+ A [ EorenTfon i), (4.12)

where x and y? correspond to the first and second term in the expression of Qf, respectively.
Furthermore, we can show that

@yl =24 Ly
{y Y }— fucdfbrefdrKX 4 cels

oot = f BomersenTl (o) I (01 TL03) = Lot @.13)

which can be further simplified with the use of (B.8), proven in Appendix B and reported here
for convenience:

1 1
faca fore farelcee = _gfacdfbrefdr@ 050608 — gfabrfrcdfdezlcee-
Putting all together, the Poisson brackets of two Qf’s read
: . 1
1 2
{Qlll, Qlf} = fabc(Qé e + Q(2 )c) —2A x fucdfbrefdrﬁ X EQSQSQ(%,
@a__A4
where Q2 = gfacd fdel Teeq. (4.14)

By use of the Jacobi identity, we find the first Serre relation (4.4):

1 1 ,
5t Q7 O} =262 (1497 + (1= 7)) x 7 fuip fijq Fetor fisk OF Q5 Q5. (4.15)

where we have used the identity (C.1) proven in Appendix C

1
Efd[abfc]pmfdanmnr Qg Qg Q6 = 3fm’pfqu fckrfijk Qg Qg Q6 (416)
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In total, the charges (4.7) form a classical Yangian algebra in the sense of Poisson brackets,
namely Eqgs. (4.9), (4.10) and (4.15), under the correspondence (4.8) with
! ! 4.17
YT2AT 2220402+ (1— pD0) “.17)
The above is a generalization of a proof originally given in [22] for the isotropic PCM and for
the (generalized) Gross—Neveu model, whose corresponding algebras for the /{’s are particular
cases of (3.5) (see footnote 6).

The appearance of the classical Yangian algebra was guaranteed in the first place by the exis-
tence of the Yang—Baxter equation (3.3) and the realization of the co-product (4.2) by (4.7) and
(4.8). The only additional step which needed to be made was to compute the value of « through
the Poisson brackets of the level-zero charges (4.9).

4.1.1. The su(2) case

For the su(2) case, the first Serre relation is trivially satisfied, therefore we only have to study
the second one (4.6). Using (4.10) we can rewrite the L.h.s. of (4.6) (once again understood in its
classical version of Poisson brackets) as

24A(scac{{ 01, Q7). O} +eane{{ 0F. 01}, 0F}). (4.18)
Next we note that (4.14) trivializes to
{04, 0%} = eancQ°,
a A a
Q=0+ Z(QOQS 08 + Lida), (4.19)

where Q(Zl)a is given in (4.12) with f,p. replaced by &,p.. Using these specialized expressions
we find

{{of. o). {0 of}} + {{ef. of}. {05. 07}}
=265(1+ p? + (1 = p2)x)’ 0 (£ave Ol OF' + ecac O} OF), (4.20)
which is in agreement with (4.6), (4.8) and (4.17).

4.2. Yangian algebra through the Maillet brackets of the monodromy matrix

An alternative derivation of the Yangian algebra is obtained through the Maillet brackets (3.4)
and the expansion of the monodromy matrix M (2.9).
Rewriting (2.9) in terms of Q¢,1 we find that

2
v/ v

M(O)=1+ Qo+ 122

1—p2
Plugging (4.21) into (3.4), expanding first in v" and only afterwards in u’, where u' := u + p,
and keeping all the terms up to the order O(v'21), produces, after a good deal of algebra (and
writing Q = Q%T,), (4.9) and (4.10), respectively

10§, 08} = —2¢*(1+ p* + (1 = p?)x) fave 0§,
10§, 07} = —2¢*(1 + p* + (1 — p?)x) fabe 05 (4.22)

1
<Q1 —on+§Q3) +O(v3). (4.21)
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Next we consider the expansion of the Maillet brackets (3.4) up to O (v’ ZM’ 2). We will see that, in
order to study this term, it is necessary to expand the monodromy matrix up to the order O(v'?).
By manipulating the O(v'?’?) term in the brackets, after a rather tedious computation, we
obtain the first Serre relation in (4.15). The related technical details are presented in Appendix D.

5. Conclusions and outlook

The purview of the present paper is the construction of the Lax pair Lo, 1 for isotropic coupling
matrices A of the action (1.1) and the corresponding symmetry algebra (3.5) with p = 0. Using
its spatial part L1 we built the conserved classical monodromy matrix, derived the correspond-
ing Poisson (Maillet-type [24,23]) brackets and the emerging modified Yang—Baxter equation as
the Jacobi identity on these Poisson brackets. Employing the classical monodromy matrix we
constructed the first two conserved charges and obtained their Yangian algebra, both through the
charge algebra and also from an expansion of the Poisson brackets for the monodromy matrix. In
addition, the renormalizability of this action at one-loop in the 1/k expansion [16] ensures that
the above construction remains applicable at this order.

It would be interesting to study generalizations of the construction we have provided for van-
ishing p and anisotropic coupling matrices A, whose action was given in (1.1). These o -models
generically interpolate from the WZW to the non-Abelian T-dual of the anisotropic PCM, and
so a good place to start this study are cases which possess an integrable anisotropic PCM end-
point, like the su(2) case [30-32]. Also note that the Yangian symmetries are preserved for the
deformed WZW model on squashed spheres [33,34].

It is possible to replace the WZW term in (1.1) by a coset CFT with action realization in
terms of a gauged WZW model. In these case the end point of the deformation corresponds
to the non-Abelian T-dual of PCM for coset instead of group spaces [1]. In that respect, and
for symmetric coset spaces, the deformation has been convincingly argued to correspond to a
quantum deformation of the bosonic sector of the string theory, when the deformation parameter
is a root of unity [4]. When instead it is real, achieved by analytic continuation, the models are
those of [35-37], based on the construction of [38,39] and realized as o-models in [40]. We
believe that our treatment is generalizable to these cases as well.
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Appendix A. The Serre relations

The scope of this appendix is to provide an explicit proof of the Serre relations for pedagogical
reasons.

A.l. The first Serre relation

The proof goes along the lines suggested in [20]. Let us define the co-products of J, and Q,
as in (4.2), and the quantity

Zap = f([Qa, Op)) = [Qa, Qb1 ®L—1R[Qy, Op], (A.1)

on which f acts as a homomorphism (see footnote 7). Next we introduce
Uap = FedqaVeap — FeabVedas Fapetap =0, (A.2)

where v, is totally antisymmetric. Contracting (A.1) with u,p, using (4.1) and the Jacobi iden-
tity on the term proportional to «, we find that

o
UapZLap = E“abFabchde(Qc ®Ji—J:® Qg)

2
o
+ ZuabFachbmnchr(Jr QJaty +Jady ® Jp) (A.3)

with the first term vanishing due to (A.2). Substituting the value of u,; we find

2
o
Z(Fijavijb - Ejbvija)Fac'demnFc'mr(Jr ® JaJn +Jadn ® Jp)

2
o
Z(A_B) X Z(Jr®JdJn+JdJn®Jr)a (A4)

where

A= Uiijija Facd Fomn Femr = 2Uijb(Fadebmn Femi Fear + Fadebmn Feam Feir),
B = vijq Fijb Facd Fomn Femr = 2Uijb(FajnFbchmci Famr + FajanchmacFimr)» (A.5)

and we employed the Jacobi identity twice for each term. We then rewrite A — B as

A—B=C+D,

C =2v;jp(Faja Fomn Femi Fear — Fajn Focd Finci Famr)-

D = 2v;jp(Faja Fomn Feam Feir — Fajn Focd Fmac Fimr)- (A.6)
Applying the Jacobi identity on C and relabelling the indices of D, we find

D =4vjp Faja Fpmn Feam Feir, C= —g- (A7)

Thus we proved that

Uap Facd Fomn Femr = 2viijajdFbmnFcam Feir. (A.8)
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Using (A.8), we can rewrite the r.h.s. of (A.3) as
2
o

__Uijaaijardn(-]r & Jadn +Jadn @ Jp), Aabedef = Faak Foet Fcfm Frim -

2
Thus (A.3) reads
0[2

2ija Fijp Zab = Tvijaaijardn(-]r ® Jadn +Jidn & Jp).

Due to the contraction with a totally antisymmetric tensor we can rewrite (A.10) as
0(2

20ija Fplij Zap = 7vi,jaa[ija]rdn(lr & Jadn + Jadn ® Jp).

Next, we note that

Alijalrdn = Qija(rdn),
Gijardn)(Jr ® Jadn + Jadn @ Jp) = aijaran (Jo¢ @ Jadny + Jadn @ Jr)),

(A9)

(A.10)

(A.11)

(A.12)

where (.) denotes the sum of all permutations (see footnote 8). Using (A.11) and (A.12) we find

2
[07
Vija Folij Zalp = Tvijaaijardn(J(r ® JaJny + Jadn & Jr)).

In addition, using (4.2) we can easily prove that

1
Jor ® Jadny + JaJn @ Jpy = g(f(J(,JdJn)) —Jodadmy @T=1® Jr JgJw)).

Using (A.13) and (A.14) we find that

o2

VijaFblijZalp = T3 Vija%ijardn (FUedadn) = Joedadny T =18 Ji-Jadn)-

Finally, we make use of the properties (A.12) to manipulate the r.h.s. of (A.15) into

VijaGijardn W(rdn) = VijaQija(rdn) Wrdn = VijaQlijalrdn Wran,
Wian = f(Jrdadn) — JrJatn @ T —1® Jy JaJp.
Using (A.16) we can write (A.15) as
o2

Vija Fb[ij Za]b = Vijja X Ea[ija]rdn Widn.

Since the latter holds for every antisymmetric tensor v;j, we conclude that

o?
Fb[ij Za]b = Ea[ija]ra'n Wrdn
Olz Ol2
= Fpij[Qa), Qb= T3 Uiialrdn JrJaJy = 13 Yijardn JoJadny.

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

Expanding the antisymmetric part on the Lh.s. of (A.18) we find the first Serre relation (4.4),

namely

Ol2

Fmij[ka Oml+ kai[ij Oml+ ijk[Qia Oml= ﬁaijkrdnj(r-ld]n)v

where we used that Fy[pe] =2 Fypc.

(A.19)
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A.2. The second Serre relation

Applying the Jacobi identity we can easily prove that
[[QCa Qd]’ Qe] = [[QC’ Qe]’ Qd] - [[Qd’ Qe]’ Qc]a
Ferk Frae — Fark Free = Fedr Frek. (A.20)
Using the first of (A.20) we can prove that
2(Lab|cd + Lbcjad + Lcalbd)
= e[ab[[Qc]a Oel, Qd] - Fe[ab[[Qd]» Ocl, Qc]
+ Fe[cd[[Qa]a Qe], Qb] - Fe[cd[[Qh]a Qe]a Qa]» (A~21)

where Lgp|cq denotes the Lh.s. of (4.5). Using (4.4), the second relation in (4.1) and the second
equation in (A.20), we can rewrite the r.h.s. of (A.21) as

Rab|cd + Rpclad + Realbd» (A.22)
where Rgp|cq denotes the r.h.s. of (4.5). Combining (A.21) and (A.22) we find
Lap|cd + Liclad + Leapa = Rablcd + Rbclad + Realbd - (A.23)

The solution to this equation is the second Serre relation (4.5). In fact, we may suppose it is not,
by assuming that there exists another choice of X,p|cq such that

Labicd = Rapjca + Xab|cds (A.24)
where Xgp)cq 1s such that

Xabled = —Xbaled = —Xablde = Xcdjab (A.25)
and

X{ablcla =0, Xa[blca) = 0. (A.26)
Applying the Jacobi identity on (A.24) and using (A.25) we find

FoimnXqlird Fsia =0 = Xabjed = FaveYelcd + FedeYelab,

Ya\bc = _Yalcba (A27)
where d is excluded from the anti-symmetrization. Using these relations and (A.26), we find

Ya\bc ~ Fape = Xahlcd =¢cFupeFede, (A.28)
where ¢ is an arbitrary constant. Thus (A.24) reads

Lab\cd = Rablcd + e Fape Fege. (A.29)
Contracting the latter with F,p¢ F.4¢ and using the Jacobi identity on commutators, we find

0=0+eckdim(g = e=0, (A.30)

where FyeqFpeq = cgbap, a =1,2,...,dim(g). This completes the proof of the redundancy of
the second Serre relation (4.5).
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Appendix B. The triple integral
The scope of this appendix is to simplify (4.13). Let us first define the triple integral as
Lot = lece = / do1oe3enTs (0I5 (02)L5(03), (B.1)
where d3 o123 stands for dojdoados. This can be rewritten as follows!!:

1
Lt == [ @ormdvenTionenTs(@om (e Zjw) (B2)
Integrating by parts we can easily prove that

Icel + Iﬁce + [elc = _QSQSQg
- (facdfbrefdrf + fa@dfbrcfdre + faedfbr(fdrc)lcee
= _facdfbreferQ(%Q(e)Qg- (B.3)
This formula could equivalently be found through the identity
c13e32 +€21613 + 32821 = —1. (B.4)

Using the Jacobi identity we can prove that

faldfa’refbrc = facdfbrefdri + faedfbrcfdr[ - facdfbrifdre - fabrfrca’fd[m
faedfbr@fdrc = facdfbrefdrl + faedfbrcfdré - faﬁdfhrefdrc - fabrfredfdéc- (B-S)

Using the latter we can rewrite (B.3) as

(3facdfbrefdrl + 2faedfbrcfdr£ - facdfbr[fdre - faﬁdfbrefdrc
+ fabr (fare faet = fare faee)) Icet = — facd fore fare Q508 Q4 (B.6)
Using (B.4) we can prove that

(zfaedfbrcfer - facdfbr[fdre - faﬁdfbrefdrc)lcef
= facd fore fare (3Icei + Q6 QS Q(l;) (B.7)
Combining (B.6) and (B.7) we find

1 1
facdfbrefdrilcei = _gfucdfbrefdre Q(C)QSQ(% - gfubrfrcdfdeﬁlce@‘ (B.8)
Appendix C. Serre structure constants

In this appendix we prove (4.16). In order to do so, we use the equivalent rewriting

1

Efd[abfg]d=3faifbjfckfijk» fij = fijk Of. (C.1
We start from the r.h.s. and use the Jacobi identity to rewrite fex f;jx as

Jek fijk = — feik fik — Fick fik- (C2)

11 For manipulations of similar integrals, see [29].
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Then we make use again of the Jacobi identity to deduce the following rewritings:
Jai feik = feai fik — fiak feis foj fick = focj Fjk + Fivk fej-
Using (C.2) and (C.3), we can rewrite the r.h.s. of (C.1) as
fai foj ek fijk = [ foei + Fiy Feaj + [ fei fraj — Fag foei v
or, equivalently, as
fai foj fek fijie = fi feaj + 12 Fabj + [ fai fioj = Fiy fai fic
fai foj ek fijie = [2 favj + £3 Focj + fii foi fiej = 12 Foi fraj-
Adding (C.4), (C.5) and (C.6) together we find
3 fui foj fek fijke = fatab fa — fai (Fei finj = Foi ficj) = Fp;(fai fici — fei fia)
— £ (fvi fiaj = fai fibj)-
Using the Jacobi identity we can rewrite the terms in parentheses as
Jei finj — foi fici = fia faves Jai ficj = fei fiaj = fja faca,
Jvi fiaj — Jai fivj = fjd fdab-
Using (C.8), we can rewrite (C.7) as
3 1 3 1 3
3ﬂJﬁMﬁﬂ=ﬁme—§ﬁwﬁm=§ﬁmﬁw

which completes the proof of (C.1) or equivalently (4.16).

Appendix D. Maillet brackets and the first Serre relation
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(C.3)

(C.4)

(C.5)

(C.6)

(C7

(C.8)

(C9

Let us first consider the Lh.s. of (3.4) at the order O(V’ 2;1/ 2y of the expansion of the mon-

odromy matrix (4.21). Specifically, if we define

_ ~_ Q1
2 C[ — A CI — 77
we get
4g1e3{(@—ra+4a%). (@—rg +4q°)}.
Expanding the Poisson brackets and using (4.22) written in terms of ¢, g, i.e.
{9a.ab} = Afavcde.  {4a.qb} = Afavcqe, A:_ez(l)2+l+x(l _[)2))»
we obtain
4g%g§[{?]\a,?ib}Ta Ty + Q«;OAfbacz]\cTa T, — Afbadzl\dQCTa & {Tp, T}
+ pzAfabCQCTa Ty — pAfubaqaqcTa @ {Tp, Tc} + Afacdz]\de{Tas T} ® T,

— PAfpcaqaqalTa, Tp} & Te + AfpceqaqeqalTu, T} @ {1, Td}]a

where {T,, Tp} :=T,Tp + TpT,.
‘We now need to consider the r.h.s. of (3.4) at the same order. Let us define

q1:=q®1, ¢ =1®q,

as in footnote 4. There are several contributions, which we list here below:

(D.1)

(D.2)

(D.3)

(D.4)

(D.5)
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e both r(v', /) and s(v’/, ') are taken at the order O(v'u’), which means that both M (v") and
M (1) are taken at the linear order. This term contributes

16¢%pgies(— T, q1q2] + 11 g2 — g2 11 q1); (D.6)

e (v, 1) is taken at the order O(v'’'?), which means that M (v') is taken at the linear and
M (u”) at the quadratic order. No s(v’, u') contribution is present at this order. We get

—84g1e3[M1.q1(@2 — pa2 +43)): (D.7)

e r_(V/, i) is taken at the order @(v'i'?), which means that M (1) is taken at the linear and
M (u') at the zeroth order (making r; immaterial). We get

8¢*(1+3p%)gig3l0T, q1]; (D.8)

e r(V/, 1)) is taken at the order O(v'?1’?), which means that M (v') is taken at the zeroth
and M (u”) at the quadratic order (making r_ irrelevant). We get

—16¢%pgig3[11. (@2 — par + 43) |; (D.9)

e r (v, 1)) is taken at the order O(v'21’), which means that M (v') is taken at the zeroth and
M (1) at the linear order. We will show that this term does not contribute to the final result,
upon applying the procedure (D.12) we will introduce shortly.

e r(V/, ) is taken at the order O(v'2i’ ~1), which means that M (') is taken at the zeroth
and M (u') at the cubic order. The presence of this negative power in the expansion of ri
forces us to go to the third order in the expansion of the monodromy matrix, which we will
perform later on — see the discussion around (D.12).

Putting all the terms together and performing a few manipulations, we get for the r.h.s. of the
Poisson relations

A
léeng%g%%% (facdfbcer T, + 2_ezfcdea T. Ty — febeT: ® T, Te
A 2.2
+ 22 L facaTe ® TaTy | — 8A81859aqb(fevaTaTe ® Ta

+ feaaTy @ T Tp) — SAg%g%QaQde(fcbeTcTa QT Ty + feaeTc Ty @ TyT,

+ faceTe @ TpTyT,) — 1662pg%g%/q\bfcha .1,
2

8¢2(1 +3p%) g2 42 T,&T, — —F
+8e(1+3p%) 878290 | faveTr ® Te 0435

JabeTp ® ch|- (D.10)

The strategy we will now follow is to bring everything on one side of the equation, namely to
calculate

Lh.s.-rh.s.

, (D.11)
gigs

and to act upon it with the following operation:

A
EfS[aﬁtr(Ty] ® Ts0), (D.12)
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where the three indices o, 8 and y are totally antisymmetrized (without the % factor). Upon

performing the operation (D.12), and by using the Jacobi identity, the very first term of the Lh.s.
as contributing to (D.11), namely 4{q,, q»}T, ® Tp, can be seen to coincide with

M. (@, av}} — H4aa. 5.3, }}. (D.13)

which is the desired combination appearing in the Serre relations. It is therefore a matter of
analyzing all the other terms after this operation is performed. One thing to notice is that anything
looking like

fysp2” (D.14)

will vanish upon this operation, as can be seen by using the Jacobi identity. This is the reason why
the contribution of r, (v, u’) taken at the order O(v'%u’) is absent, as we commented earlier,
since it is precisely of the form (D.14). Disregarding this type of terms as irrelevant to the final
result, we combine the remaining terms in (D.11) and perform quite extensive manipulations and
simplifications. Performing then the operation (D.12) on the result of this simplification produces
some terms that we will call unwanted, since they do not look like the standard terms appearing
in the Serre relations, and some that we call wanted, since they have the desired form.

D.1. Unwanted terms
Let us begin with the unwanted terms. They come in two fashions:

e We get a quadratic contribution with level zero charges, specifically
~840Gaqp fyeptt(T5{Te, Tu}) + contrib. ry (v/, 1) at O(v' 2 ~1); (D.15)
e We get a quadratic term with level zero and one charges, specifically
AAqaqo [~ feyptr(Ts{Te, Ta}) — feyatt(Ts{Te. To})]
+ contrib. from r4.(v', 1) at O(v/zu/fl). (D.16)
The respective first terms in (D.15) and (D.16) vanish upon the operation (D.12). In order to

see this, one needs to proceed in steps. Let us consider the first unwanted term. The first step
consists of repeatedly using

fave = tr(TulTp, Te1), (D.17)

to re-write the first term in (D.15), after the action of (D.12), as (indicating only the matrix part)

1
_Efé[aﬂfy]ebtr(T(S{Te» Ta}) = tr({Tes T} Ty, T/S])tr(Te[Ty’ Tb]) + 27, (D.18)

where “2” means that we have to add the other two cyclic permutations Sy« and y «f of the same
structure on the Lh.s. of (D.18). At this point, it is convenient to open up the anti-commutator,
involving the generator 7,, and move T, close to the other trace by using cyclicity of the trace.
When this is done, it produces two terms, in each of which one recognizes a structure of the type

tr(xT,) tr(T,y), y € Lie algebra. (D.19)

The fact that y is Lie-algebra valued makes it possible to fuse the traces producing tr(xy). For
the matrix part of the first unwanted term, we are therefore left with
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tr(Tul T, TR Ty, Tp)) + tr([ T, TR Tul Ty, Tpl) + 2. (D.20)

Adding the “2” explicitly to this term, symmetrizing a <> b given the q,qg; in front of the first
term in (D.15) and eventually expanding all the (anti-)commutators explicitly, one sees that
all terms cancel and the total contribution vanishes. We will calculate the contribution from
re(V, ') at O 2/~ 1) later on.

With regards to the first term in (D.16), let us re-write it as

4A(949p +Qb2]\a)fyebtr(T5{Tev Tu}) (D.21)

From this we see that, due to the a <> b symmetry of the pre-factor, perfectly analogous con-
siderations apply as for the term we have just shown to vanish. Once again, we will study the
contribution from r, (v/, ') at O(v'?p’ ~1) later on.

D.2. Third order of the monodromy

We have seen that, to be able to calculate the two unwanted terms left-over from (D.15) and
(D.16), and also the related contribution to the wanted terms, we need the monodromy matrix
up to the third order in the spectral parameter. We will derive this term in the expansion in this
section.

From Section 2 we have learned that the monodromy matrix M admits an expansion (adapted
to the parameter g used in this section)

To—sgh

M@)=Pexpg | ———5—- (D.22)
(1+pg)* —g*
where we note that both Zy and /] appear and
s=p>—1. (D.23)

We need to isolate the third order term in g. If we recall the density (2.4) of the level-zero charge

2j(0) =Zp(0), (D.24)

we see that the third-order term we are after reads, in compact notation,

263 (407 — ) / j + 2058’ / T f / j(@)j(0)

—2sg° //[j(a)u(a/)+11(a)j(a’)]+8g3 [//j(o)j(a/)j(a”) :=Mj. (D.25)

We have to put this term into a form which is ready to be used for the Serre relations, therefore
we parameterize

M; 3, B, 5. C5 2 Es
?=AQ0+5Q0Q+EQQ0+DQ0+5Q+FQ0+ Lie”, (D.26)

where we recall that (in the notation of this section) @ reads

0= / (=2pj —sh) +4 / / J(@)(o). (D.27)
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“Lie” carries such a name because it is something which is not easily expressed in terms of Q or
Q, nevertheless it is Lie-algebra valued, hence it will drop after operation (D.12). In particular,
we choose

“Lie”:H//G[j(o),j(a’)]Jr%f/g[j(a),11(0’)]+%f/0[11(0)’1(0’)]
o [[[uorbersem+r [f [l

o

—i—R///a/[j(o),[j(a’),j(a”)]]. (D.28)

By appropriately splitting the integration domains and taking into account the ordering of the
generators, one can show that the terms we use in our parametrization of M3 are enough to
reconstruct the most general integral appearing at this order. In fact, we find in this way that they
are more than sufficient, as we find a family of solutions when we try and match with (D.25):

8

A=-3, F=pE+2(4p* —5), G=s(E+4p) V=s(B—4),

U=—sB, C=4-B, R:N—g, P=13—6—ZB—N,

H=—-E —38p, D=—-FE —4p, (D.29)
from which we see that we can set

B=E=N=0 (D.30)

as a convenient choice.
The only contribution from the third order of the monodromy that can survive the operation
(D.12) is then

4 ~
g3|:§q3 +4qq —4pq2:|. (D.31)

e The ¢? term in (D.31) represents the contribution to the unwanted term (D.15) from the third
order expansion in the monodromy. After acting with (D.12) and performing a few manip-
ulations on the indexes, one can see that this contribution reproduces the same structure as
the first addendum in (D.15), hence it vanishes for the same reasons.

e The Gg term in (D.31) combines with the order O(v' %/ 1) of r. (v, ') to give

_2Ag%g%zl\de [fcbe T. T, Ty + fcde T. ® TpT,]. (D.32)
After acting with (D.12), one can see that this term as well reduces the same structure as the
first addendum in (D.16), hence vanishing by the same token.

D.3. Wanted terms

We now need to calculate the contribution we do expect to appear in the first Serre rela-
tion, namely we evaluate the cubic term in the level-zero charges in the expression (D.11). This
amounts to the following — after acting with (D.12):
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2A%44qp94 folap [4e(Ty T THU(T5 T Ty) fech + 2 fylea feentt(T5s T Ty)
+2t(TNTuTe) fech facs + Sfylea Sech facs + 2t(T T T)tr(Ts Te Ta) febe
+ 2u(T) T THW(T3 Ty T) fede — 2 fiactt(Ts T Ta Te) |
+ contribution from r (v, 1) at O(v'2p’ 7). (D.33)

Let us start with the part in (D.33) which is not coming from r (v', ') at O(v'?u’ 1. Exploit-
ing the total symmetry of the pre-factor q,quq., after repeated use of the Jacobi identity, and by
use of reconstructing commutators inside the traces to reduce the length of the traces as much as
possible, we can recast that contribution into

_4A2QaQbQC fﬁ[aﬂ fy]betr(TS T, T.T:) + 2A2Qaq17¢10 fB[aﬂ fy]br Sree faes- (D.34)

Before proceeding with the calculation, let us compare with the contribution from ry (v, ')
at O(v'2i/ ~1) and see whether the difficult-to-handle length-four trace cancels. It does indeed,
since, by performing similar manipulations, the contribution from r (v/, ') at O(v'?u’ =) term
results into

4
4AZQaQbCIc f&[aﬁ fy]betr(TtS ,T.T.) — g AZQa qbqc fé[otﬁ fy]br frce fae(S . (D.35)

We are then left with the two purely structure-constant contribution, which, by repeated use
of the Jacobi identity, can be combined and manipulated into

_4A2qaqbQCfaaefﬂbdfycrfedr- (D.36)

We now recall that this contributes to “l.h.s.—r.h.s.” of the Poisson brackets, hence it changes sign
when brought back to the r.h.s., giving

o~ ~ o~ 1
{Qav {9, CI)/}} - {CIota {as. qV}} = gAZCI(uCIbCIc)fotaefﬂbdfycrfedr' (D.37)
Using the Jacobi identity, Egs. (D.1), (D.3) and the definition of A (4.11), we ultimately re-obtain

the first Serre relation (4.15).
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