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Abstract

We propose 1D and 2D lattice wave functions constructed from the SU(n); Wess—Zumino—Witten
(WZW) model and derive their parent Hamiltonians. When all spins in the lattice transform under SU (n)
fundamental representations, we obtain a two-body Hamiltonian in 1D, including the SU(n) Haldane—
Shastry model as a special case. In 2D, we show that the wave function converges to a class of Halperin’s
multilayer fractional quantum Hall states and belongs to chiral spin liquids. Our result reveals a hidden
SU(n) symmetry for this class of Halperin states. When the spins sit on bipartite lattices with alternating
fundamental and conjugate representations, we provide numerical evidence that the state in 1D exhibits
quantum criticality deviating from the expected behaviors of the SU(rn); WZW model, while in 2D they are
chiral spin liquids being consistent with the prediction of the SU(n); WZW model.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

For decades, SU(n) quantum antiferromagnets have been an extensively studied class of
strongly correlated systems in condensed matter. Initially, an important motivation of studying
these models is that they may shed light on the properties of the spin-1/2 antiferromagnetic
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Heisenberg models with SU(2) symmetry [ 1-4], which are relevant for many strongly correlated
electronic materials, including undoped high-7; superconductors. Similar to the large-n expan-
sion used in quantum chromodynamics, generalizing SU(2)-symmetric models to SU(n)-symmetric
models allows stable mean-field solutions in the large-n limit [5,6], and furthermore, systematic
calculations of corrections (organized in powers of 1/n) can be carried out. Later on, the proposal
[7,8] that the SU(4) Heisenberg model might describe certain materials with coupled spin—orbital
degrees of freedom [9] brings SU(n) models closer to physical reality. By now, more and more
evidences show that, depending on the magnitude of n, spatial dimensionality, lattice geometry,
and form of couplings, the SU(n) models can support a zoo of exotic quantum states of matter
[10-19]. Recently, considerable progress has been achieved in the experimental study of multi-
flavor cold atoms in optical lattices [20-23]. With these experimental setups, atom species, lattice
geometries, and interaction strengths can be manipulated and engineered in a highly controllable
way [24,25]. The experimental advance spurs further theoretical investigations [26—34] of the
SU(n) physics in the context of cold atomic setups. One may expect that, in the near future, the
rich SU(n) physics might be experimentally explored in an unprecedented depth.

From the theoretical point of view, the SU(n) models are notoriously hard to tackle. Needless
to say, the validity of the large-n solutions is questionable for physically relevant small n cases.
Moreover, the SU(n) models usually suffer from the sign problem in quantum Monte Carlo sim-
ulations (except for special cases [35-38]), making them very difficult even for numerical study.
For these models, important insights are gained from very few exactly solvable models, including
integrable models and AKLT-type models. The former ones are restricted to 1D, including e.g.
the SU(n) Uimin—Lai—Sutherland (ULS) model [39-41] and the SU(n) generalization [42-44] of
the spin-1/2 Haldane—Shastry (HS) model [45,46], both of which exhibit Tomonaga—Luttinger
liquid behaviors. The SU(n) AKLT-type models [47-52] generalize the SU(2) AKLT models
[53,54], by extending the SU(n) singlets over multiple sites, and can be defined in one and
higher dimensions.

Recently, a new approach of proposing strongly correlated wave functions has been suggested
in Refs. [55-57]. This approach generalizes Moore and Read’s construction [58] of fractional
quantum Hall (FQH) wave functions in the continuum, by expressing both 1D and 2D lattice
wave functions as chiral correlators of conformal field theories (CFTs). Apart from that, for
rational CFTs, the existence of null fields allows to derive a (long-range) parent Hamiltonian
[56]. Following this approach, wave functions have been constructed for the SU(2); and SO(n);
WZW models [56,59], as well as ¢ = 1 free boson CFTs at particular rational radii [60]. These
simple wave functions, together with their parent Hamiltonians, provide important insight into
the properties of their corresponding short-range realistic Hamiltonians [61], which are hard to
solve directly.

In this work, we construct spin wave functions using the SU(n); WZW model and derive
parent Hamiltonians of these states in 1D and 2D. In particular, we focus on two cases: (1) lat-
tices with all spins transforming under SU(n) fundamental representations, and (2) lattices with
a mixture of SU(n) fundamental and conjugate representations. In the former case, when the
lattice sites are sitting on a unit circle in the complex plane, we derive a two-body parent Hamil-
tonian. This Hamiltonian can be viewed as an inhomogeneous extension of the SU(n) HS model.
It recovers the SU(n) HS model when the lattice sites are uniformly distributed on the unit cir-
cle, which we call 1D uniform case. In 2D, we find that, on an infinite plane, the wave function
converges to a special class of Halperin states that appeared in the context of the multilayer FQH
effect. Interestingly, this reveals a hidden SU(n) symmetry for this class of Halperin states. Fur-
ther numerical calculations based on topological entanglement entropy (TEE) [62,63] agree with
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the prediction from the SU(n); WZW model and confirm that these 2D states are chiral spin lig-
uids [64-66]. For the more general case of wave functions with both fundamental and conjugate
representations, we concentrate on bipartite lattices with alternating fundamental and conjugate
representations. In 1D uniform case, the wave function exhibits logarithmically increasing en-
tanglement entropy and powerlaw decaying correlation functions, indicating quantum critical
behaviors. Surprisingly, the estimated central charges for n = 3 and 4 show clear deviations from
the expected values for the SU(n); WZW model. In 2D, we find that the states are again chiral
spin liquids, with TEE being consistent with the prediction of the SU(n); WZW model.

The paper is organized as follows. In Section 2, we explain how we construct wave functions
of spin systems from primary fields of the SU(n); WZW models, and we derive decoupling
equations that form the basis for obtaining parent Hamiltonians of the states. In Section 3, we
consider the wave functions obtained from primary fields that transform under the fundamental
representation of SU(n). We provide explicit analytical expressions for the wave functions and
compute the TEE of the states in 2D numerically. In Section 4, we derive parent Hamiltonians
of the states constructed from the fundamental representation. For a uniform lattice in 1D this
Hamiltonian reduces effectively to the SU(n) HS model, and we also discuss CFT predictions
for the spectrum of this model. In Section 5, we consider the more general case of wave func-
tions constructed from primary fields transforming either under the fundamental or the conjugate
representation of SU(n). The wave functions are expressed analytically, and we investigate their
properties through Monte Carlo simulations. Parent Hamiltonians of the states are derived in
Section 6, where we also discuss possibilities for obtaining a truncated short-range version of the
Hamiltonian. Finally, Section 7 concludes the paper.

2. Constructing quantum spin models from the SU(n); WZW model
2.1. Wave functions

Before constructing the wave functions, let us briefly review the SU(n); WZW model [67].
This rational CFT has n primary fields, denoted by A,, witha =0, 1, ...,n — 1, corresponding to
particular SU(n) irreducible representations. The primary field Ag is an SU(n) singlet, which is
also the identity field with conformal weight /(Ag) = 0. The next primary field A; is the SU(n)
fundamental representation, corresponding to a single box when the SU(#n) irreducible represen-
tations are represented as the Young tableaux. In general, the primary field A, corresponds to
a Young tableau with a single column and a rows. Accordingly, A, consists of dim A, = (Z)
components, and we write these components as A, o, where o € {1,2,...,dim A,}.

The central charge c, conformal weights 4 (A,), and fusion rules of the SU(rn); WZW model
are given by [68]

c=n—1,  h(Ay) = M,
2n
As we shall discuss further below, the SU(n); WZW model has a free-field representation with
n — 1 free bosons. In this representation, the primary fields are conveniently realized using vertex
operators.

To build lattice wave functions, we consider N spins sitting at the fixed positions z; (j =

1,2,..., Nt) in the complex plane. Following Ref. [56], we define lattice wave functions

|¥) = Z (01 Aay01 (21) Aay,a2(22) - - - Aaypang (NpIO0) |r, 02, - any) 2

Aa ®Ab =Aa+b(modn)- (1)
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that are chiral correlators of primary fields. Here, |0) is the vacuum of the CFT and |«;) are
the basis vectors of the internal state of spin number j. CFT states of the form (2) can be seen
as a special type of matrix product states in which the finite-dimensional matrices have been
replaced by infinite-dimensional conformal fields. They are therefore sometimes referred to as
infinite-dimensional-matrix product states (IDMPS).

Regarding the wave function (2), there are several comments in order. First, choosing the
primary field A,; atsite j requires that the spin at this site also transforms under the SU(n) irre-
ducible representation corresponding to a Young tableau with one column and a; rows. Note that
the SU(n); WZW model does not have primary fields corresponding to a Young tableaux with
more than one column. Secondly, the fusion rules in (1) always have a unique fusion outcome,
which ensures that the wave function (2) is a unique function. Lastly, to have a nonvanishing wave
function, the Nt primary fields in (2) must fuse into the identity Ag (i.e. the SU(n) singlet),

Aa1 ®Aa2®"'®AaNT :A()' (3)

In this work, we shall focus on the case, where each of the spins belong either to the SU(n)
fundamental representation A or to the SU(n) conjugate representation A,_1. We shall denote
the sublattice of spins transforming under the fundamental (conjugate) representation by A (B),

A: Fundamental representation,

B: Conjugate representation, “4)

and we shall let N (N) denote the number of spins in A (B) such that N + N = Nt. The condition
(3) then gives that (N — N)/n must be an integer, and we shall assume this to be the case
throughout. Note that the fundamental and conjugate representations are the same for n = 2, so
that there is only one state in this particular case. For n > 3, however, they are different.

Before we continue with the above case, let us note that other choices for the primary fields are
possible. For instance, for even n, one could use the primary field A, /> (self-conjugate represen-
tation) to build the wave function, according to the fusionrule A, /2 ® A2 ® --- @ Ay = Ag
(Nt even). For the SU(4) case, one has SU(4); 2~ SO(6); and the SU(4) self-conjugate primary
field A, becomes the vector representation of SO(6) with conformal weight 4 (A;) = 1/2, which
can be interpreted as a Majorana field and has been considered in Ref. [59]. Although we only
consider states constructed from the fundamental and conjugate representations below, we note
that the formalism we develop is general and that other cases can be treated in a similar way.

In the following, we shall find it convenient to use the notation

(i) = Al,ozj(Zj) forjeA 5)

Poi ) = Apora;(zj) for j € B.

We can then write the wave functions that we are interested in as
n
W)= Y W(an....an)lon. ... o), 6)
Oll,...,DtNTzl

where

V(ar, ... ong) = (01@a; (21)Pay (22) * * Payy (2N7)10). (7

Since we shall often refer to the wave function, for which all the primary fields belong to the
fundamental representation, we shall give this wave function a particular name: |¥g). Explicit
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representations of |¥g) and |¥) will be discussed in Sections 3 and 5, respectively. In the next two
subsections, we shall use their abstract forms to derive relevant null fields and their corresponding
decoupling equations, which are our starting point for deriving parent Hamiltonians.

2.2. Null vectors

As arational CFT, the SU(n); WZW model has null vectors in its Verma modules of the Kac—
Moody algebra. According to Ref. [56], identifying proper null vectors and deriving decoupling
equations for the chiral correlators are the key for constructing parent Hamiltonians of the wave
functions. In this subsection, we derive the null vectors relevant for (7).

The SU(n); Kac—-Moody algebra is defined by
Zs
2
where J} = 550 %sz %(z) is the mth mode of the Kac—Moody current J(z) and f,p. are the
structure constants of the SU(n) Lie algebra. Here and later on, we shall always assume that re-
peated indices are summed over. The operator product expansion (OPE) between the Kac—Moody
currents and a primary field is [67]

[Jna;, J,ﬁ/] = ifabc-],2+m/ + abSm+m’,0, M, m' €L, (3

a 1 a
@ gu(w) ~ = —— ;(t )98 (W), ©)

where the matrices +* with elements (¢*)4g are the generators of SU(n) in the representation of
the primary field. Let us note here that the generators in the fundamental and conjugate represen-
tations are related though a complex conjugation and a multiplication by a minus sign, i.e.,

a_ { ¢ (fundamental representation) (10)

—(z%)* (conjugate representation),

where ¢ are the generators in the fundamental representation (see Appendix A).
To the primary field ¢ (z), one associates a primary state |¢,) satisfying the following prop-
erties [67]:

l9a) = ¢ (0)]0), J(Sl|(ﬂa>=_2(ta)aﬂ|¢ﬁ>v Jilea) =0, n>0, (1)
B

and descendant states are obtained by multiplying |¢,) by any number of current operators J;!
with n < 0. A null state is a state that is at the same time a descendant and a primary state.
Since the wave function (7) only involves primary fields belonging to the fundamental or the
conjugate representation, we shall here only need to deal with the two Verma modules formed
by the corresponding primary states, as well as their descendants.

Let us first consider the primary field A o (z) belonging to the fundamental representation. In
Virasoro level m = 1, we look for null vectors with the following form:

|Xq)=ZWq,anfl|Al,a)y (12)

a,o

where W, 4o can be interpreted as Clebsch—Gordan coefficients satisfying >, W ., Wy 40 =

q.,au
844'- They come from the tensor product decomposition of the (n? — 1)-dimensional SU(n)
adjoint representation (carried by J¢,) and the fundamental representation (carried by | A1 4)),
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Fig. 1. Tensor product decompositions of the SU(n) adjoint representation and (a) the fundamental ((b) conjugate) rep-
resentation with Young tableaux. The null vectors belong to the SU(n) high-dimensional representation (with red color).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

2_ ne e -
(n 1)®n_n®2n(n+1)(n 2)@2}1(11 H(n+2), (13)

where the irreducible representations are denoted by their dimensions (they are not distinguished
with their complex conjugate representations). Fig. 1(a) shows the tensor product decomposi-
tion (13) for n = 2, 3, 4, using the Young tableaux. We have found that, for SU(n); WZW model
with all n, null vectors indeed exist in Virasoro level m = 1, and they belong to the SU(n) repre-
sentation with dimension %n(n — 1)(n +2) in (13). In practice, the Clebsch—Gordan coefficients
Wy.ae in (12) can be determined by requiring the null vector condition { Xb,| xP)y=0.

For our purpose, we redefine the null vectors as [56]

X9 =D Wi x9) =D (Kp)pg 2 1A p). (14)
q b,B

where (KF)Zg is given by
(KE)g =Y W iy Wy bp.- (15)
q

KF can be viewed as a matrix with its entries being (Kp)qa,08 = (Kp)zg, and it is a projector
(i.e. K& = Kp) onto the SU(n) irreducible representation with dimension %n(n —D(n+2).
This also lead to an additional equation, ), t“(KF)j, = 0, where (KF)$, is a matrix with entries
[(Kp)jlag = (K F)Zg. These two equations are sufficient for determining the explicit form of
(KE)}. For general n, we obtain

n+2 1 .
(KF)Z = 8ab + 7[ndabc -+ z)lfabc]tcs (16)

2(n+1) 2(n+1)
where d . is a totally symmetric tensor (see Appendix A).

If we build the null vector at Virasoro level m = 1 using the primary state |A,_1 ) in the
conjugate representation, the representations appearing in (13) would be their complex conjugate
representations. See Fig. 1(b) for this tensor product decomposition for n =3 and 4. As a result,
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the Clebsch—Gordan coefficients in (12) for obtaining the null vectors would be their complex
conjugate. Then, the corresponding null vectors can be written as

x%) =Y (Ke)pg I [ An-1.p). (17)
b,B
where (Kc)zg = (K;‘)Zg
Utilizing (10), we can combine (14) and (17) into a single expression

aﬂt ZK -Ib1|(,0ﬁ (18)

where K l‘,’g are the matrix elements of

a_ nt2 1 [nrdape — (0 + 2)ifupe ]t (19)
b — 2(}1 T 1) ab 2(I’l+ 1) abc abc .
Here, r = 41 for the fundamental representation, r = —1 for the conjugate representation, and

t¢ are the generators in the considered representation.
2.3. Decoupling equations

Following Ref. [56], a set of decoupling equations can be derived for the chiral correlator (7)
using the null vectors (18). These decoupling equations provide operators annihilating the wave
functions, which can be used to build parent Hamiltonians.

The null state (18) corresponds to the following null field:

X (zi) = 2m ZK 57" (2)gp (i) (20)

By definition of the null field, substituting it into the wave function (7), one obtains a vanishing
expression

0= Z <¢al(m~- “(2) - Gy @M, an) Va

ag,.

a[)l 1
Z > ,,,3; el ICRRRGIACHRS NG LIRS

o b B Zm z—
21

After deforming the integral contour and using the OPE (9) between the Kac—Moody currents
and primary fields, we arrive at

Z Z Z (tl?)ajoz}
oy ) o)

X Y K@i @) 9 @) 95, @) oy @)l e
b.Bi

= Z —L—(KD),1¥) Va, (22)
JGEDb
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where (K (i))z denotes the operator Kg in (19) acting on spin number i and (tj? ) aj, denote the
J

matrix elements of the operator 1% acting on spin number ;. (Note that the representation chosen
for 2 is the same as the representation of spin number j.) Thus, the resulting decoupling equation
yields a set of operators

b

t: .
Pinom= ) ——(KY);, (23)
JEL T
which annihilate the wave function |¥), i.e. 73,.“ (z1, .-, 2N)|¥) =0 Vi, a. Together with the fact
that [¥) is a global SU(n) singlet, T¢|¥) =0 with T¢ =), ¢, we obtain
Cl(z1,....,zn)|¥) =0, (24)
where C{(z1, ..., zy) is given by
Ci'(z1,-oohzn) = Z wij (K )yt
J(#i),b
n+2 n .
= m Z wij |:l‘;1 + (mridabc + lfabc)ﬂ-bf]c-] (25)
J(F#i)

and w;; = (z; + zj)/(zi — z;j). For SU(2), we have dypc = 0 and (25) recovers the result in
Ref. [56]. Utilizing the formulas in Appendix A, we get

1 1 - - N
Ci (21,0 2n) = Z wij|:_tq - n—_'_ltia(li 1)+ 'tj)t,-”:|, (26)
J (i)

which is a convenient form for constructing parent Hamiltonians.
2.4. Vertex operator representation

After working out the decoupling equations for (7) using an abstract form of the primary fields,
we now turn to an explicit representation of these primary fields, using chiral vertex operators.
This is possible, since SU(n); WZW model is equivalent to a free theory of n — 1 massless
bosons.

For our purpose, it is convenient to label the spin states in each site by their weights (eigenval-
ues of the Cartan generators). The state |«), o € {1, 2, ..., n}, in the fundamental representation
is therefore characterized by n — 1 quantum numbers, which we collect into the vector 71, given
explicitly by

oA 1 1 1

mp = (5, 23 7/;211(”_1)),

My = (_l 1 %)
2373 V)

- _ _ L 1
m3 = (Oa \/§ L] \/m) ’
_— _1
In the conjugate representation, the state |«), o € {1, 2, ..., n}, is characterized by the quantum

numbers —1,. The SU(3) and SU(4) weight diagrams are shown in Fig. 2 as examples.
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(a) SU(3) fundamental (b) SU(3) conjugate
ma m2
gy AL
BAVE
2 &%

N

my

Wl
ol

Sk

(c) SU(4) fundamental (d) SU(4) conjugate

ms ms3 T
Y $E

Fig. 2. Weight diagrams of the fundamental and conjugate representations for SU(3) and SU(4). Here, (m, my, m3) is
shorthand notation for the components of the vectors ny and —ni, respectively.

Using the weights, the primary field ¢, (z) can be expressed as

0u(2) = Ko s exp(iv/2riig - $(2)) 1, (28)

where r = +1 for the fundamental representation and r = —1 for the conjugate representation
as above. The colons denote normal ordering and ¢(z) is a vector of n — 1 independent fields of
free, massless bosons. The factor «,, is a Klein factor, commuting with the vertex operators and
satisfying Majorana-like anticommutation relations

{Kas Ko} = 2800 (29)

Note that «, is the same in the fundamental and in the conjugate representation. At this moment,
the meaning of these Klein factors is not clear. In fact, their role is to ensure that the wave function
(7) is an SU(n) singlet. We will go back to this point when discussing the wave functions in
Section 3 and Section 5.
Let us note that the vertex operators in (28) have the anticipated conformal weights, since
n—1

%a'rﬁazh(A])zh(Anfl)ZT' (30)

Another quantity, which will be used in later sections, is 7 - H, With a # o, It is easy to
convince ourselves that this value does not depend on the states we choose. For o # «’, we find



H.-H. Tu et al. / Nuclear Physics B 886 (2014) 328-363 337

1

My - My = 3" 31
Altogether, we thus conclude
’7101 ' "ﬁa’ = l‘Sow/ - i (32)
2 2n

3. Quantum states from the fundamental representation of SU(#n)

In this section, we analyze the wave function (7) in detail, both theoretically and numerically,
for the case where all spins transform under the fundamental representation. First, the chiral
correlator can be evaluated and expressed in terms of a product of Jastrow factors [67]

2g: Mg
Wr(a, @2, ..., an) = X (@1, @2, . )8y, iy =0 | [Gi — 27" ™, (33)
i<j
where x (a1, 02,...,0N) = Ko Ka, -+ Kay 1S @ zj-independent phase factor to be determined

below and the Kronecker delta function 8y~ 7, =05 which s 1 for ), mq; = 0 and zero otherwise,
ensures charge neutrality. Referring to Eq. ( 27), we observe that the charge neutrality forces the
number of spins N in the state |«) to fulfill Ny = N = --- = N,,. This gives N, = N /n for all «,
and we shall therefore assume N/n to be an integer whenever we consider states constructed
from only the fundamental representation of SU(n). Utilizing (32), we note that (33) simplifies
to

W (1, 0, @) O X (@1, 0, NSy, i 0 | [ @i — )™ (34)

i<j
We shall also find it useful to express the state |¥F) in another notation. For a given spin
configuration |1, &, ..., an), let x(.a), where j =1,2,..., N/n, be the position within the ket
of the jth spin in the state |«). For example, if we choose n =3 and N = 9 and consider the
state ket 1,2, 1,3,2,3,3,2, 1), we would have x\" =1, x{" =3, x{V =9, x® =2, x{? =35,

(2) =38, x?) =4, x(3) =6, and x(3) = 7. We shall also write {x(a) ﬁ} or simply {x(®} as short-

(@) (@)
1 %2

hand notation for x . (a) . We can then express |¥r) as

=X () P WO o )
{xM}(x@},. {xM}eSy
(35)

where Sy is the symmetric group over the elements {1,2, ..., N} and

() ). )
cx)(({x(l)} {x (2) (”) 1_[ 1_[ (z, @ =2, (a)) (36)

o= 11<,<j<ﬂ

Let us next determine x from the condition that |¥) should be an SU(n) singlet. We shall
find below that the wave function |¥) is proportional to the ground state of the SU(n) HS model
if we choose z; = e?™i/N and

_ (1) (1) ) ?2) (”) (n)
= sgn(x, XN s K] s e XN s e X xN/n) 37
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where the right-hand side of (37) is the sign of the permutation needed to transform
xl(l), ... ,xl(\})n,xla), ... ,xl(vz)n, .. .,x](n), .. ,xl(\;’)n into 1,2, ..., N. Since the ground state of the
SU(n) HS model is an SU(n) singlet, it follows that (37) is the correct choice of x for all choices
of z;. The result (37) can be obtained from x = kq,Kq, - - - Koy by choosing the factors ky to be
Klein factors, which satisfy the Majorana-like anticommutation relation (29), and choosing to

work in a sector, in which kx> - - -k, = 1. This follows from

KO[[ KOQ e KO[N

:sgn(xfl),...,xj(vl;n,xfz),...,xﬁ}n,...,xf"),...,x](\;l/)n)/cllv/"/cév/"---lcyllv/”

_ sgn(xl(l),...,xl(\};n,xiz),...,xl(?)n,...,xf"),...,xl(\;l/)n) for N/n even
B sgn(xfl),...,x/(vl}n,x}z),...,x,(\?}n,...,x%"),...,x/(\;’/)n)/q;cz..-;cn for N/n odd
:sgn(xfl),...,x](vl;n,xfz),...,xl(\?}n,...,xf"),...,x](\;l/)n). (38)

The proof given in Appendix B shows directly that the state (34) with x given by (37) and z;
arbitrary is an SU(n) singlet without referring to the SU(n) HS model.

3.1. Wave functions in the hardcore boson basis

In order to compare the state (33) to known models in particular limits, we shall now express
the state in a hardcore boson basis. In this picture, the coordinates z; are lattice sites that can
be empty or occupied by at most one hardcore boson. A spin in the state |n) is interpreted as an
empty site, and a spin in the state |o), with @ € {1, 2, ..., n — 1}, is interpreted as a site occupied
by a hardcore boson with color «.

Referring to (27), we observe that the (n — 1)th component Mo n—1 of the vector 1y ; can be
written as

n n—1 (39)
My n—1 = P — ,
R Py oy s L Y Py

where p; is one if aj € {1,2,...,n — 1} and zero if a; = n. In other words, we can use this

component to distinguish between occupied sites and holes, and we shall use this observation to
eliminate the coordinates of the unoccupied sites from the Jastrow factor in (33). The part of this
factor that includes the contribution from Mg, n—1 can be written as

n . n—l1 n . n—l1
[T =z am et <T@ — 2)" Voo~ A e P~ Janes

i<j i<j
x H(Zi _ Zj)ﬁpil’j H(Zi _ Zj)*(Pi+Pj). (40)
i<j i<j

The second factor in the above expression can be simplified as [57,60]

[[Gi—zp 70 =[J=DY="2 T [ fv ] (41)
i<j j i

where
In@zi) = 1_[ (zi—z))~ " (42)

J (D)
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Let us next consider the part of the Jastrow factor that includes the contributions from Mgl with
[=1,2,...,n—2.Utlizing (27) and (32), we find

_ 1 1

Zma,lma/’l = ESQD‘/ — m (O{ 75 n, a/ ;é n) (43)
If a or &' is equal to n, we instead get 27;12 my, My | = 0 as follows immediately from (27).
The part of the Jastrow factor that includes the contributions for M | withl=1,2,...,n—2
can therefore be written as

n—2 _ 1Ny
H(Zi _ Zj)z Zl:l m"‘i’lm‘)‘j’l — H(Zi _ Zj)(aaia'/ P | ) pi Pj . (44)
i<j i<j

Combining (40) and (44), we get the expression
H(Zi _ Zj)zmai Moy H(Zi _ Zj)(ém,-ajJrl)piPJ 1_[( 1)(] Dpj n[fN(Z])] (45)

i<j i<j
for the Jastrow factor.
We would like to also remove the hole coordinates from the sign factor x. Doing so gives
rise to a sign factor that compensates the factor [ | j(—l)(f’l)f”i in the wave function. The re-

maining sign factor is then sgn(xl(l), . xj(vl;n, x?), e xﬁ}n, el xl("_l), e 1(\',1 nl)) We note,
however, that this factor can be absorbed by rearranging the ordering in the Jastrow factor Putting

everything together, we thus conclude that the state (35) can also be written as

W) = Z (I/F({x(l)}’{x(Z)}“._’{x(n—l)})

(xO], (x@),..., (xr=D)
X |{x(1)}, {x(2)}, e, {x("_l)}), (46)

where the sum is over all possible distributions of the (n — 1) N /n colored bosons on the N lattice
sites with at most one boson per site, and

e N B R )
CXHH(Z @ —2Z, (a)) 1_[ H(Z @ =2 <ﬂ))HHfN(Z <a)) 47)

a j<j a<f i,j

withe, B €{1,2,...,n—1}and i, j € {1,2,..., N/n}. We shall now comment further on (47)
for particular choices of the lattice.

3.1.1. Jastrow wave functions for the uniform 1D lattice

We first consider a uniform lattice in 1D with periodic boundary conditions, which is achieved
by choosing z; = = ?™/N For this particular case, we have the simple expression f (z (a)) (o' z(a)
[56]. Inserting this in (47), we see that the wave function for the particular case of a umform 1D
lattice reduces to the ground state of the SU(n) HS Hamiltonian [42—44]

s (V) (5], (D)
—HH(Z @ =2 (oo) l_[ H(Z @ =2 </3>)1_H_[Z - (48)

o i<j a<pi,j
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3.1.2. 2D Halperin wave functions

Let us next consider a regular lattice in 2D. We shall assume that the area of each lattice site
(defined as the area of the region consisting of all points that are closer to the given lattice site
than to any other lattice site) is the same for all lattice sites. In this case, it has been shown in
[60] that

| 02| oce™ /4 (49)
for N large. The state (47) can therefore be written as

g @

lI,FN»oo({x(l)}, L {x(n—l)}) - l‘“‘[e : HH(ZxF‘” —zx@)z
a ai<j J
—1z @ */4
X l—[ l—[(ZX@ —Z,) l_[ He Y (50)
a<pBi,j ! / a j

in the thermodynamic limit, where

gx(a)=1m< > ln(zx(a)—zk)>. (51)
' K@)

Up to a local phase factor that can be removed with a simple transformation (of both the
wave function and the parent Hamiltonian), we thus observe that the wave function (34) reduces
to the lattice version of the Halperin state [69], which appeared in the context of the multilayer
FQH effect. For example, the SU(3) state corresponds to Halperin’s 221 double-layer spin-singlet
state. One consequence of this interesting connection is that the wave function (34) describes
an SU(n) chiral spin liquid state, supporting Abelian anyonic excitations (the same as those in
Halperin states). Another consequence is that the particular series of Halperin FQH states in (50)
have a hidden enhanced SU(n) symmetry. For instance, one may expect that the chiral gapless
edge excitations of these states are described by the SU(n); WZW model.

3.2. Numerical results

Since the properties of the uniform 1D SU(n) HS state are already well-known, we shall here
only investigate the states in 2D. We compute the TEE —y by considering the state on an R x L
square lattice on the cylinder and using the formula [62,63,70]

SL=E¢L—vy (52)

for the entanglement entropy of half of the cylinder. In (52), we assume the cut to be perpen-
dicular to the cylinder axis, L is the number of spins along the cut, and the formula is valid
asymptotically for large L and R. The mapping of the IDMPS (36) to a cylinder is done through
a conformal transformation, which amounts to choosing

zjzexp(Zn(rj+ilj)/L) (53)

and considering r; and [; as the coordinates rather than Re(z;) and Im(z;). This will also
change the chiral correlator by a constant factor, but we can ignore this, since the factor
does not depend on the state of the spins. The square lattice is then obtained by choosing
ri€{—R/24+1/2,-R/2+4+3/2,...,R/2—1/2}and[; €{1,2,...,L}and N =RL.
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e} Mé for n :'4 '
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L

Fig. 3. Renyi entanglement entropy 522) of the 2D IDMPSs (6) obtained from the fundamental representation of SU(n)
for n =3 and n = 4. The states are defined on an R x L square lattice on the cylinder, the cylinder is cut into two halves,
and L is the number of spins along the cut. The length of the cylinder is R = 12 lattice sites in both cases. The intersection
with the y-axis gives the TEE. The points are obtained from Monte Carlo simulations, and the lines are linear fits with
the constant term being a free parameter (solid lines) or being fixed at —In(n)/2 (dashed lines). The inset is an enlarged
view.

Since it is easier to compute numerically, we choose to consider the Renyi entropy with

index 2, which is defined as Sf) = —ln(Tr(p%)), where py, is the reduced density operator
of half of the cylinder. Let us label the spins in the left half of the cylinder by the indices
1,2,...,N/2. As observed in [55,71], one can use the Metropolis Monte Carlo algorithm to

compute exp(—S,iz)) by noting that

exp(—S;”)

/ / / /
- lI/F(al,...,a%,a%ﬂ,...,aN)lIJF(otl,...,a%,a%ﬂ,...,a,\,)
- Yr(ag, ..., an)¥E(Q), ..., ay)
O yeuny OlN,Oll ..... (XN
xP(otl,...,otN,a/l,...,a;\,) (54)
and interpreting

, oy R an) PR

P(al,...,aN,ozl,...,aN): (55

a1 ] )P

as a classical probability distribution. The results of the computations are shown as a function of
the number of spins along the cut in Fig. 3. The figure provides evidence for n =3 and n =4
that the TEE is —y = —In(n)/2. This is consistent with the prediction that the states in 2D are
chiral spin liquid states, with the SU(n); WZW model being their corresponding chiral edge
CFT: According to the fusion rule (1) of the SU(n); WZW model, the states support n types of
Abelian anyons with quantum dimension 1, giving rise to a total quantum dimension /n.
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4. Parent Hamiltonians for the states from the fundamental representation

In this section, we derive parent Hamiltonians of the states ¥ in Eq. (33). In 1D, we obtain
two-body parent Hamiltonians, including the SU(rn) HS model as a special case, and for 2D
lattices they are parent Hamiltonians of the SU(n) chiral spin liquid states.

Our starting point is the fact that the operator C{ in (26) annihilates the state (33) as derived
above, C,-”I‘I/F) = 0. It follows that the positive semi-definite Hermitian operator

H=Y (ct)fce (56)

is therefore a parent Hamiltonian of (33), H|¥g) = 0. Inserting (26) in (56) and utilizing the
formulas listed in Appendix A, we obtain the explicit expression

—1 2
:( Mo+ )Z| lj| (tz t])+ Z w wzk(t] tk)

2 1
Ry 2 ik
1 - e o (=1 +2) 2
+ Z <w Wik — ?w;kkwij)(ti'tk)(fi'fj)+TZ|wij| , (6D
i#j#k i#]

which is valid for general z;.
4.1. Exchange form of the parent Hamiltonian
As we shall now show, H can also be expressed in terms of the exchange operator P;;, which

swaps the spin states at sites i and j, i.e., Pij = p=1l2i, Bj) (i, ejl. To do so, we define the
following fermionic representation of the SU(n) generators

1 = Zc?a(t“)aﬂci,g (58)
ap

with the local constraint Y ., _, cjacm =1 for all i. Using Fierz identity (A.9), we can then
express the SU(n) Heisenberg interaction

E?j = Z CLC;‘[}C CJS( )aﬂ( )

afys
LR DR L
=5 Zciaciﬁcjﬁcja T on Zciaciacjycjy
ap ay
1 1
_1, 1 59
S b= o, (59

in terms of P;;. Inserting this into (57), we get

_(-DH(+2) — D +2) ,
T Z'“’”'P”Jr An+1) Z' wijl” = 4(+1)waw”‘

i#] i j#k
1 1
+ Z w wlkP/k Z wtkPlk — Z w wlkPlj
dn+1) & 4n+1)
l?éj?ék i#jFk i#j#k
1

+4 Z w wlkPlkPlj 4( N Z w wlkPl]Plk (60)

i#jF#k i#jF#k
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4.2. SU(n) Hamiltonian in 1D

In this subsection, we restrict ourselves to 1D systems. This is done by restricting all z; to
lie on the unit circle in the complex plane, i.e. |[zj| =1 Vj. When this is the case, we have

w;‘j = —wjj, and using (A.5), the 1D Hamiltonian therefore takes the form
n—1Dmn+2) > - -
Hip = T ) Y wii 1))
i#]

n—+2 (n 1)(” +2) 2

BETTESY D wijwin() i) — ———— 2 Wi
i#j#k i#]

_— w; kdabct (61)
2 1 Z l_/ l

(n +1D By

For the particular case n = 2, the three-body term vanishes because d,;,. = 0, and we recover the
Hamiltonian in Eq. (70) of [56].

In the following, we simplify (61). First, by using the cyclic identity w;jw;x + wjjw i +
wi;wg; =1, we find

D wijwie=2wh Fwir(e; —a) + (N =2), ¢j= Y wij, (62)
i(#].k) i(#))
and
Z wij wikdapet{ 171 = Z dapet{ 1715 (63)
i#j#k l#]#k
Inserting these relations into (61), utilizing that 7¢ =), ¢ and wizj =1+ (;_'i’f’:)z, the parent
i—Zj

Hamiltonian (61) for the state (33) with |z;| =1, Vj, can be written as

iZj 1 N
Hip = =2 +2)Z|:(Ziz—zéj)2 T A Cj)}(ti )
i#]

n anb n—+2

- d . TT° T  — ——(©2N T°TY — Ep, 64
6(n+1) abc 4(n+1)( +n) 1D (64)

where Ep is given by

n—1mn+2) y (+2)(n—-1)
T4 &Y T 1m
iF#]
Here let us remind that (64) directly comes from (56) and Hp|¥F) = 0.
Since [¥F) is an SU(n) singlet, we have d,p. T TPT|Wg) = T4T? W) = 0. Thus, we could
get rid of the three-body and two-body Casimirs in (64) and define a pure two-body parent
Hamiltonian

ZiZj 1 N
HI/D nonuniform — Z|: - + wij(ci - C])i| (ti . tj), (66)
i#j

Eip= NQ@N +2n—1). (65)

(zi —zj)*  4(n+1)

which has (33) as its ground state with ground-state energy
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(n—1) , n—1
EiD nonuniform — 8n Py wl] - 24n N(SN +2n— 1) (67)

The Hamiltonian (66) is an inhomogenous generalization of the SU(rn) HS model. For n =2, it
reduces to the SU(2) inhomogenous HS model derived in [55].

4.3. 1D uniform Hamiltonian and the SU(n) HS model

We now further restrict z; to be uniformly distributed on the unit circle by choosing z; =

e?™i/N This gives a uniform 1D lattice with periodic boundary conditions. In this case,
Cj= Zwijzo Vj, (68)
i(#])
1
Xyéz—?wN—uw—m. (69)
i#]

The 1D uniform parent Hamiltonian is therefore

ZiZj
HID witorm = —2(n +2) Y ———(fi - 1)) — dape T*T"T¢
(zi —zj) 6( +1)
i#]j
n+2
—— (2N T°T* — E uniform 70
PR 1D unif (70)
whose ground-state energy is given by
n—1)n+2
ElDuniform=_+(n)N(N2+2n+l). (71)
We note that the first term in (70) is given by
2
ZiZj 1 - o 1/N
- @ 1)) = .7,.0'40:—(— Hys, (72)
l.Z (zi —zj)? l ;4sm2%(l - 2\x
where Hys is the 1D SU(n) HS model
PP
Hys = (73)
! §< i 2 — )

In the thermodynamic limit N — oo, we have (g)2 sin® % @i—j)H—1/G—j )2 and the strength
of SU(n) exchange interaction in (73) is inversely proportional to the square of the distance
between the spins.

Then, we can write the uniform 1D parent Hamiltonian as

Hip wniform = (n +2)<ﬁ)2HHS — Ld b TeTTC
unirorm — abc
6(n+1)

n+2
——— 2N +n)T*T? — E|D wiform- 74
T 1)( ) ID unif (74)
Since T%|¥F) = 0, the ground-state energy of Hys is given by
1 (7)\? n—1_, 2n+1
Eys = — ) EID uwiform = ——=— N . 75
Hs n+2(N> 1D unif 12n " <_+ N ) (72)

The 1D uniform parent Hamiltonian thus practically reduces to the 1D SU(n) HS model.
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4.3.1. Energy spectra of the SU(n) HS model
For the SU(n) HS model, it has been shown [72] that it has a hidden Yangian symmetry,
generated by the total spin operator 7 and the operator

i
A= D wij fapetl . (76)
i#]
We note that A4 = % > Ci“, which thus annihilates |¥g) as well. It is known [72] that 7% and

AP both commute with Hyg, but they do not mutually commute, which is responsible for the
huge degeneracies in the spectra of Hys.

The eigenvalues of the SU(n) HS model have been obtained in [72]. Combining (59) and (72),
we rewrite the SU(n) HS Hamiltonian as

7\ ZiZj 1
s =—(5) T (1)

i

i#]
(n 2H e 2n—1NWN2=1) o
- N Haldane N mn 6 )
where
ZiZj
Hyaidane = — Z ﬁ(ﬂj - D. (78)
i#j ot

It has been shown [72] that the complete set of eigenvalues of Hpyagane can be obtained by the
simple formula

Huagae[{miY) =) e(mi)|[{mi}), (79)

where

€(mi) =m;(m; — N). (80)
Here m; are distinct integer rapidities satisfying m; € [0, N] Vi. Physically, the sum of these
rapidities is proportional to the lattice momenta of the energy eigenstate |{m;}) [72]

2
P= WZmi (mod 27). (81)
{mi}
According to [72], there is a simple rule for finding physically allowed sets of rapidities

{mi}={my,ma,...,mpy}
with m; <my < --- <my and M is an integer satisfying M € [0, ”n;lN]. The rule is that, all
possible sets {m1,ma, ..., my} without n or more consecutive integers are allowed and corre-

spond to an eigenstate of Hyaqane. FOr example, the ground state is represented by the sequence
{mi}={1,2,....n—1,n+1,n+2,..2n—1,2n+1,...,N — 1}. (82)

Using (79) and (81), the energy and lattice momenta of the ground state are therefore given by

—1
Exadane = _%(N:" + I’lN), (83)
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and
n—1 0 N/neven
Pgs = ——Nm (mod 27) = { 7 N/nodd and n even (84)
" 0 N/nodd and n odd.

Note that the ground-state energy Eyaqane determined in this way is consistent with (75) by taking
into account the constant term in (77).

4.3.2. Identifying CFT from finite-size spectra
CFT gives a powerful prediction for the spectra of 1D critical spin chains. In particular, it is
known that the eigenenergies of a critical quantum chain with N sites and with periodic boundary
conditions are given by [73,74]
mTve 2

TV -

where €4, is the ground-state energy per site in the thermodynamic limit, v is the spin-wave
velocity, c is the central charge, & and & are conformal weights of the primary fields, and »; and
n, are non-negative integers.

For the SU(n) HS model, the spin-wave velocity and the conformal weights of the primary
fields can be determined directly by the finite-size spectra obtained from (79). To show this, we
consider the SU(n) HS Hamiltonian in (77). Let us start with an excitation defined through the
rapidities

{mi}y=2,....n—1,n+1,n+2,....2n—1,2n+1,...,N — 1}, (86)

which is obtained by removing the particle “1” in the ground-state configuration (82). Using (79)
and (81), we obtain the excitation energy E’ and the lattice momentum P’ of this excitation

E=E il 2N 1
= HS+<N)( -1

2

T
ZEHS“‘W—O(l/NZ), (87)
and
Pl P _ 2 (88)
= I'GS N

Comparing to the CFT prediction of the finite-size spectra (85), this excited state corresponds to

h=h=n, =0 and n; = 1. Thus, we obtain the spin-wave velocity

T

However, let us note that the central charge ¢ cannot be obtained using (85). The reason is that
the SU(n) HS Hamiltonian has long-range interactions, which allow an N-dependent constant
term and the ground-state energy as a function of N could violate the CFT prediction (85).

Now we consider other excited states of Hys, by shifting the sequence of ground-state rapidi-
ties in (82) by a, witha € {1, ..., n — 1}. The corresponding rapidity sets are given by

{mi}={1,....[al,....[n+al,....[N=n+al,....,N}, (90)
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where [gn 4 a], with ¢ =0, ..., % — 1, denotes the missing rapidities in the rapidity set. By
using (79) and (81), we obtain the excitation energies and lattice momenta of the corresponding
excited states
a(n —a) 2
Eq=Ens+ ———, O
n N
and

2
P, = Pgs — a—n. (92)
n

Note that these excitations are gapless in the thermodynamic limit N — co. Compared to the
CFT prediction (85), these excited states correspond to h, = hy and nj =n, = 0. Comparing
with (85), we obtain the conformal weights i, = w which correspond to the primary fields
A, of the SU(n); WZW model. This also agrees with the known results [72,75,76] that the
SU(n); WZW model describes the low-energy physics of the SU(n) HS model.

Regarding the excited states of the SU(r) HS model, one remaining interesting question is to
obtain their explicit form and to relate them with the rapidity description in (79). Some of these
excited states have already been obtained in Refs [77,78]. As a further remark, we note that the
gapless excitations at lattice momenta P = a * witha € {1, ..., n} are also known to exist in the

SU(n) ULS model [39—41], which belongs to the same SU(n)1 WZW universality class [79-82].
4.4. SU(n) Hamiltonian in 2D

In this subsection, we discuss the parent Hamiltonian in 2D. After multiplying by an overall

constant %, the 2D Hamiltonian in (57) can be written as

Hyp = Z[|wij|2 + ( Z wltiwkj>j|(;i ’ ;/)

i#] k(i J)

- ﬁ > w;f,wik(ifabc - n%dabc};‘rﬁz,f + % D P (93)
i#j#k i#]j
Note that this Hamiltonian can be defined on any 2D lattice (both regular or irregular) and does
not rely on a particular lattice geometry.

For SU(2), we have dypc =0 and fypctf P tk =17- (t] x 7). Then, (93) reduces to the par-
ent Hamiltonian in [57] for the v = 1/2 latt1ce Laughlin state. This state is also known as the
Kalmeyer—Laughlin state [64,65], whose parent Hamiltonian has been extensively studied [57,
83-89]. From the parent Hamiltonian, it becomes transparent that the chiral three-spin interac-
tion term 7; - (Z j X fx), which explicitly breaks time-reversal and parity symmetries, stabilizes
the spin-1/2 Kalmeyer—Laughlin state. Recently, it has been found [61,90,91] that Hamiltoni-
ans with short-range chiral three-spin interactions can already stabilize the Kalmeyer-Laughlin
state. This is very encouraging, as such short-range Hamiltonian might be realized in cold atomic
systems in optical lattices [61,92].

The SU(n) parent Hamiltonian (93) also has three-body interactions. Compared to the SU(2)
case, one remarkable feature is that, the three-body coupling is suppressed by a factor of
1/(n — 1). This gives us a hint that, for large n, one may have a chance to drop the three-body
terms and the (long-range) Hamiltonian with two-body Heisenberg interactions may stabilize
the lattice Halperin state (50) as its ground state. However, as the number of terms in the three-
body interactions dgpct{’ t ¢ and fupct] t tk also increases with n, it is unclear whether the parent
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Hamiltonian can be adiabatically connected to the long-range Heisenberg model without clos-
ing the gap. Clarifying whether the gap closes in this interpolation is an interesting problem and
certainly deserves further investigation.

Finally, for the 2D SU(n) Heisenberg model on a square lattice with only nearest-neighbor
interactions, it has been argued [93,94] that chiral spin liquid supporting Abelian anyons becomes
stable in the large n limit. Thus, it would be interesting to further explore its possible connection
with our wave function (33).

5. Quantum states from the fundamental and conjugate representations of SU(7n)

In this section, we turn to the more general situation, where we use both the fundamental and
the conjugate representation to construct IDMPSs. In this case, the chiral correlator (7) evaluates
to

N+N

N 2r,r M, ma
W(C(],Olz,...,(XN+N)—X(061,062,.. aN+N)82N+N =0 1_[ (Zl _Z] ! )
i<j

(94)

where x(ay,02,..., 0y ) = KoyKay *
determine below and

Kay, 5 is a z;-independent phase factor that we shall

_)+1 forjeA
rj_{—l for j € B. ©3)
By using (32), we can also express the chiral correlator in the simpler form
U(ar,a,..., 0y, §) o x(ag, 0, ..., otNJrN)(SZMN on(zl_z )r,r/ @ (96)
i<j
Considering (27), we observe that the charge neutrality condition 8ZN+N =0 yields
N —N>=N;—N; 97
N1+ Ny —2N3=Nj+ N5 —2N; (98)
Ni+ Ny — (= 1)Ny = Ny + N5+ — (n — DNz, (99)

where N, (Ng) is the number of spins in the fundamental (conjugate) representation in the state
|a). Together with the conditions

Ni+Ny+---+ N, =N, (100)

N;+N;+---+N;i =N, (101)
we thus conclude that

N1=N1+N;N, N2=NQ+N;N, - Nn=Nﬁ+N_ (102)

must hold for all nonzero terms in the wave function. This is consistent with our previous obser-
vation that (N — N)/n must be an integer.
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1D

Fig. 4. Plots of the 1D and 2D lattices with alternating fundamental and conjugate representations.

X is determined from the requirement that |¥) must be a singlet state, i.e. T¢|¥) = 0, where
7% =Y NN 14 We show explicitly in Appendix B that this condition is fulfilled for

X(QI»“L e 7aN+[\_/')
— (1.1) (Lh @22 (2.2) (n.) (n.71)
_sgn()c1 ,...,xN]+NI,x] ,...,xN2+N2,...,x] ""’XN,1+N5)’ (103)
where xl.(a’&) is the position within the ket of the ith spin that is in the state |«) without distin-

guishing between the fundamental and the conjugate representation. As for the case, where only
the fundamental representation is used, we can obtain (103) by demanding «, in (28) to be Klein
factors.

5.1. Numerical results

We next investigate the states numerically for lattices with alternating fundamental and con-
jugate representations. We start with the uniform 1D case, where we use the fundamental repre-
sentation on all the odd sites and the conjugate representation on all the even sites (see Fig. 4).
Let us consider the entanglement entropy of a block of L consecutive spins, where L is even.
‘We compute this quantity by Monte Carlo simulations as explained in Section 3.2, and the result
is shown in Fig. 5. We observe that the entanglement entropy grows logarithmically. The CFT
prediction for the entanglement entropy of a critical 1D system is [95-97]

L \N+N
522) :gln[sin< il > + i|+constant, (104)

N+N) =
and by using this formula as a fit, we obtain the central charges ¢ = 1.5 forn =3 and ¢ = 1.7 for
n = 4, respectively.
Next we compute the correlation function

c(k) = (ti3ti3+k) - (tl?))(tl%rk) o

by using the Metropolis Monte Carlo algorithm. Here, 3 is the third SU(n) generator, which
we choose such that (t3)11 = —(t3)22 = 1/2 in the fundamental representation and (t3)11 =
—(#3)22 = —1/2 in the conjugate representation, whereas all other matrix elements of ¢° are zero
in both the fundamental and the conjugate representation (see Appendix A). The correlator is
plotted in Fig. 6 for n = 3 and n = 4. It is seen to decay algebraically as a function of the chord
distance sin[k/(N 4 N)] with an exponent that is —1.20 and —1.34, respectively.

The logarithmic growth of entanglement entropy and powerlaw decaying correlation functions
both suggest that the 1D state (96) with alternating fundamental and conjugate representations
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x = In{sin[rL/(2N)]2N/x}/4

Fig. 5. Plot of the entanglement entropy of blocks of L consecutive spins for N = N =300 and n =3 and n =4 in
1D. Note that we plot results only for L even, since the state is only translationally invariant under translation by an
even number of lattice sites. The points are obtained from Monte Carlo simulations, and the solid lines are linear fits. In
computing the fits, we ignore the 10 leftmost points, since the fits are only expected to be valid for long distances.

2 . . . : : :
° o MC forn =3
—1.20z — 8.95 |

3t

4}
N =N =300

1),

5t

3
i

In(|(3£3,) — (¢
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_8t
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—1.34z — 10.05
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x = In{sin[rk/(2N)]}

Fig. 6. Plot of the logarithm of the absolute value of the correlator (105) for N = N =300 and n =3 and n =4 in 1D.
The sign of the correlator is (— k. The points are obtained from Monte Carlo simulations, and the solid lines are linear
fits. In computing the fits, we ignore the 10 leftmost points, since the fits are only expected to be valid for long distances.

describes a critical spin chain. However, the numerical estimations of the central charges for
n =3 and 4 show a clear deviation from the SU(n); WZW model with ¢ = n — 1. The nu-
merically estimated critical exponents of the two-point correlation function also differ from
2(n—1)/n, the expected value for critical spin chains described by the SU(n); WZW model. One
possibility for these deviations is that the system is still described by the SU(n); WZW model,
but in the presence of marginally irrelevant perturbations. Another possibility is that the system
belongs to another universality class which is sharply different from the SU(n); WZW model.
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L

Fig. 7. Renyi entanglement entropy S ) of the 2D IDMPSs (6) obtained from the fundamental and conjugate represen-
tations of SU(n) for n =3 and n = 4. The states are defined on an R x L square lattice on the cylinder, the cylinder is
cut into two halves in the direction perpendicular to the axis of the cylinder, and L is the number of spins along the cut.
The length of the cylinder is R = 12 lattice sites, and we use the fundamental and conjugate representation on every sec-
ond site in a checkerboard pattern. The intersection with the y-axis gives the TEE. The points are obtained from Monte
Carlo simulations, and the lines are linear fits with the constant term being a free parameter (solid lines) or being fixed at
—1In(n)/2 (dashed lines). The inset is an enlarged view.

In the present framework, it is rather difficult to distinguish these possibilities. In Section 6.3,
we propose a short-range Hamiltonian where critical ground states belonging to the same univer-
sality class are likely to appear and which is easier to analyze in practice and may shed light on
the correct critical theory. Another integrable U, [s/(2|1)] superspin chain with alternating repre-
sentations 3 and 3 has been studied in [98], Wthh exhibits several critical theories depending on
the parameters of the Hamiltonian. There could be a connection between these results and our
results.

We now turn to the 2D state on a square lattice on the cylinder, with fundamental and conjugate
representations in a checkerboard pattern (see Fig. 4). In Fig. 7, we compute the TEE following
the same approach as in Section 3.2. The results are in agreement with —y = —In(n)/2 within
the precision of the computation. Similar to the SU(n) state with only fundamental representa-
tions, this indicates that the states (96) in 2D are chiral spin liquids and have the SU(n); WZW
model as their chiral edge CFT.

6. Parent Hamiltonians for the states from the fundamental and conjugate representations

As for the case where only the fundamental representation is used, we can construct a positive
semi-definite parent Hamiltonian H =} ,(C{)'C{ of the state [¥) in (6) from the operator (26)
with the property H|¥) = 0. Utilizing the formulas listed in Appendix A, we obtain

nn+?2)
:4(n+1)2| ijl <1+r,r] - )(tl )+ = l;,{wuwlk(t] )

1 e e o o n—1)n+2) 2
+Z (wf‘jw,-k—mw;“kwij)(ti-tk)(ti~tj)+TZ|wu (106)
iF#j#k i#]
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which is valid for general z ;. Note that this reduces to our previous result (57) forr; = +1Vj. We
also observe that (106) does not depend on r; for n = 2. This happens because the fundamental
representation and the conjugate representation are the same representation for n = 2.

6.1. 1D parent Hamiltonian

We now specialize to 1D by forcing all z; to fulfill |z;| = 1. This gives w;‘j =—w;;j. We
therefore obtain the 1D parent Hamiltonian
n(n+2)
Hip=-— A(n +1)Z <1+rtrj " )(tz tj)__ Z wljwlk(t/ tk)

l#]sﬁk
- - - - (n—1n+2)

— n+1 i 1) 1) = ——— =) wjj. (107)

ij#k i#]

By using (A.5) and (A.7), we find

Z wijwik(a' Z])(E; : Z'k) =3 Z wljwlk(tj tk) + Z WijWikFi abct 1 t]fv
i#j#k 175/¢k ’#J?&k
(108)

and by using (62) and the definition of 7%, we get
Z wijwix @ - 1)
i#j7#k

- -1
=Y [2w} +wijlc; — )] - 1)) + (Nr = 2)TT* — Nr(Nt—2).  (109)

i#]

Inserting these expressions in the expression for the Hamiltonian leads to
(n+2) s (n+4 n—2 N
HlD:_le wii\ = Friri—— ) twijlei —cp) |- 1))

n+
dapet® 1016 Nr—=2)TT* — Ep, 110
2(n+1) l;;:ékw”uhkrt abcli 'ty k 2(n +1)( T ) 1D ( )

where

E1D=w|:

™ 3]—NT(NT—2)}. (111)

i#]
6.2. 1D uniform parent Hamiltonian

For the 1D uniform case, z; = exp(z ]) By using (68) and (69), the parent Hamiltonian
therefore simplifies to

(n+2) 2 - -
HiD uniform = —m ;wij[n +4+rirj(n— 2)](ti )
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Fig. 8. Low lying part of the spectrum of Hip uniform for N = N = 4 and fundamental (conjugate) representations on
the odd (even) sites. The results are obtained by exact diagonalization, and the plot on the left (right) is forn =3 (n = 4).
The numbers written next to the multiplets are the degeneracies.

n b
_ 72(}1—'_ 0 Z wijwikridabctiatjtlf
i#j#k
n+2
— ———— (Nt =2 TT? — E1D uniform, 112
2(n—|—1)( T—2) ID unifo (112)

where

(n—1n+2)
— Nt(N} —4). (113)

We plot examples of spectra of Hip uniform 10 Fig. 8. The spectra show that the ground state is
unique.

E1D uniform = —

6.3. SUn) Jr—J3 chain

One important motivation of studying long-range parent Hamiltonians is that they may shed
light on the physics of some short-range realistic Hamiltonians. As we already mentioned, the
SU(n) HS Hamiltonian with inverse-square interactions and the SU(n) ULS model with only
nearest-neighbor interactions belong to the same SU(n); WZW universality class. For other long-
range parent Hamiltonians constructed for the SU(2); and SO(n); WZW models [56,59,99,100],
the corresponding short-range Hamiltonians are the SU(2) spin-% Takhtajan—Babujian models
[101,102] and the SO(n) Reshetikhin models [103,104], respectively. Regarding the SU(n) par-
ent Hamiltonian (112) with both fundamental and conjugate representations, the natural question
one may ask is whether there exist short-range Hamiltonians belonging to the same universality
class. In fact, finding such short-range Hamiltonians can also be very useful for clarifying the
unsolved issue in Section 5.1 on identifying the critical theory of these models.

To address this problem, we restrict ourselves to the 1D uniform case with alternating funda-
mental and conjugate representations (see Fig. 4). Following the strategy in [61], we truncate the
long-range interactions in (112) by keeping only two-body interactions between nearest-neighbor
and next-nearest-neighbor sites, as well as three-body interaction terms among three consecutive
sites. In the thermodynamic limit, Nt — oo, this procedure yields the following Hamiltonian:

3(n+2) - o n—+2 - o 2n b
Hiruncated = Thrl Xi:l‘i “tit1 + i Xi:l‘i “liv2 + ol Zi:ridahct;zti+1tic+2~ (114)
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By using (A.4) and (A.6), the three-body interaction term can be rewritten as

> ridapet{ 1)ty = Zz, m—Z [Gi - Tie ) @it - Tig2) +hoc], (115)

1

and then the truncated Hamﬂtonlan is expressed as

3(n+2) n? +3n+ 10
Hiruncated = Ztl Slipl + 4( T 1) Ztl tl+2
2n

_n+1

Y LG -G D) @it - Ti2) + e, (116)

There is no guarantee that the truncated Hamiltonian with precisely the coupling constants in
(116) has the same physics as the long-range parent Hamiltonian (112). However, the form of
(116) suggests that a candidate short-range Hamiltonian which shares the same physics might be
found in the J, — J3 SU(n) spin chain

Hpy =Y Gi-tipi+h Y fi-fisa+J3 Y [ fig) g fig2) +he] (117)
1 l L
with J2, J3 being close to the couplings in (116).

We have performed an exact diagonalization of the Hamiltonian in (117) forn =3 and Nt =
10 sites. Fig. 9 shows the overlap (¥ ,_j,|¥)| between the ground state |¥y,_ ;) of (117) and
the state |¥) defined in (96). The maximum overlap (marked with a circle in Fig. 9) is 0.9998
and occurs for J, = 0.557 and J3 = —0.536. These values are quite close to J, = 0.467 and

= —0.400 predicted by the truncated Hamiltonian (116).

Let us also mention several solvable cases in (117), which are useful for understanding the
phase diagram and are also interesting on their own right. One known solvable point in (117) is
the pure SU(n) Heisenberg chain with J, = J3 = 0, which has gapped dimerized ground states
for n >3 [105,106]. In Fig. 9, this Heisenberg point is marked with a plus sign. Motivated by a
recent work [107], we have also identified another class of solvable cases in (117), which have
perfectly dimerized ground states and can be viewed as SU(n) generalizations of the spin-1/2
Majumdar—Ghosh model [108]. These SU(n) Majumdar—Ghosh Hamiltonians are written as

2(n—-2 n+2
HMG=;(H Ki+- Kz)Zrl z,+1+(1<2—1<1)2r, fit2

1

1 1 N R IR
+2(—1K1 - ?1@) lZ[(ti “Ti41)(Ti41 - fig2) + hec.], (118)

where K1, K> > 0 and which, on a periodic chain with even Nt sites, have ground-state energy
Evc =[(n+1)(n—2)K{+ (1 —1)(n+2)K2]Nt/(2n?). In Fig. 9, the Majumdar—Ghosh Hamil-
tonian (118) is shown as a straight line terminated at J, = —3, J3 =3 and J, =6/5, J3 = —3/5.
This line seems to be at a phase boundary between two different phases. Fully clarifying the
phase diagram of (117) requires extensive numerics. This is beyond the scope of the present
work and we leave it for a future study.

7. Conclusion

In summary, we have constructed a family of spin wave functions with SU(n) symmetry from
CFT, and we have used the CFT properties of the states to derive parent Hamiltonians in both
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Fig. 9. Overlap [(¥, - ;1) between the ground state of (117) and the state (96) as a function of J, and J3 forn =3
and Nt = 10 sites. The circle denotes the point with J, =0.557 and J3 = —0.536, where the maximal overlap 0.9998
is achieved. The plus sign corresponds to the pure Heisenberg model with J, = J3 = 0. The Majumdar-Ghosh model
(118) is shown by a straight line terminated at J, = —3, J3 =3 and J, =6/5, J3 = —3/5.

1D and 2D. The states are defined on arbitrary lattices, and each of the spins transforms under
either the fundamental or the conjugate representation of SU(n). For the case, where all spins in
the model transform under the fundamental representation, our results provide a natural gener-
alization of the SU(n) HS model from a uniform lattice in 1D to nonuniform lattices in 1D and
to 2D. For the nonuniform 1D case, the Hamiltonian can be chosen to consist of only two-body
terms. In 2D, the states reduce to Halperin type wave functions in the thermodynamic limit. This
suggests that these states are chiral spin liquids with Abelian anyons, and we find numerically
that the total quantum dimension is close to /7. It also shows that a class of Halperin states have
an SU(n) symmetry and provides parent Hamiltonians that can stabilize these topological states.

We have also investigated the case with alternating fundamental and conjugate representations
numerically. In 1D, our results suggest that the state is critical, but the central charges and the
exponents of the correlation functions deviate from the results expected for the SU(n); WZW
model. In 2D, we find a nonzero TEE, and the extracted total quantum dimension is /7, which
is consistent with the SU(n); WZW model predictions.

For the case with alternating fundamental and conjugate representations, we have proposed a
short-range Hamiltonian for the 1D uniform case and solved it exactly for particular choices of
the parameters. Given that it is possible in many related models with long-range Hamiltonians to
find short-range Hamiltonians that describe practically the same low-energy physics, it is likely
that the proposed short-range Hamiltonian has a ground state in the same universality class as
the constructed SU(n) wave functions for certain choices of the parameters.

8. Note added

During the preparation of this manuscript, we learned that related results have been obtained
by R. Bondesan and T. Quella [109].
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Appendix A. Some useful identities for SU(n)

The SU(n) Lie algebra is formed by n> — 1 Hermitian and traceless generators % (a =
1,....n%— 1). They satisfy the commutation relations

[t9, "] = i fabet®, (A1)

where f,p. is the antisymmetric structure constant of SU(n). For SU(2), we have f,pc = €ape-

In the fundamental representation, the generators ¢ are n x n matrices that we shall denote by
7¢, and in the conjugate representation the generators are —(t%)*. For SU(2), a familiar choice
ist? = %a“, where 0% are Pauli matrices

1 _ 0 1 2 _ 0 —i 3 1 0
o—(l 0), a—<i O)’ o—<0 _1>. (A2)

For SU(3), it is convenient to define t¢ = %)L“, where A4 are the following eight Gell-Mann
matrices:

01 0 0 —i 0
A1:<1 0 0>, A= <z 0 0),

00 0 0 0 0

1 0 0 0 1
x3=<0 -1 ) (0 0 0>,

0 0 1 00

0 0 —i 00 0
x5=<o 0 o), (o 0 1),

i 0 0 01 0

00 0 L /1 0 0
x7_<0 0 —i), 28 —(0 1 0). (A.3)

0 i 0 V3\o 0 —2

The SU(3) Gell-Mann matrices can be straightforwardly generalized to SU(n) [110]. In our
present work, we normalize the SU(n) generators ¢ as tr(r9¢%) = %86,1,
The SU(n) generators in the fundamental representation fulfill

1
{.L.a, Tb} = —0ap + dabcfcy (A4)
n
where d,;p. is symmetric in all indices, and from (A.1) and (A.4), it follows that

dape + ifubc e
— 5 T
For the conjugate representation, we have

(=), () = — duse (= (7)), (a6)

1
%0 = E‘s"b + (A.5)



H.-H. Tu et al. / Nuclear Physics B 886 (2014) 328-363 357

and hence

(EEE) = %5“” + M(—(fc)*)- (A7)

The Casimir charge for both the fundamental and the conjugate representations is given by

2
n-—1
11 = , A8
n (A.8)
and the SU(n) Fierz identity states that
a 4 1 1
(1)ap ()5 = 580888y = 3-updys. (A9)
The tensors d,pe and fyp. satisfy
daab =0, (A.10)
n*—4
dapcdabd = 8cd> (A.11)
(n? —1)(n* —4)
dapedabe = 71 (A.12)
Sabe faba =ndca- (A.13)
Additionally, their threefold products are given by [111]
n
fgaefebhfhcg = _Efabc’ (A.14)
n
dgaefebh fhcg = _Edabc, (A.15)
n*—4
dgaedebh fhc‘g = m fabc’ (A16)
2
n-—12
dgaedebhdhcg = Tdabc- (A.17)
Using the above identities, we find that
a.b.a 1 b
Ut = ——17, (A.18)
2n
a.b.c.a 1 b,.c 1
7t = ——1t7t + —pe, (A.19)
2n 4
2 2
- -, h°—=1 n n-—4\ - - .
@ -tj) = 2 —Z<1—rirjn—2>(fi'fj) @ #J), (A.20)
2 2
- S n“—1 n n“—4\ . - Lo
l;-l(l,' S = a2 + Z(l +rirj n—2>(t,' -tj) (@ #J). (A.21)

In the last two equations we consider two copies 7; and ?j of SU(n) generators acting on different
sites i and j, and r¢ is +1 (—1) if # belongs to the fundamental (conjugate) representation.
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Appendix B. Global singlet condition

In this appendix, we prove that the state (96) with x given by (103) fulfills 7¢|¥) = 0, where
T¢ = ZN_JF N t;’. First we note that the charge neutrality condition ensures that the wave func-

j=1
tion is invariant under the U(1)®”~1 subgroup of SU(n). It is then sufficient to prove that the
operator ZN +N S; 12 annihilates the state, where Sju =t ]1 +i tjz. The first two generators in the

fundamental representation have the form

(01 0 —i
d-2l1 0 2=-|i o0
2 .

where all elements that are not shown are zero. For the A sites (fundamental representation), we
therefore have

0
0

1
511.2:1}“[]2: 0 =|1)(2|;, je€A, (B.1)

j
and for the B sites (conjugate representation), we have

0 0
SP=(@))+i=E)) =1 0 ) =-@a, jeB (B.2)
A
Altogether,
N+N
DOSE=d el - > 2l (B.3)
j=1 jeA jeB
Let us define
N+N
=) SPw). (B.4)
j=1

The term in [¥’) having Nj + 1 spins in the state |1) in the fundamental representation, N spins
in the state |1) in the conjugate representation, N2 — 1 spins in the state |2) in the fundamental
representation, and N5 spins in the state |2) in the conjugate representation at given positions has
coefficient

v ({xgmﬂ} { {2—)>N2 1} {xngl} {ngz})

Ni+1
= 2 o b b b 2 )
j:l
S e 2 ),

where x'® (x (.a)) is the index of the jth spin in the state |¢) in the fundamental (conjugate)
representation. We define the order operator O as



H.-H. Tu et al. / Nuclear Physics B 886 (2014) 328-363

359
zj—zr forj<k
O(zj—z)=140 for j =k (B.5)
zk —z; forj>k.
Note that
lp({x{l—l, 1’xj(21—>N]+1} {xiz—)wz—l’x](‘l)}" { gN} { 52—)>N} )
sgn(x(1 1),.. {x ( ) missing} .. xl(\}ll-)N +1,x52’2), .. xﬁ.l), . "’xl(\?ﬁ-)Ni—l’ )
B sgn(xf]’l), ](\}1-1F)N +10 X (2 2)’ 1(\/22—21—)N——1"")
]—Lfl 0(z, =2 <2)) 1_[,_1 O(z, o= inm)
l—[f\gﬁ;#) O(Zx;n - Zx,.(l)) ]_[l.:1 O(ngl) - le@)
lp({xl(leJrl} {xl(i)Nz 1} {xl(gN}{xl(iNz})
sgn(x(1 1),...{ (1) missing} . . x[(\}]jr)N +1,xl(.l) x{z 2)’“-’)‘1(\123:1\]2—17-")
- sgn()c(l l), ..,x,(\}l’JlF)NiH,xfz’z), . .,xl(\%z’i)er, L)
l_[l_l (z, M —2 (z)) H?Zl O(Zx;n —le_m)
[Tz O(Zx;” —z,0) T2 @ =2,0)
le({xigN]-H} { ﬁNz 1} {XEZN} { iz—)w} )
| P N z,) H;V:II(ZX!@ _Zx;”)
]_[f\ﬁl(#])(zx;l) - Zx;_n) ]_[fvzil(zxﬁl) - Zx_(i))
x lP({xnglH} { ?a)szl} {ngi}’{ §2N2}) (B.6)

In a similar way, we find

(D () ) () ) ()
“”({ 1—>N1+1} {x1—>N2—1}’ {x1—>1v- X } {x1—>j—1’ j+l—>N2} )
N,
[l o~z (2)) [Jhe (Z @ in<2>)
N_
Hizzl(?gj)(Zx(_i) - ngi)) Hi:] (fo(l) - Zx(i))
J l

J

< (b (2] gN—}ﬂ{ §2H)Nf}7"')'

To prove that ' (x” . L ix® o 4o o® @ )

>N +10 W SN, 11 X1 15N ..) vanishes, we thus need to
proof that
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Ny—1 Ny
Ny+1 l_[l.zzl (Zx;n — le_(Z)) l_[i:ll(zx@ - Zx;_n)
1

N+l N
=1 idigy @ —2,0) iz —2.0)
1

Ny Ny—1
N3 Hi=1(2xgi) - Zx(é)) [L2 (Zx@ - in(z))
- i J =0 (B.7)
N5 N1+ _ : ’
j=1 Hizzl(ij)(zx(,z) Z (2)) ]_[ (in(l) - Zx;2>)
J

We rewrite the left-hand side (LHS) of Eq. (B.7) into

Ny Ny—1
Ni+1 l_[,'zll(zxgu —7@) [12 @o—z0)
LHS = (-DNi~M 2 , N i Y, / l
i B 1(¢])(Zx§_|> — legl>)l_[i:1(ZX;1> - ZX@)
13

Ni Np—1
ACA P 1(Zx(2>—zx§i>)l_[i:21 (Zx(2>—ng2))
+(= l)Nl NIZ Ns l Ni+1 ) ’ (B.8)
j= 112 1(¢1)(Z (z) in(i))l_[izl (Zx@ _in(l))

Let us denote ORI (|> PR (2) aszp (p=1,2,...,Ni+N3;+1) and Z (s
1 Ni+1 1 1
Z),2,0,..-,2.0 asw ((=1,2,.. N1+N2—1) Then
Xn- M ANy—1
Ni+N;+1 N1+N2—1(Z w)
_ _1\Ni=M =1 p— Wi
LHS = (- )V Z T ) (B.9)
p=t lgmiidp) G —29)

From (97) it follows that N1 + N5 = Nj + N». Multiplying out the polynomial in the numerator,
we observe that (B.9) is zero for all choices of w; if we have

K Zm
—r =0 form=0,1,....K -2, (B.10)
=t gz @p = 29)

where K = N; + N; + 1. To prove (B.10), we first multiply by the nonzero factor
(—HK-1 H1§q<l§K (21 — z4), which transforms the left-hand side of (B.10) into

Z(—l)f’ 'z H (@1 — 2¢)- (B.11)

q<l(¢p)

This expression contains the Vandermonde determinant. Specifically,

Z( Pt H (@ —29)

q<l(¢m
1 1 1 1
21 prl Zp+1 K

~

=Y (=1)P7 27 det
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m m m
Zl Z2 .. ZK
1 1 1
=det| 2 2 K
P ST S
=0, (B.12)

where the last equality follows because the determinant has two identical rows for all m €
{0,1,..., K — 2}. This completes the proof of the singlet property.
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