Available online at www.sciencedirect.com

ScienceDirect NUCLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 907 (2016) 678—694
www.elsevier.com/locate/nuclphysb

Off-shell CHY amplitudes

C.S. Lam ™", York-Peng Yao “*

& Department of Physics, McGill University, Montreal, Q.C., H3A 2T8, Canada
b Department of Physics and Astronomy, University of British Columbia, Vancouver, BC, V6T 1Z1, Canada
¢ Department of Physics, The University of Michigan Ann Arbor, MI 48109, USA

Received 20 February 2016; received in revised form 6 April 2016; accepted 13 April 2016
Available online 19 April 2016

Editor: Leonardo Rastelli

Abstract

The Cachazo—He—Yuan (CHY) formula for on-shell scattering amplitudes is extended off-shell. The oft-
shell amplitudes (amputated Green’s functions) are Mobius invariant, and have the same momentum poles
as the on-shell amplitudes. The working principles which drive the modifications to the scattering equa-
tions are mainly Mobius covariance and energy momentum conservation in off-shell kinematics. The same
technique is also used to obtain off-shell massive scalars. A simple off-shell extension of the CHY gauge
formula which is Mobius invariant is proposed, but its true nature awaits further study.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

S-matrix theory was very popular in the late 1950s and early 1960s. It sought to deal more
directly with physical observables, and to avoid ultraviolet divergences by staying away from
local space-time interactions. Unfortunately, it never got too far because dynamics could not
be fully introduced without a Lorentz-invariant interaction Lagrangian density. This problem
is now nicely circumvented by the Cachazo—He—Yuan (CHY) scattering theory [1-6], where
local Lorentz invariance is supplemented by Mobius invariance of the scattering amplitude in an
underlying complex plane. Since its inception, there have been many other papers discussing the

¥ Corresponding author.
E-mail addresses: L.am @physics.mcgill.ca (C.S. Lam), yyao@umich.edu (Y.-P. Yao).

http://dx.doi.org/10.1016/j.nuclphysb.2016.04.023
0550-3213/© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.nuclphysb.2016.04.023
http://www.elsevier.com/locate/nuclphysb
http://creativecommons.org/licenses/by/4.0/
mailto:Lam@physics.mcgill.ca
mailto:yyao@umich.edu
http://dx.doi.org/10.1016/j.nuclphysb.2016.04.023
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2016.04.023&domain=pdf

C.S. Lam, Y.-P. Yao / Nuclear Physics B 907 (2016) 678-694 679

properties of the scattering equations [7—16], calculations of the amplitude [17-21], its relation
to string theory [22-24], the soft and collinear limits [25], and generalization to include massive
and/or other particles [20,26-29]. The CHY formula, in its original form, is a tree amplitude for
massless particles. In order to implement unitarity, generalization to loop amplitudes [30-37]
is required. To facilitate such a generalization and to understand better its connection with local
quantum field theory, it is necessary to study the off-shell behavior of these scattering amplitudes.
This is what we propose to do in this paper. In Sec. 2, we will extend the CHY on-shell scalar
amplitude off-shell to get the amputated Green’s functions. We will also use the same technique
to extend massless amplitudes to massive scalar amplitudes in Sec. 3, on-shell and off-shell. The
on-shell version agrees with the result obtained previously by Dolan and Goddard [20]. The same
consideration also yields an off-shell extension of the CHY gauge amplitude, which is Mobius
invariant, but the implication of such an extension requires more study as we shall discuss in
Sec. 4. Some of the illustrative details are contained in the three appendices.

2. Off-shell massless scalar amplitude

Consider a set of scalar fields ¢'“ in which the first index is in the adjoint representation of
some Lie algebra and the second index is in another. If they interact tri-linearly through

1 L X
Lin = yfijkgabc(ﬁm(p]b‘Pkcv (D

f’s and g’s being the structure constants in the Lie algebras, then the Green’s function for n
particle with momenta k;,i = 1 - - - n at the tree level will be a function of products of propagators
- _1 — with 2 <m <n — 2 and s;j,...;,, = (ki; + ki, + -+ ki,,,)2- The coefficients will be a
Siyigim

product C; of n — 2 f’s of the first Lie algebra and another product D, of n — 2 g’s of the other.
For some subsets of indices, they satisfy the Jacobi identities

Ci+Cj+Cr=0, D+ Dp+ D:=0. )

Because of this and because of f and g being totally antisymmetric, only (n — 2)! of the C’s and
(n — 2)! of the D’s are independent. We can choose an independent set, such that C’s are of the
form fi jj5 - fin_zjn_tin A0d D’S €a1b3bs - * * 8by_oby_1a,- The n-particle Green’s function will be
given as

<(¢i1a1 (k1)¢i2a2(k2) .. ¢in“" (ky))) =~ (C|M|D), 3)

irrespective of whether k; are on-shell or not. Here (C| is a vector formed from the independent
set just mentioned and so is the vector |D). M is the (n — 2)! x (n — 2)! symmetric propagating
matrix given by CHY formula when all the ki2 = 0. Explicit expressions for n =4, 5 were given
earlier by Vaman and Yao [38]. In the next two sections, we shall explicitly solve for the modi-
fications to the scattering functions f; in the CHY formulas such that M takes exactly the same
form even when ki2 # 0 for n =4, 5. Generalization to any n will then be given in what follows.

2.1. Four particles

When all the particles are on shell, the amplitudes are given by [1-6]

y 1 [dos o
M1 L : 4 )
2xi ] f3 012340144
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with
Oiyizizerim = OitinOiziz * ** Oiyyiy > Oij = 0f — 0, )

and the scattering function f; is defined in (30). The integrals are to be evaluated at the pole due
to f3 =0, with 0;; =0; — 0, 01 =0, 02 =1 and o4 — 00. We need to evaluate the integrals
for these configurations only, because from Bose statistics, we are required to obtain

1324 1324 1234, 1234 1324 1234 1234, 1324
M =M 2 M =M [23. 6)

<>

We shall make changes for f3 in eq. (4) to give correct M 123%1234 and 1234 1324 off_shell. The
other configurations will be given by the substitutions of eq. (6). To avoid confusion, we will use
/3 to denote the modified f3. The modifications we propose are

fi= 8§31 + X31 i 532 +X327 %)
031 032

in which x31 and x3, are independent of o’s. This assumption of ¢ independence is predicated
by our preference not having to solve a high order algebraic equation for the poles embedded in
f3 otherwise. As we shall see, with this assumption, Mobius covariance and energy momentum
conservation for off-shell kinematics will lead to the determination of x;;. However, we shall
obtain x3; and x37 here directly by demanding that the Green’s functions from eq. (4) should be
the same as those given by the double-color field theory. We postpone to Appendix A to show
that such modifications will abide by Mobius invariance, which allows us to set the three o’s to
the values we gave. The pole is at

§31 +x31
031 =03 = , ®)
§31 + 832 + x31 + X32
and therefore
03) =03 — 1 = — SS2+x32 . (9)
8§31 + 832 + X317 + X32
These give
1
1234 1234 _ <s31 +x31 ) . (10)
831 + 832 + x31 +X32 \ $32 + X32
Using the off-shell kinematics
4
531 +S32+812=Zk,~2, 532 = S14, (11)
i=1
we obtain
1 1
M1234, 1234 — (12)

S14+x + 34 K- .
14+X32 s =3 ki — (x31 + x32)

To coincide with the field theory result M123% 1234 — i + ﬁ, we need

4
X31 =—Zki2, x3p =0. (13)

i=1
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With these, it is easy to obtain

12341324 _ _L. (14)
S14

If we are to use these x;; for fg and assume that M 1324.1324 j¢ given by eq. (4), with 012340714

replaced by 0132401324, we would obtain M 1324,1324 é + m, which is not what field
theory gives. Instead, we should use eq. (6)

1 1 1
JY A C T N S S VA E- 2 < (15)
513 §14 S14

We have not been able to find one single universal fg, which can produce all the results we
want for all configurations for off-shell Green’s functions. This color dependence of the off-shell
scattering function is a new feature that will be further discussed in Sec. 2.3.

2.2. Five particles

The amplitudes are given by [1-6]

2 2
1712345, 1ijks -1 dordoy  0{35
i ’ (16)

2mi Jf2fa 01234501ijks

in which i, j, k = 2,3,4 or their permutations, and o1 3 5 can take on any fixed values. The
scattering functions f; are defined in (30). We shall obtain the other configurations M /"3, 11k
by appropriately relabeling indices of the results from eq. (16), e.g.

13425, 14235 12345, 13425
M =M [354,452,253. (17)

The integrals are to be evaluated at the poles due to f, =0 and f4 = 0 simultaneously.
In this case, let us assume that to obtain the Green’s function, the modifications are
A S0 §3 Su . 8
fr=2l 2B (18)
021 023 024 025
and
A Sa1  Sa2 Sz Sas
fa=—+—4+—+—, (19)
041 042 043 045
in which §; j =sij +x;; and x;; = x j; are assumed to be independent of .
Then, for the Green’s function M 12345, 12345 he expected result from field theory is [38]

1 1 1 1 1
12345, 12345
M |exp = + + . (20)
S15834  S15823  S12845  $23845  S12534
From Appendix B, we find that
1 1 1 1 1 1
M12345’ 12345 = < A~ ~ A_) + ~ A~ + ~ A~ + ~ A~ . (21)
8§23 + 834 + 524 S34 523 S12545  $23545  S128534
Comparing the two equations above, we conclude that
512 = 812, 845 = S45, $23 =523, $34 =534, (22)

which gives

X12 =X23 = x34 = x45 = 0. (23)
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Furthermore, we have

§23 4 834 + 524 = 523 + 534 + 524 + X24 = 515. (24)

Upon using kinematics

8§23 + 534 + 524 = 515 +k§+k§+k£, (25)
we arrive at

x4 = — (k3 + k3 +k3). (26)
Picking other pairs of fi, f] to evaluate M 12345 12345 "we also obtain

x15=0, x1a = —(k{ +kj +k3), x13 =—(k] + 45 +13), @7

xo5 = —(k? + k3 +k2), x35 = — (k3 + k3 +k2). (28)

2.3. Any number of particles

The CHY on-shell amplitude for n scalar particles is [1-6]

n

1 \"3 do; 1
MéP = —— ?§ o [ ‘ : 29
( 2711') rst fi | owop (29)

r i=1, i#r,s,t

where o, oy, 0y are three Mobius constants which will be left arbitrary, o = [oja - - - o]
and B = [B1B2---Bn] are the two configurations of colors, with o, = HZ:] Owgaps1r OB =
[Tr—1 08s8s,:» and n + 1 = 1. The contour I encloses the (n — 3)! zeros of f; anti-clockwise,
and the on-shell scattering functions are

n
i ks
fi= Y, =/, a=izn. (30)
=, Oij
J=Lj#
To get an off-shell amplitude, we assume the only change needed is to replace f; by an off-
shell version given by

n A
N Sij

;= , 1<i<n),
fi ._Z o (I=<i=<n)
J=Lj#i
§ij =sij +xij =2ki -kj + & + k7 + xij., €19

where x;; = x;; is assumed to be o -independent. We also assume that the contour I' is replaced
by I to enclose fl =0 (@ #r,s,t) anti-clockwise. Since x;; do not appear, we may and will
set them equal to zero. The rest of the parameters x;; = x;; are determined by requiring the
off-shell amplitudes to be Mobius invariant, and to have propagators identical to those given by
field theory.

Under a Mobius transformation o; — (a0 + 8)/(yo; +6), with ad — By = 1, the off-shell
amplitude is invariant if f, — f, (yoi +8)2. A simple calculation shows that this is fulfilled if

> &j=0, (32)

JF#
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which, by using momentum conservation, implies

n n
D xij=—(n—Hk} = k3. (33)
j=1 j=1

There are many solutions to this equation, so Mobius invariance alone is too general to fix
the off-shell amplitude, and that is where the propagator requirement mentioned two paragraphs
above comes in. First consider the case « = 8 =[123---n]. Then any ({ + 1) (1 <€ <n — 3)
consecutive lines may form a propagator, with an inverse factor

i+0—1 itl i+t
2
ShitLit2 it = Y Y sp— =1 k7, (34)
r=i t=r+1l r=i

for some i and some ¢. Here and after the line indices are understood to be mod n. For on-shell
amplitudes, the inverse propagators ) . _, 2k, -k, can be obtained by carrying out the integration
of eq. (29). For off-shell amplitudes, the only change is to replace f; in eq. (29) by f,-, namely,
by replacing 2k, - k; by §,;, hence the inverse propagatoris ) . _, §,;. Equating this with eq. (34),
we get

ite—1 i+t i+t ite—1 i+t
Yo s —€=DY K=Y Y (s xn), (35)
r=i t=r+l r=i r=i t=r+l1
or equivalently,
itl—1 i+t ‘ ‘ i+t
Z Z Xpe = — (€ — DX, x;“:Zkf, (1<t<n-3). (36)
r=i t=r+l r=i
In particular, if £ = 1, then
Xii+1 =0, (37)
and
Xijitn—1=Xitn—1,i+n =Xi—1,i = 0. (38)

To obtain solutions for other x;;, subtract eq. (36) from the same equation with £ replaced by
¢ —1to get

i+0—1
Z Xripe=— = DX @ -2xH 2<e<n-3). (39)

r=i

For ¢ =2, it gives
X ==X = (2 + kA + kL), (=), (40)
and

i+ 2 2 2
Xiji4+n—2 = Xi+n—2,i = Xit+n—2,i+n = Xi-2,i = XII'+Z_2 = _(ki+n72 + ki+n71 + ki—i—n)’
(n=5). (41)
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The restriction n > 5 comes about because the requirement that 2 =/¢ <n — 3. In case n =4,
eqs. (40) and (41) are no longer valid. They would be replaced by a relation obtained from
egs. (33) and (37) to be

4
Xiiv2 ==Y ki, (n=4). (42)
r=1

This agrees with the result (13) obtained previously by direct calculation.
For £ > 3, the solution can be obtained by subtracting (39) from the same equation with (i, £)
replaced by (i +1,¢ — 1) to get

Xii+l = —(Z — l)Xll-‘rf + (E _ Z)Xll:-‘rl—l + (E _ Z)XH_Z _ (E _ 3)Xl:+£—1

i+1 i+1
=—(k}+kr,), (B=<t=n-3). (43)
To summarize, the solutions are
0 if|j—i|=0orl
xij =1~ + ki +k5) if[j—i]=2 , a=p=(123---n), (44)
— (k] + K3 if |j—i|>3

where m in the middle equation is the line between i and j. These solutions are symmetric in i
and j, as they should be, and automatically satisfy the gauge-covariant condition eq. (33) because

i+n—3

n
Y xj=—X,-x7- Y (k?+k§) — -4k =Y K (45)
j=1

j#i Jj=i+3
More generally, if « = 8 = [ajapa3 - - - @], then the inverse propagators allowed would be
Sajari10i42--i4¢» and the solution of x;; can be obtained from eq. (44) by a substitution to get

0 if|j—i|=0orl
28 = kG TR, R il —il=2 b a=f=[emasal. (46)
—(kg, +kg) if |j —i] =3

where the colors are now indicated in the superscripts.

a,p
i
(xf‘j’“ + xf;.’ﬁ)/2 to ensure M*%P = MP® This gives the right answer because when o = 8,

So far we have considered diagonal colors, with § = «. In general, we should take x

it returns to eq. (46). When o # 8, an (¢ + 1)-line pole is present in M*# only when
Soticti 1 @iyatie = SB:iBir1fisaPire» Which demands the unordered set of momenta {ky;, ko, ;,
.-, kg, ,} to be identical to the unordered set {kg;, kg, -- -, kg, ,}. In that case the propagator
requirement eq. (34) and eq. (36) are automatically satisfied.

It is interesting to note that the on-shell scattering functions f; do not depend on the colors,
but the off-shell functions f, do.

2.4. Off-shell amplitude and off-shell extension of on-shell amplitudes

Take the on-shell amplitude in eq. (29). There is a way to extend M%# such that three of the
particles are off-shell while the rest are on-shell. Let us call r, s, ¢ constant lines and the others
i #r,s,t variable lines. As long as all the variable lines are on-shell, i.e., ki2 =O0foralli #r,s,t,
then the amplitude is Mobius invariant no matter whether k., kg, k; are on-shell or not. In this way
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we can define a Mobius-invariant amplitude using (29) for up to three off-shell lines. We shall
refer to this as the off-shell extension of the on-shell amplitude.

What we want to point out is that this off-shell extension is generally different from the off-
shell amplitude considered above, by keeping all but at most three lines on-shell, because the
off-shell extension amplitude may not satisfy the propagator requirement.

For example, suppose line r is off-shell and a variable line i is next to it in an amplitude with
diagonal colors. The off-shell amplitude satisfies the propagator requirement and gives rise to a
propagator 1/s;,, whereas the corresponding contribution from the off-shell extension amplitude
is 1/2k; -k, = 1/(siy — k2).

In the case of diagonal colors, the only time an off-shell extension amplitude coincides with
an off-shell amplitude is when there is only one off-shell line, say r, shielded on either side of it
by the other two on-shell constant lines s and 7. In this way no variable line can get next to the
off-shell line to produce a different propagator.

3. Off-shell massive scalar amplitude

We want to explore whether the amplitude of a double-color scalar theory with mass m can
also be given by eq. (29), with f; replaced by f, of eq. (31), but with a different x;; than the
massless case. The general solution is given below in this section, but to make it more concrete
and easier to understand, explicit evaluations for n = 5 and n = 6 are given in Appendix C.

To be Mobius invariant the condition eq. (33) must be satisfied. For « = 8 =[123---n], the
inverse propagators are §; j1,i+42,...,i+f — m?, so eq. (35) should be replaced by

i+0—1 i+t i+¢ i+0—1 i+¢
YD s <e—1>Zk2—m =D D (s txn), (47)
r=i t=r+l1 r=i t=r+l

and eq. (36) should be replaced by

i+0—1 i+¢ i+¢ )
> xr,——(ﬁ—l)Zkz—m — DX —m?, (1<€<n-3). 48)
r=i t=r+1l

Setting £ = 1, we get
Xiitl =Xijifn_1=—m>. (49)

Eq. (39) is still valid in the massive case, because subtraction cancels the m? terms. Setting £ = 2,
we get

Xiipr ==X —xiip1 = —(k + ki H ki) +mt, (n>9). (50)
Similarly,
Xiidn—2=X1" ) —Xiign1 =~y + ki H k7)) +mP, (1=5). (51)

As in the massless case, n = 4 must be treated separately. There, we need to use eq. (33) to get

4 4
Xiit2=—Xiip1 —Xiio1— Yy _ki=—Y ki+2m’  (n=4). (52)
r=1
For ¢ > 3, the solution can be obtained by subtracting (39) from the same equation with (i, £)
replaced by (i + 1,£ — 1) to get
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Xiipe=— = DX 4 (0 =X p (- xIH - (0 - xIH!

i+1 i+1
=—(k}+ki,), (B=<t€=n-3). (53)
The final solution is therefore
0 if|j—i|=0
—m? if|j—il=1
MITY 24K+ K A m? it =2 [+ *TF=U23em. (54)
— (k7 + k) if|j—i] >3

It can easily be checked that the Mobius-invariant condition eq. (33) is also automatically satis-
fied. For general colors « and 8, the solution can again be obtained from eq. (54) by a substitution
as in the massless case.

4. An off-shell extension of the gauge amplitude

Similar to (29), the on-shell color-stripped n-gluon scattering amplitude is given by the CHY
formula [1-6] to be

1 \"3 " do, \ Pf¥
M= (- z : : 55
( 2711') f"m 1_[ fa | 0« e

a=1,a#r,s,t *

with the reduced Pfaffian Pf' W replacing the factor 1/ in the scalar theory. The reduced Pfaffian
is related to the Pfaffian of W;7 by

(_1)i+j

Gl'j

Py =2 Pf (\pl’]f ) , (56)

the matrix \Illlj] is obtained from the matrix ¥ by deleting its ith column and row and its jth
column and row, and the antisymmetric matrix W is made up of three n x n matrices A, B, C,

\11:(2 —gr). (57)

The non-diagonal elements of these three sub-matrices are

2k, - k €4 € €4k
Aab= . bs Bab= . b? Cab: . bs 1Sa7éb5n7 (58)
Oab Oab Oab

where €, is the polarization of the ath gluon, satisfying €, - k, = 0. The diagonal elements of A
and B are zero, and that of C is given by

n
Caa == _ Cab, (59)
b=1

so that the column and row sums of C is zero. A similar property is true for A if the scattering
equations f, = 0 are obeyed, which is the case because the integration contour I" encloses these
zeros anti-clockwise.

Under a Mobius transformation, o, — (aop + B)/(yop + 6), with ad — By = 1, the CHY
amplitude eq. (55) is Mobius invariant if the momenta are massless and conserved. The gluon
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amplitude is gauge invariant and independent of the choice of A and v if the row sum and column
sum of the sub-matrices of A and C are zero, as mentioned in (59) and the paragraph below it.

An off-shell extension of (55) can be obtained if we replace f; by f, obtained in the previous
sections, the contour I" by r enclosing f, =0, and the elements of A in (58) by

3?..
A,,:Zﬁ. (60)

j# Y

The row and column sums of A are still zero because f, = 0 and because (32) is satisfied.
This off-shell extension is Mobius invariant and is independent of the choice of A, v as before,
because all the conditions necessary to prove these properties for the on-shell amplitude have
been preserved with the change.

These changes are the simplest extensions of the on-shell scattering formula to off-shell, but
whether it is the amputated Green’s function of an Yang—Mills field theory is not immediately
clear. The reason is, off-shell Yang—Mills theory is gauge dependent, and in our extension gauges
do not enter. It is possible that this extension determines a particular ‘CHY gauge’, or that the
true off-shell extension is much more complicated than what is discussed in order to reflect
the freedom of gauge choice. It is even possible that field-theoretical off-shell expression is not
Mobius invariant. Further study is required to know what is the truth.

5. Conclusion

The CHY scattering formulas for massless scalar particles are extended off-shell by changing
2k; - k; in the scattering function f; to (k; +k j)2 + x;j, where x;; = xj; is independent of o. It
can be determined uniquely from the requirement that off-shell amplitudes are M6bius invariant
and have exactly the same invariant-momentum poles as the on-shell amplitudes. The same re-
quirements also allow us to extend the formula to massive scalar and vector amplitudes, on-shell
and off-shell. A simple off-shell extension of the CHY gauge amplitude is also proposed, with
many nice properties including Mobius invariance and the independence of A and v, but the true
nature of this extension formula requires further study.

Appendix A. Mobius invariance of the n =4 and n = 5 amplitudes

One motivating and intriguing feature of the CHY formulas is that the on-shell amplitudes for
scalar, gauge, and gravitational interactions are all invariant under Mobius transformations

_ao/+p

=—L = as—By=1. Al
yol 5 ad — By (A1)

Oi
In our extending the CHY formula to off-shell, it is very natural to ask if such invariance still
holds. In fact, this is required of us, because if it were not so, then we would not have the freedom
to fix three of the o’s to the values we used in Sections 2.1 and 2.2. Gladly, the answer is in the
affirmative, although with some restrictions (eq. (6), eq. (17)). Let us begin with the case of four
double-color scalars. The invariance of the off-shell Green’s functions is intimately tied up with
the transformation property of the scattering equations. Let us generalize these slightly before
we fix three of the o’s

A S12 S13+ X3 Si4
filo)=—+—"—"""+

012 013 014
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A S21  $23 . S24 + X31
flo)=—+—+——,
021 023 024
2 §31 +X31 | S32 . $34
filo) = ——"+—+—,
03] 032 034
2 S41  S42+X31 543
falo) ="+ 7 + . (A.2)
041 042 043

One can verify that they satisfy
4 4 4
Y fi=) eifi=) otfi=0. (A3)

i=1 i=1 i=1

as a result of momentum conservation, and

4
D sij=Y ki =—x3=—x, (A4

J# j=1

which in turn means that only one of the f, is independent. Let us take this to be fg. Then, we
find that under M6bius transformation

f3(0) = y (o 4+ 8)[—(s31 + x13) — 530 — 534] + (Y03 + 8)* f3(0). (A.5)

The first term vanishes as indicated by eq. (A.4), which makes f3 Mobius covariant. Now, we
also set 01 =0, o» = 1 and 04 — oo. Using

d dos (A.6)
o= .
(yo} +8)?
and
o o/
2 —(yoi ot =23, (A7)
0123401ij4 01234%1ij4
we have
% Ada3 &:¢&#. (A.8)
f3(0) 0123401ij4 f3(07) 01234914

The caveat here is that in order to have poles at the correct place, we have committed to the form
of f3 as determined.
For the double-color five particle amplitudes, let us generalize the functions slightly to

A S12 S13+ X130 Sia+ X4 SIS

fi= + + + —,
o2 o013 014 015
A 821 8§23 | S2a+Xx24  S25+ X25
fi=—+"—+ + :
021 023 024 025
A 831+ Xx31 S22 S34 S35+ X35
== ==
031 032 034 035
A 841+ X411 S42+X4p  S43 845
Ja= + +—4+—,
041 042 043 045

» 851 Ss2+X52  S53+X53 S54
=+ + + =

. (A.9)
051 052 053 054
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It is easy to check that

5 5 5
Y fi=)eifi=) ol fi=0. (A.10)
because of momentum conservation, similar to eq. (A.4), when we take
x31=—(ki + k3 +k3), xa1=—(ki +k3 +k3), xa2=—(kj +k3 +k3),
xsp=—(3 + K2 +kd), x53=—(K3 + k3 +kD), (A.11)

which implies that only two of the fi/ s are independent. We choose them to be fg and f4, which
are M0Obius covariant, in the sense that

f0) = (o5 + 82 f20"),  falo) = (yos +8) fa(a), (A.12)
and we are led to
yg Ada3dAa4 ods _ f AdcrédAai /(0;2522 ' 13
f3(0) fa(o) 01234501ijks f3(07) fa(0') 01234501, jks

Appendix B. A diagonal element of the n = 5 amplitude

In this note one of n =5 scalar amplitudes is calculated. The others can be done in a similar
fashion. For our purpose here, let us consider the most complicated case with diagonal colors,
say with 1, 3, 5 as the constant lines.

—1\2 o%.dordo
15=<_'> 35492404 (B.1)
27 2 f4012345012345

s s s s
PRI T
o1 023 02 025
s s s S
f4_i+£+ﬁ+£ (B.2)
041 042 043 045
Poles are from {21}, {23}, {234}, {43}, {45}. We denote contributions from (({21}, {43}), ({21},
{45})), ({23}, {45}), and {234} by I5,, Isp, I5. respectively.

For the first case,

‘7135‘1‘74

27” f2a f4a01345

f2a =521,
S41 + 842 S43 845
fta=—7"+ "+ —. (B.3)
041 043 045

In the subsequent o4 integration, both the 043 = 0 and the 045 = 0 poles contribute to give two
terms. The final result is

o= - (L n L) . (B.4)

§21 \$43 45
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Similarly, for the second case

Isp = L L (B.5)
8§23 S45
As for Is, there are two regions of contribution. Carry out the change of variables 023 = 505
and 034 = 503’ 4> from o7 and o4 to s and some linear combination of 02/3 and 03/ 4- In the vicinity
of s = 0, the factor 0’1223 45 becomes s401235 (02’303’4)2, which shows two zeros, the first at oy, =0
and the second at 02’3 = 0. In the region around the first zero, we fix 02’3 = 1, so the integration
measure becomes dordoy = sdsdaéi. After the s integration, we end up with

2 /
Is=— 1 %‘ oizs5doy

c — . 2 ’
2ri E fac fac0i35(05305)*
4

$23 . 824
f2c = + L
O0y3 Oy
S42 843
Jae=—F+—. (B.6)
O4  O43

The contour I'4 forces fi, = 0. With 02/3 = 1, this yields 043 =543/ (542 + s43), and hence f>, =
8§23 + 534 + $24 = s15. Now reverse and distort the 041 contour to surround the pole at 043 =0.In
this way we get

1
1At = ) (B.7)
3 515843
Contribution from the second region is obtained by 2 <> 4
1
12M = : (B.8)
515823

Thus I5s = Is, + I5p + I5. consists of 5 terms, corresponding to five Feynman diagrams.
Appendix C. Off-shell scattering equations for n = 5, 6 massive scalars

In the following, we are going to give two examples to illustrate how to construct the scattering
equations which will give the same amplitudes as from field theory. There, the massive scalar

propagators are - 1 , 2<p <n-—2,instead of 1 — as in the massless case. Hence, the
iyig-ip—m 2ip

obvious rule is first to replace s;,;,...; » with s;,,...; i m? in the scattering equations of Section 2.
Consider the case n = 5, where now eq. (A.2) becomes

2 Siyi

2 2, 24 2
A S)2—m s;3—m-+x S14 —m~+x S5 —m
fi= + By 1+ :
012 013 014 015
2 2 2 / 2 /

A Sy —m S23 —m S24 —m*- +x S5 —m” +x
fH= + + M4 B,
021 023 024 025
s sy —mP4xy  sp—m? ssay—m? 535 —m? +xks
fr= + + + :

03] 032 034 035
2 / 2 ’ 2 2
A S41 —m*° +x S4p —m* +x S43 — M S45 —m
)= L4 2 4 + :
04] 042 043 045
2 2 / 2 / 2
~ S51 —m S50 —m“ 4+ x §53 —m*~ +x §54 — M
fs= + 2 4 3 4 : (R

051 052 053 054
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where we have written in the notation of Section 3 x;; = x/ i m?. Modular covariance of f1 =0
gives the condition

(s12 — m?) + (s13 — m* + x13) + (s14 — m* + x1,) + (s15 — m?) = 0. (C2)

Using momentum conservation, we have

5
S12+S13+S14+S15=Zk,~2+k2, (C.3)
i=1
which results in
5
Xy xiy ==k + k) +4m>. (C.4)
i=1

Similar consideration gives

5
X+ X35 = —(Q_K] +k3) +dm?,
i=1
5
Xy +x35 == k7 +k3) +4m?,

i=1

5
Xy + Xy = =YK +kp) +4m?,

i=1

5
xhs + %55 = — Ok +k3) +4m?, (C.5)
i=1

which lead to the solution

xj3=—(k} + 13 +&3) +2m?,

xjy=—(ki + k3 +k3) +2m?,

xby=—(3 + 13 +k§) +2m?,

xbs =—(ki + k3 + k3) +2m?,

Xys = — (k3 + k3 +k2) +2m>. (C.6)
M12345, 1ijk5

These shifts will give us the amplitudes
2,3, 4. Particularly, we have

, where i, j, k are any permutations of

1 1 1
1234512345 _ + +
(s15 —=m2) (s34 —m?) (515 —m?)(s33 —m?)  (s12 —m?)(sa5 —m?)
1 1
+ . (C.7
(523 —m?)(sa5s —m?) ~ (s12 —m?)(s34 — m?)
Let us take note that in the scattering equations eq. (C.1), the set of invariants which do not re-

quire xlf ] shifts other than —m? are 517, $23, S34, S45, ss51 and they all appear as propagators
in M12345 12345

, whereas the complement set consisting of s13, s14, $24, 25, 35, require non-
trivial shifts. This will prove to be true for all n. With this in mind, we now look at n = 6. The
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invariants which appear as propagators in M 23436 1i/kim6 " where i j k[ are permutations of
2,3,4,5, are 512, 523, 534, 545, 556, S61, $123 = 5456, $234 = 5561, $345 = Se12. They come with con-
secutive indices. The complement to this set is s13, S14, S15, 524, 525, 526, 535, $36, S46. Lhus the
modified scattering equations are

2 2 / 2 ’ 2 / 2
~ S| —m S13—m-+x S|4 —m-+x S|15 —m-+x S16 —m
= i 13 14 15 4 ’
o12 013 014 015 016
2 2 2 / 2 / 2 ’
~ $21 —m §23 —m $24 —m” +x §25 —m*° +x $26 —m“ +x
fr= + - 24 4 24+ %,
021 023 024 025 026
2 / 2 2 2 / 2 ’
A 831 —m-+x s3p—m §34 —m §35 —m- +x 536 —m” +x
3= 3L + + 5+ %,
03] 032 034 035 036
2 / 2 ’ 2 2 2 ’
~ S41 —m°+x Sqp —m-+x S43 — M S45 — M S46 — M-+ x
fa= 4y 2 4 + + %,
041 o4 043 045 046
2 / 2 / 2 / 2 2
A S51—m°+X S50 —m* +x §53 —m- +x S54 — M S56 — M
fs= 2L+ 2 4 3 4 + :
051 052 053 054 056
2 2 / 2 ’ 2 ’ 2
A Se1 — m S —m” + x S63 —m” + x Se4 — M+ Xx S65 — m
= 4 62 63 | 64 _
061 062 063 064 065
(C.8)
The requirement of Mobius covariance leads to
6
X3+ xis = —Qk; +2k7) +5m’,
j=1
6
Xy + Xhs + xhg = —()_ k7 +2k3) + 5m?,
Jj=1
6
X{5 4 X554+ x5 = —()_ K7 +2k3) + 5m”,
j=1
6
Xy + Xy + x4g = =) K7 +2k3) + 5m?,
Jj=1
6
Xis + X5 x5 = —(Y_kj +2k3) +5m?,
j=l1
6
/ / r_ 2 2 2
X + X + X4g = —(O_ k7 +2k3) + 5m”. (C.9)
Jj=1
Now consider a propagator which involves three momenta, such as m+m2 We write
= — (k] +h3 + 43 C.10
5123 =812 + 513 + 523 — (k] + k5 + k3), (C.10)

and acknowledge that the induced dependence on the kinematical invariants in the scattering
amplitudes due to CHY integrations must be in the form of those combinations s;; — m? + x; ;

which appear in f, of eq. (C.8). Therefore
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s123 —m? = (s12 —m?) + (s13 — m* + x{3) + (523 — m?). (C.11)
These two equations immediately above give us a consistency condition

Xi3 = — (k3 + k3 +k3) +2m>. (C.12)
Similar considerations lead to

xXhy=—(k3 + K3+ k) +2m?, xhs=—(k3 + k3 + k%) +2m?,

Xho=—(k3 + k3 + k) +2m>, x|5=—(ki +k3 +kg) +2m”,

xhe = —(k} + k3 + k2) +2m>. (C.13)

Note that we have twelve equations in eqs. (C.9), (C.12), (C.13) for nine x . In other words,
there are three consistency checks. The rest of the solution are

Xy =—F + kD +m?, xbs=—(k3 +k3) +m?, xjg=—(k3 +k2) +m>. (C.14)
When all the particles are on-shell (k2 =m?, i=1,2,---n), we find that all the non-trivial
x/ =-—m?in egs. (C.6), (C.12), (C.13), (C. 14) This result was obtained earlier by Dolan and
Goddard [20] for n =4, 5. We must reiterate that the scattering equations with the general values
given above for xl.. should be used only for M 122 ligi3+in—1n \yhere jni3---i,_] are permuta-

tions of 2,3, ---, n — 1. The other color amplitudes should be obtained from these by appropriate
relabeling of indices, or by following the rule we gave after eq. (49).
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