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Given a Wilson action invariant under global chiral transformations, we can construct current
composite operators in terms of the Wilson action. The short-distance singularities in the multiple
products of the current operators are taken care of by the exact renormalization group. The Ward–
Takahashi identity is compatible with the finite momentum cutoff of the Wilson action. The exact
renormalization group and the Ward–Takahashi identity together determine the products. As a
concrete example, we study the Gaussian fixed-point Wilson action of the chiral fermions to
construct the products of current operators.
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1. Introduction

It is a principle of quantum field theory that the invariance of a theory under a continuous transfor-
mation implies the conservation of a current. When a theory is expressed by a Wilson action with a
finite momentum cutoff, the principle holds for the Wilson action. In Ref. [1] an energy–momentum
tensor was constructed from the invariance of the Wilson action under translations and rotations. In
this paper we would like to consider the Wilson action of chiral fermions with global flavor symmetry
to construct multiple products of the conserved current operator.

To build the Wilson action, we use the exact renormalization group (ERG) formalism (see, for
example, Refs. [2–5] and references therein). The Wilson action satisfies a well-defined differential
equation under the continuous change of scale. We adopt a convention that each time we integrate
more of the high-momentum fluctuations, we introduce a change of scale to restore the same cut-
off function. The continuum limit corresponds to a trajectory parametrized by a logarithmic scale
parameter t so that a fixed point is reached in the limit t →−∞.

The Wilson action of a theory in the continuum limit has all the short-distance physics incorporated
into the vertices of the action. The full theory is obtained by further integration of the fields with
momenta below the cutoff. The Wilson action is determined by the ERG differential equation whose
solution is parametrized by the relevant variables of the theory.

Composite operators can be considered as infinitesimal changes of the Wilson action, and they
also obey well-defined differential equations under the change of logarithmic scale. The general
properties of products of composite operators have been discussed in Ref. [6]. We follow and extend
the discussions there by considering the multiple products of current operators.

The ERG formalism is good at handling the short-distance singularities via ERG differential
equations. Well-defined ERG differential equations admit only the solutions consistent with locality,
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i.e. the vertices of the action and composite operators must be analytic at zero momenta. This is the
guiding principle we follow throughout the paper.

Though we consider only chiral fermion fields as dynamical fields, our discussion of current
operators is easy to modify in the presence of other dynamical fields, for example in the case of
quantum chromodynamics with massless quarks.

Our subject obviously overlaps with the construction of chiral gauge theories using the ERG
formalism (see, for example, Ref. [7] and references therein). For example, the derivation of the
chiral anomaly using the ERG formalism was done in the context of gauge theory (see, for example,
Sect. 9 of Ref. [4] and Ref. [8]). The multiple products of current operators require a much lighter
formalism.

The paper is organized as follows. In Sect. 2 we introduce a current operator for a generic Wilson
action of chiral fermions under the assumption of global continuous symmetry. In Sect. 3 we introduce
multiple products of current operators and derive the ERG equations satisfied by them. By coupling
the current with an external gauge field, we construct a composite operator in terms of which we can
consider all the products of current operators at once. In Sect. 4 we introduce the Ward–Takahashi
(WT) identity for the multiple products of currents. This amounts to the commutation relation of
currents. The single-current operator, introduced in Sect. 2, satisfies the WT identity by construction.
The corresponding identity for the products is very plausible, but we are unable to derive it solely
from the assumption of global continuous symmetry. We introduce it here as a working hypothesis.
The ERG differential equation and the WT identity thus introduced are mutually consistent, and they
together characterize the products of current operators. In Sect. 5 we discuss the changes to the ERG
equation and the WT identity caused by the short-distance singularities of the operator products.
In Sect. 6 we consider the products of current operators for the free theory. Though this section is
all about one-loop diagrams, the example elucidates the general formalism given in the preceding
sections.

Please note that we use the following condensed notation for momentum integrals:∫
p
≡
∫

dDp

(2π)D
, δ(p) ≡ (2π)Dδ(D)(p). (1)

2. Current composite operators

We consider a theory of chiral fermion fields ψ , ψ̄ satisfying

aRψ(p) = ψ(p), ψ̄(−p)aL = ψ̄(−p), (2)

where

aR ≡ 1+ γ5

2
, aL ≡ 1− γ5

2
. (3)

The theory is determined by its Wilson action with a fixed ultraviolet (UV) cutoff. The cutoff is given
in terms of a smooth momentum cutoff function K(p), such as e−p2

, that is 1 at p = 0 and vanishes
as p→∞. We parametrize the Wilson action by a logarithmic scale parameter t and demand that it
obey the ERG differential equation

∂te
St [ψ ,ψ̄] =

∫
p

[(
�(p)

K(p)
+ D + 1

2
+ p · ∂p − γt

)
ψ̄(−p)

−→
δ

δψ̄(−p)
eSt
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+ eSt

←−
δ

δψ(p)

(
�(p)

K(p)
+ D + 1

2
+ p · ∂p − γt

)
ψ(p)

−Tr
−→
δ

δψ̄(−p)
eSt

←−
δ

δψ(p)
aR
�(p)− 2γtK(p) (1− K(p))

p�

]
, (4)

where

�(p) ≡ −p · ∂pK(p), (5)

γt is an anomalous dimension of the chiral fermion field, the trace is for both spinor and flavor
indices, and the minus in front of the trace is due to the Fermi statistics.

We assume that the Wilson action St describes a continuum limit; as we take t →−∞, we obtain
a UV fixed point:

lim
t→−∞ St = S∗. (6)

All the physics beyond the fixed cutoff scale of 1 has been incorporated into the action. By integrating
the fluctuations of momenta less than 1, we get full correlation functions of the fields.

We define the correlation functions by

〈〈〈
ψ(p1) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qn)

〉〉〉
t ≡

n∏
i=1

1

K(pi)K(qi)

×
〈
ψ(p1) · · ·ψ(pn) exp

(
−
∫

p

←−
δ

δψ(p)
K(p)hF(p)

−→
δ

δψ̄(−p)

)
ψ̄(−q1) · · · ψ̄(−qn)

〉
St

, (7)

where

hF(p) ≡ aR
1− K(p)

p�
(8)

is the high-momentum propagator. The correction involving the cutoff function is a technicality
typical in the ERG formalism. Thanks to the correction, though, the correlation functions satisfy the
simple scaling relation〈〈〈

ψ(p1et−t′) · · · ψ̄(−qnet−t′)
〉〉〉

t

= exp
(
−n(D − 1)(t − t′)+ 2n

∫ t

t′
dτ γτ

) 〈〈〈
ψ(p1) · · · ψ̄(−qn)

〉〉〉
t′ . (9)

Another technicality is necessary before we move on to discuss symmetry. A composite operator
Ot(p) is a functional whose correlation functions are defined by

〈〈〈Ot(p) ψ(p1) · · · ψ̄(−qn)
〉〉〉

t ≡
n∏

i=1

1

K(pi)K(qi)

≡
〈
Ot(p)

(
ψ(p1) · · · exp

(
−
∫

q

←−
δ

δψ(q)
K(q)hF(q)

−→
δ

δψ̄(−q)

)
· · · ψ̄(−qn)

)〉
St

, (10)
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where the exponentiated differential operator does not act on Ot(p). We define Ot(p) so that its
correlation functions satisfy the scaling relation〈〈〈

Ot(pet−t′)ψ(p1et−t′) · · · ψ̄(−qnet−t′)
〉〉〉

t

= e−y(t−t′) exp
(
−n(D − 1)(t − t′)+ n

∫ t

t′
dτ γτ

) 〈〈〈Ot′(p)ψ(p1) · · · ψ̄(−qn)
〉〉〉

t′ . (11)

For simplicity we have taken −y, the scale dimension of Ot(p), independent of t. For Eq. (11) to be
valid, Ot(p) must satisfy the ERG differential equation

(
∂t + y + p · ∂p −Dt

)Ot(p) = 0, (12)

where Dt , acting on functionals, is defined by

DtO ≡
∫

q

[(
�(q)

K(q)
+ D + 1

2
− γt + q · ∂q

)
ψ̄(−q) ·

−→
δ

δψ̄(−q)
O

+O
←−
δ

δψ(q)

(
�(q)

K(q)
+ D + 1

2
− γt + q · ∂q

)
ψ(q)

+ St

←−
δ

δψ(q)

(
aR
�(q)

q�
− 2γtK(q)hF(q)

) −→
δ

δψ̄(−q)
O

+O
←−
δ

δψ(q)

(
aR
�(q)

q�
− 2γtK(q)hF(q)

) −→
δ

δψ̄(−q)
St

−Tr
(

aR
�(q)

q�
− 2γtK(q)hF(q)

) −→
δ

δψ̄(−q)
O
←−
δ

δψ(q)

]
, (13)

The simplest example of a composite operator is

	(p) ≡ 1

K(p)

[
ψ(p)+ hF(p)

−→
δ

δψ̄(−p)
St

]
, (14a)

	̄(−p) ≡ 1

K(p)

[
ψ̄(−p)+ St

←−
δ

δψ(p)
hF(p)

]
. (14b)

Though they are composite operators, they have the same correlation functions as the elementary
fields ψ(p), ψ̄(−p):

〈〈〈
	(p1)ψ(p2) · · · ψ̄(−qn)

〉〉〉
t =

〈〈〈
ψ(p1) · · · ψ̄(−qn)

〉〉〉
t , (15)〈〈〈

ψ(p1) · · · ψ̄(−qn−1)	̄(−qn)
〉〉〉

t =
〈〈〈
ψ(p1) · · · ψ̄(−qn)

〉〉〉
t . (16)

We are now ready to discuss symmetry. We assume that the correlation functions have global
symmetry:〈〈〈

Uψ(p1) · · ·Uψ(pn) ψ̄(−q1)U
† · · · ψ̄(−qn)U

†
〉〉〉

t
= 〈〈〈

ψ(p1) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qn)
〉〉〉

t ,

(17)
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where U is an arbitrary unitary matrix that acts on the flavor indices of ψ and ψ̄ . (U may be a U(N )
matrix if we have N flavors.) For infinitesimal transformations we obtain

n∑
i=1

(− 〈〈〈ψ(p1) · · ·T aψ(pi) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qn)
〉〉〉

t

+ 〈〈〈ψ(p1) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qi)T
a · · · ψ̄(−qn)

〉〉〉
t

) = 0, (18)

where T a are Hermitian matrices normalized by

Tr T aT b = δab (19)

and satisfying the commutation relation[
T a, T b

]
= i

∑
c

f abcT c. (20)

(We will omit the summation symbol for the repeated indices c from now on.)
To express Eq. (17) as an operator equation, we introduce an equation-of-motion composite

operator by

Ea(p) ≡ e−St

∫
q

K(q)Tr

[ −→
δ

δψ̄(−q)

(
	̄(−q+ p)T aeSt

)− (eSt T a	(q+ p)
) ←−δ
δψ(q)

]
, (21)

where 	, 	̄ are defined by Eq. (14). Ea is a total derivative of the exponentiated Wilson action, and
it has correlation functions〈〈〈Ea(p) ψ(p1) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qn)

〉〉〉
t

=
n∑

i=1

[− 〈〈〈ψ(p1) · · ·T aψ(p+ pi) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qn)
〉〉〉

t

+ 〈〈〈ψ(p1) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(p− qi)T
a · · · ψ̄(−qn)

〉〉〉
t

]
. (22)

The symmetry in Eq. (17) is equivalent to

Ea(p = 0) = 0. (23)

In fact, this is equivalent to what we usually consider as the invariance of the action∫
p

(
ψ̄(−p)T a

−→
δ

δψ̄(−p)
St − St

←−
δ

δψ(p)
T aψ(p)

)
= 0. (24)

In Appendix A we show that this is equivalent to Eq. (23).
Since Ea(p) is a local operator, it must be proportional to the momentum:

Ea(p) = pμJ a
μ(p), (25)

where the current J a
μ(p) must be a local composite operator. Unless there is a local operator ja

μ(p)
orthogonal to pμ,

pμja
μ(p) = 0, (26)
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Eq. (25) defines the current J a
μ(p) unambiguously. Since Ea(p) has scale dimension 0, J a

μ(p) must
have scale dimension −1. In coordinate space J a

μ(x) =
∫

p eipxJ a
μ(p) has scale dimension D − 1.

As an example, let us consider the Gaussian fixed-point theory

SG = −
∫

p

1

K(p)
ψ̄(−p)p�aRψ(p), (27)

for which

	(p) = ψ(p), 	̄(−p) = ψ̄(−p). (28)

We find

Ea(p) =
∫

q
K(q)

[
−ψ̄(−q+ p)T a

−→
δ

δψ̄(−q)
S + S

←−
δ

δψ(q)
T aψ(q+ p)

]

=
∫

q

(
ψ̄(−q+ p)T aaRq�ψ(q)− ψ̄(−q)aRq�T aψ(q+ p)

)
=
∫

q
ψ̄(−q)T aaRp�ψ(q+ p). (29)

This implies that

J a
μ(p) =

∫
q
ψ̄(−q)T aγμaRψ(q+ p). (30)

3. Products of current operators

We wish to define multiple products of currents. The product of two currents is defined as[
J a
μ(p)J

b
ν (q)

]
≡ J a

μ(p)J
b
ν (q)+ Pab

μν(p, q), (31)

where P is a local counterterm necessary to make the product a composite operator; the bare product
J a
μ(p)J

b
ν (q) is not a composite operator in the sense introduced in the previous section. P also takes

care of the short-distance singularity occurring when the two currents come close together. For the
product to be a composite operator of scale dimension −2, it must satisfy(

∂t + p · ∂p + q · ∂q + 2−Dt
) [

J a
μ(p)J

b
ν (q)

]
= 0, (32)

where Dt is given by Eq. (13). This implies(
∂t + p · ∂p + q · ∂q + 2−Dt

)Pab
μν(p, q)

=
∫

r

[
J a
μ(p)

←−
δ

δψ(r)

(
aR
�(r)

r�
− 2γtK(r)hF(r)

) −→
δ

δψ̄(−r)
J b
ν (q)+

(
J a
μ(p)↔ J b

ν (q)
)]

. (33)

Similarly, we define the product of three currents as[
J a1
μ1
(p1)J

a2
μ2
(p2)J

a3
μ3
(p3)

] ≡ J a1
μ1
(p1)J

a2
μ2
(p2)J

a3
μ3
(p3)

+ Pa1a2
μ1μ2

(p1, p2)J
a3
μ3
(p3)+ Pa2a3

μ2μ3
(p2, p3)J

a1
μ1
(p1)+ Pa3a1

μ3μ1
(p3, p1)J

a2
μ2
(p2)

+ Pa1a2a3
μ1μ2μ3

(p1, p2, p3), (34)
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and so on for the higher-order products. We note that Pa1···an
μ1···μn(p1, . . . , pn) gives the short-distance

singularity due to all the n currents coming together simultaneously, and it is proportional to the
delta function in momentum space,

Pa1···an
μ1···μn

(p1, . . . , pn) ∝ δ
(

n∑
i=1

pi

)
, (35)

unless there is a composite operator of scale dimension −n or less available. (That means scale
dimension D− n or less in coordinate space.) The ERG equation for Pμ1μ2μ3(p1, p2, p3) is given by(

∂t +
3∑

i=1

pi · ∂pi + 3−Dt

)
Pa1a2a3
μ1μ2μ3

(p1, p2, p3)

=
∫

q

[
Pa1a2
μ1μ2

(p1, p2)

←−
δ

δψ(q)

(
aR
�(q)

q�
− 2γtK(q)hF(q)

) −→
δ

δψ̄(−q)
J a3
μ3
(p3)

+ J a3
μ3
(p3)

←−
δ

δψ(q)

(
aR
�(q)

q�
− 2γtK(q)hF(q)

) −→
δ

δψ̄(−q)
Pa1a2
μ1μ2

(p1, p2)

+ (4 other terms)
]
. (36)

The ERG equations for the higher-order counterterms are given similarly.
To consider all the local products of current operators simultaneously, we introduce a classical

gauge field coupled to the current,

Wt[Aa
μ] ≡

∫
p

Aa
μ(−p)J a

μ(p)+
∞∑

n=2

1

n!
∫

p1,...,pn

Aa1
μ1
(−p1) · · ·Aan

μn
(−pn)Pa1···an

μ1···μn
(p1, . . . , pn), (37)

so that its exponential

eWt [A] ≡
∞∑

n=0

1

n!
∫

p1,...,pn

Aa1
μ1
(−p1) · · ·Aan

μn
(−pn)

[
J a1
μ1
(p1) · · · J an

μn
(pn)

]
(38)

is a composite operator. We assign the scale dimension −D+ 1 to the source field Aa
μ so that eWt [A]

becomes a composite operator of scale dimension 0, satisfying the ERG equation(
∂t +

∫
p

(−p · ∂p − D + 1
)

Aa
μ(p) ·

δ

δAa
μ(p)
−Dt

)
eWt [A] = 0, (39)

where Dt is defined by Eq. (13).

4. Commutation relation: The Ward–Takahashi identity

We now wish to consider the “commutation relation” of two currents. The quotation marks are there
because it needs to be explained. Our commutation relation is an operator equation,

pμ
[
J a
μ(p)J

b
ν (q)

]
= if abcJ c

ν (p+ q)+ Ea(p) � J b
ν (q), (40)

which amounts to the WT identity

pμ
〈〈〈[

J a
μ(p)J

b
ν (q)

]
ψ(p1) · · · ψ̄(−qn)

〉〉〉
t
= if abc 〈〈〈J c

ν (p+ q)ψ(p1) · · · ψ̄(−qn)
〉〉〉

t
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+
n∑

i=1

(
−
〈〈〈

J b
ν (q)ψ(p1) · · ·T aψ(p+ pi) · · · ψ̄(−qn)

〉〉〉
t

+
〈〈〈

J b
ν (q)ψ(p1) · · · ψ̄(p− qi)T

a · · · ψ̄(−qn)
〉〉〉

t

)
. (41)

We wish to explain the above and its generalization to higher-order products in this section.
We define an equation-of-motion composite operator by

Ea(p) � J b
α (q) ≡ e−S

∫
r

K(r)Tr

[ −→
δ

δψ̄(−r)

([
	̄(−r + p)T aJ b

α (q)
]

eSt
)

−
(

eSt
[
T a	(q+ p)J b

α (q)
]) ←−δ
δψ(r)

]
, (42)

where [
	̄(−r)J b

α (q)
]
≡ 	̄(−r)J b

α (q)+ J b
α (q)

←−
δ

δψ(r)
hF(r), (43)

[
	(r)J b

α (q)
]
≡ 	(r)J b

α (q)+ hF(r)
−→
δ

δψ̄(−r)
J b
α (q) (44)

are the composite operators satisfying〈〈〈
ψ(p1) · · · ψ̄(−qn−1)

[
	̄(−r)J b

α (q)
]〉〉〉

t
=
〈〈〈

J b
α (q)ψ(p1) · · · ψ̄(−qn−1)ψ̄(−r)

〉〉〉
t
, (45)〈〈〈[

	(r)J b
α (q)

]
ψ(p2) · · · ψ̄(−qn)

〉〉〉
t
=
〈〈〈

J b
α (q)ψ(r)ψ(p2) · · · ψ̄(−qn)

〉〉〉
t
. (46)

Hence, we obtain 〈〈〈
Ea(p) � J b

α (q) ψ(p1) · · · ψ̄(−qn)
〉〉〉

t

=
n∑

i=1

(
−
〈〈〈

J b
ν (q)ψ(p1) · · ·T aψ(p+ pi) · · · ψ̄(−qn)

〉〉〉
t

+
〈〈〈

J b
ν (q)ψ(p1) · · · ψ̄(p− qi)T

a · · · ψ̄(−qn)
〉〉〉

t

)
. (47)

This gives the second term on the right-hand side of Eq. (41).
Let

Oab
ν (p+ q) ≡ pμ

[
J a
μ(p)J

b
ν (q)

]
− Ea(p) � J b

ν (q). (48)

Equation (41) then amounts to

Oab
ν (p+ q) = if abcJ c

ν (p+ q). (49)

This equality is plausible but not obvious, and it needs an explanation. We will check this later
explicitly for the Gaussian theory, but we have not been able to derive it on the basis of the global
symmetry in Eq. (17). Here we satisfy ourselves by checking the consistency of Eq. (49) with Bose
symmetry of the current operator, which requires the product

pμqν
[
J a
μ(p)J

b
ν (q)

]

8/29



PTEP 2020, 123B03 H. Sonoda

to be symmetric under the interchange. The product may depend on which divergence we calculate
first. Calculating pμJ a

μ(p) first, Eq. (48) gives

pμqν
[
J a
μ(p)J

b
ν (q)

]
= qνOab

ν (p+ q)+ Ea(p) � qνJ b
ν (q)

= qνOab
ν (p+ q)+ Ea(p) � Eb(q). (50)

Calculating qνJ b
ν (q) first, we obtain

pμqν
[
J a
μ(p)J

b
ν (q)

]
= pμOba

μ (p+ q)+ Eb(q) � pμJ a
μ(p)

= pμOba
μ (p+ q)+ Eb(q) � Ea(p). (51)

Hence, for consistency, we must find

pμOba
μ (p+ q)− qμOab

μ (p+ q) = Ea(p) � Eb(q)− Eb(q) � Ea(p). (52)

To compute the right-hand side, we consider correlation functions:〈〈〈
Ea(p) � Eb(q) ψ(p1) · · ·ψ(pn)ψ̄(−q1) · · · ψ̄(−qn)

〉〉〉
t

=
n∑

i=1

[
−
〈〈〈

Eb(q) · · ·T aψ(p+ pi) · · ·
〉〉〉

t
+
〈〈〈

Eb(q) · · · ψ̄(p− qi)T
a · · ·

〉〉〉
t

]

=
n∑

i=1

[ 〈〈〈
· · ·T aT bψ(p+ q+ pi) · · ·

〉〉〉
t
+
〈〈〈
· · · ψ̄(p+ q− qi)T

bT a · · ·
〉〉〉

t

−
n∑

j=1

(〈〈〈
· · ·T aψ(p+ pi) · · · ψ̄(q− qi)T

b · · ·
〉〉〉

t
+
〈〈〈
· · ·T bψ(q+ pi) · · · ψ̄(p− qi)T

b · · ·
〉〉〉

t

)

+
∑
j 
=i

(〈〈〈
· · ·T aψ(p+ pi) · · ·T bψ(q+ pj) · · ·

〉〉〉
t
+
〈〈〈
· · · ψ̄(p− qi)T

a · · · ψ̄(q− qi)T
b · · ·

〉〉〉
t

) ]
.

(53)

Hence, we obtain

Ea(p) � Eb(q)− Eb(q) � Ea(p) = −if abcEc(p+ q). (54)

Then, the consistency condition in Eq. (52) gives

pμOba
μ (p+ q)− qμOab

μ (p+ q) = −if abcEc(p+ q) = (−if abc)(p+ q)μJ c
μ(p+ q), (55)

which is indeed satisfied by Eq. (49).
We have thus checked at least that Eq. (40) is consistent with the Bose symmetry of the current.

We adopt Eq. (40) and its generalization to higher orders as our working hypothesis:

pμ
[
J a
μ(p)J

a1
μ1
(p1) · · · J ak

μk
(pk)

] = k∑
i=1

if aaib
[
J a1
μ1
(p1) · · · J b

μi
(p+ pi) · · · J ak

μk
(pk)

]
+ Ea(p) �

[
J a1
μ1
(p1) · · · J ak

μk
(pk)

]
. (56)
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For the correlation functions, this gives

pμ
〈〈〈[

J a
μ(p)J

a1
μ1
(p1) · · · J ak

μk
(pk)

]
ψ(q1) · · ·ψ(qn)ψ̄(−r1) · · · ψ̄(−rn)

〉〉〉
t

=
k∑

i=1

if aaib
〈〈〈[

J a1
μ1
(p1) · · · J b

μi
(pi + p) · · · J ak

μk
(pk)

]
ψ(q1) · · ·ψ(qn)ψ̄(−r1) · · · ψ̄(−rn)

〉〉〉
t

+
n∑

j=1

{
− 〈〈〈[J a1

μ1
(p1) · · · J ak

μk
(pk)

] · · ·T aψ(qj + p) · · ·〉〉〉
t

+ 〈〈〈[J a1
μ1
(p1) · · · J ak

μk
(pk)

] · · · ψ̄(−rj + p)T a · · ·〉〉〉
t

}
. (57)

The WT identity in Eq. (56) we just introduced is compactly expressed in terms of the composite
operator eWt [A] as∫

q

(
pμδabδ(p− q)+ if acbAc

μ(−q+ p)
) δ

δAb
μ(−q)

eWt [A] = Ea(p) � eWt [A]. (58)

Expanding this in powers of the external source A, we can easily check the equivalence to Eq. (56).
Multiplying an infinitesimal εa(−p) and integrating over p, we can rewrite this as

δεe
Wt [A] ≡ eWt [Aε ] − eWt [A] =

∫
p
εa(−p)Ea(p) � eWt [A], (59)

where

(
Aε
)a
μ
(−p) ≡ Aa

μ(−p)+ pμε
a(−p)+ if abc

∫
q

Ab
μ(q− p)εc(−q) (60)

is an infinitesimal gauge transformation.

5. Corrections to the ERG equation and the WT identity

We have identified two important properties of eWt [A]. One is the ERG differential equation, Eq. (39),
and the other is the gauge invariance, Eq. (59). Both may receive corrections due to short-distance
singularities. Since the nature of singularities depends on the space dimension D, we specify D = 4
in the following discussion.

We first consider possible corrections to the ERG equation. The product of n current operators has
scale dimension −n, and it can mix with operators of the same scale dimension. As for the mixing
with the delta function δ

(∑
i pi
)
, we only need to consider[

J a
α (p1)J

b
β (p2)

]
,

[
J a
α (p1)J

b
β (p2)J

c
γ (p3)

]
,

[
J a
α (p1)J

b
β (p2)J

c
γ (p3)J

d
δ (p4)

]
,

which mix with the delta function δ(
∑

i pi) with appropriate powers (quadratic, linear, none) of
momenta. This gives a new ERG differential equation:(

∂t +
∫

p

(−p · ∂p − D + 1
)

Aa
μ(p) ·

δ

δAa
μ(p)
−Dt

)
eWt [A] =

∫
dDx f (t; A(x)) eWt [A] (61)

where f is a linear combination of the products of two A’s with two derivatives, three A’s with one
derivative, and four A’s with no derivative. Consistency with Eq. (59) gives the gauge invariance of
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f . Hence, we obtain

f (t; A) = b(t)
1

4
Tr

(
∂αAβ − ∂βAα − i[Aα , Aβ]

)2 , (62)

where

Aμ ≡ T aAa
μ. (63)

In fact, the gauge invariance in Eq. (59) itself may also get corrected as

δεe
Wt [A] ≡ eWt [Aε ] − eWt [A] =

∫
p
εa(−p)

(Ea(p) �+Fa(p; A)
)

eWt [A], (64)

where Fa(p; A) is a polynomial of A with scale dimension −4. This is the familiar chiral anomaly
[9,10]. Please note that we have used gauge invariance to derive Eqs. (61) and (62). For Eq. (64)
to be consistent with Eq. (61), Fa(p; A) must be independent of t, i.e. the anomaly must be scale
independent. In other words the t-dependence of Wt[A] is still gauge invariant, as is given by Eq. (61).

The algebraic structure of the anomaly is well known [11]. For completeness, let us derive it using
the ERG formalism. By definition of δε , we must obtain(

δηδε − δεδη
)

eWt [A] = δ[η,ε]eWt [A], (65)

where

[η, ε] = ηaεb
[
T a, T b

]
= if abcηaεbT c. (66)

Using Eq. (64) twice, we obtain

(
δεδη − δηδε

)
eWt [A] =

∫
p
εa(−p)

∫
q
ηb(−q)(−i)f abcEc(p+ q) � eWt [A]

+
∫

p

(
εa(−p)δηFa(p; A)− ηa(−p)δεF

a(p; A)
)

eWt [A], (67)

where we have used Eq. (54). Hence, Eq. (65) gives the desired algebraic constraint:∫
p

(
εa(−p)δηFa(p; A)− ηa(−p)δεF

a(p; A)
) = −if abc

∫
p
εa(−p)ηb(−q)Fc(p+ q; A). (68)

A well-known nontrivial solution to this is given by [12]∫
p
εa(−p)Fa(p) = const× εαβγ δ

∫
d4x Tr ∂αε ·

(
Aβ∂γAδ + 1

2i
AβAγAδ

)
. (69)

(A trivial solution is δε of a polynomial of A.)
Concluding this section, we have explained that the ERG equation for eWt [A] can be modified to

Eqs. (61) and (62), and that the WT identity can get an anomaly Eq. (64) where Fa is given by
Eq. (69). Differentiating these with respect to the source A, we can get the ERG equation and WT
identity satisfied by the products of the current operators. Since their expressions are lengthy, we
give them in Appendix C.
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6. Free theory in D = 4

As a concrete example, we construct W [A] for the Gaussian fixed-point theory in D = 4:

W [A] =
∫

p
Aa
μ(−p)J a

μ(p)+
∞∑

n=2

1

n!
∫

p1,...,pn

Aa1
μ1
(−p1) · · ·Aan

μn
(−pn)Pa1···an

μ1···μn
(p1, . . . , pn). (70)

The construction of eW [A] is guided by two equations. One is the ERG differential equation,(∫
p

(−p · ∂p − D + 1
)

Aa
μ(p) ·

δ

δAa
μ(p)
−D

)
eW [A]

= b

4

∫
d4x Tr

(
∂αAβ − ∂βAα − i

[
Aα , Aβ

])2 , (71)

where b is a constant and D is defined by

DO ≡
∫

q

[(
D + 1

2
+ q · ∂q

)
ψ̄(−q) ·

−→
δ

δψ̄(−q)
O +O

←−
δ

δψ(q)

(
D + 1

2
+ q · ∂q

)
ψ(q)

−Tr aR
�(q)

q�

−→
δ

δψ̄(−q)
O
←−
δ

δψ(q)

]
. (72)

The other is the WT identity with anomaly,

δεe
W [A] =

[∫
p
εa(−p)Ea(p) �+A εαβγ δ

∫
d4x Tr ∂αε ·

(
Aβ∂γAδ + 1

2i
AβAγAδ

)]
eW [A], (73)

where A is a constant. Both b and A are determined as we construct Pa1···an
μ1···μn(p1, . . . , pn) from n = 2

to higher n; b is determined by locality. Locality implies the analyticity of P’s at zero momenta. We
must choose b appropriately to guarantee that Eq. (71) admits a solution satisfying locality. Similarly,
the coefficient A of the chiral anomaly is determined by locality. The solution to Eq. (71) admits
a couple of free parameters consistent with locality. We tune them to satisfy Eq. (73) as much as
possible. What is left is the anomaly.

At the end of Sect. 2 the current was derived as

J a
μ(p) =

∫
q
ψ̄(−q)T aγμaRψ(q+ p). (74)

The counterterms P are quadratic in fields, and we can write them in the form

Pa1···an
μ1···μn

(p1, . . . , pn) =
∫

q
ψ̄(−q)ca1···an

μ1···μn
(p1, . . . , pn;−q, q+ p1 + · · · + pn)ψ(q+ p1 + · · · + pn)

+ da1···an
μ1···μn

(p1, . . . , pn) δ

(
n∑

i=1

pi

)
, (75)

where

ca1···an
μ1···μn

(p1, . . . , pn;−q, q+ p1 + · · · + pn)

=
∑
σ∈Sn

T aσ(1) · · ·T aσ(n)γμσ(1)hF(q+ pσ(1))γμσ(2)hF(q+ pσ(1) + pσ(2))
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· · · γμσ(n−1)hF(q+ pσ(1) + · · · + pσ(n−1))γμσ(n) (76)

=
∑
σ∈Sn

.

The sum is taken over all the permutations of 1, . . . , n.
Similarly, we can write

da1···an
μ1···μn

(p1, . . . , pn)

=
∑

σ∈Sn−1

Tr
(
T a1T aσ(2) · · ·T aσ(n−1)T aσ(n)

) · dμ1μσ(2)···μσ(n) (p1, pσ(2), . . . , pσ(n)), (77)

where the sum is taken over all the permutations of 2, . . . , n. The d satisfy the ERG equations(
n∑

i=1

pi · ∂pi + n− 4

)
dα1···αn(p1, . . . , pn)

= (−)
∫

q
Tr fF(q)

[
γα1hF(q+ p1)γα2 · · · γαn−1hF(q+ p1 + · · · + pn−1)γαn

+γα2hF(q+ p2)γα3 · · · γαnhF(q+ p2 + · · · + pn)γα1 + · · ·
]

, (78)

where

h(p) ≡ 1− K(p)

p2 , (79a)

f (p) ≡ (p · ∂p + 2)h(p) = �(p)

p2 , (79b)

fF(p) ≡ f (p)aRp� = aR
�(p)

p�
. (79c)

For n ≥ 5, the solutions are given by the finite loop integrals:

dμ1···μn(p1, . . . , pn)

= (−)
∫

q
Tr

[
γμ1hF(q+ p1)γμ2hF(q+ p1 + p2) · · · hF(q− pn)γμnhF(q)

]
(80)

For n = 2, 3, 4, however, the above loop integrals are UV divergent, and we must define the d’s
as solutions of Eq. (78). We emphasize that there is no need to introduce an additional UV cutoff
to regularize the loop integrals. In fact, we need to modify Eq. (78) first, by adding local terms
proportional to the coefficient b so that the solutions become analytic at zero momenta. ERG then
determines d2 up to t-independent terms quadratic in momenta, d3 up to terms linear in momenta,
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and d4 up to a constant. To remove the ambiguities we can resort to the WT identity, which would
be given by

p1αdαα2···αn(p1, . . . , pn) = dα2···αn(p1 + p2, p3, · · · , pn)− dα2···αn(p2, · · · , pn−1, pn + p1)

+
∫

q
K(q)Tr

[
hF(q− p1)γα2hF(q+ p2) · · · hF(q+ p2 + · · · + pn−1)γαn

−hF(q+ p1)γα2hF(q+ p1 + p2) · · · hF(q+ p1 + · · · + pn−1)γαn

]
(81)

if there were no anomaly. This is satisfied by Eq. (80) for n ≥ 5, but is corrected for n = 3, 4 by
the anomaly, proportional to A. We can obtain A by expanding the WT identity in powers of small
momenta. This is a straightforward calculation.

In the following we sketch the calculation of dα1···αn for n = 2, 3, 4. The case n = 2 is sufficient
to determine the coefficient b, but we need the case n = 3 to determine A. We calculate the case
n = 4 for completeness and to check our formalism. The essential steps are expansions of the d’s in
small momenta. The calculations are all straightforward, and thanks to the presence of a finite cutoff
there is no hidden subtlety. Perhaps we could have condensed this section into a smaller number of
pages, but we have decided to give all the details for the reader unfamiliar with calculations with
cutoff functions. The more experienced reader may skip what seems trivial or redundant.

6.1. Product of two, n = 2

dab
αβ(p1, p2) = δabdαβ(p,−p) satisfies the ERG equation,

(
p · ∂p − 2

)
dαβ(p,−p)

= (−)
∫

q
Tr fF(q)

(
γαhF(q+ p)γβ + γβhF(q− p)γα

)+ b(p2δαβ − pαpβ), (82)

and the Ward identity,

pαdαβ(p,−p) =
∫

q
K(q)Tr

[
hF(q− p)γβ − hF(q+ p)γβ

]
. (83)

The analyticity of dαβ(p,−p) at p = 0 demands that the right-hand side of Eq. (82) be free of
quadratic terms in p. (If there were any, we would obtain a nonlocal p2 ln p dependence.) To expand
the integral on the right-hand side of Eq. (82) in powers of p, we use

Tr aRa�b�c�d� = 2
[
(ab)(cd)+ (ad)(bc)− (ac)(bd)+ εαβγ δaαbβcγ dδ

]
, (84)

where ε1234 = 1, and

h(q+ p) = h(q)+ (2(qp)+ p2)h′(q)+ 1

2
(2(qp))2h′′(q)+ O(p3), (85)

where h′(q) ≡ d
dq2 h(q), etc. We obtain

(−)
∫

q
Tr fF(q)

(
γαhF(q+ p)γβ + γβhF(q− p)γα

)
p→0−→ 2δαβ

∫
q

f (q)h(q)q2 − b2(p
2δαβ − pαpβ), (86)
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where

b2 ≡ −4
∫

q
f (q)

(
q2h′(q)+ 1

3
q4h′′(q)

)
= 1

(4π)2
4

3
. (87)

The integrand is a total derivative, and the value of the integral is independent of the choice of the
cutoff function K(p). (See Appendix B.3 for the calculation.)

Hence, with the choice

b = b2 = 1

(4π)2
4

3
(88)

the general solution of Eq. (82) is given by

dαβ(p,−p) = −δαβ
∫

q
f (q)h(q)q2

+
∫ 0

−∞
dt e−2t

[
(−)

∫
q

Tr fF(q)
(
γαhF(q+ pet)γβ + γβhF(q− pet)γα

)
+
∫

q
Tr fF(q)

(
γαhF(q)γβ + (α ↔ β)

)+ 4b
(
p2δαβ − pαpβ

)
e2t
]

+ Ap2δαβ + B
(
pαpβ − p2δαβ

)
, (89)

where A and B are free parameters. The subtractions make the integrand of order e2t as t → −∞,
and the integral is convergent.

We can fix A using the WT identity in Eq. (83). First, note that

pαdαβ(p,−p)
p→0−→ −pαdαβ(0, 0)+ A p2pβ . (90)

To determine A we compute the right-hand side of Eq. (83):∫
q

K(q)Tr
(
hF(q− p)γβ − hF(q+ p)γβ

) = −2
∫

q
K(q)h(q+ p)Tr

(
q�+ p�

)
γβaR

p→0−→ pβ(−4)
∫

q
K(q)

(
h(q)+ 1

2
q2h′(q)

)

+ p2pβ(−4)
∫

q
K(q)

{
h′(q)+ q2h′′(q)+ 1

6
q4h′′′(q)

}
. (91)

Consistency with Eq. (90) demands∫
q

f (q)h(q)q2 =
∫

q
K(q)

(
4h(q)+ 2q2h′(q)

)
(92)

and

A = −4
∫

q
K(q)

{
h′(q)+ q2h′′(q)+ 1

6
q4h′′′(q)

}
. (93)
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The first equation must hold since the WT identity is an operator equation consistent with ERG; we
verify it explicitly in Appendix B.5. In Appendix B.4 we also compute

A = 1

(4π)2
1

3
. (94)

B is left arbitrary.
Let us stop here to examine the asymptotic behavior of dαβ(p,−p) for large p. In principle we

could obtain the asymptotic behavior using the solution in Eq. (89). Instead, it is easier to go back
to Eqs. (82) and (83), which give(

p · ∂p − 2
)

dαβ(p,−p)
p→∞−→ b

(
p2δαβ − pαpβ

)
, (95)

pαdαβ(p,−p)
p→∞−→ 0. (96)

Hence, we obtain the asymptotic behavior

dαβ(pet ,−pet)
t→+∞−→ b t e2t (p2δαβ − pαpβ

)
, (97)

determined by the constant b. Using this, we can construct the continuum limit as [13]

Dαβ(p,−p) ≡ lim
t→∞ e−2t (dαβ(pet ,−pet)− bte2t (p2δαβ − pαpβ

))
. (98)

This satisfies

(
p · ∂p − 2

)
Dαβ(p,−p) = b

(
p2δαβ − pαpβ

)
. (99)

Since Dαβ depends on the constant B, we can rewrite this as(
p · ∂p − 2+ b∂B

)
Dαβ(p,−p) = 0. (100)

Dαβ(p,−p) is also transverse:

pαDαβ(p,−p) = 0. (101)

The two-point function of the current is now obtained as〈〈〈
J a
α (p)J

b
β (q)

〉〉〉
B
= δabδ(p+ q)Dαβ(p,−p), (102)

which is transverse, and satisfies the scaling relation(
p · ∂p + q · ∂q + 2+ b∂B

) 〈〈〈
J a
α (p)J

b
β (q)

〉〉〉
B
= 0. (103)

6.2. Product of three, n = 3

dαβγ (p1, p2, p3) satisfies the ERG equation(
3∑

i=1

pi · ∂pi − 1

)
dαβγ (p1, p2, p3)

= (−)
∫

q
Tr fF(q)

[
γαhF(q+ p1)γβhF(q+ p1 + p2)γγ

16/29



PTEP 2020, 123B03 H. Sonoda

+γβhF(q+ p2)γγ hF(q+ p2 + p3)γα + γγ hF(q+ p3)γαhF(q+ p3 + p1)γβ
]

+ b
[
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

]
, (104)

where b is given by Eq. (88), and the WT identity

p1αdαβγ (p1, p2, p3) = dβγ (p1 + p2, p3)− dβγ (p2, p3 + p4)

+
∫

q
K(q)Tr

[
hF(q− p1)γβhF(q+ p2)γγ − hF(q+ p1)γβhF(q+ p1 + p2)γγ

]
− 1

2
Aεαβγ δp1α (p2 − p3)δ , (105)

where A is to be determined.
Analyticity of dαβγ at pi = 0 requires the absence of terms linear in pi from the right-hand side

of Eq. (104) (pi would imply nonlocal pi ln pj). Let us check it. Expanding the integral in momenta,
we obtain the linear terms as

(−)2
∫

q
f (q)h(q)2q2 [δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

]
. (106)

The integrand is a total derivative, and we obtain

−2
∫

q
f (q)h(q)2q2 = − 1

(4π)2
4

3
= −b (107)

(see Appendix B.1). Hence, Eq. (104) is consistent with locality.
The general solution is given by

dαβγ (p1, p2, p3)

=
∫ 0

−∞
dt e−t

[
(−)

∫
q

Tr fF(q)
{
γαhF(q+ p1et)γβhF(q+ (p1 + p2)e

t)γγ

+γβhF(q+ p2et)γγ hF(q+ (p2 + p3)e
t)γα + γγ hF(q+ p3et)γαhF(q+ (p3 + p1)e

t)γβ
}

− b
{
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

}
et
]

+ cαβγ δp1δ + cβγαδp2δ + cγαβδp3δ , (108)

where cαβγ δ are arbitrary constants, not determined by Eq. (104). We note that the integrand behaves
as et as t →−∞, and the integral is convergent. The particular form of the linear terms is required
by the cyclic symmetry

dαβγ (p1, p2, p3) = dβγα(p2, p3, p1) = dγαβ(p3, p1, p2). (109)

The most general form of cαβγ δ is given by

cαβγ δ = s δαβδγ δ + t δαγ δβδ + u δαδδβγ , (110)

where s, t, u are constants.1

1 Cyclic symmetry allows a term proportional to εαβγ δ , but it does not contribute to dαβγ . Similarly, cαβγ δ
does not change if we change s, t, u by the same amount. So, we could set u to zero.
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We now wish to show that we can choose s, t, u, and A so that Eq. (105) is valid. Since Eq. (105)
is consistent with Eq. (104), we only need to check the terms quadratic in momenta. Using

dαβ(p,−p)
p→0−→ −δαβ

∫
q

f (q)h(q)q2 + Ap2δαβ + B
(
pαpβ − p2δαβ

)
, (111)

we obtain

dβγ (p1 + p2, p3)− dβγ (p2, p3 + p1)
pi→0−→

A(p2
3 − p2

2)δβγ + B
{
p3βp3γ − p2

3δβγ − p2βp2γ + p2
2δβγ

}
, (112)

where A is given by Eq. (94).
We next consider the small-momentum behavior of the integral on the right-and side of Eq. (105):∫

q
K(q)Tr

[
hF(q− p1)γβhF(q+ p2)− hF(q+ p1)γβhF(q− p3)

]
γγ

=
∫

q
K(q)Tr

[
hF(q+ p1)γβ (hF(q− p2)− hF(q− p3)) γγ

]
=
∫

q
K(q)

[
h(q+ p1)h(q− p2)Tr aR(q�+ p�1)γβ(q�− p�2)γγ

−h(q+ p1)h(q− p3)Tr aR(q�+ p�1)γβ(q�− p�3)γγ
]

pi→0−→ (−2εαβδγ p1α(p2 − p3)δ − 2(p2
3 − p2

2)δβγ
) ∫

q
K(q)

(
h(q)2 + h(q)q2h′(q)

)
+ (p3βp3γ − p2

3δβγ − p2βp2γ + p2
2δβγ

)
×
∫

q
K(q)

(
−4h(q)2 − 6h(q)q2h′(q)− 4

3
(q2h′(q))2 − 2

3
h(q)q4h′′(q)

)
, (113)

where the first integral, whose integrand is a total derivative, can be calculated as∫
q

K(q)
(
h(q)2 + h(q)q2h′(q)

) = 1

(4π)2
1

6
(114)

(see Appendix B.2). Hence, we obtain the right-hand side of Eq. (105) as

RHS
pi→0−→ (

p3βp3γ − p2
3δβγ − p2βp2γ + p2

2δβγ
)

×
[

B−
∫

q
K

(
4h2 + 6hq2h′ + 4

3
(q2h′)2 + 2

3
hq4h′′

)]

+
(

1

(4π)2
1

3
− 1

2
A
)
εαβγ δp1α(p2 − p3)δ . (115)

We next compute the small-momentum behavior of the left-hand side of Eq. (105). From

dαβγ (p1, p2, p3)

pi→0−→ δαβ(s p1 + t p2 + up3)γ + δβγ (u p1 + s p2 + t p3)α + δγα(t p1 + u p2 + s p3)β , (116)

we obtain

p1αdαβγ (p1, p2, p3)
pi→0−→ p1α

(
cαβγ δp1δ + cβγαδp2δ + cγαβδp3δ

)
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= (
p2βp2γ − δβγ p2

2

)
(s− u)+ (p3βp3γ − p2

3δβγ
)
(t − u)

+ (s+ t − 2u)
(
p2βp3γ − δβγ (p2p3)

)
. (117)

Matching this with Eq,. (115), we obtain

u = 1

2
(s+ t), (118a)

1

2
(s− t) = −B+

∫
q

K(q)

(
4h2 + 6hq2h′ + 4

3
(q2h′)2 + 2

3
hq4h′′

)
, (118b)

which determine the low-momentum behavior,

dαβγ (p1, p2, p3)
pi→0−→ 1

2
(s− t)

(
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

)
. (119)

We also obtain the coefficient of the anomaly as2

A = 1

(4π)2
2

3
. (120)

Let us stop here to examine the asymptotic behavior of dαβγ (p1, p2, p3) for large momenta. Instead
of taking the asymptotic limit of Eq. (108), we go back to Eqs. (104) and (105). For large momenta,
Eq. (104) gives(

3∑
i=1

pi · ∂pi − 1

)
dαβγ (p1, p2, p3)

pi→∞−→ b
[
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

]
,

(121)

and Eq. (105) gives

p1αdαβγ (p1, p2, p3)
pi→∞−→ dβγ (−p3, p3)− dβγ (p2,−p2)− 1

2
Aεαβγ δp1α(p2 − p3)δ . (122)

Equation (121) gives the dominant asymptotic behavior,

dαβγ (p1et , p2et , p3et)
t→∞−→ b t et [δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

]
, (123)

which is proportional to the coefficient b. Hence, we can construct the continuum limit as

Dαβγ (p1, p2, p3) ≡ lim
t→+∞ e−t

[
dαβγ (p1et , p2et , p3et)

− btet {δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β
} ]

. (124)

This satisfies the scaling relation(
3∑

i=1

pi · ∂pi − 1

)
Dαβγ (p1, p2, p3)

= b
{
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

}
2 It was first pointed out in Ref. [14] that the chiral anomaly comes from the short-distance singularity of

three currents. The calculation following this suggestion was completed in coordinate space in Ref. [15].
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= −b∂BDαβγ (p1, p2, p3) (125)

and the WT identity

p1αDαβγ (p1, p2, p3) = Dβγ (−p3, p3)− Dβγ (p2,−p2)− 1

2
Aεαβγ δp1α (p2 − p3)δ . (126)

The continuum limit of the connected three-point function defined by〈〈〈
J a
α (p1)J

b
β (p2)J

c
γ (p3)

〉〉〉conn

B

≡ δ(p1 + p2 + p3)
[
Tr T aT bT c Dαβγ (p1, p2, p3)+ Tr T aT cT b Dαγβ(p1, p3, p2)

]
(127)

satisfies the scaling relation(
3∑

i=1

pi · ∂pi + 3+ b∂B

) 〈〈〈
J a
α (p1)J

b
β (p2)J

c
γ (p3)

〉〉〉conn

B
= 0 (128)

and the WT identity

p1α

〈〈〈
J a
α (p1)J

b
β (p2)J

c
γ (p3)

〉〉〉conn

B

= if abd
〈〈〈

J d
β (p1 + p2)J

c
γ (p3)

〉〉〉conn

B
+ if acd

〈〈〈
J b
β (p2)J

d
γ (p1 + p3)

〉〉〉conn

B

− 1

2
A Tr T a

{
T b, T c

}
εαβγ δp1α(p2 − p3)δ δ(p1 + p2 + p3). (129)

6.3. Product of four, n = 4

dαβγ δ(p1, p2, p3, p4) must satisfy the ERG equation

4∑
i=1

pi · ∂pi dαβγ δ(p1, p2, p3, p4)

= (−)
∫

q
Tr fF(q)

[
γαhF(q+ p1)γβhF(q+ p1 + p2)γγ hF(q+ p1 + p2 + p3)γδ

+ γβhF(q+ p2)γγ hF(q+ p2 + p3)γδhF(q+ p2 + p3 + p4)γα

+ γγ hF(q+ p3)γδhF(q+ p3 + p4)γαhF(q+ p3 + p4 + p1)γβ

+γδhF(q+ p4)γαhF(q+ p4 + p1)γβhF(q+ p4 + p1 + p2)γγ
]

+ b
(
δαβδγ δ + δβγ δαδ − 2δαγ δβδ

)
, (130)

where b is given by Eq. (88), and the WT identity

p1αdαβγ δ(p1, p2, p3, p4) = dβγ δ(p1 + p2, p3, p4)− dβγ δ(p2, p3, p4 + p1)

+
∫

q
K(q)Tr

[
hF(q− p1)γβhF(q+ p2)γγ hF(q+ p2 + p3)

−hF(q+ p1)γβhF(q+ p1 + p2)γγ hF(q+ p1 + p2 + p3)
]
γδ

− 1

2
Ap1αεαβγ δ , (131)
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where A is given by Eq. (120).
We would like to check two things. As for Eq. (130), we would like to check the vanishing of the

right-hand side at zero momenta (a constant would imply nonlocal ln p). As for Eq. (131), we would
like to check its validity at the first order in momenta.

The right-hand side of Eq. (130) gives

(RHS)
pi→0−→

[
(−)1

6

∫
q

f (q)h(q)3q4 × 16+ b

] (
δαβδγ δ + δβγ δαδ − 2δαγ δβδ

)
. (132)

The integrand is a total derivative, and we obtain

8

3

∫
q

f (q)h(q)3q4 = 1

(4π)2
4

3
= b (133)

(see Appendix B.1). Hence, the right-hand side vanishes at zero momenta as desired.
We now wish to check Eq. (131) to first order in momenta. Equation (130) determines only the

momentum dependence of dαβγ δ , but its value at pi = 0 is left undetermined. The most general form,
consistent with cyclic symmetry, is

dαβγ δ(0, 0, 0, 0) = s4
(
δαβδγ δ + δβγ δδα

)+ t4 δαγ δβδ , (134)

where s4, t4 are constants such that

p1αdαβγ δ(0, 0, 0, 0) = s4
(
p1βδγ δ + p1δδβγ

)+ t4p1γ δβδ . (135)

To compare this with the right-hand side, we first compute

dβγ δ(p1 + p2, p3, p4)− dβγ δ(p2, p3, p4 + p1)
pi→0−→ 1

2
(s− t)

(
p1δδβγ + p1βδγ δ − 2p1γ δβδ

)
, (136)

where we have used Eq. (119), and 1
2(s− t) is given by Eq. (118b). We next compute∫

q
K(q)Tr

[
hF(q− p1)γβhF(q+ p2)γγ hF(q+ p2 + p3)

−hF(q+ p1)γβhF(q+ p1 + p2)γγ hF(q+ p1 + p2 + p3)
]
γδ

=
∫

q
K(q)

[
h(q− p1)h(q+ p2)h(q+ p2 + p3)Tr (q�− p�1)γβ(q�+ p�2)γγ (q�+ p�2 + p�3)

− h(q+ p1)h(q+ p1 + p2)h(q+ p1 + p2 + p3)

×Tr (q�+ p�1)γβ(q�+ p�1 + p�2)γγ (q�+ p�1 + p�2 + p�3)
]
γδaR

pi→0−→ p1αεαβγ δ4
∫

q
K(q)h(q)2q2 (h(q)+ q2h′(q)

)
+ (p1βδγ δ + p1δδβγ

) ∫
q

K(q)q2h(q)2
(

2h(q)+ 4

3
q2h′(q)

)

+ p1γ δβδ
4

3

∫
q

K(q)h(q)2q4h′(q). (137)

Hence, the right-hand side of Eq. (131) is

RHS
pi→0−→ 1

2
(s− t)

(
p1βδγ δ + p1δδβγ − 2p1γ δβδ

)
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+ (p1βδγ δ + p1δδβγ )

∫
q

K(q)h(q)2q2
(

2h(q)+ 4

3
q2h′(q)

)

+ p1γ δβδ
4

3

∫
q

K(q)h(q)2q4h′(q)

+ p1αεαβγ δ

(
4
∫

q
K(q)h(q)2q2 (h(q)+ q2h′(q)

)− 1

2
A
)

. (138)

The last term vanishes because∫
q

K(q)h(q)2q2 (h(q)+ q2h′(q)
) = 1

(4π)2
1

12
(139)

(see Appendix B.2.) We can make Eq. (138) match Eq. (135) by choosing

s4 = 1

2
(s− t)+

∫
q

K(q)h(q)2q2
(

2h(q)+ 4

3
q2h′(q)

)
(140a)

= −B+
∫

q
K

(
4h2 + 6hq2h′ + 4

3
(q2h′)2 + 2

3
hq4h′′ + 2h3q2 + 4

3
h2q4h′

)
,

t4 = −(s− t)+ 4

3

∫
q

K(q)h(q)2q4h′(q)

= −2s4 + 4
∫

q
K(q)h(q)2q2 (h(q)+ q2h′(q)

) = −2s4 + 1

(4π)2
1

3
. (140b)

We have thus checked the validity of Eq. (131).
Finally, we examine the asymptotic behavior of dαβγ δ(p1, p2, p3, p4) for large momenta. Equa-

tions (130) and (131) give

4∑
i=1

pi · ∂pi dαβγ δ(p1, p2, p3, p4)
pi→∞−→ b

(
δαβδγ δ + δβγ δαδ − 2δαγ δβδ

)
, (141)

p1αdαβγ δ(p1, p2, p3, p4)
pi→∞−→ dβγ δ(−p3 − p4, p3, p4)− dβγ δ(p2, p3,−p2 − p3)

− 1

2
Ap1αεαβγ δ . (142)

The first equation gives the asymptotic behavior

dαβγ δ(p1et , p2et , p3et , p4et)
t→∞−→ b t

(
δαβδγ δ + δβγ δαδ − 2δαγ δβδ

)
. (143)

Hence, a continuum limit is obtained as

Dαβγ δ(p1, p2, p3, p4)

≡ lim
t→+∞

[
dαβγ δ(p1et , p2et , p3et , p4et)− bt

(
δαβδγ δ + δβγ δαδ − 2δαγ δβδ

)]
, (144)

which satisfies the scaling relation

4∑
i=1

pi · ∂pi Dαβγ δ(p1, p2, p3, p4) = b
(
δαβδγ δ + δβγ δαδ − 2δαγ δβδ

)
= −b∂BDαβγ δ(p1, p2, p3, p4) (145)
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and the WT identity

p1αDαβγ δ(p1, p2, p3, p4) = Dβγ δ(−p3 − p4, p3, p4)− Dβγ δ(p2, p3,−p2 − p3)

− 1

2
Ap1αεαβγ δ . (146)

Hence, the connected four-point function defined by〈〈〈
J a
α (p1)J

b
β (p2)J

c
γ (p3)J

d
δ (p4)

〉〉〉conn

B
≡ δ(p1 + p2 + p3 + p4)

[
Tr T aT bT cT dDαβγ δ(p1, p2, p3, p4)

+Tr T aT bT dT c Dαβδγ (p1, p2, p4, p3)+ · · ·
]

(147)

satisfies the scaling relation(
4∑

i=1

pi · ∂pi + 4+ b∂B

) 〈〈〈
J a
α (p1)J

b
β (p2)J

c
γ (p3)J

d
δ (p4)

〉〉〉conn

B
= 0 (148)

and the WT identity

p1α

〈〈〈
J a
α (p1)J

b
β (p2)J

c
γ (p3)J

d
δ (p4)

〉〉〉conn

B
= if abe

〈〈〈
J e
β(p1 + p2)J

c
γ (p3)J

d
δ (p4)

〉〉〉conn

B
+ · · ·

− 1

2
A p1αεαβγ δ δ(p1 + p2 + p3 + p4)× Tr T a

(
T b[T c, T d] + T c[T d , T b] + T d[T b, T c]

)
.

(149)

6.4. Recapitulation

Let us recapitulate the results of this section by writing down equations for eW [A], a composite
operator of scale dimension 0. The ERG differential equation is given by(∫

p

(−p · ∂p − D + 1
)

Aa
μ(p) ·

δ

δAa
μ(p)
−D

)
eW [A]

= 1

(4π)2
4

3
· 1

4

∫
d4x Tr

(
∂αAβ − ∂βAα − i[Aα , Aβ]

) (
∂αAβ − ∂βAα − i[Aα , Aβ]

)
eW [A]. (150)

The WT identity is given by

δεe
W [A] ≡

∫
p

(
−pμε

a(p)+ if abc
∫

q
Ab
μ(p+ q)εc(−q)

)
δ

δAa
μ(p)

eW [A]

=
[∫

p
εa(−p)Ea(p) �+ 1

(4π)2
2

3

∫
d4x εαβγ δTr ∂αε

(
Aβ∂γAδ − i

1

2
AβAγAδ

)]
eW [A].

(151)

W [A] is determined uniquely by the above two equations up to a constant multiple of the gauge
invariant

1

4

∫
d4x Tr

(
∂αAβ − ∂βAα − i[Aα , Aβ]

) (
∂αAβ − ∂βAα − i[Aα , Aβ]

)
.

If we define

Wg[A] = − 1

4g

∫
d4x Tr

(
∂αAβ − ∂βAα − i[Aα , Aβ]

) (
∂αAβ − ∂βAα − i[Aα , Aβ]

)+W [A], (152)
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we can rewrite the ERG equation as(
β(g)∂g +

∫
p

(−p · ∂p − D + 1
)

Aa
μ(p) ·

δ

δAa
μ(p)
−D

)
eWg [A] = 0, (153)

where

β(g) = − 1

(4π)2
4

3
g2 (154)

is the one-loop beta function.

7. Conclusions

We have discussed the multiple products of current operators using the exact renormalization group
formalism. The multiple products are characterized by two mutually consistent equations: one is
the ERG differential equation and the other is the Ward–Takahashi identity. We have argued that
these two equations suffer changes due to the short-distance singularities of the products, and the
revised equations are given by Eq. (61) for ERG and Eq. (64) for the WT identity. In Sect 6 we
have calculated the multiple products explicitly by solving these equations for the Gaussian fixed
point. The guiding principle in these calculations is the locality of the operators. Since the momenta
below the cutoff have not been integrated, the coefficient functions for the products of the current
are analytic at zero momenta.

There are some future directions we can consider. We may consider a theory such as quantum
chromodynamics with fields other than the chiral fermions. Or we may consider a more nontriv-
ial fixed-point Wilson action. We also think it interesting to study the multiple products of other
composite operators such as the energy–momentum tensor.
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Appendix A. Invariance of the Wilson action

Given a Wilson action S[ψ , ψ̄], its invariance under global flavor transformations is most
straightforwardly given by

∫
p

[
ψ̄(−p)T a

−→
δ

δψ̄(−p)
St − St

←−
δ

δψ(p)
T aψ(p)

]
= 0. (A.1)

We wish to show that this is equal to Eq. (23), which is

Ea(0) ≡ e−St

∫
p

K(p)Tr

[ −→
δ

δψ̄(−p)

(
	̄(−p)T aeSt

)− (eSt T a	(p)
) ←−δ
δψ(p)

]
= 0, (A.2)
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where

	(p) = 1

K(p)

(
ψ(p)+ hF(p)

−→
δ

δψ̄(−p)
St

)
, (A.3a)

	̄(−p) = 1

K(p)

(
ψ̄(−p)+ St

←−
δ

δψ(p)
hF(p)

)
. (A.3b)

Substituting Eq. (A.3) into Eq. (A.2), we obtain

Ea(0) =
∫

p

[
−
(
ψ̄(−p)+ St

←−
δ

δψ(p)
hF(p)

)
T a

−→
δ

δψ̄(−p)
St

+ St

←−
δ

δψ(p)
T a

(
ψ(p)+ hF(p)

−→
δ

δψ̄(−p)
St

)]

+
∫

p
Tr

[
δ(0)T a − δ(0)T a]

+
∫

p
Tr

[ −→
δ

δψ̄(−p)
St

←−
δ

δψ(p)
hF(p)T

a − T ahF(p)
−→
δ

δψ̄(−p)
St

←−
δ

δψ(p)

]

=
∫

p

[
−ψ̄(−p)T a

−→
δ

δψ̄(−p)
St + St

←−
δ

δψ(p)
T aψ(p)

]
= 0, (A.4)

which is Eq. (A.1).

Appendix B. Universal cutoff integrals

We give four integrals involving a cutoff function K(p). The values of these integrals are universal
in the sense that they do not depend on the choice of K(p) as long as K(0) = 1 and K(p) vanishes
asymptotically as p2 →∞. The functions h and f are defined by

h(p) ≡ 1− K(p)

p2 , (B.1a)

f (p) ≡ (
p · ∂p + 2

)
h(p) = �(p)

p2 , (B.1b)

�(p) ≡ −p · ∂pK(p). (B.1c)

Appendix B.1.
∫

q f (q)h(q)
(
q2h(q)

)n

For n = 0, 1, 2, . . ., we obtain∫
q

f (q)h(q)
(
q2h(q)

)n =
∫

q

(
q · ∂q + 2

)
h(q) · 1

q2

(
q2h(q)

)n+1

=
∫

q

1

q4 q · ∂q

{(
q2h(q)

)n+2

n+ 2

}

= 2π2

(2π)4

∫ ∞
0

dq2 d

dq2

{(
q2h(q)

)n+2

n+ 2

}
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= 1

(4π)2
2

n+ 2
. (B.2)

Appendix B.2.
∫

q K(q)h(q)
(
q2h(q)

)n (
h(q)+ q2h′(q)

)
For n = 0, 1, 2, . . ., we obtain∫

q
K(q)h(q)

(
q2h(q)

)n (
h(q)+ q2h′(q)

) = ∫
q

(
1− q2h(q)

)
h(q)

(
q2h(q)

)n d

dq2

(
q2h(q)

)
=
∫

q

1

q2

(
1− q2h(q)

) (
q2h(q)

)n+1 d

dq2

(
q2h(q)

)

= 1

(4π)2

∫ ∞
0

dq2 d

dq2

((
q2h(q)

)n+2

n+ 2
−
(
q2h(q)

)n+3

n+ 3

)

= 1

(4π)2
1

(n+ 2)(n+ 3)
. (B.3)

Appendix B.3.
∫

q f (q)
(
q2h′(q)+ 1

3
q4h′′(q)

)
∫

q
f (q)

(
q2h′(q)+ 1

3
q4h′′(q)

)
= 1

(4π)2

∫ ∞
0

xdx f (x)︸︷︷︸
=2

(
x d

dx+1
)

h(x)

(
x

d

dx
+ 1

3
x2 d2

dx2

)
h(x)

= 2

(4π)2

∫ ∞
0

dx x

(
1+ x

d

dx

)
h(x) · x

(
d

dx
+ 1

3
x

d2

dx2

)
h(x)

= 2

(4π)2

∫ ∞
0

dx
d

dx

(
1

3
x3h(x)h′(x)+ 1

6
x4h′(x)2

)

= 2

(4π)2

(
−1

3
+ 1

6

)
= − 1

(4π)2
1

3
. (B.4)

Appendix B.4.
∫

q K(q)
(
h′(q)+ q2h′′(q)+ 1

6
q4h′′′(q)

)
∫

q
K(q)

(
h′(q)+ q2h′′(q)+ 1

6
q4h′′′(q)

)

= 1

(4π)2

∫ ∞
0

dq2 q2K(q)

(
h′(q)+ q2h′′(q)+ 1

6
h′′(q)

)

= 1

(4π)2

∫ ∞
0

dq2 d

dq2

[
−1

6
q4K(q)K ′′(q)+ 1

6

(
q4 1

2
K ′(q)2 − q2K(q)K ′(q)

)
+ 1

12
K(q)2

]

= − 1

(4π)2
1

12
. (B.5)

Appendix B.5. Check of Eq. (92)

We wish to check Eq. (92) in Sect. 6, which can be written as∫
q

(
f (q)h(q)q2 − K(q)(2h(q)+ f (q))

) = 0. (B.6)
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The integrand is a total derivative:(
q · ∂q + 4

)
(K(q)h(q)) = −�(q)h(q)+ K(q)f (q)+ 2K(q)h(q)

= −q2f (q)h(q)+ K(q) (2h(q)+ f (q)) . (B.7)

Since K(q)h(q) vanishes at q2 = 0 ,∞, the integral vanishes.

Appendix C. Corrections to the ERG equation and the WT identity

Differentiating Eqs. (61) and (64) with respect to the source A, we obtain the ERG equation and the
WT identity for the products of current operators.

Appendix C.1. Product of two

The ERG differential equation is(
∂t + p1 · ∂p1 + p2 · ∂p2 + 2−Dt

) [
J a
α (p1)J

b
β (p2)

]
= b(t)δ(p1+ p2) δ

ab (p1αp1β − p2
1δαβ

)
. (C.1)

The WT identity has no anomaly:

pα
[
J a
α (p)J

b
β (p1)

]
= if abcJ c

β(p+ p1)+ Ea(p) � J b
β (p1). (C.2)

Appendix C.2. Product of three

The ERG differential equation is(
3∑

i=1

pi · ∂pi + 3−Dt

)[
J a
α (p1)J

b
β (p2)J

c
γ (p3)

]

= b(t)

[
δ

(
3∑

i=1

pi

)
Tr T a

[
T b, T c

] {
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

}
−
{
δ(p1 + p2)

(
p1αp1β − p2

1δαβ
)
δabJ c

γ (p3)+ δ(p2 + p3)
(
p2βp2γ − p2

2δβγ
)
δbcJ a

α (p1)

+δ(p3 + p1)
(
p3γ p3α − p2

3δγα
)
δcaJ b

β (p2)
} ]

. (C.3)

The WT identity can be anomalous:

pα
[
J a
α (p)J

b
β (q)J

c
γ (r)

]
= if abd

[
J d
β (p+ q)J c

γ (r)
]
+ if acd

[
J b
β (q)J

d
γ (p+ r)

]
+ Ea(p) �

[
J b
β (q)J

c
γ (r)

]
− A

2
δ (p+ q+ r)Tr T a

{
T b, T c

}
εαβγ δpα(q− r)δ . (C.4)

Appendix C.3. Product of four

The ERG differential equation is(
4∑

i=1

pi · ∂pi + 4−Dt

)[
J a
α (p1)J

b
β (p2)J

c
γ (p3)J

d
δ (p4)

]
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= b(t)

[
δ(p1 + p2 + p3 + p4)

[
Tr T aT bT cT d (δαβδγ δ + δβγ δδα − 2δαγ δβδ

)
+ Tr T aT bT dT c (δαβδδγ + δβδδγα − 2δαδδβγ

)+ Tr T aT cT bT d (δαγ δβδ + δγβδδα − 2δαβδγ δ
)

+ Tr T aT cT dT b (δαγ δδβ + δγ δδβα − 2δαδδγβ
)+ Tr T aT dT bT c (δαδδβγ + δδβδγα − 2δαβδδγ

)
+Tr T aT dT cT b (δαδδγβ + δδγ δβα − 2δαγ δδβ

)]
+ δ(p1 + p2 + p3)Tr T a

[
T b, T c

] {
δαβ(p1 − p2)γ + δβγ (p2 − p3)α + δγα(p3 − p1)β

}
J d
δ (p4)

+ δ(p1 + p2 + p4)Tr T a
[
T b, T d

] {
δαβ(p1 − p2)δ + δβδ(p2 − p4)α + δδα(p4 − p1)β

}
J c
γ (p3)

+ δ(p1 + p3 + p4)Tr T a
[
T c, T d

] {
δαγ (p1 − p3)δ + δγ δ(p3 − p4)α + δδα(p4 − p1)γ

}
J b
β (p2)

+ δ(p2 + p3 + p4)Tr T b
[
T c, T d

] {
δβγ (p2 − p3)δ + δγ δ(p4 − p4)β + δδβ(p4 − p2)γ

}
J a
α (p1)

+ δ(p1 + p2)
(
p2

1δαβ − p1αp1β
)
δab

[
J c
γ (p3)J

d
δ (p4)

]
+ δ(p1 + p3)

(
p2

1δαγ − p1αp1γ
)
δac

[
J b
β (p2)J

d
γ (p4)

]
+ δ(p1 + p4)

(
p2

1δαδ − p1αp1δ
)
δad

[
J b
β (p2)J

c
γ (p3)

]
+ δ(p2 + p3)

(
p2

2δβδ − p2βp2δ
)
δbc

[
J a
α (p1)J

d
δ (p4)

]
+ δ(p2 + p4)

(
p2

2δβδ − p2βp2δ
)
δbd

[
J a
α (p1)J

c
γ (p4)

]
+ δ(p3 + p4)

(
p2

3δγ δ − p3γ p3δ
)
δcd

[
J a
α (p1)J

b
β (p2)

] ]
. (C.5)

The WT identity can be anomalous:

pα
[
J a
α (p)J

b
β (q)J

c
γ (r)J

d
δ (s)

]
= if abe

[
J e
β(q+ p)J c

γ (r)J
d
δ (s)

]
+ if ace

[
J b
β (q)J

e
γ (r + p)J d

δ (s)
]
+ if ade

[
J b
β (q)J

c
γ (r)J

e
δ (s+ p)

]
+ Ea(p) �

[
J b
β (q)J

c
γ (r)J

d
δ (s)

]
− A

2

[
δ(p+ q+ r + s) p1αεαβγ δTr T a

(
T b

[
T c, T d

]
+ T c

[
T d , T b

]
+ T d

[
T b, T c

])
+ δ(p+ q+ r)Tr T a

{
T b, T c

}
εαβγ εpα(q− r)εJ

d
δ (s)

+ δ(p+ q+ s)Tr T a
{

T b, T d
}
εαβδεpα(q− s)εJ

c
γ (r)

+ δ(p+ r + s)Tr T a
{

T c, T d
}
εαγ δεpα(r − s)εJ

b
β (q)

]
. (C.6)
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