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We study the constraint of the nonsupersymmetric (non-SUSY) anti—de Sitter (AdS) conjecture on the
three-dimensional vacua obtained from the compactification of the Standard Model coupled to Einstein
gravity on a circle where the three-dimensional components of the four-dimensional metric are general
functions of both noncompact and compact coordinates. We find from studying the wave function profile of
the three-dimensional metric in the compactified dimension that the radius of the compactified dimension
must be quantized. Consequently, the three-dimensional vacua are constrained by not only the non-SUSY
AdS conjecture but also the quantization rule of the circle radius, leading to both upper and lower bounds
for the mass of the lightest neutrino as v2 < m,//A; < V/3, where A, ~5.06 x 1078 GeV? is the
observed cosmological constant. This means that the lightest neutrino should have a mass around 1073% eV
or it would be approximately massless. With this prediction, we reconstruct the light neutrino mass matrix
that is fixed by the neutrino oscillation data and in terms of three new mixing angles and six new phases for
both the normal ordering and inverted ordering. In the situation where the light neutrino mass matrix is

Hermitian, we calculate its numerical value in the 3¢ range.
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I. INTRODUCTION

The observations of the neutrino oscillations have
indicated the nonzero mass of the neutrinos, but they only
provide information about the difference of the squared
neutrino masses given by [1]

Am3; =7.397030 x 1073 eV2,

Am3, =2.5251093 x 1073 eV?

Am3, = —2.5121003 % 103 e V2

normal ordering (NO),
inverted ordering (IN).

(1)

In this way, the present neutrino experiments cannot tell us
the mass of the lightest neutrino by which the mass of three
neutrino generations can be determined. The determination
of the neutrino masses is very important to understand
the role of neutrinos in the evolution of the Universe and the
formation of large structures (like galaxies) because the
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mass density of the Universe would obtain significant
contributions from the very light neutrinos [2].

It is interesting in recent years that the consistency of the
low-energy effective theories with quantum gravity, related
to the swampland program [3-5], can give constraints on
the mass of the lightest neutrino. The Standard Model (SM)
coupled to Einstein gravity is clearly a good effective
theory in the low-energy regime and hence it must be
consistent with quantum gravity. This means that the effec-
tive field theories that are derived from its dimensional
reduction are too. On the other hand, the lower-dimensional
vacua in the landscape of the SM coupled to Einstein
gravity would be subject to the constraint of the swampland
conjectures. In Refs. [6,7], by considering the compacti-
fication of the SM coupled to Einstein gravity on a circle
[8], the constraint of the nonsupersymmetric (non-SUSY)
anti—de Sitter (AdS) conjecture (stating that stable non-SUSY
AdS vacua are inconsistent with quantum gravity or belong
to the swampland) imposes an upper bound on the mass of
the lightest neutrino as m,, , < (Mg A4)"/* ~ 107 eV, where
Mp, ~ 10" GeV is the Planck energy scale and A, ~ 5.06 x
1073 GeV? is the observed cosmological constant [9].

In this work, we will revisit the circle compactification of
the SM coupled to Einstein gravity and the application
of the non-SUSY AdS conjecture to the corresponding
three-dimensional vacua where, unlike the previous
investigations in the literature, we do not restrict the
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three-dimensional components of the four-dimensional
metric to be the functions of the noncompact coordinates
only. However, we consider that they are general functions
of both noncompact and compact coordinates. By using
the most general setting of the circle compactification
described by a U(1) principal bundle, we expand the
Einstein-Hilbert (EH) action plus a positive cosmological
constant in terms of the three-dimensional metric, U(1)
gauge vector, and radion fields, represented in Sec. II. From
studying the wave function profile of the three-dimensional
metric in the compactified dimension, we show in Sec. III
that the radius of the compactified dimension must be
quantized due to its circle topology. In Sec. IV, we indicate
that the quantization rule of the size of the compactified
dimension and the constraint of the non-SUSY AdS
conjecture on the three-dimensional vacua predict a mass
range for the lightest neutrino as /2 < m,/\/Ay < /3,
which means that the mass of the lightest neutrino should
be around 10732 eV or it would be well approximately
massless. From this prediction, in Sec. V we reconstruct
the light neutrino mass matrix, which can be given by the
numerical values in the 30 range if the light neutrino mass
matrix is Hermitian.

II. CIRCLE COMPACTIFICATION

We start by introducing the four-dimensional action
describing the SM coupled to Einstein gravity as follows:

2
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/d4x —04 [RW - Ad + Ssm, (2)

where R™ is the Ricci scalar and Sgy; denotes the action
of the SM. As we will see later, only the lightest field of
the SM which is the lightest neutrino plays a role under the
constraint of the non-SUSY AdS conjecture because it
significantly contributes to the radion potential whose
minimum would determine a landscape of the three-
dimensional vacua. In this sense, the relevant action of
the SM is given by

Ssm = / d4x\/ —9aV1(3) (i}’aeaﬂD/x - mUl(S))yl(3) o (3)

where e,/ and D, denote the vierbein and the covariant
derivative, respectively, and the ellipsis refers to the rest of
the SM fields, which can be ignored under the constraint of
the non-SUSY AdS conjecture.

Because our starting point is a vacuum configuration
of positive energy in four-dimensional Einstein gravity
coupled to the SM, we discuss the constraints on de Sitter
(dS) spacetime background coming from other swampland
conjectures. Motivated by the difficulties in constructing dS
vacuum solutions in string theory, it has been conjectured
that string theory does not admit dS vacua, or in other
words, dS vacua would be in the swampland. The idea that

no dS vacua are consistent with quantum gravity is quanti-
tatively formulated by the (refined) dS conjecture [10-12]
that requires the scalar potential of the effective field theo-
ries coupled with Einstein gravity to satisfy the following
bound:

/

c c
VV|>—V o mn(V,V.V)<-—V, (4
WV > V) <-4 Ve @)

where ¢ and ¢’ are the O(1) positive constants. It is obvious
that the dS conjecture forbids (meta)stable dS vacua because
they violate both of the inequalities given in (4). However,
the dS conjecture is in direct tension with both inflation and
ACDM model, which are well consistent with the observa-
tional data. On the other hand, the possibility that dS vacua
are inconsistent with quantum gravity is not ruled out by
the observations. Therefore, the trans-Planckian censorship
conjecture was recently proposed as a swampland criterion
to further relax the constraint of the dS conjecture [13-15].
This conjecture forbids stable dS vacua, but allows the
existence of metastable dS vacua as long as their lifetime
cannot last longer than H~'log (Mp/H). With the lifetime
in order of Hubble time, the Universe may exist in a meta-
stable dS vacuum for a long enough time [16,17]. Hence,
it can be approximated as a stable vacuum configuration
where we can impose some swampland conjectures to set the
constraints on the low-energy dynamics in the IR regime.

Now we consider the compactification of the SM coupled
to Einstein gravity on a circle S' with x* and x* + 27
identified where the setting of this compactification is
described in the most general way by a principal bundle
with the typical fiber U(1) [18-22]. Using this setting, we
can write the metric endowed on the spacetime compactified
on the circle S! as follows:

ds* = g;;dx'dx’) + R*[dx® + kA;dx']. (5)

Here g;; is the three-dimensional metric. A; is the con-
nection or the gauge vector field on the U(1) principal
bundle and transforms under the general coordinate trans-
formations as A; — A; — d;e(x/)/k. R is the radion (or
dilaton) field whose vacuum expectation value would fix
the radius of the S' fiber, i, j = 0, 1, 2 are the indices of the
noncompact coordinates, and « is the gauge coupling.
Note that the three-dimensional field g;; and the radion
field R are, in general, dependent on both noncompact and
compact coordinates.

Replacing the ansatz (5) into the Ricci scalar R(¥), the
EH action plus the cosmological constant gives [23]

2
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where R and the field strength tensor F, ; of the U(1) gauge
field are given by

R= g (3,8 - o,F% + FATL - T4F). ()

Kl
A g A A A
r{'(j =5 (aigjl +0,9i — 519;;)7 (8)

Fij :aiAj_aina (9)

with 9; = 9, — kA;0;. A novel point that appears in the
gravity action (6) upon the circle compactification is the
presence of the second term. This is due to the fact that, in
the calculation, we have not restricted the three-dimensional
field g;; to be the functions of x' only as considered in the
previous investigations about the circle compactification of
the SM coupled to Einstein gravity [6—8,24-28]. As we will
indicate later, this novel term would lead to a significant
change to the constraint of the lightest neutrino mass. In
addition, it should be noted that no kinetic term related to
the first-order derivatives of the radion field appears in the
expansion of the Ricci scalar R*) because the S' fiber has a
zero curvature. However, the kinetic term of the radion field
will appear in the Einstein frame obtained by rescaling the
three-dimensional metric.

III. QUANTIZATION OF THE CIRCLE RADIUS

A. Equations of motion for the 3D components
of the bulk metric

In this subsection, we will write explicitly a full set of
equations of motion for the three-dimensional components
of the bulk metric in order to show that our setup is actually
self-consistent. We would like to note that in Ref. [23] the
components g;;, A;, and R are considered to be the general
functions of the noncompact coordinates as well as the
fourth compact circle coordinate. However, in the calcu-
lation of the scalar curvature R*) as given in Appendix A
in Ref. [23], the terms relating to d;A; automatically cancel
together. As a result, they do not contribute to R*) because
the contribution to the spacetime curvature caused by the
topological nontriviality of the U(1) principal bundle is
measured by the curvature 2-form F;;. Therefore, in this
work, we have not considered the dependence of the
fourth compact circle coordinate entering through the U(1)
field A;. However, the equations of motion for the three-
dimensional components of the bulk metric are basically
similar to those derived in Ref. [23] (see Appendix B of this
reference).

The equations of motion for the three-dimensional
metric g;; can be found via the variation égijSEH = 0 with

Sgy as given in Eq. (6), and they are given by

1 - . -
R—-06A,— e [Sglja%gij + 5059705 9;; + 9(9”0391']')2}

K2R?

Flekl +f1 (3,R,63R) = 0, (10)
where R and I“fj are defined as follows:

R = gij (0krfi - ajrllgi + Fﬁ'ir]/il - Fiirfz>’ (1 1)

kl
g
rh =2 0+ 0y o). (2

and f|(0;R,04R) is a functional of ;R and d;R and it
vanishes when R is a constant. From the variation
04Sgn = 0, we can find the equations of motion for the
three-dimensional gauge field A; as follows:

v pii _ _0R
S

Fi+ f, (51‘91(/, ogu)A7,  (13)

where fz(aigkl,63gk,) is a functional of aigkl and 03gk,.
With respect to the radion field, as seen in the next section,
it would get a three-dimensional effective potential which
is generated by the cosmological constant term and the
Casimir energy coming from loops wrapping the fourth
compactified dimension. Hence, we obtain the equation of
motion for the radion field R from the variation of the three-
dimensional action given in Eq. (21) in terms of R. It is
given by

1 R? 0V(R)
OR = = (3;R)? + — 1) A, F:), (14
R(al ) +2M3 OR +f3( i lj)’ ( )

where V(R) is the three-dimensional effective potential
of the radion field and f5(A;, F;;) is a functional of A; and
F;;. Note that the functional f5(A;, F;;) is zero with the
vanishing of the curvature 2-form F;;.

The three-dimensional effective potential of the radion
field R allows us to stabilize the size of the fourth
compactified dimension. This implies that we consider
the theory in the vacuum R = constant which corresponds
to the minimum of the radion potential. From Eq. (14),
the solution with R = constant is only satisfied when
f3(A;, F;;) = 0, which leads to F;; = 0 corresponding to
A; = 01in a proper gauge. We can easily check that the solu-
tion R = constant and A; = 0 also is automatically satisfied
by the equations of motion for the three-dimensional gauge
field A; as given in Eq. (13). Therefore, the Kaluza-Klein
gauge field A; should be vanishing in the background
where the radion field is constant, which is physically fixed
by the minimum of the radion potential.
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B. Quantization rule
In the vacuum R = constant and A; = 0, we find the

equations of motion for the three-dimensional metric g;; as
follows:

1 . . ;
R—6A4 _W [Sglja%gu +503g”03g,-j +9(gl]a3glj)2:| =0.
(15)

It is interesting that Eq. (15) can be solved by separating the
variables as follows:

gy (61, %) = 2()g} (). (16)
where gl(;)(xi ) is identified as the metric defining the line
element of the effective three-dimensional spacetime and
x(x?) describes its wave function profile in the compacti-
fied dimension. We substitute Eq. (16) into Eq. (15), then
we derive the following equations:

RB) = 6A;, (17)
112 A A
)("+Z—+R—_42)(=R—_32, (18)

where R) is the Ricci scalar of the effective three-
dimensional spacetime whose geometry is determined by
Eq. (17). The source of the geometry of the effective three-
dimensional spacetime is a cosmological constant Aj
originating from the dynamics of the three-dimensional
metric in the compactified dimension. By solving Eq. (18),
one can find the wave function profile of the three-
dimensional metric in the compactified dimension. It is
important to note here that the equation for the wave
function profile is nonlinear due to the nonlinear nature of
the three-dimensional metric. This means that the solution
for the three-dimensional metric should not be expressed as
a linear combination of the partial solutions.

Because of the presence of the nonlinear term (which is
the second term on the left-hand side) in Eq. (18), it is not
easy to find an analytical solution for the wave function
profile of the three-dimensional metric. But, in the case
of A;/R™? < 1 [which can be realized from Eq. (20) and
Table I], Eq. (18) can be perturbatively solved in the order
of A3/R~2. At the leading order, we can find an analytical
solution for the wave function profile of the three-
dimensional metric as follows:

;((x3):B{l—|—cos<R 15A4x3)}r/15. (19)

Importantly, the circle topology requires that the wave
function profile of the three-dimensional metric must be
periodic with the period of 27 as y(x*) = y(x* + 2x). This

TABLE I. The predicted value range for the lightest neutrino
mass and the three-dimensional cosmological constant for some
values of the quantum number 7.

n my,/ /Ay

(1.414,1.732)
(0.707,0.866)
(0.471,0.577)
(0.354,0.433)

MAs/ A

(0.053,0.161)
(3.3 x1073,0.01)
(6.5 x 1074,2x 1073)
(2x1074,6 x 107%)

B Lo =

leads to a quantization condition for the circle radius and
cosmological constant as follows:

/1
R=\[{spm with n=123. .. (20)

In this way, the nontrivial behavior of the wave function
profile of the three-dimensional metric in the compactified
dimension requires both the radius of the compactified
dimension and the four-dimensional cosmological constant
to be quantized. In other words, their value is not arbitrary
but only obtains the discrete values satisfying the quanti-
zation rule (20). Such a quantization has been used to
interpret the radiative stability of a tiny observed cosmo-
logical constant under the quantum corrections [23] as well
as to construct microscopic configurations for observed
black holes [29].

IV. CONSTRAINT OF NON-SUSY ADS
CONJECTURE

The compactification of the SM coupled to general
relativity on the circle S' would lead to a landscape of
vacua which corresponds to the extrema of the radion
potential. Here, the radion potential is generated by the
cosmological constant and the one-loop correction of the
light particles. Depending on the three-dimensional cos-
mological constant Ay and the mass of the light particles,
this landscape of vacua includes both the dS and AdS
geometries, which would be an object for the constraint of
the non-SUSY AdS conjecture.

The three-dimensional effective action of Einstein grav-
ity derived upon the circle compactification in the Einstein
frame is given by

M 0,R\2 r\2
S3D D/d3x\/—g3 |:73R(3) —2M3 (%) —M3 <E> A3:| s
(21)

where we have rescaled the three-dimensional metric as
91(73') - Q‘zgl(-?-) with Q = R/r (the parameter r is intro-
duced to keep the rescaled three-dimensional metric
dimensionless and it would be fixed equal to the vacuum
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expectation value of the radion field), g; = det [gg)], and the
three-dimensional Planck energy scale is identified as

T
My = erzgl/ dx3y'/?

B 2\/7(17/30)
= W rM%,l. (22)

The last term in the action (21) is the tree-level potential of
the radion field generated by the dynamics of the three-
dimensional metric along the compactified dimension. In
addition, the one-loop quantum corrections would contrib-
ute to the radion potential as

ViL(R) :Z(-l)an,.RG)Bp,-(R) /_ :dxz,(%. (23)

i

Here s, is equal to 0(1) for the fermions(bosons), n; is the
number of degrees of freedom corresponding to the ith
particle, and the Casimir energy density with respect to the
ith particle is given by [8]

i 2m} K, (2znm;R)

24
(2z)? (2znm;R)* "’ (24)

n=1

where m; and K, (z) are the mass of the ith particle and the
modified Bessel function, respectively. It should be noted
here that, due to the function K,(z) suppressed for z < 1,
the particles with their mass, which is much larger than
R™', do not contribute significantly to the one-loop term
of the radion potential and hence we can ignore their
contribution. On the other hand, only the light degrees of
freedom contribute significantly to V; (R).

The radion potential V(R) thus is a sum of the tree- and
loop-level contributions, which is expanded in terms of
m;R for m;R <« 1 as

1 T(7/10) 1
162> T(6/5) R®
1 m;R)?> (m;R)*
XZ(—I)Sini{g—O—( 6) 4 48) H (25)

L

V(R) _[T(17/30) M3A,
2 mr {F(16/15) R?

A stable non-SUSY AdS vacuum would always be formed
for the case of A; < 0 [30]. However, according to the non-
SUSY AdS instability conjecture, the stable non-SUSY
AdS vacua are inconsistent with the UV embedding in
quantum gravity or they belong to the swampland. Because
the SM coupled to Einstein gravity must be consistent
with quantum gravity, the radion potential must develop a
non-AdS vacuum that can be guaranteed if the three-
dimensional cosmological constant A3 is positive and there
are enough fermionic degrees of freedom that are sufficiently

1.0

oy
Var
0.8 Cm g
Var
0.6 m _
— Fe=ls
g 04 — ﬁ:l.s
i~ 02
0.0
-04
0.0 0.2 0.4 0.6 0.8 1.0
RVA,
FIG. 1. The scaled radion potential V(R) = V(R)/(2y/zr3A$)

versus the scaled S' radius R+/A, for various values of m,/+/A,
with M3 A;/A = 0.1. The red and orange curves correspond to
the AdS vacuum and runaway dS vacuum, respectively, whereas
the blue and purple curves lead to the dS vacuum.

light." The experimental value A4 ~ 5.06 x 10784 GeV? [9]
and Eq. (20) lead to R > 1.15 x 10*! GeV~'. This means
that only the lightest neutrino can contribute to the radion
potential if it is light enough. However, even with the
possible maximum degrees of freedom of the lightest
neutrino, which is four if it is a Dirac particle, it is impossible
to generate a non-AdS vacuum. This is due to the fact that
the contributions coming from the massless bosonic degrees
of freedom in the SM coupled to Einstein gravity (which are
two from the graviton and two from the photon) would make
the radion potential drop for small R. This thus implies the
existence of sufficiently light fermionic degrees of freedom
beyond the SM with the upper bound for the mass on the
order of \/A,. With such a tiny upper bound for the mass, we
can consider an additional massless Dirac fermion.

In Fig. 1, we depict the behavior of the radion potential
in terms of the radius of the compactified dimension for
various values of the lightest neutrino mass. In the region of
the large radius, the contribution of the three-dimensional
cosmological constant is dominant, positive, and decreases
with the growth of R, hence the radion potential will go to
zero from above when R approaches infinity. On the
contrary, in the region of the small radius, the Casimir
contribution of the bosons and fermions is dominant where
the bosons and fermions contribute negatively and pos-
itively, respectively. However, due to the fermionic degrees
of freedom larger than the bosonic one, the radion potential
will approach infinity for R — 0. In particular, a minimum
or runaway behavior (runaway dS vacua) is formed,
depending on the mass of the lightest neutrino.

'In order to apply the non-SUSY AdS conjecture here, we
assume the absence of the UV non-perturbative instabilities
transferred to the effective three-dimensional theory which can
be avoided if the bubble radius is larger than the AdS; curvature
radius.

103511-5
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In the previous works [6,7], there is no constraint on the
runaway behavior of the radion potential. On the other
hand, no lower bound on the mass of the lightest neutrino
is imposed, only the upper bound is required to guarantee
the absence of the stable non-SUSY AdS vacuum.
Interestingly, in the present work, the runaway behavior
of the radion potential must be excluded by the quantization
of the circle compactification. Indeed, in the large field
region in which the gradients of the radion potential are
very small, or in other words, the radion field exhibits
ultraslow-rolling behavior, we can study the theory with the
radius of the compactified dimension kept fixed. In this
situation, as found above the quantization condition (20)
requires that the radius of the compactified dimension only
obtains the discrete values. However, for the runaway
behavior, the spectrum of the radius of the compactified
dimension is continuous and hence it would violate the
quantization condition (20). This would allow us to impose
a lower bound on the mass of the lightest neutrino as given
by Eq. (28).

A minimum will develop in the situation in which the
mass of the lightest neutrino is above the lower bound.
From the minimum condition 0V(R)/dR = 0, we derive an
expression for the value of R corresponding to the mini-
mum of the radion potential as follows:

2

Ryin =
[ZOmz +/30(13m?* = 64ﬂ2aM}2,1A3)}

(26)

1/2°

where m,, refers to the mass of the lightest neutrino and

I'(17/30) T(6/5)
I'(16/15)T(7/10)"

a (27)

It is clear from Eq. (26) that a condition for the existence of
the (meta)stable minimum of the radion potential is

mt > %IZZ(ZMI%IA3. (28)
As we argued above, the radius of the compactified
dimension must be quantized according to Eq. (20). There-
fore, in order for the theory to be self-consistent, the value
of R at the minimum of the radion potential corresponding
to the vacuum expectation value of the radion field must be
equal to n/+/15A,. This would imply the constraint on the
light particle spectrum of the effective field theories: with
respect to the light particles that contribute to the effective
potential of the radion field, their mass should not be
arbitrary, but only obtain allowed values so that the radius
of the fourth compactified dimension obeys the quantiza-
tion rule (16). More specifically in the context of the
present work, by requiring R, = n/+/15A4, the mass of
the lightest neutrino should be quantized according to the
rule determined by the following equation:

5 1/2
=22 {60/\4 —\/6(58503 ~8n'mading) | L (29)
n

with the following condition:

4.2 212
n ﬂaI\Z/IPIA3 ﬂ (30)
A 64
Equation (29) should be one of the essential points that are
used to predict the mass of the light neutrino.

In addition, in order for a stable non-SUSY AdS vacuum

that cannot develop in the lower dimensions, the following
condition must satisty

192
mf S 2—97[2(1M1%1A3. (31)
This constraint leads to a lower bound on the three-
dimensional cosmological constant A5 as follows:

n*mlaMAs > 29 (32)
A3 48
In summary, the quantization rule (20) and the non-
SUSY AdS conjecture impose both the upper and lower
bounds on the three-dimensional cosmological constant Az
and the mass of the lightest neutrino as

29 MRA; 117

. 33
Bnir’a ™ A} 64n*n’a (33)
2
v2_m, V3 (34)
n " VAs n

More explicitly, we show the allowed values of the three-
dimensional cosmological constant versus those of the
lightest neutrino mass (which are scaled by the 4D cosmo-
logical constant) for some values of the quantum number n
in Fig. 2 and in Table I. Their allowed values correspond to
the curves (which are blue, red, green, and purple forn = 1,
2, 3, and 4, respectively, for example) belonging to the
yellow region. We observe that the allowed region of the
lightest neutrino mass and the 3D cosmological constant
would narrow when the quantum number n increases. The
largest allowed region of the lightest neutrino mass which
corresponds to n =1 is only (1.414\/A4, 1.732\/Ay), as
seen in Table I, which is around /A, ~ 1073 eV. With such
a tiny mass scale, the lightest neutrino can be well approx-
imately considered to be massless. Hence, our present
scenario provides an extremely predictive picture of the
lightest neutrino mass. This is an essential point to distin-
guish our present scenario from the previous investigations
[6,26] which predicted m, < (M3,A4)"/* ~1073 V.
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0.1
Runaways
0.01
o~ dS vacua
< 0.001
o
<
N
S jo4 AdS vacua
107
n=4 n=3 n=2 n=1
—6
10 0.0 0.5 1.0 1.5
mv/ \J A4

FIG. 2. The lightest neutrino mass versus the three-dimensional
cosmological constant under the quantization rule (20) and the
constraint of the non-SUSY AdS conjecture.

The mass bound for the lightest neutrino given in
Eq. (34) is obtained from the expression of light neutrino
mass given in Eq. (29), where the minimum of the radion
potential is constrained by the non-SUSY AdS conjecture
and the vacuum expectation value of the radion field is
quantized by the condition (20). This quantization con-
dition is derived by solving the wave function profile y(x?)
of the three-dimensional metric with the periodic condition,
which relies essentially on the factorization (16). In this
sense, it could be thought that the mass bound for the
lightest neutrino is just the consequence of the factorization
of the three-dimensional metric and the constraint of the
non-SUSY AdS conjecture.

V. LIGHT NEUTRINO MASS MATRIX

With the mass of the lightest neutrino predicted and the
data of the neutrino oscillation [1], we can determine the
light neutrino mass matrix M, as

M, = U diag(m, ,m, . m, )Ug, (35)

where m, , m,, and m,, are the masses of the light
neutrinos given for the case of normal ordering

m,, ~0, m,, = \/mf] + Am%l,
m,, = \/m} + Amj, (36)

and for the case of inverted ordering

_ 2 2 2 — 2 2
m, = \/m,J3 + Amyy — Amy,, my, = \/my, + Amy;,

m,. ~0, (37)

and U, p are two unitary matrices used to diagonalize the
light neutrino mass matrix, which is a general 3 x3
complex matrix.

TABLE II. The 30 range for the mixing angles and the CP
phase of the neutrino oscillation [1].
NO 10
53, 0.275 - 0.350 0.275 - 0.350
s34 0.418 — 0.627 0.423 - 0.629
51 0.02045 — 0.02439 0.02068 — 0.02463
125° — 392° 196° — 360°

We are interested in the situation in which the charged
lepton mass matrix is diagonal, which appears in the
models beyond the SM with the lepton generations carrying
the different charges under new gauge symmetries, for
instance, the U(1) L-L, model [31-34]. In this situation,

the diagonalizing matrix U, is determined by the lepton
mixing matrix Upyng as follows:

1 0 0 C13 i

Ur=Upmns = | 0 c23 23 0 I so3

0 S|3€_

0 —s23 €23 —513€i5 0 13
cp s12 0

X —S12 C12 0 P, (38)
0 0 1

where ¢;; and s;; denote the cosine and sine of the mixing
angles, respectively, 6 refers to the CP phase of the lepton
sector, and P is a diagonal matrix related to the Majorana
phases. For the neutrinos of the Dirac nature, the Majorana
phases are zero, and thus P = 1. The best-fit values of the
mixing angles and the CP violation phase in the 30 range
are given in Table II.

The diagonalizing matrix Uy can be parametrized by
three angles (denoted by 6,,, 653, and 6,3) and six phases
(denoted by w,, m,, @3, @4, w5, and dg). Then, we can write
Uy as follows [35]:

el 0 0 1 0 0
Ug=1| 0 e 0) 0 ¢y Sx
0 0 el 0 -5 ¢Cn
C13 0 53¢ ¢ 512 O
X 0 1 523 —S1, ¢ O
—513e%% 0 &3 0 0 1
e 0 0
X 0 é€o 0], (39)
0 0 1

where ¢;; = cos6;; and 5;; = sin6;;.
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Using the lepton mixing matrix and the parametrization (39), the elements of the light neutrino mass matrix, denoted by
[M,];;» can be reconstructed by the neutrino oscillation data and in terms of three mixing angles and six phases in Uy. For

the case of NO, these elements are given by the following analytical expressions:

(M, = €7 |c13C138 12512/ Amz; €75 + 5135134/ Am%lel(éR_é)]’
2 —iws (7 = < T . ,—id - < 2 —is
C13512/ Amy e™s (012023 — 512513523€ R) + C13513523/ Amg, e }
2 —iws (A = o o ,—id P 2 —is
c13812\/ Amy e 5(012S23 + Cx3S12813€ R) + 138238131/ Amse }
_ ,—iw | A T 2 —iw i5 < 2 i,
[M,]y = 7" |C1351\/ Ams e 5(012023—5125133236 )+C13523313 Amz e R}
— iy | A2 i i5\ (= = < T . ,—id - o A2
[Mv}22_e ? Amj,e 5(012023—5123133236 )(512023—3123133236 R)+013013523523 Am31}7
[M} _ —iws | _ A 2 —iws _ i\ (=~ < 4 C251r5 —idp + =~ = A 2
vjz = € my,e C12€23 — 8125138523€ 7 ) (C12823 T €23812513€ C13€13C23523 my |,

[M,]), = e

M]3 = e

_ ,—iw < 2 ,if, ] 2 —iw i5
[M,]3; = 7" | c13¢035131/ Amz e ® —C13512\/ Amy e 5(012323+023512S13€ )]

i N 5\ (2 A < = < —id o Ao
[M,)3; = €72 | —\/ Am3, €7 (12523 + C235128513€") (C12C23 — 51251352370k ) +¢13003€135231/ Amd,

— i | A2 i 8\ (= < S < = is Y I
M,]53 = e7'™ |1/ Am3e 5(012S23+023S12313€ )(C12S23+023312513€ R)+C13523€13023 Am31} (40)

We observe that the elements of the light neutrino mass matrix for the case of NO are independent of the phase w4. While,
for the case of 10, the elements of the light neutrino mass matrix read

(M, ]}, = cize™"2 | 5124/ Am3ye™s (215803 — 5125135237 %) — C124/ Amiy — Am3 ™ x (33515 + 512513323€_i5")]7
(M]3 = c13e™™s -012\/ Amsy — Am3 e~ (512523 - 5125235133_i5R) + 5121/ Am3ze™s x (512523 + 5235125133_i5R)],
(M, ]y = Cize™™ _512\/ Am3ye=is (012023 - 812513523€i5) = Ci24/ Am3y — Am3,e™ x (023S12 + 012513S23€i5)}
emio [\/ Amdy — Am3 e (023512 + 012S135236’ié) (523512 + 512313523€_i5"')

2 S\ (= A < = < —ib
1/ Am3ze75 (cipea3 — $12813523€ ) (€12803 — 5125135 23€ ’R)],

_ —iw 2 2 ,—iw. AV = A5 —i0,
(M]3 = —e™' {\/ Amyy — Amj,e 4(023312 + C1281353€ )(512523 — C12Cp3813€ R)

2 i S\ (= < oA = = —ib
1/ Am3ze75 (cipca3 — $12813523€ ) (C12503 + 035105 13€ 'R)],

__ = —iw; | & 2 2 —iw i5 < 2 ,—iw i6
(M]3 = 37 [012\/ Amiyy — Amy,e 4(512S23 — C12C23513€ ) — 5104/ Amiyze™'s X (C12323 + c23512513€ ) )

<

=

N
I
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i I A2 2 i 5\ (= < o e < -is
M]3 = —e™'™ [ Am3y — Am3 e (512503 — C12C3513€") (C3512 + C125 1352370

2 —iw 5\ (72 = < T . ,—id
+4/Amyze 5(C12523+023S12313€ )(012C23_512313323€ R)]

S 1) 2 2 —iw is\ (= = - - —i8
M]3 =e 3[ Amsy — Amj, e 4(512523 — C12€3513€ )(512523 — C12€623513¢€ R)

1/ Am35e™s (c1p503 + C23512813€) (12523 + Z‘23512513‘3_%)} . (41)

It is interesting that it can take the mass matrix of the
light neutrinos to be Hermitian when the generations of
right-handed neutrinos transform universally. In Ref. [36],
the authors proved that a general complex mass matrix M,
of the Dirac neutrinos can be decomposed as M, = S,.V,,
where S, and V, are a Hermitian matrix and a unitary
matrix, respectively. And, by redefining the right-handed
neutrino fields as v = V g, the neutrino mass matrix
|

322 - 432 (0.82 = 9.14)e/(=31=19)

|
would be Hermitian. In this situation, we have
Ug = U = Upyns, Which corresponds to ¢;; = ¢;; and
5;;=5ij,0 =0, =w3 =0y =ws =0,and 5z = 6. Asa
result, the elements of the light neutrino mass matrix are
fixed only by the neutrino oscillation data. The numerical
value of the light neutrino mass matrix is given in the 3¢
range for the case of NO,

(1.46 — 9.2)¢i(=313-2:66)

IOT:,VQ = (12)* 21.67 — 36.14 (16.41 — 27.15)¢i(-0:03=003) (42)
(13)* (23)* 19.71 - 34.11
and for the case of 10,
43.79 — 5332 (3.31 = 7.54)€/(7262=27) (3,05 — 7.35)/(-268=7)
IOTDeVZ = (12)* 17.12 — 32.46 (17.47 = 32.28)¢!7=7) |, (43)
(13)* (23) 19.43 — 35.24

where (ij)* refers to the complex conjugate of the element
[M,];; x 10° eV~2. Note that the diagonal elements of the
light neutrino mass matrix are real due to its Hermitian
property.

VI. CONCLUSION

The neutrino oscillation data only provide information
about the difference of the squared neutrino masses without
telling us the value of the lightest neutrino mass. Recently,
it has been shown that the consistency of the compactifi-
cation of the SM coupled to Einstein gravity to lower
dimensions with quantum gravity can impose constraints
on the mass of the lightest neutrino. The circle compacti-
fication may yield stable non-SUSY AdS vacua that are
inconsistent with quantum gravity or belong to the swamp-
land according to the non-SUSY AdS conjecture, depend-
ing on the light neutrino masses. Because the SM and
Einstein gravity have described very well the observed
world and hence they cannot be lying in the swampland,

|
these dangerous AdS vacua must be absent if the mass of
the lightest neutrino satisfies the following bound m, <
(pap)'/*, where psp ~2.6 x 1077 GeV* is the observed
vacuum energy density.

In the present work, we revisit the constraint of the non-
SUSY AdS conjecture on the three-dimensional vacua,
which are obtained from the circle compactification of the
SM coupled to Einstein gravity with the radion potential
generated by the cosmological constant and the Casimir
effect of the light particles. Unlike the previous studies
where the three-dimensional components of the four-
dimensional metric are restricted to be dependent on the
noncompact coordinates only, we consider them to be the
general functions of both noncompact and compact coor-
dinates. From investigating the wave function profile of the
three-dimensional metric in the compactified dimension,
we find that the radius R of the compactified dimension
must be quantized by the following rule R = n/+\/15A,
(due to the circle topology of the compactified dimension),
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where 7 refers to the positive integers and Ay = pyp/ M3,
with Mp; being the observed Planck scale. Because of this
quantization, the existence or the absence of dangerous
three-dimensional AdS vacua is very sensitive to Ay
(instead of p,p as indicated in the previous works) and
the light particles with the mass on the order of A4. In
addition, the quantization of the radius of the compactified
dimension forbids the runaway behavior of the radion
potential. Therefore, it is interesting that both the quanti-
zation rule and the non-SUSY AdS conjecture impose
constraints on the three-dimensional vacua leading to an
upper bound and a lower bound for the mass of the lightest
neutrino as v/2 < m,//A; < v/3. This constraint is very
predictive because the mass of the lightest neutrino is
around 10732 eV, which implies that the lightest neutrino
would be nearly massless.

With the well-approximate vanishing mass of the lightest
neutrino, we reconstruct the light neutrino mass matrix in
the situation where the charged lepton mass matrix is dia-
gonal. In general, the light neutrino mass matrix is a 3 x 3
complex matrix with nine independent complex elements
that can be diagonalized by the lepton mixing matrix [or the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix] and
another unitary matrix. In this way, we fix the elements
of the light neutrino mass matrix based on the neutrino
oscillation data and in terms of three new mixing angles and
six new phases for the cases of NO and IO. Interestingly,
the mass matrix of the light neutrinos can be taken to be
Hermitian when the generations of right-handed neutrinos
transform universally by redefining the right-handed neu-
trino fields. In this case, we calculate the numerical value
of the light neutrino mass matrix in the 30 range for both
NO and I0.

[1] I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, T. Schwetz,
and A. Zhou, J. High Energy Phys. 09 (2020) 178.
[2] J. Lesgourgues and S. Pastor, Adv. High Energy Phys. 2012,
608515 (2012).
[3] C. Vafa, arXiv:hep-th/0509212.
[4] H. Ooguri and C. Vafa, Nucl. Phys. B766, 21 (2007).
[5] E. Palti, Fortschr. Phys. 67, 1900037 (2019).
[6] L. E. Ibanez, V. Martin-Lozano, and I. Valenzuela, J. High
Energy Phys. 11 (2017) 066.
[7]1 Y. Hamada and G. Shiu, J. High Energy Phys. 11 (2017)
043.
[8] N. Arkani-Hamed, S. Dubovsky, A. Nicolis, and G.
Villadoro, J. High Energy Phys. 06 (2007) 078.
[9] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).
[10] G. Obied, H. Ooguri, L. Spodyneiko, and C. Vafa,
arXiv:1806.08362.
[11] H. Ooguri, E. Palti, G. Shiu, and C. Vafa, Phys. Lett. B 788,
180 (2019).
[12] S. K. Garg and C. Krishnan, J. High Energy Phys. 11 (2019)
075.
[13] A.Bedroyaand C. Vafa, J. High Energy Phys. 09 (2020) 123.
[14] A. Bedroya, R. Brandenberger, M. Loverde, and C. Vafa,
Phys. Rev. D 101, 103502 (2020).
[15] R. Brandenberger, Lett. High Energy Phys. 2021, 198
(2021).
[16] M.-S. Seo, Phys. Lett. B 807, 135580 (2020).
[17] R.-G. Cai and S.-J. Wang, Sci. China Phys. Mech. Astron.
64, 210011 (2021).

[18] R. Coquereaux and A. Jadczyk, World Sci. Lect. Notes
Phys. 16, 1 (1988).

[19] D. Bailin and A. Love, Rep. Prog. Phys. 50, 1087 (1987).

[20] J. M. Overduin and P. S. Wesson, Phys. Rep. 283, 303 (1997).

[21] C.H. Nam, Eur. Phys. J. C 79, 384 (2019).

[22] C.H. Nam, Eur. Phys. J. C 81, 1102 (2021).

[23] C.H. Nam, Phys. Rev. D 107, 063502 (2023).

[24] J.M. Arnold, B. Fornal, and M. B. Wise, J. High Energy
Phys. 12 (2010) 083.

[25] B. Fornal and M. B. Wise, J. High Energy Phys. 07 (2011)
086.

[26] L. E. Ibafiez, V. Martin-Lozano, and 1. Valenzuela, arXiv:
1707.05811.

[27] E. Gonzalo, A. Herrdez, and L. E. Ibafiez, J. High Energy
Phys. 06 (2018) 051.

[28] E. Gonzalo and L. E. Ibafiez, Phys. Lett. B 786, 272 (2018).

[29] C. H. Nam, arXiv:2304.04491.

[30] E. Gonzalo, L. E. Ibafiez, and 1. Valenzuela, Phys. Lett. B
822, 136691 (2021).

[31] R. Foot, Mod. Phys. Lett. A 06, 527 (1991).

[32] X. He, G. C. Joshi, H. Lew, and R. Volkas, Phys. Rev. D 43,
22 (1991).

[33] R. Foot, X. G. He, H. Lew, and R. R. Volkas, Phys. Rev. D
50, 4571 (1994).

[34] W. Altmannshofer, S. Gori, S. Profumo, and F. S. Queiroz,
J. High Energy Phys. 12 (2016) 106.

[35] G. Senjanovic and V. Tello, Phys. Rev. D 94, 095023 (2016).

[36] X.-W. Liu and S. Zhou, Int. J. Mod. Phys. A 28, 1350040
(2013).

103511-10


https://doi.org/10.1007/JHEP09(2020)178
https://doi.org/10.1155/2012/608515
https://doi.org/10.1155/2012/608515
https://arXiv.org/abs/hep-th/0509212
https://doi.org/10.1016/j.nuclphysb.2006.10.033
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1007/JHEP11(2017)066
https://doi.org/10.1007/JHEP11(2017)066
https://doi.org/10.1007/JHEP11(2017)043
https://doi.org/10.1007/JHEP11(2017)043
https://doi.org/10.1088/1126-6708/2007/06/078
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://arXiv.org/abs/1806.08362
https://doi.org/10.1016/j.physletb.2018.11.018
https://doi.org/10.1016/j.physletb.2018.11.018
https://doi.org/10.1007/JHEP11(2019)075
https://doi.org/10.1007/JHEP11(2019)075
https://doi.org/10.1007/JHEP09(2020)123
https://doi.org/10.1103/PhysRevD.101.103502
https://doi.org/10.31526/lhep.2021.198
https://doi.org/10.31526/lhep.2021.198
https://doi.org/10.1016/j.physletb.2020.135580
https://doi.org/10.1007/s11433-020-1623-9
https://doi.org/10.1007/s11433-020-1623-9
https://doi.org/10.1142/9789812799289_0001
https://doi.org/10.1142/9789812799289_0001
https://doi.org/10.1088/0034-4885/50/9/001
https://doi.org/10.1016/S0370-1573(96)00046-4
https://doi.org/10.1140/epjc/s10052-019-6895-0
https://doi.org/10.1140/epjc/s10052-021-09881-4
https://doi.org/10.1103/PhysRevD.107.063502
https://doi.org/10.1007/JHEP12(2010)083
https://doi.org/10.1007/JHEP12(2010)083
https://doi.org/10.1007/JHEP07(2011)086
https://doi.org/10.1007/JHEP07(2011)086
https://arXiv.org/abs/1707.05811
https://arXiv.org/abs/1707.05811
https://doi.org/10.1007/JHEP06(2018)051
https://doi.org/10.1007/JHEP06(2018)051
https://doi.org/10.1016/j.physletb.2018.09.034
https://arXiv.org/abs/2304.04491
https://doi.org/10.1016/j.physletb.2021.136691
https://doi.org/10.1016/j.physletb.2021.136691
https://doi.org/10.1142/S0217732391000543
https://doi.org/10.1103/PhysRevA.43.22
https://doi.org/10.1103/PhysRevA.43.22
https://doi.org/10.1103/PhysRevD.50.4571
https://doi.org/10.1103/PhysRevD.50.4571
https://doi.org/10.1007/JHEP12(2016)106
https://doi.org/10.1103/PhysRevD.94.095023
https://doi.org/10.1142/S0217751X13500401
https://doi.org/10.1142/S0217751X13500401

