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ARTICLE INFO ABSTRACT

Editor: A. Schwenk The study of high-speed rotating matter is a crucial research topic in physics due to the emergence of novel
phenomena. In this letter, we combined cranking covariant density functional theory (CDFT) with a similarity
renormalization group approach to decompose the Hamiltonian from the cranking CDFT into different Hermite
components, including the non-relativistic term, the dynamical term, the spin-orbit coupling, and the Darwin
term. Especially, we obtained the rotational term, the term relating to Zeeman-like effect, and the spin-rotation
coupling due to consideration of rotation and spatial component of vector potential. By exploring these operators,
we aim to identify novel phenomena that may occur in rotating nuclei. Signature splitting, Zeeman-like effect,
and spin-rotation coupling are among the potential novelties that may arise in rotating nuclei. Additionally,
we investigated the observability of these phenomena and their dependence on various factors such as nuclear

deformation, rotational angular velocity, and magnetic field-like strength.

1. Introduction

The investigation of the structure and property of matter under ex-
treme conditions is an important research subject for physicists. With
the development of accelerator facilities, particle detector systems, and
techniques of nuclear spectroscopy, physicists have discovered many
novel phenomena with unexpected features in atomic nuclei. These
novel phenomena include neutron (proton) halos [1,2], energy level
inversion [3,4], change of magic numbers [5-7], exotic radioactiv-
ity [8,91, high spin states [10,11], and others.

The high-spin states provide an important opportunity to investigate
the microscopic mechanism of deformed shell structure, single-particle
motion, and collective excitation. Since the discovery of backbend-
ing phenomenon in high spin states [12], the rotation excitation has
become an active frontier. The backbending [12,13], band termina-
tion [14,15], signature inversion [16], superdeformed rotation [10,11],
magnetic and antimagnetic rotations [17,18], and chiral rotation [19]
have attracted worldwide attention.

To investigate the rotational properties and structures of deformed
nuclei, as well as to understand the novelties associated with rotational
excitations, physicists have developed a variety of theoretical models.
They include the cranked Nilsson-Strutinsky method [20], the cranked
shell model [21], the projected shell model [22], the tilted-axis crank-
ing model [18], and density functional theories [23,24]. However, these
models have limitations due to the breaking of time-reversal symme-
try by the Coriolis operator and unpaired nucleons, which results in
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time-odd components that are difficult to treat within a non-relativistic
framework.

The self-consistent cranking covariant density functional theory
(CDFT) has successfully described the rotational excitations of atomic
nuclei [25,26], including the magnetic rotation, antimagnetic rotation,
chiral doublet bands [19,27], and multiple chiral doublets [28-31], and
it can handle time-odd fields corresponding to nonzero spatial compo-
nent of the vector potential, which is important for understanding these
novel phenomena. Additionally, the CDFT with point-coupling inter-
actions was developed [32] and applied successfully to magnetic and
antimagnetic rotations [33].

Although the cranking CDFT provides an excellent description of
rotational excitations, including magnetic rotation, antimagnetic rota-
tion, and chiral double bands, there are potential novel effects hid-
den within the cranking Dirac Hamiltonian that have not yet been
fully revealed. The non-relativistic expansion of the conventional Dirac
Hamiltonian has yielded several Hermitian operators of immense phys-
ical relevance, including the spin-orbit coupling operator, dynamical
operator, and non-relativistic approximation. The acquisition of these
operators has been instrumental in comprehending the shell structure
of atomic nuclei, the origin of pseudospin symmetry, and its break-
ing mechanism [34-39]. Furthermore, it has also contributed to our
understanding of nuclear proton radioactivity [40]. In addition, this
expansion serves as a crucial link between non-relativistic and relativis-
tic frameworks [41,42], facilitating a comparison between relativistic
and non-relativistic density functionals [43]. This comparison is neces-
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sitated by the incomplete comprehension of the roles and significance
of various terms in both relativistic and non-relativistic energy density
functionals.

Particularly, this expansion can assist in comprehending and reveal-
ing the novel effects concealed within the Dirac Hamiltonian. In our
previous work [34], we performed an expansion of the Dirac equation
using the similarity renormalization group (SRG) method for spherical
systems. In 2014, we extended this expansion to deformed systems [37].
Following our scheme, an analytic expansion to the 1/M* order was
obtained in Ref. [44] compared to the improvement achieved by a
so-called reconstituted SRG method. Furthermore, in Ref. [45], by re-
placing 1/M with 1/(M +§), an improved convergence was achieved
through the SRG expansion of the Dirac equation.

To date, there has been no non-relativistic expansion of the cranking
Dirac Hamiltonian. In this study, we aim to perform a non-relativistic
expansion of the cranking Dirac Hamiltonian using the SRG method.
Our goal is to gain insights into the novel effects in rotating nuclei
and predict new effects related to rotation. The theoretical formalism is
presented in section 2. The numerical details and results are presented
in section 3. A summary is given in section 4.

2. Decomposition of cranking Dirac Hamiltonian with similarity
renormalization group

To investigate the potential emergence of novel phenomena in high-
speed rotating nuclei or neutron stars, we have applied the SRG method
to decompose the Dirac Hamiltonian from the cranking CDFT. Within
the cranking CDFT, the Dirac equation describing rotating nuclei is rep-
resented as:

Hy = ey, (€9)

with the Dirac Hamiltonian

H=a-7+f(M+S)+V -0Q.-J, @

where 7 =j—V and J =Fx7+S withE = %a X a. The scalar potential
S(F) and vector potential v, (F) from the CDFT are represented in the
following form:

SFH=g,0(F),

2

o T
V(i) =g,m (") +g,;T3P30(7)+9 3A0(7),

2

To reveal the underlying physics hidden in the cranking Dirac Hamilto-
nian, we transform it into a Schrédinger-like form using SRG. The initial
Hamiltonian H is transformed by the unitary operator U (/) according
to

V(7) = 8, (F) + 8,7353(F) + e ——2 A(P). 3)

HO)=UWOHU"(), HO)=H 4

where [ is a flow parameter. Differentiation of Eq. (4) gives the flow
equation as

LH D=0, H ), ®)

with the generator n(/) = %U* (1). The choice of #(!) is to make H (/)
diagonal in the limit / — co. For the present Hamiltonian, it is appro-
priate to choose #7(/) in the form

n)=[pM,H(D)]. O]

In order to solve Eq. (5), the Hamiltonian H (/) is presented as a sum of
even operator £(/) and odd operator o(/):

H) =€)+ o), )
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where the even or oddness is defined by the commutation relations
of the respective operators, i.e., (I)f = fe(l) and o(l)f = —po(l). The
system can be solved perturbatively by the expansions of £(4) and o(4)
as follows

1 v |
D=2 2 E ),

i=0

1 v |
Ho(z)zg}moj . ®

> -

Ase(0)=p(M +S)+V —Q-J and 0(0) =@ - 7, there are

£00)=p.e,(0)=pS+V - Q- J,£,(0)=0,i >2; )]

0,(0)=a-7,0;0)=0,i >2. (10)

With the initial conditions, we have obtained the diagonal Hamiltonian:
1 1

€(00)=Mey(o0)+ € (00) + Msz(oo)+ WQ (c0) + - (1D

The diagonal part describing the positive energy states H can be written
as

H = Hyg + HDy + Hgo + Hpy, + Hg + H; + Hgg, (12)

where

HNR=ﬁ7?2+S+V,

S ., ih -
Hp, =——— 7+ vs.7
by ™= " om2 2M?

N - 2o\
Hso:+—26-[ﬂx<E5+EV>—<ES+EV)X7r],

SM
h2 - . -
Hyy= 25V - (B~ By + B ).
HR:_é'f,
Hy=—— (M -$)5 B
Y Ve ’
I A T T
H, =——6'<7[XE —E, er). 13
SR= T2 o~ Eq 13)

Here ES =Vs, EV =-VV,and EQ = (ﬁ X 7) x B with the assumption

B =V x V. The angular momentum j = (Fx % +5). Hyg corresponds
to the non-relativistic approximation. Hy, is the dynamical term. Hgo
represents the spin-orbital coupling. Hy,,, is the Darwin term. Hy, is the
rotational term. The Zeeman effect is related to the operator H;. Hgp
is claimed as the spin-rotation coupling.

In comparison with the non-relativistic expansion of the conven-
tional Dirac Hamiltonian, it is important to note that there are three
additional terms from the non-relativistic expansion of the cranking
Dirac Hamiltonian: Hy, H;, and Hgp. Hy is responsible for the signa-
ture splitting, which has been studied before. For instance, the signature
splitting and inversion in "8Br, 13'Ba, and '33Ce were investigated us-
ing the cranked-shell-model approach [46,471, while that in 30Y was
examined using titled axis cranking relativistic mean-field theory [48].
However, H, and Hg have not been previously explored in research.
The physical effects caused by these two terms are novel and deserve
special attention.

3. Novel phenomena in rotating nuclei

Based on the diagonal cranking Dirac Hamiltonian presented in
Eq. (12), we delve into novel phenomena in rotating nuclei. In pre-
vious works [34,37], we explored the physical implications of terms
Hyg, Hpy, Hgo, and Hp,,, and elucidated their impacts on spin and
pseudospin symmetries [35,36,38,39].
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Fig. 1. An axially deformed nucleus rotating around x-axis. z is its symmetric
axis. Q is the rotational angular velocity.

As the rotation and spatial components of the vector field 17(7) were
not taken into account, Hy, H;, and Hgg did not appear in previous ex-
pansions. Although the physical effects of Hp have been studied before,
non-relativistic expansions based on the cranking Dirac Hamiltonian
have yet to be explored. Therefore, it is necessary to investigate the
physical consequences of these additional terms and their contributions
to single-particle spectra in atomic nuclei. For simplicity without loss
of generality, we assume that the nucleus is symmetric around the z-
axis, with rotation occurring around the x-axis. Additionally, a prolate
or oblate deformation is considered in the z-axis direction, as illustrated
in Fig. 1. The nucleus rotates around the x-axis with a rotational angu-
lar velocity Q, i.e., Q= Q. €. For the magnetic field-like B, only the
x-direction component B= B.é, is considered. Under these assump-

X
tions, the Hamiltonian becomes the form.

72 .
H=m+2(r)—9xjx
S 2y L ys.ae v
2M? 2M? 8M?
1 . . 1
+Ma~(VAXﬂ)—m(M—S)0xBX
BXQX BXQX# - -
+m 4M26'<ryz><7[). a4

In order to simplify computations and avoid affecting the conclu-
sion, we have replaced 7 with p. The energy spectra of the Hamiltonian
in Eq. (14) are obtained through basis expansions. It is important to note
that for axisymmetrically deformed nuclei, the third component of an-
gular momentum is no longer a good quantum number due to rotation.
Here, only axisymmetric quadruple deformation is considered, and par-
ity remains a good quantum number. For illustration purposes, we have
chosen %*Ge as an example. To facilitate calculations, we have adopted
scalar and vector potentials of the Woods-Saxon type, which are sim-
ilar to the results obtained from RMF calculations. The corresponding
potentials are represented as follows:

S(F)=Se () + S, (N Py (6),
V(F)=Vo()+ Vo () Py (0), (15)

where P, (0) = % (3 cos? 6 — 1). The radial parts in Eq. (15) take a
Woods-Saxon form,

So (1) = Swsf (1), S, (r) =—p,Swsk (r),
Vo (r)=Vigs f (1), Vo (r) = =B, Vinsk (r), (16)
with f(r) = !

—v and k(r) = r%. Here Vi and Sy are, re-
I+exp( — r
spectively, the typical depths of the scalar and vector potentials in the
relativistic mean field chosen as 350 and —405 MeV, the diffuseness of
the potential a is fixed as 0.67 fm, and p, is the axial deformation pa-
rameter of the potential. The radius R = ryA'/3 with r, = 1.27 fm. With
these parameters are determined, the energy spectra of Hamiltonian H
can be calculated.
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Fig. 2. The single-particle spectra and their evolutions to the quadruple defor-
mation f, and the rotational angular velocity around x-axis Q, .

The single-particle spectra and their evolutions with the quadruple
deformation f, and the rotational angular velocity around the x-axis
Q, are presented in Fig. 2. The left panel shows the Nilsson levels
with deformation g, ranging from 0 to 0.3. The right panel illustrates
the variation of single-particle spectra with Q, for f, = 0.3. From the
spherical to axial deformation, the levels experience splitting, as the
well-known Nilsson levels are clearly visible. For axially deformed nu-
clei, there are signature splittings in doubly degenerate Nilsson levels.
Compared to unaligned spin states, the signature splitting is larger for
spin aligned states. In particular, for the spin aligned state with the least
third component of total angular momentum, the signature splitting is
the largest and most sensitive to . as shown in Fig. 2 for the single
particle level 1g9, 1 /». The single-particle energy drops faster with in-
creasing Q. due to the stronger influence of the Coriolis force on the
energy spectrum, which is consistent with the prediction of the cranking
shell model. Signature splitting is an important phenomenon in rotating
nuclei. The present calculations based on the diagonal Dirac Hamilto-
nian in Eq. (14) have reproduced the signature splitting.

In addition to the signature splitting caused by this cranking item
Hy, the additional H;, deserves special attention. It is the cause of the
Zeeman effect in the atomic and molecular physics. To understand the
role of H, in atomic nuclei, the single-particle spectra and their evolu-
tions to the magnetic field-like B, for the spherical nuclei and deformed
nuclei with g, = 0.3 are presented in Fig. 3. In the left panel, the result
for spherical nuclei is shown, while in the right panel, the results for de-
formed nuclei with g, = 0.3 are shown. When B, # 0, every degenerate
spherical level with the total angular momentum j is split into 2 + 1
levels. As B, increases, the level split increases as well. For deformed
nuclei, the doubly degenerate Nilsson levels split when B, # 0. The
some splits are remarkable, while others are considerably small or even
unobservable. However, for the spin aligned state with the least third
component of total angular momentum, the level split is significant and
sensitive to By, as seen in the right panel in Fig. 3 for 1f;,,,,, and
18921 >- For the convenience of describing the problem, the splitting
caused by the H is claimed as Zeeman-like splitting. When B, is large
enough, the Zeeman-like splitting becomes considerable and may lead
to an observable Zeeman-like effect. The observation of Zeeman-like ef-
fect can help us to understand the level structure and the strength of
the magnetic field-like B,. It is well worth experimentally probing the
Zeeman-like effect in the nuclei.

Moreover, we have investigated the influence of the magnetic field-
like B, on signature splitting in rotating nuclei with f, =0.3 and Q, =
2.0 MeV. The left panel of Fig. 4 displays the level splittings for the
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Fig. 3. The single-particle spectra and their evolutions to the magnetic field-like
B, for the spherical nuclei and deformed nuclei with §, =0.3.
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Fig. 4. The energies of single particle levels and their components evolve to
the magnetic field-like B, for the rotational nuclei with g, =0.3 and Q, =
2.0 MeV. The left panel shows the signature doublets 1f;,,,/,, and 1gg ;-
The right panel illustrates the contributions of every component to the single-
particle level 11755

signature doublets 1f7/,;/, and 1gg, 1/, and their evolutions to B,.
As B, increases, the levels for the 17,5/, and 1g9/5 /5y 80 up,
while those for the 117/, 1 /54 and 1895 1 /2.4, 80 down. There are also
the levels of the signature doublet crosses at a specific B,.. To clarify the
evolution of level splittings to B, the contributions of every component
to the single-particle level 1f;/, 5, are displayed in the right panel
of Fig. 4. The non-relativistic, dynamical, and rotational terms have
significant contributions to the total energy. The spin-orbit coupling
and the term relating to Zeeman-like effect contribute relatively little
to the total energy. The Darwin term and the spin-rotation coupling
contribute very little to the total energy. Except for the term relating
to Zeeman-like effect, the other contributions to the total energy are
independent of B,. The energy increasing with B, comes entirely from
the contribution of the term relating to Zeeman-like effect, which is the
cause of Zeeman-like effect in rotating nuclei.
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Fig. 5. The energies contributed by the operator relating to Zeeman-like ef-
fect and the spin-rotation coupling, and their evolutions with the magnetic
field-like B, in the single particle levels 1751 5)s 1f7/2.1/24)> 189/2.1/2(-)> and
189/5,1 /2(+)- The other physical quantities are the same as Fig. 4.

To better understand the Zeeman-like effect in rotating nuclei, the
left panel of Fig. 5 displays the signature splittings contributed by
the term relating to Zeeman-like effect for the two signature doublets
1f7/2.12 and 189,51/, with f, =0.3 and Q, =2.0 MeV. With the in-
crease of B,, the energy increases for the 1f7/, /5y and 1g9/5 1 /2~
while the energy decreases for the 1/7/5 /54 and 189 1 /21)- When
B, =20 MeV, the increasing or reducing energy is about 3.0 MeV,
which is quite observable. These indicate that the Zeeman-like effect
plays a significant role in the signature splitting in rotating nuclei. For
comparison, the spin-rotation coupling effect is displayed in the right
panel in Fig. 5. The trend with B, is similar, but the magnitudes are
much smaller than 3 orders of magnitude.

4. Summary

In summary, we have combined the cranking CDFT with SRG to
decompose the Dirac Hamiltonian into several Hermitian components,
including the non-relativistic term, the dynamical term, and the spin-
orbit coupling. Notably, we have considered the rotational and spatial
components of the vector potential to obtain the rotational term, the
term related to the Zeeman-like effect, and the spin-rotation coupling.
Based on these operators, we have explored novel phenomena that may
occur in rotating nuclei.

One of the most fascinating phenomena is signature splitting. Our
findings indicate that signature splitting is more pronounced for spin-
aligned states compared to unaligned spin states. Specifically, the spin-
aligned state with the least third component and the largest total angu-
lar momentum experiences the largest signature splitting. The energy
of this state decreases more rapidly with an increase in Q,, which can
be attributed to the enhanced strength of the Coriolis force.

Furthermore, we have investigated the level splitting caused by the
operator related to the Zeeman-like effect. For the spin-aligned state
with the least third component, the level splitting is remarkable and
sensitive to B,. When B, is sufficiently large, the Zeeman-like split-
ting becomes significant enough to produce an observable Zeeman-like
effect for both spherical and deformed nuclei.

Moreover, we have examined the influence of the magnetic field-
like B, on signature splitting in rotating nuclei. We observed that as
B, increases, levels with the signature (-) go up while those with the
signature (+) go down. This trend in level energies is entirely attributed
to the contribution of the term related to the Zeeman-like effect.
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The theoretical predictions on these novel phenomena have signifi-
cant reference value for experimental detection of such phenomena in
atomic nuclei.
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