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ABSTRACT: A natural extension of the Pasterski-Shao-Strominger (PSS) prescription is de-
scribed, enabling the map of Minkowski space amplitudes with massive spinning external
legs to the celestial sphere to be performed. An integral representation for the conformal
primary wave function (CPW) of massive spinning bosons on the celestial sphere is de-
rived explicitly for spin-one and -two. By analogy with the spin-zero case, the spinning
bulk-to-boundary propagator on Euclidean AdS is employed to extend the massive CPW
integral representation to arbitrary integer spin, and to describe the appropriate inverse
transform of massive spinning CPWs back to the plane wave basis in Minkowski space.
Subsequently, a massive spin-s momentum operator representation on the celestial sphere
is determined, and used in conjunction with known Lorentz generators to derive Poincaré
symmetry constraints on generic massive spinning two-, three- and four-point celestial am-
plitude structures. Finally, as a consistency check, three-point Minkowski space amplitudes
of two massless scalars and a spin-one or -two massive boson are explicitly mapped to the
celestial sphere, and the resulting three-point function coefficients are confirmed to be in
exact agreement with the results obtained from Poincaré symmetry constraints.
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1 Introduction

Minkowski space scattering amplitudes can be equivalently mapped to the celestial sphere
at light-like infinity, where they are encoded in terms of conformal correlator objects called
celestial amplitudes. This map for amplitudes of massive scalars and massless particles of
various spin was described by Pasterski, Shao and Strominger (PSS) [1, 2]. Ideally, the
goal is to discover so called Celestial Conformal Field Theories (CCFT) that would give
rise to celestial amplitudes for specific scattering processes of interest, entirely from the
celestial sphere perspective without reference to Minkowski space amplitudes. While to this
date no example of a CCFT is known, note that since the map to the celestial sphere is
bijective, celestial amplitudes can also be considered more pragmatically as a new basis for
the original Minkowski space amplitudes. Alternative descriptions of scattering amplitudes
can potentially reveal hidden features that were not previously accessible from other points



of view. Considering that asymptotic states that serve as input to scattering amplitudes
originate at or near the celestial sphere, investigation of an amplitude description entirely on
this boundary without reference to the bulk of Minkowski space is particularly interesting.

Celestial amplitudes and their properties are actively being studied: the residues of
tree-level Minkowski space amplitudes were mapped to the celestial sphere in [3]. Explicit
amplitude examples were mapped to the celestial sphere [1, 4-6, 8, 9, 17, 19, 20], and
an alternative map was proposed and studied in [7, 10, 11]. Conformal soft theorems for
celestial amplitudes were derived in [13-21]. In [5, 17] conformal partial wave decomposition
of celestial amplitudes was discussed. BMS symmetry realization on the celestial sphere,
and OPE expansions of celestial operators appeared in [22-24, 26, 27].

In [25] we have derived the explicit constraints on celestial amplitudes implied by
Poincaré symmetry (based on conformal Ward identities and momentum conservation),
making use of the representation of Lorentz and massless momentum generators on the
celestial sphere [12]. Considering that conformal primary wave functions and the map to the
celestial sphere for amplitudes involving spinning massive particles have not been discussed
in the literature to date, the constraints presented in [25] omit the case of spinning massive
particles. In this work we set out to fill in these gaps, and obtain the following results.

In the massive case, we take the Ansatz that the plane wave basis functions of an entire
spin multiplet are to be mapped to the celestial sphere collectively, instead of a single spin
component value in the direction of propagation. This is well motivated by the fact that
a single spin value in direction of propagation is not a conserved quantity under Poincaré
transformations, while on the other hand the entire multiplet transforms into itself. De-
manding the appropriate transformation properties on the celestial sphere, we determine
the explicit integral representation for spin-1 and -2 massive conformal primary wave func-
tions (CPW) by solving differential equations derived from a Lorentz transformation in-
finitesimally close to the identity. The integral representation is in line with the massive
scalar case discussed in [1]. By analogy with the scalar case, we point out that the integra-
tion weight in the integral representation of the massive conformal primary wave function
of arbitrary spin is given by a respective bulk-to-boundary propagator on Euclidean Anti-
de Sitter space Hs. This relation also reveals a straightforward inverse transform of the
massive conformal primary wave function back to Minkowski space, based on an integral
over the split representation of a harmonic function known in the literature [30].

A natural extension of Pasterski-Shao-Strominger (PSS) prescription, to enable the
map of Minkowski space amplitudes with massive spinning external legs to the celestial
sphere, follows directly from the conformal primary wave function discussion by recalling
that amplitudes are multi-linear in polarization tensors, such that the polarization part of
the integration weight for the integral transform hides within the amplitudes.

With the integral representation of the massive conformal primary wave function in
hand, we derive a corresponding massive momentum operator representation on the celes-
tial sphere, which has the appropriate momentum eigenvalue in the bulk. The resulting
momentum operator turns out to be spin dependent and non-diagonal in spin multiplet
space. As required, this momentum operator properly closes the Poincaré algebra, which
proves that it is indeed correct for arbitrary integer spin s.



Making use of this newly discovered massive spinning momentum operator represen-
tation, we repeat the analysis of [25] and derive the explicit constraints on two-, three- and
four-point structures implied by conformal Ward identities and momentum conservation in
the case when massive spinning external particles are present.

In the two-point case we find that the resulting recurrence relations for the two-point
function coefficient can be solved. However, as in the massive scalar case [25], the Mellin-
like integral in the inverse transform to Minkowski space diverges, such that there is no
corresponding two-point amplitude counterpart in Minkowski space.

In the three-point case with two massless and one massive particle we show how the
three-point function coefficient for the entire spin multiplet of the massive particle can be
built up iteratively. The expected property that the difference of helicity values of the two
massless particles produced in the decay of a massive particle may not exceed the maximum
spin that can be accommodated by the spin multiplet of the massive particle, emerges as
a multiplet truncation condition from the celestial sphere perspective.

Generically, the momentum conservation constraints admit three-point function coef-
ficient solutions that allow for periodic dependency on individual conformal dimensions
A = 1+ i)\ of the external particles. As we discussed in detail at the end of section 4
in [25], periodic holomorphic functions of finite order are unbounded on any complex ver-
tical line, which spoils the convergence of the Mellin-like integration over —oco < A < oo
in the inverse transform back to Minkowski space. To ensure convergence, the three-point
function coefficient better have no non-trivial periodicities in A;.

In three-point cases with two massive and one massless particle, or three massive
particles, as well as the four-point case with one massive and three massless particles, we
report the explicit resulting recurrence and differential equations for three-point function
coefficient and four-point function of conformal cross ratios. While these equations are
hard to solve in general, they are likely to be useful as consistency requirements when
working with specific amplitude examples on the celestial sphere.

Finally, as a cross check, we perform the map of tree-level amplitudes of two massless
scalars and one massive spin-1 or -2 particle from Minkowski space to the celestial sphere.
We find the expected three-point function coordinate dependence, and the resulting three-
point function coefficients perfectly agree with our results obtained purely from symmetry.

This work is organized as follows. In section 2 we recall the problem setting, intro-
duce spinning massive conformal primary wave functions and demonstrate their inverse
transform back to the plane wave basis in Minkowski space. In section 3 we present the
spinning massive momentum operator representation on the celestial sphere. Section 4
investigates the explicit constraints implied by conformal Ward identities and momentum
conservation on two-, three- and four-point structures involving massive spinning particles.
Appendix A parametrizes massive spin-1 and -2 polarization tensors, appendix B discusses
the formalism of encoding symmetric transverse traceless tensors in terms of polynomials,
while appendix C shows examples of three-point Minkowski space amplitudes mapped to
the celestial sphere.



2 Spinning massive conformal primary wave functions

2.1 On-shell massive and massless momentum parametrization in the bulk

As described in [1], the mass-shell of a massive momentum vector is parametrized by
a hyperbolic slice of Minkowski space. This Hj slice in Poincaré coordinates vy, z, Z has
the metric

dy? + dzdz
dS%{s_y-;sz with 0<y<oo, and 2,z € C, (2.1)

and features the SL(2, C) isometry
+b)(cz+d) + acy? y

z
zZ+d)(cz+d)+cey?’ v (cz+d)(cz+d)+cey?’
(2.2)

(az+0b)(cz+d)+acy? - (a
(cz+d)(cz+d)+cey?’ (¢

where @ = a*,b = b*,¢ = ¢*,d = d*,€ C and ad — bc = ad — bé = 1. Such an Hj
slice asymptotes to the so called celestial sphere at the boundary y — 0. The SL(2,C)
transformations on Hj3 entail Mobius transformations of complex coordinates w, w on the
celestial sphere, which involve the same transformation parameters:

L aw+bd ,_)awﬂ? (2.3)
—_—, W —. .
cw+d cw+d
The embedding of a mass m on-shell ((mp)? = —m?) momentum into Minkowski space
mpt : Hy — RY3 is then
1492427 2 F—z 1—y?— 22
mp(y,2,2) = m (LIS IR ) 24)
2y 2y 2y 2y

while a massless (light-like (wq)? = 0) momentum pointing to a point on the celestial sphere

amounts to the vector
wg" (w, w) = w(l +ww, w4+ w, i(w—w), 1 —ww), (2.5)

with an energy scale w. This parametrization satisfies the constraint

1 1
§q+ =q"v, =1 with o= —§8waﬂ,q“ = (—1/2,0,0,1/2). (2.6)
We work with a projection of the celestial sphere onto a complex plane C, which has

the metric!
ds®> = 4dwdw or Juws = 2, (2.7)
while the inverse bulk metric can be expressed as

1 <8q“8q” N 0g¢* 0q”

1224 B _ 1
2\ 0w dw  Ow dw

> + ¢M'v” +v'q”. (2.8)

Note that the parametrization of ¢* actually produces an induced metric of a complex plane on the

boundary. Equivalently, we could work with an induced metric of a complex sphere instead, if we redefine

’ . .
w — 17%—, such that ¢" effectively receives an extra factor L
+ww

14+ww*



The explicit Lorentz transformation matrix A*,, that acts on four-vectors in the em-
bedding Minkowski space as

mpt — mp'* = mAPPY . wet = WP =wAF,qY,  with w— W = |ew +d)*w, (2.9)

and corresponds to the Mébius transformation (2.3) on the celestial sphere, is given by

aa+bb+ce+dd — batab+de+ed i(—ba+ab—de+cd) —aa+bb—ce+dd

ca+ac+db+bd  da+ad+cb+be i(—da+ad+cb—be) —ca—ac+db+bd

i (ca—ac+db—bd) i (da—ad+cb—bc) da+ad—cb—bc i(—ca+ac+db—bd)|’

—aa—bb+ce+dd —ba—ab+de+cd i(ba—ab—de+ced)  aa—bb—ce+dd
(2.10)

1
Auy:i

while the inverse A™!#, is obtained by exchanging a < d, b — —b, ¢ — —c¢, and the same
for the barred parameters.

2.2 Map of spinning massive amplitudes to the celestial sphere

The map of Minkowski space amplitudes A4,, with massless external particles of various spin
to celestial amplitudes A,, on the celestial sphere at light-like infinity has been derived in [2]
to be given by the Mellin transform in the energy scale w; of the j-th massless external
particle momenta

Ay = ... H/O dw;j W | An, (2.11)
J

in an appropriate polarization gauge. Here, the leading ellipsis denote suppressed trans-
forms for potentially present massive particles, to be discussed below. Parameters \; enter
the conformal operator dimensions

Aj=14i\; with AeR (2.12)

in continuous series representation, so that particle properties are encoded by operator
insertions on the celestial sphere. Since massless particles reach specific points at light-like
infinity directly, their helicity values /; map diagonally to the spin values J; of corresponding
operator insertions.

For the case of external massive scalar particles in a Minkowski space amplitude, the
map to celestial amplitudes was obtained in [1], for each j-th massive external scalar, to
be given by

v

A, =... H/ y]/dzjdzj (—qj .ﬁj)fAj Ap, (2.13)
*Jo
J

where the leading ellipsis denote suppressed transformations for other types of external
particles in A,,. The integral transformation weight (—g; - ﬁj)*A is the so called scalar bulk
to boundary propagator on Hs [30]. The integral transform collects contributions from
the entire mass shell y;, z;, Z; and returns a localized insertion point w;, w; on the celestial
sphere for j-th external scalar. It is our objective to generalize this mapping prescription
to accommodate the cases of massive spinning external particles.



Recall that amplitudes in Minkowski space are multi-linear in polarization tensors of
external particles

J
M1, .-MUs,;
.Anln,...,bj = ( €bz‘ i 1) Anllll'-'f“l7'“7M1j”'usj’ (214)

i=1

with as many sets of s; Lorentz indices on the uncontracted amplitude as there are massive
spinning particles with polarization tensors ¢, involved in the process.? The subscripts b,
are spin (in direction of propagation) multiplet indices for the massive particles.

Considering that a Lorentz transformation in the bulk can flip the spin component
along the axis of propagation of a massive particle, it is natural to propose that an ampli-
tude of definite spin particles on the celestial sphere is to be obtained from a combination
of all spin component values of the respective spin multiplets in the bulk. Therefore, we
seek a map where each massive external leg of an amplitude is transformed to the celestial
sphere as

J S
dy; .
Angyg; =+ H/;J;dzidfi > fob) Anby by (2.15)
=1 v bi=—s;

with a spin s; integration weight matrix GEZ’Z)Z for massive particles. Here, J; are spin in-

dices on the celestial sphere J; = —s;, —s;+1,...,s;. The leading ellipsis denote suppressed

integral transforms for possibly present massless particles (2.11), which are unchanged.
In the next subsection we describe how the integration weight matrix Gfiz)l can be

obtained from the consideration of spinning massive conformal primary wave functions.

2.3 Spin-zero, -one and -two massive conformal primary wave functions

As defined in [1], the conformal primary wavefunction of a mass m scalar (outgoing/
incoming: 4) on the celestial sphere can be obtained via the integral transform of the
plain wave basis in Minkowski space

oo g o
G Am(X;w, ) :/ yg/dzdz (—q-]ﬁ)_A eI Xy, (2.16)
0

analogously to (2.13). In this section we set up an ad-hoc procedure to obtain the mapping
of the massive spin s plain wave basis

[ fhs __H1eps  Eimpt X,
Pl (X) =¢ e : (2.17)
with polarization tensor €, ** for spin component value b = —s, —s+1,..., s in direction

of propagation, to the celestial sphere.
Guided by our expectation of how amplitudes involving spinning massive particles are
(s)

to be mapped (2.15), we seck an integration weight matrix G5, for the same integral trans-

form over the hyperbolic on-shell slice providing the massive spinning conformal primary

2See appendix A for explicit examples of spin s = 1 and s = 2 massive polarizations.



wave function
d
iAmJ(wa / y/dd ZGwawy,zz)’” Hs gEImP Xy (2.18)

In [2], conformal primary wave functions ¢ were defined as solutions to the mas-
sive Klein-Gordon equation with appropriate covariant transformation properties. The
ansatz (2.18) trivially satisfies the Klein-Gordon equation, since all plane waves do. Here
we exploit the fact that the integration weight matrices G((]Sb) are uniquely fixed (up to row
normalization) by demanding appropriate covariant transformation properties, which fixes
the integral representation of ¢.

The desired conformal primary wavefunction ¢ must transform as a conformal pri-
mary on the celestial sphere, and maintain the usual Lorentz transformation A*, on the
Minkowski vector indices. The exponential and the integration measure in (2.18) are in-
variant under such transformation, so that the combination of integration weight matrix
and polarization tensors must transform as

ZGJI; TSR _>ZG/ (s) /m Hs

A+J (= — NA—J A p1 5) V.. (219)
:(cw—l—d) (cw+d)=>77 A", .. A ZGJbb

Requiring this transformation property, we may consider a Lorentz transformation (2.10)
that is infinitesimally close to the identity:

1
a= +aﬁ, b=a, c=p, d=1-7, (2.20)
L—v
with «, 8,~ infinitesimal, and similarly for a,b,¢, d and &, 3,7. Taking as a convenient
ansatz G?g = (-p-q)~ A= sggb), using known expressions for the polarization tensors

(e.g. (A.1) and (A.3) for spin-one and -two respectively) and expanding (2.19) to lin-
ear order in the infinitesimal transformation parameters, yields a set of coupled first order
differential equations in w, w, z, Z, y variables for the matrix components gf,slj), which can be
easily solved iteratively.

In cases of spin-zero, -one and -two this procedure straightforwardly gives

0
GO = (—qp) 7>, (2.21)
\/E(U;—z)z _Q(Tf)_,z) 2y
GY) =(—qp) 27" | V2(w—2) =202y w2 |, (2.22)
— \2
V2y 2(w—7) ‘/5(“;"”)
2 A
G = (—qp) 272 (2.23)
2(1uy;Z)4 W 2v/6(w—2z)2 diy(w—z) 292
2P (p—z)? (&%) “g‘“’*Z)(nyy(“”*Z)<'“7*5>) i (2 —3(w—2)(0—3)) 2y (i—)
2w z)? 2i(w—2)(y*—(w—2)(@-2)) \/%(W*Z)('u?ff%)((wfz)(@72)74y2)+y4) 2i(z—w) (y?—(w—2)(w-%)) 2(5— 7)2 7
Y o 2y2 L Y _ _\3
2y(1U*Z) i(y273(wfz) (Zf)ff)) \/E(sz)(y *y(wfz)(wfz)) Z‘(Z*IT))Q <3 (w— zzgw z)) 2(2;111)
2y2 4iy(2—w) 2\/6(2_,@)2 42(2;111)5 2(2;211’1)4



where the (25 4+ 1) x (2s 4+ 1) matrix components are labeled by indices J,a € {—s, ..., s},
and where we have chosen a particular normalization for each row that will be convenient
for the parametrization of the massive momentum operator representation discussed in the
following section.

The integration weight matrices above can be written more succinctly by introducing
the following building blocks

" = (q-pm™ — ", TV, = "™ (0pq,), T =1"p,, T =I"(-0uq). (224)

With this, the spin-1 integration weight matrix is given by

1 AN —A—1 *
GY) = (~q-p) Teq, (2.25)
while the spin-2 integration weight matrix amounts to

A THTY +THTY

G, = (—q-p) T T, GO, = (—q-p)

—2,a apy 2 6a,uzx?
) o (2 LR+ TTY N
Gg,g: (—q- )22 <3T5LTO +3 T : =) e (2.26)
TH v + T#TV
2 AN\ —A— * 2 AN\ —A— 1-0 041 «
GS‘%,@ = (_q : p) 2T$1T};16aw/7 GS—%,@ = (_q p) g 2 eauu :

Note that foa) eh " conveniently simplifies and is equal to the above expressions with

the complex conjugate polarization factors € . dropped.

B1ep
2.4 Arbitrary integer spin massive conformal primary wave functions

While the procedure in the previous section is useful to develop conceptual understanding
and investigate a few explicit examples of lower spin, it is too cumbersome to parametrize
the arbitrary spin situation. Luckily, by analogy with the fact that the scalar integration
weight (—q - p)~> in (2.16) is the scalar bulk-to-boundary propagator on Hj, the product
of integration weight matrices with polarization tensors ), focfeéf“'” is also related to
spinning bulk-to-boundary propagators on Hs. More precisely, we start with spin-|.J| bulk-
to-boundary propagator [30] (dropping a normalization factor):
(G- 2) =@ 2)g- ) _ (V-1-2)V

HA,|J|(p7YQQ7 Z) - (—]ﬁ-q)A+|J| - (—ﬁ-q)AH‘”’ (227)

where I, is one of the building blocks in (2.24). Y* and Z* are auxiliary variables encoding

tensor structures on the Hs (p* + 1 = 0) slice and the light cone (¢> = 0) respectively,
which are discussed in appendix B. Since p*I,, = 0 = I,,q", expression (2.27) satisfies
transversality on both sets of indices

p-Ila(p,Y;¢,2) =0=q-071Ia1(D,Y;¢,2). (2.28)
To obtain an object that transforms as a R!3 spin-s Lorentz tensor, we take the (s—|J|)-fold
formal derivative Y - V5 =Y - 0p:

1

m(y - 0p)* A 15, Y 34, 2), (2.29)



where the prefactor is inserted for later convenience, and (a), = % is the Pochham-
mer symbol. Subsequently, as outlined in appendix B.2, we use the operator R, defined
in (B.14) to recover the symmetric traceless transverse tensor encoded by the polynomial
in auxiliary Z* variables. The action of (Dgq - R)I”| facilitates a contraction of Dg" vec-
tors with the symmetric traceless transverse tensor indices, which (up to normalization)
effectively reduces to replacing each Z* by Dg*, as outlined in (B.20), (B.21). Finally, we
take the plus or minus spin component pull-backs to the celestial sphere with a convenient
coefficient, which leads to the definition

1)|J|97J
a¥) (p,Y;w,w) = (=
8 1 (452) ) (A 1T ])s-

1910 (Y - )* (B q)(Y - Dg) — (- Dg)(q-Y))!

(Dg- RV (Y - 05) P Ip (B, Y 50, Z)

= (-1 EmrSE ) (2.30)
where 0, = 6(x) is the Heaviside step function, and
Ogqt for J >0
Dg" = . 2.31
1 {8wq“f0rJ<0 (2:31)

As discussed in appendix B, a transverse symmetric and traceless tensor with s Minkowski
indices is then recovered by applying the special differential operator (B.3) s times in suc-
cession. This directly produces the product of integration weight matrix with polarization
tensors, discussed in the previous sub-section?®

) p1fts 1 s _
ZGf,b)egl He = ﬂKul...K”SGS)A(p,Y;w,w). (2.32)
b N2J8

It is trivial to verify, that the explicit examples ), Gf,b) and ) , G J2b) ef we have consid-
ered in more detail are readily recovered in this fashion.
Using expression (2.30) we can define a polynomial encoding of the integral represen-

tation of massive spinning conformal primary wave function with arbitrary spin
¢ims(X Y;w,w) / /dzde (p,Y; w, m)eFmP"Xv, (2.33)

from which the Minkowski vector indices are extracted in the same way as in (2.32).

2.5 Completeness of massive spinning conformal primary wave function basis

Making use of the formalism explained in appendix B, and employing eqs. (2.5), (3.10) and
(3.29) from [31] in conjunction with egs. (60), (83) and (93) from [30] we have the identity

5 dwdw s ~ _ S ~ - A A s
S [ dvniastv) [ G s Visw )G (o, Yai ) = 81, 0) (V- Yo'
=—s

(2.34)

3Due to the orthogonality of polarization tensors, we then recover G’( ) = (Zb g) ent "5) €apiy s



with integration weight (which includes normalizations dropped in (2.27))

|J2—}—V225 M(’J’—i—l)s |J|( +‘JD5 |J]

1’ 2.35
Ms, gV .
W) = ) o e + Dy (2.35)
The delta function 6(p1,p2) has support when the two bulk points coincide
dy? L
dzodZza6(p1, P2) F(p1, 2) = F(P1,P1)- (2.36)
0

With the help of (2.34) we can write down an inverse transform, taking a spin-s massive
conformal primary wave function back to the plane wave basis in Minkowski space

S R L g (2.37)

1 - dwdw (s A s v
2@651“"“}@1 LK, Z /dVﬂs,J(V)/QJGQ}Jiu(th?w7w)¢J”1+’w(XaY§waw)'
‘\2/8 J=—s

This demonstrates that the map to the celestial sphere is properly invertible, and the
spinning massive conformal primary wave functions form a complete basis.

3 Spin-s massive momentum representation and Poincaré algebra

As already seen in the massive scalar case [25], massive momentum operators on the celestial
sphere are spin dependent. In fact, since a definite spin conformal primary wave function
for a massive particle mixes all the spins in the bulk multiplet (2.18), the massive spin-s
momentum representation on the celestial sphere is simultaneously a Minkowski vector, as
well as a matrix in spin multiplet space?

Pf]f[ with ©=0,1,2,3, and J,I = —s,—s+1,...,s—1,s. (3.1)

The defining eigenvalue problem for the spin-s momentum operator is

Z P;IZGIi)le = mpt ZGJb A (3.2)

I=—s

(s)

involving the integration weight matrix G, of the spin-s massive conformal primary wave
function (2.18). Each component p of the operator P4, turns out to be a non-diagonal
matrix in spin multiplet space, and we found it to be explicitly given by:

b (J+58)87,141 (J—8)8s41,1 B
PJI 2[ A—J—-1 <(a M)+A+1q 8“’>+ A+J-1 ((8 )+A 74 a“’)

(059")0w | (Owq")0s q" 0O N (A—s—1)(A+5) 4 o
+071 (((awﬁwq#)Jr Acies T Aoyt (A—1)2—J2> +ﬁque )} ‘
(3.3)

Note that since only 05741,077,0741,7 are involved, only neighboring spins are coupled.

4The same is formally true in the massive scalar case, where ijl with 4 =0,1,2,3 and J,I = 0.

~10 -



Since the normalization of each row in the integration weight matrix GS‘? can be

chosen separately, the off-diagonal terms of the massive momentum operator depend on
this normalization as well. The result (3.3) is designed to specifically match the row
normalization for all J explicitly chosen in (2.32).

It is straightforward to explicitly verify that this momentum operator indeed satisfies
the defining equation (3.2), e.g., for s = 0,1, 2,3 making use of (2.32). Additionally, it is

easy to analytically verify that it properly squares to —m?

D Pl Py = =m0y, (3.4)
K
for arbitrary integer spin s > 0.
All Lorentz generators M}, = —M/; are diagonal in spin multiplet space (see [12])
MGy = 2050 (@2 = 1) g+ (w? = 1) Oy + (A= D)+ (A+ )w) ,  (35)
-1
M7 = 051 ((@° +1) 9p = (0 +1) 9 + (A = Do = (A+ Jjw) . (3.6)
MYy =051 (W0g + wly + A) , MG = 6,7 (—w0g + wdy + J) , (3.7)
MY = 2050 (@ +1) 0+ (WP +1) Oy + (A= Do+ (A+ ), (338)
-1
M} = 00 (0% = 1) 05 — (0 = 1) 00 + (A= N)o — (A+J)w) . (39)

where 9, = %. The Lorentz algebra can be written with spin multiplet indices made

explicit

(v, 2097) = 37 (M5 MgE, - MESME)
K

— (nWMjf; P MYS — MG — n““Mf,f@) : (3.10)
where n*¥ is the mostly plus Minkowski metric. The momentum operator Pf]‘ ; then com-
pletes the Poincaré algebra

[, P =7 (MY PR = PO M) =i (0P =07 Pl,)
K

[P“7PV]:Z(PfKPII?,I—PfKPf’é,1> =0.
K

(3.11)

The proof that (3.3) indeed is a correct (general spin s) massive momentum operator

2 as pointed

representation on the celestial sphere, is due to the fact that it squares to —m
out in (3.4) and properly closes the Poincaré algebra (3.11) for arbitrary integer spin
parameter values s > 0, which can be straightforwardly verified analytically.

The massless momentum representation for any spin s is given by [12]
Py, =650q"e%, (3.12)

which is diagonal in helicity space, same as the Lorentz generators M fﬁ, so that in the
massless case the Poincaré algebra closes for each helicity independently and the spin
multiplet indices can be suppressed.
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4 Poincaré constraints on massive spinning celestial amplitudes

As in the case of celestial amplitudes involving massive scalars [25], Lorentz symmetry
constraints, with i labeling the scattering particles from 1 to n:

n n
v
E MM A = E 5J1J1 <o 5Ji—1ali—lMilji:[i(sJi+17]i+l v 5JanAfl7--~Jn =0 (4'1)
i=1 =1

with summation over each —s; < I; < s; for j = 1,2,...,n implied, are equivalent with
conformal covariance of primary field correlator structures in CFT, so that the shape of
each structure can be fixed to the following familiar form® [28, 29)

g 0(A1—A2)d5,, 1,

Ay =C ——— 4.2
27 YALA T hithy chithy (4.2)
12 12
_ J1,J2,J3 hs—h1—ha, hi1—ha—hs, ha—hi1—hs —h3—hi—ha —h1—ha—hs —ha—h1—hs3
Az = CAl,AQ,Agwm W3 Ws] W9 W3 Ws1 ) (4.3)
h3—h4 h1—hs _ B3—E4 _ ;11—;12
()" () ()" ()
w13 w14 w13 w14 J1,J2,J3,J. =
Ay = _ \"4) fil1T20 T304 ( z) (4 4)
hi+ha, ha+hg _hi4+ho —h3-+h A1,A2,A3,A4\ %) :
Wyg W3y Wiy ' gy

where in the two-point case we use Dirac and Kronecker deltas to keep A1, As and Jq, Jo
formally apart (which is required, since momentum operators act on particles 1 and 2
separately), and we use the conformal weight abbreviations

A+J - A—-J
h = , h= , 4.5
2 2 (45)
with conformal dimension A and spin J. In (4.4) we use the conformal cross-ratios
, = WizWsa o= 117112’%134_ (4.6)
w13Waq W13W24

Further constraints on the two- and three-point function coefficients C' and the function of

cross-ratio f are expected to result from momentum conservation requirements

n
Z ePMA = Z 6i5J1Jl s 5171'—1:[2'71‘Pi}jijiéc]ﬂrlylwrl s 5Jn,InA11,~~~Jn =0, (4'7)

% =1
where €; = %1 for particle ¢ incoming/outgoing, and summation over each —s; < I; < s;
for j =1,2,...,n is implied.

In the following we systematically derive the resulting constraints.

4.1 Two-point structure

The two-point structure is special due to the presence of the delta functions §(A; —
A2)d, 1,- Application of the massive momentum operators in the equation ), ¢, ;#A =0
leads to four independent delta function combinations that cannot cancel each other.

5Here and throughout the paper we sometimes use abbreviations xij = x; — x; for various quantities
with particle indices.
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On the support of §(1 + Ay — Ag)dy, s, we have the constraint
0=mier(s1 — A+ 1)(A+51)CT 75 1n +moea(J— A+ 1)(J+A-1)CXh,  (4.8)

where we use the abbreviations Ay = A+ 1, Ay = A and J; = Jy = J. While, on the
support of 6(—1 + Ay — A2)d,, 7, we obtain

0=maes (52— A+1) (A+59) CLYy oa +mua(J—A+1)(J +A—1)CX%,  (4.9)

where we use the abbreviations Ay = A+ 1, A; = A and J; = Jy = J. To reconcile these
two equations we must take

mp=mg=m, S =83 =S5, (4.10)

while €; = —e9 is required by kinematics. Without loss of generality we rescale the two-
point function coefficient as

Iy F(A—J—l)F(J+A—1)< q)ACJ’ (411)

Caa= TA-—s—1I(s+A) \ e

such that the constraint above implies the periodicity of ¢ under A — A + 1. Making
use of this ansatz, the two remaining constraints on the support of §(Ay — Az)d14.7,,5, Or
(A1 — A2)d, 1,41 both reduce to

0=e1(J+s+1)ch +eas — J)e™. (4.12)

Considering that J is integer, this equation has a known explicit recurrence solution. For-
mally reintroducing the distinction between A and As as well as J; and Js, the general
solution for the two-point function coefficient can be summarized as

RS HUSU S STASES OV R
A1,A F(_5+%+%_1)F(3+%+%) €2 Aitha,

(4.13)

where ¢, is periodic under x — z+1, and we kept the spin multiplet number s; = s2 = s the
same. In case s=.J; =J3=0 this readily reduces to the scalar result found in [25]. Note that,
as discussed in [25], in order to avoid convergence issues in the inverse integral transform
back to Minkowski space, ¢, better be trivially periodic (ergo constant). However, again
as in the scalar case [25], even without periodicities the inverse transform to Minkowski
space is not defined, since the Mellin-like integration over A; = Ay = A = 1 + jv with
—00 < v < oo directly hits a pole at ¥ = 0 in the (pseudo-) scalar contribution of the
multiplet J; = Jo = J = 0. Therefore, even though a non-trivial two-point celestial
structure exists, its map to Minkowski space is not well defined. This is consistent with
the fact that there is no non-trivial two-point amplitude in Minkowksi space.

The two-point function coefficient for a two-point structure of one massless and one
massive particle is constrained to vanish, same as in the scalar case.
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4.2 Three-point structure

In the three point case we can consider amplitudes involving one, two, or three massive
external particles, while the remaining particles are massless. The case when the massive
particles are scalars has been investigated previously [25]. In this section we repeat the

analysis for massive particles of non-zero spin.

Two massless, one massive. When one of the three particles is a spinning massive
boson, the equations ), e P# A™00 = 0 lead to four independent constraints, which can
be expressed symmetrically in indices 2 and 3 for overall upper and lower cases of the

double-signs as:%

m
0= ZEl ((AliAQZFAg,:Ejl—{—JQ—Jg,—l) (Al +AsFA3FJ; —J2+J3—].) Cill’b_le’:g%AS

—(Ai=s1- 1) (Ar+s) CATR, )
F2e (J1 (Ja—J3)— (A1 —1) (Ag— Ag)) C/172:73 (4.14)

A Ap+1EL A4 1L
0=4(J1 (Jo—J3)— (A1 —1) (A —Ag)) (JyFs1) Ol a2 78
A1,A2,A3
J1,J2,J:
—4 (Alijl —1) (Al —81— 1) (Al —|-51) CA11+21,A32,A3 (415)
HA FS -1 (A=A F Az J1+To— Js— 1) (A F Ay Ay 1 S+ J5—1) CLT4R o

All four of these recurrence relations involve three different terms with non-diagonal pa-
rameter shifts which makes this system of equations hard to solve in general. However,
note that one of the two equations (4.15) reduces to two-term recurrence relations with
shifts in the parameter Aj only, in the case when J; = s1 or J; = —s1 respectively. With
this it is possible to make progress as follows.

If we start, e.g., with the highest weight J; = s1, then without loss of generality we
choose to rescale the respective three-point function coeflicient as

A A
(_m€1) 2<_m61) 3F(81+J2—J3+2A1+A2—A3)F(S1—J2+J3+2A1—A2+A3

s1,J2,J3 2¢2 2e3 192,73
A1,A2,A3 I (s1+A;) A1,A2,A37
(4.16)
where, kinematically, only the incoming-outgoing combination €, = —es = —e3 makes
sense. With this, the upper sign equation in (4.15) reduces to
s1,J2,J3 _ S1,J2,J3
CA1-1,A0,A3 = CA1+1,A5,A5 (4.17)

implying that ¢ must be periodic under A; — Aj + 2. Using this, the equations (4.14)
with J; = s1 simplify to

s1,J2,J3 _ s1,J2,J3 s1,J2,J3 _ s1,J2,J3
CA1+1,A2,A3 - CA1,A2+1,A3 and cAl—l-l,Ag,Ag - cAl,AQ,Ag—i-l’ (418)

5To obtain these constraints, calculate the action of the momenta operators, divide out the common
w;, w; dependence and require the vanishing of all coefficients of the remaining different w;, w; monomials.
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As explained in appendix B of [25], this implies that A; dependence in ¢ must either appear
in combination ), A; (in which case it must be periodic under » , A; — >, A; + 2 due
to periodicity of Aj), or else must be periodic under A; — A; + 1. For the same reason
as discussed at the end of section 4 in [25], assuming on physical grounds that c is a
holomorphic function of finite order, a non-trivial periodicity of ¢ makes it unbounded on
any complex vertical line in the complex plane. Therefore, to ensure convergence of the
inverse integral transform of the celestial amplitude back to Minkowski space, ¢ better be
trivially periodic — ergo constant.”

The ansatz (4.16) as well as the periodicities of ¢ can then be used in the lower sign

equation in (4.15) to iteratively generate C’le_gf&{;’ for I = 1,2,...,2s1 in terms of the
initial J; = s1 expression. The iteration must truncate after | = 2s; steps, at which

point the J; spin multiplet is complete. A factor of (J; + s1) in (4.15) ensures that no
further Cillel’Q{zg‘]?’ term is generated once Ji = —s1; however, the rest of the terms in this
equation must then cancel exactly for the multiplet truncation to be consistent. Explicitly
generating multiplets for a few s; values such as s; =1, s7 = 2, or s; = 3, reveals that the
rest of the terms in the J; = —s; truncation equation does not cancel automatically, but
instead becomes proportional to

Jj=—s1

The consistency requirement of the multiplet truncation therefore implies that the differ-
ence of helicity values of two massless particles produced in the decay of a massive particle
may never exceed the maximum spin that can be accommodated by the spin multiplet of
the massive particle®

|2 — J3] < s1. (4.20)

Naturally, we can start with J; = —s; and build up the multiplet in the opposite direction
instead. In that case the role of egs. (4.15) with upper and lower signs is reversed, but all
multiplet construction steps proceed analogously.

In appendix C we consider explicit examples of three-point amplitudes with two mass-
less scalars and one massive spinning external particle mapped to the celestial sphere. There
we find exact agreement with the three-point function coefficient obtained above purely

from symmetry, with ¢ trivially periodic in conformal dimensions csAll’JZ’;]i‘AS = const.

One massless, two massive. When two of the three particles are spinning massive
bosons, the equations ), e PP A™ 2.0 — () Jead to four independent constraints, which

7Considering A; = 1414\, the ratio of gamma functions in (4.16) vanishes as \/1/7)\1 for A1 — +oo and
as e ™N1/2 for \; — +oo with j = 2,3. Therefore, even the first non-trivial periodic mode €2 in a
Laureant expansion of an integer-periodic holomorphic function would dominate the suppressing effect of
the gamma function ratio and must therefore be ruled out.

8Compare with section 4.1 in [32].
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can be expressed symmetrically in indices 1 and 2 as:

_ J1,J2,J3
0_4€3CA1,A2,A3+1 (421)
Mo€g (2 (JQZFSQ)Cill’:IK;kfi +(—A1+A2+A3:FJ1:|:J2:EJ3—1)0111’:22"551‘A3)
Aot Jo—1
maier (2(7180) CUTAKS +(- A1+ Ao D i Tl o+ ) CLRR, )
—A1+J1+1 ’
miei (—Ai+si+1) (Aits:) P2 O3 J1,J2,J
ATl L2228 4 eg (A1+A2—A3+J1+J2—J3—1)CAILAQQ’SAS_H
i (A48 —As+J1+Jo—Js—1) (Ar+ Dot Agt i+ ot Js—3) e 72 O %273
4(Aj+Jj71)
n maoes (FA1E£A2—As—J1+JoFJ3+1) (J2—s2) Ciﬂ’f;kf’
mie€r (:FAl:EAQ—Ag—FJl—JQiJ;g—Fl) (J1—81)CJ1+1’J2’J3

_.I_

_l’_

0=

(4.22)

Aq1,A2,A3
2(:FA1+J1:|:1) ’

where in (4.22) the index combination ¢ = 1,j = 2 is taken together with the upper of the
double-signs, and combination ¢ = 2, j = 1 is taken with the lower of the double-signs.

Zero massless, three massive. When all three particles are spinning massive bosons,
the equations ), e P# A™1™m2™M3 = () again lead to four independent constraints. One
constraint can be given as:

miy€r (81— J1) 41,0005 Ma€l (J1 4 51) gi—1,75.0 .
0= <<A1+J11 AnAs Ry T WC&,AQ’QA;’ + (cyclic) (4.23)
mier (Mg — 1) Jo + (g — Ag) Jy + (1 Ay).J |
n 1€1 (A — 1) 22_( 3 & 2)2 1+ ( 1) 3)0111{21:‘227% 4 (eyclio))
Ji—(A1—1)

where (cyclic) denotes terms with indices 1,2,3 cyclically interchanged. The remaining

three constraints can be summarized as (abbreviating C' = C’il"g"]z‘ ):
1,882,3
0= Mi€; (1—2h¢—2h]' +2hk) (1_,2ﬁi+2}_lj_2}_lk) eiaAiC— 2mp€r (1_27Li:|—2}_lj_2l_—l’k) 6_8Akc
(1—2h;) (1—2h;) 1—2hy
4mze(Ll(1;hA;-(|—181)2(ﬁAs+Sl) eaAi c— 2mje; (1—12_}152'2/13' +2hk) e—aAj C
4 (JZ+ ) l 4 (J;—s;) ] (4.24)
Mek \JET5k) o—1 m;€i\Jj—55) o+1
+< 1—2hy SJ’“ e 2h;—1 SJj ¢

2mie; (Ji—si) (1—2hi+2h; —2hy,) +1 2mi€; (Ji+si) (2hi+2hj —2hk—1) 4—1
(2hi—1) (1—2h;) Sy OF (2hi—1) (1—2h;) Si € )

one equation for each index combination (¢,7,k) € {(1,2,3),(2,3,1),(3,1,2)}. Here we
have defined a spin-shift operator Sil, which acts to the right as SilC:;;’Ji"“ = C-JiF b

4.3 Four-point structure

Three massless, one massive. Momentum conservation Y, €; P;* A%%0™ = 0 in case of
three massless particles and one mass m particle of arbitrary spin leads to four constraint
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equations. The first constraint features only shifts in operator dimensions

\/ J1,J2,J3,J. J1,J2,J3,J. _
O = 2z <m46 fAll A22 234A4 1(Z Z) + 26 fAll A22 2511 Ay (Z, Z)) (425)

J1,J2,J3,J4

J1,J2,J3,J.
+2€1 A1+1A27A3A4(’Z Z)+2€2f 2B ( 2 )7

A1,A2+1,A3,A4

where the conformal cross ratios z, zZ were defined in (4.6). Two further constraints involve
shifts in conformal dimensions, spin of the massive particle, and first order derivatives with
respect to conformal cross ratios

m64(A3+A4+Z(—A1+A2—J1+J2)+J3+J4 )fJ17J27J37J4 ( )

0= 4(Ag+Ji—1) A1,A2,A3,A4—1
J1,J2,J3,J. _ z J1,J2,J3,J.
Fafllil e D)+ el ) (1.26)
_ mey (84 - J4) fJ1,J2,J3,J4+1( —) m(z )Z€4 a le,Jz,Jg,J4 ( )
2(A4—|—J4— ) A1,A2,A3,A4 \ (A4+J4— 1) A1,A2,A3,A4—1 )
= ’/TL64( (Al—AQ—Jl+J2)—Ag—A4+J3+J4+1)fJ17J27J37J4 ( )
(_A4 + i+ 1) A1,A2,A3,A4—1
J1,J2,J3,J. J1,J2,J3,J. —
+ €3fA11,A2273ﬁs-41-1 Ay (z’ z) \/762fA11 A22-i1 23,A4(z’ z) (4'27)
mey (Ja+84) gy Jodsda—1,. - mey (2 —1)2 T, J2,J3,d
fAIhAZQ,SAleAz; ( ’ ) 9z fAll A2273As4A4 1( )

2(Ag—Jp— 1)

The fourth constraint involves shifts in conformal dimensions, spin of the massive particle,

2(Ag—Ji— 1)

as well as first and second order derivatives with respect to conformal cross ratios

0_572 Z(Z(B2—711)+713+FL4—%)+2(Z(h2—h1)+h3+h4—1) fjl’]27J37J4 ( )
ez 1—2hy 1—2hy A1,A2+1,A3,A4
(hi—h2)Z—hs  (h1—hs)z— h3 Ji,J2,J3,J. _
+63< i1 2ha— FAV Ay Rstia,(2:2) (4.28)
mes (Ag—s4—1) (Ay+s4) J1,J2,J3,J4 mes(z—1)z(z2— J1,J2,J3,J4 B
2(2hs—1) (2ha—1) fA17A2,A3 A4+1(Z Z)+ 2(2hs—1) (2ha—1 )5 20z fA1 g, Az, Ay— 1(Z>Z)

 méa ((ha—h1)z+hs+ha—3) ((hz—hl)Z+h3+h4—*)le,Jz,Js,J4 (2,2)
2(2ha—1) (2ha—1) A1, A2,A3,84 =117

_.I_

meg (Z—1)Z(Ja—384) o pJi,J2,J3,Ja+1
2(2ha—1) (2ha—1) 27 A1A2A5 04

m(z—1)zes (Ja+s4) J17J27J3,J4—1( z)

(2,2)+ 2(2hs—1) (2ha—1) * A1,A2,A3,A4

In case when the massive particle is a scalar s4 = J4 = 0, these equations properly reduce
to the constraints found in [25].

Two massless, two massive and beyond. As in the massive scalar case [25], for the
four-point structure, momentum conservation always leads to four constraints which consist
of coupled shift equations in conformal dimensions of the four-particles, while simultane-
ously being differential equations in conformal cross ratios. In the massive spinning case,
shifts in spins of massive particles also occur. When two or more massive particles partic-
ipate, the resulting four equations similarly can be straightforwardly generated from the
application of momentum operators to (4.4), but are quite unwieldy. Therefore, we do not
spell these equations out explicitly.

17 -



Acknowledgments

We thank F. Denef, C. Sleight and M. Taronna for interesting discussions. We are especially
grateful to A. Joyce for in-depth conversations and useful suggestions throughout the course
of this project. AL and MZ are supported by the US Department of Energy under contract
DE-SC0011941.

A Spin-one and -two massive polarization tensors

Spin of massive particles is encoded by polarization tensors (compare this section, e.g., with
section 2.2 in [33]). In the spin-1 case the polarization vectors of spin a = —1, 0, +1 describ-
ing circular polarizations in the plane perpendicular to momentum mp* are parametrized as

ey = V20l e =ydy ", ey = V2yd.pt, (A1)

which satisfy all required polarization properties:

1 e

R prp
€qa P = 07 6;; c€p = 5a,b7 Z GZMEGV = ?7’“” — ﬁT (A2)

a=—1

Higher spin polarization tensors generically can be composed out of the spin-1 polariza-
tion vectors given above by taking appropriate symmetric and traceless combinations. For

instance, in the spin-2 case the a = —2,—1,0,+1, +2 components read
W wo i (b I
€ 9= 6716111 D e ﬁ (67166 + 606111) ? nv 2 w_v 1 Boov 1 [T
wo_opoy W —i (o, by € =T\ 3|%% T 31517 55151 |
€ = €€, €1 = 5 (6+160+€06+1) ,
(A.3)
such that once again all required polarization properties are satisfied:
& 1 1 1
G'Lawﬁy — 07 ez,ullebuy — 5a,b7 Z €Z,ulfeapo — _pHPpYI |~ pVp pHO _ 7P,uzxppcr,
2 2 3
a=—2
(A.4)

e ) .
where PHY = phv — pﬁ—’;, and €,"n,, = 0 for each index a by construction.

B Polynomial encoding of symmetric traceless transverse tensors review

In this appendix we review the formalism of encoding symmetric traceless transverse tensors
in terms of polynomials of auxiliary variables [31].
B.1 Tensors living on p? +1 = 0 in RY3

When we work with a spin-s symmetric traceless and transverse (STT) tensor Hy, ..., (P)
living on the submanifold p? + 1 = 0 in RY3, it is useful to express it in terms of a
homogeneous polynomial in auxiliary variables Y#

H(p,Y) = Hypoop ()Y - VP, (B.1)
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As explained in [31], the information of an STT tensor is fully encoded by this polynomial
if the following restrictions are imposed on the auxiliary variable Y:

P+1=Y%2=p-Y =0. (B.2)

We think of the polynomial (B.1) as living on this sub-manifold. To extract the original
STT tensor from H(p,Y ), we use the differential operator

1 0 (. 0 0 0
K“:2<aw+p“<p'aY>>+<Y'aY>m (B-3)

oy DN (5. 2 _Yu (0 (5 9N (. 0
Py oy )\ oy 2 \av-ay "\Pav)\Pay))

which acts interior to (B.2), i.e. for any arbitrary function g(Y) we have
K5+ D)g(Y) = K, (Y29(Y)) = Ku(p- Yg(¥)) = 0. (B.4)
Additionally, it is easy to verify that the operator is symmetric, transverse and traceless
K,K, = K/,K,, K, =0, K, K" =0, (B.5)

and therefore its action on any polynomial of Y defines a transverse traceless symmetric
tensor on (B.2). The original tensor can be recovered from the polynomial via

= 7Ku1 e 'KMSH(ﬁa Y)? (B~6)

where (a), = W is the Pochhammer symbol.

To take formal derivatives of an STT tensor with respect to p*, we use the covariant
derivative operator

0 0 0
Vip =—+Du | D == Y|P == B.7
= o T D <p a]5>+ u<p 8Y)’ (B.7)
which acts interior to the submanifold (B.2), and transverse (p - V; = 0). This satisfies
Y- -Vy=Y-0;.
B.2 Tensors living on g2 = 0 in R and projection onto the boundary

On the two dimensional celestial sphere, any spin-J symmetric traceless tensor fq,...q, (w, W)
has only two independent components. In terms of complex coordinates w, w, we consider
the components

fJ(wa ZT}) = fw-~-w(w’ 71)) and fJ(wa 11)) = fw...@(w,’d)), (B'8)

since all other components are forced to vanish due to the tracelessness condition. We can
think of (B.8) as all plus or all minus spin components respectively, since they involve w
or w indices exclusively. However, these components are not complex conjugates of each
other in general.
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In our case of interest, we are dealing with f;(w, @) and f;(w, @) defined as pull-backs
to the celestial sphere from a R symmetric traceless tensor F, y1 -y (@) living on =0,
such that

8q.u‘1 anJ

_ L aqul 8qﬂ]
Frlw @) =3 gu

Fus (@) and fo(w,@) = e SF ), (B9)

where F' is transverse ¢* F),,...,,(¢) = 0. Thanks to (2.8) and the transversality condition,
each Minkowski dimension of tensor Fj,..,,,(¢) can be expanded on the basis of vectors
Owq", Ozq" and ¢*, with coefficients:

1
= <2 (awquawqy“‘awquawqy)+QMUV‘|"UMQV> FV(Q) (BIO)

0, (3060 F @) ) 405 (30 F (@) 40 (PF (@),

However, note that in (B.9) only contractions with the terms 9,,¢* or dz¢" appear, and
4u0wq" = q,0p¢" = 0. This means that only two out of three vectors of the expansion
on the second line in (B.10) contribute; or, equivalently, that the coefficient of ¢* may be
dropped. This tells us that while a tensor F' of interest in general is not expected to be
transverse with respect to v#, eq. (B.9) remains unchanged if we project F' to additionally be
vH-transverse v*i F),, ..., (q) = 0.9 For convenience, we include this additional transversality
in the following.

The above properties are consistent with the fact that only two tensor components on
the celestial sphere are non-zero, since the mixed-index projection vanishes automatically.
For example,

gt g dq" 0q”
o= B (0= <277“”—agz) o —QQ“U”—%”Q”) Fu(@)=—fou=0  (B.11)

where we have used (2.8) in the second step, transversality and tracelessness in the third,
and symmetry of f,; in the fourth (a quantity that is equal to plus or minus itself must
be zero).

As before it is useful to encode F),, ..., (¢) in terms of a homogeneous polynomial as

F(4.2) = Fopogsy @29+~ 299 = Fopoop, ()21 - 29 = Flg, 2), (B.12)
with new auxiliary variable Z#, which is restricted to the sub-manifold
V=@ =qv-1=2%=q¢- Z=v-Z=0. (B.13)

Here F, .., (q) is Fyy.p, (q) with all trace subtractions dropped due to Z2 = 0, such that
Fuy-ny(q) is symmetric transverse, but not traceless.

9Since v* and ¢* are orthogonal to dwg* and dz¢", imposing the vanishing of contributions along the
directions ¢* and v" in tensor F' does not affect the projections of F' onto directions 0,,q" or 0zq".
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We present the following operator acting on the auxiliary variables Z# 10
d—2( 0 0 0 0 0
0 0 0 0
“a(257) (3z) (2 32) (4 37)
(O (. 9N (,. 2
2 \oz-0z “\"oz)\Voz))

which acts interior to (B.13), i.e. for any arbitrary function g(Z) we have

R.(v*9(Z)) = Ru(d°g(Z)) = Ru(Z2°g(Z)) = Ru(q-Z9(Z)) = Ru(v-Zg(Z)) =0.  (B.15)
Furthermore, R, is designed to be symmetric, doubly-transverse and traceless
R,R, = R R, ¢"R, =0, v R, =0, R,RM = 0. (B.16)

The original symmetric traceless transverse tensor Fj,,...,;(q) can be recovered from the
auxiliary polynomial F(q, Z) (or F(q, Z)) by J-fold application of R, in the limit d — 2:!1

1 1
Fyyos (@) = me Ry, Flq, Z) = @Rm Ry, Fg, Z). (B.AT)
(557), \"27)y

An alternative expression for R, is obtained by making use of (2.8) in (B.14), so that

7, =2 (@) (000, )+ @ua) (@) 55 ) ) =2 (100005, ) (000 )
#3050 (25 ) (0u0) 57 ) + 5000 (257 ) (@00 ). (B.13)

Due to
Owq" 0wq" Ny = 0wq" 0nq" N, = 0 and 067" 0wd" N = 2, (B.19)

we have the simplifications

@ui) 1= 00 5~ (000 ) (00 )+ (2 77) (000 37).

@ui) 1= 0a0) - P L (000 ) (a5 )+ (257 ) (@00 ).

(B.20)

%Here the bulk dimension 7,,m7"” = d + 2 makes its appearance, d being the dimension of the celestial
sphere. We keep d as a parameter, since we will have to consider a limit d — 2 in the following.

"Note that any product of R, operators acting on the same number of Z# variables vanishes as d — 2,
while the Pochhammer symbol (‘12;2) 7
to diverge. Overall, the limit d — 2 is finite and produces the desired symmetric traceless transverse tensor
components.

vanishes as well at the same rate and causes the pre-factor in (B.17)
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Applying (B.19) repeatedly in the powers ((yq) - R)” and ((dgq) - R)”, we observe

L ((Gwe)R)’ 1 o\’ o hs
potw) = Qe F0.2)= 5 (0u0) 7] F10.2)= 000" 00 B0
o (0w)R)’ ! 9\’ o w
ot = 0.2 = 3y (000) 57 ) F(0.2)=0o0”) . 0u) P 0

(B.21)

which means that all spin plus or all spin minus pull-back of a symmetric traceless trans-
verse tensor F' to the celestial sphere is equivalent to the same pull-back of the corre-
sponding symmetric transverse (not-traceless) tensor F, which explains the simplification
in (2.30).

For two spin-J symmetric traceless tensors f; and fo on C the tensor contraction is
given by

galbl - ganJf1a1~--an261~"bJ = 2J '

(B.22)

Using (2.8) and the fact that F; and F» are transverse and traceless, it is easy to see that
this is equal to the contraction between their embedding space counterparts [31]

fiofos+ fiifes e 1
97 =Y By, = N(2),

fl(Qa R)J:Q(qv Z) (B23)

Since both, F; and Fy are transverse, all occurrences of ¢” in the definition (B.14) of
operator R, vanish, so that R, simplifies to an operator called Dz: and the contraction
effectively reads

1 1
'T‘Fl(QaR)‘F2(Q7Z): 'T}—l(quZ)}E(q’Z)- (B.24)
IS, J(F2),
The simpler operator Dzu is given by
d 0 0 1 0?
Dy=\--142Z —)|— —=Zy———. B.2
z (2 * az) o7k 2719707 (B.25)

This explicitly demonstrates the connection with egs. (3.29) and (3.30) in [31].

C Example spinning massive amplitudes mapped to the celestial sphere

The simplest examples of amplitudes involving at least one massive spinning external par-
ticle are three-point amplitudes of a massive spinning particle of spin s and two massless
scalars. In Minkowski space such three-point couplings are fixed to

Asza ~ 1" (p2 — p3)yy - (P2 — ps)us5(4) (P} — 5 —p5), (C.1)
where the massive polarization tensor €14 #* for the first particle, e.g., in case of spin
s =1 or s = 2 is parametrized as in (A.1) or (A.3), and momenta p}' = mp| and pl =
waqh, Py = wsgh asin (2.4) and (2.5).
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According to the mapping prescriptions discussed around (2.15), this amplitude is
transformed to the celestial sphere as

3
s >d _ s e ._
Ag3:/0 ;{}/dzlqu Neny <||/0 du; W 1) Asa. (C.2)
a 1=2

For any spin s of the massive particle, the momentum conservation delta functions are
localized by the integrals in the same way, the solution being

m Wowo + W3ws _ Wowo + W3ws
y]. Y 9 Z]. - ) Z]_ i — ) (C'S)
2(wa + ws3) wy + w3 wy + ws
and
2
m
wy = - — ) C4
4(wg — w3)(we — W3)ws (C.4)
with absolute value of delta function integration Jacobian given by
8m(w2 — w3)2(w2 — @3)2002
7= ; (C.5)

(m2 + 4(w2 — ’LU3>(?D2 — 11)3)00?2’)3 '

Having saturated four out of five integrations by localizing the momentum conservation
delta functions, the remaining ws integration in all J components can be performed by
making use of the integral

o0 1. ¢ c 1
/ dww® (a + bw?)? = ib—r%a#“%s <C+, S g ) : (C.6)
0

which holds for Re(c) > —1, Re(a) > 0, Re(b) > 0, Re(c + 2d) < —1, and where B(z,y) is
the Euler beta function.

C.1 Celestial amplitude of two massless scalars and one massive spin-1 boson

In case when the spin of the massive particle is s = 1, the above calculation (C.2) leads to

(1) ; —A1—Ag+A3—J  A1—Ag—Az+J —A|FAy—Ag—J —A|-Ag+Ag+] Aj-Ag—Az—J —Aj+Ag—Az+J
— 2 2 2 T 2 T 2 7 2
Ayy= CAl,Az,Aswlz Wa3 W3 Wi Wag W3y )
(C.7)
with w; ; = w; — wj, w;; = w; —wj and J = —1,0,1. The resulting J components of the

three-point function coefficient can be summarized as

Ay

J 2201 Aakdad [ Ng = Ag\ T (T[4 AL+ As - Ag [ T[+A1-As+ Ay
Cavmnas =92 — (5) B 9 ’ 2 '

(C.8)

This matches the multiplet constructed from the highest weight state (4.16) when
c = const..
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C.2 Celestial amplitude of two massless scalars and one massive spin-2 boson

In case when the spin of the massive particle is s = 2, the above calculation (C.2) leads to

—A1—Ag+A3—J  A1—Ag—Az+J —AjFAy—Ag—J —A|-Ag+Ag+] Aj-Ag—Az—J —Aj+Ag—Az+J

(2) _ ~J 2 2 2 - 3 - 2 - 3
Az 7 = Carns,0,W12 Was W31 Wy Wa3 W3 )
(C.9)
with w; ; = w; — wj, w; ; = w; —w; and J = —2,—-1,0,1,2. The resulting J components

of the three-point function coefficient can be summarized as

(%)AQMP’_Q ((2—A1) A8 7 — 2 (J(J((8—TJ)T+19)—32)—12) (Ay—Az) 211

CA, Aprg =
1,82,3 6(|J|+A1)27‘J|

1 1
B<2(’J|+A1+A2—A3),2(‘JH—Al—AQ—l-Ag)), (ClO)
where (), = I'(x + y)/T'(x) is the Pochhammer symbol. Again, this matches the multiplet

constructed from the highest weight state (4.16) when ¢ = const..
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