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1 Introduction

The study of the vacuum structure of SQED and SQCD with eight supercharges [1-5]
constitutes a prodigious bridge between physics and mathematics. It continues the spirit
of Dirac’s vision on the modern role of theoretical physics [6]; the study of the geometrical
properties of the vacuum moduli space rewards the researcher with the discovery of new
physical phenomena. In this note we apply this principle to study the relationship between
the geometry of hyperkihler! cones [8-16] and the physics of gauge theories with eight
superchagers.? Let us start by remembering some aspects of Supersymmetric Quantum
Electrodynamics.

The Higgs branch H; of SQED with eight supercharges, n electrons, and finite gauge
coupling g, can be computed classically [3]. It does not depend on the number of spacetime
dimensions. It is a hyperkédhler cone of complex dimension 2n — 2 and it possesses an
isometry under the flavor group G = SU(n). It is isomorphic to the reduced moduli space
of one A, instanton on C2? [4]. Recent developments by Namikawa [16] show that it is
actually one of the simplest hyperkéhler cones with an SU(n) isometry, in the sense that
the set of generators of the cone is minimal.® In particular, this Higgs branch can be
described as the set of all n x n complex matrices such that:

Hp={M € C""|tr(M) =0, M? =0 and rank(M) < 1}. (1.1)

This set of matrices transforms under the adjoint representation of the sl(n,C) algebra.
Given a matrix X (5 1n-2) such that:

010...0
000...0

X(271n72) = O 0 0 O s (12)
000...0

nxn

'In this note we follow the terminology in [7] and by the notion of hyperkéhler we mean symplectic and
holomorphic without any statements on a metric.

2The recent work in [17] reviews the role of sigma models and supersymmetric theories on the quest
for new geometrical spaces. In particular, the emphasis is given to construction of geometrical spaces with
hyperkahler structure. The present note should be understood as a complimentary effort: the action of the
hyperkéhler quotient on an initial Lagrangian with hyperkahler geometry is replaced by the utilization of
dressed monopole operators in the Coulomb branch of 3d N = 4 supersymmetric quiver gauge theory.

3By generators we mean the set of linearly independent holomorphic functions that generate the holo-
morphic ring of the hyperkahler cone. Remember that in a SCF'T with eight supercharges the generators
of the holomorphic ring of a hyperkéhler branch of the moduli space (i.e. Higgs branch in any dimension or
Coulomb branch in 3d) are found to be in one-to-one correspondence with chiral operators which generate
the corresponding chiral ring.



where X(31n-2) is a block diagonal matrix, and (2,1"2) indicates the presence of one
elementary Jordan normal block of size 2, and n — 2 elementary Jordan normal blocks of
size 1, it can be acted upon by elements of the group PSL(n,C). An orbit Oy n-2) is
defined as:

O qn-2y :={S - X - S7'[S € PSL(n,C)} (1.3)

such that H; is isomorphic to the orbit’s closure:
Hf — @(271n72) . (14)

Note that (2,1"72) is a partition of the integer number n. For each partition A of n, there
is a matrix X of Jordan normal form, and its orbit O, can be defined such that its closure,
O,, is a hyperkihler cone [12]. The set of all such orbits is called the set of all nilpotent
orbits of sl(n,C) and their closures are the simplest hyperkéhler cones that can be built
that enjoy an isometry under the group G = SU(n). Any other hyperkéhler cone with
SU(n) isometry that is not the closure of a nilpotent orbit of sl(n,C) has a non-minimal®
set of generators [16].

Hyperkahler cones whose isometry G contains a single factor (f.i. SU(n)) can be classi-
fied according to grading of the generators with respect to their charge under SU(2) g, with
the set of nilpotent orbits of Lie(G) in the simplest level of the classification. Accordingly,
supersymmetric quantum field theories whose Higgs branch is a hyperkéhler cone posses a
similar stratification.

Three dimensional N = 4 supersymmetric gauge theories also have Coulomb branches
that are hyperkahler cones. They are often related to hyperkahler 3d Higgs branches via
3d mirror symmetry [4]. Hence, when their isometry group G has a single factor, they also
admit a similar classification. Moreover, Higgs branches of 5d N' =1 and 6d N = (1,0)
SQCD have been found to have description in terms of 3d Coulomb branches when the
gauge coupling ¢ is taken to infinity [18-21]. All of these recent developments suggest that
a thorough classification of 3d N' = 4 Coulomb branches is essential in order to carry out
a systematic study of hyperkahler Higgs branches in any dimension.

Theories whose Higgs or Coulomb branches are closures of nilpotent orbits have seen
an extensive analysis (see for example [22-29]). In this paper we present a classification
of 3d N' = 4 gauge theories that have a common property: their Coulomb branch has an
isometry group G which has a single factor, but need not necessarily be a closure of a
nilpotent orbit of Lie(G). In order to adroitly produce such classification, we rely on recent
advances in the study of 3d N/ = 4 Coulomb branches, herein denoted by C. For 3d N = 4
theories that have an associated quiver, the isometry group G of C has a powerful connection
with the structure of the quiver. We exploit this fact, and the current understanding of
dressed monopole operators [22, 30-35] on C.

In section 2 we illustrate the main ideas of the paper with several examples. Section 3
presents the general method of classifying 3d NV = 4 quivers such that their Coulomb branch
has isometry GG, where G is any Lie group, and its set of generators is minimally extended.
Sections 4 contains all cases where G corresponds to a simply laced Dynkin diagram.

4This notion will be explained in more detail in the next section.



Section 5 collects all cases with G that corresponds to a non-simply laced Dynkin diagram.
In section 6 we present an exotic extension of the classification. In particular, we consider
minimally unbalanced quivers with G corresponding to a simply laced Dynkin diagram but
with the unbalanced node connected to the rest of the quiver via a non-simply laced edge.
Section 7 contains an exotic extension of the classification of minimally unbalanced quivers
with G that corresponds to a non-simply laced Dynkin diagram and with the unbalanced
node connected by a non-simply laced edge. Finally, section 8 offers a brief summary of the
work and possible future directions in the study of minimally unbalanced supersymmetric
quiver gauge theories.

2 A 3d Coulomb branch with isometry SU(n) and minimal set of gener-
ators

Let us start by remembering a very well known effect: the mirror symmetry of 3d N' = 4
quiver gauge theories [4]. Continuing with the example from the introduction:

—0—0O3
—O—[Or+
—Oo—0Or

Il
Q

(2.1)

— Q0 — +++ — O —
1 1

n—1 nodes

where H () denotes the Higgs branch of a the 3d quiver at finite coupling and C () denotes
its Coulomb branch. Note, that the gauge groups are depicted by round nodes and the
flavor groups by square nodes in the quiver. Also, all the gauge groups are taken to be
U(k), where k is the label of the node. Therefore, the gauge group in the left hand side
of the equation is U(1), and in the right hand side it is U(1)"~!. In this case, both sides
of equation (2.1) are equal to the hyperkdhler cone in equation (1.4), with highest weight
generating function [36]:

1

HWG(,Ul, cee s Un—1, t) = 1 Mlun_th’ (22)
where the highest weight fugacities ppn—1 signify that the generators of the holomorphic
ring transform under the representation with highest weight [1,0,0,...,0,0,1], i.e. the
adjoint representation of the isometry group SU(n). Let us focus on the r.h.s. of equa-
tion (2.1). Note that the gauge nodes form the Dynkin diagram of Lie(SU(n)). Note also
that all the gauge nodes are balanced.® As discussed in [22], a balanced node contributes
to the holomorphic ring of the Coulomb branch with polynomials of degree® d =2 (i.e. at
the IR SCFT there are chiral operators O; with conformal dimension A(Q;) = 1). The set
of all linearly independent holomorphic polynomials with degree d = 2 transforms in the
adjoint representation of the isometry group G = SU(n) [16]. This means that the number

®They satisfy Ny — 2N. = 0, where N, is the rank of the gauge node (or number of colors) and Ny is
the sum over the ranks of adjacent nodes (or number of flavors). In this particular example all gauge nodes
have No=1and Ny =1+1=2.

5The degree of the polynomials is represented in the highest weight generating function by the power of
the fugacity t.



of such polynomials in the example at hand is n? — 1. In [16] it is also shown that if there
are only generators with degree d = 2, then the space is the closure of a nilpotent orbit of
sl(n,C) = Lie(G). Hence:

Given an isometry G, the set of hyperkahler cones with solely generators of
degree d = 2, which necessarily transform in the adjoint representation of G, is
equivalent to the set of closures of nilpotent orbits of Lie(G).

As mentioned in the introduction, there is a one-to-one correspondence between the set
of nilpotent orbits of sl(n,C) and the set of partitions of n, denoted by P(n). Therefore,
there is a finite set of hyperkéhler cones with isometry SU(n) and minimal number of
generators (i.e. n? — 1) transforming in the adjoint representation. Each hyperkihler cone
corresponds to a different partition of n. Let us illustrate this using an example.

2.1 G =SU(3)

Minimal set of generator. Let the isometry group be G = SU(3). The set of par-
titions of 3 is P(3) = {(3),(2,1),(1,1,1)}.7 There are three different hyperkihler cones
corresponding to (’_)(3), @(271) and @(13), respectively. For each different nilpotent orbit
closure there is a corresponding 3d N = 4 quiver [22]:

3
i
B) = ¢g—¢
% % (2.3)
(2,1) — ©—0
3 p—
()= 8-3
such that
%
Cls=9] =%
% % (2.4)
Cle=3| =%

¢(5-5) = Ous
The quiver with zero rank nodes has a trivial Coulomb branch. The remaining two

quivers have Coulomb branches with highest weight generating functions:

1 — pgpst!

(1= ppa)(1 — ) (1 — 4315

"In the following, we use exponential notation for partitions. For instance, partition {5,4,4,2,1,1,1} is
denoted by {5,4%,2,1%}.

HWGqs) (p1, pi2, t) = (2.5)




and
1

1= papat?’
respectively. Both Coulomb branches are solely generated by holomorphic polynomials of
degree d = 2 in the adjoint representation of G' = SU(3), denoted by the term j1i2t? in the
HWG. The degree of these polynomials, i.e. power of ¢, determines their spin s = d/2 under

HWG(Q,l) (:ulmu’th) (26)

the SU(2)g (i.e. the R-symmetry). In this case the generators have spin s = 1 (equivalently,
the chiral ring associated with the Coulomb branch is generated by eight operators O; in
the adjoint representation of G = SU(3) with conformal dimension A(Q;) = 1). Any other

3d N' = 4 Coulomb branch C with isometry SU(3) is either isomorphic to C (g —9- <1>) or
C(? —9—9o— ?), or has extra generators O) with spin s > 1 under SU(2)g. In the latter
case, the extra operators O) have conformal dimension A(O}) > 1.

2.2 G =SU(10)

Now consider the partition A = (2°) € P(10). The quiver with Coulomb branch Os) C
s[(10,C) takes the form:

cto—0ON

—9=9-9-0 = O(as) (2.7)

= O

where the round and square nodes denote gauge and flavor groups, respectively.® This
Coulomb branch is minimally generated by operators O; satisfying A(O;) = 1, and trans-
forming under the adjoint representation of SU(10). The HWG reads:
° 1
HWG(p1, ..., po,t) = || —————. 2.8
( ) g 1 — piprio—it* (2:8)

Extension of the minimal set of generator. Let us consider the quiver in (2.9)

cO—ON

0—0—0—0—0—0—0—0—0 (2.9)
1 2 3 4 4 3 2 1

where the top gauge node is not balanced (i.e. has non-zero excess).” Written using the
Plethystic exponential (PE) [37] the HWG reads [38]:

HWG(p1,. . ., po, t) = PE[ppuot® + pst® + (1 4 popis)t* + pst® + paprt® + papet®] . (2.10)

The effect of the unbalanced node on the Coulomb branch is the appearance of new oper-
ators O} which are also the generators of the chiral ring. Since the conformal dimension
of the new operators is A(O}) = 3/2, they do not modify the global symmetry of the

8In the classification of this paper, all quivers contain unitary gauge nodes and no flavor nodes.
9The excess of a node is defined as e := Ny — 2N.. If the node is balanced its excess is zero e = 0. The
excess of the top node of the quiver in equation (2.9) is: Ny —2N. =5—-2x2=1#0.



Coulomb branch (which is only determined by the operators O; with A(OQ;) = 1). There-
fore the Coulomb branch of (2.9) has an isometry group which contains a single factor
G = SU(10), but it is no longer a closure of a nilpotent orbit. This is an example of a
theory that concerns the present work. In the next section we formally define the set of
theories that share this property.

3 A classification: minimally unbalanced quivers

This section provides the answer to the main question: given a Lie group G, what is the set
of 3d N' = 4 quivers such that their Coulomb branch C is generated by operators O; with
A(O;) =1 in the adjoint representation of G (this set of operators is always present if G is
an isometry of C) and an extra set of generators O] with A(Qj) > 1, such that G remains
the isometry of the Coulomb branch. In order to address this question, let us employ the
following claim, which results from the work on monopole operators on the 3d N = 4
Coulomb branch [22, 32, 33, 35, 39]: a gauge node of a 3d N’ = 4 quiver determines the
presence of operators O; with A(OQ;) =1 in the Coulomb branch in the following way:

e If the node has excess e > 0, it contributes with a single Casimir operator ¢;, such
that A(¢;) = 1.

e A set of nodes with excess e = 0, in the form of a Dynkin diagram of a Lie group G,
contributes with a number of operators O; (with A(O;) = 1) equal to the dimension
of G. There will be one Casimir operator ¢; per gauge node. The remaining op-
erators are bare monopole operators V; that correspond to the different roots of the
algebra Lie(G).

e If the quiver has no flavor nodes, one Casimir operator with A(¢;) = 1 needs to
be removed from the counting, corresponding to the adjoint representation of the
decoupled U(1) center of mass.

Two different cases of 3d N' = 4 quivers with isometry G on the Coulomb branch C can be
readily identified employing this claim:

1. Nilpotent orbit’s closure: C = O, C Lie(G). All the generators of C have dimen-
sion A(Q;) = 1. The gauge nodes of the quiver form the Dynkin diagram of Lie(G),
for any classical or exceptional Lie group G. All gauge nodes of the quiver are bal-
anced. Flavor nodes are added to ensure such balance condition. Moreover, the rank
of the flavor nodes always follows the pattern of the weighted Dynkin diagram [12] of
the corresponding nilpotent orbit ). This can realise nilpotent orbit’s closures of
height ht(0)) = 2.1

2. Minimally unbalanced quiver: the gauge nodes of the quiver form a minimal
extension of the Dynkin diagram of Lie(G). By minimal extension we mean that

0The height of a nilpotent orbit is defined as in [40, section 2]. Note that for G of A-type, this construction
can be extended to nilpotent orbits of all heights ht(O,), where the flavor nodes are determined by the
partition A of the nilpotent orbit. See [22, 26, 41] for examples.



there is a single extra gauge node, connected to the other gauge nodes that form
the Dynkin diagram. There are no flavor nodes. All gauge nodes in the Dynkin
diagram are balanced (with e = 0). The the extra node is unbalanced, i.e. it has
excess e > 0.1

Examples of the first case are the theories in equations (2.4) and (2.7). Equation (2.9) is an
example of the second case. Both cases have a number of generators O;, with A(Q;) =1,
equal to the dimension of G. In all three examples the Coulomb branch has the same
isometry G. The difference is that the first case has no extra generators of C, while the
second case has extra generators O with A(O}) > 1. As mentioned before, 3d N = 4 quiver
gauge theories whose Coulomb branches are closures of nilpotent orbits have already been
extensively studied (note the recent progress for exceptional G in [42]). In this note we
present a classification of all minimally unbalanced quivers, for any classical Lie group
G. We emphasize that all quivers presented in this paper are in the basic form such that
the ranks are the lowest possible. Other theories can be obtained by multiplying the basic
forms of the quivers by an integer number (this will not modify the isometry of the Coulomb
branch).

Minimally unbalanced quiver. We are in the position to present the general solution
for finding all minimally unbalanced quivers with a Coulomb branch isometry G, where G
contains a single factor. The remaining sections of the paper contain the specific results
for all the different types of Lie groups. As the first step, consider a 3d N = 4 quiver
Q with the shape of a particular Dynkin diagram and with an extra node attached to it
in the simplest fashion.!? All nodes are U(N;) gauge nodes, where N; is the number of
colors of the i-th node. The nodes in the Dynkin diagram need to be balanced (with excess
e = 0). In order to impose the balancing condition one can remember the vectors ¥ and
w on Nakajima’s quiver varieties [13]. In this case they are used slightly differently. Let
¥ be the vector with the ranks of all the nodes of the part of the quiver that forms the
(balanced) Dynkin diagram. Let C be the corresponding Cartan matrix. Then, the vector
W is defined as:

w:=C-7. (3.1)

Note that w measures the excess in each of the nodes in ¥ in the presence of no other
nodes in the quiver. Now, one sets to zero the all components of @ except of one. The
non-zero component can be set to k. This corresponds to attaching an extra node of rank &
(the node that will become minimally unbalanced) at the position of the non-zero element
of W and simultaneously balancing all nodes in ¢. After fixing the rank of the imbalanced

171 the following sections the cases with e = —1 are discussed separately from generic cases with e < 0.
If all nodes have e = 0, the quiver forms an affine or twisted affine Dynkin diagram of the global symmetry
G and these cases are also discussed separately. We refrain from discussing the pathological case of the AEQ)
twisted affine Dynkin diagram.

12Gimplest fashion means that the extra node is attached by a simply laced edge to only one of the nodes
of the balanced Dynkin diagram.



node (node with e # 0) to k, the ranks of the balanced nodes are uniquely determined:'?
7=0C"1 . (3.2)

Finally, the value of k£ can be chosen to be the smallest value such that all the other
ranks are integer numbers. In the following sections we perform this computation for all
different choices of the position of the non-zero component of w. In this way, we obtain all
possible minimally unbalanced quivers with a balanced subset of nodes corresponding to a
certain Dynkin diagram.

4 Simply laced minimally unbalanced quivers

We begin our classification of minimally unbalanced quiver gauge theories with Coulomb
branch isometry G that corresponds to a simply laced Dynkin diagram and the unbalanced
node is also connected by a simply laced edge.

4.1 G of type A,

Let us show one example of the approach described in the previous section. Choose G =
SU(9), with the Dynkin diagram of the form:

O—0—0—0—0—0—0—0,.

Let the Dynkin diagram be the balanced part of the 3d N/ = 4 quiver Q. The vector
¥ = (v1,v3,...,vs) denotes the number of colors of each node:

0O—0—0—0—0—0—0—0 . (4.1)
v1 Vg v3  v4 Vs vg U7 Us

Let us attach an extra node with k colors to the fourth node (which has the number of
colors vy). This determines :

w = (0,0,0,%,0,0,0,0) . (4.2)
The resulting quiver is:
k
[¢]
Q::o—o—o—<|>—o—o—o—o. (4.3)

1 V2 v3 V4 V5 V6 v7 v8

Employing the Cartan matrix C' of SU(9),

2 -10 0 0 0 0 0
-12-10 0 0 0 0
0-12-10 00 0
0 0-12-100 0

C'_000—12—100’ (44)
000 0-12-10
000 0 0-12 -1
000 0 0 0 —-12

13Note that the existence of the inverse of the Cartan matrix is guaranteed since we are dealing with
finite-dimensional Lie algebras.



the imposed balancing condition on v;:

T=C"1-@ (4.5)
determines the ranks of the remaining nodes of the quiver. The resulting quiver takes
the form:

k
o
Q:o—o—o—(')—o—o—o—o. (4.6)
sk 10k 15k 20k 16k 12k 8k 4k
9 9 9 9 9 9 9 9

The ranks of the gauge groups are integer if k& = 9p, with p € N. All the nodes in the
bottom row have excess e = 0. The excess of the top gauge node with k = 9p colors is:

e=20p— 18p = 2p. (4.7)

The lowest value of k such that all other ranks v; are positive integers is obtained for the
choice p = 1. Therefore the quiver of interest has the form:

[\~
No—ow©

Q= ° - (4.8)

(@] o — O —0—0—0
10 15 16 12 8 4
where the top node (drawn red) has excess e = 2. Following [22], a bare monopole operator
V; minimally charged under a node with excess e has conformal dimension:

A(Vi) = (e +2)/2. (4.9)

For e = 2 there is a bare monopole operator V', only charged under the magnetic dual
of the unbalanced node, with dimension A(V) = 2. This is part of the set of extra
generators O} of the Coulomb branch. In particular, we say that all the extra generators
(with A(O]) = 2) can be obtained by a procedure similar to that explained in [22], by
turning on minimal charges of the balanced sector of the quiver. There is a total of
252 such operators, transforming in the fourth antisymmetrization of the fundamental
representation of G = SU(9), denoted by Dynkin labels [0,0,0,1,0,0,0,0], and its complex
conjugate representation [0,0,0,0,1,0,0,0].'4

The various choices of W produce different quivers Q where the extra node is attached
either to the fourth, the third, the second or the first node in the Dynkin diagram of
G = SU(9).15 In each case k is chosen to be the smallest value such that the rest of the ranks
are positive integers. The different results and the excess of the extra node are depicted in
table 1. It is crucial to distinguish four cases based on the excess of the unbalanced node
which in turn determines the presence of extra operators with various values of conformal
dimension. Following the terminology of [22], we summarize the possible types of theories
in table 2. This terminology is used throughout this paper.

M Note that the appearance of the 252 new operators can be read off the quiver since the unbalanced node
is attached to the fourth Dynkin node, indicating that the extra generators transform in this representation
and its complex conjugate representation.

15The quiver in figure 1 enjoys outer Zp automorphism symmetry therefore other choices of @ yield
equivalent quivers to those already included.



Quiver Excess | Type
9
o
|
0—0—0—0—0—0—0—0 2 Good
5 10 15 20 16 12 8 4
3
o
|
0—0—0—0—0—0—0—0 0 Good
2 4 6 5 4 3 2 1
9
o
|
0—0—0—0—0—0—0—0 —4 Bad
7 14 12 10 8 6 4 2
9
o
c‘)—o—o—o—o—o—o—o —-10 Bad
8 7 6 5 4 3 2 1

Table 1. Quivers with a balanced Ag subset and a single unbalanced node.

Excess | Type of the theory | A of extra generators
e>0 Good A>1
e=0 Good A=1

e=-—1 Ugly A>0

e< —1 Bad not applicable

Table 2. Types of minimally unbalanced quiver gauge theories based on excess of the extra node.

a+b

S
@ 22 3a ab 3 2 b
S S S S s S S

Figure 1. Generic quiver with G = SU(n) global symmetry, with n = a+b, where a,b € N and s is
the greatest common divisor of @ and b. The excess of the bottom nodes is e = 0. The excess of the
top node is e = (ab—2a—2b)/s. We are interested in the subset of quivers with (ab—2a—2b)/s # 0.
The quaternionic dimension of the Coulomb branch of the quiver can be expressed using parameters

a and b: dimg = W‘L

Hence the first and the second row in table 1 contain good theories that are: unbalanced
with positive excess and fully balanced, respectively. The third and fourth row in table 1
contain bad quivers that are both unbalanced with negative excess.

General cas. All quivers Q that can be obtained with this procedure are summarized
by a two parameter family, depicted in figure 1. The quiver in figure 1 contains a + b gauge

nodes, of which a+b—1 are balanced. The remaining unbalanced node (conveniently drawn

~10 -



red thorough this work) has excess:

ab — 2a — 2b

—d(a ) (4.10)

e(a,b) =
where ged(a,b) denotes the greatest common divisor of a and b. For e(a,b) > 0 the global
symmetry of the Coulomb branch is SU(n), where n = a+b, and one says that the quiver is
minimally unbalanced with positive excess. Therefore, the quiver in the first row in table 1
with e(5,4) = 2 corresponds to a good theory with positive excess. The quiver in the
second row with e(2,1) = 0 represents a good theory that is fully balanced since all nodes
have excess zero. The two bad theories with e(7,2) = —4 and e(0,1) = —10 are contained
in the third and the fourth row of table 1, respectively. Minimally unbalanced quivers with
the unbalanced node with excess e = —1 have either the entire or a part of the Coulomb
branch freely generated.'® Equation (4.10) defines a function:

e:NxN—-7Z

4.11
(a,b) — e(a,b) ( )

that maps the two parameters of the family a and b to the excess of the top node of
the corresponding quiver. This function can be visualized by defining a matrix M, with

elements:

My, = e(a,b). (4.12)
Let a and b run from 1 to 16, then M is 16 x 16:

-3 -4-5-6-7-8-9 —-10 —-11 —12 —13 —14 —15 —16 —17 —18

-4 -2 -4-2-4-2-4 -2 -4 -2 -4 -2 -4 -2 —4 -2
-5 4-1-2-10 1 2 1 4 5 2 7 8 3 10
-6 -2-20 2 2 6 2 10 6 14 4 18 10 22 6
-7r -4-12 1 8 11 14 17 4 23 26 29 32 7 38
-8 -2 0 2 8 2 16 10 8 14 32 6 40 22 16 26
-9 —4 1 6 11 16 3 26 31 36 41 46 51 8 61 66
M= —-10 -2 2 2 14 10 26 4 38 22 50 14 62 34 74 10
-1 -4 1 10 17 8 31 38 &5 52 59 22 73 80 29 94
-12 -2 4 6 4 14 36 22 52 6 68 38 84 46 20 H4
—13 —4 5 14 23 32 41 50 59 68 7 8 95 104 113 122
—-14 -2 2 4 26 6 46 14 22 38 8 8 106 58 42 34
—15 —4 7 18 29 40 51 62 73 84 95 106 9 128 139 150
-16 -2 8 10 32 22 8 34 80 46 104 58 128 10 152 82
-17 -4 3 22 7 16 61 74 29 20 113 42 139 152 11 178

—~18 =2 10 6 38 26 66 10 94 54 122 34 150 82 178 12
(4.13)

The elements in bold are those that correspond to the quivers of length a +b—1 =28, i.e.
those in table 1. One can see that for a generic quiver the excess is positive. A theory

16See observation 3.1 in [43].
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with a +b — 1 > 8 is bad (negative excess) only if one of the two parameters is either 1
or 2. Furthermore, there are only three cases where the extra node is also balanced, i.e.
excess e(a,b) = 0. These are: (a,b) = (3,6), (a,b) = (4,4) and (a,b) = (6,3). The first and
last cases correspond to an enhancement of the global symmetry of the Coulomb branch
from SU(9) to Es. The case (a,b) = (4,4) sees a similar enhancement, this time from
SU(8) to E7. The three cases with e = —1 are obtained for (a,b) € {(3,3),(3,5),(5,3)}.
For (a,b) = (3,3) the greatest common divisor is ged(3,3) = 3, therefore, the quiver takes
the form:

WO— O

Qug = §=575757% (4.14)

and the Coulomb branch of this quiver is a freely generated variety (see 3.10 in [21]):!7
Cc =HY. (4.15)

For (a,b) = (3,5) (or equivalently (a,b) = (5,3)) the quiver takes the form:

RO—O®

Qes = 9797975~ (4.16)

o — 0.
12 10 5
The quaternionic dimension of the Coulomb branch in 4.16 is 67. The unbalanced node
connects to the Dynkin node that corresponds to the SU(8) representation with Dynkin
labels [0,0,0,0,1,0,0] and with dimension 56. Drawing intuition from the quiver in 4.14
one would expect 112 new operators transforming in the [0,0,0,0,1,0,0] and its complex
conjugate rep [0,0,1,0,0,0,0]. Although the excess is e = —1 (i.e. same as in freely
generated 4.14) the Coulomb branch of 4.16 seems to be more complicated (i.e. has both
a freely generated as well as a non-trivial part) and we leave its explicit computation for
future study.

A formula for the HWG for minimally unbalanced A-type quivers with ¢ = b,s = 1
(i.e. with outer Zy automorphism symmetry) is given by equation (23) in [38]. Quivers
of this type also show up in the study of Higgs branches of 5d N’ = 1 theories with 8
supercharges [18].

4.2 G of type D,

Let us turn our focus to minimally unbalanced quivers with Coulomb branch isometry
G = SO(2n). The Dynkin diagram of so(2n) is of the form:

o

0O—0—0—:+—0—0—0,.

We find a two parameter family a, n, where a is the position of the extra node starting from
the left, and n is the total number of balanced nodes. Based on whether the unbalanced

17Since the balanced sub-quiver corresponds to As global symmetry, but H'® has isometry Sp(10), we
find an embedding: SU(6) <= Sp(10). In particular, the pseudo-real fundamental rep of Sp(10) projects to
the pseudo-real 3"¢ rank antisymmetric rep of SU(6): [1,0,0,0,0]sp(10) < [0, 0, 1,0, 0]su 6)-
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node attaches to one of the nodes on the main chain (i.e. a < n—1) or to one of the spinor
nodes (i.e. a = n) we distinguish two categories with two further sub-categories:

e Unbalanced node attached to a node on the main chain:

— Unbalanced node of rank 1 connects to an even node and the total number of
balanced nodes is either even or odd. This family of quivers is contained in the
first row in table 3.

— Unbalanced node of rank 2 connects to an odd node and the total number of
balanced nodes is either even or odd. This family of quivers is depicted in the
second row of table 3.

e Unbalanced node attached to one of the spinor nodes:

— Unbalanced node is of rank 2 and the total number of balanced nodes is even.
This family of quivers is depicted in the third row in table 3.

— Unbalanced node is of rank 4 and the total number of balanced nodes is odd.
This family of quivers is contained in the fourth row in table 3.

Note that the excess depends on a single parameter a. It is given by linear equations shown
in the third column in table 3.
Note that we find the following special cases:

e In the first row:

— for @ = 2 the quiver has zero excess and corresponds to the reduced moduli
space of one D,, instanton on C?.

e In the third row:

— for m = 4 one obtains the affine EFg Dynkin diagram corresponding to the re-
duced moduli space of one Fy instanton on C2. The Coulomb branch is denoted
as C = ming,.

e In the last row:

— for m = 3 (or equivalently n = 7) one obtains a peculiar quiver with e = —1 of
the form:
3
o—o—o—o—c|>—o—o. (4.17)

2 4 6 8 10 7 4
Similarly as for the quiver in 4.16 the unbalanced node does not connect to a
node corresponding to a pseudo-real representation. In the case of 4.17, the
unbalanced node has negative excess e = —1 and it connects to a Dynkin node
corresponding to the complex spinor representation with dimension 64. The
dimension of the Coulomb branch is 45.'® Analogically with 4.16, it seems that

18Recall that the quaternionic dimension of the Coulomb branch can be read off from the quiver as:
dim(C) = >, rs — 1, where r; denotes the rank of a particular node.
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a Quiver Excess

n—a-—1 m
a<n—1 S N
a—2
2m 2m

1 2 3

—a—1
a<n-—1 n ¢ 2m+1
2a — 4
a=2m+1 (}Q{}
2m+1 2m+1 om + 1
a=n
%—4
a=2m

a=2m-+1 2 4 6 2(2m — 1)

2m+1 4

Table 3. Classification of minimally unbalanced quivers with G = SO(2n).

the Coulomb branch is rather complicated with both a freely generated as well
as a non-trivial part. The explicit computation of C is left for future study.

The HWG for the case in the third row in table 3 is given using D,, highest weight fugacities
by equation (26) in [38].

4.3 G of type E,

Let us finally proceed by analyzing the last category of simply laced theories with G of
type E,. All the different minimally unbalanced quivers with a certain E-type exceptional
global symmetry can be written down explicitly. We report the excess of the unbalanced
node in the second column of the classification tables. Note that all the quivers in the
classification that are balanced (extra node drawn orange) are the affine Dynkin diagrams
of the corresponding global symmetry, where the affine node has rank 1. When such node
is taken to be a flavor node, the quiver corresponds to both the closure of the minimal
nilpotent orbit of e, algebra, and to the reduced moduli space of one E, instanton on
C? [4, 35].
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Quiver Excess
3 3
-2
4 5 6 4 2
3 6
4
5 10 12 8 4
1 3
4
2 4 6 4 2
1
2 0
1 2 3 2 1

Table 4. Minimally unbalanced quivers with G = Fj.

4.3.1 G of type Eg

For G = Eg one explicitly writes down all the cases as displayed in table 4. Note that
there are only four distinct cases due to the Zo outer automorphism of the Fg Dynkin
diagram. Also note that when the extra node happens to be balanced, it is drawn orange.
This convention is used throughout the paper. The last row in table 4 is special (with
excess e = 0) and its Coulomb branch is the reduced moduli space of one Fg instanton on
C? [4, 35]. The HWG for this quiver is given in terms of the SU(6) x SU(2) highest weight
fugacities by equation (28) in [38].

4.3.2 G of type Er

Next, we consider minimally unbalanced quivers with E7 global symmetry. One proceeds
by attaching the unbalanced node from leftmost to the rightmost node. Due to the lack of
any automorphism of the F7 Dynkin diagram one has to exhaust all 7 cases. The resulting
minimally unbalanced quivers are collected in table 5. The first row in table 5 is again a
special case since its Coulomb branch is a reduced moduli space of one F; instanton on
C? [4, 44]. The HWG for this theory is given in terms of SU(8) highest weight fugacities,
by equation (44) in [38]. The last row of table 5 depicts a theory with excess e = —1. The
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Coulomb branch is freely generated:
C =H> (4.18)

and we find the embedding [1,0,0,0,0,0,0]x, + [1,0,0,0,0,0,0]g,2s) of E7 inside Sp(28).
Both of these 56 dimensional representations are pseudo-real which is consistent with the
expectation from H?®. More generally, H" is always generated by 2n generators that
transform under the pseudo-real fundamental representation of Sp(n).

4.3.3 G of type Eg

Finally, we present all minimally unbalanced theories with global symmetry G = FEjg in
tables 6 and 7. Again, we exhaust all eight distinct cases. The quiver in the shape of an
affine Fg Dynkin diagram in the last row of table 7 is readily identified as the moduli space
of one Eg instanton on C? [4, 44]. In terms of the SO(16) highest weight fugacities, the
HWG for this quiver is given by equation (142) in [38].

5 Non-simply laced minimally unbalanced quivers

In this section, we use the methods of section 3 to classify all minimally unbalanced quivers
with a global symmetry that corresponds to a non-simply laced Dynkin diagram and the
unbalanced node connected to the rest of the quiver via a simply laced edge. By the
sequel, this section contains minimally unbalanced quivers of BC F'G-series. The excess of
the unbalanced node is shown in a separate column in all classification tables.

5.1 G of type B,

Analogically to D-type, minimally unbalanced quivers with SO(2n + 1) global symmetry
divide into cases based on two parameters, a and n, where a is the position of the extra
unbalanced node and n is the total number of balanced nodes which are in the shape of
a B-type Dynkin diagram. Similarly to SO(2n), there are four different cases, collected
in table 8. In the first case, the unbalanced node is attached to the 2m-th node from the
left, the rank of the unbalanced node is 1 and the total number of balanced nodes is either
even or odd. In the second case, the rank 2 unbalanced node attaches to the (2m + 1)-th
node from the left and the total number of balanced nodes is either even or odd. The first
two cases are contained in the first and the second row of table 8, respectively. When the
unbalanced node attaches to the last spinor node of the Dynkin diagram we distinguish
two cases. Either the unbalanced node has rank 1 and the total number of balanced nodes
is even, or the unbalanced node is of rank 2 and the total number of balanced nodes is odd.
These two cases are shown is the third and fourth row in table 8, respectively. The excess
is given in the last column of table 8 in terms of a.
Lets discuss the special cases:

e In the first row:

— for @ = 2 the quiver is the affine Dynkin diagram of B,,, the excess is zero,
and we write C = minpg, (i.e. the Coulomb branch is the closure of the minimal
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Quiver Excess
1 2
0
2 3 4 3 2
1 4
4
3 6 8 6 4
1 6
10
4 8 12 9 6
2
! 3
4 8 12 9 6
9 1
13
6 12 18 15 10
3 1
2
2 4 6 5 4
3
-1

Table 5. Minimally unbalanced quivers with G = F7.
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Quiver Excess
1 5
2
4 7 10 8 6 4 2
1 10
12
7 14 20 16 12 8 4
1 15
28
10 20 30 24 18 12 6
1
s 6
5 10 15 12 9 6 3

Table 6. First set of minimally unbalanced quivers with G = Eg.

nilpotent orbit of SO(2n + 1) or alternatively one says that is isomorphic to the
reduced moduli space of one B,, instanton on C? [39]).

e In the third row:

— for m = 1 one obtains the Cs Dynkin diagram with an unbalanced node with
e = —1. When the unbalanced node is ungauged we have C = H? (i.e. a freely
generated Coulomb branch).

— for m = 2 one obtains the affine Fy Dynkin diagram. Assuming the leftmost
node is ungauged we have C = ming, (see section 5.3).

e In the fourth row:

— for m = 1 one obtains the B3 Dynkin diagram with an unbalanced node with
excess e = —1 connected to the spinor node. The spinor rep of SO(7) is real
and therefore we expect C to be freely generated.

5.2 G of type C,

Next, we classify all minimally unbalanced quivers with Sp(n) global symmetry. We employ
the same two parameters n, number of balanced nodes in form of the C-type Dynkin
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Quiver Excess
12 1
18
8 16 24 20 15 10 5
9 1
10
6 12 18 15 12 8 4
6 1
4
4 8 12 10 8 6 3
3 1
0
2 4 6 5 4 3 2

Table 7. Second set of minimally unbalanced quivers with G = FEg.

diagram, and a, position of the unbalanced node from the left. There are two different
cases based on the position of the unbalanced node, see table 9. In the first row of table 9
we show the case where the unbalanced node is not attached to the rightmost balanced
node (a < n). If the unbalanced node is connected to the rightmost node (a = n), it is of
rank 2 and the resulting quiver is depicted in the second row of table 9. In both cases the
total number of balanced nodes is either even or odd.

Let us now look at the special cases:

e In the first row: for a = 2 the excess is zero and the quiver is the Aéi)_l twisted affine

Dynkin diagram, where 2k — 1 =n + 1.
e In the second row:

— for a = 3 one obtains the C's Dynkin diagram with an unbalanced node connected
to the rightmost node and with excess e = —1. Given the value of excess and
the fact that the unbalanced node connects to the pseudo-real representation
denoted by [0, 0, 1]¢, one expects that the Coulomb branch is freely generated,
namely C = H”. Indeed, this claim is confirmed by a computation.

— for a = 4 one obtains the Dynkin digram of the twisted affine EéZ) algebra with
ZEro eXCess.
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a Quiver Excess

n—a
/—/%
1 2 3 2m 2m m

a<n

0 =2m+1 Q{}C} 8 @io o

22m+1) 22m+1) 2m+1

n — 1 = odd number

o ::: ::: -

2m—1 m

n — 1 = even number

“=n (HHy4>;>:<H) a—4

a=2m+1 2(2m) 2m +1 2

Table 8. Classification of minimally unbalanced quivers with G = SO(2n + 1).

a Quiver Excess

n—a
a<n : : : : :
1 2 3 a a a

1 2 3 a—1 a 2

Table 9. Classification of minimally unbalanced quivers with G = Sp(n).

5.3 G of type Fy

Let us now classify all minimally unbalanced quivers with Fj global symmetry on their
Coulomb branch. Starting form the Dynkin diagram of Fj and employing the methods of
section 3 one obtains the four cases depicted in table 10. Note that the first and the last
row of table 10 contain quivers that are balanced. The Coulomb branch of the quiver in
the first row is the reduced moduli space of one Fy instanton on C? [39]. The Coulomb
branch of the quiver in the last row is the closure of the next to minimal nilpotent orbit of
f4 algebra [42].
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Quiver Excess

Table 10. Classification of minimally unbalanced quivers with G = Fy.

Quiver | Excess

% 0

2 1

1
OO |

3 2

Table 11. Classification of minimally unbalanced quivers with G = Gs.

5.4 G of type G2

Finally, applying the methods of section 3 to a G Dynkin diagram yields two cases of
minimally unbalanced quiver theories with Go global symmetry on their Coulomb branch.
The two quivers are depicted in table 11. Note that both cases are balanced and the first
row contains the reduced moduli space of one Go instanton on C? [39].
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6 Simply laced minimally unbalanced quivers with unbalanced node con-
nected by a non-simply laced edge

In this section, we classify all minimally unbalanced quivers with the unbalanced node
connected to the rest of the quiver with a double or triple laced edge, such that the
balanced subset of nodes forms a finite simply laced Dynkin diagram. We term this part
of the classification ezotic since it is the first time these quivers appear and the systematic
study of the field theoretic aspects of these quiver gauge theories is yet to be done. The
first level of distinction in the following classification is based on the Dynkin type of the
balanced subset of nodes. Further levels of distinction are the following:

e Type of the non-simply laced edge:

— Double Edge
— Triple Edge

e Position of the unbalanced node
e Direction of the non-simply laced edge with respect to the unbalanced node

— QOutwards from the unbalanced node

— Inwards to the unbalanced node

Let us begin the exotic classification with A-type minimally unbalanced quivers with the

unbalanced node connected by a double or triple laced edge.

6.1 Exotic minimally unbalanced quivers with G of type A,

Tables 12 and 13 collect all exotic minimally unbalanced quivers of A, type. Table 12
contains quivers where the unbalanced node attaches via a double laced edge. Table 13
depicts quivers with the unbalanced node attached by a triple laced edge.

6.2 Exotic minimally unbalanced quivers with G of type D,

Let us now classify the exotic minimally unbalanced quivers with G = SO(2n). First level
of distinction is based on whether the unbalanced node connects via a double or triple laced
edge. Second level of distinction is based on the orientation of the non-simply laced edge
with respect to the unbalanced node (i.e. inwards or outwards). Finally, we distinguish
cases based on whether the unbalanced node attaches to one of the nodes on the main
chain or to one of the spinor nodes.!® The results of the classification are divided into
two tables. Tables 14 and 15 collect the results for exotic minimally unbalanced quivers of
D-type with the unbalanced node connected to the rest of the quiver with a double laced
edge. Exotic D-type minimally unbalanced quivers with the unbalanced node connected
by a triple laced edge are reported in tables 16 and 17.

19 Attaching the unbalanced node to the co-spinor node instead of the spinor node yields equivalent cases
to those already included.
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(a+b)/s divisible by 2 Quiver Excess
a+b
=
NA. % 2abfi(a+b)
@  2a 3a ab 3 2 b
B S S S S S S
a+b
2s
Yes % ab—(sa—i-b)
a 2a  3a ab 3b 2b b
s s s S S5 s
atb
S
% 2ab—2
No ab S(a—l—b)
22 4a 6 2ab 6 4 2
S S S S B S S

Table 12. Exotic minimally unbalanced quivers with G = SU(n), n = a + b and a double laced
edge. s is the greatest common divisor of a and b.

(a + b)/s divisible by 3 Quiver Excess
a+b
S
% —2
N.A. 3ab S(a—l—b)
a 2a 3a ab 3b 2b b
S s s s s s s
a+b
3s
Ves 3ab—§(a+b)
@ 22 3a ab 3% 2 b
S S S S S S S
atb
S
No % 3abfi(a+b)
3¢  6a  9a 3ab 9b 6b 3b
s s s S -

Table 13. Exotic minimally unbalanced quivers with G = SU(n), n = a 4+ b and a triple laced
edge. s is the greatest common divisor of a and b.
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a Quiver Excess

1
n—a—1 a
2a 2a

2 4 6 a
1
—2m -1 m
a<n-—1 N 9g — 9
1 2 3 2m 2m m
2
n—2m — 2 o2m +1
a<n-—1 PN

da — 4
2 4 6

22m+1) 2(2m+1) om 4+ 1

Table 14. Exotic minimally unbalanced quivers with G = SO(2n) and a double laced edge.

6.3 Exotic minimally unbalanced quivers with G of type E,,

In this subsection, we classify all exotic minimally unbalanced quivers of E,-type with the
unbalanced node connected to the balanced part of the quiver by a non-simply laced edge.

6.3.1 Exotic minimally unbalanced quivers with G of type Eg

We start by showing the results for all exotic minimally unbalanced quivers with G = Fjg
and with the unbalanced node connected by a double and triple laced edge. The former
quivers are collected in table 18 and the latter in table 19, respectively. Note that, within
the tables, a further distinction involves the orientation of the non-simply laced edge and
the position of the unbalanced node. The orientation is always considered with respect to
the unbalanced node.

6.3.2 Exotic minimally unbalanced quivers with G of type E~

We repeat the same program for exotic minimally unbalanced quivers with G = Ey. First,
we distinguish whether the unbalanced node is connected via a double laced edge directed;
outwards from the unbalanced node, table 20, or inwards with respect to the unbalanced
node, table 21. Next, we turn to the quivers with the unbalanced node connected via a
triple laced edge. The resulting quivers with a triple laced edge pointing outwards and
inwards with respect to the unbalanced node are reported in table 22 and 23, respectively.

6.3.3 Exotic minimally unbalanced quivers with G of type FEg

Finally, we present all exotic minimally unbalanced quivers with G = FEg. Tables 24
and 25 contain quivers with the unbalanced node connected by a double laced edge pointing
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a Excess
a=n %_2
a=2m
a=n a4

a=2m-+1
a=n a4
a=2m
a=n 20 — 8
a=2m+1 2 4 6 dm — 2
2m+1 4

Table 15. Exotic minimally unbalanced quivers with G = SO(2n) and a double laced edge.

outwards and inwards from the unbalanced node, respectively. Tables 26 and 27 collect
quivers with a triple laced edge directed outwards and inwards from the unbalanced node,
respectively.

7 Non-simply laced minimally unbalanced quivers with unbalanced node
connected by a non-simply laced edge

Let us emphasize the main criteria for the classification of minimally unbalanced quivers:

e Balanced subset of nodes must form a single Dynkin diagram of finite type

e The unbalanced node must connect to a single node of the Dynkin diagram with
either a simple, double or a triple laced edge®”

It follows from this criterion that the remaining part of the classification concerns quivers
with two non-simply laced edges. Analogically to section 6 we term the following part of

20By relaxing the second criterion one can produce very ezotic minimally unbalanced quivers like the
A-type Ring quivers in appendix B. The motivation for presenting the quivers in appendix B is that the
unbalanced node connects to the adjoint nodes which results in a simpler moduli space compared to a
generic cases where the unbalanced node connects to any two arbitrary nodes of a Dynkin diagram.
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a Quiver Excess

—2m—1
a<n-—1 /—/l 3m
3a — 2
6m 6m

3 6 9

—2m — 2
a<n—1 n m 6m + 3 _
omer | OO0
6(2m+1) 6(2m+1) 6m + 3
1
a<n-—1 L~ 3q — 2
1 2 3 2m 2m m

—2m — 2
a<n-—1 n i 2m 1
6a — 4
=1 | OO

22m+1) 2(2m+1) om + 1

Table 16. Exotic minimally unbalanced quivers with G = SO(2n) and a triple laced edge.
the classification exotic classification of minimally unbalanced quivers of non-simply laced
theories. In the following the quivers are divided into categories based on:

e Dynkin diagram type of the balanced part of the quiver

e Type of the non-simply laced edge:

— Double Edge
— Triple Edge

e Orientation of the non-simply laced edge that connects the unbalanced node. The
orientation is considered with respect to the unbalanced node:

— QOutwards

— Inwards
e Position of the unbalanced node (with respect to the balanced sub-quiver)

We emphasize that all quivers in this section are shown in their basic form such that the
ranks are the lowest possible integers. All other quivers that are also minimally unbal-
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a Quiver Excess

6m — 9 3m —3

3m 2

6m — 3
3a — 12
a=99m+1 | 6 12 18 12m-6

6m+3 4

3a
Ba_y
a=2m
2m — 1
3a —8
a=2m+1 2 4 6 4m —2
2m+1 4

Table 17. Exotic minimally unbalanced quivers with G = SO(2n) and a triple laced edge.

anced and have the same global symmetry G on their Coulomb branch can be obtained by
multiplying the basic canonical forms by an integer number.

7.1 Exotic minimally unbalanced quivers with G of type B,

Let us start with exotic minimally unbalanced quivers with G = SO(2n + 1) and with the
unbalanced node connected to the rest of the quiver via a double laced edge. The eight
resulting cases are summarized in table 28. Analogically, table 29 contains all quivers which
contain an extra triple laced edge between the unbalanced node and the rest of the quiver.

7.2 Exotic minimally unbalanced quivers with G of type C),

Next, we present the four cases of exotic minimally unbalanced quivers with G = C,, and
the unbalanced node connected via a double laced edge. The results are summarized in
table 30. In table 31 we collect the remaining four quivers where the unbalanced node is
connected via a triple laced edge.
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Quiver Excess
3 3
2
4 5 6 4
3 6
14
5 10 12 8
1 3
10
2 4 6 4
1
2 2
1 2 3 2
3 6
2
8 10 12 8
3 12
14
10 20 24 16
1 6
10
4 8 12 8
1
4 2
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Table 18. Exotic minimally unbalanced quivers of Eg-type with a double laced edge.




Quiver Excess
3 3
6
4 5 6 4
3 6
24
5 10 12 8
1 3
16
2 4 6 4
1
2 4
1 2 3 2
1 3
2
4 5 6 4
1 6
8
5 10 12 8
1 9
16
6 12 18 12
1
0 4
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Table 19. Exotic minimally unbalanced quivers of Eg-type with a triple laced edge.




Quiver Excess
1 2
2
2 3 4 3 2
1 4
10
3 6 8 6 4
2
’ 10
4 8 12 9 6
1 6
22
4 8 12 9 6
9 1
28
6 12 18 15 10
3 1
6
2 4 6 5 4
3
2
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Table 20. Exotic minimally unbalanced quivers of Er-type with outward double laced edge.




Quiver Excess
1 4
2
4 6 8 6 4 2
1 8
10
6 12 16 12 8 4
1
! 5
4 8 12 9 6 3
1 12
22
8 16 24 18 12 6
9 1
13
6 12 18 15 10 5
6 1
6
4 8 12 10 8 4
3 1
1
2 4 6 5 4 3

Table 21. Exotic minimally unbalanced quivers of Er-type with inward double laced edge.
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Quiver Excess
1 2
4
2 3 4 3 2
1 4
16
3 6 8 6 4
2
’ 17
4 8 12 9 6
1 6
34
4 8 12 9 6
9 1
43
6 12 18 15 10
3 1
10
2 4 6 5 4
3
5

~32 -

Table 22. Exotic minimally unbalanced quivers of E;-type with outward triple laced edge.




Quiver Excess
1 6
4
6 9 12 9 6 3
1 12
16
9 18 24 18 12 6
2
21 17
12 24 36 27 18 9
1 18
34
12 24 36 27 18 9
27 2
41
18 36 54 45 30 15
9 1
10
6 12 18 15 12 6
9 2
5
6 12 18 15 12 9

— 33 —

Table 23. Exotic minimally unbalanced quivers of E-type with inward triple laced edge.




Quiver Excess
1 5
6
4 7 10 8 6 4
1 10
26
7 14 20 10 12 8
1 15
58
10 20 30 24 18 12
1
8 14
5 10 15 12 9 6
12 1
38
8 16 24 20 15 10
9 1
22
6 12 18 15 12 8
6 1
10
4 8 12 10 8 6
3
2
2 4 6 5 4 3

~ 34—

Table 24. Exotic minimally unbalanced quivers of Eg-type with outward double laced edge.




Quiver Excess
1 10
6
8 14 20 16 12 8 4
1 20
26
14 28 40 32 24 16 8
1 30
58
20 40 60 48 36 24 12
1
16 14
10 20 30 24 18 12 6
24 1
38
16 32 48 40 30 20 10
18 1
22
12 24 36 30 24 16 8
12 1
10
8 16 24 20 16 12 6
6 1
2
4 8 12 10 8 6 4
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Table 25. Exotic minimally unbalanced quivers of Fg-type with inward double laced edge.




Quiver Excess
1 5
10
4 7 10 8 6 4
1 10
40
7 14 20 16 12 8
1 15
88
10 20 30 24 18 12
1
8 22
5 10 15 12 9 6
12 1
58
8 16 24 20 15 10
9 1
34
6 12 18 15 12 8
6 1
16
4 8 12 10 8 6
3
4
2 4 6 5 4 3

— 36 —

Table 26. Exotic minimally unbalanced quivers of Eg-type with outward triple laced edge.




Quiver Excess
1 15
10
12 21 30 24 18 12 6
1 30
40
21 42 60 48 36 24 12
1 45
88
30 60 90 72 54 36 18
1
24 929
15 30 45 36 27 18 9
36 1
58
24 48 72 60 45 30 15
27 1
34
18 36 54 45 36 24 12
18 1
16
12 24 36 130 24 18 9
9 1
4
6 12 18 15 12 9 6

— 37 —

Table 27. Exotic minimally unbalanced quivers of Fg-type with inward triple laced edge.




a Quiver Excess

a<n noe
2a — 2
1 2 3 2m 2m m
a<n da — 4
2m+1 22m+1 ) 2m+1
2a — 2

n—a
2 4 6 2a 2a a
n — 1 = odd number

o Q{}(} @i@i@ a2
a=2m

2m—1 m

n — 1 = even number

a=2m+1

4m 2m—+1

a=n Q{}C} @i@i@ -2
2a — 2

Table 28. Exotic minimally unbalanced quivers with G = SO(2n + 1) and an extra double
laced edge.

7.3 Exotic minimally unbalanced quivers with G of type Fy

In this subsection we present all exotic minimally unbalanced quivers with G = Fy. Quivers
with an extra double laced edge are summarized in table 32. All quivers with extra triple
laced edge are collected in table 33.

7.4 Exotic minimally unbalanced quivers with G of type G2

Finally, we collect all exotic minimally unbalanced quivers with G = G2 and with the un-
balanced node attached via a double or a triple laced edge in tables 34 and 35, respectively.

This completes the classification of minimally unbalanced quivers for which the bal-
anced subset of nodes forms a single finite Dynkin diagram. Quivers found in sections 4
and 5 have Coulomb branches minimally generated by two kinds of operators:
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a Quiver Excess
a<n noe
3a—2
1 2 3 2m 2m m
a<n
6a — 4
o=am+1| O-O-O- @i@
22m+1) 22m+1) 2m+1
a<n ne
3a — 2
3 6 9 6m 6m 3m
a<n
6a — 4
o=am+1| OO =0
12m + 6 12m+6 6m+ 3
n — 1 = odd number
a=n
Q{}C} @i@a@@ 72
a=2m
2m—1 m
n — 1 = even number
a=mn
a=2m+1
4dm 2m+1
n — 1 = odd number
n
=m
6m—3 3m
n — 1 = even number
a=n
a=2m+1

12m 6m+3 2

-39 —

Table 29. Exotic minimally unbalanced quivers with G = SO(2n+1) and an extra triple laced edge.




a Quiver Excess

2a — 2

1
n—a
a<n : : : : :
1 2 3 a a a

2a — 2

1
n—a
a<n : : : : :
2 4 6 2a 2a 2a

a=n | O-O-O-O=C=<=0 |2-4
1 2 3 a—1 a 2

1 2 3 a—1 a 1

Table 30. Exotic minimally unbalanced quivers with G = Sp(2n) and an extra double laced edge.

e Operators in the adjoint of the isometry group G (corresponding to the balanced
Dynkin diagram). These operators appear at order ¢? in the Hilbert series.

e Extra operators in the representation that corresponds to the Dynkin node where
the unbalanced extra node attaches (and its complex conjugate representation). In
the Hilbert series, these appear at order of t*, where k is determined by the excess
(imbalance of the unbalanced node). In particular, k = 2 4 e, where e is the excess.

Section 6 and 7 contain exotic minimally unbalanced quivers. The Coulomb branches of
these quivers are, strictly speaking, not minimally generated but have additional generators
at higher orders. Although these spaces correspond to moduli spaces of gauge theories
with eight supercharges, this is the first time most of such quivers appear. The full gauge
theoretic examination of such theories is yet to be done.

8 Conclusions and prospects

In this paper we develop and present a full classification of all minimally unbalanced quiver
gauge theories with the global isometry on the Coulomb branch that corresponds to a single
finite Dynkin diagram. This concurrently provides a classification of hyperkéhler cones
which appear as moduli spaces of supersymmetric gauge theories with 8 supercharges in
various dimensions. Minimally unbalanced quivers with A-type global symmetry form a
two parameter family described by a and b. Minimally unbalanced theories with global
symmetry of BC D-type are classified based on the position of the unbalanced node and
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a Quiver Excess

3a — 2

1
n—m
/—/%
1 2 3 m m m

a<n

1
n—m
/—M
3 6 9 3m 3m 3m

3a—2

o 1 2 3 m—1 m 2

OO0 OO0 304
o 3 6 9 3m—3 3m 2

Table 31. Exotic minimally unbalanced quivers with G = Sp(2n) and an extra triple laced edge.

the total number of balanced nodes. Minimally unbalanced quivers with exceptional global
symmetry (i.e. of EFG-type) are found for each different case (i.e. for each possible node
to which the unbalanced node is attached). In case of Eg, the number of cases reduces to
4 due to the Zs outer automorphism invariance of the Eg Dynkin diagram.

A complementary result to the work in this paper is the classification of minimally
unbalanced quivers with global symmetry of the form:

Gglobal = G1 X Go, (8.1)

where G and G4 are any two Lie groups. Such extended classification is obtained by com-
bining all pairs of minimally unbalanced quivers found in this paper.?! The extended classi-
fication is available online at https://www.dropbox.com/s/uxi30bgjislx4u2/AUX _MU.pdf?dl=0
or for download at https://dl.dropboxusercontent.com /s /uxi30bgjislx4u2/AUX_MU.pdf?d1=0.22

A possible direction for future research is the classification of unbalanced quivers with
N unbalanced nodes, where N > 1. In such scenario, the global symmetry takes the form:

Gaionar = [ [ Gi x UMW)V, (8.2)

where G; are the groups corresponding to the Dynkin sub-diagrams formed by the subset
of balanced nodes. The number of the U(1) Abelian factors in the global symmetry is one
less than the number of unbalanced nodes. Quivers with more than one unbalanced node
appear in various contexts in the study of 5d and 6d Higgs branches [18, 21, 45].

21Combination means an attaching of two minimally unbalanced quivers via a common unbalanced node.
22 Alternatively, the extended classification is available as per request by email.
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Quiver Excess
1
2
2 3 2 1
1
10
3 6 4 2
1
10
4 8 6 3
1
2
2 4 3 2
1
2
4 6 4 2
1
10
6 12 8 4
1
10
8 16 12 6
1
2
4 8 6 4

Table 32. Exotic minimally unbalanced quivers with G = Fy and an extra double laced edge.
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Quiver Excess
1
4
2 3 2 1
1
16
3 6 4 2
1
16
4 8 6 3
1
4
2 4 3 2
1
4
6 9 6 3
1
16
9 18 12 6
1
16
12 24 18 9
1
4
6 12 9 6

Table 33. Exotic minimally unbalanced quivers with G = F; and an extra triple laced edge.
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Quiver | Excess
1
%@ :
2 1

1
O@% 2
3 2
1
%»@ :
4 2

1
Qg :
6 4

Table 34. Exotic minimally unbalanced quivers with G = G5 and an extra double laced edge.

In the classification of this paper, we find a raft of quiver theories that are not studied
in any existing literature. This opens a large and possibly fructiferous domain for extensive
future investigations. Quaerite et invenietis ordinem.
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A The coulomb branch: monopole operators and global symmetries

Moduli spaces of 3d N' = 4 quiver gauge theories have two distinct phases known as the
Coulomb branch (where the gauge group is typically broken to its maximal torus) and
Higgs branch (where the gauge group of the theory is typically fully broken). The Coulomb
branch (and also the Higgs branch) is a hyperKéhler variety which can be described by
its ring of holomorphic functions. The information about the branch is then encoded in a
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Quiver | Excess
1
%@ 4
2 1

1
O@% 4
3 2
1
%@ 4
6 3

1
@% 4
9 6

Table 35. Exotic minimally unbalanced quivers with G = G5 and an extra triple laced edge.

Hilbert Series which succinctly enumerates holomorphic functions in the ring. A one-to-one
correspondence has been observed between holomorphic functions in the moduli space and
gauge invariant BPS operators in the chiral ring of the quantum field theory. In [35] an
efficient method for counting these operators is proposed, namely the monopole formula:

Hg(t,z)= Y 2/ Pg(t,m) (A1)
mEFé/WG

where G is the gauge group of the theory and m is the magnetic charge (see [46]) which
takes its value in the lattice:

('g)* is the lattice dual to the weight lattice of G. It defines a new weight lattice of a
new group (3, which is considered the GNO dual of G [46]. W is the Weyl group of G.
J(m) denotes the topological charge counted by the z fugacity. The dressing factor Py is
a generating function for Casimir invariants of the unbroken gauge group.

A(m) is the conformal dimension which coincides with the R-charge of the monopole
operators. We quote the result for the conformal dimension, as it was obtained using radial

45 —



quantization in [32]:

Am)=— 3 Jam)|+ 5 3 3 loitm)]. (A3)

acAL i=1 p;,ER;

The two terms of the conformal dimension formula account for vector multiplets and
hypermultiplet contributions, respectively. A, is the set of positive roots of the gauge
group. Hypermultiplets transform in representations R; with weights p;.

An approach that utilizes division of weight lattice into fans was introduced in [47]. For
more detailed exposition of the monopole formula, see [35]. In order to treat non-simply
laced quivers, a modification of the hypermultiplet contribution of the conformal dimension
introduced in [39] takes the following form:

N1 N3

1 1 1 2
Sloim) = 5373 ) —m?)| (A4)
j=1 k=1

where p; is the irrep corresponding to the hypermultiplets assigned to the edge between
two nodes U(N7) and U(Nz2). A = 1 recovers the formula for the quiver when the edge
is simple, A\ = 2 is used for a double laced edge, and finally, A = 3 for a triple laced
edge. The direction of the edge points from N to No. m() and m® denote the magnetic
fluxes for U(Ny) and U(N3), respectively. For completeness, we show the function which
enumerates the Casimir invariants of residual gauge group of U(N) that is left unbroken
by the configuration of magnetic charges:

N 1

k=1

A(k)(m) encodes the various configurations of the gauge symmetry braking in form of a
partition. As an example, for a U(2) gauge symmetry and magnetic charges m = (mq, mz2)
the dressing factor is:

1 : _
1-0)(1-12) it my =my

Py2)(t;m,me) = (A.6)

1 .
m if mq # mo.

In order to use the monopole formula, there are certain restrictions for the conformal
dimension which translate into the balancing of the quiver nodes. Firstly, for ADE quivers,

the excess (or balance) of a particular U(N;) gauge node is defined as [41]:

Excessapg(i) = Z Nj — 2N;. (A.7)

j€ adjecent nodes

A quiver is said to be fully balanced if the excess of all its nodes is zero. If one or more
nodes in the quiver have positive excess the quiver is said to be positively balanced. In
case of a quiver with a single node with excess of 1 or larger, we term the quiver minimally
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unbalanced.>> The present work only concerns balanced and minimally unbalanced quivers.
For balanced or minimally unbalanced theories the conformal dimension satisfies A(m) > 0
for all m € I' 5 which guarantees that the monopole formula can be applied to calculate
the Coulomb branch of the moduli space.?*

The global symmetry of the Coulomb branch is determined by the operators with
A = 1. From the quiver one can quickly write a set of operators with A = 1 such that
they correspond to the roots of the Dynkin diagram formed by nodes that are balanced.
Extra operators with A = 1 might exist, which would enhance the global symmetry. In
the previous pages we are restricted to quivers where only one node is unbalanced, and
the remaining nodes form the Dynkin diagram of either a classical or an exceptional Lie
algebra.

The Higgs branch of 5d theories at infinite coupling is given by the Coulomb branch of
a 3d quiver. Physically, we can motivate this with a use of 3d mirror symmetry [4] and the
presence of 8 supercharges in both theories. Considering a reduction of the 5d SCFT on a
torus leads to a 3d Higgs branch that is unchanged thanks to the amount of supersymmetry.
In addition, many 3d theories have mirror duals for which the Coulomb and Higgs branch
are exchanged. In general a dual theory can lack a Lagrangian description, however, it
was argued in [23] that specific class of 5d theories described by intersecting D5, NS5 and
(1,1)-branes reduces to A-type class S theories compactified on a circle. It was further
argued that reducing class S theories on circle to 3d leads to 3d SCFTs with Lagrangian
mirrors whose shape is a three-legged unitary quiver. For a SU(n) theory with fundamental
matter the bound for the number of flavors is: Ny > 2n. 5d SCFTs with enough matter
belong to this class. This is a strong motivation for the approach of this paper.

B Very exotic minimally unbalanced (ring) quivers with G of type A,

Carrying out the calculation for a part of the classification, the neural network (NN),
working solely with graph theoretical knowledge, produced some peculiar quivers. Among
them are quivers included as a caveat in this section. In particular, we include A-type ring
quivers with an unbalanced node connected to the adjoint nodes of the balanced chain by
two non-simply laced edges. There are three cases based on whether there are two double
edges, two triple edges, or one double and one triple edge. In all cases the non-simply
laced edges point outwards with respect to the unbalanced node. The results are collected
in table 36 with the excess shown in a separate column. Note that in all three cases, the
unbalanced node connects to the Dynkin nodes corresponding to the adjoint representation
of SU(m +n+ 2).

23 This differs from the notation introduced in [41] where the authors used the term for all quivers with
one or more nodes of excess 1 or greater.

24n fact, there are special cases of balanced quivers with moduli spaces that are not hyperKéhler varieties,
hence the monopole cannot be applied. Thus, it seems that balance is necessary but not sufficient condition
for a quiver to be well behaved and treatable by the currently known methods.
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Excess

Table 36. Classification of very exotic A-type minimally unbalanced ring quivers with two non-
simply laced edges.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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