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Abstract The inspiral of compact stellar objects into mas-
sive black holes are one of the main astrophysical sources
for the Laser Interferometer Space Antenna (LISA) and
Taiji. These extreme-mass-ratio inspirals (EMRIs) have great
potential for cosmology and fundamental physics. A binary
extreme-mass-ratio inspiral (b-EMRI) describes the case
where binary black holes (BBHs) are captured by a super-
massive black hole. The b-EMRIs serve as multi-band gravi-
tational wave sources and provide insights into the dynamics
of nuclei and tests of general relativity. However, if the b-
EMRIs can be distinguished from the normal EMRISs or not
is still not clear. In this work, with a few of assumptions, and
using the Teukolsky equation, we calculate the approximate
gravitational waves of b-EMRIs and assess their detectabil-
ity by space-based detectors. We also decouple the secondary
object information from the Teukolsky equation, enabling us
to calculate the energy fluxes and generate the waveforms
more conveniently. Variations in the quadrupole of the binary
result in small but non-negligible changes in energy fluxes
and waveforms, making it possible to distinguish b-EMRI
signals with data analysis. This opens up the potential of
using b-EMRIs to test gravity theories and for further astro-
physical studies.

1 Introduction

The groundbreaking observation of the first gravitational
wave (GW) signal [1] marked a significant turning point in
astrophysics, providing unprecedented access to the study
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of extreme gravitational forces [2,3]. Ground-based detec-
tors have effectively recorded the merging of stellar-mass
black holes and neutron stars. But these detectors can only
detect GWs with frequencies approximately around 10> Hz.
By contrast, forthcoming space-based GW detectors like the
LISA and Taiji [4,5] will enable the detection of GWs in
the millihertz frequency range. The potential of these space-
based detectors extends to capturing GWs emanating from
a diverse array of astrophysical and cosmological sources
[6-8].

EMRIs represent highly compelling sources of GWs for
upcoming space-based GW detectors. In an EMRI, a super-
massive central object of mass M (henceforth a primary)
is orbited by a stellar-mass object of mass m (henceforth
a secondary) [7,9,10]. The system exhibits a mass ratio of
g = m/M ~ (1077 — 10~%), and the secondary object
completes approximately O(1/g) orbits around the primary
before its final plunge [11]. This affords an exceptional
opportunity to rigorously test general relativity [12—-17], the
Kerr metric [18,19], and precisely measure the spins and
masses of massive black holes [20].

Previous studies have shown that EMRIs can acquire
BBHs system as a secondary object [21,22]. Such a system is
commonly referred to as a b-EMRI. The difference between
b-EMRIs and ordinary EMRIs is unambiguous. Instead of
having only one stellar-mass BH, now the system contains
two stellar-mass BHs, bound by their self-gravity. A triple
system of this nature may form through either the tidal cap-
ture of BBHs by a SMBH [22] or the formation and migra-
tion of BBHs within the accretion disk of an active galactic
nucleus (AGN) [23]. According to Ref. [22], the event rate of
such an exceptional case caused by tidal capture is equivalent
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to (1075 — 10™*) Gpc?year™! in the pessimistic case and
0.1 Gpc—3year~! in the most optimistic one. However, due
to the non-negligible lifetime of b-EMRISs, within a spherical
volume of 1 Gpc? (corresponding to aradial distance of about
600 Mpc), there are, on average, about 0.02 — 20 b-EMRIs
expected during detector’s mission duration.

Despite its rarity, it can give rise to intriguing phenom-
ena. In the b-EMRI system, the motion of the binary around
the primary produces low-frequency waves (~ 1073 Hz),
whereas the merger of the two smaller black holes results
in high-frequency waves (~ 107 Hz). As a result, it rep-
resents an ideal target for future multi-band GW astron-
omy [24,25]. The coordinated observation by space-based
and ground-based detectors would enable the identification
of these intriguing sources [8], thus providing precise con-
straints on several aspects of fundamental physics beyond
the current limit by more than an order of magnitude. These
include the loss of rest mass due to GW radiation, the recoil
velocity of the BBHs merger, and the dispersion of GWs
across various frequencies [26]. Due to the intense gravita-
tional field produced by supermassive black holes (SMBHs),
the high-frequency GWs might undergo redshift [23,27,28],
offering an excellent opportunity to investigate GW propaga-
tion within the realm of strong gravity and to test the validity
of general relativity in extraordinary physical circumstances.

There are various possible methods by which the detec-
tor can distinguish between b-EMRI and normal EMRI. If
the GW frequency produced by the binary corresponds to a
fundamental frequency of the SMBH, it could lead to a res-
onant excitation of the SMBH. The presence of an amplified
quasi-normal mode in the EMRI waveform is a clear indi-
cation of this effect [28]. Furthermore, the binary nature of
the smaller body introduces a phase shift in the EMRI wave-
form, which can also serve as an identification feature for
b-EMRIs [29]. However, there is no quantitative investiga-
tion of the distinguishability between b-EMRIs and EMRIs.
This paper aims to show the recognizability of the b-EMRIs
from normal EMRIs.

For this target, the BBHs are approximately taken as a
mass distribution with spin and mass quadrupole, then use
the Mathisson—Papapetrou—-Dixon (MPD) equation [30-33]
to describe its orbit dynamic. By employing the Teukolsky
equation, we numerically calculate the waveforms. Com-
pared to Ref. [28], which focuses on the high frequency GW
and quasi-normal mode, they model the small binary as two
point particles and consider elliptic orbits around the cen-
ter of mass for the small binary inner motion. Although this
approach can model binary inner motion conveniently and
high-frequency GWs, but does not focus on the the orbital
motion of the whole binary around the SMBH and the inspi-
ral waveforms of the b-EMRIs. In contrast, we discuss the
overall motion of the binary around the SMBH and the wave-
forms during the inspiral. Therefore we employ the multipole
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description in this paper. Of course, our calculation of wave-
forms may be not rigorous for parameter estimates but it can
catch the signals of varied quadrupole moments from the
BBHs. This should be enough to analyze the distinguishabil-
ity of b-EMRIs from EMRISs.

The paper is organized as follows. In Sect.2, we utilize
a multi-polar approximation to calculate the waveform gen-
erated by b-EMRIs, which describes the inner structure and
orbit motion of the BBHs as a secondary object. The numer-
ical methods employed, including the Teukolsky equation
and the adiabatic evolution of the orbit, are discussed in
Sect. 3. The results are presented in Sect. 4. Our conclusions
and future work are discussed in Sect. 5.

Throughout this study, we adopt geometric units where
G = ¢ = 1. We also adhere to the positive signature con-
vention (—, 4, +, +). For symmetry and antisymmetry nota-
tion, round and square brackets are respectively used around
pairs of indices. For instance, T = (T*¥ + TV*)/2 and
Tl — (TH — TV /2.

2 Binary-EMRIs

The binary-EMRI, as a hierarchical three-body system,
exhibits various phenomena, particularly when stellar-mass
BBHs merge near an SMBH. It has been suggested that if
the BBH’s orbit around the SMBH has a period shorter than
the observation duration of the BBHs by a space-borne GW
observatory, there is a high likelihood of lensing the GW
emitted by the BBHs through the SMBH [34]. In this case,
the acceleration is induced by the orbital motion of the BBHs
around the third body. Moreover, if the BBHs are within the
LISA frequency range and its signal can be tracked with a
reasonable signal-to-noise ratio (SNR) for several months to
several years, the acceleration can also be detected [35,36].
The combination of these two effects can enhance the overall
parameter estimation.

There are two possible ways in which such an excellent
situation could occur. The first channel involves the tidal cap-
ture of BBHs by a SMBH. This occurs when the binary passes
close enough to the SMBH for tidal interactions to convert a
portion of the binary’s kinetic energy into internal potential
energy [22]. Another possible way is the formation of BBHs
in AGN accretion disc [23]. The event rate of BBHs mergers
in AGN accretion discs remains highly uncertain. The possi-
ble values for the event rate range from O(1) Gpclyear™!
[37,38] to as high as 10* Gpclyear—! [39]. Although the
latter channel is generally considered more effective than
the former, both channels can potentially bring BH-BHs as
close as tens of gravitational radii to the central MBH. Fur-
thermore, due to the circularization induced by gas in AGN
accretion discs [40,41], the formation of a circular orbit may
be a significant scenario for b-EMRI.
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This section focuses on the analysis of the b-EMRI sys-
tem. The BBHs, in principle, is a system with mass distri-
bution, can be expressed as a series of multipole moment
expansion. Therefore, we can take the BBHs as a self-
gravitational system with multipole moments. The wave-
forms of an EMRI can be effectively studied using pertur-
bation theory, which models the small object as perturbing
the background metric of a larger BH. In the present work,
the perturber is not a single point but a mass distribution with
complicated multipole moments. However, it is too difficult
to include the multipole moments higher than the quadrupole
in the Teukolsky equation. So in this work, only terms up to
the quadrupole moment are considered. Under this approx-
imation, the energy-momentum tensor of the object can be
expressed as follows [42,43]

§*(x — z(1)) 1
TP =fd ——— | p P — ~gric@Rp)
v <p T3 e

v 58t —2(1)
—/drvy <Sy< Uﬂ)%)

% s(aB)y §*x — z(r))>
3 /d‘[ Vy Vs <J —\/_g s
(D

where v#* = dz"/dr is the tangent vector along the object’s
worldline, p* is the momentum of the object, S*V is spin
tensor, and J*/79 is the quadrupole tensor. S*” and J*A7?
satisfy those symmetry conditions [43]

sHv = gl (2a)
JePrs — jlapllys] (2b)
JeBrs — jréab (2¢)
JlaBy1s _ (2d)

Additionally, due to the significantly smaller size of the com-
pact binary compared to the curvature radius of the supermas-
sive black hole, a multipolar approximation can be employed
to describe its orbit dynamic [30-33]. Previous work has
pointed out that quadrupole moment is not going to cause sig-
nificant deviations in orbit dynamics [44]. Thus, we choose
to drop the quadrupole moment term on orbit dynamics. Con-
sequently, the MPD equation can be written as follows

" L oo v pu
= —ES VRN, e (3a)
SH

= 2pltVl, (3b)
dt

The equatorial circular motion of spinning secondary has
been detailly studied by Ref. [45]. We will use this result to
construct our waveforms.

Describing the BBHs only with mass, spin and quadr-
upole is an approximation, but can capture the main prop-
erty of binary, i.e., the varied quadrupole moment due to the
orbital motion and gravitational radiation. The quadrupole
tensor can be written as [43,46]

3
Jopys — _Wp[a Qﬂ][)’ 178], 4)

where Q"V is the mass quadrupole tensor, and m? = p, p%.
Moreover, in the Newtonian limit and center of mass descrip-
tion [47], we have

plt=mv, (5a)
S = eV 5807 (5b)
0 = MM, (5¢)
Qit — Qti =0, (Sd)

where €48,5 = /—g€qpys is the Livi-Civita tensor with
the Livi-Civita symbol éaﬁya, m is the total mass of the
secondary, S‘S, MU are the angular momentum and mass
quadrupole moment of BBHs, respectively.

The orbital evolution of the binary-EMRI can be sepa-
rated into two parts: the inspiral of binary’s center of mass
into the SMBH, and the orbital evolution of the inner com-
pact binary itself. Both of them are considered in this work.
Now we firstly discuss the inner orbit’s evolution of the com-
pact binary. Two compact bodies approach each other due to
gravitational radiation. In the leading order post-Newtonian
approximation, we have

Icoal — 10

dt) = dy (

where d(t) is the separation between the two bodies, dy is
the value of d(t) at the initial time #, #.o,; 1S the time at
coalescence. f.,4 and dy satisfy the relationship

_5 4
256 m2u,’

(N

Tcoal — 10

where m = m + my is the total mass of those two bodies,
WUy = mimy/(my 4+ my) is the reduced mass. And the phase
of the binary ¢5(¢) can be expressed as

5/8 5/8
Teoal — 1 teoal —
¢h (t) _ coal 0 _ coal ’ (8)
Sme Sme
where m, = - Lo Chirp mass, and the initial
€= Tnrtmy) P mass,

phase ¢ (o) = 0.
With the given evolution of the BBHs, we could discuss
about the explicit expressions of Egs. (5a—5c¢). Consequently,
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if we choose Cartesian coordinates x' = {z, x, v, z}, and let
the orbit lies in the (x, y) plane, the angular momentum S*
is

S% = prwpd?, 9

in the center-of-mass frame while the other components van-
ish, where w;, = /m/d3. The mass quadrupole momentum
MY is given by

M* = p,d*sin®(¢gp (1)), (10a)

MY = p,d? cos*(¢p(1)), (10b)
Xy X 1 2 o

MY = MY = —E/er sin(2¢p (1)), (10c)

while the other components are zero. Then we will do a base
change on Egs. (9) and (10) to get the expressions in Boyer—
Lindquist coordinate (¢, r, 8, ¢). In the equatorial plane (0 =
7 /2), the results read:

S* = (0,0, —prawpd?, 0), (11a)
0 0 0 0
v 2|0 sin?(9—¢p) 0 Jsin2(¢ — ¢p)
M= do 0 o 0
0 Zsin2(¢—¢p) 0 cos*(¢p —p)
(11b)

3 Numerical calculations

In this section, we briefly describe the numerical methods
used to calculate the waveform A (z).

Due to the extreme mass-ratio, we treat the compact
binary as a perturbation on the Kerr spacetime background.
This system gradually dissipates energy during its evolution,
resulting in shrinking of orbital radius. We employ the adi-
abatic approximation to model the orbit evolution, which is
expressed as:

12)

dEowic _ [dEgw
dt dt [’

where (o) represents averaging over a time period larger than
the orbital time scale 7, ~ M but shorter than the dissipative
time scale T; ~ T,/q [11,48]. Since the adiabatic approx-
imation breaks down at the innermost stable circular orbit
(ISCO) which radius denotes risco [11], our orbit evolution
ceases at risco. For all waveform calculations, we select the
initial point of the inspiral at rj,; = 10.

@ Springer

3.1 Teukolsky equation

In order to study the GW energy and waveform caused by
b-EMRIs, we adopt Teukolsky formalism [49]. This method
perturbates the weyl scalar

Wy = —Cupysn®mPn? m?, (13)

where Cgp,s is Weyl tensor, n% and m? are part of the
orthonormal null tetrad, the expression of which is given in
Eq. (A.14). At infinity, the two GW polarizations are both
encoded in the ¥y:

1 82
Uy (r — 00) = EW(’“ —ihy) (14)

Teukolsky showed that ¥4 could be decomposed as follows
in Boyer—Lindquist coordinates [49]

o I 00 A
e / dwRin () S}y @) ™00, (15)
1=2 m=—1" "
where p = 1/(F —ia cos6) and SZ“YZ) (9) is the spin-weighted

spheroidal harmonics with weight —2 which satisfies the
angular Teukolsky equation

1 d . d 22 .2 m—2cosf >
———|sinf— | —a“w°sin“ — | ———
sin @ d6 do sin 6

+ 4w cosf — 2+ 24mw + Aime| —2SE2(0) = 0,
(16)

where Ao = Ejmeo—2maw+a>o®—2. And the eigenvalues
and eigenfunctions of the angular Teukolsky equation satisfy
the relationships Ajyp—o = Aj—me and

S0 0) = (—1)Si(r — 0). (17)

The radial function Ry, satisfies the following equation

e (%‘”;%) = V@) Rino = Tinor (18)

where

e L L s (19
K = +a%)o—am (20)

and 7, is the source term which is given in Eq. (A.1).
The radial Teukolsky equation can be solved through the

Green function method [50,51]. We construct the Green func-

tion by the linearly independent solutions of homogeneous
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and RY

Imw Imw’

radial Teukolsky equation R!"
those bound conditions

which satisfy

Bout ezwr* 4 Bm 1 ﬂa)r*’ 7 = 0o

lea) {Bltran A2 —u(r* 7 re (213)
mw
tran 23 jiwr. ~
R® ~ ) Pimol €™ o %9 (21b)
Imo D%twr%”"* + D};wAze_””*, F—ry

where k = w — ma/(2ry) and r, is the tortoise coordinate
of the Kerr metric

2 F— 2r_ F—r_
re =T+ = ln<r r+>_ : ln<r i )
ry —r_ 2 ry —r_ 2

(22)

with r1 = 1 ++/1 — a. The solution of the radial Teukolsky
equation with the correct asymptotics reads

lew(r) ( lmw( )/ dr /lew(f" )Tma)(l")

()/ 1 ,ma,(rﬁmw(r))
lmw

with the constant Wronskian given by

(23)

Rln a Rup _ up a Rln ]
W = Imw Imw - lmw Imw leBlmeg::ral)' (24)

The solution should satisfy the pure outgoing condition at
infinity and the pure ingoing condition at the horizon:

ZH Felers, - oo
Rimo ~ 700" 2 ,—ikr. ¢ (25)
Imw e » = Ty
with
[ee) Rm UP(A/)
Zimes = Cipey / S L o )7, (26)
e A
where
1 Btran
o= O, =l 27)
mw in mw in tran °
2iw Blmw 2i wBlmelma)

The amplitudes Zlm o Tully determine the asymptotic GW
fluxes atinfinity and the horlzon With the energy-momentum

tensor presented in Eq. (1), zn Ime °° will take the following form

H,c0
Zlma)

OO ~ A,
=Cpy / die!@=meO) oo @y o)), (28)
—00

where

| )
. df d d
IR[r(@), 0(1)] =<ﬁ) <C0+C1d +Cams

d3 d4 in,up ,»
+Com + G ) Ry Dleiy.od)-
(29)

Detailed expressions of {C;};c0,1,2,3,4) can be found in the
Appendix A. We care about the situation in which orbits are
equatorial and circular. In this case, the form of the source
term is greatly simplified, and since ¢(7) = £27, ¢p()) =

opt, Zlmzo will have the following form by adopting the
Eq. (B.37):
Zlma) = 8(0) m‘Q)‘Almw

+ 8(w — ms2 — 2(wp — .Q))B
+ §(w — ms2 + 2(wp — .Q))B

Olmw

(30)

limw’

with A}fnz,o = 2 Cl}rlnz)o lljnzo[ro, /2] at a specific orbital

radius 7. Then the waveform will become
Al im (i) a im¢
hy —ihy ~ Mo _imse(r—t) gaw () 1M, 3D
+ X IZ (m.Q)z Im

Here, we only retain the first term of Eq. (30). We dropped
the last two terms which correspond the high frequency GWs
of the small binary, because these GWs are out of the LISA
band.

If we place Eq. (31) into (dE/dAdN>® = ((hy)?® +
(fz % )2) /167, and use the normalization condition of the spin-
weighted spheroidal harmonics, the GW flux at infinity will
be obtained by integrating the fluxes over the solid angle,
which yields

dE\®

where the sum over m goes form =1, .

lma)
Z Z Zj'r(m.Q)2 32)

, [ since Zlmw =

(-1 Zzljn:)o and the bar denotes complex conjugation. Sim-
ilarly, the GW flux at the horizon is [52,53]

dE H oo I A% 2
(_) =Yy el (33)
dt ) gw 122 mel 2 (ms2)?
where
256(2r1)5k (k2 + 402) (k2 + 1602)(m$2)3
Im = (34

|C1m |2
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with o = /1 — a2/(4r), and

Ciml® = (6 + 2% + 4ma(m2) — 40> (m2)*) 0 5
+ 36ma(ms2) — 36a%(ms2)%)
+ (2h;,, 5 + 3)(964%(m$2)* — 48ma(ms2))
+ 144(m$2)%(1 — a2). (35)

3.2 Orbital evolution and waveform
With the expressions of energy radiation at the horizon and

infinity in Egs. (32) and (33), we can get the total GW energy
flux by the following equation.

dE
7~ (%)

dt Jgw
dE\Y + dE\®™
dt dt Jgw

l
Z Qr(ma)®) " (AR, > + il A, ). (36)

w”qg

Now we can calculate the adiabatic evolution of the orbital
radius r(7) and phase ¢ (f) due to radiation losses as follows

1
dr dEorblt
= — , 37
dt q}—( dr ) (372)
9 _ 6. (37b)
dt

where F is the normalized flux F/q?, q is the mass ratio.
Finally, we can get the waveform [53]

2 1y
him = _E (m_Q)2 AlmQ Im

(@) im[®@—¢(D)] (38)
at mode Im, where R is luminosity distance, @ is the angle
between an observer’s line of sight and the primary’s spin
axis, and @ is the azimuthal angle.

3.3 Decoupling the energy flux and waveform

In the normal EMRIs, usually taking the secondary object as
apoint particle, the energy fluxes and waveforms can be com-
puted effectively by interpolation from a few of Teukolsky-
based numerical data for circular orbits [54], because the
inhomogeneous solutions of Teukolsky equation are fully
determined by the orbital frequency and perturbed black hole
itself. However, in the case of the secondary object with inter-
nal structure (extended body, or binary in this work), the solu-
tions depend not only on the black hole but also on the infor-
mation of the secondary object (spin, quadrupole, etc.). This

@ Springer

induces that one needs to numerically calculate the Teukol-
sky equation at every time step to evolve the orbit (Eq. (37))
and generate the waveforms (Eq. (38)). Such computation is
quite expensive.

To address this issue, we first find that the Teukolsky for-
malism enables the separation of information between the
secondary object and the perturbed field ¥4 during the qua-
sicircular inspiral (A more general decoupling formalism will
be presented in the paper by some of us [55].). In other words,
we can express the GW energy flux and waveform as follows

F=Y 00 fij(), (39)

ij

him = % {Zemﬂm [;(t)]> Si2(©)emP=0D1 - (40)

where 0; = (m, S*, M"", M"®, M%?, . ..) are the intrinsic
parameters of the secondary object and the coefficients

fij(F) =
j ZXZ)mZI o 9)2
{[(Clljn[)c?mﬂ) ¢ (ClPI{n.Q ]/I;m[}):l
+a,m[(cfnjgcljp9) €2 D] @
,zm(r(t»—mcl‘jm cl IR ()] 42)

are independent with 6;. Detailed discussion on the sepa-
ration form and the analytical expression of C. pl;} can be
found in Appendix B. Now, the above decomposmon forms
fij and Aj;,, are independent of the secondary object. There-
fore they can be interpolated from just a few numerical points.
The numerical solutions of Egs. (37, 40) can be obtained with
the same speed as in the case of test particles.

Now we conclude how we perform our numerical calcu-
lations. The solutions R}“m » and RHE » to the homogeneous
Teukolsky equation can be computed using two different
methods, MST method [56-58] and solving the SN equation
[59]. Since the MST method is typically faster and more accu-
rate than directly solving the SN equation, it will be employed
in our calculation. Following the Ref. [44], we truncate the
infinite sum in Eq. (41) at [ = 20 to get the separation coef-
ficients f;;. Choose the parameters of BBHs, compute the
energy fluxes F, and solve Eq. (37) numerically. With r(¢)
and ¢ () in our hand, we can get the waveform from Eq. (40).
Moreover, if the separation distance of BBHs is smaller than
its ISCO, we will consider the BBHs have merged and switch
to the calculation of normal EMRI waveforms.
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4 Waveforms and data analysis

In this section, we examine whether we can distinguish b-
EMRI signals from normal EMRI ones. Given two time series
h(t) and h> (¢), the maximized fitting factor (match) between
them is defined as follows [60,61]:

(h1 (D)) ha(t + t5)e'?s)
M(hy, hy) = , 43
) = e T Urallia) )

and the (h1|h>) is defined by:

i (f)ha(f)
hilhy) = | 222 e 44
(h1lh2) /o () f (44)

where fz(f) is the Fourier transform of A(¢), and S, (f) is
the power spectrum density (PSD) of the detector. We use
PyCBC [62] to calculate the match Eq. (43) which quantifies
the differences between the b-EMRI signals and the normal
EMRI ones. Here for simplicity without loss of generality,
we only consider the dominant mode / = m = 2.

Additionally, in order to avoid the tidal disruption of the
inner binary by the SMBH, we require the initial separation
of the binary satisfies the following condition

<107, (45)

2M(my + mz)d/mlmz
73 d?
where d is the separation of two stellar mass black holes, and
r is the orbit radius of the outer orbit (the separation between
the inner binary to the SMBH).

For b-EMRIs, while the compact binary inspirals into
the SMBH, the orbital angular momentum and evolving
quadrupole produce different source term in the Teukolsky
equation compared to the case of normal EMRIs. Therefore,
the energy fluxes and waveforms from b-EMRIs could devi-
ate from the one of EMRIs.

The two BHs in the compact binary may merge during the
binary inspiraling into the SMBH. The mass of the remnant
will be smaller than the initial mass of the binary due to the
merger. The mass-loss ratio (R = (1 —mfipa/(m1 +m3))) is
about 5% in the BBH mergers [63—65]. This sudden change
of mass will induce a tiny “jump” in the GW signal and in
principle make the recognition of b-EMRI easier.

Figure 1 shows the 1-year waveform A of the b-EMRI,
where the BBHs merge at the 6th month, and a normal
EMRI with a secondary mass equal to that of the BBHs
in the b-EMRI. Once the BBHs have merged, the b-EMRI
becomes a normal EMRI but with a sudden change of the sec-
ondary mass. According to Eq. (37), for EMRIs we can find
the inspiral time scale finspiras = ¢~ ' D(7), where D(7) =
[Fla Eoit/dF)dF, then we can get finspiral o< ¢~ '. There-
fore, due to the mass loss, the waveform of b-EMRI dif-

fers obviously from the normal EMRI after the merger (see
Fig. 1). Furthermore, in Fig. 2, we show the case that the
compact binary does not merge during the 1-year inspiral.
Without the mass loss, the waveforms from b-EMRI and nor-
mal EMRI superpose together and can not be distinguished
visually (see the bottom panel of Fig. 2). However, if we
zoom in the waveforms, we still can see the obvious dephas-
ing between them with enough evolution time (see the top
panels of Fig. 2). The dephase can be larger than 1 radian,
which in principle can be recognized by matched filtering.

In Fig. 3, we show the matchs between the normal EMRIs
and b-EMRISs with different merger moment of the compact
binaries. As a result, we may state that b-EMRIs with com-
pact binary mergers can be recognized from normal EMRIs
easily. Fortunately, even for the b-EMRIs without the merger,
the match between two kinds of waveforms is small enough
to distinguish the b-EMRI signals. At the same time, the
merger of the compact object also radiates high frequency
GWs which can be observed by LIGO, Virgo and KAGRA,
or the third generation detectors like Einstein Telescope and
Cosmic Explorer. This makes the b-EMRIs become multi-
band GW sources, as stated in [22,26].

Though from Fig. 3, the matchs are small enough to dis-
tinguish two kinds of waveforms, the “confusion problem” is
one challenge we may encounter in recognizing the b-EMRIs
from normal EMRISs. This kind of confusion is intrinsic to the
model, namely, a b-EMRI waveform and an EMRI one with
different parameters can be almost identical. If the confusion
problem exists, even if the ground-based detectors observe
the GW signals from the merger of BBHs in b-EMRI, we
may still have a challenge to relate it with the b-EMRI event.
In addition, in a pessimistic scenario, the high-frequency sig-
nals may be missed by the ground-based detectors. Hence,
an important question arises, i.e., whether the space-borne
detectors can distinguish a b-EMRI from normal EMRIs.
With this question in mind, we performed a confusion test on
the b-EMRI waveforms in both cases (merger or non-merger)
to explore whether a b-EMRI waveform can be replaced
with an EMRI one. The results are demonstrated in Fig. 4.
Note that here for efficiency we omit the spin in the orbital
motion, because with or without spin only has a tiny change
on the match values, and no influence on the result. In the
left panel, the merger of the black holes in b-EMRI occurs
after 6 months, and the maximum match M, = 0.861. In
the right panel, the compact binary does not merge during
the one-year inspiral, then M,x is 0.982. If the mismatch
1 —M > (N — 1)/(2p?), a certain signal in principle can
be distinguished [66], where N is the number of parameters
and p is the SNR. For typical EMRIs, usually N = 14, the
threshold of M = 0.984 for SNR reaches 20. Therefore,
LISA or Taiji in principle can recognize the b-EMRIs from
normal EMRIs with enough SNRs even for the non-merger
cases.
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0.05 1 — binary-EMRI \
g
+ 0.00 A
<
a
~0.05 ,
1
1
1

0 50 100 150 200 250 300 350 400
Tldays]

Fig. 1 Thel =2, m = 2 waveform s, of the b-EMRI with parameters m; = ma, m|/M = 107%,6 =03, R = 5%, alongside a normal EMRI
waveform with parameters m’ = m; + my, @ = 0.3,1 = 2, m = 2. The compact binary of the b-EMRI mergers in the sixth month, indicated by

the dashed line
0.04 | i
0.04{\ Aﬁ o.oso-MMMV\
1
0.02 + 0.02 1 i 0.025 -
1
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1
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—— normal EMRI
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Qq
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Fig. 2 The ! = 2, m = 2 waveform A of the b-EMRI with parameters m; = ma, m;/M = 1073, dp = 0.029M, @ = 0.3 and the waveform of
normal EMRI with the same parameters in Fig. 1. The compact binary in the b-EMRI does not merge during this 1-year inspiral
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1.0
0.8
0.6
2
0.4
—— tcoal = 3 months
teoal = 6 months
0.21 — tcoar =9 months
—— Not merge
1 2 3 4 5 6 7 8 9 10 11 12

t [months]

Fig. 3 This figure shows the matchs between the waveforms of b-
EMRIs and normal EMRIs for different binary coalescence times. The
black line denotes no merger case with initial separation dy = 0.28 M.
The parameter fixed at a = 0.3, m; = my, m/M = 1075 for b-
EMRIs, and m = m 4+ m» for normal EMRIs. We take time series of
different lengths from 1 month to 12 months to calculate matchs. In the
not merger case, M = 0.80 at 12 months

For further quantifying the recognition of b-EMRIs, we
calculate Bayesian factors of b-EMRI versus EMRI wave-
forms with a simple linearized analysis by following the
method of Moore et al. [67]. Bayes factor is used in Bayesian
hypothesis testing to quantify the evidence in favor of one
hypothesis compared to another. For the combined parame-
ter space A = («; 6), the observed signal, s, can be described
as the sum of the GW signal and the detector noise:

s =n+h(a;0) =n+ hat; Or) + Ah(Or) (40)

where, parameter « represents the derivation of the secondary
object from a single compact object, and in the case of normal
EMRI, « is equal to 0. 6 denotes the normal EMRI parameters
including both intrinsic (masses, spins, etc.) and extrinsic

0.3003

0.3002

0.3001

<@ 0.3000

0.2999

0.2998

0.2997

0.2996

0.9497 0.9498 0.9499 0.9500 0.9501 0.9502 0.9503 0.9504
m'/m¢

Fig. 4 Distribution of the match between a b-EMRI waveform and
normal EMRI waveforms with varied a and m’. Here, a represents the
primary’s dimensionless spin, m’ the mass of the secondary in normal
EMRIs, and my, the mass of the compact binary in the b-EMRI. In the
left panel, the compact binary in b-EMRI mergers at the sixth month

(distance, sky position, etc.) ones. Ah(O1;) represents the
modelling error.

Assuming the instrumental noise is Gaussian, the likeli-
hood L(«; 6) = P(s|a; 6) is given by

1
InL(a; 0) = -3 Is — h(a; 0))> + ¢

1
=5 Is = Sh(e; 0) + Ah(6ro)|* + ¢, 47)

where |o|> = (e|e), Sh(e; 0) = h(a; 0) — h(aty; Orp) and
¢ is an unimportant normalization constant. For simplicity,
we assume that the prior on A is flat, so the posterior is pro-
portional to the likelihood. Through the first-order Taylor
expansion of &, the log-likelihood expanded at the maxi-
mum likelihood (ML) parameters Ay, is given by

InLG) =c %F,uv()\ — A" (= am)” (48)

where ¢’ is another constant, I,y is the Fisher matrix. For
the binary-EMRI, the Bayesian evidence integral is

_ o (zn)k+l
Zbinary = | dAL(L) = e G (49)
1Ly

where k is the number of parameters 6. For the normal EMRI,
o = 0, we have

1
In Lnormal (0) = - EFOOOZML

1 . .
— 510 - OmL)" (0 — OmL)’ (50)

Y 2m)k
Zoormal = / 46 Loormat(6) = ¢ T8 /2 | Z 5y
det ',

1.0
0.9
0.8
0.7
0.6
=
0.5
0.4
0.3
0.2
0.1

0.9497 0.9498 0.9499 0.9500 0.9501 0.9502 0.9503 0.9504
m'/my

with m; = ma, m;/M = 107 and & = 0.3. In the right panel, the
compact binary does not merge during this 1-year inspiral, the corre-
sponding initial separation is dy = 0.036M. The maximum matchs
(represented by red points) are 0.861 and 0.982 for the left and right
panels respectively
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Table 1 The logarithm of the Bayes factors (In B) between the waveforms from a b-EMRI and a normal EMRI. The signals continue for one year

and start at rgar = 10 M. “=” mean the BBHs do not merge during the one-year signal

a mi/M do[M] tcoal[months]) R[Gpc] SNR 1-M InB
1 0.8 2x 1073 3.6 x 1072 4 4.0 17.6 9.3 x 107! 286.1
2 0.8 9x 107 3.0 x 1072 - 0.6 26 9.1 x 1072 69.0
3 0.95 1x107° 2.8 x 1072 - 0.5 34.1 3.6 x 1072 39.6
4 0.9 7 % 1070 2.0 x 1072 9 1.0 10.5 3.1 x 107! 33.3
5 0.8 1x107° 2.4 %1072 6 2.5 7.0 6.5 x 107! 32.1
6 0.95 5% 1076 1.5 x 1072 7 0.8 8.5 4.5 % 107! 31.3
7 0.95 1x107° 3.6 x 1072 - 2.0 8.6 3.8 x 107! 26.9
8 0.95 2x10°° 8.1 x 1073 10 0.2 12.6 1.4 x 107! 20.6
9 0.9 1.1 x 1073 3.0 x 1072 11 2.0 10.2 1.7 x 107! 16.3
10 0.9 4 %1070 1.4 %1072 - 0.3 18.2 2.6 x 1074 -19
11 0.8 6 x 107° 2.0 x 1072 - 0.5 18.8 2.6 x 1072 —-20
12 0.9 3% 1070 1.6 x 1072 - 0.2 20.0 2.4 x 1073 —21

where amr, = z/p + +/2(1 — M) cost can be got by the
equation

dlnL
oA

=0, (52)

A=AML

and Iy = 1/,02. Here, z ~ N(0O, 1) is the random num-
ber associated with the noise realization, and ¢ is the angle
between the signals Ah(61;) and dh/da. The Bayes factor
in favor of the deviation from normal EMRI is

_ nz binary

= , (53)
A Znormal

where I7 is the prior Bayes factor and A = o&max — Omin 18
the prior range of «. Inserting the expressions in Egs. (49)
and (51) into Eq. (53), the logarithm of the Bayes factor is
given by

27 (z + p/2(1T = M) cos 1)?
InB=1In ”y p + 5 .

(54)

In this work, our results are scaledto [T = A =1,z = 0,
cost — costy, = 1, and the threshold of the Bayes factor

Binreshola = €'° [67]. The final expression of In B reads

InB=In (g) +p%(1 = M. (55)

In Table 1, we list the logarithm of the Bayes factor (In )
for twelve b-EMRI sources and sort them by In 3. Some of
the Bayes factor 3 are larger than the threshold Bihreshold,
which means these b-EMRIs can be recognized from the
normal EMRIs. Mass loss due to the merger of BBHs is a
distinctive feature of b-EMRIs that can distinguish them from
normal EMRIs. This feature makes it easier to recognize
b-EMRIs from normal EMRIs. If the BBHs do not merge

@ Springer

during the observation, we may also recognize them as b-
EMRIs if with appropriate binary mass m and separation dy.
Because the quadrupole moment of the compact binary is
the critical factor for identifying b-EMRIs. This quadrupole
moment is decided by the m and dy in Eq. (11).

5 Conclusions

Binary-EMRISs can serve as multi-band GW sources for both
ground-based and space-borne detectors. In this study, we
find that b-EMRIs can be distinguished from normal EMRIs
inlow frequency band. Due to the several approximations, the
accuracy of our b-EMRI waveform may not be sufficient for
parameter estimation, but it should be enough to demonstrate
its distinguishability for our work.

Though the change of the energy fluxes and waveforms
due to the binary is tiny compared with the case of the sec-
ondary body just a single black hole, we find that regardless
affect whether the BBHs merge or not during the inspiraling
around the SMBH. We show that the data analysis can in prin-
ciple distinguish b-EMRIs and normal EMRIs. Therefore,
the future LISA and Taiji detectors can recognize b-EMRIs
if this kind of sources exist and have enough SNR. Addition-
ally, we decompose the complicated source terms and can
calculate the b-EMRI waveform in just a few seconds with a
single CPU core. This method will facilitate the development
of the waveform template for parameter estimation.

There are still some difficult problems for future work.
Full consideration of dissipative effects in the case of BBHs
as secondary bodies would also require consideration of the
evolution of BBHs in Kerr spacetime. The elliptical orbit will
be caused by the tidal effect, and the energy flux of BBHs
will be influenced by Kerr spacetime, which are more dif-
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ficult problems to tackle, especially in the case of generic
orbits. Once the complete waveform caused by this hierar-
chical three-body system is known, the high-frequency GW
signal from the BBHs can be separated from the whole signal
by using high-pass filtering techniques.

Finally, a particularly intriguing venture involves multi-
band observation for parameter estimation. Space-born GW
detectors are capable of identifying b-EMRISs, but the mea-
surement of BBHs may not be very accurate. In the case
of identifying a b-EMRI, if ground-based GW detectors can
simultaneously find a BBHs merger event associated with this
b-EMRI, then we can accurately measure the information of
the binary. This makes b-EMRI a typical multi-band gravita-
tional wave source. By exploiting simultaneous observations
from space-based and ground-based detectors, the accuracy
of parameter estimation can be significantly improved, such
as the loss of rest mass result by merger and the detailed
information about BBHs. Therefore, the b-EMRI can be a
unique laboratory for testing general relativity.
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Appendix A: The Teukolsky source term

In this appendix, we will present the main conclusions about
source terms containing quadrupole moments. Different from

[44], we abandon projecting the energy-momentum tensor to
the orthonormal tetrad. This simplifies the expressions. It is
worth pointing out that there are some typos in Eqs. (B10,
B11) of [44].

Following the Ref. [45], the source term is given by the
following relation

Time = / dtdode A* (Tyn + Tiy + Tizir) (A1)
where,
Tun =fonnuny T, (A2)
Titn = Faan@iin T* + 0 (fuanuin T, (A3)
TMM :f;glﬁn_/lllﬁlUTﬂv + ar(fmmmﬂm Tﬂ )
+ 07 (faamum, THY) (A4)
with
2sin @
0 = - 2207 (Ll —2iasing) L] 57, (A.5)
4sin 6 1K
0
—4p+p)L]
T T V234 [( P p)
—a 51n9—(p p)] Slm , (A.6)
4sin 6
fh= Firia ——[L] +iasin6(p — p)ISI2, (A7)
0 ,3 d (iK iK K2
S = o —2p—+ Sim » (A.8)
0 z,oK
friluﬁ ==2 (? + ) Slm ’ (A9)
o
fra=— 580, (A.10)
o)
where
K = ((r* + a®>)w — am), (A.11)
o= (r—iasin®)~!, (A.12)
f= 0 M sing +scotd (A.13)
ST 00 sin6 '

and the null tetrad is defined as

2 2
= ﬂ,l,o,i ,
A A
2+ a2 A 0 a
2y 2y’ ’22‘ ’

u iasin@ 1
mt = \/_ ,0, \/_ ﬁsm@ (r +iacosb).
(A.14)

nt
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Now, we get the new form of energy-momentum tensor as
defined in Eq. 1

1 1
TH =/df |:_7>(/W)54+ 3 QS(//,V)SAL
A—8 Nt 4 ( )

+——= 050 (I““”pa“)} ,

1
NE
(A.15)

where

PR =PHy” + s, 8"y’

1 2
+ gﬂ‘WR“apy — grﬂgprvw Jorpe

2
_ g(zpwsppyag]v(/)y)a + _]Mapya)/[‘vio)’

(A.16)

2
QB;LU SS/LUU §(J,o;wy Fspy ijﬁyu rvyp),
(A.17)

jé;wp - _ %J‘SMW’_ (A.18)

To remove Dirac delta functions from ZIZ’SO, we used the
well-known property

da" S(x — ar
/g(x) [f(lex(: xo)]dx — o) [[li(nx)]

|x:xo-

(A.19)

By switching the order of integration, we can obtain the gen-
eral expression

ar\ 7',
et st () oo

d? 43

d
Co+Ci—+Cr—5 +C3—
X(o—l— ldr+ 2dr2+ 37,3

- (A.20)
where
Co = OW ;}U: , (A21)
C) = —Om [ f;v] Y [ f}jv] : (A.22)
C=om [ ]-ne L]+ [ n]. a3
c=nw 12 ] -k 14 (A24)
Cy = KP [ fjv] (A.25)
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with

0 0 0. - 0 - -
Juv = Uanhpio + famnqin + fpaiuimn) /=8,

(A.26)
f;iu = (fnlyhn(u.’;lv) + fn%,;,’”ﬁumu)/\/ —g, (A.27)
fav = Fmamuin) /=g (A.28)
and operators O"V, H*V  JCHY being defined as
OMY — (_wZJZ;wt + zmwjt/j,w) _ m2j¢/1,1)¢>
—iwQ" +imQP 4 PH)
+ (Ziwjtp.vr o Zimj”w(ﬁ _ Qruv)ar
+ Qiog" = 2imJ M — Q)ay
+ 2jr/1,v(9 900 + Jrwr 8r2 + j@pﬂ)@ 392, (A.29)
HHY = i(zwjtuur _ zmjr;wqb + I-Qr;w)
+2(T B, + T 8p), (A.30)
KCHY = grivr, (A31)

It is convenient to check the correctness of operators O*,
the form of the terms is related to the direction of the compo-
nents of the multipole tensor. The direction (¢, r, 6, ¢) rep-
resents (—iw, —a,, —dg, im), respectively. For example, the
coefficient of 7¢ ") should be 2(—dp) (im). And operators
ORY HIY | KCHY satisfy

OV [ f(r)g(r,0)] = O* [g(r,0)1f(r)
df(r)
dr
d* f(r)
dr?

+H" g (r, 0)]

+ KH[g(r, 0)] (A.32)

where g(r, 0) and f(r) are arbitrary smooth functions.

Appendix B: Parameter separation

In this appendix, We will give an explicit form of f;;(a, r)
in Eq. (39). In the circular and equatorial orbit, we have

v =0, (B.33a)
v = 0. (B.33b)

Furthermore, if p*, S*V and J @By take the form described
in Sec. 2, we have

Q@/w — 0’
jauve —0.

(B.34a)
(B.34b)

Hence, operators O*¥ and H*" become
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123% — (_a)2jtpbvt + zma)jlu/l)(ﬁ _ mzquvdb
—iwQ"™ + imQPHY 4 PHV)
+ QiwI™r —2imJ"? —

2

+ jr/wrar ,

Q"*")9,
(B.35)

HMU — i(zwjtﬂl/r _ 2mjrllv¢ + iQrul)) + erl,u)rgr.
(B.36)

We will prove that Eq. (A.20) can be rewritten as following
form

zyol = ¢t f dre' @'~ mq’)(Ze CiiMa,r)  (B.37)

as the first step, where 6; = (mp, S, M™", M™®, M?%?). Note

that
st = 5%k, (B.38)
MM = M"8}8) + M (8185 + 81y 8))
+ M5l sy (B.39)
indicate S*¥ = S*S*¥ and
TS = MY e T MG (B.AO)
where
SHy — elwyrv)/’
rafys [y s
J;x vo _ Otarﬁ]gry
A 3
Jfﬂ)’a — __2(p[06(sf] V 8] + p[Ol(S,B 8[}’ 8])
m
jgﬂyﬁ — __2p O(aﬁ](s[}’ 3 (B4])
m
Similarly, we can get
PH = my Py + SPY + M PYY
+ M"PY + MPPPLY, (B.42)
QP = 52 QU 4 M QUMY 4 M QI
+ M9 QY (B.43)
j(SpLVp — Mrrj??l/vvp + MV¢J48MVP + M¢¢J58Mv’0 (B44)
where
”wa = v, (B.45)
P = IHs, 80P, (B.46)

1 2
Pil“) — gJiI/USP)’ thsp}/ _ gl"ﬂaprv}/o_ Ji‘s}’po'
2
= JQI Lo P 4 I 8T ),
i =345, (B.47)
QY = 8y, (B.48)
2
Q)" = =S UMYy 4 20T, (B.49)
i=3,4,5, (B.50)
2
TP = _Z P 3 4.5, (B.51)

From Eq. (B.35), Eq. (B.36) and Eq. (A.30), operators O*",
H™¥ and K also have the separation form

OM = mpO)" + S*O5" + M O%"

+ MO + M OL, (B.52)
H*Y = STHY + M7THE + MTOH,”

+ MPPHLY, (B.53)
KM= M"Y + MK + MO KLY (B.54)
with
oy =P, (B.55)
O = —iwQY" +imQY"™ +PL — Q)*s,,  (B.56)
Ol{“) =(—w jkli“)l + mejktl“)(b _ m2jk¢MV¢

— 0O +imQM" + P

+ Qo™ = 2imJ""? — Qe

+ T2k =3,4,5, (B.57)
HyY = -y, (B.58)
Hk _ l(2 jt;wr _ jruvqb + lQer)

+ 2718,k =3,4,5, (B.59)
K=" k=3,4,5. (B.60)
Then we can prove Eq. (B.37), and coefficients Cl lmw " read

i dr\™! 0 1.4
e = (%) (orun-oruts
d .
+(9§“[f,fuld—r> R (B.61)
dr\ !
e =(5) (oruhr+ (- o
;zw[f/i)u]> (Ouv[f M-v)d_
+HY'T f,fu ) R, (B.62)

@ Springer



478 Page 14 of 15

Eur. Phys. J. C (2024) 84:478

e =(4) " (ot [0
Hor ] e ()3
2
wor [ - [ et [ ]) 5
[ "

(2] - )

e [2]) ) ®

Then, following the Egs. (30)—(36), the total GW energy flux
reads

RPN k=3 4,5,

Imw

(B.63)

rnqg

I
Z Qm/(m$2)?)

~
[\.)

Y (ec
i=1
5 5 oo I

W

H Cll’l | |2)

Im2 " ilm$2 -I-Ol[m|9C

Im$? 1lm.Q

H in H in
{[(Clm.QC lm.Q) ¢ (Clm.QC/lm.Q)]

et [ (€25 €0 ) 0 (C2 5 CP

Im$2 Im$2 jlmé)]D (B.64)

where the operator ¢ is defined by

a ¢ b = Re(a)Re(b) + Im(a)Im(b) (B.65)

with Re and Im denote the real and imaginary part of a com-
plex value, respectively. Note that use Eq.(B.37) we can also
obtain a separation form for the b-EMRI waveform

hlm - __Z {( _(2)2 ZI;InQCzl?m.Q[a r(t)]}

Sﬁf(@)ezm@—wm_ (B.66)
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