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ABSTRACT: We present O(as) analytic predictions for event shape 1-jettiness 7 distribution
ailming measurements in deep inelastic scattering process at future Electron Ion Colliders.
The result depends on conventional variables x and Q) as well as on 7 and is relatively
compact and easy to implement for numerical calculation. Three different choices of axis,
with respect to which 77 is measured are considered in the Breit frame. The first is the one
optimally adjusted to minimize 7 and the second and third are taken from anti-k7 and
Centauro jet algorithms defined with a jet radius parameter R, respectively. We find that
the first and second give the same result at this order and are independent of R, while the
third depends on the radius. This fixed-order result provides a nonsingular contribution
to be combined with a singular log-resummed contribution to give the full spectrum in 7
space and also shows how fixed-order and resummation regions change as a function of x
and Q.
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1 Introduction

Jets, energetic hadron bunches produced in high-energy collisions, are useful tool to study
the strong dynamics induced by Quantum Chromodynamics (QCD) and to probe new
physics beyond the Standard Model. Its application to future QCD machines that probe
internal structure of ions with electron beam is extensively investigated in Electron-Ion-
Collider in the US (EIC) [1, 2] and in Electron-ion-collider in China (EicC) [3]. The jets can
be defined and studied exclusively using jet finding algorithms [4-9], which conventionally
require parameters like a jet radius and jet veto. On the other hand, they can also be studied
inclusively with classic observables called event shapes [10], which are theoretically simpler
with a small number of parameters, hence easier to achieve higher accuracy compared to
exclusive jet study. An example of event shapes is a thrust which has been predicted up
to N3LL+0(a?) accuracy [11-16] in ete™ annihilation. From the event shape, the strong



coupling constant was determined at 1% precision [15-17], which is one among the most
precise determinations listed in Particle Data Book [18].

The thrust as well as other event shapes in deep-inelastic scattering (DIS) was stud-
ied [10] and measured in HERA experiment [19-24]. Due to limited detector coverage they
were defined from particles in a current hemisphere, to which products of hard scattering
usually belong while initial-state radiations and beam remnants do not. On the other hand,
the definition in eTe™ is done with both hemispheres. More recent developments including
improved accuracy and/or new event shape predictions [25-31] assume that future machines
can cover both regions. With the assumption, DIS thrust, which we call a 1-jettiness [25, 26]
can be defined as'

2 .
= — min{qp-pi,¢s-pi} (1.1)
QQ
ieX

where p; is the momentum of particle 7 in the final state X and @ is a hard momentum

1

transferred by a virtual photon. gg and g; are beam and jet axes, onto which momentum
p; is projected. The operator ‘min’ takes smaller one among two scalar products and this
makes particles grouped into one of two regions, beam or jet. The value of 71 is small
when the final state X contains two collimated bunches along each of beam and jet axes.
Otherwise, for multi-jet final state the value is not small. In [25], a version called 7¥ was
defined by z axis in the Breit frame for ¢; and known to be same as a version of DIS thrust
called 7¢ measured in HERA [33]. It was computed analytically at the first order in o [34].
In this paper, we study another version called 7{ [25, 35] for which the jet axis ¢ is
determined by axis finding algorithms, while ¢p defined next section is held fixed to the
beam axis. Its distribution was numerically computed in the Lab frame [26] by using the
axis obtained from anti-kp algorithms. In this paper we consider three different algorithms
in the Breit frame in section 2 and show analytic expressions of our fixed-order predictions
at the first order in o, and separately next-to-leading power (NLP) terms in small 7y limit
in section 3 as well as numerical results in section 4. Finally, we summarize in section 5.

2 1-jettiness with three jet axes

In this section we define the jet axis ¢; and write down the expression of 1-jettiness defined
with the axis for 2-body final state. We consider three different jet axes in the Breit frame.
The first axis is the axis that minimizes the value of 1-jettiness as in eTe™ thrust and we
call it a 1-jettiness axis. Next two axes are obtained from jet momentum defined by anti-kp
algorithm [9] and by Centauro algorithm [36].

We first make a quick review of kinematics in the Breit frame. In the frame, the virtual
photon with momentum ¢ and the proton with momentum P are aligned along the z axis.
One of advantages of this frame is that the initial state radiation moving along the proton
direction is well separated from the other particles produced by a hard scattering. We take
the proton to move against z direction
_ Qi

pH— =
x 2

(2.1)

Tt is called 1-jettiness since it is N = 1 version of N-jettiness [32] that is generalized thrust for N-jet events.



where the unit vectors n, = (1,0,0,1) and n, = (1,0,0, —1), the hard scale @ is the photon

virtuality Q% = —¢? and the Bjorken variable x = Q?/(2P-q). The virtual photon ¢
is spacelike

¢ =QrEE g % (2.2)

A parton from the proton taking a fractional momentum p = (P = Q/ z%,

z=ux/€ and © < z < 1, scatters off the photon. At order O(aj;), the final states contain

two particles with momenta p; and ps. Using the momentum conservation p + ¢ = p; + p2

where

and the onshell condition p? = p2 = 0 we can express the final momenta in terms of z and
a dimensionless variable v = p; /Q as

1—2z n¥ 1-=2

p’f:Q(l—v)n—;—l—Q . 07—62 . (1—v)vnt, (2.3)

nk 1—2 nk 1—2z
Pp=Qur +Q——(1—v)5- + Q| —= (1 —vvnl,

where 0 < v < 1 and n is an orthogonal unit vector to n, and n,, i.e., n;-n, =n,-n, =0

andn; -n; = —1.
The beam axis qp is defined to be proportional to the proton momentum

p Iz ng
qp =axP! = Q; . (2.4)
The scalar products of the beam axis gp and p; contributing to 1-jettiness can be expressed as

2q5-p1 = (1 —v)Q*,
2qp-pa = vQ?,
2qp-(p1 +p2) = Q*. (2.5)

2.1 1-jettiness axis 73t

In the determination of 1-jettiness axis, we allow the direction of jet axis to be varied, while
the absolute magnitude of three-momentum part to be held fixed to /2. Then, the g5 can

be expressed as

m
0= Q"% = Lag, (2.6

where 717 is a unit vector adjusted event by event in such a way that minimizes the value of
I-jettiness. Rewriting eq. (1.1) with p; and py explicitly gives?

. 2 2
' =~ min min{qp-pi, ¢ pi
gzl {;_1 {aB-pi;qs pz}}

= min {qB‘(pl +p2), mﬁin{qJ-(pl +p2)}, q-p1 + mﬁin{qJ-pz}, mﬁin{qJ-pl} + QB‘p2}
J J J

:min{l, 9(—2—1—1)—1—1_29(,2—1) , 1—wv, v}
2 z 2

— (1= ) O1(v,2) + v Ouv, 2) + ——= Omi(v, 2). (2.7)

2From now on we drop the subscript “1” in 1-jettiness 71 for a conventional simplicity hence, 73* implies

t
7i* and same for 7°.



_22-1

0.8} I
0.6}

0.4

02} I

0.8}

0.6}

0.4

0.2}

z z

Figure 1. Two-body phase space for 1-jettiness, 7%kt with jettiness/anti-k7 axis (left) and 7° with
Centauro axis (right). 1-jettiness takes the same expression in first three regions while the fourth
region is only for 7¢. The bound of fourth region for jet radius R = 1 and 2 is shown in red dashed
and red solid, respectively.

The outer ‘min’ operator with 71y beneath it in the first line implies that it is adjusted
to minimize quantities in the braces. In the second line, we listed all four combinations
of scalar products between ¢p ; and p;2 then, moved the outer ‘min’ inside so that the
axis 7y is determined by minimizing each scalar product. For the first product there is no
product with ¢y and 7 is not determined. From the second to the last iy = 2, po2, and
p1, respectively. We used eq. (2.5) to express the scalar products in terms of v and z and
obtained the third line. Then, the outer ‘min’ selects the smallest among those four and it
leads to three regions denoted by O;

elze(Uf)e(v_Qz‘l),
2 z
6)11:9(—114—1)9(—114—1_2),
2 z
@111—9(—1}+2Z_1>9<U—1_2),
z z

where the step function (z) is 1 for z > 0 and 0 otherwise. The three regions are plotted

(2.8)

in the left panel of figure 1. From the expression we find the maximum value of 7t

: 1 2 1—=z 2
bt = _ z _Z
T ax 29( :E+3) + . 9(;13 3),

which is a constant in v. We used the hadronic variable x in advance instead of the partonic

(2.9)

variable z, which is replaced by x at the end. The maximum occurs on the heavy lines in
figure 1.



2.2 Anti-k7 algorithm 7*t

In the kp-type algorithms [9] designed to be invariant under longitudinal boosts, the
distance between particles is defined in term of transverse momentum p7 and invariant
angular distances

. 2p 2p AR?] 2p
dij = dji = min {p7;, P7j}—5 s din = PY (2.10)
AR = (yi — y)* + (0i — 95), (2.11)

where d;; is the distance between outgoing particles 7 and j, and d;p is the distance of a
particle 7 from the beam. p7; is the magnitude of the transverse momentum of particle 7,
R is a jet radius parameter of O(1) and AR;; is an angular distance defined in terms of
distances in rapidity y and in azimuth ¢. The power p on the momentum is a real valued
parameter. When p = 1,0, —1, it is called k7, Cambridge/Aachen and anti-kp, respectively.
In this paper we take the anti-kr algorithm p = —1, which is a conventional choice by
many experiments.

With above distances, the jet algorithm finds minimum d,;, among all the d;; and d;p.
If dmin is a d;j, particle ¢ and j are merged into a single particle and if dy,, is a d;p, the
particle is declared to be a final jet and removed from the list of final particles. We repeat
this with new list of particles until all the particles in the list are gone.

For a two-body final state, we need to compare di2,d1p and dsp to classify jets. Recall
that in the Breit frame the transverse momenta of two particles in eq. (2.3) are back-to-back
so that

dip = dap = |pr1| 2. (2.12)

The distance in azimuthal angle between p; 5 is (1 — ¢2)? = 72 and the distance in rapidity
is (y1 — y2)? = In? 1;—” Then, the distance d;; is

|_2 7T2 4 1n2 1—v

di2 = |[pr1 72 . (2.13)

2 1—w
v

than d;p. This means that there is no merging in the two-body final state. The anti-kr

Typical size of jet radius R is smaller than 7 and In > 0 hence, d;; is always greater
algorithm gives two jets and each of them is p; and po and the jet momentum of each jet is
p;- The jet axis g is defined from the jet momentum as

5 = {|p1]/(1, 1), [p2|(1,P2)} = {p1,p2}, (2.14)

where in the second equality, we used the fact that p; is massless. In higher multiplicity, the
jet algorithm returns more jets. Among those jets, what we need is collinear jets with a large
momentum that are candidates for the jet axis ¢y and by implementing a veto condition
we can reject unnecessary soft jets with a small momentum. Among the candidates, the
one that gives the smallest value of 1-jettiness will be selected. Then, 1-jettiness with the



candidates p; and ps is given by

w2 |
kt . .
TV = — min min{gp-p; ,qJ Pi 2.15

Q? qs€{p1.p2} ; { ‘ i} ( )
9 2 2

= —5 min { > min{gp-pi,q-pi}. > min{gp-p;, Q2'pi}}
Q i=1 i=1
2 . .

= Qlen{ min{qp-(p1 + p2), p1-(p1 + p2), 45-P1 +p1-p2, 4B-p2 +p1-p1},

min{gg-(p1 + p2), p2-(p1 + p2), 4B-P2 + P1-P2, 4B D1 +p2'p2}}

i {1—73 }
=min{ ——, v, 1 —v
z

:7’th

where in the second line we set g5 = p; and gy = po after first and second summation
symbols, respectively. Then, as was done in eq. (2.7), all possible combinations are taken
into account in the third line. To get the fifth line, we used eq. (2.5) then, deleted trivial
terms that cannot be taken as a minimum. Interestingly, we come up with a fact that 75t is
equal to 7 in the two-body case. This is because of simplification with a small number of
final particles. In general, the radius R dependence enters in the case of anti-kr algorithm
and we do not expect that 73¢ and 7K are the same with higher multiplicity. We do not
consider higher multiplicity in this paper and from now on, we do not separately treat 75
except for the case when we need to distinguish 7% from 7it.

2.3 Centauro algorithm ¢t

For the third jet axis we would like to adopt the Centauro algorithm [36], which is more
recently introduced algorithm for DIS taking into account the target-current asymmetry
in the Breit frame. It is still longitudinal-boost invariant like the anti-kr algorithm but it
allows to capture jets close to beam axis while the anti-kr algorithm cannot form a jet in
the region since the rapidity distances between particles across the beam line become very
large (y; — y;) — Fo0.

The Centauro algorithm defines the following distance measure

dij = [(AflJ)Z + szfj(l — COS Agbu)} /RQ, diB =1 s (216)
where Af;; and A¢;; are differences between f; and f; and ¢; and ¢;, respectively. The
function f; is a function of an angular variable 7; of particle ¢

= = P;
fi= (), i = 213 ; , (2.17)

where 77 diverges in forward region as n,-p; — 0 and thus prevents jets from enclosing the
proton beam direction, while it decreases as particles become closer in backward region
n.-p; > |pir|. For the function f, we take the simplest form in [36]

fm)=n. (2.18)



Then, f; and fs and the distance dyo are given by

1—2z /1—w
fi —2\/ e fa =24/ . . (2.19)
1

f1+f2 41—z
 R2 Rz v(l-v)’

di2 =

(2.20)

where R is a radius parameter of order O(1). If dp;y is a d;p, we have the same jet as the
anti-k7 jet. If dmin is a di2, we have a jet with momentum p; + p2, which is not allowed in
the anti-k7 algorithm. The condition for two particles merging into a single jet is di2 < d;p,
which indicates the following region

Ory(z,v) =0 (2 —2.(R))0 (v—v_(2,R)) 0 (—v+vy(z,R)) , (2.21)

where vy are upper and lower bounds of the variable v and vy = 1/2 at the value z = z.(R)

1 1 — 216 16
I S (R) = —> . 2.22
vz ) =5 %5 o W =15 (2.22)

In this region, the jet momentum is p; 4+ p2 and ¢; is always in the opposite to the
proton direction
2z — 1 n,
z 27

5 = Ip1 + p2/(1,712) = Q (2.23)

where 715 = (p1 + p2)/|p1 + p2|- Otherwise ¢S = ¢&' is one of p; and ps as in eq. (2.14).
The right panel in figure 1 indicates the phase space for 1-jettiness with the Centauro
algorithm. The bounds of region IV for R = 1,2 are shown in the figure in red curves.
The region reduces to zero as R — 0 and invades the regions I and II for R > 2. In many
experiments, R is taken to be less than or, equal to 2 and the phase space in this range is
also relatively simple. So, we constrain the region of our interest to be

R<2. (2.24)

ct

Then, in the region IV the value of 7' can be computed with Centauro-jet axis in

eq. (2.23) and in the regions I, II, and IIT 7¢* = 7J¢. Now 7! in any region can be expressed as

_ @W@Z—lz);l—z) +(1— 6w, (2.25)

Note that 7¢ is always positive in the region IV as well as the other regions because the
minimum value of z is z.(R) > 4/5 in the range given by eq. (2.24).

3 Analytic cross section at order o

In this section we summarize the analytic result for 1-jettiness cross section in DIS computed
at the first order in «. Details of the calculations are given in appendix A. Here, our results
are given in the form of cumulative cross section obtained by integrating the differential

c T do
g (77(1;'7@) :/0 dT/m. (31)

cross section



The DIS cross section is conventionally decomposed into the structure functions F;

2 _
o(r,z,Q) = 42; 1+ (1—y)HF + ! " Irl . (3.2)

This can be expressed in terms of Fi, F by using the relation between structure functions

Fy = F;, + 2xF;. Note that the structure functions are the functions of 7 as well as x
and ). At the point 7 = Thax, the cumulative functions ¢ and F; reduce to the inclusive
cross section and inclusive structure functions, respectively. The F; are coefficients of basis
tensors that decompose a current-current correlator called the hadronic tensor WH¥ defined
in eq. (A.3) and one can read off the individual coefficients by projecting with orthogonal
tensors like P, P,W" and g, W"" as shown in eq. (A.6).

The structure functions are written in terms of these projected correlators

=) (4+B), (33)
1=4q,49,9

Fp= ) 4zA;,
1=4,q,9

where A; and B; are respectively equivalent to P, P,W#” and g, WH*" up to multiplicative
factors that can be found in eqgs. (A.54) and (A.57). They contain logarithmic terms
(singular) that were obtained by the factorization formula in [25, 35]. Non-logarithmic
terms (nonsingular) are obtained in this study by fixed-order QCD calculations. Each of
A, B can be written like A = A58 4 A" and B = B%"8 + B". For the completeness we
copy and paste the singular parts

sing __ gsing __
Asing = Asing — 0,

: 1 a,Cr(9  =?
By =S Q3 fulo) |5 - U (5 + T + 3t 27|
f

2 4 \2 3
asCp [Ydz , [z Or
+ . /$ ?fq (Z) |:£1(].—Z) (1+22)+1—3+qu(z)ln/ﬂz}},
ing _ sasTp (Ydz , [z Q*r1—2
By g_zf:Qf o /x 7f9 (z) ll—qu(z)—{—qu(z)ln <M2 > ) (3.4)
where Pyq(2) and Pyy(2) are the splitting functions and £, (1 — z) is a plus distribution
[ 1+ 22
P, =16(1—
a9(2) _9( z) -z,

Pyg(z) =[(1 - 2)2 + 22] )

Lo(l—z) = :9(1 — zl) l_n’;(l —2)

(3.5)

+
Note that the anti-quark contributions A; and B; are the same as A, and B, except for
the quark PDF replaced by the anti-quark PDF.



The nonsingular parts are computed in appendix A. The final expressions are given by

e ZQ2O£50F{ QT_l)@()/l”dzfq( )+/:dzfq (j)}?

A = ZQQO‘S F{ 7—1)@0/1”dzfg( >(1—z)—|—/:dzfg(j>(1_z)}’
By - ZQZ%CF< oo [ () [ -1y - Pt 7]}

/1 dzfq( ) [/30(1 —2)1_7;% — Pyq(2) IDT} +fq($)(21n27+31n7))’
S [ () oot

/1 dz £y (1‘) [1+ Pyy(2)In r]} , (3.6)

where O represents physical region of 7 for a given value of z

eo(r,x)ze(f)e(—H;)e(—H1‘“””). (3.7)

X

In comparison to 7%, the singular and nonsingular parts of 79 have many terms in common
with those of 7° in [34]. Their differences are summarized in appendix C.

As shown in eq. (2.25), 7 is different from 7J¢ in the region IV. We take their differences
in the region and denote them by JA4; and dB;. Then, the structure functions for 7 are
obtained by replacing A by A+ JA and B by B+ 6B in eq. (3.3). Their final expressions
are given by

A = ZQQQSCF i) [z £, (2) ).
)

OéST Zjt T
0Ay = ZQQ To Oct (T) dz fg (z

ns _ QasCF Zit dz x 1—4z 1+22 1+7r(2,R)
By =-24 alr) [ fq(z){Q(l_z)r@,RH lnl_r(%m},

. 2 1-=2

OB = — ZQZO‘sTF O /:td;fg (i) {—r(z,R)+qu(z)1nﬂEZg;}, (3.8)

t

where 0. is upper limit of 7

2
Oct(T) =6 (—T + ]1%6> , (3.9)



and the parameters zj; x and 7(z, R) are given by

o a{ 1 } (3.10)
Zt = MAX T 70 .
Zet = IMAX { T 16 Stvl-dr (3.11)
TN 6 R 22+ ) [ ‘
1-216
r(z,R) =vy —v_=1/1— 2k (3.12)

The differential distributions can be obtained by differentiating egs. (3.6) and (3.8). We also
give their explicit expressions for 7/¢ in eqs. (A.55) and (A.56) and eqs. (A.58) and (A.59)
and for 7% in eq. (B.1).

In addition, by expanding Ag®, AP®, Bg® and By® in the 7 — 0 limit we can obtain the
NLP term which is the power correctlon to the smgular terms in eq. (3.4). At the leading
power the corrections contain terms like 7 and 71n 7, which is suppressed by 7 compared to
the singular terms. The NLP obtained from eq. (3.6) can be expressed as

A7l S0 ZQ2 aSCF {fq(z)+2/gc1 dz f, (f)}ww),
AP 70 ZQQ QSTF {2/: dz fg (Z) (1—Z)}+O(T2)>

BP| = ZQQOzsCF {(;—l—?)lnT)fq(m)—<2+21n7’)$f;(:v)

/1dzfq( ){1 4Z)£0(1_Z)+qu(z)}}+(9(72),
{1

z) (1+1In7) —i—/l %fg (Z)[ Pyy(z )—2]}+(’)(72), (3.13)

QSTF

an T—)O Z Q2

where f'(z) = df (z)/dz.

In expansions of eq. (3.8), we assume that 7 < R?/16 then, z¢t = 1 — 7 — 73 + O(14).
Otherwise, eq. (3.8) vanishes. At O(7) the power corrections are zero except for 6 B;°. So,
expanding up to first nonzero correction we have

AT 0=~ G ) -0,

asTF 3

7° fy(z) + O(r7),

5Ans 7’—)0 Z Q2

2
an T—)O ZQ2 aSCF (_ § +2In R) fq(x) + 0(7—2) )

2 47
2
SB| = ZQQ asTF 2( n%_ _ 1) 1) + 0. (3.14)

It is worth to note that PDFs derivatives appear in the NLP results which should be
identified in a factorization at the subleading power and O(,/71) corrections are absent for

~10 -
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Figure 2. Differential 7/¢ cross section at Q = 30 GeV and = 0.05 and 0.7. Singular (blue dashed),
nonsingular (green dotted), and their full (red solid) distributions.

any of the jet algorithms presented since power corrections of 1-jettiness scales like O(7{")
with integer n. Another feature to note is that the appearance of a jet radius dependence
in eq. (3.14) is expected from the effective theory analysis [37] that implies that power
corrections are sensitive to the jet algorithms and the logarithmic structure due to the
phase-space cutoff typically appear at the leading power in jet substructure observables [38]
and in transverse vetos [39].

In the context of high-order calculations in perturbative QCD, the observable N-jettiness
is used to control and to subtract the infrared singularities in numerical computation [40—
42], the results in egs. (3.13) and (3.14) are essential ingredients required to improve the
subtraction accuracy to subleading order [43, 44|, while the singular part in eq. (3.4) is for
subtraction at the leading order. The results also serve as an important crosscheck to be
reproduced by effective field theory approach using the factorization at subleading power
on the way to the higher-order in a. It is worth to point out an interesting observation in
our results. The algorithms, 1-jettiness and anti-k;, are the same at the order a; hence,
their subtractions to arbitrary accuracy are identical at this order. On the hand, the jet
algorithms, anti-k; and Centauro, are different in the subtraction at the subleading power
because their difference in eq. (3.14) contains non-vanishing 7 In 7 terms.

4 Numerical results

In this section, we show our numerical results obtained by using analytic 1-jettiness cross
sections at order ay in section 3. We compare singular and nonsingular parts at different
values of 2 and Q. Numerical difference between 7i* and 7 are also presented for several
values of R. We also compare our result to 7 result given in [34]. The crossing point between
singular and nonsingular parts implies a boundary between fixed-order and resummation
regions and the point as a function of x at several values of @ is presented. In choosing the
values for the kinematic parameters z and @ in the section, we considered the region that
can be studied in future experiments such as EIC or EicC.

Main achievement of this paper is the analytic expressions of nonsingular part of 7t
and 7¢. In figure 2 we show the differential 7' cross sections where singular and nonsingular
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Figure 3. Relative difference between 7 and 7i* distributions with three values of R =1.0,1.4,1.8
at x = 0.01 and Q = 10 GeV.

parts as well as full fixed-order results are presented at two values of x with a fixed value of
(. The result at different values of () shows the similar pattern. The cross section shown

in the plots is normalized as

do 1 do

i oedr (4.1)
where 0g = 2ma? [1 + (1 — y)?] /Q*. Note that 79 for 2-body final state vanishes at 7 = 1/2
when x < 2/3 and at 7 = (1 — z)/z when x > 2/3. Beyond the point the singular and
nonsingular cancel in the sum and the full cross section is zero.

About the other variant 7¢, its singular part is the same as that of 7' and the
nonsingular is similar to 7/¢. Instead of showing the similar style of plots for 7', we compare
difference between 7/t and 7 in figure 3 by using the expression in eq. (3.8). The size of
difference increases with R increasing and it becomes as large as 25% when R = 1.8. With
smaller values of R the difference quickly reduces to zero and this is consistent with the
R dependence of the region IV in figure 1 left panel, where the region shrinks to zero as
R — 0. A feature of sharp turning upwards in the plot is associated with the contributions
from 7 vanishing in 7 > (16 — R?)R?/256. Then, when the other contribution from 7t
vanishes in 7 > R?/16 the difference becomes zero as shown in the figure.

In figure 4 we compare our result to another version of 1-jettiness called 7° in [34].
Because of difference in factorized formula between them, their singular parts are differ-
ent [25]. However the difference in singular part is proportional to d(7) and is not visible
in a differential distribution like figure 4. Therefore, the difference from 7° shown in the
plot is from nonsingular parts and the size of difference is larger at lower value of ). Note
that as shown in the plot 7° does not vanish beyond 7 = 1/2 because the maximum of
70 is 1, while it is 1/2 for 7* and 7¢*. For the uncertainty figure, the uncertainties are
obtained by varying the renormalization scale from p = @ by a factor of two up and down
(d6(Q) — do(2Q))/dé(Q) and (d6(Q) — do(Q/2))/dé(Q) as upper and lower boundary,
respectively. We can find that 7/¢ and 7' share almost same uncertainty. They only have
slightly difference with each other within 7 = 1/2. This uncertainty increases with the
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Figure 4. Upper two figures are 73* and 7" distribution in comparison to 7° at Q = 30 GeV (left) and
4 GeV (right) with fixed values of z = 0.05 and R = 1 and lower ones are corresponding uncertainties.

decrease of the values of Q. We also compare uncertainties for 7°* with different R value
and find that the effect is around 0.01% changes.

The crossing point where singular and nonsingular parts meet each other can be
understood as a boundary between fixed-order and resummation regions. In the fixed-order
region, the singular part is smaller than the nonsingular part hence, an ordinary fixed-order
QCD result is valid, while in the resummation region, the singular part is larger than
nonsingular part due to increasing logarithms and resummation of those logarithms is
necessary. In figure 5 the crossing points in 7 as a function of x are shown and the results
for 7% (solid) and 7° (dashed) are similar as implied from figure 4.

The color density plot in figure 5 represents a relative size of the nonsingluar part to
the full differential cross section at @ = 15 GeV for 79*. An absolute values are taken for
simplicity. In the blue left and lower corner the nonsingular is small while the singular
dominates the cross section. In the light-colored region the singular and nonsingular are
comparable to each other. Finally, in deep-red right and upper corner unphysical singular
and nonsingular are largely cancelled to give the full cross section. In the region their
absolute magnitudes easily become greater than full cross section and the deep-red region
should be understood as 100% or, greater relative to the full cross section.

An important feature in the plot is that the resummation region increases with decreasing
value of z and the region gets close to the maximum of 7% near 2 = 0.01 while it does near
x = 107° for 7°. These crossing points imply when the resummation should be turnoff in
7 spectrum and specifically in the scale profile function [25, 34] the points can be taken
to be the value of a parameter t9 which is the point where the resummation begins to be

turned off.
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Figure 5. Values of 7' (solid lines) and 7° (dashed lines) when the singular and nonsingular parts
cross each other as a function of = at @ = 15GeV (black), 30 GeV (orange), and 45 GeV (green).
The color density plot represents the portion of the contributions from the nonsingular part to the
total differential cross section at @ = 15 GeV for 7/*. An approximate crossing (dotted gray lines)
are obtained by making use of eq. (4.4) with the values of ¢,s between 0 and —f3(x).

In order to understand the behavior shown in figure 5, we take a following form

a(m)lnTT + ,B(IL')% = Cns (42)

where the left side is from the singular part and the coefficients a(x) and §(x) are obtained
by differentiating eq. (3.4).

a(z) = —8Cr >  Q}fq(x),
!

1

%qu(z)fq (g) 9T /: %qu(z)fg (g)} :

(4.3)

Br) =3 @ [—acpfq@c) +2cp |
f X

On the right-hand side of eq. (4.2), the parameter c,g corresponds to the nonsingular part
in eq. (3.6) multiplied by a proper normalization factor. Instead of using the known result
we assume g is a unknown constant of 7 and would like to find an approximate solution
to eq. (4.2) by using an iterative approach. First, we set cpg to zero, then find the solution
to eq. (4.2) is 7 = exp|[—f(x)/a(x)]. Second by introducing a small correction term d(x) to
the solution for zero cys as in eq. (4.4), we solve eq. (4.2) for §(x) with nonzero cns. The
approximate solution can be expressed as

_B(=@) § "
7'c1ross(x’ Cns) =€ o)+ (ns) 5 (4-4)

where §(z) = (cns/a(x)) exp[—p(z)/a(z)]. We can find the values of cps that makes the
approximate solution fitted to the curves in figure 5 obtained using the known nonsingular
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part. We find that cns between 0 and —1 times §(x), represented by the grey dotted lines
in figure 5, shows a reasonable description to the curves. Therefore, the singular part is
mainly responsible to the behavior of crossing point as a function of x and in the absence
of nonsingular part, the approximation in eq. (4.4) can be used as a first time estimate for
the crossing points and to fix a corresponding parameter of scale profile function.

Our numerical results given in this section are purely perturbative results. Including
nonperturbative corrections and hadronization effects are important in precision predictions.
The hadronic effects are power suppressed by Aqcp/(7Q) for 7 > Aqcep/Q in small 7
region and the correction at the leading power can be parameterized using a nonperturbative
parameter €y [16, 45, 46]. The parameter is universal for any version of 1-jettiness and
the dependence on the jet algorithm would remain small in this region. One also can
take a shape function method that takes into account nonperturbative behavior as well as
hadronic power correction [25, 47]. However more recent studies imply that more careful
considerations are required in a scheme related to renormalon subtraction [48] and in
hadronization effect away from dijet region [49]. Furthermore, recent analysis using Monte
Carlo simulations implies its fine-tuning is required to explain HERA measurements [50].
Therefore, a quantitative analysis on these effect in 1-jettiness would be beyond the scope
of this work and could be done in future project.

5 Conclusions

In this paper we study the event shape 1-jettiness in DIS at the first order in a; that can
be measured in future experiments. We considered three different jet axes, onto which a
particle momentum is projected to compute the value of 1-jettiness. 73t is a version with the
jettiness axis that is optimally adjusted to minimize the value of 1-jettiness. The other two
versions are 75¢ and 7 that take their axes from exclusive jet algorithms such as anti-kp
and the Centauro algorithms in the Breit frame, respectively. We find that 73¢ and 75 are
equivalent for the two-body final state, i.e., at the order as.

Our main result is the predictions for ¢ and 7¢ distributions at the first order in
as analytically expressed in egs. (3.6) and (3.8). They are expressed in the form of the
cumulative distribution and in the appendix the differential distribution is also given.
The results are expressed such that one can easily write the structure functions such as
Fi(z,Q?% 7) and Fr(z,Q? 7) as well as the cross section. The results of 7' share many
terms in common with those of 7' and their difference depending on R is given so that 7¢
is obtained by adding the difference on the top of 7 result. Comparison to the analytic
result for 70 using Breit frame axis are also given in appendix C.

Numerical results of our predictions are presented at different values of z and Q.
Singular and nonsingular parts are compared in 7' distributions. For 7, we studied the
difference from 7* and found that it is sensitive to the value of radius R and the magnitude
is in the range of 5 ~ 25% of 7! distribution when the value of R is from 1 to 1.8. We
also studied the singular-nonsingular crossing point 7¢.oss as a function of x and ). The
crossing implies a boundary between resummation and fixed-order regions and the value
can be used as a reference point for turning off the resummation. The value of 7.5 hence,
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the resummation region increases with the decreasing value of x, and the region gets close
t0 Tmax = 1/2 at x = 0.01, while the value is less sensitive to (). We found that the z
dependence is well explained by the singular part and obtained an approximate expression
for Teposs, Which can be used in the absence of nonsingular part.

Our results provide an important piece of information toward precision predictions of
event shapes in DIS. Our prediction for nonsingular part combined with resummed singular
part can be measured in the future EIC and EicC and can be used to determine the strong
coupling constant and a universal hadronic nonpertubative parameter.
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A Details of calculations

In this section we calculate 1-jettiness QCD cross section. In derivations of the cross section,
we follow the steps done in [25]. The cross section is expressed in the product of lepton and

hadronic tensors.
do

dr dQ?dr

where Lﬁ,’ is the lepton tensor given in [25] and the index I = V, A implies vector and

= L,{LII//(qu2)WH’uV($,Q2,T)7 (A.1)

axial currents. Although, we consider II’ = V'V in this paper but we keep these index to
maintain generality for a moment. For vector currents, we have
o2

LL/IY($7Q2) = —mg,ﬂn (A.2)
where —gEV = —gu +2/Q*(KMK"™ + K'Mk¥), with k* and k’* being the momenta of incoming
and outgoing leptons and the photon momentum is given by ¢* = k* — k’*. One can show
that the lepton tensor is transverse to virtual photon as implied by the Ward identity
q“LL/lY x q“gg,/ = 0. The hadronic tensor W#” that measures the 1-jettiness from final

hadronic state X can be expressed as

Wip(e, Q% 1) = Z<P!J"T( ) | X) (X|JL () |[P) (2m) 6% (P + ¢ — px)8(T — (X)) ,

—Z/

@) 1y pn) (P1y -+ ol JH(0) |P) (A.3)
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where there is an average over incoming spins implicit. In the second line we specify the
number of final particles and the corresponding phase-space integral.

The hadronic tensor is decomposed into several tensors

-:U, Q27 T)

. Y v P! Fs(z, 21
W]HI’('I’Q277—) = (47T) Tiu Fl(xaQ2a7-) +Téu 2(P q M

+ T4 5P g )

(A.4)

where F; are called structure functions, which is differential in 7 here and integrating F;
over T gives ordinary structure function. The tensor T/" are given by

quq
Tl;w:*g/w+%a

P-q P-q
TQ,W: (Pu—qqu>(Pu—qqu)7

TS;W = _iﬁyuaﬂqapﬁ . <A5)

Multiplying g,, and P,P, by eq. (A.3), one obtains linear combinations of Fy and F5.
Solving for F1 and Fb, they are expressed in terms of the hadronic tensor. Similarly, F3 can
be obtained by multiplying 73, by eq. (A.3).

Fy(x, QQ,T) = 1 ( — Guv + 41:2PMPV) Wiy,
8m(1 —¢) Q?
By(z,Q* 1) = ﬁ ( — g+ (3 — 26)ijPﬂPy> Wi,
Fr(z,Q* 1) = %@qj)zpﬁywﬁ, =22 F,
F3(z,Q% 1) = & 4P oy why. (A.6)

2r(1—€)(1 —2¢) Q2

In this paper we consider 11’ = V'V, there is no F3 contribution. From hereafter we drop the
index for the hadronic tensor W = W7, and one needs to calculate g, W, P,P,WH".
The cross section in eq. (A.1) in terms of the structure functions F; is given by eq. (3.2).

A.1 Phase space integral

The phase-space integral can be explicitly written as

d®,,
dr

2en-1) [ TT 4"Pi 2 ded
s /H (27r)d(27r)5(pi) @m)%6 | P+q=) pi|o(r—7({pi}), (A7)
=1 P

where d = 4 — 2¢. Forn =1,

dd 27
G = gt =)o) (A8)
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For n =2,

dd 1 (4mrp?)e dps
dT2 - 8rQT'(1 — / (p3 p22_ (T = 7(p1,p2))
= M(e /dvevqi)(e (1- ) §(r—7(v,2)), (A.9)
L mQY s
M(E)_g I'(l—e) (1—2) '

jt,kt

figure 1 shows three and four regions in v-z space divided for 7 and for 7, respectively.

Then the phase-space integral in eq. (A.9) splits into three pieces as

d®

Idei—M(G)@()(T,Z)M/d'U(S U—1+7'> (AlOa)
d®

H?ﬁ = M(E) @D(T, Z)(l—T)GTE/dU(s(v_T)’ (AlOb)

d®d, 2 1—2 1= dv
/HIW — M(e)0 <z—3)5(7’— - )/T e (A.10¢)

a2 0% _ (22—1)0—2)) ( 1—2)““%2:’@
/IV (dTCt det) = M) {6 (T 22 o\ z v_(z,R) dv,

(A.10d)

where ©g and vy are given in egs. (3.7) and (2.22), respectively. Note that the region III in
eq. (A.10c) is that of 79¢ shown in figure 1. In 7°* computation we use the same expression,
which incorrectly include the region IV then, in eq. (A.10d) the incorrect contribution from
7t is subtracted. It makes eq. (A.10d) finite so that we can set € to zero and also makes
the expression of 7 cross section simple with an additional term added to 7% cross section.

A.2 Hadronic tensor for incoming quark

The hadronic tensor defined in eq. (A.3), the matrix element with incoming proton can be
factorized into convolutions of proton PDF and Wilson coefficients. The Wilson coefficients
can be determined by matching the factorization formula with incoming parton to the
hadronic tensor for the parton state. The hadronic tensors W, and W, for initial quark
and gluon, respectively should be calculated. To O(as) W, involves one-loop calculation
and W, is simply tree level calculation. In this section, we calculate W7,. W/, receives
contributions from tree, virtual, and real diagrams so can be written as

_ 0 vir real
Wi, =W + Wy 4 wreal, (A.11)

Here, we suppressed the superscript g on right side and we will suppress it in the middle
of calculations.

A.2.1 Tree-level and virtual contributions

The tree-level amplitude is Mu = Qsu(p1)y,u(P). The tree-level hadronic tensor is
given by

Z / dq)l OMD* = —27Q3gl,6(1 — 2)d(r),
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where we performed the spin average explicitly over quark spins ¢ then used the 1-body
phase space in eq. (A.8). The transverse metric is 951/ = guv — (NzuNzy + nzynzy,)/2. This
gives the projected hadronic tensors
—g" W) = 4mQ36(1 — 2)d(r), (A.12)
prPrwld) =0, (A.13)
where the second line vanishes by the Dirac equation of massless particle Pu(P) = 0.

The virtual contribution can be found from many literature for instance (14.19) [51]
and the contribution is the same as that of 7° in [34]

2\ € Y
g = 40, Q3Cp(1 —e)(‘”“ ) LA +Ir(1 =) (1 +3+4>5(1 _ )6(r)

Q? (1 — 2e¢) 2¢
2 w2
= 20,,Q3Cr(1 —e)[— 5= <2L+3) —L? - 3L+ 5 —8}5(1 — 2)0(7),
PrPY W =0, (A.14)
where L = In & Q2 The factor (1 — €) is not expanded because it is to cancel 1/(1 —¢) in

eq. (A.6). In the second line of eq. (A.14) we have used the MS scheme by re-scaling the
scale 2 by €% /(4m) such that we use following replacement

Tu2)e 2eVE €
Fs =t gy = (1= T +0), A

Note that the finite part in eq. (A.14) is the o, term in the hard function in [25], derived in
SCET in [52, 53]. The P*P” W} is zero because Pu(P) = 0.

A.2.2 Real contribution

The definition of 7 in egs. (2.7) and (2.25) divide the phase space into three or four regions
as shown in figure 1 hence the 2-body phase-space is accordingly divided as follows

wreal = Z o, (A.16)
Z / a2 Mg p el i € {I,ILIIL IV}, (A.17)

where in the last line the factor 1/2 takes account the average over quark spins o. In this

subsection, we discuss the results of regions I,II, and III, which is relevant to 73* and for

the region IV, which is IR finite and simpler, we just give the final result in appendix B.
The real emission contribution to the two projections of the color-averaged squared

amplitudes that we need are given by
1-2 v

v rea real x —-v
—g" M, I pmreal :3271'04;0}7‘@?0(1—6) |:<1—6)< ” +1_Z)+21 +2¢|, (A.18)

v

1i
PH pY M;eale/eal* — 167TO£SCFQ?'Q2(1_€)7 , (Alg)
z

where the first line can be found from (14.21) in [51].
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For PHPY Wﬁ?, there is no singular term and we can safely set ¢ = 0. Including the
spin average, we obtain
-
PrPYW,, = a,CrQ}Q? ;@0(7’, z), (A.20a)
1_
z

T 0u(r,2), (A.20b)

1-27)(1+47)
2 )

where the O¢(7, z) is given in eq. (3.7). The sum of eq. (A.20) is given by

PHPY W, = a,CrQ3Q? 0o(r, 2) [iw <z—§) 5 (T— 17) (1_22(1“)} . (A21)

where the superscript g representing the incoming quark is made explicit, again. Note that

PHPYW,, = a,CrQ}Q*

(A.20c)

PP = 0,CrQ3Q2 6= — 2/3)5 <T . - Z) (

the tree-level and virtual contributions are zero and the real contribution is the total.

_QWW;SB = 167rozSCFQ§cM(e)®0(T, 2)1—71) 771 —¢)

1—-2 1-71 z T
><{(1—6)(1_T+1_Z)+21_21_T+2€}, (A.22a)
—gw I — 167TQSCFQ}M(€)@O(T, 2)1—7)"77(1 —¢)
1-— 1-
x {(1—6)( GO >+2 : T+2e], (A.22b)
T 1—=2 1— T

—grry M — 16w, CpQ7 M (€)0 (z — 3) 0 (T 1 ; z) (1—¢)

1-7 dv 1—=2 v z 1—w
— (1 — 2 2¢| . (A.22
X/T 06(1—0)6[( 6)< v +1—z>+ 1—2z v + 6] ( °)

The regions I and II share the same Og(7, z), so we combine them and expand in e

2 €
w0~ 20,005 (1) ¢

evE
@)t

Pl D) e o)

1 1 e e 1
x{(1—e)<(1—z)1671+6(1_7)1+6+(1—7) T (1_2)1+>

+ 2z717€ 1 1
A= 1= e
_ 1 1 . 1
—|—22(1—7’)1 emm+46(1—7) €r 6(1_2)6}, (A23)

where O (7, 2) was divided into two parts, and the first part multiplied by terms 1/7!7¢ and
1/(1—2)'7¢ gives 1 /e pole, while with the other part the only term like 1/71%¢ gives the pole.
We now expand above equation in powers of €. For the term like 6(—7+ %) /711¢/(1—z)1 ¢
we use a plus distribution identity in appendix A of [34].

2

—gWWl(L}jH) = QCXSCFQ? <52> (1 —¢€)O¢(T, 2)
i é — — PL(Z) S ns
X [(62 + 26) 5(1)6(1 — 2) . 6(t) + I, + IS, (A.24)
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where Py, is the splitting function in eq. (3.5). The functions If and I contribute to
singular and nonsingular parts, respectively.

2

Iy =0(r) |(142%) L1 (1 — 2) — %5(1 —2)+1—2z—(1+2>)Inz Lo(1 - 2)

+Lo(r) [ Paal2) = 5301 = 2)] — 2211301 - 2),

ns  BT—=1)Lo(1—2)—47—2+3
Iﬁn =

T + 22 Ins(m,1 — 2), (A.25)

where I, is identical to corresponding part in 7° and is given in eq. (A.8) of [34]. We use
following relations to compress eq. (A.24)

Pyyl2) = [11+_ZZ L = 9Lo(1— )+ 2001~ 2) — (14 2) = (14 ) Lol — 2) + 26(1 — 2),
(1423 Lo(1 —2) =2Lo(1 —2) — (1 4 2),
(1+22)L1(1—2)=2L1(1—2)—(1+2)In(1 - 2), (A.26)

where standard plus distributions £,,(z) are defined by [34]

d [0(2—5) 11;"“2 _ {H(z) In"(z)
n+ z

L,(z) = lim

e—0 dZ (A27)

_l’_

With a test function g(z) well behaving near z = 0, the integration against the function

gives
/ln Z / In" !z
d L' dz —g(0 0 . A28
| e A () = 9(0)] + 90— (A.28)
A variation of £,, with a variable lower bound 2y and its integral is given by
d[0(z— 2 —e)In" 2
Loz, 20) = lim [ — ,
/ln 2 / In"*! 2
/ dz' Ln(Z, 20)g / dz (z) —g(20)] + 9(20) 1 (A.29)

For the contribution from the region III, it contains singular terms when 7 or, 1 —
z approaches zero. We isolate the singular part carefully by subtracting and adding
singular terms

2\ e 2 1-%
_guuWSjﬂ) QQSCFQf <Q2> (_6)6(z—3>5(r— . )(1—6)

X[(l—f)([l—i-fg)—l-QIg], (A.30a)
! =T 1 T 1—7

L= d = 1 A.30b

' 1+T/T Cotre(I—v)e 147 n( . ) (A-30b)
147 1—71 Ul—e

Ih=—— d

2 THE/T U(l—v)ﬁ
1 1

= :_7' _7'—|-6(1—27‘)+6(7‘—1)1n(1—7‘)—|—e7'ln7')], (A.30c)

TiTe |2
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1 1—7 1— 1—e
I / P G

:7_1+€ - U1+€
1 1—7 (1_,0)1—6_(1_7_)1—6 1 (1_7_)1—5 (1_7.)1—25
= /T dv — o | | (As00)

where we used the delta function in the first line and replace z by 7. Finally we expand
eq. (A.30a) in €

2\ € 1—
—g‘”’WEjH) = 2a,CrQy (522) (1—¢)0 <z - ;) ) (7‘ - Z)

z

% [5(7) <1 LA 5”2> 2 o(r) —2La(r) 4 L

22 2 12 2

249274+ 2

L T ) — Int — 7| . A.31
T(1+7) n( 7) 1+7 nreT ( )

It is a non-trivial cross check to show that sum of —gWW;(Lf,) (1) and P“P”W,Ef,) (1) over i
and its integration over 7 are equivalent to the inclusive results that simply obtained by
integrating the phase space measures in egs. (A.10a), (A.10b), and (A.10c) over 7 then by
carrying out integral against amplitudes eqs. (A.18) and (A.19) over v.

Now we collect all the pieces and put them together. All IR divergences with 1/e
and 1/e are cancelled when virtual part in eq. (A.14) and real parts in eqgs. (A.12), (A.24),
and (A.31) are combined except for the IR divergence associated with 1-loop quark PDF.
Let us first highlight a few terms

P
—g" Wy o [6(1 — 2)(L? + 3L) — Paal2) _ P (2)L
€

+ terms from finite part, (A.32)

where L = In “—22 First, the two logarithmic terms above are cancelled by the same terms
in virtual part eq. (A.14). The 1/e term above will be replaced by 1-loop correction of the
proton PDF during matching procedure. The logarithmic scale dependence proportional
to Pyq in the last term should cancel the same scale dependence from RG evolution of the
proton PDF. Therefore, all © dependence at O(a;) are cancelled.

Finally we have

—g" Wi, (2,7,.Q%) = 47Q}5(1—2)d(7)

+ ZaSQ?cCF(l —€)O9(T,2) {5(7’) [_que(z) + Sql(z)] + Lo(T) S§(7,2)

1
4 L1(7) 89(r,2) + R (7, 2) + 6 (T— ;) AQ(T)}, (A.33)
where the superscript ¢ denotes the contribution from the incoming quark. The functions
S, R, A are given by
I 2 9 n°
S,(z) = —Py(2) ln@ +(1+29)L1(1—2) — (2 + 3)6(1 —2)+1—2z—

T LT \_3
SO(T,Z)—Z,ZEO(l z,1+T> 25(7‘

1+ 22

1—2z

Inz,

1—=2

z

)—l—(l—z),
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Sf(T,z):—2(2—|—7)5<7‘— 1_Z> ,

z
1—42 1422 1

g _
Ri(r,2) 1—2z + 1l—z1—-7"
T2+ 27 +2 T 2(1+7) 7
A4 =— —In(l—7) — | — 2 In(1 — —. A.34
(1) A n( 7) T nrt—+ n(l+7) T—|—2 (A.34)

The functions SJ are similar to those in 7. 521 is the same except for the last In z term
and in S{; the delta function terms contains additional factors 1+ 7 associated with change

of variable in the delta function §(r — 1=2) = (1 +7)~ 25(1—T‘r —2).
A.3 Hadronic tensor for incoming gluon

A process with the initial gluon g +~* — ¢q starts at O(a;) and this process is the tree
level. The tree level amplitude averaged over incoming colors is given by

— g MIME® = 32ra, T S Q3(1—¢) {(1_6)<1;v+130)—2i8:3—26 , (A.35)
f

v * 1_Z
PFPY MYMG* =32ma,Tr Y Q7 Q% (1—¢) — (A.36)
f

where the sums go over the all flavors f € {u,d, s, ¢, b} allowed by the energy. Note the
(1 — €) factors in eqgs. (A.35) and (A.36) are going to be canceled by the same factor in
the structure functions eq. (A.6). Integrating eq. (A.36) over the two-body final-state
phase space,

ch>2 .
Wi = 5. Z MM, (A.37)

where the superscript g representing the incoming gluon and the prefactor (2 — 2¢) accounts
for the average over incoming gluon polarization A in D = 4 — 2¢ dimensions. Then, we have

(I1=27)(1+7)
2

A A A

. (A.38)

The contributions — g“”W,Sf,) for ¢ = I and for II are identical and involve singular terms

—g W = — g WD

(ZE/%Q) <1 i z

7'1_6 1—7)l-e 2
x K(l PRI t ( 7—1+)€ > 1 —cql+e E 31%]

—2asTFZQf<Q2>€(1_6)@0(7—72)[ z) a(7)

—QO[STFZQJL- >€(1—6)@o(7', 2)

—z

+ (1 Pyle) + P 0 2) 600 + Py alr) + 4 2] (a39)

z 1—7

where the splitting function Py4(z) is given in eq. (3.5).
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The contraction —gH” WE,H) also involves singular terms when 7 — 0 and 7 — 1, so

doing similar expansions as in eq. (A.30d), we get
278 Q)¢ ‘ 2 1-2
17 (HI):2 T 2(/“66 /Q) Z 0 ~2s _
97 W™ = 205 sz Ui \imz) fFT3)o T

S o[-0 (SR ) ]

—2048TF%:Q? (é;)eu—e)e <z—§) 5 (7‘—1;Z> {47—2+2qu(z)1n 1;7} .

By putting all the —g"” W,Sf,) in egs. (A.39) and (A.40) together we have

—g"" Wi, = 4asTp zf: Q?(l —€)O(T, 2) [ — RI!JE(Z)(S(T)
1-=2

+§9,6() + SILo(T) + RY(r, 2) + 5(7 - )AQ(T, z)] o (A41)

z

1 2
§71(2) = —Pyg(2) + 1+ qu(z)(ln ——n gz> ,

Sg(Ta z) = qu(z

~—

)

RI(7,2) = a9 (?) _92.

1—71

A(1,2) =217 — 14 Pyy(z)In

1—71
—-

(A.42)

A.4 Nonsingular part and cumulative results

In this subsection, we give the expressions for the nonsingular terms of the hadronic tensors
obtained in previous sections. The tensors reduce to singular terms having 6(7), or £, (1)
as 7 — 0. In the contributions P,P, W, in egs. (A.21) and (A.38) there is no such terms
and they are purely nonsingular.

In the gluon process —g"W, in eq. (A.41) contains terms with d(7) and Lo(7).
Subtracting those terms from eq. (A.41), nonsingular part of the gluon tensor is given by

g WIS = 40, TpQ3(1 — e){@o(T, 2) [RQ(T, PR <T . - Z) Ag(z)]

HO(r2) = B Py:)1 . (A3

Note that the last term in eq. (A.43) gives 1/7 term in unphysical region where O is zero
and this term cancel against the same term in singular part in the region.

Similarly, in the quark process —g"’W}, in eq. (A.41) contains terms with §(7), Lo(7),
and L£1(7) as 7 — 0. Subtracting those terms from eq. (A.33), the nonsingular part is
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given by

1 1
—g" Wi = 20.Q7Cr (1 - 6){T No(r,2) + — Ni(r, 2)

1—2

+00(r, 2) [RQ(T, 45 (T _ ) Aq(T)] } C(A.44)

where the plus distribution £,, is replaced by In" 7/7 and the function Ny (7, z) is defined
from differences as

No(r, 2) = Oo(r, ) S%(r, 2) — 6(r)S(0, 2)
T) —9(r)Lo(1 — z)}
2 {@0 5 <T - Z) _9(r)5(1 — z)} + (1= 2)[@0(r,2) — 6(7)].
Ny(7, 2) = Oo(r, ) S¥(r, 2) — 6(r)S(0, 2)
_ [@0 (1 N ;) 5 (T ! - Z) — 9(r)8(1 — z)] . (A.45)

T

=2z [@0£0 <1—Z,1+

Now we calculate the cumulative of the nonsingular parts by using following integral
W2 Q) = [ dr' W7, Q2). (A.46)
0

Integration of egs. (A.21) and (A.38) is given by

—~ 1 11— 3z—2
PEPYWLE = aSCFchCf L min |:7', 3 Z} D) 2222 }

T 1
= QSCFQicQQ I:Z @0 + 5(@1 + @2):| )
v 117g,ns T 1
PHPY WP = 40, TpQ3Q*(1 — 2) L G0+ 5 (01 + @2)} : (A.47)

where O is defined in eq. (3.7) and

01 =0(—2z+2/3)0(tr —1/2), ezze(z—z/g)e(f— 12"’) . (A.48)

They cover all regions in 7 and z space Oy + ©1 + O2 = 1. One finds that eq. (A.47)

are discontinuous at 7 = (1 — z)/z when z > 2/3 because 6(7 — (1 — 2)/z) in egs. (A.21)

and (A.38) are turned on at the value and the discontinuity implies the end of physical region.
The cumulant of eq. (A.43) is given by

— 1—
—g" W = 40, TrQ(1 - €) {6y [1 27— Pyy(2) In— T} — [L+ Py(2) ]}
(A.49)

The cumulant of eq. (A.44) is given by

~ g W = 20,Q3Cr(1 - Ro(r,2) + F(r,2) + R, )+ 02 (<2 ) | (4.50)
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where 1, is the cumulative integral over ©g

11—
,Z} @07’4—@1*-#@2

z

1—=2

Tm = /dT’@o(T’, z) = min {7’, (A.51)

The functions No,l, R are defined as

~ T In™ 7/
n(T,Z):/O dr’ — Np(7', 2)

T 7! In"tt 7 — "t g
— ar q( ) _ qq q m
o(r) [ T w83 2) = 81(0,2)] + S0, 2) [ - ] ,
(A.52a)
= T 1-4 1 2
R (T, 2) = / dr'00(r',2)RI(7, 2) = ZTm S In(1l — 7). (A.52D)
0 1—2z 1—=2
A.5 Convolution with PDF
The hadronic tensor with a hadron state h is expressed in the factorized form as
Ldg 2
@r@)= ¥ [ Chmen v a/er.@tm, (A53)

i€{q,q,9}

where f;/;, is the PDF for the initial hadron h into a parton ¢ and the superscript ¢ on the
coefficient w® represents the contribution from the parton i¢. Note that we obtained the
tensors W17 for incoming quark and gluon and by the perturbative matching performed
in [34] one can translate them into the coefficients w*. We do not describe the matching
procedure, and the expressions for w’ are essentially the same as Wi, Instead of writing
w', we give expressions for the hadronic tensor eq. (A.53) convolved with the PDF. The
nonsingular part of the hadronic tensor is given by

27rQ2

PHPYWINS = (AP + AP+ AP), (A.54)

Agszgc);aﬁ”/gg 7fq (z) [@0<7,z)2z+5<f—1;“7’)9(2—2/3)(1—27)(1+7)z2)}
—ZQ2 O‘SCF Oo(r ;c){/;” dzzfq< ) (1 2;21’,1( (1+7’))} : (A.55)
A — ZQQ%TF/m fg< )@0(7, ) (1=2) [2z+(5(7—

_Z> (I1-27)(1 +T)22]

z

The sums goes over the flavors f € {u,d,s,c,b}. S is obtained by replacing quark
PDF by anti-quark PDF in Aj® and this is true for B;‘S and their cumulative. The other
tensor projection is expressed as

— WS = 8n(1 - €)(By® + By + By) (A.57)
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where B® and BY® are
q g

ns __ ZQSOF /1d2 _ f 1 lni
B, _zf:Qf . { : qu,q B TN0(772)+ - Ny (T, 2)

1+‘r dz

AY(r)
1+7

0(ra) [ Zhoq (2) RUr2) + €0(r,2) fugla(1 +7)

o - S o [ i (2

2r—1 1472  1—7
+(9()“}C£7(‘/10(1+T))<1+7‘ +(14—7‘)3111 T )

+ i@)o/;H %fg ( ) g(2) — 71_/; %fg (j) qu(z)} J (A.59)

where the integrals involving Ny 1 are given by

} (A58

[ E0(5) 2 Mt = 2 o0 2L p e+ ) - @] (a60)
/; “, (j) * No(r,2) =~ [@0 W - fq(fv)]
N i{@(} U+ . Ja(@/?) . sz(sz(l ) 4 f e+ ) (1 - :cﬂ
eI )

R e 1= S

Note that terms with 1 — ©¢ = ©1 + Oy are contributions from unphysical regions and they
cancel the contributions from singular parts in the same region.
Next let us calculate the convolution with cumulants of eq. (A.47)

21Q?

T2

A = ;Q; O‘Z(;F /: %fm (':) [27;7’m +0, (32— 2)}
_ZQWSCF {2760/ dzfq( )+@1/ dzfq( )
" r:ax[ulr,g,x] 4 1q (j)}

:;Q;O‘Zif“{(zf_n @0/;*17 dz §, (ﬁ) +/: dz f, <”§)} (A.63)
A =3"Q 20‘5TF{ 27—1)@0/90”1*de9 <"§> (1—z)+/:dzfg <§> (1—z)}.

f

prpYies =

(Ag” + A7+ AP), (A.62)

(A.64)
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Here the extra factor (1 —z) in the gluon integral compared with the quark part corresponds
to the extra factor (1 — z) in eq. (A.47).

Now we calculate convolution with cumulants in eqs. (A.49) and (A.50):

P = (1 (B 4B B, (469
where
my =5 oty {on [T E R (2) [ a ]
[ E 5 (D) 1+ Pyim ), (A.66)
mp =yt [l [T (2) [+ )

[ (2 s [ () B0}, we

where R? is cumulant of R? and is defined in eq. (A.52b) and A? is cumulant of 9 term,
that is

A9(r,z) = Oy(1, 2) AT((1 — 2)/2). (A.68)

Plugging egs. (A.52b) and (A.68) into last two integrals in eq. (A.67), we obtain

/1 %fq (93) (Eq(T, 2) + AY(r, z))

_ 0, Am ey Cf) [11__4;7 ~ Pyy(z) In(1 — T)]

z
+®1/3 dz fq( ) {211__42)+qu(2) ln2}
A E T RS

The terms N; are given in eq. (A.45). Integral of each term is given by

[ £ (2) s

__4[/ T ( 2+r,)f (x(lJrT,))_fq(x))_ﬂf;@(1n27_1n2¢m])]

!

=-2

[(1—i—z)fq (ﬁ) _zfq(x)} +2f,(x) [m%_hﬁ Tm] (A7)

max[l_«%,%,m] z 1—=z2

~ 98 —



=2 OdeT, S [ (1+T/))—fq(w)]—71,/11/ i (if__f(x)}
—2In (;) ( xl de%—fq(x)lnﬂ —a:))
_2[/0% dT,i[(l—L_,)fq(x(l_i_T’)) —fq(x)] — fy(@) (IHT—IH’Tm):|
+/3:1d2w1n?. (A.71)

The double integrals over 7/ and z that still exist in eq. (A.71) can be simplified by switching
the order of integration. Doing so, and also changing variables in the remaining integrals
over 7" using z = 1/(1 + 7’) so that all integrals are over z, we obtain simpler expression

T Ldz z\ 1
/ haied e - /
/0 dT/x qu<z> 7_/]\70(7',2)
1

= dz 1-2] fq () — fo(2)
B Q/max [l24] 2 {ln(l —2)+zln— ] T (A.72)
~zontuter) [ I 2 oy )+ 0amn 7] o)1 )

311 dz 2fq (%) — fq(2)
/ z 1—2z

max [H%,%,x] z 1-=2

+ g fol@) [@1 In(27) + Oy ln — = ]

1 1— 1— 2/3 1—
+/ S’ (‘z) miTZ_emen [ df, (””) —am)
T3

Finally, we combine all terms contributing to B;® in eq. (A.67). Some further simplifications
occur upon summing egs. (A.69), (A.70), and (A.72). Doing so, we obtain the final result
for By®, which can be written as in eq. (3.6).

B Additional contribution for 7¢t

Here, we summarize the results of additional contributions for 7¢* which is to be added
onto 7t results.

Since we take the difference between two 1-jettiness, all divergences are cancelled.
Hence, the necessary v integrals are finite and all € can be dropped as done in eq. (A.10d)
and in the quark amplitudes egs. (A.18) and (A.19) and in the gluon amplitudes egs. (A.35)
and (A.36). Integrating over v in these amplitudes and performing the matching, we
obtain the final results. To avoid duplication we omit showing intermediate steps and
actually the intermediate expressions are similar to final results because there are not
much simplifications.

The final expressions of differential version of 6 A and §B are given by

. asCr 224
5 ns __ 2 +ts 0
A %:Qf 4 {320 —2

0A4(R,z9) — 223 6A,(R, zl)} ,
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5Ans Z QQ aSTF

™

Z4 ~ ~
A —235A
{320_25 Q(R7Z0) Z16 Q(Razl)} )

] aC 22 A A
(SB:;b — ZQQ F { 0 5Bq(R7 ZO) — 21 5Bq(R, Zl)} 5
f

P ar 320 —2
B =57 Q> asTr 4 sp By(R, 20) — 2 6By(R,21) - (B.1)
¢4 I on 1232 —2) 2

The parameters 2o 1 are the relations between z and 7 in region IV

3++V1—-4r 1
=————— 2= . (B.2)
22+ 1) 1+7

The functions §A, 5B are

5Ay(R,2) = 0(z—2)0(z — 2)0(—2+1) (22 )fq( )

5 Ay(Ry2) =00z~ 0)8(z— 20)0(~2+ 1)~ r(z. By (£).

1—4 1422 1
72T(Z,R)+ +z In +T(Zﬂg)] fq (l.)’

0By(R,2) =0(z—x)0(2 — 2.)0(—2+1)

2(1—=2) 11—z 1—r(z,
- 1+7(z,R) x
0By(R,2) =0(z—2)0(2 —2.)0(—2+1) [2qu(z) In T=re ) 2r(z, R)} fq <z> ,  (B.3)
where z.(R) is given in eq. (2.22) and r(z, R) is in eq. (3.12). If we insert zp and z; into the
constraint 6(z — 2z.), we obtain two upper limits of 7 (16 — R?)R?/256 and R?/16, beyond
which each of two contributions in eq. (B.1) becomes zero.

C Difference between 7° and 73¢

Here we give the difference between 7° and 73 results. The cumulative results for 7% are
given in eqs. (3.4) and (3.6) and results for 7° in [34]. Their differences in singular and
nonsingular parts are given by

sin sin, it QQSCF ldz £
B, &(r ) B; &(r1) ZQf o /gc?f‘I(;)PQQ(Z)lnz’

sin sin, jt ZQSTF dz T
B3 (%) — Boine (it ZQf S / zfg(;)qu(z)lnz,

Ags( Ans 7_Jt ZQQ asCr @0/1+T d= fq (g) 27’(3— 1)7

ADS (%) — AD(7Y) ZQ2 oI @0/361; d=fy (%) 2rl=(1=2)7),
By =By =30 O‘SCF< of / T4 (5) -4+ P AT )H
+/$1ij (%) [—qu(z)sz,
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B;ls( - B (79%) ZQ2 aSTF{ /mHIT %fg (f) {27(1—Z)+qu(2) In 21-7)

1—2z7

—/: d fq (g) Py(2) lnz}, (C.1)

z

where those not listed above are zero.
The NLP obtained from eq. (C.1) can be expressed as

A (%) — DY ZQQQSCF /1dzfq(a:>2(z—1)~l—0(7'2),

B - B, Z@Q"‘sCF {/ ~ q(j)[—1+4z+qu< ><z—1>}

+2f, (z } +0(r

B = B = S5 [ E5(5) a-22- R0} + 06,
(C.2)
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