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In this work we consider AdS; gravitational theory with certain mixed boundary conditions at infinity.
Using the Chern-Simons formalism of AdS; gravity, we find that these mixed boundary conditions lead to
nontrivial boundary terms, which, in turn, produce exactly the spectrum of the 7T /JT-deformed conformal
field theories (CFTs). We then follow the procedure for constructing asymptotic boundary dynamics of
AdS; to derive the constrained 77T-deformed Wess-Zumino-Witten (WZW) model from Chern-Simons
gravity. The resulting theory turns out to be the TT-deformed Alekseev-Shatashvili action after
disentangling the constraints. Furthermore, by adding a U(1) gauge field associated to the current J,
we obtain one type of the JT-deformed WZW model, and show that its action can also be constructed from
the gravity side. These results provide a check on the correspondence between the 77 /JT-deformed CFTs
and the deformations of boundary conditions of AdS;, the latter of which may be regarded as coordinate

transformations.
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I. INTRODUCTION

Over the past few years, we have seen a surge of interest
in deformed 2D conformal field theories (CFTs) [1-10].
Such theories are integrable, and in some cases allow a
holographic description of 3D gravity. So far two kinds of
deformations, namely the 7T deformation and the JT
deformation [2,11-13], have been worked out in detail.
It was proposed that the 77-deformed CFT corresponds to
cutoff 3D anti—de Sitter spacetime (AdS;) at a finite radius
with the Dirichlet boundary condition [3,14,15]. There are
some nontrivial checks on this proposal; the finite size
spectrum turns out to be the same as quasilocal energy of
the Bafiados, Teitelboim, and Zanelli (BTZ) black hole at
finite radius [3], and the TT flow equation coincides with
the Hamilton-Jacobi equation governing the radial evolu-
tion of the classical gravity action in AdS; [16,17]. Based
on this proposal, more holographic aspects of the T7T-
deformed CFT have been explored, such as entanglement
entropy [18-21] and complexity [22]. Similarly, the JT
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deformation also have a holographic interpretation
[8,23,24]. In addition to the above, the torus partition
functions of the deformations were  studied
[25-29]. More recently, the correlation functions of 77
and JT deformations have been computed [30-35]. As
integrable quantum field theories, the deformed 2D CFTs
still have infinitely many symmetries. These symmetries
have also been studied from 3D gravity perception [36—38].

In the context of AdS;/CFT,, the boundary dynamics of
AdS; gravity with the Brown-Henneaux boundary con-
dition turns out to be a SL(2, R) WZW model. This result
can be derived through the Chern-Simons form of AdS;
gravity. In fact, the AdS; gravity can be reformulated as a
SL(2,R) x SL(2,R) Chern-Simons theory, and the
Brown-Henneaux boundary condition requires an extra
boundary term. The Chern-Simons action with such a
boundary term reduces to the sum of two chiral
SL(2,R) WZW models. Furthermore, this boundary con-
dition also gives certain constraints on the chiral WZW
models, which lead to the reduction of the WZW model to
the Liouville theory at the classical level [39] (for more
details see the recent review [40]). More recently, it has
been shown that the Chern-Simons AdS; gravity at
quantum level is equivalent to the Alekseev-Shatashvili
quantization of coadjoint orbit Diff(S!)/PSL(2, R) of the
Virasoro group [41]. These considerations may be extended
to the case of TT and JT deformation. There already has
been some work on this topic, such as using Chern-Simons
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formalism [42,43] to study holographic aspects of TT/JT
deformation, as well as the 7T-deformed Liouville
theory [44].

In this paper, we focus mainly on the boundary dynamics
of AdS; associated with the 77 /JT deformations. From the
cutoff point of view, however, the boundary condition is
defined at finite radius, which has no asymptotic degree of
freedom. Nevertheless, it is shown that the Dirichlet
boundary conditions at finite radius correspond to the
mixed boundary conditions at infinity [45,46]. For the
TT/JT deformation, these mixed boundary conditions
were obtained in [23,36] through the variational principle
approach. We shall take a close look at these boundary
conditions in the Chern-Simons formalism, and derive the
nontrivial boundary term. The energy of this system is
obtained from the boundary term. As we shall see, these
results agree precisely with the spectra of the TT/JT-
deformed CFTs. Moreover, for the 7T deformation, the
total action allows the reduction to the constrained 7T-
deformed WZW model. After disentangling the constraints,
we show the boundary dynamics are exactly the T7T-
deformed Alekseev-Shatashvili action. We will also derive
one type of the constrained J7-deformed WZW model
from the gravity side, in which the U(1) current is
introduced by adding an extra Abelian gauge field to the
Chern-Simons system. The resulting theory is also the JT-
deformed conformal theory. We show that the asymptotic
dynamics of AdS; gravity with the mixed boundary
conditions are actually described by the deformed con-
formal theories.

This paper is organized as follows: In Sec. II, we first
review the mixed boundary condition of AdS; for the TT
deformation. After rewriting this boundary condition in the
Chern-Simons form, we obtain a nontrivial boundary term.
The energy of the whole system can be read off from this
boundary term, which matches the finite size spectrum of
the TT deformation. In Sec III, the boundary dynamics of
AdS; with mixed boundary conditions turns out to be the
constrained 77-deformed WZW. We also show the equiv-
alence between the sum of two opposite chiral WZW
models and the standard non-chiral WZW model under the
TT deformation. JT deformation is considered in Sec. IV.
Its spectrum is derived from Chern-Simons form by means
of the surface integral. The boundary dynamics also turned
out to be a JT-deformed conformal theory. Finally, Sec. V
contains some conclusions and discussions.

II. MIXED BOUNDARY CONDITION
FOR THE TT DEFORMATION

In this section, we will study the mixed boundary
condition of Chern-Simons AdS; gravity for the TT
deformation. We first give a brief review of the mixed
boundary condition. Then we put the mixed boundary
condition in the Chern-Simons form. The nontrivial

boundary term for mixed boundary condition is obtained.
We will also show this boundary term gives exactly the
energy of the system, which is in agreement with the
spectrum of TT-deformed CFT.

A. Review of the mixed boundary condition

We start from the definition of 7T -deformed CFT, whose
action is given by the TT flow

GSTT 1 —
—— [ &x\fTT
ou 2 / X

where the metric y;; and stress tensor 7';; are defined in the
deformed theory. The deformed metric and stress tensor can
be expressed in terms of the original ones through the
variational principle approach. The basic procedure is to
write the variation of the deformed action in terms of the
deformed quantities. Then the 7T flow (2.1) implies the
flow equations

Y KA 4
Oyrij = 2T, 0,T;j = y"TyTy,

Ty =Ty—vyT} (2.2)
Here we mainly draw attention to the flow equation of y;;.
The solution of y;; flow equation can be expressed as

vig =1+ 2ud + 2TQT O (23)
where the superscript (0) denotes the quantities of the
original theory. (2.3) indicates that the background metric
of the deformed theory is corrected by the stress tensor of
the original theory. If we consider a CFT in the flat
spacetime, the deformed theory may not be in the flat
spacetime because the background metric is also deformed.
This approach was originally developed by Guica and
Monten (see [23,36] for more details).

From the holographic point of view, y;; is interpreted as
the boundary metric of AdS;. Therefore, the deformed
metric y;; would imply the bulk boundary condition. In
general, the solution of 3D gravity can be written in
Fefferman-Graham gauge

1 o 1 o 1w\ ... .
ds*> = per +r? (gfj) + pgﬁf +Fg’(7) dxdx/, (2.4)
with the constraint

oy 1 @ 2
4) ( )g(O)klgl(])

9ij :Zgik jl - (2.5)

According to AdS;/CFT, dictionary, gg) is proportional to

the expectation value of the stress tensor of the boundary
CFT [47]
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97 = 82G(TY) - g0 T") = 82GT)

] ’

(2.6)

where the cosmological constant is set to A=—1/£>=—1.
We will use g;; to denote the leading order for the deformed
bulk solution. Now, combining (2.5), (2.6), and (2.3), we
arrive at the mixed boundary condition'

0 2 4
9ij = QEJ> ‘Higl(-j) "‘Mzgz(‘j)' (2.7)

Namely, the boundary metric of AdS; is given by (2.7) at
infinity. This metric coincides with the boundary metric

[expressed within the parentheses in (2.4)] at finite radius
r = r., provided the following relation [3] is invoked

H= (2.8)

nﬁl\)‘ —

This asymptotic behavior allows us to write the bulk solution
in the Fefferman-Graham gauge by replacing g,(-?) with g;;.
Note that this mixed boundary condition differs in several
respects from the Brown-Henneaux boundary condition
[48]. Although this boundary condition is defined at infinity,
the leading order of the boundary metric g;; is not a flat one.
It also breaks the chiral boundary condition in Chern-
Simons form. We therefore need a new boundary term to
remove inconsistency in the variational principle approach.
Besides, the leading order g; j fluctuates, which would
inspire us to study the underlying asymptotic dynamics.

To keep our discussion explicit we consider the Bafiados
geometry, which constitutes the most general bulk solution
of AdS; with gs;)) =1;j. In holomorphic coordinates
(z=0+17=0-1), the Bailados metric can be put in
the form [49]

dr? _
ds? = r—rz + r’dzdz + L(z)dz* + L(Z)dZ?

1 _
+ pﬁ(z)ﬁ(z)dzdz, (2.9)
where £(z) and L(Z) are arbitrary functions depend on z
and z, respectively. The mixed boundary condition would
fix the boundary metric as

gijdxidx) = dzdz + u(L(z)dz* + L(z)dz?)
b4

+ WL (2)L(Z)dzdz. (2.10)
Now, introduce the following new coordinates x* such that
the leading order of the boundary metric takes the man-
ifestly flat form ds = dxdx~,

'Here we have redefined the parameter y ~ y/87G so that the

relation y = 1/r2 holds; this amounts to the choice of units
872G = 1.

dxt =dz +pul(Z)dz,  dx =dz+ul(z)dz. (2.11)

The deformed bulk solution is obtainable from (2.9) by
performing the inverse of the coordinate transformation

dxt — ,uzﬂdx_
1 —yzﬁﬂzﬂ

_dx —plydx"

dz = :
‘ 1—W2L,L,

. (2.12)

El

where we used the notations £, = L(z(u,x*,x7)) and
L, =L(z(u.x*,x7)). The concrete relation between
L(x") and L,(x*,x”) may be found in several ways
[36]. One of which is that the coordinate transformation
(2.11) brings the deformed AdS; solution to the Bafiados
geometry. The horizon area or energy density should not
change under such a coordinate transformation. So com-
paring these two metrics yields

£ﬂ<1 _l’t‘zﬂ>2 o 4
(- 2LL) S L(xT),
Ll =il _ L(x). (2.13)

(1 - /’lz‘cﬂzﬂ)z

As a result, we can write the deformed AdS; solution in
terms of parameters L, Zﬂ through the coordinate
transformation.

Moreover, it turns out that the 77-deformed theory can
be mapped into the original theory via a field dependent
coordinate transformation [50,51]. In terms of the differ-
ential form, the coordinate transformation reads

(o) =wmame (e 1) ()

(2.14)

According to the holographic dictionary, the parameters of
Bafiados geometry correspond to the stress tensor of the
boundary Liouville theory through £(z) = 27T(z), L(Z) =
2T(zZ) [40,49]. In this context, (2.12) is consistent with
(2.14). Therefore, we can use the same coordinate
transformation in the bulk to get the deformed AdS;

solution.

B. Chern-Simons formalism and the boundary term
It is well-known that three dimensional Einstein gravity
with a negative cosmological constant can be expressed as
SL(2,R) x SL(2,R) Chern-Simons gauge theory [52],
whose action is

S(A,A) = I(A) — I(A), (2.15)

where
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2 1
I(A)_ﬁﬂTr<A/\dA+§A/\A/\A>, k=5 (2.16)

The gauge fields A, A valued in two independent copies of
SL(2,R), which are defined as the combination of vielbein
and spin connection

A? = 0" + €, Al = @ — e (2.17)
The equations of motion are
dA+AANA=0, dA+AANA=0. (2.18)

It turns out that these equations are equivalent to first order
gravitational field equations.

Let us first take a look at the Bafiados geometry (2.9) in
Chern-Simons form. The corresponding gauge fields can be

calculated
L
L), 1> i,
r

1
A = —Lodr+ (VL_I + (219)
r

_ 1 L(z
A = ——Lodr+ (ﬁL_l + I’L1>dz (220)
r r

where L, L, are Lie-algebra generators of SL(2, R) (see
Appendix A for our convention). These gauge fields also
can be obtained by solving (2.18) with the chiral boundary
condition A; = 0, AZ = 0 [49]. A useful trick to factor out
the boundary degree of freedom is performing the follow-
ing gauge transformation

A=b"'(d+a)b, A=b(d+a)b,

0
b:eLolf”:(\/; 1)'

0 7

(2.21)

In this case, the reduced connections have the explicit form

a = (L_1 + [/(Z)Ll)dZ’

a=(L(Z)L_, +L,)dz, (2.22)
which depend on the boundary coordinates (z, z) only. For
later discussion, we would like to use the coordinates 6 =
(z472)/2,t = (z—z)/2 and impose the periodic condition
0 ~ 0+ R. Then the chiral boundary condition becomes
A, =A, and A, = —A,. Now one can go through a
consistent variational principle approach by adding some
boundary terms to the action. The total action associated to
the chiral boundary condition was found in [39], which
takes the form

S (AA)=1(A) = I(A) —"LM dtdOTr(A +A2). (2.23)

In the Hamiltonian formalism, the supplementary boundary
term plays the role of a surface integral, which implies the
total energy of this system [53]. Inserting (2.19) and (2.20)
into (2.23), the boundary term becomes

By = —% /6 . dtdo(L(z) + L(Z)).  (2.24)

For the BTZ black holes, £(z) = Ly, L(Z) = L, the
boundary term (2.24) gives exactly the energy (or mass)
of the black hole

E="Riret Lo =M. (2.25)
2w

We now turn to the investigation of the mixed boundary
condition for the 7T deformation. As we shall see, this mixed
boundary condition can be obtained from the Brown-
Henneaux boundary condition through a field dependent
coordinate transformation (2.12). Consequently, the gauge
fields corresponding to the mixed boundary condition are
given by

A 1Ld+ ! L —|—1£L
=- r+————=— | rL_ —
0 l—ﬂ2ﬁﬂﬁﬂ L A

X (dx* — pL,dx™), (2.26)
= 1 1 1 -
A=——Lydr+ —————\(-L,L L
r? r+1—;42[,”[,ﬂ <r£” -t 1)
X (dx~ = pL,dx™). (2.27)

We use tilde symbols to denote the quantities in the deformed
theory. One can clearly see that the deformed gauge fields
obey

A +ul,A_=0, (2.28)
instead of the chiral boundary condition. That is to say, the
mixed boundary condition breaks the chiral boundary con-
dition. However, the equation of motion still holds, because
the deformed bulk solution also satisfies Einstein equation. In
the coordinates 6 = (x* 4+ x7)/2,7= (x* —x7)/2, the
gauge fields A and A have the following relations

(2.29)

The r dependence of the deformed gauge fields can also be
eliminated through the gauge transformation (2.21). Thus,
we get the reduced connections for deformed theory
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1—/1[_:”
Gy = nte (L_y + L,Ly),
ap l—ﬂzﬁﬂﬁﬂ( 1 " 1)
1+ ul
;= — g (2.30)
1 —ul,
- l—ul, -
dy = ————=—(L,L_; + Ly),
ap 1_M2£”£ﬂ< ut—1 1)
_ 1 +ul, .
a; = — ag. 2.31
az 1_ﬂ£ﬂa6‘ ( )

This is the mixed boundary condition in Chern-Simons form.
In order to have a well-defined variational principle, we have
to add a supplementary boundary term. It turns out that the
corrected boundary term is

K _[1=p2L,L . 1—pu?L,L -
=—— | did0|———E"ETr(a? P Tr(a2
B 4”[9}” f { -y r(a;)+ 4L, r(a3)
L, +L,—2uLl,L
:—i/ didp=r I (2.32)
2w oM l—ﬂzﬁﬂﬁﬂ

where we have invoked (2.30) and (2.31) in the last step. The
detailed derivation of this nontrivial boundary term is given
in Appendix B.

Here we give some comments about this boundary term.
This term reduces to the limiting case (2.24) when u — 0.
Unlike the limiting case where the chiral boundary con-
dition holds, the boundary term (2.32) in general cannot be
separated into a chiral part depending only on & and an
antichiral part depending only on &. One may see this more
clearly by writing £,, L, in terms of the reduced con-

U
nections. As a consequence, the chiral action /(A) and the
antichiral action /(A) in Chern-Simons theory are coupled
to each other through the boundary interaction term (2.32),
as long as u # 0. This is the effect of 77 deformation in
Chern-Simons gravity.

The boundary term also gives rise to the total energy of
this system. Working in the Hamiltonian formalism, the

surface integral reads

K i L, + ZM - ZyLﬂZ,,

E -
1—u?L,L,

. (233)

_271' M

which is consistent with the result derived from the bulk
stress tensor [36]. For the BTZ black holes, we can work
out the total energy with the help of (2.13)

R u oy
E== 1—\/1——M E ), 2.34

where M = R(Ly + Ly).J = R(Ly — L) are the mass and
the angular momentum of the black hole, respectively.
The total energy of this system is in agreement with the

spectrum of the TT-deformed CFT. E precisely matches the
quasilocal energy of the BTZ black hole due to y = 1/r2.
This result is consistent with the cutoff point of view [3].
However, the mixed boundary condition considered in this
paper is actually an asymptotic boundary condition, which
is defined at infinity rather than at the finite radius r = r,.
The advantage of this mixed boundary condition is that we
can study the boundary dynamics directly in Chern-Simons
theory, as we shall discuss in the next section.

III. FROM CHERN-SIMONS THEORY TO
TT-DEFORMED WZW MODEL

In this section, we would like to study the boundary
dynamics of AdS; with the certain mixed boundary
condition. We first take a short look at the chiral boundary
condition. It is shown that the Chern-Simons action can be
reduced to the WZW model [54]

I(A) = = / dtd0Tr(aga,) + T[G].
477.' oM

I[G] :é A Tr[(G'dG)?), (3.1)

where a = g'dg, A= G 'dG and T[G] is the Wess-
Zumino term. The gauge fields can be written in this form
because one can choose the pure gauge solution of the
equation of motion (2.18). After adding the boundary term
(2.24), the total action (2.23) could reduce to a sum of two
chiral WZW actions

K

St = Trlag(a, — ag)] + T'[G]

4x Jou
e /BM Trlag(a, + ag)] - T[G],  (3.2)

where ¢g and G take values in SL(2,R). It turns out that
(3.2) produces a non-chiral SL(2, R) WZW model, and the
latter allows a further reduction to the Liouville theory
classically [55]. At the quantum level, the Chern-Simons
gravity is equivalent to the Alekseev-Shatashvili quantiza-
tion of Virasoro group [41]. In other words, the asymptotic
dynamics of AdS; with the Brown-Henneaux boundary
condition can be described by the conformally invariant
theory.

The above consideration can be extended to the case
where the mixed boundary condition is imposed. As we
shall see, the corresponding boundary term (2.32) leads to a
coupling between two opposite chiral WZW models, and
the resulting theory is equivalent to the 77-deformed non-
chiral WZW model. Moreover, the mixed boundary con-
dition also gives constraints on the 7T-deformed WZW
models, which would give a further reduction to the 7T-
deformed Alekseev-Shatashvili action.
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A. Reduction to a sum of two coupled
chiral WZW actions

We are ready to reduce the Chern-Simons action
with boundary term to the TT-deformed WZW model.
The main difference with the CFT case is the boundary
term. Firstly, we would like to express the boundary
term in terms of the gauge fields. In the following we

|

find it is convenient to define

X, =Tr(AA,) = Tr(ad,). (3.3)

According to (2.30) and (2.31), one can write £,, in terms of
Xéé and X@é

o= [+ #(Xas = Xpa)I V1 = 2u(Xop + Xpp) + 1 (Xgg — Xga)’
! 21 X5
L1 —2u5faé+étz(Xéé = Xi)® (3.4)
21Xy
as well as a similar expression for Zlﬂ. It is straightforward to derive the following identity
- - 1 — 2L, L 1 —pu?L,L,
\/1 —2u(X5p + Xp5) + 1> (Xp5 — Xp)* = 1 — (#Xé@ #Xéé) : (3.5)
1- ﬂﬁ}, l- Mﬁu
Comparing this with the first line of (2.32), the boundary term B can be expressed as

:—/ fd@ \/1 2u(X X50) + 1 (X35 —)_(9@)2—1). (3.6)

It follows that the total Chern-Simons action consistent with the mixed boundary condition may reduce to

K -
Stotal = 477-'AM Cﬁd@(Xg);

This is exactly the TT-deformed chiral WZW action,
which was derived from the 77T flow equations [43]. Here
we derive the TT-deformed WZW model based on the
Chern-Simons AdS; gravity with the mixed boundary
condition.

In order to see the effect of TT deformation, one may
expand (3.7) as a Taylor series with respect to u. The first
few terms of this expansion read

Xp3) + TG

did6[X p; — Xp5— X7 — X 5] + T[G] - T'[G]

K
Stotal = E )
M

The leading order reproduces the sum of two decoupled
chiral WZW actions, as presented in (3.2). The deformation
contributes to higher order terms of y. Clearly, such higher
order terms can no longer be written as the sum of a left-
moving part and a right-moving part. In other words, the
TT deformation provides a coupling between two opposite
chiral degrees of freedom.

/d”da (/1 - 26(Xp5 + Xa5) +

+ 1 (Xgp = Xpp)* — 1)- (3.7)

B. Equivalence to 77-deformed
non-chiral WZW action

As is well known, the sum of left and right chiral WZW
actions is equivalent to the standard non-chiral WZW
action [39]. It is natural to expect that (3.7) is equivalent
to a TT-deformed version of the non-chiral WZW model.
By using the usual technique in [39,40], we will verify this
in this subsection. First, we combine the gauge fields g, §

k=g'g, K=G"'G, (3.9)
and introduce the new variables
1= —-5"'9;997'9— 57043, (3.10)
k' 0ik = —g' g9 g+ 571 053, (3.11)
K05k = =g 0p997' g+ 5" 05 (3.12)
The sum of Wess-Zumino terms becomes
I'G] -T[G] = -T'[K] + LM Tr(dgg'dgg™"). (3.13)
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We then write the 7T-deformed chiral WZW action (3.7) in terms of the new variables IT and k~'dk

S[IL, k] = % /a . [Tr(Hic) +% (\/ 1 — uTr(k? +I1?) + p?Tr(K'TI) Tr(K'T1) — 1)} -T[K], (3.14)

where we used the notation k' = k~'d;k and k = k™' d;k.

The auxiliary variable IT can be eliminated by the equation of motion. Varying the action (3.14) with respect to I1, we
obtain the equation of motion

Il — yuTr(KTDK
VQ ’

where Q is introduced for convenience. According to the above equation, we get the relations

k= Q = 1 — pu[Tr(k?) + Tr(I12)] + p2[Tr(K'TI)]2, (3.15)

Tr(I1?) — u[Tr(K'T1))?

Tr(kI) = 7o : (3.16)
Te(ik') = Tr(k/n)[i/_ﬁ”Tr(k/z)] : (3.17)
Te(ik) = Tr(I1?) — 2,u[Tr(k’H)];—|— w2 [Tr(K'T1)]>Tr (k%) . (3.18)

One can express the II-dependent quantities in terms of k-dependent quantities by solving these equations above. The
solutions show

Tr(kz) + u[(Tr(ick’))z - Tr(kz)Tr(k’z)]

Tr(kIT) = ' . _ , (3.19)
V1 HITE() = Te(k2)] + 2 (Te(RK))? = Te(i2)Tr(k2)]
Tr(kK
Tr(KTI) = : r(kK) : : : (3.20)
V1 HITE(2) = Te(k2)] + 2[(Te(kK))? = Te(i2)Te(k2)]
Tr(k*) + Tr(k) + p[2(Tr(kk'))* — Tr(k*)Tr(k?) — (Tr(k?))?
ey < THE) T 4 2T ) = TN T(k”) = (T2)P) o Ba1)
[+ u[Tr(i) = Te(k?)] + 2 [(Tr(kK'))? = Te()Tr(k2)
Substituting these relations back into the action (3.14), we arrive at an action depending on k only
_ K 1 ) ” 2 P12 ) ”
S[k] = 1+ pu[Tr(k”) = Tr(k'*)] + p?[(Tr(kk'))” = Tr(k")Tr(k”)] = 1) = T[K]. (3.22)
Az Jom m
In the light cone coordinates, this action finally becomes
_k ! ij 2 ij ki
STk = I”AM; (\/1 A X+ AuleeN XX 1) ~T[K] (3.23)
where X;; is defined by
X,’j = Tr(k_la,»kk_laik), l,] = (+, —), €+_ = —8_+ =1. (324)

This is exactly the action for the TT-deformed non-chiral WZW model, which is first derived from TT flow equation in
[56]. Therefore, we have verified that the equivalence between the sum of two chiral WZW models and the standard non-
chiral WZW model still holds under the 77 deformation.
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C. Constraints on the T7T-deformed WZW model

This mixed boundary condition also gives constraints on
the TT-deformed WZW model. In order to study the
constraints, we consider the Gauss decomposition of
SL(2,R)

()G ) e
o (o T ) )

Then the gauge fields A,Z can be expressed as

- A% A-
A=G'dG=| . ~
AT —A°

(3.26)

B (—ez‘/"I‘dF+d¢ —eXPW2AF 4+ 2Wdg)+dW

, (3.27
e*?dF PWAF —dg ) ( )

B ( PPdF —di —eXdF

s ) (3.28)
2PP2IF —29dd—dP —eXPdF +d

Comparing with (2.26) and (2.27), we see that the fields are
fixed at r — oo as follows:

O = XPO,F,  (3.29)

OpF =iir, Oy = 2PPOF,  (3.30)

where the parameters 7, 77 take the form

B 1 —,u[_:ﬂ
7 1—/42[,”2,,
1 _
=3 [1 + 1(X55 — Xpp)
/1= 2u(Xa5 + Xag) +12(Xa5 — X5a)] . (331)
- l_ﬂcﬂ
= 1 —;ﬂcﬂzﬂ

+ \/1 = 2u(X5 + Xpp) + 1> (X5 — X@a)z] (3.32)

It is useful to write X5, X5 in terms of the parameters

(3.33)

According to the constraints (3.29) and (3.30), we express
¢, and V', ¥ as

1 /(g F" .1 (n F
(M), =—(1-%), 3.34
1 ’7// 2’1/2 F/// 17/F” F//2
V=—|5-"F-—+>5=+—], 3.35
2r (']2 ;,]3 ’YF/ 7’]2F/ + nF/Z) ( )
1 /7 2qn F' JF" F'F
=5\ T Tt o) (3:30)
r\nonmoon n n

where the overdot and prime denote the derivative with

respect to 7 and 0. Similar relations for the ¢/, ¢ and ¥, ¥
can also be obtained. For the Brown-Henneaux boundary
condition, the parameters 7, 7j are both equal to 1. Then, the
constraints can reduce the WZW model to Alekseev-
Shatashvili action. However, when the deformation is
turned on, the parameters 7,7 appear in the constraints.
In order to make a further reduction, we have to find the
relations between 7,7 and F, F.

In fact, one can rewrite X;; and X;; in Gauss para-
metrization. As a consequence, (3.33) implies the differ-
ential equations for # and 7

03 (2 - _l o
;_§<E> —{F’e}—ﬂﬂ(l n),  (3.37)
’7,// 3 77,/ 2 _ 71_ _

ﬁ_§<ﬁ> —{Fﬁ}—ﬂ’l(l n),  (3.38)

where {f; 9} represents Schwarzian derivative defined by

Bt 3 (Y
o =23 (5) (3.39

Although it is difficult to get the exact solutions, we can
find the perturbation solutions in the first few orders of
small u

n=1+pu{F;0} + 0(),

=1+ pu{F;0} + 0(2). (3.40)

In the Gauss parametrization, we can reduce the
TT-deformed WZW model into
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K 37] 'FpF" F" 3FF"
St =7 / dddi (’7 (U L )
T Jom

n 2* 2qF  2qF F' ' 2F7?

3w G F qF" F' 3FF

—/ dbd Q—ﬂ—" L
7o 2 25F' 2yF F' 2F
+m/mdéd?(n+ﬁ—2), (3.41)

where #,# are determined by the equations (3.37) and
(3.38). Moreover, it is useful to parametrize the boundary

value of F and F as
&
t =1,
an < 3

F=tan(§>, F =

such that &, & are valued in Diff(S')/PSL(2, R) [41]. Then
we find the relations

F// 3 F/ F B 5// N é;//é';/
P o) (5

2z 112
5(6)4(-5) o

as well as the similar relations for the barred quantities. In
order to see whether the resulting theory is a 77-deformed
conformal theory, we can consider the perturbation form of
this action. Plugging (3.40) into the action (3.41) and
dropping some total derivative terms, we finally arrive at

(3.42)

(3.43)

{F.0} ={&0} +%§’2

S total

__L _ 5//6_5/_ , B é//aJr:/_ ,
a5 0050
+_

167y 0 K{f;é}%é’z) ({E;é}%éﬂﬂ
+042 ),

(3.45)

The leading order is exactly the sum of left-moving and
right-moving Alekseev-Shatashvili quantization of coad-
joint orbit Diff(S!')/PSL(2,R) of the Virasoro group
[41,57,58]. The first order correction is nothing but
coupling these two copies through the TT deformation,
since the stress tensors of chiral Alekseev-Shatashvili
actions are exactly given by
~ 1 - - . 1-
Therefore, the boundary dynamics of AdS; with mixed
boundary condition is described by the action (3.45), which
is a TT-deformed conformal theory in first order as
expected. In [43], very similar results were obtained from
a boundary WZW model through the 77 flow. These

results may give a precise check on the correspondence
between the TT-deformed CFT and AdS; gravity with the
mixed boundary condition.

IV. JT DEFORMATION

Another interesting integrable deformation is the J7T
deformation [12]. In this section, we would like to study the
JT deformation. We firstly give a brief review for the
boundary condition for J7-deformed CFT. In Chern-
Simons form, this boundary condition implies a certain
nontrivial boundary term. The spectrum of JT-deformed
CFT is obtained from this boundary term in the
Hamiltonian form. We will also show that the asymptotic
boundary dynamics is described by one type of the JT-
deformed chiral WZW model.

A. Review of the boundary condition
for the JT deformation

By the definition of J T deformation, its action could be
written as

0 , -
a—ﬂSﬁ = /dzx\/fe’/Jisz = /deee’/J,»Tj-’eaz. (4.1)

For convenience, we have written it in vielbein form. In this
model, we have to consider the CFT involving stress tensor
T¢ and the conserved current J', which are canonically
conjugate to the boundary vielbein e/, and the gauge field
@,. Then the variation of the original CFT action would be

8Scpr = / dPxe(T45el, + Ji6D,). (4.2)

When the deformation is turned on, we may suppose the
variation takes the following form

58,7 = / d*xe(Tesel, + J'5d;). (4.3)
The deformed quantities are marked with a tilde. In [23], by
using the JT flow equation (4.1), the JT-deformed vari-
ables were constructed from the original theory
&)i =0, —p,T7, (4.4)

eq = e~ Hal',

T¢ =T¢ + (upThJ7) (e + uiJ?), Ji=J. (4.5)
We focus mainly on the deformed vielbein &, and the gauge
field ®@;, which could help us to fix the boundary condition
of AdS3 .

On the gravity side, we have to introduce a U(1) Chern-
Simons gauge field coupling with AdS; gravity. Therefore,
the total action associated with the J7T deformation
should be
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Stotal = Sgrav + SU(I)

1 2 K
= [ Prgl—— (R+2) + Zema,0,0,|,
L x\@[mn(;( +12>+4n£ el

where k' is the U(1) Chern-Simons level. Generally, the
U(1) charge is introduced by adding a Maxwell term, such
as the charged black hole. Since we are working in an odd-
dimensional spacetime, this gauge field have the U(1)
Chern-Simons form. In order to ensure the variational
process, we add the Gibbons-Hawking boundary term for
the gravitational part. As for the gauge field part, the
boundary term turns out to be

I y
Su(1)-bdy = géM dx\fy7 1 ®,D;, (4.6)

where y;; is the induced metric on the boundary M. Then
the variation of total action in the bulk becomes

1 .
5St0tal = _EAM dzxﬂ<T%av + T}j(l))ﬁ}/lj

- / P J7TI5;, (4.7)
oM
with
e = L k) (4.8)
i T gaG i Vij Vij)» .
0 X (g L, 0 4.9
i T ap\ i j_§7ij , (4.9)
K i,
Jh = E(W —€7)®;. (4.10)

where Tlg;av is the Brown-York stress tensor [59,60], Tg»“)
comes from the U(1) Chern-Simons boundary term,
and J' is the U(1) conserved current. This is the basic
structure in AdS;/CFT, correspondence with additional
U(1) charge [61].

In Fefferman-Graham gauge, the deformed vielbein (4.4)
(0)

corresponds to fixing the g;;" as

g9 =0, (4.11)

1
0 0 0
¢ =i xt), ¢ =gY =5
which can be obtained from the Bafiados geometry through
a coordinate transformation

dz = dx*, dz = dx™ —pJ(xT)dxt. (4.12)
Therefore, the deformed solution is parametrized by
Ly, LT

L,= L), L= E(x‘ —u/J(x+)dx+>,

J=J(xh). (4.13)
We use similar notations for the JT deformation, these
notations should not be confused with the 77 deformation.
A very similar boundary condition for AdS; has been
considered in [62], when they studied SL(2,R) x U(1)
symmetries in AdS;.

In addition, we also need to fix the gauge field ®. From
(4.10), the gauge field ® can be written as

O_ = F(x,x"), (4.14)

b, - 27”](;#) Wl FE ). (415)

Comparing the deformed gauge field ® with (4.4), we can
identify

F=ulT__, —uJ(x)F =uT_,, (4.16)
where T';; is the total stress tensor of the system
T, =T5" +T5. (4.17)

This means that the additional boundary term of the U(1)
Chern-Simons action have a backreaction for the formalism
of deformed gauge field. Finally, one arrives at the equation
for F

Kp - pK
_ME R 4.1
7 277,’£”+477,']:’ (4.18)

2 wrkK -
or F= . (1 1 7 ﬁu)' (4.19)

We summarize the mixed boundary conditions to com-
plete this subsection. The mixed boundary condition for JT
deformation includes fixing AdS; metric as well as U(1)
gauge field. The AdS; metric is determined by a coordinate
transformation (4.12). The gauge field refers to the stress
tensor of the whole system through (4.14) and (4.18). As a
result, we can express the metric and gauge field in terms of
L, F, J. Moreover, this mixed boundary condition would
imply the asymptotic dynamics because it is defined at
infinity.

B. Chern-Simons formalism and the boundary term

Now we put the mixed boundary condition in the Chern-
Simons formalism to find out the associated boundary term.
As mentioned above, the total action in the bulk consists of
the gravitational part and the U(1) Chern-Simons gauge
field part. For the gravitational part, the action can be
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formulated in SL(2,R) x SL(2,R) Chern-Simons theory.
Therefore, the total action would be

/

—IA) +—

S(A,A,®) = I(A) -

/ O AdD.  (4.20)
M

By using the coordinate transformation (4.12), we obtain
the SL(2,R) gauge fields

| 1
A=—-Lydr+ (rL_l + —ELl)dx+, (4.21)
r r

= 1 1
A= ——Lodr + <_£!¢L_] + I”L1>
r r
X (dx™ = pJ(xT)dx™), (4.22)
which still satisfy the equations of motion. After eliminat-

ing the radial coordinates, we write down the induced
connections

a=(L

a=(L,L_y +Ly)(dx~ —uJ(x+)dx*).

1+ L(xT)Ly)dxT, (4.23)

(4.24)

Clearly, the left chiral boundary condition is maintained,
but the right chiral boundary condition is broken. Besides,
the U(1) gauge field @ is fixed in (4.14) and (4.15). In the
coordinates 8 = (x* +x7)/2,7 = (x* —x~)/2, the mixed
boundary condition becomes

ap=L_y +L(x")L,, a; = ag, (4.25)
= e = 1—’-/1.]:
ag=(L,L+L)(1-pJ), == =0, (4.26)
—ul

= 2z . 4r J 1+ul -
b, =—J 1 —uld)F, b, = — ———®;.
07 K ({1 -w)F Tl 1—pd
(4.27)

This boundary condition requires a boundary term be added
to the action (4.20), which turns out to be

B:——/ d"de[/:——ﬂ
V¥4 oM

The detailed derivation of this boundary term is given in
Appendix C. This boundary term also reduces to the CFT
case when u — 0. In addition, it provides a coupling
between the right chiral Chern-Simons theory and a
U(1) gauge field, but keeps the left chiral Chern-Simons
action unchanged.

In the Hamiltonian form, this boundary term gives the
surface integral

/uc(l_ﬂj)]:' (4.28)

— £ [ [c__p
4n? urkK -
1—u)|1—4/1- L
Jr'uzKK/( H )< 22 H

(4.29)

We consider the BTZ black holes, in which £ and L are
constants. After rescaling the coordinates [23], we can
identify

167°G(A — ¢/24) _ 4n*(A —c/24)
L= 5 = 5 ,
R KR
_ D
J=2 (4.30)
;o L 162°G(A-c/24)
" (=w)? T RA(1—uQo/R)?
47*(A - c/24) (431)

 kR*(1 = pQo/R)*
Up to a coefficient, the surface integral ends up with

2n(A—c/24) 2703
R ¥ R

4 2K (A—c/24)
+W(R—ﬂQO)<1—\/1—MQ())2). (4.32)

which is the spectrum of the J T deformed CFT in [8,23], as
expected. Here we reproduce the spectrum from gravity
side using the surface integral method. Just as in the case of
TT deformation, the boundary term is defined at infinity.
From the holographic point of view, the JT deformation
corresponds actually to a deformation of the boundary
condition of AdS;, which can be treated as a coordinate
transformation. This asymptotic boundary condition may
imply the boundary dynamics, and we would like to discuss
this in later subsections.

E:

C. From Chern-Simons theory
to JT-deformed WZW model

We then follow the method used in 77 deformation to
study the asymptotic dynamics for this mixed boundary
condition. By using (4.25), (4.26) and (4.27), one gets

1 K 2 P
J—;<1—\/<1—‘;—”®> +”47xé9>, (4.33)

&, —27J /K
F=—0_""" 4.34

Plugging into (4.28), the boundary term becomes
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-k K - K -
— [ did0|—Xz5 +— P2 +—X;;
/ [471 69+47Z 9+4ﬂ 99]

2
+/cﬁd92”
uK
uK' - g UK
x (1——”@;—\/(1—%%) o X99>

Finally, the total Chern-Simons action with this certain
boundary term can be reduced to

Stotal = /cﬁd9(Xa;—Xéé—Xé;—Xé@)+F[g] - T[g]
K o s -
1 | didd(®; - 82)
2
+ = [ didd
UK
pK' pk' - 2 pPkK

(4.36)

This is actually one type of the JT -deformed WZW action,
which can also be got from JT flow equation by adding an
extra U(1) gauge field, see Appendix D for details. The
effect of JT deformation is coupling the right-moving
SL(2,R) WZW model with left-moving U(1) gauge field.
From the perspective of holography, the boundary dynam-
ics of AdS; with the mixed boundary condition can be
described by (4.36); namely a J7T-deformed conformal
theory.

We give some comments about the J7-deformed WZW
model. The difference between the JT-deformed scalar
field and the JT-deformed WZW model is the definition of
U(1) current J. In the latter one, the current J is introduced
through adding an extra U(1) gauge field. Of course, one
can do the deformation by using one component of
SL(2,R) current J¢, such as J°. However, there will be
another boundary condition for AdS; instead of the mixed
one. We will not discuss this case in this paper.

D. Constraints on the J7-deformed WZW model

We now consider constraints on the JT-deformed WZW
model. We will use the same notation as in the 7T
deformation. By using the Gauss decomposition (3.27)
and (3.28), the boundary condition (4.21) and (4.22) imply
the constraints

e OF =r,

Opp = *PWO,F, (4.37)

e dpF =Cr, Dy = eWO,F,  (4.38)

where

The left-moving part remains unchanged, but the right-
moving part is deformed because of { # 1. From these
constraints, one can express ¢, ¢ and V', ¥ in terms of F

F" . F'

¢/:_ﬁ7 ¢:_ﬁ’ (4.40)

1 Fl// F//2

! —_— — — — [

¥ _2r< o F’2>’

LR
S (. . 4.41
27' < FI + F/2 ) ( )

Similarly we have

- C/ F//
’= (z F,)

— 1 Z«// 25/2 F/// Z«/F!/ F//Z
Voo (e i) 49
Y= 2r (ZZ 53 EF/ + ZQF/ ZF/Z) . (4'44)

According to these relations,
equation for ¢

K:// C/ . 471_2 . /‘K/NN 2
(0 el - (5]

(4.45)

we get the differential

The solutions of this equation allow us to express the
parameter ¢ in terms of F and ®. The perturbation solution
in the first few orders of small y is

5—1——<b9+

o {F9}+0( ).

(4.46)

which can be used to give a further reduction of the
deformed WZW action.

Finally, the total action (4.36) can be expressed in Gauss
parametrization
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3F//F/ F//

Smtal— /fd&({F 9}+ P F)
D(D-D- — D2
+E / didf(Dyd; — d3)

¢ 3y ¢F P F' O3FE
__/fd <¢ 2 TofF P F 2F/2>
- / d”d@(c// 3¢ {F-é}>
¢ 22
2z ~ L -
t <1—E¢5—C).

Again, one can parametrize the F and F to the angular
variables & and £. Substituting the perturbation solution
(4.46) into the action, we arrive at

(4.47)

Stotal
- "8 / _”8 B _
(509 ()
— / did6 (D d; — 7)
+W dédzég({é;é}+%§'2>+0(ﬂ2). (4.48)

The leading order of this action is the sum of two opposite
chiral Alekseev-Shatashvili actions with an additional U(1)
gauge field. The first order correction is just the coupling
of the right-moving Alekseev-Shatashvili action and the
left-moving U(1) gauge field through the JT operator.
Consequently, the asymptotic boundary dynamics of
AdS; with this mixed boundary condition is described
by one type of JT-deformed Alekseev-Shatashvili action.
However, since our construction depends on introduction of
a gauge fields ®, the resultant theory should differ from the
standard J7 deformation. The latter is the coupling of two
opposite chiral Alekseev-Shatashvili actions without addi-
tional gauge fields.

V. CONCLUSION AND DISCUSSION

In this paper, we study the holographic aspects of
TT/JT-deformed CFTs in Chern-Simons formalism. It
is shown that the deformed CFTs correspond to AdS; with
mixed boundary conditions. Based on the mixed boundary
condition, the certain boundary terms are obtained. We also
show that the boundary dynamics of Chern-Simons AdS;
gravity turns out to be the 77 /JT-deformed WZW model.

Unlike the cutoff point of view, the mixed boundary
condition for the 77T deformation is defined at infinity. We
find that this boundary condition implies a nontrivial
boundary term in Chern-Simons formalism. The boundary

term gives rise to total energy of this system, which
matches with the spectrum of TT-deformed CFT. This
spectrum is exactly the quasilocal energy of BTZ black
hole, if we identify u = 1/r2. After writing the boundary
term in terms of gauge fields, the total action can reduce to
TT-deformed two chiral WZW models. The effect of 7T
deformation is coupling the two chiral WZW models.
Moreover, the mixed boundary condition also gives the
constraints on 77T-deformed WZW model. By disentan-
gling the constraints, the boundary theory turns out to be
the TT-deformed Alekseev-Shatashvili quantization of
coadjoint orbit of the Virasoro group. Finally, we show
that the TT-deformed standard non-chiral WZW model is
equivalent to the 7T-deformed two chiral WZW models.

As for the JT deformation, the holographic interpretation
is also AdS; gravity but with an extra U(1) Chern-Simons
gauge field coupling to the gravity. After rewriting the
gravitational action in Chern-Simons formalism, we also
obtain the associated boundary term. As expected, this
boundary term precisely gives the spectrum of JT-
deformed CFT. In addition, based on this nontrivial
boundary term, the boundary dynamics is also studied. It
turns out that the boundary dynamics of AdS; can be
described by one type of constrained JT-deformed WZW
model. This type of JT-deformed WZW model can also be
obtained from the J7 flow equation through adding a
supplementary U(1) gauge field. However, this type of J7 -
deformed WZW model turns out to be a coupling of the
right-moving Alekseev-Shatashvili action to a U(1) gauge
field. The standard JT-deformation should be the coupling
of two opposite chiral Alekseev-Shatashvili actions via the
JT operator. Regarding this, it would be interesting to find
another boundary condition in the bulk and perform a
holographic check.

Furthermore, we show that the effect of 7T deformation
is the coupling of two opposite chiral SL(2,R) WZW
models, and the effect of JT deformation is coupling a
right-moving SL(2,R) WZW model with a U(1) WZW
model. It would be interesting to consider SL(N, R) WZW
models and couple two WZW models through higher spin
currents deformation, since SL(N,R) WZW models cor-
respond to higher spin gravity [63—65]. This will be helpful
to understand the holographic aspects of higher spin gravity
under the integrable deformation.
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APPENDIX A: CONVENTIONS
In this paper, we use the generators of SL(2,R)

L (00 L_110> L (01 A
1 \10) " 2\0 -1 " \oo)

The commutation relations are

[L_1.Lo]=L_y. [L_y.Ly]=-2Lo, [Lo.L\]=L;. (A2)
Its Cartan-Killing metric is

0 0 1

1 00

APPENDIX B: BOUNDARY TERM
FOR TT DEFORMATION

In this appendix, we will derive the boundary term (2.32)
for TT deformation. Firstly, we expect the variation of the
total action behaves like the form

k ~ o 14ul, . .
SSiotal = pye /6M didOTr { <a; - ,uﬁy g) oay

= L+l .
- <a;+1_ﬂ£”a9>6a4

which vanishes due to the mixed boundary condition.
Therefore, the variation of boundary term can be identi-
fied as

(B1)

According to (2.30) and (2.31), we can get the variation of
a,a with respect to £, L,

1 —ul -
Sy =—— " (u2L,L_, + L,)5L
(1 _ﬂ2£M£M)2 ! !
/’t(l _ﬂﬁﬂ) 7
-—— (L + L,L,)6L,, B3
(1 —ﬂZEHEM)Z( 1 H 1) H ( )
- p(l—pL,)
Say=——— 2 (L,L L,)6L
ap (1_ (L) 5 (L,Loy +Ly)oL,
1 —ul -
Mon (L., +42L,L))5L,.  (B4)

44—
(1 - Iu2£ﬂﬁﬂ)2

Besides, it is straightforward to obtain

(1 - ﬂzﬂ)z(l + /’l2£ﬂzll>

Tr(azbay) = = oL
oo (1-u’L,L,)> .
2 1- 1 —ul,) -
(1 _ﬂz‘cﬂ‘cﬂ)z
2ul, (1 —ul,)(1 —ul

(1 - /"Zﬁy'f:’y)3
(1= uL,)* (1 + 2Ly Ly)
(1 - /’Lzz’u[’y)?’

5L,.  (B6)

Substituting these relations into (B2), it yields

[ (1=uL,)?
w2~ [ m[%azﬂ
7T Jom (1=wL,L,)
(1 _ﬂﬁy)z 7 :|
e

+———=—=0L
(1 - ﬂz‘cuﬁu)z

(B7)

The right hand side of this equation is a total derivative. The
expected primitive function of this boundary term variation
could be

y —2uL, [
___/ i S e = WLy (BS)

1—42L,L,

In addition, the boundary term could be written into another

form
2£ C
= ——/ d‘d@{ (Zzg)
_ﬂ »
1- /,125”[,

- uL, . Tr(‘:‘(%)] : (BY)

As a consequence, the boundary term for 7T deformation is
just (2.32).

APPENDIX C: BOUNDARY TERM
FOR JT DEFORMATION

In this appendix, we will derive the boundary term for J7
deformation. According to the boundary condition (4.25),
(4.26) and (4.27), we can write down the expected variation
of total action. We would like to consider the gravitational
part and U(1) gauge field part separately. For the gravi-
tational action, its variation should take the following

Seray = / deTr[ i),

= 1+,u-]: =
— (a; + md@) 5a4 .

The variation of U(1) gauge field action should be

(C1)
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K./
25U =

A J
K 1—puJ

1+ ud -
D, |5D;.
+1_ﬂ] 9) [

(C2)

dido <<i>7 -

Both of them vanish because of the boundary condition.
Then, we can read off the variation of the boundary terms

By = — / didd [Tr(agéag) hla Tr(c:lg)&:le)} ,
(C3)
- 1+ ,uJ
8By = / (K 1 —,uJ 1—puJ 9>5q)9
(C4)

By using (4.25), (4.26) and (4.27), one can calculate

Tr(ag)ﬁa(;) = 5[:, (CS)

Tr(agdag) = (1 — uJ)?6L, — 2u(1 — uJ)L,8J,  (C6)
- 2r

60y = <7—y]:>5J+(1—,uJ)6]:. (C7)

Plugging these relations into the boundary term and noting
(4.18), we can write these boundary terms in terms of £, J
and F

dzdé Ksc

4z

— 22 — - —
/fdel J)(Zﬂ 47[}")}'
~ UK 5
+/ d?d9(1+,uj)<}"—]-">5j
oM 4z

5B —/ didd 2—— F) o (L) £ s
u(l) = o H 4 2 4n
0

AR oK
—/aMdid [—zj(l wd)+ (1= -

5Bgrav =

(C8)

}"] SF.
(C9)

One can verify the variation of each boundary term is not a
total derivative. However, combining the gravitational part
and U(1) gauge field part, we can get a total derivative.
This might imply the boundary term coupling the gravity
with U(1) gauge field. The variation of total boundary
term is

oB = 5Bgrav + 5BU(1)
. 42 2
== afzde[(s,c— <i,J+—”f>5J
A Jom KK K

+2—”(1 —yJ)é]-"]. (C10)
UK

Integrate the above formula, we arrive at the expected
boundary term

2

K
— (1 =ud)F]|.
/u<< )

B———/ didd 5—2—”2J2+ (C11)
A fom KK’

APPENDIX D: JT DEFORMED WZW MODEL

In this appendix, we will derive one type of JT deformed
chiral SL(2, R) WZW model from the JT flow equation, in
which the U(1) current is introduced by adding a left-
moving chiral U(1) WZW model action. We consider the
action

SL(2.R)

Stotal - SLWZW - SSL(Z W

rRwzw + SL\sv%W

SL(2.R SL(2.R _

/d2 ng\;vzw) +Tlg] - /dz gRI;VZW) —I'[g]
1

o [ @x i

Here the Lagrangian for left-moving SL(2,R) WZW
model is

(D1)

SL(2.R K
<z LV\EZW> = E

TI'(AQAI - AgAg) . (D2)

In order to define the stress tensor, we put the right-moving
SL(2,R) WZW model in a curved background whose
metric is

It

gt=0, g¥'=4"= ¢ =h. (D3)

Then the Lagrangian for right-moving SL(2,R) WZW
model takes the form

SL(2.R)

K - - - -
XRWZW = ETr(‘AGAt + hAg.Ag) (D4)

In terms of the zweibeins, we can express & as
=t (D5)

Therefore, the Lagrangian for left-moving SL(2, R) WZW
model can be written as
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SL(2,R K - 7, €
20 = (A A 0o
This Lagrangian becomes chiral WZW action of left-
moving copy if setting 7 = —1, and & = 1 for the right-

moving copy. We then couple U(1) WZW model with
gauge field B, such that the Lagrangian becomes

K/
gij\g\}%w = is [(0pU0U — 0,U0,U)
+ (Bg — B,)(20,U + By)]. (D7)

Following the technique used for chiral Bosons [43,66,67],
we finally obtain the improved action

Simp = %\/CFXTI'(AQA[ - AHAH) + F[g]
_x / PxTr (,Ztgjt, + iitaila) - Ig]
4r €y
T / Px[(0,U0,U — D,Ud,U)

— (Byg — B,)(20oU + By)]. (D8)

Then the conserved stress tensor 7%, and conserved current
J' can be defined by

_ 0L - 0L
. _9ZL 0 _ 9<% D
T e + Dey (D9)
0L 0L
=2 e D1
=98 7 ~ a8, (D10)

We identity this action as the original theory.
Therefore, the JT-deformed Lagrangian ., satisfy the
flow equation

0L

_ - 04,02, 0%,0%
auﬂ — JtTg_ —JQTQ_ — H M H H

OB, de; 0By Oef’

(D11)
with the initial condition

K K LA+ A7
[

+2-[(0gUD,U = 0,U0,U) + (By— B,)(20,U+By)].
(D12)
Solving the JT flow equation (DI11), and setting

e; =ey; =1,B,=By=0, one can get the deformed
Lagrangian

L, = %Tr(AaAz - AgAy) — %Tr(“%;‘t + A Ag)

/

Finally, the total action for J7-deformed WZW model is

Sp=1 / PATe(Ag A, — Ay Ag) + T

T

K
T

2
+ 2= (DpUDU — UD,U) + - (1 _
4r HK

/ / 2 2. . o
agU - \/(1 —/%89U> +ﬂ4KK Tr(A9A9)> . (D13)

7[2

/

1 / PxTr(AgA, + AgAp) —T[g] + 4i / d2x(0yUd,U — dyUd,U)

T

2z ur’ ur’ 2
— | x| 1-"—0,U - 1 -"—0yU
+,L42K x( 2 ? \/< 2r ° - 4

K/

Tr(AM@) : (D14)
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