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The model-independent theoretical upper bound on the thermal dark matter (DM) mass can be derived
from the maximum inelastic DM cross section featuring the whole observed DM abundance. We deploy
partial-wave unitarity of the scattering matrix to derive the maximal thermally averaged cross section for
general number-changing processes r → 2 (with r ≥ 2), which may involve standard model particles or
occur solely within the dark sector. The usual upper limit on the DMmass for s-wave annihilation is around
130 TeV (1 GeV) for r ¼ 2 (3) and only applies in the case of a freeze-out occurring in the standard
cosmological scenario. We consider the effects of two nonstandard cosmological evolutions, characterized
by low-temperature reheating: (i) a kinationlike scenario and (ii) an early matter-dominated scenario. In the
first case, early freeze-out strengthens the unitarity bound to a few TeVs for weakly interacting massive
particles (WIMPs); while in the second case, the WIMP DM can be as heavy as ∼1010 GeV due to a large
entropy dilution.
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I. INTRODUCTION

The omnipresence of nonbaryonic dark matter (DM) has
been confirmed from celestial observations at different
scales, from individual galaxies to clusters of galaxies, and
even at the cosmological scale [1]. Several properties of
DM also emerge from such observations, albeit only by
exploiting its gravitational interaction. However, observa-
tional evidence has not yet answered the basic questions of
the nature, properties, and other interactions of DM. Also,
in the absence of any hints of complexity and interactions
with andwithin the dark sector, the general consensus deems
DM as particles of a fundamental nature beyond our known
form of matter profoundly established in the standard model
(SM) of particle physics. Such a DM is required to be
electrically neutral, stable at the cosmological time scale, and
nonrelativistic at the time of matter-radiation equality to
permit structure formation. Furthermore, the observation of
the cosmic microwave background established that DM
holds a 27% share of the total energy budget of the present

Universe, corresponding to a relic densityΩh2 ≃ 0.12 [2,3].
With a decade-old theoretical development in modeling
different particle DM candidates, the extensive possibility
of a wide mass range of viable DM candidates has been
opened [4]. This, in turn, pushed the community to develop
ingenious approaches for the next generation of DM experi-
ments, covering ultralight to very heavy ones. Among this
wide range of DMmass, the model-independent lower limit
of around 10−22 eV comes from the de Broglie wavelength
of bosonic DM that can be confined within a dwarf galaxy
[5–7]. This paradigm of ultralight fuzzy DM candidates has
received significant attention lately due to its ability to
alleviate tensions between anomalies ranging from theoreti-
cal modeling and simulation structure formation and vast
astrophysical data. Further refinement of the DM mass
bounds is influenced by the specific properties and nature
of DM. Notably, the lower limit for the DM mass is more
constrained in the case of fermionicDM, because of the Pauli
exclusion principle. Furthermore, observations of the
Lyman-α forest play a crucial role in establishing constraints
on DM. These observations set a lower limit of around
5.3 keV [8] for warm DM by constraining its free streaming
length. In contrast, a model-independent upper limit of the
DMmass can be derived in the range of 103 solar mass from
the stability of stellar clusters in galaxies [9,10]. Once again,
observations of the Lyman-α forest play a role in further
constraints from Poisson noise [11].
The consideration of a specific DM production paradigm

in the early stage of the Universe may further constrain the
mass range for a viable DM candidate. For instance, the
number-changing pair annihilation of DM to SM particles
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determines its present mass density, where it maintains the
chemical and kinetic equilibrium with the thermal soup in
the early Universe. Interestingly, the requirement of the
unitarity of the S-matrix sets a model-independent upper
bound on the DM mass for this scenario [12–14]. The
implication of unitarity offers the maximum inelastic cross
section, which fixes the minimum number density of the
frozen-out DM. Using this number density, one can
establish the maximum allowed DM mass by fulfilling
its observed relic density. In the theories of DM with long-
range forces, DM bound states can form which lessen the
unitarity bound than the picture without bound states, since
the formation of bound states reduces the effective inelastic
annihilation rate [15–17]. In addition, the dark sector with
particle-antiparticle asymmetry enforces a nonzero equi-
librium chemical potential for DM, which further con-
strains the unitarity limits by demanding an increased
effective DM number density at the time of freeze-out
[15,18]. Furthermore, different indirect searches for DM
may put a lower limit on the DM mass for some specified
scenarios. A strong model-independent lower bound for
thermal DM that is annihilating to visible states through an
s-wave process is about 20 GeV [19]. In addition, a more
restrictive lower limit has recently been found. It has been
shown that the lower bound is 200GeV, consideringH.E.S.S.
and other updated observational data [20].
In particular, all the DM scenarios mentioned so far pay

attention to the 2 → 2 number-changing process where a
DM pair annihilates into a pair of SM particles, that is, the
weakly interacting massive particle (WIMP) paradigm
[21,22].1 Moreover, it is not necessary that the number-
changing processes involve SM particles, so they may also
occur within the dark sector. The minimalist realization of
this scenario is the 3 → 2 process, where this kind of
number-changing reaction involves a single DM species. In
general, such processes arise in DM theories with new
sizable self-interactions, and in several contexts as self-
interacting DM [29–31], the strongly interacting massive
particle paradigm [32–49], or even the elastically decou-
pling relic scenario [50,51].
Now, the question arises: What would be the conse-

quences of the unitarity of the S-matrix for a general DM
number-changing process of the kind r → nwith r > n ≥ 2?
Here,we focus on a subset of the reactionwith the type r → 2
instead of the generalized r → n interaction to avoid the
complexity of handling the partial-wave decomposition for
the r-body initial state. However, the partial-wave analysis
for a two-body initial state is simple. The thermally averaged
cross section hσr→2vr−1i can be easily obtained from hσ2→rvi
utilizing the fact that both cross sections are related in thermal
equilibrium. The implication of unitarity helps to calculate

the maximum inelastic cross section for the 2 → r process
once the total cross section, calculated using the optical
theorem and the elastic scattering cross section for the 2 → 2
process, is known.
It is essential to mention that the early history of the

Universe plays a crucial role in the genesis of DM, since the
decoupling of thermal DM occurred at that time. Generally,
the studies of DM consider the standard cosmological
picture in which the radiation energy density is assumed to
dominate the energy budget before the big bang nucleo-
synthesis (BBN). However, there is no direct evidence for
the energy content at very high temperatures. Therefore, it
is vital to look at the effects of modified cosmology on the
production of DM. In recent times, the evolution of the DM
in the period of nonstandard expansion usually triggered by
the decay of a long-lived massive particle [48,52–71] or by
Hawking evaporation of primordial black holes [72–95] is
receiving increasing attention.2 All such studies point toward
the fact that nonstandard cosmology alters the value of the
thermally averaged cross section needed to satisfy the
observed relic of DM. Such a modification in the thermally
averaged cross section may also change the unitarity mass
bound of the DM. Recently, the impact of early matter
domination on unitarity limits has been studied [14].
The presentwork explores howsuch boundmodifies in the

context of two different nonstandard cosmological pictures.
One is the kinationlike scenario in which a species, ϕ,
dominates the energy density in the pre-BBN era. Here, the
energy density of ϕ maintains the following redshift behav-
ior, ρϕ ∝ a−ð4þnÞwithn > 0wherea is the scale factor [112].
Another is late-time reheating, where delayed reheating
occurs after inflation due to the suppressed interaction of
the inflaton field [52]. In general, it can be realized as a
scenario of fast expansion with entropy injection. We
demonstrate that the kinationlike scenario restricts the
unitarity limits compared to the standard case, since one
needs a larger cross section than a standard picture due to the
early freeze-out of DM. However, the picture is interestingly
opposite in the case of late-time reheating. Although the DM
decouples earlier because of the fast expansion, the unitarity
bounds are relaxed here because of the entropy injection after
the decoupling of DM from the thermal soup.
This article is described as follows. In Secs. II and III, we

present the detailed derivation of the maximum thermally
averaged cross section allowed by the unitarity of the
S-matrix. We discuss two different nonstandard cosmo-
logical pictures: kinationlike and late-time reheating in
Sec. IV. Section V shows the analytical expressions for
freeze-out and cross sections for the radiation-dominated
Universe and the mentioned modified cosmologies, and we

1Alternatively, one can also have in the final state a DM and a
SM particle (semiannihilations) [23–27], or in the initial state a
DM and another particle of the dark sector (coannihilations) [28].

2For studies on baryogenesis with a low reheating temperature
or during an early matter-dominated phase, see Refs. [52,96–
104], respectively. Furthermore, the production of primordial
gravitational waves in scenarios with an early matter era has
recently received particular attention [105–111].
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also demonstrate our results. Finally, we summarize our
findings in Sec. VI.

II. S-MATRIX: UNITARITY AND ITS
CONSEQUENCES

S-matrix theory gives the information about the proba-
bility amplitude of various outcomes of a scattering process
[113,114]. Interestingly, the unitarity of the S-matrix
dictates the conservation of the probability of interaction.
Although the unitarity of the S-matrix appears to be
apparently simple, it has some remarkable implications.
We would recollect some consequence of it in the case of
DM annihilation, since our primary interest is to put a
bound for DM scattering. Here, we consider the multi-
particle momentum eigenstate normalization convention
[13] and closely follow the derivation in Ref. [14]. One of
the outstanding outcomes of the S-matrix is the optical
theorem, which relates the imaginary part of the scattering
amplitude (Aββ) with the total cross section (σtotal) and can
be expressed in the center-of-mass frame as

ImAββ ¼ 2jk⃗jEc.m.σtotal; ð2:1Þ

with β describing the two-particle initial state. Here, jk⃗j and
Ec.m. represent the magnitude of the three momenta of each
particle in the initial state and the total energy of the initial
state in the c.m. frame, respectively. The state α is
delineated by the three momenta, the z component of
the spin (or helicity) of the individual particles along with all
other internal quantum numbers, and σtot ≡P

γ σβ→γ where
γ corresponds to the possible final states. It is important to
mention that our focus is on the interaction of nonidentical
scalar particles for simplicity, and generalization to other
spins can be done following Refs. [13,113,114]. Here, we
work on a general basis state instead of the basis of
momentum eigenstates, which can be done as a result of
rotational invariance.
One needs to know the amplitude first to calculate the

cross section, and to do so, let us focus on the operator of
the S-matrix (S). It is obvious that the initial and final states
are identical in the absence of any interaction. Therefore,
the operator S is simply the identity 1, as nothing has
happened. If an interaction occurs, one needs to subtract the
identity from S, where all the information about the
interaction is encoded in the nontrivial part S − 1. Now,
we can express the operator of the S-matrix using the
definition of amplitude as

Sγβ ¼ δðγ − βÞ þ ð2πÞ4δð4Þðkγ − kβÞðiAγβÞ; ð2:2Þ

where kβ and kγ represent total four momenta. Furthermore,
the S-matrix can be expressed as a function of the quantum
number of the total angular momentum l, the z component
of the total angular momentum quantum number m, and the

total energy Etot. Using the relation of Eq. (2.2), the general
expression of the matrix element for 2-to-2 scatterings
jk⃗1; k⃗2;qi → jk⃗01; k⃗02;q0i can be written as3

Aq0q ¼ −i
16π2Etotffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk⃗1jjk⃗01j

q
×
X
l;m

Ylmðk̂01ÞYlmðk̂1Þ�ðSq0qðl; EtotÞ − δq0qÞ; ð2:3Þ

where q and q0 represent the channel indices for the two
particle species. Here, Ylmðk̂01Þ and Ylmðk̂1Þ correspond to
the spherical harmonics in the direction of the momentum
unit vector k̂01 and k̂1. Then, the total cross section, the sum
of the elastic and inelastic cross sections, in a given
channel, can be obtained with the help of the optical
theorem in Eq. (2.1) and the expression of the matrix
element in Eq. (2.3),

σtotal ¼
X
l

π

jk⃗1j2
ð2lþ 1Þ2Reð1 − Sqqðl; EtotÞÞ: ð2:4Þ

Then, we obtain the elastic scattering cross section σel in the
c.m. frame from the channel q after performing the
integration over dΩðk̂01Þ while choosing k̂1 along the z
direction,

σel ¼
X
l

π

jk⃗1j2
ð2lþ 1ÞjðSqqðl; EtotÞ − 1Þj2: ð2:5Þ

Now, one can easily obtain the inelastic cross section by
subtracting the elastic in Eq. (2.5) from the total cross
sections in Eq. (2.4),

σinel ¼
X
l

π

jk⃗1j2
ð2lþ 1Þð1 − jSqqðl; EtotÞj2Þ: ð2:6Þ

Finally, we obtain the upper limits on the total inelastic
cross section taking into account that jSqqðl; EtotÞj2 ≥ 0,

σinel ≤
X
l

π

jk⃗1j2
ð2lþ 1Þ: ð2:7Þ

The above expression can also be expressed in terms of
velocity using the fact that, in the nonrelativistic limit, the
momentum can be expressed as jk⃗1j ≃mv=2, where v
refers to the relative velocity of the annihilating particles.
Finally, we note that for a collision among identical
particles, an additional multiplicative factor of 2 is required
in the cross section to avoid double counting [113].

3Here, we have used the fact that that S commutes with the
generators of rotations, and so the matrix element is independent
of m.
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III. DARK MATTER ANNIHILATION AND
UNITARITY BOUND

We have obtained the upper bound on the inelastic cross
section, and now we are interested in calculating the
unitarity bound on the inelastic reaction rate with the help
of the Boltzmann equation for DM. The Boltzmann
equation for the number-changing DM annihilation of
the ith particle in the r → 2 process, where r ≥ 2, i.e.,
(1; 2;…; i;…; r → a; b) in the isotropic and homogeneous
expanding early Universe, can be manifested as

dni
dt

þ 3Hni ¼ −
X

Channels

Δni½n1n2 � � � nrhσr→2vr−1i

− nanbhσ2→rvi�; ð3:1Þ

with Δni being the net change in the ith particle number in
the reaction, and where the thermally averaged cross
section is given by

hσr→2vr−1i≡
R
d3k1 � � � d3krfeq1 � � � feqr σr→2vr−1R

d3k1 � � � d3krfeq1 � � � feqr ; ð3:2Þ

where σr→2 represents the cross section, summed over final
spins and averaged over initial spins, for the r → 2 process,
v is the relative velocity between each particle pair, and feqi
refers to the equilibrium distribution function of the ith
particle species. More specifically, neq1 n

eq
2 � � � neqr hσr→2vr−1i

is the equilibrium rate density for the annihilation.
Similarly, one can perform the thermal average to obtain
hσ2→rvi. Using the relation of detailed balance,
neq1 n

eq
2 � � � neqr hσr→2vr−1i ¼ neqa n

eq
b hσ2→rvi (true for any

individual process in equilibrium), Eq. (3.1) boils down
to the following simplified form:

dni
dt

þ 3Hni ¼ −
X

Channels

Δnin
eq
a n

eq
b hσ2→rvi

×

�
n1n2 � � � nr
neq1 n

eq
2 � � � neqr −

nanb
neqa n

eq
b

�
: ð3:3Þ

Using the maximum value of the inelastic cross section
from Eq. (2.7), one can calculate the maximal value
hσ2→rvimax for the thermal average integral in Eq. (3.2)
for the 2 → r process, considering equal masses for all
rþ 2 particles participating in the interaction, as4 [14]

hσ2→rvimax ¼
X
l

ð2lþ 1Þ 4
ffiffiffi
π

p
m2

ffiffiffi
x

p
e−ðr−2Þx; ð3:4Þ

where x≡m=T, and T is temperature of the SM bath. It is
evident that hσr→2vr−1imax contains an exponential sup-
pression factor, e−ðr−2Þx, which reveals the expense of phase
space to produce each additional particle for r ≥ 3. Now,
we can obtain the maximum thermally averaged rate for the
r → 2 process using Eq. (3.4) and the detailed balance
equation, as [14]

hσr→2vr−1imax ¼
X
l

ð2lþ 1Þ 2
3r−2
2 ðπxÞ3r−52

gr−2m3r−4 ; ð3:5Þ

where g stands for the internal degrees of freedom of
the DM.
Therefore, for r ¼ 2 and l ¼ 0 (s-wave), the general

expression of the thermally averaged cross section (for
2 → 2 process) brings us to the familiar result [12],

hσ2→2vis-wavemax ¼ 4
ffiffiffi
π

p
m2

ffiffiffi
x

p
: ð3:6Þ

Similarly, the maximum value of the thermally averaged s-
wave annihilation cross section for 3 → 2 can be written as

hσ3→2v2is-wavemax ¼ 8
ffiffiffi
2

p
π2

g
x2

m5
: ð3:7Þ

Note that the maximum inelastic cross section for identical
initial-state particles is twice that of the nonidentical
scenario. However, a multiplicative factor 1=2 must be
added as a symmetry factor when performing the thermal
averaging integral in hσ2→2vi for identical particles in the
initial state. As a result, both the expressions in Eqs. (3.4)
and (3.5) are valid for identical and nonidentical initial-state
particles. Now, we pause to mention that the expressions in
Eqs. (3.6) and (3.7) can be used to put a unitarity bound on
the DM mass, as is shown in Sec. V.

IV. LOW-TEMPERATURE REHEATING

In the standard cosmological paradigm, between the end
of inflationary reheating and the beginning of BBN at T ¼
TBBN ≃ 4 MeV [116–120], the energy density of the
Universe is dominated by SM radiation with an energy
density ρR given by

ρRðTÞ ¼
π2

30
g⋆ðTÞT4; ð4:1Þ

where T corresponds to the temperature of the SM bath. It
follows that the Hubble expansion rate H is therefore

4Although the expression of Eq. (3.4) is derived considering
equal mass for all particles involved in the interaction; it provides
the maximum thermally averaged cross section for WIMPs
[21,22,115] in the case r ¼ 2 where the mass of the final-state
particles can be different from the same of the initial-state
particles.
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HðTÞ ¼ HRðTÞ≡
ffiffiffiffiffiffiffiffiffiffi
ρR
3M2

P

r
¼ π

3

ffiffiffiffiffiffiffiffiffiffiffiffi
g⋆ðTÞ
10

r
T2

MP
; ð4:2Þ

withMP ≃ 2.4 × 1018 GeV being the reduced Planck mass.
Additionally, the conservation of the entropy S≡ s a3 of
the thermal bath, with a being the cosmic scale factor, and

sðTÞ ¼ 2π2

45
g⋆sðTÞT3 ð4:3Þ

the SM entropy density implies that the temperature of the
SM bath scales as

TðaÞ ∝ 1

g⋆sðTÞ1=3
1

a
: ð4:4Þ

Here, g⋆ and g⋆s are the numbers of relativistic degrees of
freedom that contribute to the energy density of the SM and
the entropy of the SM, respectively [121].
However, it is interesting to emphasize that the standard

cosmological scenario is not guaranteed and that alternative
cosmologies could also have occurred [122]. In the follow-
ing, we focus on cases characterized by low-temperature
reheating.5 This reheating could correspond to the period just
after the end of inflation, or to a secondary period in which
an extra component beyond SM radiation dominated the
energy density of the Universe. In particular, two scenarios
are reviewed: one where the extra component ϕ that
dominated the expansion of the Universe has an energy
density that gets diluted faster than radiation and does not
decay (that is, a kinationlike scenario), and the other where ϕ
scales as nonrelativistic matter and decays into SM particles
(that is, an early matter-dominated scenario). These two
scenarios are described below.

A. Kinationlike

In this scenario, the Universe was dominated by a
component ϕ whose energy density redshifts faster than
free radiation [112], as

ρϕðaÞ ∝ a−ð4þnÞ; ð4:5Þ

withn > 0. A typical example of this scenario corresponds to
kination [126,127], where n ¼ 2. However, larger values for
n are also possible, appearing, for example, in the context of
ekpyrotic [128,129] or cyclic scenarios [130–133]; see also
Ref. [134].
Interestingly, as this component naturally tends to

become subdominant, it is not mandatory to enforce its
decay. Let us call Trh the SM bath temperature at which
equality ρRðTrhÞ ¼ ρϕðTrhÞ occurs and from which the

Universe is dominated by SM radiation (that is, the
standard cosmological scenario is recovered). The
Hubble expansion rate is therefore

HðTÞ ≃HRðTÞ ×
(�

T
Trh

�
n=2

for T ≥ Trh

1 for T ≤ Trh

; ð4:6Þ

where we have taken into account that, as ϕ is not decaying,
the SM entropy is conserved, and therefore, the SM
temperature follows the standard scaling shown in
Eq. (4.4).

B. Early matter domination

Alternatively, the Universe could have being dominated
instead by a component ϕwith an energy density that scales
like nonrelativistic matter: ρϕðaÞ ∝ a−3. As this component
tends to dominate the total energy density of the Universe,
it has to decay. Again, Trh is the bath temperature when the
equality ρRðTrhÞ ¼ ρϕðTrhÞ occurs, defining the beginning
of the SM radiation dominance era.6 Taking into account
that the decay of ϕ gives rise to a nonadiabatic epoch, the
SM temperature scales as [52,64,135]

TðaÞ ≃ Trh ×

8>><
>>:

�
arh
a

�
3=8

for T ≥ Trh�
g⋆sðTrhÞ
g⋆sðTÞ

�
1=3 arh

a for T ≤ Trh

: ð4:7Þ

It follows that the Hubble expansion rate is

HðTÞ ≃
(
HRðTrhÞ

�
T
Trh

�
4

for T ≥ Trh

HRðTÞ for T ≤ Trh

: ð4:8Þ

Interesting, the SM thermal bath can reach temperatures
higher than Trh, up to T ¼ Tmax [52].
Having settled the evolution of the background, in the

next section, the dynamics of the thermal DM in such
alternative cosmological scenarios and, in particular, the
impact on the unitarity limit are carefully studied.

V. FREEZE-OUT WITH A LOW-TEMPERATURE
REHEATING

In this section, two cases for the DM freeze-out are
considered. The first corresponds to the visible freeze-out,
where a couple of DM particles annihilate into a couple of

5Note that during our study, we assumed instantaneous
thermalization, for details of the effects of noninstantaneous
thermalization, see Refs. [123–125].

6It is worth mentioning that, in general, the nonadiabatic
period could have been preceded by an adiabatic period with ϕ
domination, and by another era dominated by SM radiation. Here,
however, we assume that the DM freeze-out happens in the
nonadiabatic period so that previous stages of the Universe play
no role. This is true if ϕ is identified with the inflaton or simply if
the nonadiabatic era is long enough.
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SM states, with a total thermally averaged annihilation cross
section hσvi. The evolution of the DM number density n can
be described with the Boltzmann equation [21],

dn
dt

þ 3Hn ¼ −hσviðn2 − n2eqÞ; ð5:1Þ

where the DM number density at equilibrium neq is

neqðTÞ ¼ g

�
mT
2π

�
3=2

e−
m
T ; ð5:2Þ

for nonrelativistic DM particles, with g and m being the
number of internal degrees of freedom and the mass of the
DM particle, respectively. Alternatively, DM could have
been generated through a dark freeze-out (that is, a canni-
balization process), where rDMparticles annihilate into two
DMparticles with an interaction given by hσr→2vr−1i. In that
case, the evolution of n is given by [32,39,44]

dn
dt

þ 3Hn ¼ −ðΔnÞhσr→2vr−1iðnr − n2nr−2eq Þ; ð5:3Þ

whereΔn represents the net change of the DMnumber in the
reaction. It is important to recall that in the present analysis, s-
wave annihilations are always considered,which implies that
hσvi and hσr→2vr−1i are temperature-independent quantities.
The freeze-out temperature Tfo corresponds to the

temperature at which DM exits chemical equilibrium. It
is important to note that here we assume that the kinetic
equilibrium between the dark and visible sectors is main-
tained at least until the end of chemical freeze-out, so that at

freeze-out the two sectors share the same temperature. The
freeze-out temperature can be estimated by the equality
between the Hubble and the interaction rates,

HðTfoÞ ¼ neqðTfoÞhσvi; ð5:4Þ

or

HðTfoÞ ¼ nr−1eq ðTfoÞhσr→2vr−1i; ð5:5Þ

in the case of a visible or dark freeze-out, respectively.

A. Kinationlike

In this case, as the SM entropy is conserved, it is
convenient to rewrite Eqs. (5.1) and (5.3) in terms of the
comoving yield YðTÞ≡ nðTÞ=sðTÞ and x≡m=T as

dY
dx

¼ −
hσvis
xH

½Y2 − Y2
eq� ð5:6Þ

and

dY
dx

¼ −
ðΔnÞhσr→2vr−1isr−1

xH
½Yr − Yr−2

eq Y2�; ð5:7Þ

where Yeq ≡ neq=s.
The freeze-out temperature Tfo ¼ m=xfo can be esti-

mated by comparing Eq. (4.6) with (5.4) or (5.5), and can
be expressed in the convenient way,

xfo ¼

8>><
>>:

1
2
3r−n−7
r−1 W−1

�
2 r−1
3r−n−7

�
23r−4g2−2rg⋆π3r−1

45

xnrhm
10−6r

M2
Phσr→2vr−1i2

� 1
7−3rþn

�
for 3r − n ≠ 7

1
2

1
r−1 log

�
45

23r−4π3r−1
g2r−2

g⋆

m6r−10hσr→2vr−1i2M2
P

x3r−7rh

�
for 3r − n ¼ 7

; ð5:8Þ

with xrh ≡m=Trh, andwhereW−1 corresponds to the branch
−1 of the LambertW function. In the case of a visible freeze-
out r ¼ 2, one has to use that hσr→2vr−1i ¼ hσvi, while in
the radiation-dominated era n ¼ 0.
In the following, Eqs. (5.6) and (5.7) will be analytically

solved in the context of a kinationlike cosmology. For
convenience, we start with the case corresponding to the
dark freeze-out.

1. Dark freeze-out

If the freeze-out occurs during the radiation-dominated
era, Eq. (5.7) can be analytically solved, from the DM
freeze-out until today (i.e., small temperature and therefore
large x),

Z
Y0

Yfo

dY
Yr ≃

Y1−r
0

1 − r
≃ −hσr→2vr−1i

Z
∞

xfo

sr−1

xH
dx; ð5:9Þ

where Y0 is the DM yield at late times, and we have used
the fact that Yfo ≫ Y0. It follows that the cross section
hσr→2vr−1i is

hσr→2vr−1i ≃ 2
1
2
−r
�
3

π

�
2r−3

5r−
3
2
3r − 5

r − 1

ffiffiffiffiffi
g⋆

p
gr−1⋆s

×
x3r−5fo

MPm2r−4ðmY0Þr−1
: ð5:10Þ
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To match the whole observed DM relic density, it is
required that

mY0 ¼ Ωh2
1

s0

ρc
h2

≃ 4.3 × 10−10 GeV; ð5:11Þ

with ρc ≃ 1.05 × 10−5 h2GeV=cm3 being the critical
energy density, s0 ≃ 2.69 × 103 cm−3 the present entropy
density [136], and Ωh2 ≃ 0.12 the observed DM relic
abundance [2].

Alternatively, if the freeze-out happens during reheating,

Z
Y0

Yfo

dY
Yr ≃

Y1−r
0

1 − r
≃ −hσr→2vr−1i

×

�Z
xrh

xfo

sr−1

xH
dxþ

Z
∞

xrh

sr−1

xH
dx

�
; ð5:12Þ

the integral has been split into two pieces, to emphasize the
two regimes of H in Eq. (4.6). Therefore,

hσr→2vr−1i ≃ 2
1
2
−r
�
3

π

�
2r−3

5r−
3
2
3r − 5

r − 1

ffiffiffiffiffi
g⋆

p
gr−1⋆s

x3r−5fo

MPm2r−4ðmY0Þr−1
�
xrh
xfo

�
3r−5

8<
:

1
1þ2 3r−5

6r−n−10½ð
xrh
xfo

Þ3r−n=2−5−1� for 6r − n ≠ 10

1
1þð3r−5Þ logxrhxfo

for 6r − n ¼ 10
:

ð5:13Þ

As expected, Eq. (5.10) can be recovered from Eq. (5.13)
by taking n ¼ 0.

2. Visible freeze-out

The case of the visible freeze-out in Eq. (5.6) can be
computed following the same procedure presented in the
previous subsection. However, one could also derive it by
fixing r ¼ 2 in Eqs. (5.10) and (5.13), which gives

hσvi ≃ 3

2π

ffiffiffi
5

2

r ffiffiffiffiffi
g⋆

p
g⋆s

xfo
MPmY0

; ð5:14Þ

for the freeze-out in the radiation-dominated era, or

hσvi≃ 3

2π

ffiffiffi
5

2

r ffiffiffiffiffi
g⋆

p
g⋆s

xfo
MPmY0

xrh
xfo

8<
:

1
1þ 2

2−n½ð
xrh
xfo

Þ1−n=2−1� for n≠2

1
1þlog

xrh
xfo

for n¼2
;

ð5:15Þ

during reheating.
The required freeze-out temperature and thermally aver-

aged annihilation cross section to fit the observed DM
abundance, in the case of standard cosmology (n ¼ 0) and
a kinationlike scenario with n ¼ 2, 4, and 6, are shown in
Fig. 1. The blue curves correspond to Trh ¼ 10−2 GeV,
while the red curves correspond to Trh ¼ 102 GeV. In the
case of radiation domination, the usual results are

FIG. 1. Kinationlike. Required freeze-out temperature Tfo ¼ m=xfo (left) and cross section hσvi (right) for 2 → 2 annihilations to fit
the observed abundance of DM, in the case of radiation domination (n ¼ 0) and low-temperature reheating with n ¼ 2, 4, and 6. The
blue curves correspond to Trh ¼ 10−2 GeV, while the red curves correspond to Trh ¼ 102 GeV. In the red band the freeze-out is
relativistic, whereas in the gray band unitarity is violated.
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recovered: xfo ∼Oð25Þ and hσvi ∼Oð10−9Þ GeV−2, which
correspond to a few picobarns, for WIMPs in the GeV
ballpark [137]. Alternatively, in kinationlike scenarios, the
Universe expands faster, and therefore, an early freeze-out
is required. High values of n induce small values of xfo, and
a potential relativistic freeze-out (i.e., xfo ≲ 3), depicted as
a red band in the left panel. Additionally, larger cross
sections hσvi are also required, potentially in tension with
the unitarity constraint; cf. Eq. (3.6), shown with a gray
band in the right panel. It is worth mentioning that, instead
of a single constraint, there is a constraint per cosmological
scenario, in this case for each choice of n and Trh. However,
in Fig. 1, all the different constraints basically overlap.
The impact of the unitarity constraint in the case of a

2 → 2 scattering becomes more clear in Fig. 2, where the
gray bands show the excluded regions by unitarity follow-
ing Eq. (3.6), for n ¼ 0, 2, 4, and 6, in the plane ½m; Trh�.
The standard upper bound of ∼1.3 × 105 GeV for the DM
mass becomes tighter and depends on Trh, if the freeze-out
happens in a kinationlike era, as expected from Fig. 1. For

example, if Trh ¼ TBBN, the upper bound on the DM mass
can be as strong as ∼3 × 103 GeV or ∼1.2 × 103 GeV for
n ¼ 2 and n ¼ 4, respectively. Interestingly, for the case
n ¼ 6, DM may not reach chemical equilibrium in very
low-temperature reheating scenarios and therefore freeze-
out cannot occur, corresponding to the red dashed line.
Finally, the red band corresponding to Trh < TBBN is in
tension with BBN.
Additionally, the details for the dark freeze-out through

3 → 2 scatterings and the unitarity bound followingEq. (3.7)
are shown in Fig. 3. In this case, smaller DM masses, in the
MeV ballpark, are required. Therefore, the impact of low-
temperature reheating is much milder, once the BBN bound
on Trh is imposed. In a radiation-dominated scenario, the
unitarity bound implies m≲ 1 GeV; however, if freeze-out
occurs in a kinationlike epoch, the bound becomes more
stringent, implying that if Trh ¼ TBBN, m≲ 7 × 10−1 GeV,
m≲ 5 × 10−1 GeV, or even m≲ 4 × 10−1 GeV, for the
cases with n ¼ 2, n ¼ 4, and n ¼ 6, respectively. We note
that the most stringent limits on DM mass occur for the
kinationlike scenario for Trh ¼ TBBN and large values of n.

B. Early matter domination

In this case, in order to have a successful reheating, ϕ has
to decay into SM particles and hence the SM entropy is not
conserved.7 Therefore, instead of the yield Y, it is con-
venient to use the comoving DM number density
NðaÞ≡ nðaÞ × a3. Equations (5.1) and (5.3) can be rewrit-
ten, respectively, as

dN
da

¼ −
hσvi
a4H

½N2 − N2
eq� ð5:16Þ

and

dN
da

¼ −
hσr→2vr−1i
a3r−2H

½Nr − Nr−2
eq N2�; ð5:17Þ

with Neq ≡ neq × a3.
The freeze-out temperature can be estimated by compar-

ing Eqs. (4.8) and (5.4) or (5.5), and is given by

xfo ¼

8>><
>>:

1
2
3r−7
r−1 W−1

h
2 r−1
3r−7

�
23r−4g2−2rg⋆π3r−1

45
m10−6r

M2
Phσr→2vr−1i2

� 1
7−3r

i
for xfo ≫ xrh

1
2
3r−11
r−1 W−1

h
2 r−1
3r−11

�
23r−4g2−2rg⋆π3r−1

45

x4rhm
10−6r

M2
Phσr→2vr−1i2

� 1
11−3r

i
for xfo ≪ xrh

; ð5:18Þ

FIG. 2. Kinationlike. Unitarity bound (gray-shaded regions) in
the ½m; Trh� plane for 2 → 2 annihilations. The solid vertical black
line corresponds to a freeze-out during radiation domination
(n ¼ 0), while the black dotted, dot-dashed, and dashed lines
correspond to freeze-out during reheating with n ¼ 2, 4, and 6,
respectively. In the region below the red dashed line, there is no
freeze-out for n ¼ 6. In the red band, reheating occurs after BBN.

7It is important to emphasize that we are assuming that DM is only produced from the scattering of SM particles. In particular, we
disregard the possible direct production from decays of ϕ. This is typically a good assumption, as long as its branching fraction into DM
particles is smaller than ∼10−4 ×m=ð100 GeVÞ [60,135].
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where it is always assumed that Tmax ≫ Tfo. Interestingly,
Eq. (5.18) is also valid for the case of a visible freeze-out,
taking r ¼ 2 and replacing hσr→2vr−1i by hσvi. Furthermore
and as expected, if the freeze-out occurs in the standard
radiation-dominated era, Eqs. (5.8) (n ¼ 0) and (5.18)
(xfo ≫ xrh) are equivalent.
Next, analytical solutions are presented for Eqs. (5.16)

and (5.17) in the context of an early matter-dominated

scenario. We begin with the case corresponding to the dark
freeze-out for convenience.

1. Dark freeze-out

If the freeze-out occurs during the radiation era, the
solution of Eq. (5.17), or equivalently of Eq. (5.7), is the
one presented in Eq. (5.10). Instead, if it occurs during
the reheating period, one has that

Z
N0

Nfo

dN
Nr ≃

N1−r
0

1 − r
≃ −hσr→2vr−1i

�Z
arh

afo

da
a3r−2H

þ
Z

∞

arh

da
a3r−2H

�

≃ −hσr→2vr−1i
�

2

9 − 6r
a3−3rrh

HðTrhÞ
�
1 −

�
afo
arh

�9
2
−3r

�
þ a3−3rrh

ð3r − 5ÞHðTrhÞ
�
; ð5:19Þ

where Nfo ≡ NðafoÞ, N0 is the asymptotic value of NðaÞ at large values of a, much after the freeze-out, and we have used
the fact that Nfo ≫ N0. Here again, the integral has been spit into the two regimes ofH in Eq. (4.8). The thermally averaged
cross section is, therefore,

hσr→2vr−1i ≃
5r−

3
29r−1

2r−
1
2π2r−3

ð2r − 3Þð3r − 5Þ
r − 1

ffiffiffiffiffi
g⋆

p
gr−1⋆s

x3r−5rh

1þ 2ð3r − 5Þðxrhxfo
Þ8r−12

m4−2r

MPðmY0Þr−1
: ð5:20Þ

FIG. 3. Kinationlike. The same as Figs. 1 and 2, but for dark freeze-out through 3 → 2 annihilations.
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2. Visible freeze-out

If the freeze-out occurs during radiation domination, the
solution of Eq. (5.16) is the same as the one of Eq. (5.14).
Alternatively, if it occurs during reheating, one has instead

hσvi ≃ 9

2π

ffiffiffi
5

2

r ffiffiffiffiffi
g⋆

p
g⋆s

xrh
1þ 2ðxrhxfo

Þ4
1

MPmY0

; ð5:21Þ

simply corresponding to the limit r ¼ 2 of Eq. (5.20).
The left panel of Fig. 4 displays the freeze-out temper-

ature needed to fit the observed relic of DM as a function of
its mass for radiation-dominated Universe (thick black
solid line) and reheating temperatures, Trh ¼ TBBN (black
solid lines), 100 GeV (blue dotted line), 103 GeV (blue dot-
dashed line), and 106 GeV (blue dashed line) where the
DM number changing process is 2 → 2, that is the visible
WIMP mechanism. The dilution by large entropy injection
has to be overcome by the overproduction of DM at freeze-
out, which results in an earlier freeze-out and therefore a
small xfo. Interestingly, chemical equilibration of DM
requires xfo ≳ 6.5, which corresponds to the red band.
Smaller values for xfo could lead to the observed abundance

of DM, but not through the WIMP mechanism, but instead
through the feebly interacting massive particle (FIMP)
paradigm [138–144]. An additional red band corresponds
to xfo ≤ 3 and represents the relativistic freeze-out. The right
panel of Fig. 4 contains equivalent information, but is now
presented in the plane ½m; hσvi�. High freeze-out temper-
atures correspond to earlier decouplings and, therefore, to
lower cross sections. Again, hσvi is bounded from below by
the requirement of reaching chemical equilibrium and
corresponds to the “No freeze-out” region. It is important
to note that the cross section decreases with increasing DM
mass for a fixed Trh. The reason is that the freeze-out of
heavier DM occurs earlier (that is, at a larger Tfo), demand-
ing a smaller hσvi. Additionally, the gray-shaded region
corresponding to high values of hσvi is disallowed by
unitarity following Eq. (3.6).8 In low-temperature reheating
scenarioswith large injection of entropy, thermally averaged
cross sections much smaller and DM masses much larger

FIG. 4. Early matter domination. The same as in Figs. 1 and 2, for 2 → 2 annihilations, but for early matter domination. Additionally,
the “No freeze-out” constraint is shown by the red-shaded region.

8We note that for a given point ½m; hσvi� one can compute
required freeze-out and reheating temperatures required to fit the
whole observed DM abundance. The corresponding xfo is used in
Eq. (3.6) to calculate the unitarity bound.
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than the canonical values hσvi ∼Oð10−9Þ GeV−2 and m ∼
1.3 × 103 GeV are allowed. Interestingly, extreme values of
m and hσvi compatible with unitarity can be reached
for Trh ≃ 106 GeV corresponding to m ≃ 1010 GeV and
hσvi ≃ 10−18 GeV−2.
In the bottom panel of Fig. 4, we have shown the allowed

parameter space in the reheating temperature and DM mass
plane where the white space is free of any constraints. The
red band dictates that Trh lower than TBBN is in disagree-
ment with the cosmological observation. The red- and
gray-shaded regions display the “No freeze-out” and the
unitarity constraints discussed earlier. Note that the uni-
tarity constraint is independent of the reheating temperature
for m ∼ 1.3 × 105 GeV, reflected by the straight vertical
shape in the unitarity bound. This is the DM mass where
the cross section needed to fit the observed DM abundance
(in a radiation-dominated background) and the maximum
allowed cross section by unitarity match exactly. However,
low-temperature reheating opens up the possibility of
higher masses. Interestingly, masses higher than m ∼ 1.3 ×
105 GeV are severely constrained from above due to
unitarity and from below due to the requirement of
chemical equilibrium, resulting in a narrow allowed region
for Trh.

For completeness, Fig. 5 depicts results equivalents to
the ones shown in Fig. 4 but now for 3 → 2 annihilations.
In this case, the presence of late-time reheating opens up
the DM mass to ∼108 GeV with hσ3→2v2i ∼ 10−36 GeV−5.

VI. SUMMARY AND CONCLUSION

The requirement of the de Broglie wavelength of dark
matter (DM) to hold it inside galaxies and the stability of
the stellar cluster in galaxies collectively put a broad
allowed mass range for DM by providing the lower and
upper bound of DM mass, respectively. Specifying some
properties of DM can further tighten the mass range.
Interestingly, one can put the model-independent upper
bound by specifying the thermal production of DM in the
early Universe. The observed DM abundance and unitarity
of partial waves from the scattering matrix jointly place an
upper limit on DM mass. Primarily, the upper limits on the
inelastic cross section for a general number-changing
process 2 → r can be derived with the help of the optical
theorem, the matrix elements, and the elastic scattering
cross section for the process. After that, one can obtain the
thermally averaged cross section for the r → 2 process by
invoking the principle of detailed balance. Finally, the
unitarity bounds on the thermally averaged cross section

FIG. 5. Early matter domination. The same as in Fig. 4, but for dark freeze-out through 3-to-2 annihilations.
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translate to the upper limits on the DM mass satisfying the
relic density constraints. It is known that the maximum
allowed DM masses for the 2 → 2 and 3 → 2 DM
annihilation processes are around 130 TeV and 1 GeV,
respectively. However, these bounds depend not only on the
particle physics model, but also have a strong dependence
on the cosmological evolution of the Universe, being valid
only if the Universe followed the so-called “standard
cosmological scenario”.
Instead, this article explores the DM mass bound in

nonstandard cosmological setups characterized by low-
temperature reheating. In particular, we focus on (i) kin-
ationlike scenarios, where the early Universe was domi-
nated by a fluid with an energy density that gets diluted
faster than free radiation, and (ii) early matter-dominated
scenarios, where a component with an energy density that
scales as nonrelativistic matter dominates the early
Universe and eventually decays into SM particles.
First, we study the kinationlike Universe, which

demands a larger thermally averaged annihilation cross
section to saturate the observed abundance of DM
compared to the standard radiation-dominated picture
since, in this case, freeze-out occurs early. As a result,
the upper bound on the DM mass becomes more stringent
than in the standard case. For example, if the reheating
temperature is as low as a few MeVs (corresponding to the
start of the big bang nucleosynthesis epoch), the usual
bound of the DM mass m≲ 130 TeV can be reduced to a
few TeVs for WIMPs.

Second, we also consider the picture of early matter
domination, which dictates a fast expansion with entropy
production. Although the DM freezes out early in this
scenario, here one needs a smaller thermally averaged
cross section to feature an observed relic of DM than a
radiation-dominated picture to compensate for the dilution
of the relic due to the huge entropy injection. Thus, the
presence of an early matter domination relaxes the mass
bound, and eventually the allowed mass range of the DM
is enhanced. Here, the usual bound of the DM mass m≲
130 TeV can be relaxed, making the WIMP DM masses
up to ∼1010 GeV viable.
Before closing, wewant to emphasize that the evolution of

the early Universe is largely unknown. The standard
assumption of a Universe dominated by standard model
radiation from the end of cosmological inflation until matter-
radiation equality, togetherwith a transition from an inflaton-
dominated to a radiation-dominated Universe occurring at a
very early time, cannot be taken for granted. Having that in
mind, here we have studied the impact of the unitarity bound
on DM in the case of low-temperature reheating scenarios.
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