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Abstract

We consider a class of asymptotic representations of the Borel subalgebra of the quantum affine su-
peralgebra Uy (él (M|N)). This is characterized by Drinfeld rational fractions. In particular, we consider
contractions of Uy (¢g/(M|N)) in the FRT formulation and obtain explicit solutions of the graded Yang—
Baxter equation in terms of g-oscillator superalgebras. These solutions correspond to L-operators for Baxter
Q-operators. We also discuss an extension of these representations to the ones for contracted algebras of
Uy (él (M|N)) by considering the action of renormalized generators of the other side of the Borel sub-
algebra. We define model independent universal Q-operators as the supertrace of the universal R-matrix
and write universal T-operators in terms of these Q-operators based on shift operators on the supercharac-
ters. These include our previous work on Uy (sl (2]1)) case [1] in part, and also give a cue for the operator
realization of our Wronskian-like formulas on T- and Q-functions in [2,3].
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1. Introduction

The Baxter Q-operators were introduced [4] by Baxter when he solved the 8-vertex model.
Nowadays his method of Q-operators is recognized as one of the most powerful tools in quan-
tum integrable systems. In particular, Bazhanov, Lukyanov and Zamolodchikov [5] defined
Q-operators as the trace of the universal R-matrix over g-oscillator representations of the Borel
subalgebra of the quantum affine algebra U, (s1(2)). Their work based on the g-oscillator algebra
was generalized and developed for various directions [6-9,1,10].

In our previous paper [1], we gave Q-operators for the quantum affine superalgebra
Uy (sAl (2|1)). Our Q-operators in [1] are universal in the sense that they do not depend on the
quantum space and can be applied for both lattice models and quantum field theoretical mod-
els as well. We also proposed [2] an idea that there are 2¥ ¥ kind of Baxter Q-functions for
Uy (él (M|N)) case and gave Wronskian-like formulas on T- and Q-functions for finite [2] and
infinite [3] dimensional representations for any (M, N ).2 The Q-function in [2] is labeled by
the index set I, which is a subset of the set {1, 2, ..., M 4+ N}. In this paper, we continue these
our previous works and define model independent universal Q-operators for U, (él(M |N)) (or
Uy (sAl (M|N))) as the supertrace of the universal R-matrix for any (M, N). This gives a cue for
the operator realization of the Wronskian-like formulas in [2,3].

In Section 2, we define the quantum affine superalgebra (or rather quantum loop superalge-
bra) U, (sAl(M |N)) in terms of the Chevalley generators and the universal R-matrix associated
with it. We also mention their extension to U, (él (M|N)). Our task is basically evaluate this
universal R-matrix for g-oscillator representations of the Borel subalgebra. As is well known,
the Yang—Baxter equation follows from the defining relations of the universal R-matrix. The
images of the universal R-matrix for particular representations give the so-called L-operators
and R-matrices. The Yang—Baxter equations for the L-operators and the R-matrix (RLL = LLR
relations), which are also image of the Yang—Baxter equation for the universal R-matrix, give
another realization of the quantum affine superalgebra (FRT realization, [12]). In accordance
with the quantum affine superalgebra, the quantum (finite) superalgebra U, (g/(M|N)) also have
these two realizations. In Section 3, we consider 2Y N kind of contractions of the L-operator for
U, (gl(M|N)), which define contracted algebras U, (g/(M|N; I)). A preliminary form of these
contractions for (M, N) = (3, 0) case was previously considered in [13]. We also reported such
contractions for (M, N) = (2, 1) case in conferences [14].

Next, we consider g-oscillator realizations of these contracted algebras. These induce rep-
resentations of the Borel subalgebra of the quantum affine superalgebra (or g-super-Yangian)
via the evaluation map. We remark that these representations cannot be straightforwardly ex-
tended to the full quantum affine superalgebra. These are examples of asymptotic representations
characterized by the Drinfeld rational fractions® [15]. They are certain limits of the Kirillov—
Reshetikhin modules (or their extension). The hart of an idea is to synchronize the highest
weight of the representations and automorphisms of the algebra in the limit so that one can
obtain finite quantities. In this way, we obtain spectral parameter dependent L-operators whose
matrix elements are written in terms of the g-oscillator superalgebras. Similar L-operators for

2 We also proposed [11] Wronskian-like formulas for infinite dimensional representations for (M, N) = (4, 4) case in
the context of the AdS5/CFT, spectral problem.

3 They considered [15] an asymptotic algebra associated with the Drinfeld’s second realization of the non-twisted
quantum loop algebra. In this paper, we did not consider Ding—Frenkel type isomorphism from their algebra to our’s, but
rather developed our preliminary discussions [14,1,16] on L-operators for the Q-operators.
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(M, N) = (3, 0) were previously considered in [16] and [10]. We also reported such L-operators
for (M, N) = (2, 1) in [14,1]. All these L-operators satisfy the defining relations of the universal
R-matrix (mentioned in Section 2) evaluated by the tensor product of the g-oscillator represen-
tations and the fundamental representation of the Borel subalgebras. It should be remarked here
that the above q-oscillator representations of the Borel subalgebra can be extended to those of
contracted algebras U, (gl (M|N; I)) of U, (gl (M|N)). For example for U, (gl(2)) case, the con-
tracted algebra U, (él (2; {1})) in terms of the Chevalley generators is defined by the following
commutation relations”:
ho
leo, fol = ——,  [er, fil = ————
q9—4q q9—4q

leo, f1l=le1, fol = [ki, kj]1=0,

[ki, eo] = (8i2 — 8i,1)e0, [ki, e1] = (8i1 — 8i2)er,

[ki, fol = —(8i2 — &i.1) fos [ki, f1]=—(8i1 — 8i2) f1,

[0, [eo, e1],2] = [e1, [e1, e0l 2] = [ fo. Lfo. fil,2]) = [f1. Lf1. fol,—] =0, (1.1)

where i, j € {1,2}, h1 = —ho:=ki — k2, [X, Y], .= XY —qY X, [X,Y]:=[X, Y];. The gen-
erators of the Borel subalgebra of U, (él (2; {1})) automatically satisfy the defining relations
of the Borel subalgebras of U, (él (2)). The restriction of the above relations to the genera-
tors {e1, f1, k1, kz} gives U, (gl(2; {1})). Then we can consider evaluation representations of
U, (él (2; {1})) in terms of the representations of U, (gl(2; {1})). The g-oscillator representations
of the Borel subalgebra of U, (sAl (2)) introduced by Bazhanov, Lukyanov and Zamolodchikov [5]
are special cases of this type of representations.

In Section 4, we define the universal Q-operators as the supertrace of the universal R-matrix
over the g-oscillator representations defined in the previous section. The T-operators are written
in terms of these Q-operators. In the same way as previous paper [1], our Q-operators here are
universal in the sense that they do not depend on the quantum space. As an example, we write
Q-operators whose quantum space is the fundamental representation on each lattice site based
on the L-operators derived in Section 3. Section 5 is devoted to concluding remarks. Technical
details are tucked into the appendices and a number of footnotes.

There are many literatures on Q-operators related to s/(2), which we could not refer. How-
ever there are not so many references for the higher rank case or superalgebras case, which are
our main subjects of this paper; and here we only mention some of them for rational models.
In the rational limit (¢ — 1; after multiplying diagonal matrices for the renormalization), our
L-operators naturally reduce to L-operators which are similar to the ones proposed recently in
[17] for rational lattice models. However, our L-operators are not simple generalization of the
rational ones since many of the non-zero matrix elements of our L-operators become zero in the
rational limit. Thus the g-deformation of the rational L-operators is not trivial. There are also
Q-operators for infinite dimensional representations on the quantum space [18,19]. It will be
interesting to evaluate our universal Q-operators for infinite dimensional representations on the
quantum space and to see how (or if) their formulas are lifted to the trigonometric case. We also
proposed [20] Q-operators based on the co-derivative [21] on the supercharacters of gl(M|N).

4 In this paper, we need the level O case of the algebra. One may extend this by adding the central element ¢ and the
degree operator d: hg = kp — ki +c¢, [d, e;]1 = &; pe;, [d, fi] = —38; o fi- The same remark can be applied for the higher
rank case.
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This construction of the Q-operators is useful to discuss [20,22] functional relations among T-
and Q-operators and embed them into the soliton theory. It is desirable to generalize this for the
trigonometric case.

2. The quantum affine superalgebra U, (sAl (M|N)) and the universal R-matrix, and their
extension to U, (gl (M|N))

2.1. The quantum affine superalgebra U, (sAl (M|N))

Let us introduce a grading parameter p(i) =0 for i € {1,2,..., M} and p(i) =1 fori €
{(M+1,M+2,..., M+ N}. The quantum affine superalgebra U, (sAl(M|N)) [23] (see also [24])
is a Zj-graded Hopf algebra generated by the generators5 e, fi,hi, where i € {0,1,..., M +
N — 1}. We assign the parity for these generators so that p(eg) = p(ey) = p(fo) = p(fum) =
1 for MN # 0 and p(X) = 0 for all the other generators X. For any X,Y € Uq(sAl(M|N)),
we define p(XY) = p(X) + p(Y)(mod2). We introduce the generalized commutator [X, Y], =
XY — (—1)PXOPW gy X In particular, we set [X, Y]; = [X, Y].Fori, j €{0,1,2,..., M+ N —
1}, the defining relations of the algebra U, (sAl (M|N)) are given by

[hi,hj]1=0, [hi,ejl =ajje;, (hi, fi]1=—aij [, 2.1

q l_q 1
le;, fi1=8; ——9
P g =g

[e,-,ej]z[f,-,fj]zo foraij:O, (2.3)

where (a;;)o<i, j<m+n-1 is the Cartan matrix

(2.2)

aij = ((=DPD + (=DPTD)s; — (=DPEDs; = (=1D)PDs; 1, 2.4)

here i, j should be interpreted modulo M + N: p(M + N) = p(0), §; —1 = 8i M+N—1,6i. M+N =
8i,0. In addition to the above relations, there are Serre relations

[ei. [eiaej]q]q—l =0, [fi. Lfi, fj]q’l]q =0 forla;jj| =1, aii #0, (2.5)
[ei. [ei. Lei, ej]qz]]qu =0, Lfi, [fis Lfis fj]q—2]]qz =0
for (M, N)=(2,0),(0,2), i #J, (2.6)

and also for the superalgebra case (M N # 0), the extra Serre relations®:

[[lei. ejlgex] -1 e;]1=0. [[Lfis filg-1. fil o £i]=0
for M+ N =>4, (i, j,k)=(M+N—1,0,1), (M—1,M, M +1), @.7)

[e0. [e2. [eo. [e2, el]q—l]]]q = [e2. [eo. [e2. [eo. el]q—l]]]q,
[fo. [ f2. [ fo. L2, fl]q—l]]]q =[f2. [fo. [f2: Lfo, f1l,1] ]q for (M,N)=(2,1), (2.8)

5 In this paper, we do not use the degree operator d.

6 (2.7)is equivalent to [[e;, e 14, [ex. €1, —11=[[f;. fj1 -1 [fcs £j1¢] =0 under (¢;)> = (f;)* = 0. We heard from
Hiroyuki Yamane that we will need inﬁnite(fy many Serre relations for M = N =2 case, due to the Lusztig isomorphism
(see [23], for more details).
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[e0. [e1. [eo. [61,62](,—1]]](] =[e1.[eo. [e1. [eo, 62]q—1]]]q,
[fo. [ f1. [fo. LA1, fz]q—l]]]q =[f1. [fo. [ /1. Lfo, fz]q—l]]]q for (M, N)=(1,2). (2.9)

In this paper, we consider the case where the following central element is zero (level zero condi-
tion):

ho+hy+---+hyn-1=0. (2.10)
The algebra has the co-product A : U, (sAl(M|N)) - U, (sAl(M|N)) ® U, (sAl(MIN)) defined by

Al)=ei®1+q¢7" ®e, @2.11)
Af)=fi®q" +18 fi, 2.12)
Athi)=h;i ®1+1Q h;, (2.13)

where the tensor product is the graded one: (A ® B)(C ® D) = (—1)PBIPC)(AC ® BD). We
assume that every tensor product ® in this paper is the graded one. We will also use an opposite
co-product defined by

A'=coA, co(X®Y)=(-)PXPNy X, XY eU,(sIMIN)).  (2.14)

In addition to these, there are anti-poide and co-unit, which will not be used in this paper.
The Borel subalgebras B (resp. B_) is generated by e;, h; (resp. fi, h;), where i € {0, 1,
...,M + N — 1}. Let us take complex numbers ¢; € C which obey a relation Z?g)'N_l ci =0.

Then the following transformation
hi—=>hi+c¢ forO<i<M+N-1 (2.15)

gives a shift automorphism of B or B_. Here we omit the unit element multiplied by the above
complex numbers. This automorphism played a role’ in the construction of the Q-operators in
[5,6,1].
There exists a unique element [25,26] R € BL ® B_ called the universal R-matrix which

satisfies the following relations

A'(@R=RA(a) forVae Uy(si(M|N)),

(AQ HR =RBRZ,

(1® AR=RPR" (2.16)

where! RZ=R®1,RP=1QR, R¥ =(c ® 1) R¥. The (graded) Yang—Baxter equation

RIZRIBRYB _ RBRIBRI2 2.17)
is a corollary of these relations (2.16). The universal R-matrix can be written in the form
M+N-1
R=Rq". K= Y dijh®h; (2.18)
ij=1

7 When one takes a limit of the highest weight, one has to take a limit of these shift parameters at the same time to
obtain a g-oscillator representation for the Q-operators.
8 We will use similar notations for the L-operators to indicate the space where they non-trivially act on.



6 Z. Tsuboi / Nuclear Physics B 886 (2014) 1-30

where (d;j)1<i, j<m+n—1 is the inverse of the Cartan matrix (a;;)1<i, j<m+n—1 of SI(M|N). In
case this Cartan matrix is degenerated (M = N), we have to consider an extended matrix’ and
take the inverse of it [27]. Here R is the reduced universal R-matrix, which is a series in e i ®
I and 1 ® f; and does not contain Cartan elements. Thus the reduced universal R-matrix is
unchanged under the shift automorphism (2.15), while the pre-factor of the universal R-matrix
(2.18) is shifted as

M+N-—-1
KK+ Y dijec(1®h)), (2.19)
ij=1

where we considered a shift on 5.
2.2. The quantum superalgebra U, (gl(M|N))

There is a (finite) quantum superalgebra U, (g/(M|N)), which is generated by the elements
{e,:/}ﬁ/ljil;’. We assign the parity of these generators as p(e;;) = p(i) + p(j) mod2. Let us intro-
duce the notations: ey, = €; 41, é—; =€;41,; fori € {1,2,..., M + N — 1}. Then the defining

relations of U, (gl(M|N)) (for the distinguished simple root system) are (cf. [27D10

[eii,ejj]1=0, leii, exa; 1 =£(3ij — i, j+1)€+a;
) (DPDe; = (=P ey i1 _ o= (=DPDesi+(=D)PE Ve 4y
[eaj9e—aj]=(_l)p(l)5ijq q_l ’
q9—49

[eoz,-yeotj]z[efaivefaj]zo for|z—]|22,
[eais [eais eozj]q]q—l = [e—a,'s [e—oti’ e—otj]q—l]q = 0 fOr |l - .]| = 1 and p(e:tﬁt,‘) = O’
(exay)’ =0 for plesa)) =1,

[eOlM’ [eaM+1’ leay eaM—l]q_l]q] = [e—an [e_C‘M+l’ le—ay e—aM—l]q]q*I] =0
for p(e+q,) = 1. (2.20)

The other elements are defined by
eij = leik, ekj]q(_])p(k) fori > k> j,
eij = leix, ekj]q_(_l)p(k) fori <k < j. (2.21)

The other relations can also be obtain by (3.23)—(3.25) and (A.1)—(A.15). Let E;; be a (M + N) X
(M + N) matrix unit whose (k, [)-element is §; x8; ;. w(e;;) = E;; gives the fundamental repre-
sentation of U, (g/(M|N)). There is an evaluation mapll evy: Uy (sAl(MIN)) = Uy (gl(M|N)):

—(—1ypD —(—1)P(M+N)
e0|—>xq( ) e”eMJrN,lCI( ) EMAN.M+N

M+N) _—1_(=1)PM+N) —1)pM
fo,_>(_1)1’( + )x q( ) eM+N‘M+Nel,M+Nq( ) en

9 This may be achieved by adding an extra Cartan element ZyzﬁN(—l)p(‘i)kj to Uq (fl(MlN)). Here k; are Cartan
elements of Uy (él(M|N)), which we will introduce later.

10 The last two relations letap s letay, s letay s etap ]q-T-l ]qﬂ] = 0 are equivalent to
ety s exap—y 1 71 [eay > €ap g1 ,+1]1= 0 under the condition (e:mM)2 =0.

W M =N=1caseis special since (2.22) does not satisfy (2.3) for (i, j) = (0, 1), (1, 0), in general.
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ho > (=D)PM ey n pan — (=DPDey 4,
e > ejitl, fire (=DPDeipy hi > (—1)PDe;; — (1P D,y
for l<i<M+N —1, (2.22)

where x € C is a spectral parameter.
2.3. Representations

Let 7, be an irreducible representation of U,(gl/(M|N)) with the highest weight A =
(A1, A2, ..., Ay4+n) and the highest weight vector |A) defined by

eil ) =AilA),  eirla) =0 forj <k, i,jke{l,2,...,M+N}. (2.23)

Then the composition m; (x) = 7, o ev, gives an evaluation representation of U, (sAl (M|N)).
For the fundamental representation, we will use a notation 7 (x) = 7(1,0,...,0)(x). We also use a
notation n; (x) for the evaluation representation based on the Verma module defined by the free
action of the generators on the highest weight vector (2.23). In this case, the representation is not
necessary irreducible. Our main task is basically to evaluate the universal R-matrix for various
representations of U, (sAl (M|N)) (or Uy (él(M |N))). Namely, to find matrices of the form (2.18)
which satisfy (2.16) for various representations of B4 and B_. The simplest example is the
R-matrix for the Perk—Schultz model [28] (see [29] for N = 0 case), which is a multi-component
generalization of the six-vertex model. Namely, the image of the universal R-matrix for 7 (x1) ®
7 (x2) gives (up to an overall factor N (xy, x3); x1, x2 € C):

Xl =
R(x1,x2) = N(x1,x2) (7 (x1) @ (x2))R=R — 5 R, (2.24)
M+N
R= > ¢"PVE;@Ei+)Y Ei®E;j+(q—q ")) (-D"VE; @ Eji, (225)
i=1 i#] i<j
M+N
R= g "PPOEL @ By + ZEn' ®E;;i— (q —qil) Z(—l)”(f)E,-j QEji.
i=1 i#] i>j
(2.26)

This obeys the graded Yang—Baxter equation
R (x1, x2)RY (x1, x3)R? (2, 13) = RP (2, x3) R (1, x3) R (x1, x2), (2.27)
which is an image of (2.17) for w (x1) ® w(x2) ® w(x3), where x1, x2, x3 € C.
2.4. Extension to Uy (gl(M|N))
Let us introduce Cartan elements {k; }?i TN of Uy (él (M|N)), which is related to the generators
of Uy (sI(M|N)) under (2.10) as
hi = (=D)POk; — (=P,
ki, k;j1=0, [ki, ej1=(8ij — &i j+1)ej, ki, fil=—(ij — i, j+1) [} (2.28)

where the indices i, j should be interpreted modulo M + N. These are even elements p(k;) = 0.
It is sometimes convenient to define
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ki = —k;, (2.29)
and rewrite (2.2) as

(=DPOkit(=DP ki (=DPOki+H(=DP Dy
lei, fi]=46ij = : (2.30)
q9—4

Later on, we will renormalize the generators and consider the case where k; differs from —k; (cf.
Appendix B). Moreover, this difference can be infinite in some limit. Now the Borel subalgebras
B, and B_ are generated by {e;,k;} and {f;, k;}, respectively. The co-product is defined as
Aki)) =ki ® 1 + 1 ® k;. For M # N, the pre-factor of the universal R-matrix (2.18) can be
rewritten as

- 1

IC:IC—M_NC®C, (2.31)

where C = Z,Ai J[N ki is a central element and
M+N
K=Y (1) k. (2.32)
i=l

Note that

R=TRq~ (2.33)

satisfies (2.16) for U, (gl (M|N)) generators Then we regard12 this renormalized universal R-
matrix R as a universal R-matrix for Uy (gl(M |N)) (under the condition (2.10)). For M # N,
R is related to R via an overall central element: R = Rq MWC@C. However, R itself is well-

defined for M = N case as well. For any ¢; € C (multiplied by a unit element), the following
transformation

kit>ki+(—1D)PD¢; forl<i<M+N (2.34)

gives the shift automorphism of the Borel subalgebra. This keeps the level zero condition (2.10)
for any c;. The pre-factor of the universal R-matrix (2.33) is shift by the shift automorphism
(2.34) for B as

M+N
KK+ ) ci(19k). (2.35)
i=1
The evaluation map for the Cartan elements is defined by

evy(kj)=e; forl<i<M+4N. (2.36)

The evaluation representations are defined via this map in the same way as Uy (sAl(M |N)) case
(the same symbols will be used). In particular 7 (x)(C) is a (M 4+ N) x (M + N) unit matrix.
In the subsequent sections, the contribution of the difference between R and R to each formula
will be absorbed into a (representation dependent) overall factor of it. For example, the factor

(7(x1) ® 7 (x2)) (¢ 7 CEC) = ¢ 77 for (2.24) can be absorbed into N (x1, x2).

12 To be precise, 7~€q“c®c for any a € C will be the universal R-matrix of Uy, (él(M |N)) for (2.10). Here we normalized
this for a = 0.
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3. L-operators from FRT realization of the quantum affine superalgebra U, ( él (M|N))
3.1. FRT realization of Uy (gl(M|N))

The quantum affine superalgebra U, (él(M [N)) (and its subalgebra U, (gl/(M|N))) has an-
other realization, called FRT realization [12] (see also, [30]), based on the Yang—Baxter equation
(RLL = LLR relation). In this section we use this realization. The (centerless) quantum affine
superalgebra U, (51 (M|N)) is defined by

Lg?):ZE.?):o, forl<i<j<M+N 3.1)
LOLYD =LOLY =1 forl<i<M+N, (3.2)
R> (x, y)LP (»)L"(x) =L (0)LP ()R> (x, y), (3.3)
R> (x, y))LP (»LP(x) =L ()L ()R> (x, y), (3.4)
R> (x, y)LP (»LP(x) =L (0)LP ()R> (x, y), (3.5)

where x, y € C and

M+N M~+N
L) =Y Ljx)®E;, L= Ljx®E; (3.6)
i,j=l1 i,j=1
and
o0 o
Lij(x)= ZL§7)X—", Lij(x)= ZZ};)X". (3.7)
n=0 n=0

The above relations came from the graded Yang—Baxter equation (2.17) for the universal
R-matrix under the specialization (2.24) and L(x) = N(x)(1 ® n(x))?i, Lx)=Nx(1®
n(x))(?éﬂ)’], where N (x) and N(x) are overall factors. In order to obtain the defining rela-
tions for U, (57 (M|N)), we will have to impose a condition that the quantum super-determinants
of the above L-operators are 1. But we do not impose this explicitly here. Let us introduce a
function: 6 (True) = 1, 6 (False) = 0. One can rewrite (3.3) as

(- 1)(p(a)+p(b))p(c') (q @p@)=Ddac,. _ q(1—2p(a))6acy)Lcd (y)Lap(x)
_ (_1)(p(a)+p(b))p(d) (q(2p(b)—1)5bdx _ q(1—2p(b))8bdy)Lab(x)Lcd (y)
= (=P @OP® (g — g™ N[(0(a > o)x +0(a < ¢)y) Laa(y) Lep(x)
—(6(d > b)x +6(d <b)y)Laa(*)Lep (D], (3.8)
and (3.4) as
(_1)(p(a)+p(b))p(c) (q(Zp(a)—l)éacx _ q(l—2p(a))6acy)zcd(y)zab(x)
_ (_1)(p(a)+p(h))p(d) (q(2p(b)—1)5hdx _ q(l—Zp(h))dey)zab(x)icd(y)
= (=P @WP® (g — g7 N[(0(@ > e)x +0(a < ¢)y)Laa(y)Lep (x)
—(6(d > b)x +6(d < b)y)Laa(x)Lep ()] (3.9)
and (3.5) as
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(—)P@+PNP© (4 CP@=Ddac y _ (A=2p@)ac ) (3) Ly (x)
— (=) P@+POIP@) (PO~ Dhiy _ g 1=20ED8a VT () Log (y)
= (=P @rO (g — g N [(0(a > )x +0(a < )y)Laa () Lep (x)
—(6(d > b)x +6(d < b)y)Laa(x)Lep()]- (3.10)
For any c € C\ {0},
L(x) — L(cx), L(x) — L(cx) (3.11)

gives an automorphism of U, (él (M|N)) since R(cxy, cx2) = R(x1, x2). The restriction of the

relations (3.1)—(3.5) to the relation for L(x) defines a sort of Borel subalgebra of U, (él(M IN))
called g-super-Yangian. Note that the following transformation (multiplication of diagonal ma-
trices in the second space)

L)~ (1®@H)L®)(1®Hg), L)~ (1®H)LE)(1® Hg),
Hi=Y HPEi.  Hr=) HYE:. H HE eC\{0) (3.12)

keeps13 the relations (3.1) and (3.3)—(3.5). However it changes (3.2) as
0)7(0 7(0) 4 (0 i i)\ 2 .
LOLY =LOLY = HOUY) forl<i<M+N. (3.13)

Then the inverse of LE?) are not Zlg?) but renormalized generators l_‘ﬁ?) (H(Li)’l-[%))_z. We will
meet a situation where some of Zg?) diverge but Zg?) (HS)H%))’z remain finite in some limit.
The restriction of this transformation to the g-super-Yangian gives an automorphism of it. In
addition, if we consider a ‘bigger’ algebra (a kind of an asymptotic algebra [15]) which does not

assume (3.2), it can be an automorphism of such algebra.

3.2. FRT realization of U, (gl(M|N))

The quantum affine superalgebra U, (él (M|N)) has a finite subalgebra U, (gl (M|N)) defined
by

LijZle'ZO, forl<i<j<M+N (3.14)

Liizii:ZiiL,-izl forl<i<M+N, (3.15)

R23L13L12 — L12L13R23, (316)

R23i13i12 — i12E13R23, (317)

R23L13E12 — E12L13R23, (3.18)
where

13 This is related to the parameters ¢; in the shift automorphism (2.34)—(2.35) via 7—[%) = g¢“i. This also came from
the first relation for the Cartan elements of Ug (g/(M|N)) in (2.16). If we restrict these Cartan elements to the ones for
Uy (sI(M|N)), we will obtain a restriction ]_[iAiTN(Hg))(*I)p(i) = Hi"i‘;'N(H%))(fl)p(i) = 1. In this case, (3.12) (for
Hg) = 1) should correspond to the shift automorphism (2.15) and (2.19). Here we assumed that these parameters are not
0 at first. However, we will have to consider limits that some of these go to oo or 0.
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M~+N M~+N
L= Z Lij ®E,‘j, L= Z Lij®Eij' (3.19)
i,j=1 i,j=1

Then the relation (3.16) leads
(—1)P@+pGNP© f(1=2p@)acp 1 (1) P@+pGNP@ (A=2pGDS0ap 7
= (=17 PP (g —q7")(6(d < b) —6(a < ) LaaLap, (3.20)
the relation (3.17) leads
(—1)P@+pGNP© f(1=2p@)sac L T 1 (—1)P@+pGN @) A=2pGNS0a T
= (=P @WP® (g — g7 (0(d <b) — 0(a < ¢))LagLep, (3.21)
and the relation (3.18) leads
(—1)P@+pGNP© f(1=2p@)acy T\ (1) P@+pGNP@ ( A=2pGDS0F 1
= (=)W (g —q7")(0(d < b)LaaLey — 0(a < ¢)LaaLep). (3.22)

For convenience, we list a more explicit form of these relations in Appendix A. These generators
are related to the generators {e;;} in Section 2 as

Lii =0 e Li=q -V, (3.23)
Lij=(=D""(g =g )ejig V"5 fori> (3.24)
Lij=—(-1""(q—q)g~ V" e;i fori <, (3:25)

3.3. Representations

The action of generators of U,(g/(M|N)) on the highest weight vector corresponding to
(2.23)is
Liila) =q """y, Ll =g~ V"M 3 forl<i <M+ N,
Lijla)=0 forl<j<k<M+N. (3.26)
There is an evaluation map from U, (él(MIN)) to Uy (gl(M]|N)) such that
L(x)—~L—Lx7', (3.27)
L(x)~ L —Lx. (3.28)

Apparently, the difference between L(x) and L(x) are not very important under the evaluation
map. Let us consider an irreducible representation of U,(gl(M|N)) with the highest weight
(v(x), (x)) and the highest weight vector |v, V) defined by

L), D) =v;i(x)|v, D), Lii()|v, ) =9;(x)|v, D) forl<i<M-+N, (3.29)
Lij(x)|v,7) =0, Lij(x)|v,v)=0 fori> j, (3.30)
where v(x) = (vi(x), v2(x), ..., vyLn(¥)), V(x) = (V1 (x), V2 (x), ..., Vy4n(x)) are tuples of

formal power series in x~' and x respectively. For the evaluation representation based on
(3.26)—(3.28), (3.29) becomes
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_ [OFW _ _(_ ([OFW
Lii(x)|x) = (gD —x7lgm DA ), (3.31)
Li()n) = (g~ V"% —xg D)5y forl <i <M +N. (3.32)

For the finite dimensional representations, there exist monic polynomials in x, called Drinfeld
polynomials14 P;(x), such that

_ _2(—1)PW) — _
v; (x 1) _ (_1)P(i>degP[(X)Pi(xq =07 )_ Vi (x 1)

—— = — : forl<i<M+N —1.
Vip1(x7) P;(x) Dit1(x™h)

(3.33)

For the evaluation modules whose highest weights are given by (3.31) and (3.32), the Drinfeld
polynomials have the form (if A; — (—1)PO+PE+D. e 7))

A= (= POFPEEDG,

Pi(x) = ]_[ (1- xqu(*l)”(””)wl*2(*1)”(")(k71))
k=1
forl<i<M+N-—1. (3.34)

For N =0 case, finite dimensional modules which are characterized by the Drinfeld polynomials
with the condition A; — A;41 =md;x (forall 1 <i <M — 1, and some m € Z>p and 1 <k <
M — 1) are called Kirillov—Reshetikhin modules.

3.4. Contraction of Uy (gl(M|N))

Let us take a subset I of the set {1, 2, ..., M + N} and its complement set I:= {1,2,..., M+
N} \ I. There are 2M*V choices of the subsets in this case. Corresponding to the set I, we
consider 2M*N kind of representations of the q-super-Yangian. For this purpose, we consider
2M+N Kind of contractions of Uy (gl(M|N)). At first, we change the condition (3.15) and define
a contracted algebra as follows.

Definition 3.1. The contracted algebra l7q (gl(M|N; I)) is an associative algebra over C with a
unit element 1 and generators L;;, L; j obeying the relations (3.14), (3.16)—(3.19) and

Li,-Zl-,- = ZiiLii =1 forie 1, (335)
Li=0 foriel. (3.36)

In addition, we assume the existence of an inverse element L;.l of L;; forany i € {1,2,...,
M + N}.

LiL;'=L;'Li=1. (3.37)

Note that L;;' coincides with L;; only for i € I. Then one can obtain 2Y*V kind of algebraic
solutions of the graded Yang—Baxter equation via the map (3.27). In addition to the contraction
(3.36), we consider the following subsidiary contraction and define a contracted algebra which
is smaller than U, (g/(M|N; I)).

14 Here we define these so that these become monic polynomials of the spectral parameter from B4.. We can also define
them so that they are monic polynomials of the spectral parameter from B_. In this case, ¢ in (3.34) will be replaced by
q- I 1n addition, the definition for (3.33) for p(i) = 1 will have to be modified for the case where the Kac—Dynkin label
take continuous number (typical representation).
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Definition 3.2. Suppose the set [ has the form I ={k+ 1,k +2,...,k+n} forsomek >0,n >
0, then the contracted algebra U, (gl(M|N; I)) is defined by adding the following relations to

Uy (gl(M|N; ).

Lij=0 fork+n<i<M+Nandl< <k, (3.38)

Lij=0 forl<i<j<kork+n<i<j<M+N. (3.39)

One may consider different contractions than (3.38), (3.39). Here we consider a contrac-
tion so that the location of the zeros becomes cyclic with respect to the shift of the suffixes
by an operation: a > a + 1 fora < M + N and M + N +— 1. Namely, the contraction for
k > 0 can be given by applying this operation k-times for the case k = 0. What is important
here is to respect the relations among the generators (3.20)—(3.22). Let us apply the contraction
(3.36) to the relation (A.14) for the case a, b € I. Then we obtain [Lpy, Lap] = 0. This relation
holds true automatically if Lj, = 0 or Ly, = 0. This is an origin of our subsidiary contractions
(3.38)—(3.39). Thus the contractions (corresponding to (3.38)—(3.39)) for a generic set would be
realized by putting one of Ly, and Ly, to O for a, b € 1. Whether the contracted algebras for the
generic sets have non-trivial useful representations is an open problem. For the contracted algebra
Uq (gl(M|N; I)), the conditions (3.38)—(3.39) may hold true only on the level of representation.
We remark that these contractions on the L-operator for U, (él (3)) (written in terms of the gen-
erators ¢;; and substituted into (3.27)) was previously considered in [13]. We also reported these

contractions for U, (él(2|1)) in conferences [14].
3.5. Representations of the contracted algebras

The next task is to consider representations of these contracted algebras. We are interested in
g-oscillator representations. The g-oscillator (super)algebra (see for example, [31]) is generated

by the generators c,;, c,.Ta, n;, fori € I, a € I, whose parities are defined by p(c,;) = p(c:.fa) =

p(a) + p(i)ymod?2, p(n;,) = 0. They obey the following defining relations:

T —(—1 p() ia
[caiv c,/b]q<_l)p(ﬂ)5ab5ij :8ab8ijq =D#n, s
—1yPliin,,
[caiv c;b]q—(—'>p(”)5ab5ij :5ab8ijq( Y ) (3.40)
[n;q, €pj] = —38ijdancp;, [nja, Cjb] = 51’,‘5(41)0;;,,
(i, mjp] = [€ai, €)1 =[], ¢},] =0, (3.41)

where i, j € I, a, b € I. From (3.40), we can derive the relations: caicja =[n;, + 1]4, cjacm' =
4], for p(i) + p(a) = 0mod2, and cgicl, = [1 — nigly, € €ai = iy for'® p(i) + p(a) =
I mod2, where [x], =(¢* —q¢ %) /(q — g~ 1. Note that the following transformation

Jb J.b
i i Mig Mjb i =1 =2 i Mig Mjb T
n;, — N4, Cui > EiacaiqZ(_j.b)elxl ia ™) , cia — Sia q Z(_Lb)elxl ia 7 cia’

nl{fzn%ec, £,€C\{0}, i,jel, abel (3.42)

15 We consider these generators on the Fock space fixed by the vacuum (3.76). Then for the fermionic case p(i)+ p(a) =

1 mod2, these relation effectively becomes ca,-c:fa =1-—n;,, c;racm- =n;,.
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gives a |I||I|(|1||T| 4+ 3)/2 parameter continuous automorphism of the g-oscillator algebra
(3.40). We also remark that the following transformation

N > —nj — (~DPOTP@Q sl s —(—)POFP@, (3.43)

gives a discrete automorphism of the g-oscillator algebra (3.40) for any i € I and a € I. For the
diagonal part, we consider the following'®

Li=q V" Eim foriel, (3.44)
Laa=q V" ZjciMa forgel, (3.45)
Li=qtV"" Toeimiv forjel. (3.46)

Let us look for g-oscillator realization of the non-diagonal part, which are compatible with
the defining relations with the diagonal part (3.44)—(3.46). Let us introduce notations ny; ;) , =
> Mkas M fa,b] = S i =Y e M N, ;=Y .jMic Wefind the following so-
lutions.'” ~ ~

(i) The case I =0, 1 ={1,2,..., M+ N}:fora,bel,

Lapy=0 fora#b and Lgz=1, (3.47)

Lay =0. (3.48)
(ii) The case I = {i}, I ={1,2,...,M + N} \ {i}:

Lyg=0 fora<Borl<B<i<a<M-+N, (3.49)
Lij=q CVmi, (3.50)
Laa =g V"Mia foracl, (3.51)
Lai = (=1)P@eyiq D" "mitivia=1l fori+1<a<M+N, (3.52)
Lip=(g—q")e},q ™" ""™0m0 for1<b<i—1, (3.53)
Lap = (=) P@+PO0@+p@)+p® (4 — g=VYe el gD Mita
forl<b<a<i—lori+1<b<a<M+N, (3.54)
Zuf;:O foroa >Borl<a<pB<i—lori+l<a<B<M+N, (3.55)
Lij=q" """, (3.56)
Lai = (= 1)P@ g D" Mittantmigicimsn)  for | <q<i— 1, (3.57)
Lip= (g — g ")e),q D" Meisitminssn) forj 4 1<b<M+ N, (3.58)

Lap = (—1)P@ 2O @@+p0)+06) (g g=1Ye el g D" Miamtinip i
L
forl<a<i<b<M+N. (3.59)
(iii) The case I ={1,2, ..., M + N}\ {a}, I = {a}:

16 . . . (=Hp® (=1)P@ — .
For L, this satisfies a Uq (s/(M|N))-type relation Hiel L;; Haei Loa =1, but for L, it does not.

17" We used relations in Appendix A for the direct calculations.
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Loyg=0 forua<§p, (3.60)
Laa =g~ 0"“n1a, (3.61)
Li=qg CV""mia foriel, (3.62)
Lig = (=P (g — q_])Cjaq(_l)p(a)(“[1,a7111a+n[i+|,M+N],a)
fora+1<i<M+N, (3.63)
Laj=q~ D" ¢ajq D" Miiatmasiininia) for 1 <j<a—1, (3.64)
Lij = (= )POHPOIP@+p@Opit (g — g=N)el ¢,iq= D" mirnina
forl<j<i<a—lora+1<j<i<M-+N, (3.65)
Lij= (= 1) PO+PIP@+pD) () g =(=1)P (q — q—l)cj'acajq(—1)p(a)(n[1.jl,n+nli+1,M+NJ,a)
forl<j<a<i<M+N, (3.66)
Lyg=0 fora>pora=p=a, (3.67)
Li=qD""mia foriel, (3.68)
Lia=(—=1)P@ (g —g el V" Mivtatia for 1 <i<a—1, (3.69)
Loj=q """ "¢jq D" Mariila fora+1<j<M+N, (3.70)
Li; = (—)PO+PDp@+pOr(D+1 (g — g=Nel ¢, g~ DO @it LN
forl<i<a<j<M+N, (3.71)
Li; = (—1)POTPUP@+pDp() g =1 (a—q")cl PIC i RN
forl<i<j<a—lora+1<i<j<M+N. (3.72)

(iv) The case I ={1,2,...,M + N}, I =@:fori,jel,
Lij=L;j=0 fori#j and L;=0L;=1. (3.73)

Expressions of L;j, L; ; for the generic set / in terms of the oscillator algebras for the case
M + N >4 are involved especially for |i — j| > 2, and their explicit forms are unknown.

One may also apply the transformations (3.42) or (3.43) to these solutions to get many pa-
rameter solutions. The g-oscillator solutions of the graded Yang—Baxter equation are given by
substituting the above g-oscillator realizations of the L-operators into the map (3.27). We denote
the corresponding solutions as

L;(x)=L-Lx". (3.74)
We remark that the following renormalized L-operators
-1
LiW):=1® <Z(q —q ") Ei+)_ Ebb)q”LI (¢*), veC (3.75)
iel bel

reduce to L-operators similar to the ones in [17] in the rational limit g — 1.
Now (3.74) defines an evaluation map from the g-super-Yangian to the contracted algebra. Let
us calculate the actions of generators on the vacuum defined by

n;4|0) =c,;|0)=0 foralliel,ael. (3.76)
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They lead

Liij(0)|0)y=(1—x"1)|0) foriel,

Lyq(x)]|0)=10) forael. 3.77)
In particular for I ={1,2,...,n} C {1,2,..., M 4+ N}, we find

L;ij(x)|0)=0 fori> j. (3.78)

Thus the corresponding representation is a highest weight representation of the g-super-Yangian
with the highest weight vector |0) and the highest weight given by (3.77). In addition, the ratio
of the eigenvalues v; (x) of L;; (x) on |0) is v; (x)/vit1(x) =1 —x‘15,,,,- forl<i<M+N—1.
This is a kind of Drinfeld rational fraction'® introduced in [15]. The finite dimensional represen-
tations of the quantum affine algebras are characterized by the Drinfeld polynomials. In contrast,
g-oscillator representations given as limits of the Kirillov—Reshetikhin modules'® of the Borel
subalgebra of the quantum affine algebras are characterized by the Drinfeld rational fractions.
One may regard (3.77)—(3.78) as a new definition of this type of representations in the FRT for-
mulation, which seems to be unknown in the literatures. For the other sets 7, the highest weight
condition (3.78) will have to be changed since they should be interpreted as representations per-
muted by automorphisms of U, (él (M|N)). Let us consider a renormalized L-operator

I:(x) = L(xq_zm)(l ® q_m Ziel Eif) (379)

for the g-super-Yangian shifted by the automorphisms (3.11) and (3.12). The latter corresponds
to

ci=—m foriel, c;=0 foriel (3.80)
in (2.34)—(2.35). For an evaluation representation based on the map (3.27) and the highest weight
representation of U, (g/(M|N)) with the highest weight

Ai==DPDm foriel, and A,=0 forael (3.81)

(cf. (3.31)), the eigenvalues of the diagonal part of i(x) on the highest weight vector coincides
with the ones in (3.77) in the limit*’ m — oo for |¢| < 1 (or m — —oo for |g| > 1).

3.6. Toward contraction of U, (él(MlN))

It will be natural to consider an affine analogue U, (él(M|N; 1)) (or Uq(él(MlN; 1))) of
Uy (gl(M|N; I)) (or 0q (gl(M|N; I))). We will discuss how they will look like.
The evaluation map (2.22) has another presentation of the form:

IR _
eor> —(=D"PVx(g—q7") LlsM+NLM]+N,M+N’

- _1y—1
forrx Na—q7 ") LyusnmsnLusn i,

I8 Here the spectral parameter x came from B_. To interpret it as the one from B, we have to replace x with x~ L

19 The g-characters or the T-functions for the Kirillov—Reshetikhin modules solve the T-system for M N = 0 [32] and
for MN # 0 [33].

20 The opposite limit m — —oo for |g| < 1 (or m — oo for |¢g| > 1) [without the shift of the spectral parameter in
(3.79)] will effectively interchange the role of 7 and 1.
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log(Lar+n.m+n L7}
logg
; -1 _
ei > (=PI (g —g7) Lit1iL;",

fir>—(q - q_l)_lLiiZi,iJrl,

[\ iaxd

log(L;; L7, )
hiw% forl<i<M+N—1. (3.82)
0gqg
In addition, the map (2.36) becomes:
. log L;;
ki > (-1)!’(')% for1<i<M+N. (3.83)
We also define
- o) log Lii .

Due to the relation (3.15), (3.83) and (3.84) are consistent with (2.29). Let us substitute L;; given
by (3.44)—(3.73) (for a fixed I into the right hand side of (3.82)—(3.83). This gives an evaluation
map from B or B_ to the g-oscillator superalgebra. We denote this map as p;(x). Similar
maps from (restricted to) B, to the g-oscillator (super)algebra were considered for U, (s/(2))
[5], Uy (sl(3)) [6], Uy (sl(M)) [9] and U, (sl(2| 1)) [1]. Here we used L;; Uin (3.82) instead of
L;; since L;; (for e I) do not coincide with L;; for the contracted algebras Uy (gl(M|N; I)). We
remark that p1(x) is not an evaluation map from U, (gl (M|N)) to the g-oscillator superalgebra
but rather should be interpreted as a map from a certain contracted algebra U, (él(M |[N;I)) on
Uy (él (M|N)). We do not have a rigorous definition of Uy, (él (M|N; I)) in full generality. Here
we mention relations for U, (él(M|N; 1)), which we observe through examples.
First, we find that the following contracted commutation relations hold true under the map.

1— hi ..
8;; =L~ fori,i+1¢€l,

L
bijq" foriel,i+1lel
lei, fi1=14 94" ’ ’ (3.85)
_8:iq~ i _
Zud foriel, i+1el,
q9—4 _
0 fori,i+1¢€el,

where i, j should be interpreted under mod M + N. The other commutation relations hold true
basically in the same way as the ones in Section 2. However, some of the relations become trivial
(0 = 0) when the generator f; vanishes’!

fi=0 fori,i+1lel. (3.86)

To be precise, we observed the following non-trivial Serre-type relations in addition to (2.3) and
(2.5)-(2.9).

21 These fi are not original generators of Uy (gAl(M |N)) but the limit of renormalized generators of it (see Appendix B).
Original generators f; of Uy (él (M|N)) can diverge. Then these g-oscillator representations of /34 cannot be straight-
forwardly extended to the ones for the whole algebra U, (él (M|N)). We can still extend them for the contracted algebra
Uq (gl(M|N; D)) instead.
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The case M + N > 3:

leis eis1],-aiin1 = Lfis firtlguuin =0 foriji+2el, i+1el, (3.87)
lei, eistlgin = Lfi, fir1l i =0 foriji+2el, i+1el, (3.88)

where q;; is the Cartan matrix (2.4) and the indices should be interpreted under mod M + N.
The case (M, N) = (2,0) or (0, 2):

[0, [eo, e1]geon | = [e1, [er, eol a0 | = [ fo, Lfo, f1ly—aon | = [ f1. L1, folgeo] =

forlel, 2¢el, (3.89)
[e0, [eo, e1]y—an ] = [e1. [e1, eolgen ] = [ fo, Lfo, filgeor ] = [ f1, Lf1, folga0] =
forlel, 2€el. (3.90)

The case?? (M, N) = (2, 1):

[e2, [e0, [e2, e1lg]] =[f2, [fo, Lf2s fil~1]]=0 forlel, 2,3€l, (3.91)
[e2. [e0. [e2, e1],-1]]=0 forlel, 2,3ei, (3.92)
[e0. [e2. [eo. e1],-1]] =[fo. [f2. Lfo. f1lg]] =0 for2el, 1,3€1, (3.93)
[e0. [e2. [eo. el]q]]zo for2el, 1,3€l. (3.94)
The case (M, N)=(1,2):
[e1. [eo. [e1, e2lg]] =[11. [fo. Lf1, fal~1]]=0 for3el, 1,2€1, (3.95)
[e1. [eo. [e1. e2],-1]] =0 for3el, 1,2€], (3.96)
[eo. [e1. [eo. e2] _1]] [fo. [f1. [fo. f214]]=0 for2€l, 1,3€1, (3.97)
[eo. [e1. [0, e2]4]] =0 for2el, 1,3€1. (3.98)

The first equation in (3.87) (or (3.88)) fori =0 and (M, N) = (3, 0) case corresponds to the sec-
ond equation” in Eq. (4.45) in [6] (see also [34]). Some of the Serre-type relations in Section 2

automatically hold true under these relations. For example, we find the following relations’*:
[[ei, €i+1]q—ﬂi,i+1 s ei+2]q_“i+l,i+2 = [[fz» fi+l]q“i,i+l s fi+2]q“i+1,i+2 =0
fori,i+1,i+3el, i+2el, M+ N >4, (3.99)
[[ei, €i+1]q“[,i+1 ) ei+2]q”i+1.i+2 =0
fori,i+1,i+3€l,i+2€l, M+ N >4. (3.100)

22 Forl e 1,2,3 €1 case, (3.94) follows from (3.87); for 1 € I, 2,3 € I case, (3.93) follows from (3.88); for 2 € I,
1,3 e I case, (3.92) follows from (3.87); for 2 € I, 1,3 € I case, (3.91) follows from (3.88); for 3 € I, 1,2 € I case,
(3.91) (resp. (3.93)) follows from (3.87) and (e2)2 =0 (resp. (eo)2 =0);for3el,1,2¢e] case, (3.92) (resp. (3.94))
follows from (3.88) and (e2)2 =0 (resp. (e())2 =0). A similar remark can be applied for (M, N) = (1, 2) case as well.
23 We did not consider the first equation in Eq. (4.45) in [6]. It looks like a statement that the relation is a center rather
than it is a Serre-type relation.

24 1f we can relax the conditions on the indices for (3.99)—(3.100) (in particular, if we can drop the condition i +3 € 1
in (3.99), and the condition i + 3 € I in (3.100)), then these become independent of the relations (3.87) and (3.88).
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(3.99) (resp. (3.100)) follows from (2.3) and (3.87) (resp. (3.88)). Then, (2.7) follows from these
ifi=M—1or M+ N — 1. Note that these relations (3.87)—(3.94) are not symmetric under
g <> ¢~ !, although the original Serre-type relations in Section 2 are symmetric under this.

Our L-operators (3.74) satisfy the defining relations of the universal R-matrix. In particular,
the following relations are valid

(1@ ki) + pr(x) (ki) @ 1)L (y/x)

=L;(y/x)(pr(x) (ki) ® 1+ 1@ w(y)(k;)), (3.101)
(1@ m()(e) + pr(x)(e) @ w(y) (g~ ")) Li(y/x)
=L;(y/x)(pr(x)(e) ® 1 + pr(x)(¢™") @ (y)(en)), (3.102)

where 0 <i <M + N — 1 (ko = ky+n). This is because our L-operators are image of tlje
universal R-matrix (up to an overall factor N;(x, y)): L;(y/x) = N;(x, y)(pr(x) ® m(y))(R)
(see also discussions on the universal R-matrix in [34]). Note that the relation for f;, namely

(p1(x)(q") @ TN (f)OG + 1 € 1)+ pr(x)(fi) ® 1)Ly (y/x)
=Li(/x)(pr0) () @ (¥)(¢") + 1@ (0 (/) € 1)) (3.103)

has the standard form only for the case i,i +1 €1 (0 =M 4 N) since we are considering a
contracted algebra U, (él(MIN; I)). In particular, this can be 0 =0 for i,i + 1 ¢ I case.

We have observed the relations (3.85)—(3.103) under the map p;(x). To be precise, (3.85)
follows from the maps (3.82)—(3.84) for (2.30) with the contraction (3.36). (3.86) follows from
the map (3.82) with the contraction (3.38)—(3.39). (3.89)—(3.90) follow from the map (3.82)
with the contraction (3.36). Thus, the map is an algebra homomorphism. However, (3.87)—(3.88)
and (3.91)—(3.98) seem to be true only under the map p;(x), and thus can be representation
theoretical relations rather than algebraic relations.

Now we want to consider these from an opposite direction. Namely, we may interpret some of
the relations (3.85)—(3.100), (2.3)—~(2.9), and (2.28) as the defining relations of the contracted al-
gebras Uq (él (MIN; 1)) and U, (él(M |N; I)). There is a certain arbitrariness on which relations
should be included in the defining relations. Apparently, (3.85) (resp. (3.86)) is a consequence
of an affine analogue of the contraction (3.36) (resp. subsidiary contraction (3.39)). Then we
propose to include (3.85), (2.3)—(2.9) and (2.28) in the defining relations of f]q (él(M|N; D);
and (3.85)—(3.86), (3.89)—(3.90), (2.3)—(2.5), (2.7)—(2.9) and (2.28) in the defining relations
of U, (él (M|N;I)). We expect these fix the whole contracted algebras for the case |I| = 1.
However, we may have to add more generators and relations™ for the case || > 2. The restric-
tion of the generators to {e;, f,-}l.AiTN_l and {k,-}iAiJfN gives relations of U, (gl (M|N; I)). Then
we can consider evaluation representations of U, (él(M |N; I)) based on the representations of
U, (gl(M|N; I)). The co-product™® A : Uy (gl(M|N; I)) + Uy (gl(M|N; 1)) ® U, (gl(M|N))
for e¢; and k; is the same as the one in Section 2, while the one for f; is (as observed from
(3.103)) contracted as

25 This can be guessed from an example on the finite algebra Uy (¢/(M|N; I)). For Ug(gl(M|N)), the generator Zij
(]i — j| > 2) can be fixed by the relation (A.7) and the generators Zk,k-&-l’ Zk+l,k+1 (i <k < j—1), which are directly
related to the Chevalley type generators. However this is not always the case for U, (g/(M|N; I)) since the relation (A.7)
can be trivial (from L;_1 j =0, L; j =0) while L;; isnot fori € I, j — 1, j € I. Then the Chevalley type generators
may not be enough to fix the whole contracted algebra (explicit relations among L; j»Lij (Ji — jI = 2) may be necessary).
26 This ‘co-product’ is different from the usual one in that A and B for A : A+ A ® B are different algebras.
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A(f)=fi®q" +0ieD1® f), (3.104)

N(f)=0Gi+1eD(¢" ® fi)+ fi®1 (3.105)
This may be rewritten as

Af) = fi ®q(—1)”(i)ki+(—l)”(i+l)12i+1 +q(—1)P(i)ki+(—1)1’<i)l€i ®fi (3.106)
since?’

Cipog, _ | 06 e DgmEV R for Uy (gI(MIN; 1)
q P=

O, X (3.107)
q i for Uy (gL(M|N)).

The co-product A(k;) = k; ® 1 + 1 ®k; is well defined only fori € I since k; € U, (él(M|N; 1))
diverges for i € I. However A(g") = g ® ¢%i is still well defined even for i € I (it just be-
comes 0).

We may be able to define contracted universal R-matrices in Uy (él (M|N; 1)) ® B_ by
the contracted co-products for the contracted algebras and (2.16). They will be the universal
R-matrices for the Q-operators. Of course, the existence of such an object is not a trivial is-
sue. The universal R-matrix for U, (él(M |N)) is a sort of a power series of the generators of
Uy (él (M|N)). The generators of U, (gl(M |N; I)) are considered to be reductions of the gener-
ators of Uy, (g,:l (M|N)). Thus, the universal R-matrix for U, ((g:l (M|N; I)) may be a reduction
of the universal R-matrix for U, (él (M|N)) as a power series on the generators (up to the
normalization). More formally, this may be shown by realizing U, (él(M|N; 1)) as a kind of
Drinfeld double.?® Furthermore, it will be important to construct and evaluate a contracted uni-
versal R-matrix in U, (él(M|N; n)yeu, (él(MlN; J)). For this, we may have to repeat similar
calculations discussed in Appendix B for By as well as B_. The original universal R-matrix (un-
der a certain condition) may be factorized with respect to contracted universal R-matrices. This
could be a step toward the construction of the Q-operators for the generic representations on the
quantum space.

We may also interpret U, (él (M|N; I)) as a subalgebra of an asymptotic algebra (cf. [15])
associated with U, (él (M|N)). In terms of the asymptotic algebra, the vanishing of the action of

the Cartan generator ¢*i for i € I in (2.30) occurs on the level of the representation. Here we
regarded this as a phenomenon on the level of the algebra and discussed the contracted algebra
Uy (SI(MIN: 1)).

As for the FRT formulation of U, (él(M|N; 1)), we will have to replace the condition (3.2)
with

LYLY =LYLY =1 foriel, (3.108)
LY =0 foriel. (3.109)

On the other hand, in the context of the asymptotic algebra, we just forget about (3.2) and inter-
pret that (3.109) occurs on the level of the representation.

In this paper, we consider contractions defined by (3.35)—(3.36). Instead of (3.36), one can
consider the following:

27 Here (2.29) is not always true since the generators are renormalized.
28 We thank a referee for this comment.
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Li=0 foriel. (3.110)

The L-operators based on this contraction have one to one correspondence to the ones proposed
in this paper. They seem to be the image of the Cartan anti-involution for our L-operators. One
may also consider more general contractions than (3.36) and (3.110):

Li=0 foriel, Li=0 foriels, I, I,C1. (3.111)
This defines more degenerated algebras and gives degenerated solutions of the graded Yang—
Baxter equation.

4. T- and Q-operators

In this section, we define Q-operators based on the g-oscillator representations introduced in
the previous section and sketch an idea how to write the T-operators in terms of them. This gives
a cue for operator realization of the formulas in our previous papers [2,3].

We introduce the universal boundary operator

M+N
:T vik

D=qg%i i 4.1

where ¢; € C. This boundary operator is a Cartan element of U, (él (M|N)). Due to the first
relation in (2.16), its co-product commutates with the universal R-matrix

R(DP®D)=(DRD)R. (4.2)
The images of the evaluation map (2.22) and p; (x) are given as

D :=ev, (D) = gXii %ici, (4.3)

D; = py (x)(D) = gRictacl $i~vaia, (4.4)
We define the universal T-operator by

Ty (x) = (Strr, () ® D[R(D @ D)]. (4.5)

Note that T, (x) is an element of B_ and this definition of the T-operator does not depend on the
particular representation of the quantum space. It is convenient to introduce operators

—1)PD 40
Zi:q( P k,+¢,’ (4.6)

where 1 <k < M + N. Then the T-operator (4.5) can be rewritten as

T (x) = (Strg, () ® D[RD], 4.7)
where

B 3 M+N

Di=¢"De =[] 1®)"®, (4.8)

J=1

where K is introduced in (2.32). Here we have renormalized the boundary operator (4.1) by the
pre-factor of the universal R-matrix (2.18) as in [1].
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In the U, (sAl(M |N))-picture, we may define (4.1), (4.6) and (4.8) respectively as

D =g Tt DL 0P Vi et DI TN iy —di1 4.9)
M+N-1/ k o hy®1
— _1\pU
D:=¢*Den= ] (]‘[(1 ®z " )) : (4.10)
k=1 i=1

where dyo = dpy4n,j =0, and the parameter ¢p4 n is defined by the relation ZM N (- 1)1’(’) X

0]
@; = 0. In this case, the following relation holds: ;CWJEN z( D=L

If there is no reduced universal R-matrix in (4.7), the f0110w1ng quantity

Z()) = (Strz, (x) ® D[D], 4.11)

gives the supercharacter. For finite dimensional modules, it is a supersymmetric Schur function
on the variables (4.6). In particular for the Verma module, it leads

M k +M—-N—j (HM+N MAN—M—k
— (—zx)"™*
Z¥ () = (S +<x>®1>[D]=nJ L H"DM“ L @)
rm(T6 — 207) : (2/—1)
D.— n1<b<b <M b nM+1<f<f <M+N\Lf f (4.13)

l'lb ll_[f M—H(Zb Zf)

In the above formulas, the reduced universal R-matrix plays a role to put the spectral parameter
into the supercharacters, or to change the supercharacters to the g-supercharacters. This induces
sort of shits on the parameters (4.6) in the supercharacters. Let F; be the Fock space defined by
the action of the generators {c,;, c,Ta, n,) (i €l,ael)of the g-oscillator superalgebras on the
vacuum (3.76). We define the universal Q-operator by

Q) =Z; ' (Stur, ® D(pr(x) ® 1)[RD, (4.14)
where the normalization function reads
Zp = (Strr, ® 1)(p1(x) ® 1)[1_)]. (4.15)

Note that these are elements of 5_. We remark that (4.14) is basically fixed by the map p; (x) and
the defining relations of the g-oscillator superalgebra (3.40) and does not depend on the definition
of the vacuum (see Section 5.2.3 in [ 1] for more details). Due to the commutation relation (4.2)
and (2.17), the universal T- and Q-operators are commutative.~ 29

T ()T (y) =T (MTr(x), T(x)Qr(y) =Q;(y) Ty (x),
Qx)Qs(»)=Q,;(MQ;(x), (4.16)

where x,yeC, I,J C{1,2,...,M 4+ N} and A,  are any highest weights.
Let us calculate the supertrace (4.15) over the Fock space F;. Explicitly, it leads

—(=1POtp@
Z; = ]‘[]‘[(1 ——) ) 4.17)

i€l gel

2 To prove the commutativity of the Q-operators algebraically, we need (2.17) for the contracted universal R-matrix in
Ug(gl(M|N; 1)) ® Ug(gl(M|N; J)), which we do not discuss in this paper. Or, one may prove this on the level of the
representation (an isomorphism between the tensor product of two auxiliary spaces).
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As expected, this coincides with a limit of a normalized character of the Kirillov—Reshetikhin
module at least for the case’® N =0 (cf. [15]):

S;(z1, 22, -, . =
Z; = lim 21, 22 - ZM), |zi| > |zq| foralliel,a€el,
m—00 HM 7
k=1*k
m:=X\, forkel, A =0 forkel, (4.18)
M+h;—j M—j, . .
where S;(z1,22,...,2m) = deti<; j<m(z; )/ deti<; j<m(z; ) is the Schur function.

Here we meant the equality in (4.18) by the substitution of elements of B_ (4.6) for the com-
plex numbers {zx} on the right hand side after the limit. The normalization factor in (4.18) came
from the shift automorphism (2.34) on B for the parameters in (3.80). We expect [2,3] that the
T-operator is given by the Baxterization of the supercharacter’'
1 M+N
T, (x) = 5 ]_[ Quy (xg ™) - [DZM)] (4.19)
k=1

where d are differential operators which evaluate the degrees of the monomials on {z;} in the
right of the dot -. They effectively act as dy = 2(—1)p(k)zk % in [---]. We assume dj act on the
functions in the left of the dot - as just an identity, although {Qy,} are also functions of {zx}. In
particular for the Verma module,?? we have [3]
=y PG J=L_1ypto
T;\F()C) — ZJF()») l_[ Q{j}(xqu((*l) hj=2 k1 (=D )). (4.20)
j=1
We remark that the most of the T-operators can be written as summations of the above formula
(4.20) based on the Bernsteip—Gelfand—Gelfam;l resolution and rewritten as Wronskian-like de-
terminants (see [5] for U, (s/(2)), [6] for U, (sI(3)), [9] for finite dimensional representations

of Uy, (sAl (M)) (see also a Wronskian like determinant in [35]), [1] for U, (sAl (2]1)); [2,3] for the

Wronskian-like determinants for any U, (él (M|N))). We expect our universal Q-operators obey
functional relations of the form: for p(i) = p(j):

(@i — 2)Qr (xq" 2PN Qugr, jy (xg ' T2PD)
= ZiQIU{i}(xq_l+2p(i))QIU{j}(le_zp(i))
— 2jQrugiy (xq' 7P O)Quugjy (xg ' 2P0), 4.21)
and for p(i) # p(j):
(@i — 2)Quupiy (g~ PN Quupjy (xg' D)
=z Qs (xq" P D) Quugi, jy (xg 2P D)
—2jQ; (xg TP )Qpug jy (xg ' T2PD). 4.22)

30" We have also checked that a normalized Sergeev—Pragacz formula produces (4.17) in the large Young diagram limit

under a similar condition for the case M N # 0.

31 The shift of the spectral parameter of the Q-operators in [2,3] can be recovered by putting g — q_1 after the replace-
k

ment Q; (x) > Q; (rg Zker D7y,

32 This formula (4.20) was presented first as a poster at a conference ‘Integrability in Gauge and String Theory 2010°,

Nordita, Sweden, 28 June 2010-2 July. To fit the formula in [3], one has to make an overall shift of the spectral parameter
x — zqz(M*N) after the manipulation in the footnote 31.
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At the moment, these functional relations are fully proven for U, (sAl (2)) (5], for U, (sAl 3)) [6]
and for U, (s/(2]1)) [1]. Their proof is based on decompositions of g-oscillator representations
of B, and does not rely on the representation of B_ on the quantum space. See also [20,17] for
discussions on rational models (¢ = 1). On the level of the eigenvalues of Q-operators for rational
models, (4.22) were discussed in details in relation to the Bicklund transformations [36]. Here
we used expressions based on the 2”7V index sets on the Hasse diagram presented in [2].

Now that we have the universal T- and Q-operators (4.5), (4.14), our next task is to evaluate
these for particular representations of B_ on the quantum space of the model. For example, the
T-operator for the lattice model whose quantum space is the fundamental representation on each
site is given as

Ti(0) = NP ) () @ (&) - - @ w(En)) [AEDT (0] (4.23)
= Stry, [LO (£ /x) - - L2 (&/x)LO (&1 /x) (D © 185)], (4.24)

where L is the number of the lattice site; the complex parameters {& j}]L'=1 are inhomogeneities

on the spectral parameter; and N. A(L)(x) is a function for the normalization. In (4.24), the evalua-
tion map (3.27) is used and the supertrace is taken over the auxiliary space denoted as ‘0’. The
Q-operators for the same system are given by

Q) =NP ) (&N @nE) - @nE)[AY Q)] (4.25)
=7, 'Strr, [LY (61 /x) - L2 (&2/x)LY (&1 /%) (D @ 191)], (4.26)
where Z; = (m(€) @ n(€&) -+ ® n(éL))[A(L_l)ZI] and the normalization function is

NI(L)(x) = ]_[,le Ni(x,&). It is instructive to calculate the lattice T-operator (4.24) for the

Verma module®® and the lattice Q-operator (4.26) even for one site L = 1 case. Let us introduce
a notation ZT(X) :=m(&1)(Z 7 (1)). Then we obtain

ii

[T @), =270~ g™ 270

xq_z((_l)p(iui_z;;ll(_1)p(/<)) M+N 1 — Zz_l-) (—1)P@+pb)
=ZT)[1- -
&1 g2 HP0
p=1 ] — =2 ——
b+i Z
forl<i<M+N,
[T (x)]aﬂ =0 fora#p, (4.27)

2b

¥ C]_d’ 7 X _ (=1)PO+p®)
—1_ 1 = _q_ I ;
Q] =1 & Ly ! 3 H<1 _ apg?P? ) forrel.

bel )
[Qi)],, =1 forael,
[Q/ (x)]aﬂ =0 fora#p, (4.28)

33 We remark that a formula similar to the first equality in (4.27) (for the characters of finite dimensional representations
of Uy (gl(M))) was previously derived by Anton Zabrodin in 2007 based on the trigonometric version of the co-derivative
for L =1 case.
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where [M]ys denotes the («, B) matrix element of a (M + N) x (M + N)) matrix M. In (4.27)
and (4.28), the twist parameters should be interpreted as (i, /)-matrix element of them>*:

k= lzklii = q‘p”(_])p(k)‘s"k. (4.29)

The above example gives a non-trivial support to the QQ-relations (4.21)—(4.22) and the fac-
torization formulas (4.20) for the Verma module as the shape of these equations will be es-
sentially independent of the quantum space of the model. This also agrees with examples in
Egs. (3.38)—(3.43) in [1] up to a transformation ¢ — ¢~ ! and a rescaling of the spectral parame-
ter.

The other interesting examples of the Q-operators are the ones for the conformal filed the-
ory (CFT). The monodromy matrix of the CFT can be expressed as an ordered exponential of
the form £ = P exp(ZiAi J(;N - 02 " du e; ® V;(u)), where V;(u) are g-vertex operators obeying
Viw)Vi() = (—1)POPL) gaij Vi()Vi(u) for u > v and e; are the generators of B, . Thus, if
we substitute our g-oscillator realizations of B through (3.82) into the formula and taking the
supertrace over the Fock space for B we will obtain Q-operators for the CFT. Examples of
such Q-operators can be seen for (M, N) = (2,0) in [5], (M, N) = (3,0) in [6], N =0 in [9],
(M,N)=(2,1) in[1] and for U, (C(2)@) in [7]. See also a related recent paper [34].

Finally, we can define the universal master T-operator [22] by

T, ) =) S (OTrx), (4.30)
A

where t = (t1, 2, ...) are time variables in the KP hierarchy and S, (¢) is the Schur function
labeled by the Young diagram A. This is a r-function of the modified KP hierarchy and allows
embedding of the quantum integrable system into the soliton theory. Basically, all the functional
relations among T- and Q-operators in the Hirota form can be derived from this (see [22,20] for
more details).

5. Concluding remarks

In this paper, we have developed our preliminary discussions on L-operators for the Baxter
Q-operators for Uy (s/(2]1)) [14,1] and U, (gl(3)) [16], and generalized them to the higher rank
case U, (él(M |N)). The contraction of the algebra related to these L-operators was discussed.
The model independent universal Q-operators are defined as supertrace of the universal R-matrix.
This is a step toward our trial [1-3] (also [20,22]) to construct systematically Q-operators and
Wronskian-like expressions of T-operators in terms of them. The L-operators given in this paper
can be building blocks of them. Our next task [37] directly related to this paper will be mainly
two fold: to generalize our g-oscillator realization of the L-operators for the Q-operators to all the
intermediate ones labeled by any 2”*¥ index set I introduced in [2], and to generalize these for
more general representations on the quantum space. All these will be basically accomplished by
evaluating the universal R-matrix in the light of asymptotic representations of the quantum affine
algebra [15]. We find that a fusion method [17,19] on L-operators for Q-operators developed for
rational models is also helpful for this.

A generalization to the elliptic case is perhaps interesting. Although whether the contraction
of the Sklyanin algebra works is not clear at the moment, elliptic L-operators may be given by

~ . .. _nr®+p@) g, _ —d .
34 In the Uq (sI(M|N)) picture, this is zk=[Zk]ii=q¢k+( DPEPE i =die—y.i =i 1+ dg-1.i-1)
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twists> of our trigonometric L-operators since the elliptic algebras (for both vertex type models
and face type models) can be obtained by twists on the quantum affine algebras [38].

The other obvious direction of further development will be a generalization to the other quan-
tum affine superalgebras. For this, it will be helpful to characterize our L-operators as sort of
Lax operators for the generalized Toda system [39] in terms of the asymptotic algebra [15] and
investigate the system in the light of the soliton theory [20,22].

Note added for arXiv:1205.1471v2

In this version, we made some revisions to the version 1 (arXiv:1205.1471v1) of our paper.
The revisions are mainly devoted to corrections of misprints and additions of details. Although
the g-oscillator representations of the Borel subalgebra . for the Q-operators cannot be straight-
forwardly extended to the whole algebra U, (él (M|N)), they still can be extended to those of the
contracted algebra of U, (él (M|N)). In version 1, we exemplified this by considering contracted
commutation relations (3.85) and a part of the intertwining relations (that accompany the co-
product and the opposite co-product) for the generators f;, which come from the other side of
the Borel subalgebra B_ (after the renormalization), in addition to the generators of 5 . In this
version, we made these more precise by adding some details. The fact that Serre-type relations for
oscillator representations for the Q-operators can be simpler than the original ones was pointed
out first by [6] for B, of U, (sAl (3)). However, a systematic study on this (for U, (él(M|N; 1)))
was missing in the literatures. After version 1 of our paper appeared in May 2012, we received
a note from Alessandro Torrielli in November 2012. He discussed an algebra (the co-product,
Serre-type relations, etc.) related to L-operators for the Q-operators associated with Yangian
Y (sI(2)). However, it is not very clear at the moment how (or if) his result is related to our’s.
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Appendix A. Relations for U, (gl (M|N))
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[Lea, Lap]=0 forb<d<c<aord<b<a<cord<c<b<a

orb<a<d=<c, (A.1)
[Lea, Lapl = (_1)(p(a)+p(b))p(6)+p(a)p(b) (q _ q_l)Lachb ford <b<c<a, (A.2)
[Lap, Lad]qzmH =0 ford<b<a, (A.3)
[Leb, Laplgi-20t0 =0 forb <c<a, (A4)
(Lap)* =0 for p(a) + p(b) =1. (A.5)

(3.21) can be rewritten as:

[Lea,Lap] =0 fora<c<d<borc<a<b<dora<b<c<d

orc<d<a<b, (A.6)
[Lab, Leal = (=) P@OFTPEPOFp@r®) (g gL Loy fora<c<b<d, (A7)
[Lad, Labl 2001 =0 fora <b<d, (A.8)
[Lebs Laplgi-2py =0 forc <a <b, (A.9)
(Lap)> =0 for p(a) + p(b) = 1. (A.10)

(3.22) can be rewritten as:

[Led, Lapl=0 ford<a<b<cora<d<c<bord<c<a<b

ora<b<d<cora=b=c=d, (A.11)
[Led, Lapl = (—1)P@+POIp@+p@p®) (4 g=NT 4Ly, fora<d <b<c

ora<d<b<c, (A.12)
[Led, Zab] — (_1)(p(a)-‘rp(b))p(6)+p(a)p(b)+1 (q _ q_l)Lachb ford<a<c<b

ord<a<c<b, (A.13)
[Lpas Lap] = (=" (q = ¢7") (LaaLtb — LaaLsp) fora <b, (A.14)
[Laa, Zab]qu(a>_1 =0 ford<a<bandd#b, (A.15)
[Lep, Zab]ql—Zp(b) =0 fora<b<canda#c. (A.16)

The relations for the contracted algebra U,(g/(M|N;1)) can be obtained by applying
(3.35)—(3.39) for the above relations.

Appendix B. Renormalization of generators

The effect of the renormalization for the L-operator (3.79) to the generators of U, ((g:l (M|N))
can be seen from (3.27), (3.82), (3.83) and (3.84):

G =e, (B.1)
J;i — q(2—9(iel)—9(i+lel))mfi’ (B.2)
hi=hi— (G el)—0G+1eD)m, (B.3)
ki=ki —(=1)?D0(i € Dm, (B.4)
ki =k +(=D)PD(2 =0 € ))m, (B.5)
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where the right hand side of these should be understood under the evaluation map ev,
(3.82)—(3.83); the effect of the renormalization is denoted by tilde; and the suffix i should be
interpreted under modulo M + N. (B.3) and (B.4) came from the transformations for the shift

automorphisms (2.15) and (2.34), respectively. Then the commutation relations become

2(1=0G+1€l))m~+h; 20—6Gel))m—h;

q —q
q—q~!

g DOk (P gy o (CDPOkik (D2 iy

[, fi1=28i (B.6)

=6 B.7

L q— q,] ( )
Let us consider the limit m — oo for |g| < 1 (or m — —oo for |g| > 1). We assume the
renormalized generators except for (B.5) do not diverge in this limit at least for the evaluation
representation 777 (xg>™) in an appropriate basis, where 7r; is the highest weight representation

of U, (gl(M|N)) with the highest weight (3.81). Then, in the limit, we obtain:
q(—l)l’mlz,-q(—l)P(")IEi — q2m(170(iel)) — e(l c I), (BS)
and in particular

gtV 0 foriel. (B.9)

The inverse of q(_l)pmki , namely q_(_l)p(i)ki coincides with q(_l)p(”ki only for i € [ in the limit.
Then the commutation relations (B.6) reduce to the contracted commutation relations (3.85) in
the limit. Note that the limit of (B.6) automatically hold true if f; =0 fori,i + 1 € I in the limit.

Let us multiply (U, (él(M IN)) case of) the first relation in (2.16) for f; by

q@—0teD=0G+1eDm | & o= Ljerkiy from the right:

(q2<1—9<i+1e1>)mqﬁ,- ® fi+ fi®@ NR(1®q " Lier ki)
=R(1®q™" e KV (fi @ g + g2 0EEDmy @ £, (B.10)

where R is defined in (2.33). One can see an effect of the shift automorphism for By by the
transformation (2.34) with the parameters (3.80). Then this relation for 7y (xg*™) @ 7 (y) sug-
gests (3.103) in the limit.
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