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Abstract We analyse a possible connection between CP
violations in the quark and lepton sectors, parametrised by
the CKM and PMNS phases. If one assumes that CP break-
ing arises from complex Yukawa couplings, both in the quark
and lepton sectors, the above connection is not possible in
general, since Yukawa couplings in the two sectors have inde-
pendent flavour structures. We show that both the CKM and
PMNS phases can instead be generated by a vacuum phase
in a class of two Higgs doublet models, and in this case a
connection may be established. This scenario requires the
presence of scalar FCNC at tree level, both in the quark and
lepton sectors. The appearance of these FCNC is an obstacle
and a blessing. An obstacle since one has to analyse which
models are able to conform to the strict experimental limits
on FCNC, both in the quark and lepton sectors. A blessing,
because this class of models is falsifiable since FCNC arise
at a level which can be probed experimentally in the near
future, specially in the processes h → e±τ∓ and t → hc.
The connection between CP violations in CKM and PMNS is
explicitely illustrated in models with Minimal Flavour Vio-
lation.

1 Introduction

In this paper we study the possibility of having a rela-
tion between CP violation in the quark and lepton sectors,
parametrized by the phases δCKM and δPMNS, respectively,
of the CKM [1,2] and PMNS [3,4] mixing matrices. This
question is specially important in view of the efforts to detect
leptonic CP violation in neutrino experiments such as Dune,
T2K and Nova [5–7]. At present, there is solid experimental
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evidence that CKM is complex, even if one allows for the
presence of New Physics contributing to CP violation [8,9].
The fact that CKM is complex does not imply that CP vio-
lation is violated at the Lagrangian level through complex
Yukawa couplings. Indeed it has been pointed out [10] that
one may have a vacuum induced CP violation generating
a complex CKM matrix in agreement with experiment. If
one considers an extension of the Standard Model (SM) with
non-vanishing neutrino masses and assumes that the origin of
CP violation is the presence of complex Yukawa couplings,
then there is no relation between δCKM and δPMNS. This just
reflects the fact that in the SM the lepton and the quark
Yukawa couplings are completely independent quantities. If
one wants to obtain a relation between δCKM and δPMNS, an
interesting possibility is to assume that CP is spontaneously
broken, with the vacuum phase generating both the phase in
the quark and in the lepton sectors. In this paper, we con-
sider the extension to the leptonic sector of a previously pro-
posed viable minimal model where the Lagrangian respects
CP invariance but the vacuum is CP violating, with a complex
phase which generates a complex CKM matrix. The model
consists of a generalised Branco–Grimus–Lavoura (BGL)
model [11–14] with a flavoured Z2 symmetry in the con-
text of two Higgs doublet models (2HDMs) [15,16]. Two of
the quark families are even under the Z2 symmetry while
the remaining one is odd. It was shown [10] that there is a
profound connection between the possibility of generating a
complex CKM matrix and the existence of tree level Scalar
Flavour Changing Neutral Couplings (SFCNC) both in the
up and down quark sectors. The same correlation also occurs
when one extends the model to the leptonic sector. In order
for δPMNS �= 0 to be generated one has to have SFCNC
both in the charged lepton and neutrino sectors. The fact that
SFCNC necessarily arise in the class of models which we
are considering is both an obstacle and a blessing. It is an
obstacle because one has to analyse which models are able
to conform to the strict experimental limits on SFCNC in the
quark and lepton sectors. It is a blessing because the class
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of models we are considering are falsifiable in the sense that
they imply SFCNC at a level which can be probed at different
experiments. The paper is organised as follows. In the next
section we present the model, including the quark and lep-
ton sectors. In Sect. 3 we analyse how δCKM and δPMNS are
generated. In Sect. 4 we analyse how CP violation requires
the presence of SFCNC. Section 5 is dedicated to a study
of a general relation between δCKM and δPMNS. In Sect. 6
we present simplified models incorporating Minimal Flavour
Violation (MFV) [17,18] and the connection to SFCNC; a
specific model is analysed in detail, including the prediction
of δPMNS arising in this subclass of models. Finally in the
last section, we present our conclusions. Additional details
on different aspects are provided in the appendices.

2 The model

The Yukawa sector of the most general 2HDM, in the case
of Dirac neutrinos, can be written as

LY = −
2∑

i=1

[
Q0

L Γ
(d)
i Φi d

0
R + Q0

L Γ
(u)
i Φ̃i u

0
R

+L0
L Γ

(e)
i Φi e

0
R + L0

L Γ
(ν)
i Φ̃i ν

0
R

]
+ h.c. . (1)

We extend the viable model presented in reference [10] to
the leptonic sector. The model is enforced by a Z2 symmetry,
extended now to the leptonic sector. The fields Φ2, Q0

L3
and

L0
L3

are odd under Z2, the rest of the fields are even under
Z2. This symmetry gives rise to the so-called generalized
BGL (gBGL) textures [14] for the original Yukawa coupling
matrices Γ

(f)
i :

Γ
(d)

1 ∼ Γ
(u)

1 ∼ Γ
(e)

1 ∼ Γ
(ν)

1 ∼
⎛

⎝
× × ×
× × ×
0 0 0

⎞

⎠ , (2)

Γ
(d)

2 ∼ Γ
(u)

2 ∼ Γ
(e)

2 ∼ Γ
(ν)

2 ∼
⎛

⎝
0 0 0
0 0 0
× × ×

⎞

⎠ , (3)

with × denoting generic entries.
Note that Γ

(f)
2 = P3Γ

(f)
2 and Γ

(f)
1 = (1 − P3) Γ

(f)
1 where

P3 is the projector

P3 =
⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ . (4)

Spontaneous electroweak symmetry breaking is achieved
with the vacuum

〈Φ j 〉 = v j eiθ j√
2

(
0
1

)
, v j , θ j ∈ R, v j > 0. (5)

As usual, we introduce v2 ≡ v2
1 + v2

2 and β such that v1 =
vcβ , v2 = vsβ (here and in the following, cβ = cos β, sβ =
sin β, tβ = tan β, t−1

β = (tβ)−1) and impose v2 = 1√
2GF

�
(246 GeV)2. Instead of Φ j , H1 and H2 such that

〈H1〉 = v√
2

(
0
1

)
, 〈H2〉 =

(
0
0

)
, (6)

are introduced; {H1, H2} is the ”Higgs basis” [19,20], that is
(
H1

H2

)
=

(
cβ sβ
sβ −cβ

) (
e−iθ1Φ1

e−iθ2Φ2

)
. (7)

One can rewrite the Yukawa couplings in Eq. (1) as

− LY = Q0
L

√
2

v

[
M0

d H1 + N 0
d H2

]
d0
R

+Q0
L

√
2

v

[
M0

u H̃1 + N 0
u H̃2

]
u0
R (8)

+L0
L

√
2

v

[
M0

	 H1 + N 0
	 H2

]
e0
R

+L0
L

√
2

v

[
M0

ν H̃1 + N 0
ν H̃2

]
ν0
R + h.c. (9)

where

M0
d = eiθ1v√

2

(
Γ

(d)
1 cβ + Γ

(d)
2 sβe

iθ
)

,

M0
u = e−iθ1v√

2

(
Γ

(u)
1 cβ + Γ

(u)
2 sβe

−iθ
)

,

M0
	 = eiθ1v√

2

(
Γ

(e)
1 cβ + Γ

(e)
2 sβe

iθ
)

,

M0
ν = e−iθ1v√

2

(
Γ

(ν)
1 cβ + Γ

(ν)
2 sβe

−iθ
)

,

(10)

with θ = θ2 − θ1. The corresponding expressions for N 0
f in

terms of Γ
(f)
i , β and θi are

N 0
d = eiθ1v√

2

(
Γ

(d)
1 sβ − Γ

(d)
2 cβe

iθ
)

,

N 0
u = e−iθ1v√

2

(
Γ

(u)
1 sβ − Γ

(u)
2 cβe

−iθ
)

,

N 0
	 = eiθ1v√

2

(
Γ

(e)
1 sβ − Γ

(e)
2 cβe

iθ
)

,

N 0
ν = e−iθ1v√

2

(
Γ

(ν)
1 sβ − Γ

(ν)
2 cβe

−iθ
)

.

(11)

The most relevant property is the following:

N 0
f =

[
tβ1 −

(
tβ + t−1

β

)
P3

]
M0

f . (12)

Note that even if N 0
f are proportional to M0

f , this propor-
tionality involves a diagonal matrix different from the iden-
tity. This means that in general it will not be possible to
bi-diagonalize both matrices simultaneously. The matrices
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N 0
f control the scalar mediated flavour changing neutral cou-

plings.
Concerning the scalar sector, the scalar potential has the fol-
lowing form

V (Φ1, Φ2) = μ2
11Φ

†
1Φ1 + μ2

22Φ
†
2Φ2

+μ2
12

(
Φ

†
1Φ2 + Φ

†
2Φ1

)

+λ1(Φ
†
1Φ1)

2 + λ2(Φ
†
2Φ2)

2

+2λ3(Φ
†
1Φ1)(Φ

†
2Φ2)

+2λ4(Φ
†
1Φ2)(Φ

†
2Φ1)

+λ5

(
(Φ

†
1Φ2)

2 + (Φ
†
2Φ1)

2
)

, (13)

with μ2
jk ∈ R and λk ∈ R. For a scalar potential with an exact

Z2 symmetry, μ2
12 = 0 and even if λ5 could be complex, there

is no CP violation. In Eq. (13), μ2
12 �= 0 softly breaks the Z2

symmetry and even though μ2
12, λ5 ∈ R give a CP invariant

V (Φ1, Φ2), the possibility to have CP violation arising from
the vacuum is open. The expansion of the fields around the
vacuum in the Higgs basis reads

H1 =
(

G+
v+H0+iG0√

2

)
, H2 =

(
H+

R0+i I 0√
2

)
. (14)

The neutral mass eigenstates are {h, H, A}:
⎛

⎝
h
H
A

⎞

⎠ = RT

⎛

⎝
H0

R0

I 0

⎞

⎠ , (15)

with R a real orthogonal 3 × 3 matrix. h is usually assumed
to be the SM-like Higgs with massmh = 125 GeV; the align-
ment limit, in which its couplings are SM-like, corresponds
to R11 → 1. For further details concerning the scalar sector
we refer to [10].

3 Generation of CP violating CKM and PMNS matrices

It is clear that the global phase θ1 in the previous expressions
can be rephased away by redefining the phases of the Hi

fields or of the right handed fermion fields, and thus we set
θ1 = 0 from now on without loss of generality. Note also that
invariance under CP of the entire Lagrangian implies that

Γ
(f)
i = Γ

(f)∗
i . (16)

As shown in reference [10], taking into account the real-
ity condition in Eq. (16) and the position of the irremovable
phase θ in the textures in Eqs. (2) and (3), the mass matrices
can be factorized as

M0
f =

⎛

⎝
1 0 0
0 1 0
0 0 eiσ f

⎞

⎠ M̂0
f = ϕ3(σ f ) M̂

0
f , (17)

where M̂0
f are arbitrary real mass matrices and σd = σe = θ ,

σu = σν = −θ . Note that the diagonal matrix of phases
ϕ3(σ f ) can be written as

ϕ3(σ f ) = 1 + (eiσ f − 1)P3. (18)

It is clear that θ , the relative phase among the vacuum expec-
tation values of the original scalar fields, is the unique source
of irremovable complexity in the mass matrices, and thus
it is the candidate to generate the phases in the CKM and
PMNS mixing matrices. To analyse the mixing matrices it is
sufficient to diagonalize M0

f M
0†
f : following Eq. (17),

M0
f M

0†
f = ϕ3(σ f )M̂

0
f M̂

0 T
f ϕ3(−σ f ). (19)

Since M̂0
f M̂

0 T
f is real, symmetric (and positive definite), it

can be diagonalized with a real orthogonal (rotation) matrix
O fL

OT
fL M̂

0
f M̂

0 T
f O fL = diag(m2

f1 ,m
2
f2 ,m

2
f3). (20)

One obtains trivially

U †
fL
M0

f M
0†
f U fL=diag(m2

f1,m
2
f2 ,m

2
f3), U fL=ϕ3(σ f )O fL .

(21)

Since M0†
f M0

f = M̂0 T
f M̂0

f is real and symmetric, we will
also have

OT
fR M̂

0 T
f M̂0

f O fR = diag(m2
f1,m

2
f2 ,m

2
f3), (22)

in such a way that the fermion mass matrix bi-diagonalization
reads

M f = U †
fL
M0

f O fR =
⎛

⎝
m f1 0 0

0 m f2 0
0 0 m f3

⎞

⎠ . (23)

Correspondingly, the CKM mixing matrix V = U †
uLUdL and

the PMNS mixing matrix U = U †
eLUνL , defined with the

usual conventions in the charged currents W± interactions,
are:

V = OT
uL ϕ3(2θ) OdL , U = OT

eL ϕ3(−2θ) OνL . (24)

Since O fL are arbitrary real rotations, it is evident that there
is enough freedom in Eq. (24) to obtain arbitrary V and U ,
except for the fact that any CP violating observable in the
quark sector and any CP violating observable in the lepton
sector, must vanish with θ → 0. It is thus interesting to scruti-
nize in detail the relation that must exist among the CP violat-
ing phases in V andU , δCKM and δPMNS respectively. Antici-
pating the discussion in Sect. 5, δCKM and δPMNS will simply
correspond to the CP phases in a standard parametrization;
notice that, a priori, the change of sign in θ entering V andU
in Eq. (24), does not imply in general that δCKM = −δPMNS.
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4 CP violation and the presence of SFCNC

It was shown in [10] that in this class of 2HDMs with spon-
taneous CP violation, there is a deep connection between the
complexity of the CKM matrix and the presence of SFCNC.
Since there is no evidence yet of SFCNC beyond the SM, the
simplest approach in the analysis of these models would be
to impose that SFCNC are absent. As discussed in [10], this
leads to a real CKM, contrary to evidence, and thus SFCNC
are necessary. We recall here the essence of this connection.
The appearance of SFCNC is encoded in the N 0

f matrices in
Eq. (11), which control the Yukawa couplings of H2; in the
fermion mass bases, N 0

f → N f , and Eq. (12) gives

N f = U †
fL
N 0

f O fR =
[
tβ1 −

(
tβ + t−1

β

)
P f

3

]
M f

=
[
tβ1 −

(
tβ + t−1

β

)
P f

3

]
diag(m f1,m f2 ,m f3), (25)

where we have introduced the projection operators

P f
3 ≡ U †

fL
P3 U fL = OT

fL P3 O fL . (26)

In Eqs. (25) and (26), SFCNC are controlled by the real pro-
jectors P f

3 , in particular the off-diagonal entries of P f
3 , which

are controlled by the O fL matrices, which also give the CKM
and PMNS mixing matrices.
It is important to notice that, by construction,

Pu
3 = V Pd

3 V †, Pe
3 = U Pν

3 U †. (27)

Equation (27) means that SFCNC in the up and down quark
sectors are not independent, they are related through the
CKM matrix. For example, if one fixes SFCNC in the up
quark sector, SFCNC in the down quark sector are completely
determined; this fact will be particularly relevant in order to
address appropriately the count and the election of the inde-
pendent parameters in the model. The situation in the lepton
sector is analogous.
The elements of the matrices P f

3 are
(
P f

3

)

i j
=

(
OT

fL P3 O fL

)

i j

= (
O fL

)
3i

(
O fL

)
3 j ≡r̂[ f ]i r̂[ f ] j , (28)

where r̂[ f ]i ≡ (
O fL

)
3i are the components of real, unit vec-

tors in three dimensions r̂[ f ], the third rows of the orthogo-
nal matrices O fL . In principle each r̂[ f ] would require two
independent parameters, but it follows from Eq. (27) that
r̂[u] j V jk = e2iθ r̂[d]k and r̂[e] jU jk = e−2iθ r̂[ν]k in such a
way that r̂[d]k is fixed once r̂[u] j and Vjk are known, and sim-
ilarly for r̂[ν]k with respect to r̂[e] j and Ujk . The only way to

avoid SFCNC in P f
3 is to set one component r̂[ f ]k = 1 and

the others r̂[ f ] j = 0, j �= k. In that case
(
P f

3

)

i j
= δikδ jk ≡ (Pk)i j (29)

for a fixed k, i.e. P f
3 = Pk for that given f . Consider, for

example, the absence of SFCNC in the neutrino sector, that
is Pν

3 = Pk . Using Eq. (18) in Eq. (24),

U = OT
eLϕ3(−2θ)OνL

= OT
eL OνL

[
1 + (e−2iθ − 1)OT

νL
P3OνL

]

= OT
eL OνL

[
1 + (e−2iθ − 1)Pν

3

]

= OT
eL OνL

[
1 + (e−2iθ − 1)Pk

]
.

(30)

Then the PMNS matrix U is written as a real rotation times
a diagonal matrix of phases (with e−2iθ in position k and the
rest of them 1), and thus there is no CP violation. Similarly, if
one starts with the absence of SFCNC in the charged lepton
sector, Pe

3 = Pk and

U = OT
eLϕ3(−2θ)OνL

=
[
1 + (e−2iθ − 1)OT

eL P3OeL

]
OT
eL OνL

=
[
1 + (e−2iθ − 1)Pe

3

]
OT
eL OνL

=
[
1 + (e−2iθ − 1)Pk

]
OT
eL OνL ,

(31)

giving again a CP conserving mixing matrix. Therefore, in
this model, in order to have a non-vanishing CP violating
phase in the CKM matrix, there must be tree level SFCNC
both in the up and in the down quark sectors and, mutatis
mutandis, in order to have a non-vanishing CP violating phase
in the PMNS matrix, there must be tree level SFCNC both in
the neutrino and in the charged lepton sectors.

5 The general relation between δCKM and δPMNS

From the discussion in the previous sections, it is important
to recall that

(i) θ �= 0 arising from the vacuum is the only possible source
of CP violation in the CKM and in the PMNS mixing
matrices,

(ii) if SFCNC are removed in one fermion sector, CP viola-
tion in the corresponding mixing matrix disappears even
if θ �= 0.

The CKM and PMNS matrices can be parametrized, up
to rephasing of fields, in terms of 4 quantities each; in
the usual PDG parametrizations [21], the parameters are
{θq12, θ

q
13, θ

q
23, δq} and {θ	

12, θ
	
13, θ

	
23, δ	} respectively. In the

quark sector, experimental information allows the extraction
of θ

q
12, θ

q
13, θ

q
23, and of the CP violating phase δq , which is

neatly different from zero. In the lepton sector, experimental
information allows to extract θ	

12, θ	
13, θ	

23, but the phase δ	

remains ’the last frontier’, where some sensitivity is emerging
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in current analyses [22,23], but still far from a neat determi-
nation.

Although the form of the CKM and PMNS matrices in
Eq. (24) is different from the PDG parametrization, one can
impose in an invariant manner that V and U agree with the
experimental information encoded in {θq12, θ

q
13, θ

q
23, δq} and

{θ	
12, θ

	
13, θ

	
23, δ	} (see 1 for a detailed explanation). In par-

ticular, δCKM, the CP violating phase in V , is the model pre-
diction for δq and similarly δPMNS, the CP violating phase in
U , is the model prediction for δ	. We already know that if
θ = 0, then δCKM = δPMNS = 0, but θ �= 0 � δCKM �= 0,
δPMNS �= 0.

At this point, we need to discuss the independent param-
eters in the model. We start with the quark sector, keeping
in mind that an important goal is to analyse how informa-
tion on CP violation in the quark sector, i.e. the constraint
δq = δCKM, can translate into some prediction on δPMNS.

The CKM matrix in Eq. (24) involves 7 real parame-
ters: 3 in the rotation OuL , 3 in the rotation OdL , and θ .
It should match the four independent quantities measured
in the CKM matrix, equivalent to {θq12, θ

q
13, θ

q
23, δq}. Besides

the CKM matrix, the parameters in OuL and OdL , in par-
ticular the ones in (OuL )3 j = r̂[u] j , (OdL )3 j = r̂[d] j (see
Eq. (28)) also control the SFCNC which, we recall, must be
present: they involve 2 of the parameters in OuL , OdL . This
means that measurements of CKM and SFCNC processes
(e.g. h → uc̄, ūc, t → hc, t → hu, h → bs̄, b̄s, etc), that
is measurements of {θq12, θ

q
13, θ

q
23, δq} and of {r̂[u]1, r̂[u]2} (or,

equivalently, of 2 independent r̂[u] j , r̂[d]k), can provide suffi-
cient constraints to fix the parameters of the model. Although
there are in principle 7 parameters, one can reduce this num-
ber to 6 in a simple manner, as we now discuss. Each rotation
can be written as the product of three two-dimensional rota-
tions controlled by one parameter each,

OuL = R1(p
u
1 )R2(p

u
2 )R3(p

u
3 ),

OdL = R1(p
d
1 )R2(p

d
2 )R3(p

d
3 ), (32)

where each R j (x) can be one of the following (with R1(p) �=
R2(p), R2(p) �= R3(p))

R12(x) =
⎛

⎝
cx sx 0

−sx cx 0
0 0 1

⎞

⎠ , R13(x) =
⎛

⎝
cx 0 sx
0 1 0

−sx 0 cx

⎞

⎠ ,

R23(x) =
⎛

⎝
1 0 0
0 cx sx
0 −sx cx

⎞

⎠ , (33)

and cx = cos x , sc = sin x .
If one chooses a parametrization with R1(p

f
1 ) = R12(p

f
1 )

in both OuL and OdL (i.e. the leftmost rotation only acts in
the 1–2 plane), for example

V = OT
uLϕ3(2θ)OdL , (34)

OuL = R12(p
u
1 )R23(p

u
2 )R13(p

u
3 ), (35)

OdL = R12(p
d
1 )R23(p

d
2 )R13(p

d
3 ), (36)

it is clear (note the ϕ3(2θ) diagonal structure in Eqs. (17)
and (18)) that, rather than pu1 and pd1 separately, only
pu1 − pd1 enters V and we can eliminate one parameter
at once (we simply set pd1 = 0 without loss of general-
ity). In summary, the experimental information constrains
{θq12, θ

q
13, θ

q
23, δq , r̂[u]1, r̂[u]2}, and could fix the model param-

eters {pu1 , pu2 , pu3 , pd2 , pd3 , θ} (a full analysis along these lines
was presented in [10]). The most important aspect here, in
which we are interested, is the fact that, ideally, one can fix θ

with this procedure, since CP violation is well established in
the quark sector. One can address the lepton sector similarly
with

U = OT
eLϕ3(−2θ)OνL , (37)

OνL = R12(p
ν
1)R23(p

ν
2)R13(p

ν
3), (38)

OeL = R12(p
e
1)R23(p

e
2)R13(p

e
3). (39)

Again, one can set pν
1 = 0 without loss of generality, end-

ing up with {pe1, pe2, pe3, pν
2 , pν

3 , θ} as parameters in the lep-
ton flavour sector. The experimental information on PMNS
strongly constrains {θ	

12, θ
	
13, θ

	
23}; additional information

from SFCNC sensitive processes like h → 	i 	̄ j , i �= j , is
needed in order to constrain or fix the parameters in Eq. (37).
The crucial point is that θ can be a priori fixed in the quark
sector and thus, with one less experimental input in the lep-
tonic sector, one could in principle predict the value of the CP
violating Dirac phase δ	 in PMNS prior to its measurement.
It is in this sense that we can ideally relate the PMNS phase
to the CKM phase in this class of generalized BGL-2HDM
with spontaneous CP violation.

6 Simplified models incorporating MFV and their
connections to SFCNC

In the full analysis of the quark sector presented in [10], it
was shown that the model was viable after surmounting a
large set of constraints related to flavour transitions, Higgs
signals, electroweak precision and requirements on the scalar
potential. In particular, the right amount of CP violation in the
CKM matrix could be accommodated, together with the pres-
ence of SFCNC. Surprisingly, this could be achieved with
significant freedom in the values of θ and SFCNC. There-
fore, direct generalization of the full analysis to include the
lepton flavour sector does not appear to be the most promis-
ing avenue to explore the connection among CP violation in
the CKM and PMNS mixing matrices in this kind of model,
since this connection is blurred by this remaining freedom in
θ and SFCNC.
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An interesting possibility is to restrict the model by
making simplifying assumptions about SFCNC, with these
assumptions guided by – and thus compatible with – exper-
imental data. In the following we focus on that kind of
restricted scenario. We will first address the quark sector and
then discuss the extension to the lepton sector.

6.1 Quark sector

As explained in Sect. 4, eliminating SFCNC either in the up
or in the down quark sector, definitely simplifies SFCNC but
eliminates altogether a CP violating CKM matrix. The next
level of simplification would be to impose the absence of
some SFCNC. Considering the general structure of SFCNC,
proportional to r̂[ f ] j r̂[ f ]k , the only simplified alternative
between the most general possibility and the absence of
SFCNC is to assume only one vanishing component r̂[ f ]i = 0
for a given i = 1, 2 or 3; in that case only one SFCNC tran-
sition j � k is present (i , j , k all different). Notice that,
a priori, one can make this kind of assumption simultane-
ously in both the up and the down sectors: that is, for given
i and l, one can in principle impose r̂[u]i = 0 and r̂[d]l = 0.
According to the discussion in Sect. 5, we have 6 parameters
that need to satisfy the 4 constraints to obtain a realistic CKM
matrix, to which we are now adding these 2 new requirements
on SFCNC. One can indeed implement these 2 SFCNC con-
ditions directly with a reduction from 6 to 4 parameters in our
CKM matrix in Eq. (34). Notice, in that case, that the models
incorporate the MFV ansatz [17,18], since they have exactly
as many parameters in the flavour sector as the CKM matrix
requires. Furthermore, the only non-vanishing SFCNC cou-
pling in each sector will be controlled by one of the mixing
angles of CKM. As discussed in Appendix C, one can con-
sider, in principle, 81 different models of this type, out of
which only one appears to satisfy the requirements to be
viable: this model is the specific example that we consider
now, step by step, in order to illustrate the central idea of the
paper.

1. We start imposing the following form of the r̂[ f ] vectors
controlling SFCNC:

r̂[u] = (
0,− sin pu2 , cos pu2

)
,

r̂[d] =
(
− sin pd2 , 0, cos pd2

)
,

(40)

with parameters pu2 , pd2 . The assumption in Eq. (40) is
that t � c and b � d SFCNC are present while u � c,
u � t , d � s, b � s SFCNC are absent.

2. Concerning CKM, since r̂[ f ]i = (O fL )3i , we must have

OuL = R12(p
u
1 )R23(p

u
2 ), OdL = R13(p

d
2 ) . (41)

One can add a factor R12(pd1 ) to the left of R13(pd2 ) in
OdL but, as discussed previously, this would just amount
to a redefinition pu1 
→ pu1 − pd1 . The main point is that
the CKM matrix is

V = R23(p
u
2 )T R12(p

u
1 )Tϕ3(2θ)R13(p

d
2 ). (42)

3. Performing a fit of Eq. (42) to the measured CKM matrix
(see Appendix B), one obtains

2θ=1.077+0.039
−0.031, pu1=0.22694 ± 0.00052,

pu2=(4.235 ± 0.059) × 10−2, pd2 =(3.774 ± 0.098) × 10−3 .

(43)

In order to relate δCKM and δPMNS it is specially relevant
that the quark sector fixes θ .

4. In addition, Eq. (43) fixes SFCNC with

r̂[u]= (0,−0.0423, 0.9991) ,

r̂[d]= (−0.0038, 0, 0.9999) . (44)

A non-trivial result is that the values in Eq. (44) are within
the allowed regions arising in the analysis of [10] (for
example in figures 6(b) and 6(c)). Even if Eq. (44) fixes
the intensity of SFCNC, the precise effects in specific
processes depend on parameters such as tβ and elements
R jk of the mixing matrix of neutral scalars in Eq. (15) (for
exampleR11 is the mixing among the 125 GeV scalar and
the scalar with SM Higgs couplings). With 2θ = 1.077,
| sin 2θ | = 0.88 and one can read in figure 9 of [10]

R11 ∈ [0.82; 0.90], tβ ∈ [0.5, 1.8]. (45)

5. Then, the most relevant prediction of this model in terms
of SFCNC concerns t → hc decays, where

Br(t → ch)

=
(

1 − R2
11

) (
tβ + t−1

β

)2
(r̂[u]2r̂[u]3)2 f (xh, xW ),

(46)

with

f (x, y) = 1

2
(1 − x)2

(
1 − 3y2 + 2y3

)−1
, (47)

and xi = (mi/mt )
2, giving f (xh, xW ) = 0.1306 (for

further details, see Appendix A). With Eqs. (44) and (46),
one obtains

1.8 × 10−4 ≤ Br(t → ch) ≤ 4.3 × 10−4 . (48)

123



Eur. Phys. J. C (2021) 81 :727 Page 7 of 11 727

Notice that the range predicted in Eq. (48) is rather
reduced and indeed not far from current LHC bounds
[24,25].

6. In the down sector, with (r̂[d]1r̂[d]3)2 ∼ 10−2(r̂[u]2r̂[u]3)2 ∼
1.6 × 10−5, b � d SFCNC have a negligible effect in
B0
d–B̄0

d oscillations, while h → b̄d, bd̄ are beyond the
LHC capabilities.

6.2 Lepton sector

We address now the lepton sector, applying analogous
requirements on SFCNC to the ones considered for the quark
sector in the previous subsection. In the lepton sector, the
most stringent constraint comes from bounds on μ → e+γ .
If we only allowed μ � e SFCNC, the coupling would be
controlled by |UeiUμi |2 with i = 1, 2 or 3. Since PMNS
is rather non-hierarchical, one can estimate [26] that avoid-
ing the current bound Br(μ → e + γ ) < 4.2 × 10−13 [27]
requires a cancellation or fine-tuning at the 10−4–10−5 level
among scalar and pseudoscalar contributions in 2-loop Barr-
Zee contributions [28,29].

1. It is mandatory to eliminate μ � e SFCNC: this can
be achieved either with r̂[e]1 = 0 or r̂[e]2 = 0. In the
neutrino sector all three choices r̂[ν]k = 0, k = 1, 2, 3
are in principle available. However, out of these 6 com-
bined possibilities which automatically evade μ → e+γ

bounds, the only one which is allowed experimentally
(see Appendix C for details) is

r̂[ν] = (− sin pν
2 , cos pν

2 , 0
)
,

r̂[e] = (− sin pe2, 0, cos pe2
)
.

(49)

2. With r̂[e]i = (
OeL

)
3i , we must have

OeL = R12(p
e
1)R13(p

e
2) , (50)

and

OνL = P23R12(p
ν
2) , (51)

where the permutation P23 interchanges the third and
second rows of R12(pν

2):

P23 =
⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ . (52)

(Including P23 does not depart from the general form
in Eq. (32); as explained in Appendix D). As discussed
previously, we do not include a left factor R12(pν

1) in
OνL , since it amounts to a redefinition of pe1 → pe1 − pν

1 .
3. The PMNS matrix is

U = R13(p
e
2)

T R12(p
e
1)

Tϕ3(−2θ)P23R12(p
ν
2) . (53)

It is fully fixed by 3 mixing angles and the CP violating
phase θ already obtained in the quark sector.

4. We can fit now Eq. (53) to the experimental information
on PMNS encoded in {θ	

12, θ
	
13, θ

	
23} (see Appendix B). In

this fit, θ is already set to the value obtained from the fit
to the CKM matrix in Eq. (43). Although different PMNS
analyses [22,23] show some sensitivity to the phase δ	,
we do not include that information in the fit since we
are precisely interested in its prediction. The fit gives the
following two solutions,

Solution 1 : pe1 = 0.7496,

pe2 = 1.3541, pν
2 = 0.8974 , (54)

Solution 2 : pe1 = 2.3889,

pe2 = 1.3541, pν
2 = 1.0542 . (55)

SFCNC are controlled in both cases by

r̂[e] = (−0.9765, 0, 0.2156) . (56)

5. Most importantly, the solutions differ in the values of
the (unique) CP violating imaginary part of an invariant
quartet

JPMNS = Im
(
Ue1Uμ2U

∗
e2U

∗
μ1

)
, (57)

and of the phase δPMNS,

Case JPMNS δPMNS Δχ2
NO(δPMNS) Δχ2

IO(δPMNS)

Solution 1 −0.0316 1.629π (293◦) 5 0
Solution 2 0.0282 0.679π (126◦) 13 > 20

(58)

Δχ2
NO(δPMNS) and Δχ2

IO(δPMNS) show the values that
correspond to δPMNS attending to the Δχ2 profiles for δ	

obtained for normal and inverted neutrino mass orderings
in [22].
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We stress that using the information on CP violation in
the quark sector, we have been able to predict the phase in
PMNS using the connection that SCPV provides in this
model; in particular, Solution 1 has δPMNS = 1.629π ,
which is in good agreement with the most likely values
in PMNS analyses.

6. With the values of e � τ SFCNC in Eq. (56), we have
predictions (see Appendix A) such as

Br(h → eτ̄ + ēτ) =
(

1 − R2
11

) (
tβ + t−1

β

)2

(r̂[e]1r̂[e]3)2 Br(hSM → τ τ̄ )
Γ (hSM)

Γ (h)
. (59)

Using Eq. (45), we have the sharp range

2.0 × 10−3 ≤ Br(h → eτ̄ + ēτ)
Γ (h)

Γ (hSM)

≤ 5.0 × 10−3, (60)

which should be seen or disproved in the near future
since the current bound is1 Br(h → eτ̄ + ēτ)Exp ≤
4.7 × 10−3 [31–33] (although there is some freedom in
Γ (h)/Γ (hSM), it does not modify substantially this con-
clusion).

Conclusions

We have discussed the possibility of having a framework
where there is a connection between the CP violations in
the quark and the lepton sectors, parametrised by the two
phases δCKM and δPMNS. In general, it is not possible to
establish this connection, since the Yukawa couplings Y f

– with f = u, d, 	, ν – generating the quark and lepton
masses are complex matrices, with no relation between Yu,d

and Y	,ν . In this paper we have investigated this connection
in a framework where CP violation in the quark and lep-
ton sectors have a common origin, being both generated by
a complex vacuum phase. We have pointed out that in order
to construct experimentally viable models of this class, some
conditions have to be satisfied, namely the vacuum phase has
to be able to generate complex CKM and PMNS matrices.
This is not an easy task since it is assumed that CP is sponta-
neously broken, so the Yukawa couplings are real. We have
shown that in order to generate a complex CKM matrix, one
has to have SFCNC both in the up and down quark sectors.
An entirely analogous requirement applies to the lepton sec-
tor, where the generation of a complex PMNS matrix also
requires the presence of scalar leptonic FCNC. Since there

1 Recent work [30] might lower this bound closer to 2 × 10−3.

are stringent bounds on these SFCNC, we consider gener-
alised BGL 2HDMs where there is natural suppression of
some of the most dangerous SFCNC. We have shown that
within some of the generalised BGL models, there is indeed
a connection between δCKM and δPMNS. The interplay among
CPV and the existence of SFCNC makes that these relations
are quite involved implying connections or predictions for
processes mediated by SFCNC in all the sectors: up, down
quarks and charged leptons.2 To clarify all these relations we
have worked a subclass of our most general model of SCPV,
but guided by two important hints: (i) an experimental fact:
the absence of any convincing evidence of the presence of
SFCNC at the actual level of precision; (ii) a theoretical dis-
covery: the necessity of having at least one type of SFCNC
in each sector: quarks up and down, charged leptons and
even in the neutrino sector. Therefore we have worked with
models that have the minimal amount of SFCNC needed to
keep SCPV. These simplified models verify the MFV ansatz.
Because they are controlled by the four unit vectors r̂[u], r̂[d],
r̂[ν], r̂[e] having a zero in some entry, there are 34 = 81 pos-
sible models of this type. In the model discussed in Sect. 6,
the connection between δCKM and δPMNS gives a prediction
for δPMNS in agreement with recent PMNS analyses. In the
appendices we explain how the remaining models confront
experimental data requirements.
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Appendix A: Higgs SFCNC

The Yukawa couplings of the Higgs-like scalar h, following
Sect. 2, read

Lh f f̄ = −h

v
f̄ j

{[
R11m f j δ jk + R21H

f
jk ± iR31A

f
jk

]

+
[
R21A

f
jk ± iR31H

f
jk

]
γ5

}
fk (A.1)

where

H f
jk = tβ m f j δ jk − (tβ + t−1

β )r̂[ f ] j r̂[ f ]k
m f j + m fk

2
, (A.2)

A f
jk = (tβ + t−1

β )r̂[ f ] j r̂[ f ]k
m f j − m fk

2
. (A.3)

The sign ± appearing with R3s is + for f = d, 	 and −
for f = u, ν. One can immediately read the SFCNC terms
relevant for h → eτ (neglecting me terms)

Lheτ =
mτ (tβ + t−1

β
)r̂[e]1r̂[e]3(R21 − iR31)

2v
hē(1 + γ5)τ + h.c.. (A.4)

In the SM, the coupling of hSM to τ̄ τ is simply −mτ

v
hSMτ̄ τ

and, with |R21 − iR31|2 = 1−R2
11, one can obtain straight-

forwardly Eq. (59). Similarly, for t → hc decays (neglecting
mc terms) the interaction term is

Lhc̄t =
mt (tβ + t−1

β )r̂[u]2r̂[u]3(R21 + iR31)

2v
hc̄(1 + γ5)t , (A.5)

and one obtains Br(t → ch) in Eq. (46) considering that
the top quark width is dominated by t → Wb, i.e. Γ (t) =
Γ (t → Wb) with |Vtb| � 1; f (xh, xW ) in Eq. (47) collects
the differences among both decays due to (i) scalar h vs.
vector W in the final state and (ii) hc vs. Wb phase space.

Appendix B: CKM and PMNS fits

The PDG parametrization [21,34] of the CKM and PMNS
matrices is

R23(θ23)ϕ3(δ)R13(θ13)ϕ3(−δ)R12(θ12)

=
⎛

⎝
c12c13 s12c13 s13e−iδ

−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23

s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23

⎞

⎠ ,

(B.6)

where rephasings allow to reduce the parameter ranges to
θi j ∈ [0;π/2] and δ ∈ [0; 2π [.

For CKM we use the values [21]

sin θ
q
12 = 0.2265 ± 0.0005 ,

sin θ
q
13 = (3.61 ± 0.10) × 10−3 ,

sin θ
q
23 = (4.05 ± 0.07) × 10−2 ,

δq = (66.9 ± 2.0)◦ .

(B.7)

For the PMNS matrix, we use

sin2 θ	
12 = 0.32+0.020

−0.016 , sin2 θ	
13 = (2.16+0.063

−0.066) × 10−2 ,

sin2 θ	
23 = 0.547+0.020

−0.030 . (B.8)

Although results corresponding to normal ordering and
inverted ordering of neutrino masses differ slightly, and
results quoted by several groups differ too [21–23], these
differences are unsubstantial for the scope of this work. To
illustrate how one fits the CKM and PMNS matrices, in the
models under consideration, to the experimental information
condensed in Eqs. (B.7) and (B.8), let us consider the CKM
case. In terms of the parameters of the particular model under
consideration, a CKM matrix V is computed. Then, one com-
putes (for simplicity, we use here 1, 2, 3 indices rather than
u, c, t, d, s, b)

s2
13 = |V13|2, s2

12 = |V12|2
1 − |V13|2 , s2

23 = |V23|2
1 − |V13|2 ,

(B.9)

and

δ = arg

(
V12V ∗

13V23V ∗
22

|V12V13V23| + |V12V13V23|
1 − |V13|2

)
. (B.10)

These are the values, obtained in a rephasing invariant man-
ner (for a recent discussion on the use and interpretation of
different parametrizations, see [35]), to be compared with
Eq. (B.7) (in the actual fit, this comparison gives the usual
likelihood function of the model parameters, which is maxi-
mized). For the PMNS matrix, we follow the same procedure
with the values in Eq. (B.8), and include no constraint on the
phase δ	, as discussed in Sect. 6.

Appendix C: MFV models

In Sect. 6 we have introduced a class of models in which
SFCNC are only present in a single transition in the up and
down quark sectors: that is the minimal assumption which
can produce a complex CKM matrix. This assumption is then
extended to the lepton sector. One can consider, in principle,
34 = 81 different models in this class (3 choices for the
vanishing component of r̂[ f ] for f = u, d, ν, e). In the lepton
sector, however, following the considerations on μ � e, we
directly discard models with r̂[e]3 = 0. In the following we
analyse how there is only one model which satisfies some
basic requirements, the model considered in Sect. 6.
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We use the following notation to identify the different
models: model (ud) = ( jk), j, k = 1, 2, 3, is the model in
which r̂[u] j = 0 and r̂[d]k = 0: j identifies which generation
does not have SFCNC in the up quark sector and similarly for
k in the down quark sector. For the quark sector, the model
in Sect. 6 with r̂[u] and r̂[d] in Eq. (40) is model (ud) =
(12). The extension of the notation to the lepton sector is
straightforward: with r̂[ν], r̂[e] in Eq. (49), the complete label
of the model is (ud, ν	) = (12, 32).

In principle, one would need to perform an analysis of
each model similar to the one in [10], extended to the lepton
sector, a task which is beyond the scope of this work. It is
nevertheless possible to consider simpler analyses and a few
requirements to understand how all but one model have to be
discarded.

The first requirement in the quark sector is that a CKM
matrix in agreement with data can be obtained. All 9 mod-
els (ud) = ( jk), j, k = 1, 2, 3, can give a good CKM
matrix. The next requirement concerns SFCNC: if one sorts
the absolute value of the components of r̂[ f ], |r̂[ f ]Max | ≥
|r̂[ f ]Mid | ≥ |r̂[ f ]Min|, the presence of SFCNC is necessary
in order to obtain a complex CKM matrix, which means
|r̂[ f ]Mid | > 0. Notice that in the class of models under
consideration, r̂[ f ]Min = 0. In the analysis of [10], rather
restrictive ranges for |r̂[u]Mid | and |r̂[d]Mid | were obtained.
We impose that constraint as a proxy for more involved anal-
yses, explicitely we require

|r̂[u]Mid | ∈ [0.04; 0.25], |r̂[d]Mid | ∈ [0.003; 0.10]. (C.11)

Models (ud) = (13), (21), (22), (23), (33), violate grossly
that requirement when a good CKM matrix is obtained.
Although model (ud) = (11) can give values close to
the ranges in Eq. (C.11), it cannot produce a good CKM
matrix while satisfying Eq. (C.11). Models (ud) = (31)

and (32) can produce a good CKM matrix and also fulfill
Eq. (C.11) with |r̂[u]1r̂[u]2| � 0.22. The corresponding h-
SCFNC interaction, analogous to Eq. (A.5), is of the form
Lhuc = Ch

udcLuRh. It gives rise, at tree level, to an effec-

tive operator
(Ch

ud )2

m2
h

(cLuR) contributing to D0–D̄0 mixing.

Omitting the possibility of significant cancellations with sim-
ilar contributions mediated by H and A, D0–D̄0 mixing sets
strong bounds on Ch

ud (see for example [36]), which cannot
be satisfied within models (ud) = (31) and (32).

The only model left in the quark sector is (ud) = (12).
The problem of exploring the viable models is then reduced to
analyse the requirements on the lepton sector of the 6 models
(ud, ν	) = (12, jk), j = 1, 2, 3, k = 1, 2. Models (ν	) =
(11), (21), (31), can produce a realistic PMNS matrix, but
then |r̂[e]2r̂[e]3| is close to its maximal value, 1/2, yielding too
large Br(h → μτ) predictions. On the other hand, models
(ν	) = (12), (22), cannot produce a realistic PMNS matrix;
model (ν	) = (32), on the contrary, can produce a good

PMNS matrix. We are left with (ud, ν	) = (12, 32), the
model considered in Sect. 6, as the only viable candidate.

Appendix D: Parametrizations

In Sect. 6.2, Eq. (51), a permutation P23 is introduced in the
parametrization of OνL which deviates, apparently, from the
general parametrization introduced in Eq. (32). While R13(p)
and R23(p) naturally have one vanishing component in the
third row (the one controlling SFCNC) in position 2 and 1
respectively, parametrizing the MFV models introduced in
Sect. 6 in which the vanishing component is in position 3
requires an additional consideration. This permutation P23

is introduced in order to properly implement that case. One
can indeed rewrite

P23 =
⎛

⎝
1 0 0
0 −1 0
0 0 1

⎞

⎠

⎛

⎝
1 0 0
0 0 −1
0 1 0

⎞

⎠ =
⎛

⎝
1 0 0
0 0 −1
0 1 0

⎞

⎠

⎛

⎝
1 0 0
0 1 0
0 0 −1

⎞

⎠

= diag(1,−1, 1) R23(π/2) = R23(π/2) diag(1, 1−, 1),

(D.12)

that is, P23 can be simply viewed as a product of a fixed
rephasing and a 2–3 rotation with fixed angle π/2 and thus
there is nothing essentially different with respect to the other
cases.

It is to be mentioned that while the PDG parametrization of
CKM and PMNS in Appendix B is such that one can reduce
the ranges of θi j to [0;π/2] (while δ ∈ [0; 2π [) through

rephasings, in our case the ranges of the parameters p f
1 , p f

2
in the different orthogonal matrices O fL entering CKM and
PMNS, require some care since they cannot be completely
reduced to those ranges (the form of V and U in Eqs. (24),
(34)–(37), is different from Eq. (B.6)).
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