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1. Introduction

The Kadomtsev-Petviashvili (KP) hierarchy is one of the most important integrable hierarchies and it appears in many different fields 
of mathematics and physics, such as the enumerative algebraic geometry, topological field and string theory [1]. The KP hierarchy has 
two important symmetries, they are the Sato’s Bäcklund symmetry generated by vertex operator and the additional symmetries by Orlov-
Schulman operator [2]. The KP hierarchy has many generalizations and extensions including universal character hierarchy [3–8]. The mKP 
hierarchy is a modified KP hierarchy. As one of the most important research objects in mathematical physics and integrable systems, 
the mKP hierarchy is of great significance [9]. Dispersionless integrable hierarchies (KP, Toda etc.) are important systems in integrable 
field theories, especially applied in mathematics, physics, topological field theory and matrix model theory [10]. We introduce the Planck 
constant ε into the ordinary KP hierarchy, and the Planck constant ε is restricted to approach 0. The order of microdifferential operators 
with ε are defined by

ordε(�al, j(t)εl∂ j) = max{ j − l|al, j(t) �= 0}.
In particular, ordε(ε) = −1, ordε(∂) = 1. The principal symbol of a microdifferential operator A = �al, j(t)εn∂m is

σε(A) = ε−ordε (A)
∑

j−l=ordε (A) al, jk j,

and Lie bracket has become Poisson bracket.
Gauge transformation is one kind of powerful methods to construct the solutions of the integrable systems, it has significant signifi-

cance and is widely used [11–17]. For soliton theory, the Miura map has played a significant role in its development [18–20]. The Miura 
map is generally not easy to solve and is a transformation between two nonlinear evolution equations [21,22]. However, the solution of 
one nonlinear system can be obtained from the solution of the other nonlinear system through the Miura map. Bäcklund transformations 
can be used to study the soliton hierarchies, which is a very effective tool. On the basis of appropriate gauge transformation, using com-
monly used dressing method can obtain the (2 + 1)-dimensional transformations [23]. In [19], the Miura map between the dispersionless 
KP hierarchy and dispersionless modified KP hierarchy is given. This article has constructed
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LdmK P = e−adφLdK P ,

which can also be used for the Miura map between the constrained dispersionless KP hierarchy and constrained dispersionless modified 
KP hierarchy and the dKP hierarchy with self-consistent sources to the dmKP hierarchy with self-consistent sources [23]. In [20], the 
Miura map between the dDym hierarchy and the dmKP hierarchy is given. Its structure can also be used for the Miura map between the 
constrained dispersionless Harry Dym hierarchy and constrained dispersionless modified KP hierarchy [22]. The constrained dispersionless 
dmKP hierarchy can be thought of as the quasi-classical limit of the constrained mKP hierarchy [24].

Additional symmetries are important symmetries that explicitly depend on time and space [25–27]. Additional symmetries do not 
commute with each other and the additional symmetry flows of the KP hierarchy can form an infinite-dimensional algebra W1+∞ . Ad-
ditional symmetry also has wide applications [28,29]. In [30], the additional symmetries of the dispersionless cKP hierarchy are given 
by introducing a new Laurent series Yl . Additional symmetry can be used to derive string equations and Virasoro constraints in string 
theory [31,32].

This paper is organized in the following way. In Section 2, some basic knowledge will be introduced. We introduce the mKP hier-
archy, the constrained mKP hierarchy, the dmKP hierarchy, the constraints of dispersionless mKP hierarchy, the Harry Dym hierarchy, 
the dispersionless Harry Dym hierarchy and the constrained dispersionless Harry Dym hierarchy. In Section 3, we give the auto-Bäcklund 
transformations for dmKP hierarchy. In Section 4, we give dispersionless Miura map between the constrained dispersionless mKP hierarchy 
and the constrained dispersionless Harry Dym hierarchy. In Section 5, the additional symmetries of the constrained dispersionless mKP 
hierarchy are given. In Section 6, the conclusions and discussions are given.

2. Background materials

In section 2, we introduce some basic knowledge, the mKP hierarchy, the constrained mKP hierarchy, the dmKP hierarchy, the con-
strained dispersionless mKP hierarchy, the Harry Dym hierarchy, the dispersionless Harry Dym hierarchy and the constrained dispersionless 
Harry Dym hierarchy, which we will use them later on.

The Lax operator of the mKP hierarchy is as

LmK P = ∂ + v0 + v1∂
−1 + v2∂

−2 + . . . ,

where ∂ = ∂x, vi = vi(x = t1, t2, · · · ).
And it satisfies the Lax equations

∂tk LmK P = [Q k, LmK P ], (2.1)

where Q k = (Lk
mK P )≥1 means the part of order ≥ 1 of Lk

mK P .
The Lax equation (2.1) is equivalent to the existence of wave function �(t, λ) such that (t = (t1 = x, t2, · · · ))

LmK P � = λ�,

∂tk� = Q k�,

where λ is the eigenvalue of LmK P .
Let p = ∑m

i=−∞ pi∂
i be an arbitrary pseudo-differential operators, p∗ = ∑m

i=−∞(−1)i∂ i pi is its formal adjoint operator, and (AB)∗ =
B∗ A∗ for pseudo-differential operators A and B. The adjoint wave function satisfies the equations

L∗
mK P �∗ = λ�∗,

∂tk�
∗ = −Q ∗

k �∗.

The Orlov-Schulman operator of the mKP hierarchy is defined by

M =
∞∑

n=1

ntn Ln−1
mK P +

∞∑

i=1

vi L
−i−1
mK P . (2.2)

The constrained mKP hierarchy is

∂tk Ln = [Q k, Ln],
the Lax operator Ln has the following relationship,

Ln = (Ln)≥1 +
N∑

i=1

vi(t)∂
−1ri(t)∂, (2.3)

where vi(t), ri(t) and Q k satisfy

vi,tk = Q k(vi),

ri,tk = −(∂−1 Q ∗
k ∂)(ri), i = 1,2,3, . . . , N,

Q k = [((Ln)≥1 +
N∑

vi(t)∂
−1ri(t)∂)k/n]≥1.
i=1

2
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The Lax equation of the dispersionless mKP hierarchy is defined by (LdmK P = λ)

LdmK P = P + V 0 + V 1 P−1 + V 2 P−2 + · · · , (2.4)

LdmK P satisfies the Lax equations

∂TnLdmK P = {Qn,LdmK P }, (2.5)

where Qn(P ) is defined by

Qn = (Ln
dmK P )≥1.

The Poisson bracket {, } is defined by

{ f (X, P ), g(X, P )} = ∂ f

∂ P

∂ g

∂ X
− ∂ f

∂ X

∂ g

∂ P
. (2.6)

The dmKP hierarchy can be also written in the zero-curvature form

∂Qn(P )

∂Tm
− ∂Qm(P )

∂Tn
+ {Qn(P ),Qm(P )} = 0.

We consider the quasiclassical limit of the constrained mKP hierarchy to obtain the constrained dispersionless mKP hierarchy, by taking 
tn −→ εtn = Tn [24],

Ln
ε = Q ε,n +

N∑

i=1

vi(
T

ε
)(ε∂)−1ri(

T

ε
)ε∂,

Q ε,n = (Ln
ε)≥1,

where vi(
T
ε ), ri(

T
ε ) and Q ε,k satisfy

ε(vi(
T

ε
))Tk = Q ε,k(vi(

T

ε
)),

ε(ri(
T

ε
))Tk = −((ε∂)−1 Q ∗

ε,k(ε∂))(ri(
T

ε
)), i = 1,2,3, . . . , N,

Q ε,k = ((Ln
ε)

k/n)≥1.

It can be proved that vi(
T
ε ) and ri(

T
ε ) have the following WKB asymptotic expansion as ε −→ 0,

vi(
T

ε
)∼ exp[ S(T , λi)

ε
+ ai1 + O (ε)],

ri(
T

ε
)∼ exp[− S(T , λi)

ε
+ ai2 + O (ε)].

By calculation,

vi(
T

ε
)(ε∂)−1ri(

T

ε
)(ε∂) = − eai1+ai2

S(T , λi)X
× (1 + (S(T , λi)X + O (ε))(ε∂)−1 + . . .

+ ((S(T , λi)X )n + O (ε))(ε∂)−n + . . .).

We can obtain the constrained dispersionless mKP hierarchy for L as

Ln = Qn −
N∑

i=1

(
ai

P i
+ ai

P − Pi
), (2.7)

L = {Qn,L}, (2.8)

where Qn = (Ln)≥1, ai, Pi satisfy

ai = eai1+ai2 , (2.9)

Pi = S(T , λi)X , (2.10)
∂ai

∂Tn
= [ai(

∂Qn

∂ P
)|P=Pi ]X , (2.11)

∂ Pi

∂Tn
= [Qn|P=Pi ]X . (2.12)

When n = 1, N = 1,

L = P − (
a1 + a1

), (2.13)

P1 P − P1

3
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we can get its Taylor expansion

L = P − a1

+∞∑

i=0

P i−1
1 P−i . (2.14)

As we all know, the symmetry constraint for Harry Dym hierarchy is given by

Ln
cD ym = Bn +

N∑

i=1

qi∂
−1ui∂

2,

where qi , ui and Bn satisfy

∂qi

∂tn
= Bn(qi),

∂ui

∂tn
= −∂−2 B∗

n∂2(ui), i = 1,2,3, . . . , N,

Bn = (Ln
cD ym)≥2,

where B∗
n is the adjoint operator of Bn .

The dispersionless Harry Dym hierarchy is given by

LdD ym = U1 P + U0 + U−1

P
+ U−2

P 2
+ . . . ,

it satisfies the Lax equations

∂TkLdD ym = {Bk(P ),LdD ym},
where

Bk(P ) = (Lk
dD ym)≥2.

Using the same method, consider the quasiclassical limit of the constrained Harry Dym hierarchy, we can obtain the constrained 
dispersionless Harry Dym hierarchy [20],

Ln = Bn +
N∑

i=1

(
αi P

β2
i

+ αi

βi
+ αi

P − βi
), (2.15)

LTn = {Bn,L}, (2.16)

where Bn = (Ln)≥2, αi, βi satisfy

αi = eαi1+αi2 , (2.17)

βi = S(T , λi)X , (2.18)
∂αi

∂Tn
= [αi(

∂Bn

∂ P
)|P=Pi ]X , (2.19)

∂βi

∂Tn
= [Bn|P=Pi ]X . (2.20)

3. Auto-Bäcklund transformations for dmKPH

In section 3, we introduce the auto-Bäcklund transformations for dmKP hierarchy by using the method in [19].
We have

λ = Pm + am−1 Pm−1 + am−2 Pm−2 + . . . + a1 P + a0 + a−1 P−1 + a−2 P−2 + . . . ,

where am−1, am−2, . . . , a1, a0, a−1, a−2, . . . are functions of T = (T1 = x, T2, T3, . . .). φ(T ) is arbitrary function of T , and it is independent 
of P .

We define

λ̃ = e−adφλ = λ − {φ,λ} + 1

2
{φ, {φ,λ}} − 1

3
{φ, {φ, {φ,λ}}} + . . . ,

where the Poisson bracket is defined by (2.6). By calculation, we can obtain

λ̃ =
∞∑ 1

n! (φx)
n∂n

P λ.
n=0

4
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Lemma 3.1. The following identities hold true [19]

e−adφ(μ1μ2) = e−adφμ1 · e−adφμ2,

μ̃≥1 = e−adφ(μ≥0) − μ≥0|P=φx

= μ≥0 + φx∂p(μ≥0) + 1
2!φ

2
x ∂2

p(μ≥0) + . . .

− (φm
x + am−1φ

m−1
x + . . . + a1φx + a0)

= e−adφ(μ≥1) − μ≥1|P=φx ,

μ̃Tq − {(μ̃n)≥1, μ̃} = e−adφ(μTq − {(μn)≥0,μ}) − {φTq − (μn)≥0|P=φx , μ̃}
= e−adφ(μTq − {(μn)≥1,μ}) − {φTq − (μn)≥1|P=φx , μ̃}.

Let

μ = P + V 0 + V 1 P−1 + V 2 P−2 + . . . ,

we suppose that V i(T ) satisfy the dmKP hierarchy in (2.5), and φ(T ) satisfies the following equation,

φTq = (μn)≥1|P=φx .

Then, we have μ̃ = e−adφμ also satisfy the dmKP hierarchy.

μ̃ = P + Ṽ 0 + Ṽ 1 P−1 + Ṽ 2 P−2 + . . . ,

we can get Ṽ i = V i , it is the auto-Bäcklund transformations for the dispersionless mKP hierarchy.

4. Dispersionless Miura map between the constrained dispersionless mKP hierarchy and the constrained dispersionless Harry Dym 
hierarchy

In section 4, we introduce the dispersionless Miura map between the constrained dispersionless mKP hierarchy and the constrained 
dispersionless Harry Dym hierarchy by using the method in [20].

Lemma 4.1. Let [20]

x′ = ψ, T ′
n = Tn,L(x′, T ′) = L(x, T ), P ′ = ψ−1

x P .

Noting that,

∂

∂Tn
= ∂T ′

n

∂Tn

∂

∂T ′
n

+ ∂x′

∂Tn

∂

∂x′ = ∂

∂T ′
n

+ ∂ψ

∂Tn

∂

∂x′ ,

A′≥2 = A′≥1 − A′[1] = A′≥1 − {A′≥1, x′}[0] P ′ = A≥1 − {A≥1,ψ}[0] P ′,

we have

LT ′
n
= ∂L

∂Tn
− ∂ψ

∂Tn

∂L
∂x′ = LTn − { ∂ψ

∂Tn
P ′,L},

Bn = Qn − {Qn,ψ}[0] P ′.

We can obtain

LTn − {Bn,L} = LTn − { ∂ψ

∂Tn
P ′,L} − {Qn − {Qn,ψ}[0] P ′,L}

= LTn − {Qn,L} − {{( ∂ψ

∂Tn
− {Qn,ψ}[0])P ′,L}.

Theorem 4.1. If L, ai, Pi satisfy the constrained dispersionless mKP hierarchy (2.14) and ψ is a function of (x, T ) satisfying

∂ψ

∂Tn
= {Qn,ψ}[0],

then L satisfy the constrained dispersionless Harry Dym hierarchy (2.15).

Proof. The Lemma (4.1) indicates that L(x, T ) = L(x′, T ′). Then, using the same method as in [20], we can indicate that αi, βi satisfy the 
constrained dispersionless Harry Dym hierarchy through these relationships

αi = −ψ−1
x ai,

βi = ψ−1
x P i,

which have been confirmed in [22]. �

5



X. Luo and C. Li Physics Letters B 843 (2023) 138052
5. The additional symmetries of the constrained dispersionless mKP hierarchy

In section 5, we introduce the additional symmetries of the constrained dispersionless mKP hierarchy by introducing a new Laurent 
series Yl .

The additional symmetries of the dispersionless mKP hierarchy were given by

∂LdmK P

∂t∗
l,m

= −{(MmLl
dmK P )<1,LdmK P },

or they can be written as

∂LdmK P

∂t∗
l,m

= {(MmLl
dmK P )≥1,LdmK P } + mMm−1Ll

dmK P . (5.1)

The function M satisfies the equations

∂M
∂t∗

l,m

= −{(MmLl
dmK P )<1,M},

where the Orlov-Schulman function of the dispersionless mKP hierarchy is defined by [31]

M =
+∞∑

n=1

nTnLn−1
dmK P +

+∞∑

i=1

V iL−i−1
dmK P , (5.2)

we have {M, LdmK P } = −1.
Furthermore, we have

∂MnLk
dmK P

∂t∗
l,m

= −{(MmLl
dmK P )<1,MnLk

dmK P }.

Now, we apply the additional symmetric flows defined by (5.1) to L which is defined by (2.14). When m = 1, we have

(
∂L
∂t∗

l,1

)<1 = {(MLl)≥1,L}<1 + (Ll)<1. (5.3)

Next let us analyze the two terms {(MLl)≥1, L}<1, (Ll)<1.

Theorem 5.1. The Laurent series L and the Orlov function M of the constrained dispersionless mKP hierarchy have the following relationship.

({(MLl)≥1,L})<1 = −∂a1

∂x

+∞∑

i=0

+∞∑

n=1

n(MLl)[n] P i+n−2
1 P−i

− a1
∂ P1

∂x

+∞∑

i=0

+∞∑

n=1

n(n + i − 2)(MLl)[n] Pn+i−3
1 P−i

− a1

+∞∑

i=0

+∞∑

n=1

(n + i − 1)
∂(MLl)[n]

∂x
Pn+i−2

1 P−i,

(5.4)

we define that (A)[i] mean Ai for arbitrary formal Laurent series A = ∑
i Ai P−i .

Proof. By using the equation (2.6) and (2.14)

{(MLl)≥1,L}<1 = ∂(MLl)≥1

∂ P

∂L<1

∂ X
− ∂(MLl)≥1

∂ X

∂L<1

∂ P

= (
∂(MLl)≥1

∂ P
(−∂a1

∂ X

+∞∑

i=0

P i−1
1 P−i − a1

∂ P1

∂ X

+∞∑

i=0

(i − 1)P i−2
1 P−i))<1

− (
∂(MLl)≥1

∂ X
a1

+∞∑

i=0

i P i−1
1 P−i−1)<1

= −
+∞∑

n=1

+∞∑

i=n−1

n(MLl)[n]
∂a1

∂x
P i−1

1 P−i+n−1 −
+∞∑

n=1

+∞∑

i=n−1

(i − 1)n(MLl)[n]a1
∂ P1

∂x
P i−2

1 P−i+n−1

− a1

+∞∑ +∞∑ ∂(MLl)[n]
∂x

P i−1
1 i P−i+n−1
n=1 i=n−1

6
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= −∂a1

∂x

+∞∑

i=0

+∞∑

n=1

n(MLl)[n] P i+n−2
1 P−i − a1

∂ P1

∂x

+∞∑

i=0

+∞∑

n=1

n(n + i − 2)(MLl)[n] Pn+i−3
1 P−i

− a1

+∞∑

i=0

+∞∑

n=1

(n + i − 1)
∂(MLl)[n]

∂x
Pn+i−2

1 P−i . �

Theorem 5.2. The Laurent series L of the constrained dispersionless mKP hierarchy has the following relationship.

(Ll)<1 =
l∑

k=1

Ck
l Ll−kLk−1

0 , l = 1,2,3, . . . , (5.5)

(L0)<1 = 1. (5.6)

We define that

L j = −a1

+∞∑

i= j

P i−1
1 P−i+ j.

For l = 0, 1, 2, the flows can be rewritten as

(
∂L
∂t∗

l,1

)<1 = − ∂a1

∂t∗
l,1

+∞∑

i=0

P i−1
1 P−i − a1

∂ P1

∂t∗
l,1

+∞∑

i=0

(i − 1)P i−2
1 P−i.

When l = 0,

(
∂L

∂t∗
0,1

)<1 = − ∂a1

∂t∗
0,1

+∞∑

i=0

P i−1
1 P−i − a1

∂ P1

∂t∗
0,1

+∞∑

i=0

(i − 1)P i−2
1 P−i,

using the equation (5.3),

(
∂L

∂t∗
0,1

)<1 = −∂a1

∂x

+∞∑

i=0

+∞∑

n=1

n(ML0)[n] P i+n−2
1 P−i

− a1
∂ P1

∂x

+∞∑

i=0

+∞∑

n=1

n(n + i − 2)(ML0)[n] Pn+i−3
1 P−i

− a1

+∞∑

i=0

+∞∑

n=1

(n + i − 1)
∂(ML0)[n]

∂x
Pn+i−2

1 P−i + 1.

When l = 1,

(
∂L

∂t∗
1,1

)<1 = − ∂a1

∂t∗
1,1

∞∑

i=0

P i−1
1 P−i − a1

∂ P1

∂t∗
1,1

∞∑

i=0

(i − 1)P i−2
1 P−i,

using the equation (5.3),

(
∂L

∂t∗
1,1

)<1 = −∂a1

∂x

+∞∑

i=0

+∞∑

n=1

n(ML1)[n] P i+n−2
1 P−i

− a1
∂ P1

∂x

+∞∑

i=0

+∞∑

n=1

n(n + i − 2)(ML1)[n] Pn+i−3
1 P−i

− a1

+∞∑

i=0

+∞∑

n=1

(n + i − 1)
∂(ML1)[n]

∂x
Pn+i−2

1 P−i +L0.

When l = 2,

(
∂L

∂t∗
2,1

)<1 = − ∂a1

∂t∗
2,1

∞∑

i=0

P i−1
1 P−i − a1

∂ P1

∂t∗
2,1

∞∑

i=0

(i − 1)P i−2
1 P−i,

using the equation (5.3),
7
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(
∂L

∂t∗
2,1

)<1 = −∂a1

∂x

+∞∑

i=0

+∞∑

n=1

n(ML2)[n] P i+n−2
1 P−i

− a1
∂ P1

∂x

+∞∑

i=0

+∞∑

n=1

n(n + i − 2)(ML2)[n] Pn+i−3
1 P−i

− a1

+∞∑

i=0

+∞∑

n=1

(n + i − 1)
∂(ML2)[n]

∂x
Pn+i−2

1 P−i +L2
0 + 2L1.

We can find that the flows do not hold for l = 0, 1, 2, . . ..
Therefore, we construct new flows,

(
∂L
∂t∗

l,1

)<1 = {−(MLl)<1 +Yl,L}<1, (5.7)

where

Yl = −a1

l∑

k=1

Ck
l

+∞∑

i=l−k

P i−1
1 P−i+l−k+1

−i + l − k + 1
, l = 1,2,3, . . . , (5.8)

Y0 = M, (5.9)

in which a1, P1 satisfy the following equations

−∂a1

∂x

+∞∑

i=0

P i−1
1 P−i − a1

∂ P1

∂x

+∞∑

i=0

(i − 1)P i−2
1 P−i +

l∑

k1=1

Lk1−1
0 = 0,k1 = k.

We define that

l∑

k=1

+∞∑

i=0

i−1(
∂a1

∂t∗
j

P i
1 + a1

∂ P1

∂t∗
j

(l − k + i)P i−1
1 ) = −

l∑

k=1

+∞∑

n=1

+∞∑

i=0

(
∂a1

∂x

n(ML j)[n] Pn+i−1
1

−n − i + 1

+ a1
∂ P1

∂x

(l − k + n + i − 1)n(ML j)[n]
−n − i + 1

Pn+i−2
1

+ a1 Pn+i−1
1

∂(ML j)[n]
∂x

) + (l − j)a1

+∞∑

i=0

i−1 P j+i−1
1 .

Lemma 5.1. The Laurent series L and Yl satisfy the following relation,

{Yl,L}<1 = −(Ll)<1 + a1

l∑

k=1

+∞∑

m=0

+∞∑

i=0

iCk
l

−i + 1
(
∂a1

∂x
Pl−k+i+m−2

1

+ a1
∂ P1

∂x
(l − k + m − 1)Pl−k+i+m−3

1 )P−i−m, l = 1,2,3, . . . ,

{Y0,L}<1 = −1.

The Laurent series Yl also have the following relationship.

Lemma 5.2. The formal Laurent series Yl satisfy the following relation,

∂Yl

∂t∗
j

= {(ML j)≥1,Yl}<1 + (l − j)Yl+ j−1, (5.10)

where j, l = 0, 1, 2, . . ..

Proof. The left-hand side of equation (5.10) is

∂Yl

∂t∗
j

= −
l∑

k=1

+∞∑

i=l−k

Ck
l

−i + l − k + 1
(
∂a1

∂t∗
j

P i−1
1 + a1

∂ P1

∂t∗
j

(i − 1)P i−2
1 )P−i+l−k+1,

the first term on the right-hand side of equation (5.10) is
8
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{(ML j)≥1,Yl}<1 = −
+∞∑

n=1

l∑

k=1

+∞∑

i=l−k+n

Ck
l (

∂a1

∂x

n(ML j)[n] P i−1
1

−i + l − k + 1
+ a1

∂ P1

∂x

(i − 1)n(ML j)[n]
−i + l − k + 1

P i−2
1

+ a1 P i−1
1

∂(ML j)[n]
∂x

)P−i+l−k+n,

the second term on the right-hand side of equation (5.10) is

(l − j)Yl+ j−1 = −(l − j)a1

l∑

k=1

+∞∑

i=l+ j−k−1

Ck
l

−i + l + j − k
P i−1

1 P−i+l− j−k.

By comparison, we know that the left and right sides of the equation (5.10) are equal. �
Lemma 5.3. The additional flows ∂

∂t∗l
commute with the flows ∂

∂tn
of the constrained dispersionless mKP hierarchy.

Proof.

[ ∂

∂t∗
l

,
∂

∂tn
]L = ∂

∂t∗
l

{Bn,L} − ∂

∂tn
{−(MLl)<1 +Yl,L}

= {∂Bn

∂t∗
l

,L} + {Bn,
∂L
∂t∗

l

} − {∂(−MLl +Yl)<1

∂tn
,L} − {(−MLl +Yl)<1,

∂L
∂tn

}

= {{−MLl +Yl)<1, (Ln)≥1}≥1,L} + {(Ln)≥1, {(−MLl +Yl)<1,L}}
− {{(Ln)≥1, (−MLl +Yl)<1}<1,L} − {(−MLl +Yl)<1, {(Ln)≥1,L}}

= {{−MLl +Yl)<1, (Ln)≥1},L} + {(Ln)≥1, {(−MLl +Yl)<1,L}}
− {(−MLl +Yl)<1, {(Ln)≥1,L}}.

By using the Jacobi identity of the Poisson bracket {{ f , g}, h} + {{g, h}, f } + {{h, f }, g} = 0, we can get the last equation is 0. �
Lemma 5.4. The additional flows act on the space of the formal Laurent series L of the constrained dispersionless mKP hierarchy, forming a subalgebra 
of the Virasoro algebra.

Proof.

[ ∂

∂t∗
l

,
∂

∂t∗
j

]L = ∂

∂t∗
l

{(−ML j)<1,L} − ∂

∂t∗
j

{(−MLl +Yl)<1,L}

= {∂(−ML j)<1

∂t∗
l

,L} + {(−ML j)<1,
∂L
∂t∗

l

}

− {∂(−MLl +Yl)<1

∂t∗
j

,L} − {(−MLl +Yl)<1,
∂L
∂t∗

j

}

= {{(−MLl +Yl)<1, (−ML j)}<1,L}
− {{(−ML j)<1, (−MLl +Yl)}<1,L}
− {{(−MLl +Yl)<1, (−ML j)<1},L}

= {{−MLl +Yl,−ML j}<1,L}.
By the equation (5.10), we can get

{−MLl +Yl,−ML j}<1 = ( j − l)(−(ML j+l−1)<1 +Y j+l−1),

it also means that

[ ∂

∂t∗
l

,
∂

∂t∗
j

] = ( j − l)
∂

∂t∗
j+l−1

,

where j, l ∈Z≥0. �
Theorem 5.3. The additional flows acting on a1 and P1 of the constrained dispersionless mKP hierarchy are given by

∂a1

∂t∗
l,1

= ∂a1

∂x

+∞∑

n=1

n(ML)[n] Pn−1
1 ,

∂ P1

∂t∗
l,1

= −(
∂ P1

∂x

+∞∑
n(n − 2)(ML)[n] Pn−1

1 +
+∞∑

(n − 1)
∂(ML)[n]

∂x
Pn

1).
n=1 n=1

9
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When l = 0,

∂a1

∂t∗
0,1

= ∂a1

∂x

+∞∑

n=1

nM[n] Pn−1
1 ,

∂ P1

∂t∗
0,1

= −(
∂ P1

∂x

+∞∑

n=1

n(n − 2)M[n] Pn−1
1 +

+∞∑

n=1

(n − 1)
∂M[n]

∂x
Pn

1).

When l = 1,

∂a1

∂t∗
1,1

= ∂a1

∂x

+∞∑

n=1

n(ML)[n] Pn−1
1 ,

∂ P1

∂t∗
1,1

= −(
∂ P1

∂x

+∞∑

n=1

n(n − 2)(ML)[n] Pn−1
1 +

+∞∑

n=1

(n − 1)
∂(ML)[n]

∂x
Pn

1).

These can be proven by the above lemmas and the equation (5.3).
In (2.7), when n = 1,

L = P −
N∑

j=1

(
a j

P j
+ a j

P − P j
),

we can get its Taylor expansion

L = P −
N∑

j=1

a j

+∞∑

i=0

P i−1
j P−i .

Now, we can construct the additional symmetries of the constrained dispersionless mKP hierarchy,

(
∂L
∂t∗

l,1

)<1 = {−(MLl)<1 +YN
l ,L}<1,

where

YN
0 = M,

YN
l =

N∑

j=1

(−a j

l∑

k=1

Ck
l

+∞∑

i=l−k

P i−1
j P−i+l−k+1

−i + l − k + 1
), l = 1,2,3, . . . ,

in which a j, P j satisfy the following equations

−
N∑

j=1

∂a j

∂x

+∞∑

i=0

P i−1
j P−i −

N∑

j=1

a j
∂ P j

∂x

+∞∑

i=0

(i − 1)P i−2
j P−i +

l∑

k1=1

Lk1−1
j,0 = 0,k1 = k.

We define that

L j,k =
N∑

j=1

(−a j

+∞∑

i=k

P i−1
j P−i+k).

The Laurent series L of the constrained dispersionless mKP hierarchy has the following relationship,

(Ll)<1 =
l∑

k=1

Ck
l L j,l−kLk−1

j,0 , l = 1,2,3, . . . ,

(L0)<1 = 1.

The additional symmetries of the constrained dispersionless mKP hierarchy are constructed.

6. Conclusions and discussions

In this article, we have discussed the auto-Bäcklund transformations for dmKP hierarchy, its construction method draws inspiration from 
the article [19]. In section 4, we construct the dispersionless Miura map between the constrained dispersionless mKP hierarchy and the 
constrained dispersionless Harry Dym hierarchy. In section 5, we construct the additional symmetries of the constrained dispersionless 
mKP hierarchy by introducing a new Laurent series Yl in equation (5.8) and (5.9). We have been indicated that the additional flows 
commute with the flows of the constrained dispersionless mKP hierarchy. We also have been indicated that the additional flows act on 
the space of the formal Laurent series L of the constrained dispersionless mKP hierarchy, forming a subalgebra of the Virasoro algebra. 
The additional flows acting on a1 and P1 of the constrained dispersionless mKP hierarchy are given.
10
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