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ABSTRACT: Relative entropy of entanglement (REE) is an entanglement measure of bipar-
tite mixed states, defined by the minimum of the relative entropy S(pag|locap) between a
given mixed state pap and an arbitrary separable state c4p. The REE is always bounded
by the mutual information I4p = S(pap||pa @ pp) because the latter measures not only
quantum entanglement but also classical correlations. In this paper we address the ques-
tion of to what extent REE can be small compared to the mutual information in conformal
field theories (CFTs). For this purpose, we perturbatively compute the relative entropy
between the vacuum reduced density matrix p?4 p on disjoint subsystems A U B and arbi-
trarily separable state o4p in the limit where two subsystems A and B are well separated,
then minimize the relative entropy with respect to the separable states. We argue that
the result highly depends on the spectrum of CFT on the subsystems. When we have a
few low energy spectrum of operators as in the case where the subsystems consist of finite
number of spins in spin chain models, the REE is considerably smaller than the mutual
information. However in general our perturbative scheme breaks down, and the REE can
be as large as the mutual information.
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1 Introduction and summary

Quantum entanglement is one of the central ideas in modern theoretical physics. It does
not only play crucial roles in quantum information theory but also has a broader range of
applications, from condensed matter physics to string theory.

When we consider a bipartite pure state |¥) 45, we call the state does not have any
quantum entanglement when it is represented by a direct product state |¥1)4 ® |¥2)p.
For pure states, the amount of quantum entanglement can correctly be measured by the
entanglement entropy (or von Neumann entropy): S(pa) = S(pp) = —tr[palog pa], where
pa = trp|¥)(¥| is the reduced density matrix. This is because the entanglement entropy
essentially counts the number of Bell pairs which can be distilled from a given pure state
|W)ap by local operations and classical communication (LOCC). In LOCC, we can act
quantum operations on A and B separately and allow classical communications between
A and B at the same time. It is important that the LOCC procedures, which convert a
given state into Bell pairs, are reversible for pure states in an asymptotic sense.! Namely,
after distilling the Bell pairs, one can reproduce the original pure state by performing
LOCC on the given Bell pairs. In general, an amount of entanglement quantified by an
appropriate entanglement measure has to be always less than the number of Bell pairs
necessary to produce a given state by LOCC, and also to be greater than that of Bell pairs
distillable from a given state by LOCC. Thus the reversibility guarantees that there is only
one measure of quantum entanglement, namely the entanglement entropy [1]. Refer to the
reviews [2-6] for studies of entanglement entropy in quantum field theories and holography.

Next let us turn to a bipartite mixed state, which is described by a density matrix
paB- A mixed state o0 4p has no entanglement if o 45 is separable i.e.

can = pari ® P, (1.1)
a

where p, are positive coefficients such that ), p, = 1 and each of pf,g, p is a density matrix,
which is hermitian and non-negative operator with the unit trace. However, the beautiful
story which we find for pure states is missing for mixed states because the LOCC pro-
cedures of the conversion between a mixed state and Bell pairs is irreversible in general.
Nevertheless, we can define an entanglement measure by a quantity which is monotonically
decreasing under LOCC with a few more optional properties such as the asymptotic con-
tinuity. We write an entanglement measure for a given bipartite state pap as Ex(pan).
Such an entanglement measure is far from unique as is clear from the irreversibility (for
entanglement measures of mixed states refer to e.g. [7, 8] for excellent reviews).

So far, few calculations of genuine entanglement measures for mixed states have been
performed for quantum field theories. The main reasons for this is that the known en-
tanglement measures, such as the entanglement of formation Er, the relative entropy
of entanglement Fr and the squashed entanglement Eg,, all involve very complicated

nstead of considering a given state itself, one sometimes discusses the procedures on n copies of the
original state p5p followed by the asymptotic (n — co) limit. The argument about LOCC reversibility
should be correctly taken into account in this regime.



minimization procedures. A correlation measure for mixed state, called entanglement of
purification [9], involves a slightly simpler minimization procedure, though it is not an
entanglement measure. Recently a holographic dual of this quantity has been proposed
in [10, 11] and computations of this quantity in field theories and spin chains have been
performed in [11, 12] (for more progresses refer to [13-19]). There is another interesting
quantity called the logarithmic negativity [20], which does not need any minimizations
and thus has been successfully computed in two dimensional CFTs [21-23]. Though this
quantity is monotone under LOCC, the asymptotic continuity condition and convexity are
not satisfied. Thus it does not coincide with the entanglement entropy S(p4) when the
system AB is pure.

The main purpose of this paper is to initiate calculations of a true entanglement mea-
sure for mixed state in conformal field theories (CFTs). In particular, we focus on the rel-
ative entropy of entanglement Fr(pap) [24, 25] among entanglement measures, motivated
by recent progresses of computational techniques in CFTs of relative entropies [26-31].
Several bounds for REE in quantum field theories have been obtained in [32, 33| via an
algebraic quantum field theory approach? (refer to [35] for an excellent review).

The relative entropy of entanglement (REE) is defined as follows. We can measure a
distance between two density matrices p and o by the relative entropy:

S(pllo) = tr plog p — tr plogo. (1.2)

A basic property of the relative entropy is S(p||o) > 0, where the equality holds iff p = o.
The REE is defined as the shortest distance in the sense of the relative entropy between
a given bipartite state pap and an arbitrary separable state o4p as follows:

Er(pap) =inf,  cSep S(paslloas), (1.3)

where Sep denotes all separable states. It is obvious that Er(pap) = 0 iff pap is separable.
Moreover, when pp is pure, Er(pap) coincides with the entanglement entropy S(pa).

In this paper we will study the REE ER for the vacuum reduced density matrix ,094 g of
CFTs on two disjoint subsystems AUB(= AB) in any dimensions. This REE quantifies how
much two subsystems A and B are quantum mechanically entangled in a CF'T vacuum. We
will analyse the REE assuming the subsystems A and B are far apart in terms of power
series of /R < 1, where [ is the size of A and B, while R is the geometrical distance
between A and B.

Another useful measure of correlations between A and B is the mutual information:

I(pap) = S(pa) + S(ps) — S(pap) = S(pasllpa @ pB). (1.4)

Obviously from the definition of REE, we have the inequality

Er(pap) < I(pap)- (1.5)

)2AO

’In [32], an upper bound of Er(pap) in CFT is given: Er(par) < No (% , where Ao is the
conformal dimension of lightest primary operator (except the identity) and No is its degeneracy. This
follows from Thm 14, Remark 5 of [32]. Note that when [/R < 1, we can approximate /R in (235) in [32]
by our (I/R)? via a conformal transformation [34]. Our result in this paper is consistent with this bound

and is actually stronger because the REE is at least bounded by the mutual information as in (1.5).



This upper bound can also be intuitively understood because the REE measures the amount
of quantum entanglement, while the mutual information measures not only quantum entan-
glement but also classical correlations. When A and B are far apart, the mutual information
for a CFT vacuum (its reduced density matrix is written as p94 p) is approximated by the
square of vacuum two point function (O40p) of the (non-trivial) primary operator O with
the lowest conformal dimension A (regardless to the positions of operators or the shapes
of subsystems):

L(3)r2A +1)
2T(2A + 3)

l

(1 (0A0)? = ()A (1.6)
B)” =an | : :

I(P%B) =

For example, the free massless Dirac fermion CEFT in two dimensions corresponds to A =
1/2. Thus in our limit I/R < 1, the REE is at least as small as (I/R)*?, as can be seen
from its upper bound (1.5). Below we are interested in whether the REE can be much
smaller than (I/R)*A.

For general mixed states p and o, if p — ¢ is very small, the relative entropy be-
comes symmetric S(o||p) ~ S(p||o). Therefore, we will first calculate the relative entropy
S(oap|lpap) for arbitrary separable density matrices o4p, and then take the infinitum
with respect to the ensemble {pq, p%, p%}. The necessary ingredients for the calculation
have been obtained in the previous paper [29] written by the one of the authors, including
the vacuum modular Hamiltonian K45 = —log pap as well as the von Neumann entropy
S(oap) for any separable density matrices, assuming [/ R < 1.

In this paper we first compute the contribution of the lightest primary operator to the
relative entropy, then minimizing it by assuming it gives the dominant contribution in the
large separation limit, as in case of the mutual information. We are able to show that we
can make this contribution always vanish by appropriately choosing the separable state
at any order of the perturbation. We also give an explanation why the separable state is
indistinguishable from pY 5 from the viewpoint of local observables.

However, the minimization becomes much more complicated when we include the ef-
fects of other operators with higher conformal dimensions. In this case, we find that our
perturbative calculation is not enough, since we cannot suppress the expectation value of
higher dimensional operators in general.

From these observations we argue that the behavior of REE is highly dependent on the
operator spectrum of CF'T in the subsystems. For a CFT with few low energy states such
as the case where the subsystems consist of finite number of spins in spin chain models,
the perturbative analysis is enough and we find that there is tiny quantum entanglement
as Er(p%p) < I(p%g). We can check this statement by having an independent argument
in spin chain models.

However, in generic setups our perturbative expansion gets uncontrollable and this
implies that the REE can be as large as the mutual information I4p. Especially we expect
Er(p%5) =~ I(p% 5) for holographic CFTs, as the operator spectrum does not seem to allow
us to optimize the minimizations in the definition of REE. On the other hand, since inte-
grable CFTs such as the rational CF'Ts in two dimensions, have simple operator spectrum



and algebra, there might be a chance that the REE can be smaller than the mutual in-
formation even when the subsystems are much larger than the lattice spacing. For further
investigations, we probably need to develop methods which does not rely on perturbations.
The organization of this paper is as follows: in section 2, we review basic properties
of the relative entropy of entanglement. In section 3, after explaining the basic set up,
we compute the relative entropy S(oap||p% ) between the vacuum reduced density matrix
p% p and an arbitrary separable state o4p in the leading order of the large distance limit
[/R — 0, based on results of [29]. In section 4, we minimize the relative entropy with respect
to the separable states. We find there alway be a separable state whose relative entropy
is vanishing therefore ER(p% ) = 0 at the quadratic order of perturbative expansions. In
section 5 we take into account of higher order perturbative corrections, and argue they do
not change our result under certain conditions. In section 6, we discuss the contribution
from the next lightest primary, which shows the result of REE is very sensitive to the
operator spectrum. In section 7, we will compare our results with other known results and
discuss future problems. In the appendix we explain the details of our calculations.

2 Properties of relative entropy of entanglement

The relative entropy of entanglement Er(pap) is defined by (1.3) for a bipartite quantum
state pap, i.e. the shortest distance between p4p and the set of separable states measured
by the relative entropy.

2.1 Properties of REE

The properties of REE is summarized as follows (for more details, refer to [7, 8]):3
(i) Faithfulness: Er(pap) > 0 and Er(pap) = 0 if and only if p4p is separable.
(ii) Monotonicity: Er(pap) is monotonically decreasing under (stochastic) LOCC.

(iii) Convexity: Er(pap) is convex i.e. Er(zpap + (1 — z)py5) < xEgr(pap) + (1 —
z)Er(p/yp) for any z € [0, 1].

(iv) Continuity: ERr(pap) is continuous respect to pap i.e. if pap and oap are close in

trace distance, then the value of Er(pap) approaches that of Er(oap):*

|Er(paB) — Er(0aB)|
logdim H Ap

\lpaB — oaB|| — 0, then -0, (2.1)

where H 4p is the Hilbert space pap and o4p act on [37].

3In this section we deal with the finite dimensional Hilbert space for simplicity. Most of the properties
and the inequalities are also proven in the infinite dimensional setup, refer to [32, 36] for recent discussion.

4There are many variations of the continuity of entanglement measures. In particular, REE is also
asymptotic continuous, which is described by the limit of many copies lim, . p%7% and an important
property in the axiomatic approach of entanglement measures.



(v) Subadditivity: Egr(pap) always satisfies the subadditivity Er(pap ® p'yp)
Er(paB)+ERr(p4 5). Note that it does not satisfy the additivity Er(pap® p'yg/) =
En(pan) + Fr(ply ) in general.

IN

(vi) When pap is pure, Er(pap) reduces to the entanglement entropy S(pa)(= S(pg)).
To see this, consider a pure state pap = |¢) (| 45 With the Schmidt decomposition

DIVEDS Vi) 4 1) g (2.2)

where \; > 0, > . A\; = 1. Then it is shown that the closest separable state of pap
which reaches the minimization in (1.3) is given by a simple form [25, 3§]

OAB = Z/\z‘ i) (il 4 @ 10) (il 5 - (2:3)

Indeed, one can easily check that S(pagp|locap) of these states reduces to the entan-
glement entropy:

S(paslloas) = —trpaplogoap = — Y _Ailog\i = S(pa). (2.4)

2

Above properties indicate that REE is a good generalization of entanglement entropy to a
genuine entanglement measure for mixed states.

There are several upper/lower bounds for REE: as we have already mentioned,
Er(pap) is bounded from above by the mutual information I(pap) = S(panl|lpa @ pB)
as Fr(pap) < I(pap), which follows directly from the definition of REE. Another upper
bound is given the entanglement of formation Er(pap) < Er(pap), which is also a good
measure of entanglement for mixed states. On the other hand, a lower bound is given by
the distillable entanglement Ep(pap) < Er(pap), which counts the number of EPR pairs
extractable from a given state pap by LOCC. This bound also leads to an entropic in-
equality Fr(pap) > max[S(pa), S(pp)] — S(pan)® by virtue of the hashing inequality [39].
It may also be worth noting that there is no generic inequality relationship between REE
and the negativity [40].

2.2 Quadratic approximations

In the present paper we will deal with S(cag||pap) rather than S(pap|loap) for technical
simplicity, where o4p represents a separable state. This does not change the main results
at the quadratic order of small perturbation of quantum state. Consider the case where p
and o are very closed to each other

p=0c+dp. (2.5)

If we expand S(p||o) up to the quadratic order of dp, we find (see e.g. [30])

1 d
S(pllo) = itr op . log(o + zép)

] + 0(6p%). (2.6)

=0

®This inequality can be rewritten in terms of conditional entropy S(B|A) = S(pap) — S(pa) as
Er(pap) > max[—S(A|B), —S(B|A)], which was firstly derived in [38].



From this expression, it is clear that S(p||o) coincides with the reversed one S(c||p) up to

the quadratic order
S(pllo) = S(allp) = O(6p”). (2.7)

One can also understand this symmetry as a consequence from positivity and non-
degeneracy of the relative entropy.
As an illustration, consider the case where o and p are 2 x 2 density matrices,

a 0 a+e€ 4] +idy
_ _ 2.8
g <01—a>’p (51—i521—a—e>’ (2:8)

and treat d; and 05 as infinitesimally small real parameters. We require 0 < a < 1 for

expressed as:

positivity of density matrix. If we only keep up to quadratic terms of them, we can
confirm the equivalence (2.7) explicitly as follows:

2

S(plle) = S(ollp) = gty + 1o (0 +89) (2.9

In [41], an entanglement measure so-called the reversed REE was introduced in the
same spirit of REE with reversed components:

Err(pap) =inf,  cSep 11 S(0aBllpan), (2.10)

where the minimization is restricted to a class of separable states locally identical to pap
ie. trp(oap) = pa, tra(cap) = pp. This quantity also satisfies many properties of a good
entanglement measure, especially the additivity. However, when pap is pure, Err(pan)
generically diverges (or trivially vanishes) and thus it can not be regarded as an appropriate
generalization of entanglement entropy for mixed states.

3 The calculation of the relative entropy

3.1 Set up

We begin with a CFT on a d dimensional flat space R?, and two ball shaped regions A and
B, with the radius [ and the distance R. In this section we estimate the relative entropy
S(oagl|p%p) between the vacuum reduced density matrix on A U B defined by,

PiB = tr(ap)e|0)(0] (3.1)

and an arbitrary separable density matrix o4z, in the large distance limit /R — 0.

SPrecisely speaking, in the actual computation we regard this set up as a particular limit of the system
on a cylinder R x S9!, Let L be the radius of the spacial sphere S%~!, then the large distance limit in R
is equivalent to the double scaling limit on the cylinder,

l l

7= 0, B 0. (3.2)



Figure 1. The choice of subsystem A and B to define the REE Er(pap).

It is convenient to split the relative entropy into two parts:

S(oallphp) = —S(0aB) + tr oA K}p, (3.3)

where S(o04p) is the von Neumann entropy of the separable density matrix and K 45 is the
modular Hamiltonian of p% B

Kfp = —log pp. (3.4)

3.2 The calculation of S(oaB)

In this subsection we explain how to compute the von Neumann entropy, S(cap) for
a separable state o4p. This is a slight generalization of the previous calculation done
in [28, 29]. Here we only outline the calculation, and leave details in appendix A.

For this purpose, we employ the usual replica trick,

S(oaB) = il_}ml . logtr o’y 5. (3.5)

-n
This Rényi entropy can be expanded as

n—1
trofip =Y [ patr [(0% @ %) (0% @ p)]
{ar} k=0

n—1
=Y I partr [p% oS0 tr [pf - ] - (3.6)
{ak} kZO

We first compute the right hand side of (3.6) for reduced density matrices of global
excitations, | X,), |Ya) (a = 0 corresponds to the vacuum: |Xo) = [Yp) = |0))

ph = trac|Xo)(Xal, pp = trpe|Ya)(Yal, (3.7)
on cylinder R x S9! with the metric,

ds? = dt* + df? + sin® Q3 _,. (3.8)



We then read off the result for arbitrary p%, p% from it. We take both subsystems A, B
to be isomorphic to the ball shaped region on the spatial sphere S%1,

A,B:[0,1/2] x §972. (3.9)

Also it is important to notice that in this calculation we do not need to specify the distance
between two regions.

State operator correspondence allows us to write the quantities in the right hand side
in terms of the 2n point correlation functions on the covering space 3, = S} x H9~! [28],

o (T8 Xy (wr) X o (1)), 25
tr[pA PA | = n_1 N ’ 1)
k:0<Xak(w0)Xak(w0)>21 (ZA )n

, (3.10)

where X,, (wy) is the local operator corresponding to the global state |X,,) and there
is a similar relation for the subsystem B and the global state [Y;,); also Zﬁ‘n) denotes
the vacuum partition function on ¥,,. The correlation functions are normalized such that

)y, = 1.
The covering space X, is equipped with the metric,

ds? = dr? + du® + sinh® udQ?_,, T~ 7T+ 2mn, (3.11)

and the locations of the local operators are given by

Wi+ (7, up) = (% <k: + ;) + ;o> it () = <27r <k: + ;) _ éo) (312)

The small subsystem size limit [ — 0 corresponds to choose the particular channel
wy, — Wy, of these correlation functions. There one can expand them by OPE. By picking
up the contribution of the lightest primary operator O with the conformal dimension A.
By taking the analytic continuation n — 1 of the Rényi entropy, we finally obtain”

S(oaB) Zpa (KAph) + (Kppf))
2 2
+aa (Z)ZA (Zpa<p?40>> + (Zpa<p%0>>
_ C'OoobAl?’A (Zpa p%0) ) (Zpa p50) > (3.14)
+asn (' [Zpa@%OA p08B) — (Zpa p%0) ) (Zpa<p‘é0>>

"We choose the a = 0 component to be reduced density matrices of the vacuum, ie

pa = trz|0){0l,  pl = tr5[0)(0]. (3.13)



where Kg is the vacuum modular Hamiltonian on the region A. In a CFT vacuum on a
ball shaped region, K[j‘ is given by a simple integral of stress tensor. We do not need its
precise form, as it is always canceled with other contributions in the relative entropies.

Meanwhile, the von Neumann entropy of a reduced density matrix ps on the single
subsystem A is given by (see for example [28] )

S(pa) = tr [K4pa] — anl’® tr[paO]* + Coooba(la)* tr [pa0] + - (3.15)
with
CTET(A+1) o 2y7 (3.16)
T A+ 8T ar(3AEY '

and Cpoo is the OPE coefficient of the primary O.
Our result indicates the von Neumann entropy of c4p gets factorized

S(oap) = S(oa) +S(oB), 0a= paph, o8 =Y _ paph (3.17)

ZSA Z4A

up to order, and the effect of the classical correlation first enters at order. If we

write the correlation part in terms of original separable density matrix ocap

S(oa) +S(op) — S(oaB) = asa (l)4A [(caB0A0B) — <UAOA><UBOB>]2 , (3.18)

therefore this part is basically the square of the connected part of the two point function
(0O40p) evaluated on o4p.

This can be compared with the mutual information I AB(,O% p) of a reduced density
matrix p) 5 at this *2 order [29],

l

A
Lap(p%p) = asa ()*> [(pa0A0B) — (pa04)(pEOB)]* = asa <R> , (3.19)

and the two results are related by the exchange o4p < p% p- Indeed, as is clear from the
discussion in the appendix B, the derivations of the two results are identical to each other,
once we identify the two correlation functions (capOA0B) <> (p%5040E).

3.3 Modular Hamiltonian and calculation of tr aABKgB

Having calculated the von Neumann entropy part, let us move on to the modular Hamil-
tonian part,

troapK%s, K%z = —logplgs. (3.20)

It was shown in [29], K 4p takes following form,
K95 = K+ K% + K%5, (3.21)
and in the large distance limit % — 0, we have

K% p = —2a27 1"*(040B)0405 + Iap. (3.22)

,10,



This was obtained by starting from the expression of von Neumann entropy S(pap) for
a generic state pap which is related to the mutual information (3.19), and applying the
“first law trick”, which will be reviewed in section 5. More details of the discussion can be
again found in [29]. I4p in (3.22) denotes the constant part of the modular Hamiltonian.
We need this part in order to make sure the relation

Sap = (papKag) (3.23)

and I4p coincides with the value of the vacuum mutual information (1.6). Then,

tr [JABKB;B] = Zpa [<p%K%> + <p%K%>]

L (l) 5 0 1)
aa | 4 > 2 [(pA0) (p0B)] + Lap. (3.24)

3.4 Net result

Combining (3.14) (3.24), the relative entropy we would like to minimize is

S(easllpas) = aa (1)*2 (Zm(ﬂ%@) + <ZPQ<P%O>>
— Cooobal™ <Zpa (p20) ) (Zpa (pBO) )
+ a2A [Zpa ,OAOA pBOB <Zpa pAO ) (ZPQ<P%O>>

20 (1) S 440 (508 + L (3.25)

2

Notice that there are higher order corrections. We will discuss on this in section 5.

4 Minimization

In the previous section we computed the relative entropy S(oag||p% ) between the vac-
uum reduced density matrix and an arbitrary separable density matrix c4p in the large
distance limit % — 0 keeping only the contributions from the lightest primary operator.
In this section, we would like to find the separable density matrix that minimizes the rel-
ative entropy and compute the relative entropy of entanglement F R(pOA 5)- We choose the
separable state c4p to be in the form:

oap = (1—2)p)) @ pl +epls ® pp, (4.1)

where € is a small parameter and ,021 = ter%B. In addition, ,0‘147 p are arbitrary density
matrices with non-vanishing one-point function of the primary O, which is defined to be

tr[pYO4] = tr[pL0p] =172z, (z > 0). (4.2)

— 11 —



We would like to keep only quadratic perturbations to S(cap||p%g) so that we have
S(oapllpg) =~ S(P%plloas) as in (2.7). To implement this, we define the small perturba-
tions 6pY and dp! by

50" = php — P4 @ ph,  Op' = e(ph @ pip — P% ® PB), (4.3)

such that
pup —oap =0p° —dp'. (4.4)
Our perturbations are parameterized by the following two small parameters:
l

2A
W = *2tr[6p°04035] = ?2(0,405) = <R> <1,

Z = P2tr[5p'040p] = P2 paltrp40.4)(trphOp) = ex” < 1. (4.5)
a
It will be useful to note that the mutual information (3.19) when A and B are far
apart is at the quadratic order. Indeed, we have

I1(p%B) = S(PABIPA @ pB) = S(pY ® pBlphp) = asaW?. (4.6)

In this parametrization, our result in the small interval expansion (3.25) is expresses
as follows up to the quadratic order of Z and W:

2a
S(oapllo%s) = <@2A " gﬁ) 22 20 ZW 4 ana V. (@)

By varying Z (or equally €) to minimize the relative entropy, we obtain

204020 ) w2, (4.8)

Ming [S(casl|phs)] = (W

at 7 — —@az® _pr

2apn+aspz?
Next we vary the choice of the state p}4 p so that the one-point function (4.2) gets

2

larger such that Z = ex” is still very small. It is obvious that we can define such a state

with an arbitrary large x in the continuous limit of field theories. In the limit,

r— 00, €—0, with ex?®~ <R> < 1, (4.9)

we find that the infimum of the relative entropy is vanishing

infz. [S(oanllphg)] =0, (4.10)

up to the quadratic order. Note that at this infimum, the separable state is locally vacuum
on the region A and B, i.e. tra poap = tra ppaB.

Finally, by employing the relation (2.7) up to the quadratic order of our perturba-
tion (4.4), we obtain the estimation of REE:

4A
FEr(p%p) =0- <é> + higher orders of (I/R). (4.11)

— 12 —



This manifestly shows that the REE is much smaller than the mutual information

Er(t%p)
I(POAB)

in the limit (I/R) — 0 where A and B are far apart. However, notice again that in this

— 0, (4.12)

calculation we only keep contributions from the lightest primary operator.

4.1 An interpretation

There is an intuitive way to understand why the separable density matrix oap is indistin-
guishable from the vacuum reduced density matrix p% B
It is useful to write the separable density matrix,

[<112A<0§03)> 0 o, 1*2(0a08B) ;|

oap = lim PAPE + 5 PAPB| - (4.13)

T—00

Notice that this separable density matrix o4p reproduces all correlation functions of
pap on the disjoint region A U B, as it should be. In our small subsystem limit, if we
truncate the spectrum to the lightest primary operator, we only need to reproduce one and
two point functions of {1,0}:

tr [p%p0A0E], tr[pQ0a] =tr [p%05] = 0. (4.14)
We can easily see that this is indeed the case,
tr [p%BOAOB] =tr[oap0a0B], [0404] =tr[opOp] = 0. (4.15)

As we will see in the final section, this result corresponds to a critical spin chain example
where the subsystem A and B consist of finite number of spins.

Furthermore, this observation makes it clear that for m disjoint subsystems A;U- - - A,,
the separable density matrix which minimize the analogous relative entropy is given by

- k - k
Taren = (1=30 30 Py | dho b + 30 30 Pilppivizen (416)

with

k .
P{(il)mik} = lim s Pigeiy = p?41 .. 'p}4 p}4 .. p%m (4.17)

i i

One can easily see that the density matrix reproduce all k (< m)point functions of O

4.2 An example of the separable density matrix ocap in 2d CFT

One can indeed construct a one parameter family of density matrices {pg}, 8 — 0 of which
realizes the infimum in a class of two dimensional conformal field theory. Suppose that the
lightest primary operator of the 2d CFT in question is the stress tensor O = T.,. The we

can take pY defined by
—BH
e

VN

pha = traclp)(pl, vz = |B) (4.18)
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where |B) is a boundary state of the CFT, and N is the normalization factor. Then its
stress tensor expectation value is

zp = P(Yp|Tez ) = QZZ;Q, (4.19)
and g — oo when 8 — 0.
This implies that if we define pg by
ps = (1 —eo(z5))p% @ p +c0(25)Pa ® P, (4.20)
then the density matrix,
oAB = éli% p3 (4.21)

is indistinguishable from the vacuum reduced density matrix pg‘ B> at least in the (%)8 order.

If we consider a discretized lattice model such as spin chains and introduce the lattice
spacing a, then the minimum possible value of the parameter /5 is O(a). In more general,
we expect that for a generic operator with the dimension A, the maximal value of z will

behave like
N2
max ™~ | — . 4.22
oo~ (1) (1.22)

5 Next leading order

In the previous section we found the relative entropy of entanglement Er(p% p) is vanishing
up to (%)4A order. It is natural to ask whether higher order corrections can modify this
result or not. Motivated by this question, in this section we compute S(oap||p%z) up to
(}L%)(SA by again assuming the lightest primary plays still a dominant role at this order. We

also use the fact that the one point functions of the separable state 045 must be vanishing,
trjoapOa] =tr{oapOp| =0, (5.1)

in order to reproduce the vacuum one point functions. Restricting o4p to be in this class
of states drastically simplifies the computation below. Notice that from (3.15) this in
particular implies that

$(Snat) =6 s (o) = st 52

5.1 S(oaB)

The von Neumann entropy S(o4p5) can be computed along the line of section 3.2 by further
expanding the correlator (3.6), in particular allowing 3 O s to propagate in the internal
lines of it. The final result of the cubic order is given by (see appendix A for more details):

o 2\ qn DAY
oa = 0 (Ea:pa@a@) COOOW%%ﬁA)v (5.3)

S(oaB)
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and we can write
S(UAB)‘IGA = (dAC%OO) Z3, (54)

F( 1+22A )3

— 96A
where da = 2 TonT(F08)

5.2 tr O'ABKgB

Next let us compute the expectation value of the modular Hamiltonian at this order. First
of all, the von Neumann entropy of a reduced density matrix psp satisfying the locally
vacuum condition (5.1), (5.2) (but not necessary a separable state) is directly related to

its mutual information,

S(pas) = S(p%) + S(p%) — Lap(pas), (5.5)

where p%y g is the vacuum reduced density matrix on the region A, B respectively.
This mutual information can be computed either directly by a correlator with twist
operators in the replica trick or indirectly from S(c45) by the replacement in (5.4)8

Lip(pas) |, = — (aC300) W(pan)* (56)

where W (pag) = **tr[papOA05].

We can use this expression of mutual information for p4p satisfying the locally vacuum
condition to read off the form of vacuum modular Hamiltonian Kg g at 192 order, by using
the first law trick. Imagine starting from the vacuum reduced density matrix p%B , and
slightly deform it p% 53 — pap = p% 5 +p%p, then the value of mutual information I(pap)
as well as entanglement entropy I(pap) are changed by the deformation. In particular the
first order change satisfies the first law. If we know the form of S(pap) for any pap, we
can read off the form of modular Hamiltonian from the above equation. In our current
case it goes like,

0S| = —6lap

164

=43 (dAC(%OO> W2tr [0paBOAOB], (5.7)

164

with W = W (pY5). Since this is true for any dpap satisfying the locally vacuum condition,
we derive the form of modular Hamiltonian at this order

0
KAB

84 = —|—3 (dAC%OO) W(p%B)2OAOB + AAB, (58)

where ap is the constant part of the modular Hamiltonian, fixed by the relation S (p?4 B) =
tr [p%BK%B]. In this case,
asp = —2(daChpp) W*. (5.9)

By plugging these expressions, we get

troapK9s| = (dAC300)(3ZW? — 2W3) (5.10)

16A

8For the detail of this replacement, see appendix B.
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Again notice that the form of S(pap) is not generic, and valid only when p4p satisfies
the locally vacuum condition. Therefore the form of modular Hamiltonian we derive from
the expression is only true when it is acted on the space of reduced density matrix satisfying
the condition. However it is sufficient for our purpose of computing the expectation value of
vacuum modular Hamiltonian with respect to a separable o 4 g which satisfies the condition.

A more rigorous argument is as follows. Again consider the change of the density
matrix pY 5 — oap = p%p + 0p% 5, then

8Sap = tr [Kap(oas — php)] + O(6p°)
= 3(1)°tr [(0aB — PAp)0408] W2(daChoo) + O(6p%),
= 3daChooW2A(Z — W) + O(6p?). (5.11)

From this we can read off the value which we want as follows
troapKap = tr [Kig(oap — phap)] + tr PhpKap
= (daC300)(3ZW? — 2W3) (5.12)
in the derivation we do not need to use the precise form of the modular Hamiltonian.

5.3 Minimization

Combining these results, (5.4) and (5.12), we obtain the expression of relative entropy up
to this order 154

S(oasllhp) = asa(W? —2WZ + 2°)
— daChoo(2W3 = 3W2Z + Z°). (5.13)

This function again has a minima at Z = W, where S(cap||p%p) is vanishing.

One may worry that this relative entropy negatively diverges in Z — oo limit. Of
course this is just an artifact of our truncation the perturbative expansion, and the local
minima Z = W should be the global minima, as is clear from the argument found in
section 4.1.

As long as we assume that only the primary operator O is relevant, the above argument
of vanishing S(cap||[p%p) at Z = W continues to be true in all orders in the perturbative
expansion with respect to Z and W. First, in this expansion the von Neumann entropy
S(oap) is expressed as

S(oa) =Y b Z", (5.14)

where b, s are unknown coefficients depending on A and Cppp, though we do not need
their precise values in the argument below. The modular Hamiltonian expectation value
tr UABKSl p can again be read off from the mutual information of locally vacuum state,
which is related to (5.14) by replacing Z to the corresponding two point function,

troapKp =Y by [WW"'Z — (n - 1)W"] (5.15)
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Finally the relative entropy is given by

S(oasllpas) = =Y bn [Z" —nW" ' Z + (n— HYW"]. (5.16)

By taking derivative with respect to Z, we see that each term in the expansion has the
minimum at W = Z where the relative entropy vanishes.

In this section we have shown that under the assumption that the primary O, which
as the lowest conformal dimension, gives dominant contributions in each order of (%)
expansions, the minimum of relative entropy S(cap||p% 5) vanishes. Even though we cannot
use the relation (2.7) for perturbations higher than quadratic order, the vanishing relative
entropy shows that the vacuum reduced density matrix p% g is very closed to the separable
states at each order of perturbation. Therefore our result here suggests that the reversed
one S(p%zllcap) and the REE Eg(pY% ) vanishes in each perturbative order.

6 Contribution from the next lightest primary

So far, we have been discussing possible higher order corrections due to the exchanges of
the lightest primary operator. There is another type of corrections to the relative entropy,
which is coming from exchanges of heavier operators. To get some intuitions for this, here
we study the effect of the next lightest primary Oy, with the conformal dimension Apr..

If we assume the locally vacuum condition, the contribution of Oy, to the relative
entropy first enters at [2212ANL order. From the replica calculation we find the expression
of S(oap), up to this order,

— S(0aB) = asnZ” + 2aapay) 2, Z0 =1PPANEN " pa(ph0) (phONL).  (6.1)

a

Similarly the mutual information of generic pap up to this order is

PPAFANL) (tr]pa0a0p NL] + tr[papOBOANL])

(6.2)
Notice however the second term vanishes once we set pap = p% g thus the modular Hamil-

Iap(paB) = azaW(pan)® + a(atany)

tonian part does not receive correction at this order.
The net result of the relative entropy up to this order is therefore

S(oaBllphp) = asa(W — Z)* + 2aiasan,) 21 (6.3)

We then minimize this relative entropy. If we can regard second term of (6.3) as a
perturbative correction to the first term of order {?NZ, then the first order correction to
the minimum value of the relative entropy is evaluated just by substituting the separable
density matrix (4.13) that minimizes the relative entropy at the leading order. The value
of Z; for this separable state is given by

TNL
T )

Z1 = {(040p) TN = [ANL <P10NL> (6.4)

In order for this to work, we need to require x > xyz. However it seems difficult
to find such p; in general especially when we need to take x to be large. If we naively
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construct such p; with large x, we fail. This is because the maximal value of = and znp,
scales as in (4.22) in terms of the lattice spacing a: = ~ (I/a)® and znp, ~ (I/a)*N%. Thus
we generically expect zxp > x, assuming [ > a.

From the above analysis of the contribution from the next lightest operator, it does
not seem to be possible to reduce the relative entropy S(cag||p%g) in generic CFTs, by
fine-tuning the separable state o 4p as far as we assume our perturbative analysis.

7 Conclusions and discussions

In this paper, we considered the relative entropy of entanglement (REE) F R(pf’4 p) for CFT
vacua. We focus on the case where the subsystem A and B are largely separated compared
with their sizes. In this limit we can employ the OPE expansions in terms of operators
localized in A and B.

7.1 Lightest operator dominant case and spin chain example

In the first part of this paper, we assumed that the lightest primary operator gives the
dominant contribution. Under this assumption we were able to show that Er(p%z) gets
much smaller than the mutual information I(pap) as in (4.11) and (4.12). This means that
the vacuum reduced density matrix pap is an almost separable state. Moreover, under the
assumption that the lightest primary is always dominant, we showed that S(cap||p%g) for
a certain separable state o 4p, is vanishing at each order of power expansions of (%) and
this strongly suggests that the REE Er(p% ) also vanishes in the same way. Thus we find
that the correlations between A and B are classical in this case.

We expect that the assumption of taking into account only the lightest primary can be
justified when we consider a critical spin chain model and the subsystems consist of finite
numbers of spins. For this, let us consider a S = 1/2 spin chain at a quantum critical point
and choose the subsystem A and B to be the p-th and (p + R)-th spin, denoted by O'ZA and
o where i = 1,2, 3 i.e. the Pauli matrices, which satisfy the relation Tr[o;0;] = 2;;. The
correlation function looks like

(008 = 6,5|R| 722 = v - 6. (7.1)

where A is the dimension of the spin operator. Note that when the distance R between
two spins are large the magnitude ~ gets very small.
In this setup, the reduced density matrix for AB is given by

In the 4 x 4 matrix form this reads

1+~ 0 0 0
0 1—v 2v 0
0 2y 11—~ 0
0 0 0 14+«

pAB = (7.3)
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The requirement of positivity of density matrix is expresses as —1 <y < 1/3. If 7 is small
as we consider, this condition is clearly satisfied.

Since the dimension H® H g is less than six, we know that the condition of separability
is equivalent to the PPT criterion (positivity under partial transposition) [42]. The density
matrix under the partial transposition (transposition w.r.t. B) reads

14+~ 0 0 27

0 1—~ 0 0
T — ) 7.4
(paB) 0 0 1-+ 0 (7.4)

2y 0 0 1+v

In this case the PPT criterion says that pap is separable if and only if —% <y <1l

In summary pap is separable when —1/3 < ~ < 1/3 and is not separable (i.e. is
entangled) when —1 < 7 < —1/3. Thus, in our spin chain example, when the distance R
between A and B are large (i.e. 7y is very small), we can conclude that p4p is separable
and the logarithmic negativity defined by & = log|(pag)’?| is vanishing, where Ty is
transposition only for B (called partial transposition).

For a larger spin S > 1, or for larger subsystems A and B, the PPT criterion and sepa-
rability are not equivalent. However, still it is known that the state (in a finite dimensional
Hilbert space) which is very closed to the maximally mixed state p = IWN is separable [43].
Therefore if two spins are far apart and their correlation functions are small, we can apply
this theorem to find that pap is separable.

Indeed, the above results for spin chains are consistent with our field theoretic result
that the REE is vanishing in our perturbation theory.

7.2 Generic cases and holographic CFTs

In the later part of this paper, we estimated the contribution from the next lightest pri-
mary. This analysis tells us that the higher dimensional operators can give substantial
contributions to the relative entropy in general, which violates our perturbation theory.
The main reason for this is that if we want to choose a state p! with a very large expecta-
tion value of the lightest primary, then the expectation value of a heavier operator for the
same state also inevitably gets larger.

For example, if we consider holographic CFTs, the lightest primary is typically a

single trace operator. The double trace operator has the contribution Zqouple = 22 and

single

thus cannot be negligible. This suggests that in holographic CFT, we have ER(p%B) ~

Iap(p%p), i-e. the correlations between A and B origin from quantum entanglement.”
Computations of the REEs for integrable CF'Ts, such as rational CF'Ts in two dimen-

sions, will need careful treatments. Interestingly, in [21-23], the logarithmic negativity in

9The analysis of holographic entanglement entropy [44] shows that the holographic mutual information
satisfies the monogamy as shown in [45]. This suggests that the leading order part O(N?) (i.e. classical
gravity part) of holographic entanglement entropy originates from quantum entanglement. In our analysis
we take the large separation limit between A and B and thus such a classical gravity contribution is
vanishing. Thus, in this paper, we are interested in the higher order part O(1), which is dual to quantum
effects in gravity.
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the same setup as ours was computed in two dimensional CFTs and spin chains and was
shown to be much smaller than any powers of /R for rational CFTs. The logarithmic
negativity is known to be monotone under LOCC and is vanishing for all separable states,
though can be zero even for non-separable states. In this sense, the relation between the
REE and logarithmic negativity is not straightforward. However, this result strongly im-
plies that the quantum entanglement is highly reduced. In our analysis of REE, since the
primary operator spectrum and its OPE algebra are simple, it might be possible that the
argument for generic CFTs in the above cannot be applied. If so, the REE can be smaller.
To completely answer this question, we need to develop calculations of relative entropy
beyond our perturbation theory, which is an interesting future problem.
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A Calculation of S(cag) = S(>_, Pa PG R PE)

In this section we calculate S(}_, po p% ® p%) perturbatively in the small subsystem size
expansion.

For a moment we consider the density matrices coming from tracing out global excited
states |X,), |Ya) on cylinder (3.7), so that their Rényi entropies are computed by (after
applying several conformal mappings) the corresponding correlation function on n sheet
covering space X, = S} x H4 1,

n—1 . (n)
X, X, Z
trp® - .-l = ( f:o L (W) k(lf)k)>2n ) (,411)
k=0 (Xay (W0) Xay (o))2,  (Z' )"

, (A.1)

where the locations of these operators wy,wy are defined in (3.12). Note also that the
correlation functions are normalized such that (1)y, = 1.

In the small subsystem size limit 2/ — 0, wi — wg. Also we have

20 =t (p3)", P = t2]0){0]. (A.2)
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Figure 2. A graphical representation of the expansion the Renyi entropy.

From this we have an expression of the Rényi entropy in terms of correlation functions,

trotin = 3 T te [ ©3) - (05 © )] (A.3)
{‘lk}k 0
_ Z H ( n 1Xak(wk)Xak(wk)>Zn> <<HZ(1) Yak(wé)Yak( A%))E ) Z(”)Z(n)
G \ TS (X (00 Xey (1), w20 (Y (w)) Yoy, ())x, (Z(l) (”)

(wy,, w),) are again the locations of the local operators for the subsystem B. The strategy
to calculate the right hand side of (A.3) is as usual, expanding the correlation functions by
using OPEs
k) (X (i) X, (W1

ak (wk) k( - En .
(Xap (w0) Xa, (00))s,  (Xay (wo)Xa, (W0)) s, %;CX%X%% (20) 2k cug (wy,) (A4)

where ay;s are the operators propagating the internal line, and by A,, we denote the scaling
dimension of ay. We also have similar expansion of Y’s

(’U} )Ya 2) _ <Yak (w;g)yak (’lf)%;xn ZCYakYakﬁk (2l) B ﬁk( ) (A5)
0//%1 "o

‘lk k k(
(Yo, (wo)Ya, (o))x, (Yo, (w)Ya, (@

Using these formulae

(242"
207

= > (H Jakﬂk> (ao(wo) -+ an—1(wn-1))(Bo(wp) -+ Bn—1(wpp—1)),

{ag,an—1},{Bo,Brn-1}

trolip - (A.6)
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where

_ (Xay (wg) Xa, (W8))s,,
Jakﬂk B %;pak ( Xllk wO)XCLk (@0»21)

(Vo (w}) Y (184))5,
) ( )Y,

Ay +A
< ag (w(] ay (w0)>21 ) CX“ankakCYakYak,Bk (2l) k B |

When the subsystem size [ is small, o can only be either identity 1 or the first non

(A7)

trivial primary O with the scaling dimension A, o € {1,0}, and similarly, g € {1,0}.
This implies that we have the following expansion of tr 0"{ 5 (A.6) in terms of 12,

Dyn
(23 25")

) ) = L(()n) _’_Lgn) (Z)QA +Lén) (l)3A +L51n) (l)4A ... (A.S)
ZA ZB

tr O-ZB .
In the next few subsections we calculate these coefficients.

Al L(n) the first law part

Only the trivial operator configuration can contribute to the coefficient

{ao,-ana} ={1,---1}, {fo,-+ B} ={L,---1} (A.9)
therefore L( ") = = J{4, and

i =S 5z (i) * o (Gt )] o

== pa (K% (0% — 00) + (KB (0% — pB))) (A.10)

a

where Kg, K% is vacuum modular Hamiltonian of region A and B respectively. This part
is just an analog of the first law part of excited state entanglement entropy.
A2 L

Configurations in which only one non trivial operator is present are not allowed because
every vacuum one point function vanishes. Therefore Lgn) =0.

A3 LY

In this case two types of operator configuration can contribute to the coefficient. One is

{Oé(], c Ol — 1} {1 qla"'Oj7"'1}7 {ﬁo»"'ﬂn—l}:{lf"l}’ q1 <.7 (All)

and

{040,--~Oén_1}={1,-~-1}, {ﬂo, ﬁn 1}—{1 q2,---0k,~--1}, q2 <k (A.12)

In both cases there are two non trivial operators.
(n) 2 _ n 2 n—1 n—1
n
Ly (1) = Z > J0,,170,1(0(wy,)O(w;))
1=0j=0#q1
Jn 2 n—1 n-—1

+ =3 D 104,410, (0w, )O(wy)-

q2=0 k=0#q2

(A.13)
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We are only interested in n — 1 limit. In this case we can set n =1 in Jp; as the sum
of two point function »_(O(wg, )O(w;)) is already proportional to n — 1 [46],

n—1 n—1
T(3/2)1(A + 1)
fAm =2 (O 5= (-1 Lo,
jz—; i=1 (2nsin 7% ) 2287 (A +3/2)
(A.14)
therefore
Jo1 = (21)* Zpacxaxao, Jio = (2)2 ZpaCYayao, Jip = 1. (A.15)

Combining them, we conclude,

2 2
0 = R | (Sncra) « (Scn) |
(A.16)

A4 LM

In this term again we have two types of contributions

{OZO, c Ol — 1}_{1 q17"'0q27"'0q3"'1}7 {507"'ﬂn—1}:{17'”1}7 QI<Q2<Q3

(A7)
and
{Oé[),"'an_l}:{l,"‘l}, {/807 Bn 1} {1 p17 . Opga"‘0p3'”1}7p1 <p2 <p3~
(A.18)

As in the case of L( ) the first contribution generates the cubic order of the von
Neuman entrpy on region A, S(o4) which was explained in (3.15) , and similarly the
second contribution generates the cubic order of S(op). Therefore we conclude,

3 3
0 (n
ZSA%L;(J, )‘n:1 = Cooobal®? (Zpacxaxao> + (Zpac'yayao>

A5 LY

In this case we have

{040, C 1}_{1 q1,"'0j7"‘1}, {BO;“'Bn—l}:{17"’Oq27"'0k7"'1}
(A.19)

Ly Z Z Z Z k. (A.20)

q1 =0 j=0#q1 92=0 E=0#q2

and

The precise form of Igilqu highly depends on the value of the indices. For example,
when (j = q2,k = q1),

1820 = J36C(q1 — q2)*, Clar — q2) = (O(wg,)O(wg,)) (A.21)
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with
Joo = (21)** ZpaCXaXaOCYaYaO- (A.22)

We can compare this expression to (51) of [29] . They can be identified by the replace-
ment (0,08) — J&,.
When {q1 # g2 # j # k}.

k., = J619i0C (@ — 5)C(a2 — k) (A.23)

Again this can be compare to (59) of [29], and they are identified by (On)(Og) — JoiJ10-
The strategy to calculate the sum (A.20) is almost same as the calculation of appendix
A of [29] ie, first computing the sum with respect to j, k with fixed q1, ¢,

n—1 n—1
.
Ipw= Y, >, IF, (A.24)

J=0#q1 k=07#q2
then performing the sum with respect to ¢, go.

Indeed, we can easily convince ourself that we can derive the result of the sum (A.20)
from (69) of appendix A of [29] , just by the replacing (O,Og) in [29] to Joo and (On)(Og)
to Jo1J10. Therefore the final result is

189 ;)

() anla
 IE/2)rA+1)
- 24A+IT(2A +3/2)

2
= F;?;{é)i(ié/z)l) za:paCXaXaOCYaYaO - (%:Pacxaxao> (;PaCYaYaO)] (l)4A'

A6 LM

(Joo — JorJo1)” (A.25)

We similarly have Lén) term. This term can be relevant in section 5 in which we compute

the relative entropy up to I°2 term by assuming the locally vacuum condition. However if
we assume this condition, Lén) term is vanishing, therefore we can ignore this term.

A7 L

We can also compute the one more higher term Lg once we assume the locally vacuum
condition 5.1.
From the OPE expansion (A.6) and the condition 5.1, the result is,

n 1
WL = Tdo |5 Y. (0n0w0y%, |- (A.26)

{a1,q2,a3}
It is hard to directly perform the sum in right hand side and analytically continue the
result in n. However we can read off the outcome from (5.15) of [31] where they computed

the entangle entropy of an excited state at cubic order,

1 ()’
Z <OQ1 Oq, Oq3>2n = _COOOW. (A.27)
{q1,92,q3} 2

lim
n—1ln—1
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In our case (A.26) we have

F( 14+2A )3

Z <Oq10q20Q3>%n = _C%OO 12 :

li ! —_—
1m 346A
{q1,92,q3} I( 2 )

n—1n—1

(A.28)

Therefore

F( 14+2A )3

3
joa = — (1% (;pa<,0a0>2> C%oowzg%w)- (A.29)

—S(Zpa pmpaB)

a

By defining
2A 2 6A F(1+22A)3
Z =l g W(p?0)°, dp =270 ——= A.30
() . b <P > A 127TF(3+26A) ( )
we write
-5 <§ Pa P4 ® paB> o = (daCdo0) Z°. (A.31)

A.8 The final result

By plugging (A.10), (A.16), (A.25) we obtain the expression of the von Neumann entropy
up to 1*2 order,

8 n n n n n n
—s(zpa papaB) = o [(EP+ L W+ L P+ 0 ) 200 2] |

== pa (K40%) + (K%o%))

2 2
<Zpacxaxao> +<2paCYaYaO> ]

—|—(Z)ZA(LA

3 3
—Cooobal® |:<ZpaCXaXaO> + (Zpa@yayao)) ] (A.32)
2
+(D)*aga [ZpachXaOCYaYaO - (Zpac'xaxao> <ZpaCYaYaO)] -

We can see that up to the order of 1?2 the entropy splits, S = S(3° pap%)+ S pap?h).
However this no longer holds at the I** order.
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It can also be written in terms of the reduced density matrices {p%, p%}.

—S( paPAPB) Zpa KAPA KBPB>)

2 2
(Zm%@) + (Zm(ﬂ%@)

+an (1)*8

(A.33)

3 3
—Cooobal®® {(Zm(ﬂi@) + (Zm(ﬁ%@)
+aza (I !Zpa pa04)(pE0B) (Zpa PAO) (Zpa<p‘é0>>

The second term is

2

SIS VEEHES SR (A3
’ ' I 2A
~ 20007 () X pa (50N 08 + L

The net result is

S(oasllpas) = aa( {(Zpa pa0) > (Zpa pBO) )
— Cooobal™ {(Zpa p40) ) (Zpa p50) )
+ a2a ( [Zpa p404)(pEO0B) — <Zpa p40) ) (Zm(p%@)

—mm%(@ S pe (PA0) (P508)] + Las. (A.35)

2

B On a replacement rule

In the body of the paper, we used the fact that S(pap) is related to S(cap) by the
replacement,

W(pap) = tr[papOa0p] — [040A0B| = Z(0aB). (B.1)

In this appendix we prove this prescription. For simplicity we consider the case where
pAp is the reduced density matrix of a pure state,

pap = trap)|V)(V], (B.2)

and for o4p, (3.7).
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The Rényi entropy trp’j 5 has an expression in terms of a correlation function of the
twist defect D,, [47],

trplap = (V(00)*" Dy (A) Dn(B)V(0)*"), (B.3)

the correlation function is evaluated on the cyclic orbifold (CFT)®"/Z, of the original
CFT. Here we take (V(00)V(0)) = 1. In the small subsystem size limit |A|,|B| — 0 one
can expand the twist defect in terms of local operators,

n—1
= Xk 0 Ak ( Hok )e. [ O(A), (B.4)
k=0

{Ox}

here (---)y, indicates that we evaluate the correlation function on the branched space ¥,
with a cut on the region A. By plugging this expansion (B.4) into (B.3), we get

n—1 n—1 n—1
n—1 A ~ -
trphp =y 1 ESFE(TT Ok(A)s, (T Ok(B))s, [[(V(00)O OV (0)),
{0:.0F} k=0 k=0 k=0
(B.5)
notice in general Of' # OE On the other hand from (A.6),
n—1 n-1 n—1
trohp= Y. (J]ox)s. (] 0xB)s. [] 0,06, (B.6)
{0?705} k=0 k=0 k=0
with (A.7)
o (Xay (W) Xay, (wk)>2
Jo0, = 2P <(Xa (wo)Xa (o)
a * * (B.7)

Aoy, +Ao‘k

)
))El CXaankOk Y., Yakok (2l)
In the n — 1 limit, these two expressions (B.5), (B.6) are related by the identification,

tr PABOk(A)Ok(B)} = (V(o0)O{OFV(0)) D pa,Cx, x,, 00 Cy,,v., 08
ag (B.8)

= tr [O'ABOkOk] .
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