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Abstract Thanks for the releasing image of supermassive
black holes (BHs) by the event horizon telescope (EHT) at
the heart of the M87 galaxy. After the discovery of this mys-
terious object, scientists paid attention to exploring the BH
shadow features under different gravitational backgrounds.
In this scenario, we study the light rings and observational
properties of BH shadow surrounded by different accretion
flow models and then investigate the effect of model param-
eters on the observational display and space-time structure
of BHs in the framework of our considering system. Under
the incompatible configuration of the emission profiles, the
images of BHs comprise that the observed luminosity is
mainly determined by direct emission, while the lensing ring
will provide a small contribution of the total observed flux
and the photon ring makes a negligible contribution due to
its exponential narrowness. More importantly, the observed
regions and specific intensities of all emission profiles are
changed correspondingly under variations of parameters. For
optically thin accreting matters, we analyze the profile and
specific intensity of the shadows with static and infalling
accretions models, respectively. We find that with an infalling
motion the interior region of the shadows will be darker than
the static case, due to the Doppler effect of the infalling move-
ment. Finally, it is concluded that these findings support the
fact that the change of BH state parameters will change the
way of space-time geometry, thus affecting the BH shadow
dynamics.

a e-mail: xxzengphysics@163.com
b e-mail: mrisraraslam@gmail.com
c e-mail: rabiasaleem@cuilahore.edu.pk (corresponding author)

1 Introduction

A black hole is a mysterious region of space-time that has
An extremely intense gravitational force that nothing, no par-
ticles, or even electromagnetic radiation such as light, can
escape from it. A BH can be formed at the final stage of
a massive star. When such a star has completely exhausted
the nuclear fuel in its core at the end of its life cycle, the
core becomes unbalanced and gravitational collapse occurs
inside the core, and the outer layers of the star are blown
away. After this, the massless weight of constituent matter
falls in the dying sphere to a point of zero volume and infinite
density, the so-called singularity. The simplest model for BH
formation involves a collapsing thin spherical shell of mass-
less matter, i.e., a shell of photons, gravitons, or massless
neutrinos with very small radial extension and total energy.
In general relativity (GR), BH is one of the most fascinating
predictions, and researchers have been trying to resolve this
mysterious puzzle. The Laser-Interferometer Gravitational
Wave-Observatory (LIGO) detects the emission of gravita-
tional waves from BHs merger [1].

In 2019, the EHT captured the first evidence of the exis-
tence of ultra-high angular resolution image of accretion
flows around a super-massive object at the center of M87
(M = 6.5 ± 0.7 × 109M�) galaxy [2–7]. The canonical
interpretation of the M87 galaxy shows that the gravitational
field of a BH contains a photon sphere when generally illu-
minated by a thin accretion of matter. The interior of the
dark region is bounded by a bright band, known as the BH
shadow and photon sphere, respectively. The existence of a
strong gravitational interaction at the core of BH regimens
makes the gravitational deflection of light, which provides a
comprehensive way to analyze the BH shadow. Therefore, the
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analysis of BH shadow and gravitational lensed may provide
a feasible way to evaluate the strength of the gravitational
field in space-time geometry and support the prediction of
Einstein’s GR [8–11].

The intensity of emitted light depends upon the location
of the distant observer, leading to a dark inner region and
an intense photon ring. Generally, the shadow of different
BHs has been discussed in the literature and tries to find a
complex pattern of several light ray trajectories around a dark
thin disk. The study of light deflection by a compact star or
BH was initially studied in [9]. Later, the extension of BH thin
accretion disk and critical curve observed the image of BH
in [11]. Theoretically, the critical curve is the light trajectory
traced backward from the distant viewer, which would have
an asymptotic approach towards a bound photon ring. For
the Schwarzschild BH, the value of the bound photon ring is
r = 3M , (where M is the mass of BH) and the radius of the
critical impact parameter curve is b = 3

√
3M .

However, the region of impact parameter depends on the
geometrical interpretation and various physical properties of
the illuminating accretion flow of BHs [12]. In addition, the
width and the intensity of lensing rings is changed with the
variation in emission region and size of the shadow dependent
on the emission model, the accretion has a minor effect on the
dark central region [13]. The influence of quintessence dark
energy dynamics on the shadow of BH and thin accretions
disk surrounded by various trajectories of light are widely
discussed in [14]. Further, the authors in [14] concluded that
the existence of a cosmological horizon plays a significant
part in the BH shadows and the location of photon rings
for both stationary and infalling accretions lie in the same
orbit. Shadows and photon rings with static and spherical
infalling accretions are analyzed in the framework of four-
dimensional Gauss–Bonnet (GB) BH, and the influence of
the GB coupling constant on the BH shadow and dynamics
of photon spheres have been calculated in [15].

In the background of Einstein GB-Maxwell gravity, Ma
et al. [16] studied the spherically symmetric charged BH
shadow and its photons sphere with the sequence of inequali-
ties of the BH horizon and its mass. Gao et al. [17] discussed
gravitational lensing of a hairy BH in Einstein-Scalar-GB
gravity and compared the consistency of BH shadow with
EHT data. Guo et al. [18] considered the perfect fluid within
Rastall gravity and investigated the shadow and photon
sphere of charged BH with infalling accretion and obtained
brighter photon sphere luminosity than the static spherical
accretion. The luminosity of shadows and light rings of the
Hayward charge BH are affected by the accretion flow prop-
erty is a result obtained in [19]. The analysis of BH shadow
in GR as well as in extended gravitational theories provides
a new way to discover the properties of BHs [20–27].

The idea of the non-commutative (NC) geometry is exten-
sively used to evaluate the BH solutions, wormhole geom-

etry, and cosmological constraints. Recently, NC geometry
has obtained a significant attraction as it provides a com-
prehensive way to analyze the effects of quantum gravity
in space-time structure [28,29]. For instance, the influence
of NC operators on BH is an interesting subject, and several
methods are being proposed to explore the NC geometry [30–
32]. This geometry can be implemented to GR by modifying
the matter source, considering the minimal length instead
of the Dirac function, replaced by Gaussian distribution or
Lorentzian distribution [34]. Regarding the growing interest
of researchers in further analysis of BH shadows, we have
proposed a new approach to discussing the observational
characteristics of BH space-time. In the present manuscript,
we investigate the shadow of four-dimensional GB-charged
BH with spherical accretions under the influence of a cloud of
strings and NC geometry [27,33,34]. Particularly, we study
the qualitative features of BH shadows under the influence
of charge, the cloud of strings, and NC geometry parameters.
In Sect. 2, we provide the basic formulation of our consider-
ing system and studied the effective potential corresponding
to the light trajectories. Section 3 is dedicated to the opti-
cal appearance of photon rings with thin disk accretion flow
models and to studying the shadow with specifically observed
intensities. The analysis of shadows and photon sphere rings
with a static accretion matter are dealt with in Sect. 4. In
the next section, we discuss the dynamics of the BH accre-
tion with infalling matters. The last section is devoted to the
conclusion and discussion of the current analysis.

2 Light deflection in the charged GB BH with cloud of
strings and NC geometry

The Einstein–Hilbert action of GB gravity is formulated as
[15]

I = 1

16πG

∫
d4x

√−g[R + α(Rγ δζξ R
γ δζξ

−4Rγ δR
γ δ + R2)], (1)

where R is the curvature scalar, by re-scaling the GB coupling
constant α, i.e., α/D − 4 and taking the limit D → 4 in the
GB term, one can obtain the solution of four-dimensional GB
BH [35]. We consider the static and spherically symmetric
metric for four-dimensional GB BH [33]

ds2 = − f (r)dt2 + dr2

f (r)
+ r2dθ2 + r2 sin2 θdϕ2, (2)

with

f (r) = 1 + r2

2α

(
1 −

√
1 + 4α

(2M

r3 − Q

r4 + a

r2

))
. (3)

123



Eur. Phys. J. C (2023) 83 :129 Page 3 of 14 129

The solution (3) can be characterized by the GB coupling
constant α, mass M , Charge Q and cloud of string parameter
a, which is considered to be positive.

The point-like structure with smeared objects, the mass
density of a static and spherically symmetric gravitational
source is given by Lorentzian distribution as follows [34]

ρφ =
√

φM

π3/2(πφ + r2)2 , (4)

where φ is the strength of NC parameter in Lorentzian dis-
tribution. The smeared mass of matter distribution can be
obtained as [27]

Mφ =
∫ r

0
4πr2ρφ(r)dr

= 2M

π

[
arctan

( r√
πφ

) − r
√

πφ

πφ + r2

]
,

= M − 4
√

φM√
πr

+ O(φ3/2). (5)

In this way, the Eq. (3) can be rewritten as

f (r) = 1 + r2

2α

(
1 −

√
1 + 4α

(2Mφ

r3 − Q

r4 + a

r2

))
, (6)

which modify the NC BH geometry as

f (r) = 1 + r2

2α(
1 −

√
1 + 4α

(2M

r3 − 8
√

φM√
πr4

− Q

r4 + a

r2

))
. (7)

To find the location of horizons, one can solve the equation
f (r) = 0, and following two analytic solutions are obtained

rh = Mπ1/4 + √√
π(M2 + (a − 1)((Q + α) + 8M

√
φ))

(1 − a)π1/4 , (8)

rc = Mπ1/4 − √√
π(M2 + (a − 1)((Q + α) + 8M

√
φ))

(1 − a)π1/4 , (9)

where rh and rc correspond to the event horizon and cosmo-
logical horizon of the BH, respectively. For the existence of
a horizon, the GB coupling parameter α should fall in the
allowed range −8 ≤ α/M2 ≤ 1. For α > 0, we have two
horizons, while for α < 0, only one horizon exists. Although
α > 0 depicts the properties of the inverse string tension, and
the solution (3) also allows the case α < 0. So, we expect
some interesting aspects of GB gravity as it was argued in [?
].

To analyze the accretion flow of photons spheres around
the BH, we need to analyze the behavior of light deflection in
geometrical optics near the BH shadow. The geodesic motion
can be encapsulated with the help of the Euler-Lagrange
equation, which can be written in the following form

d

dη

(
∂L
∂ ẋα

)
= ∂L

∂xα
, (10)

in which η is the affine parameter, ẋα is the four-velocity of
BH light rays, “.” represents the derivative with respect to η.
The Lagrangian (L) of photons can be written as:

L = 1

2
gαβ ẋ

α ẋβ

= 1

2

(
− f (r)ṫ2 + ṙ2

f (r)
+ r2θ̇2 + r2 sin2 θϕ̇2

)
. (11)

The spherical symmetry allows us to choose the motion of
photons on the equatorial plane with θ = π/2 and θ̇ = 0
without loss of generality [10,36]. From (2), the metric coef-
ficients are independent of time t , and the azimuthal angle ϕ.
So, two conserved quantities can be evaluated such as energy
E = ∂L/∂ ṫ = f (r)ṫ , and angular momentum of the photon
J = ∂L/∂ϕ̇ = r2ϕ̇. Using Eqs. (7), (10) and (11), we obtain

ṫ = 1

b

(
1+ r2

2α

(
1−

√
1+4α

(2M
r3 − 8

√
φM√
πr4 − Q

r4 + a
r2

))) , (12)

ϕ̇ = ± 1

r2 , (13)

ṙ2 + 1

r2

(
1 + r2

2α

(
1 −

√
1 + 4α

(2M

r3 − 8
√

φM√
πr4

− Q

r4 + a

r2

)))

= 1

b2 , (14)

where “+′′ and “−′′ in Eq. (13) correspond to the anti-
clockwise/clockwise motion of photons, respectively. Fur-
ther, we define the affine parameter η, by η

J and the impact

parameter bc = J
E , which is used to evaluate the vertical

distance between the two lines, such as geodesic and par-
allel lines having the same origin. Equation (14) is used to
evaluate the geodesic equation in the form of the effective
potential, one can write as

ṙ2 + Ve(r) = 1

b2 , (15)

where

Ve(r) = 1

r2

(
f (r)

)
. (16)

In the equatorial plane, the null geodesic exists in space-
time region and the light rays projected on the equatorial
plane, yielding a circular orbit. The position of the maximum
effective potential corresponds to the frequency of threshold
stability for the null geodesic circular geometry around bc
having a critical curve. The photon will move around the BH
in an unbalanced circular orbit, at this time, the surface of
the photon sphere corresponds to the surface of the circular
orbit. The motion of the light rays on the photon sphere should
satisfy the conditions ṙ = 0 and r̈ = 0. Further, the motion
of the photon sphere orbit can be translated as

Ve(r) = 1

b2 , V ′
e(r) = 0, (17)
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Table 1 The numerical values of involved physical quantities for various values of α and a for fixed values of Q = 0.1 and φ = 0.01 with M = 1

α −7.55 −5.55 −2.55 0.22 0.44 0.55

rh 4.11292 3.71661 2.96995 1.72553 1.47589 1.21524

bc 7.70838 7.31300 6.55952 5.37765 5.20921 5.11003

rp 5.01684 4.64989 3.94120 2.75860 2.56800 2.44825

a 0.1 0.2 0.3 0.4 0.5 0.6

rh 1.61637 1.92883 2.13273 2.81072 3.49576 4.51162

bc 5.29741 6.42990 7.98517 10.22250 13.64610 19.36120

rp 2.66938 3.10145 3.64973 4.37446 5.38328 6.89082

where prime represents the derivative with respect to r . Based
on this equation, the shadow radius of photon sphere rp,
impact parameter of the critical curve bc and radii of event
horizon rh are obtained for different values of model param-
eters and listed in Table 1. The quantities rp and bc are sat-
isfying the following equations:

r2
p = b2

c f (r), 2b2
c f (r)

2 − r3
p f

′(r) = 0. (18)

Due to the correlation of parameters, the geometry of space-
time varies with the variation of parameters, which means that
the trajectories of photons will be different corresponding
to different numerical values. For instant, we choose fixed
values of charge Q and NC parameter φ and evaluate the
event horizon rh , critical curve bc and radius of photon sphere
rp, for different values of coupling constant α and cloud
of strings parameter a. Similarly, we can also evaluate the
numerical values of rh , bc and rp corresponding to different
values Q and φ by fixing other parameters.

One can see from Table 1, the numerical values of rh , bc
and rp decreases with an increase in the values of α. On the
other hand, these values increase directly with increasing val-
ues of a. Hence, it implies that the BH photon ring shrinks
inward as one increases the values of α and expands outward
concerning a. Taking some fixed values of the parameters,
we depict the effective potential Ve(r), in Fig. 1 (left panel).
Let us consider Fig. 1 (left panel), there is no effective poten-
tial at the event horizon. The trajectory of effective potential
increases maximum in the position of the photon sphere and
then vanishes gradually with the increment of radius r .

In region 1 (b > bc), the light rays hit the potential barrier
which is generated due to Ve(r), region 2 (b = bc) defines
the behavior of impact parameter which is nearest to the pho-
ton sphere radius and rotate around the BH, and region 3
(b < bc), light fall into BH because there is no encounter the
potential barrier. The changing trend of the effective potential
for different values of α and a are presented in Fig. 1 (middle
and right panels). To depict the geodesics of photons, using
Eqs. (13) and (15) with the setting of u0 = 1/r as

�(u0) = du0

dϕ
=

(
1

b2 − u2
0

(
1 + (

1 − (
1 + 4α(au2

0

+2Mu3
0 − Qu4

0 − (8Mu4
0

√
φ)/

√
π)

) 1
2
)
/2u2

0α

)) 1
2

.(19)

The optical appearance of the BH shadow depends on Eq.
(19), and we plot the ingoing or outgoing trajectories through
the ray-tracing procedure as presented in Figs. 2 and 3. The
light deflection for the region b < bc (orange lines), the light
rays fall into BH. For case, b = bc (green lines), locate the
position of the photon sphere and revolve around the BH
whereas for b > bc (blue lines), the light ray deflected and
move towards the BH from an infinite location to one closest
point and moves away from BH to infinity.

In addition, regions 1, 2, and 3 are presented in Fig. 1 (left
panel) corresponds to the blue, green, and orange lines in
Figs. 2 and 3 in general sense. We plot Figs. 2 and 3 for some
specific choices of model parameters and find the shadow
image of BH in space-time which is different for each set of
these values.

3 Shadows and photon rings with thin-accretion flow
models

Now, we are going to discuss the optical appearance of the
thin disk accretion around the BH in NC geometry with
the cloud of strings and charge in the background of four-
dimensional GB BH. Our focus is to investigate the pho-
ton rings and lensing rings surrounding the BH shadow and
observed the light intensity by the thin accretion disk.

3.1 Direct emission, lensing emission and photon ring
emission

To differentiate the photon ring and lensing ring near the BH,
one can define the total number of light trajectories by n(b) =
ϕ/2π , where ϕ represents the total change in azimuthal angle
beyond the horizon [12]. The optical appearance depends
upon how near the impact parameter b, to its critical curve bc.
According to [12], the trajectories of photon orbits are mainly
divided into three cases and depending upon the number of
orbits around the BH solution such as n < 3/4 corresponds to
direct emission, the light trajectories crossing the equatorial
the plane just once, while the lensing ring corresponds to
3/4 < n < 5/4, the light trajectories crossing the equatorial
plane at least 2 times and when n > 5/4 it corresponds to
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Fig. 1 The behavior of Ve(r) versus r for some specific values of model parameters (left panel), for different α (middle panel) and for different a
(right panel) with M = 1. In the left panel, dashed blue line indicates the radius of photon sphere rp while green line corresponds to Ve(r) = 1/b2

c

Fig. 2 The trajectories of photon rings for different parameters in polar
coordinates (r, ϕ). The considering BH is shown as solid black disks,
and the blue, green and orange lines correspond to b > bc, b = bc

and b < bc regions, respectively. The dashed green line represents the
radius of photon sphere and the mass of BH as M = 1

Fig. 3 The trajectories of photon rings for different parameters in polar
coordinates (r, ϕ). The considering BH is shown as solid black disks,
and the blue, green and orange lines correspond to b > bc, b = bc

and b < bc regions, respectively. The dashed green line represents the
radius of photon sphere and the mass of BH as M = 1
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a photon ring, the light trajectories crossing the equatorial
plane minimum of 3 times.

From Fig. 4, one can see the that classify regions of direct,
lensing, and photon ring emissions for each set of parameters.
We take different values of parameters for each set, for exam-
ple, set 1, 2 and 3 correspond to Q = 0.3, φ = 0.05, a =
0.1, α = −5.55; Q = 0.1, φ = 0.01, a = 0.1, α = −2.55
and Q = 0.2, φ = 0.01, a = 0.2, α = 0.22, respectively.
The intervals of b which are related to numerical regions of
emissions are listed as

Set : 1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Direct emission: n < 3/4, b < 6.78545 and

b > 8.13506,

Lensing ring: 3/4 < n < 5/4, 6.78545

< b < 6.8203 and

6.82030<b<8.13506,

Photon ring: n > 5/4, 6.82737 < b < 6.83069,

Set : 2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Direct emission: n < 3/4, b < 6.48387 and

b > 7.64494,

Lensing ring: 3/4 < n < 5/4, 6.48387

< b < 6.55920 and

6.57435<b<7.59970,

Photon ring: n > 5/4, 6.55920

< b < 6.57435,

Set : 3

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Direct emission: n < 3/4, b < 5.85057 and

b > 8.98695,

Lensing ring: 3/4 < n < 5/4, 5.85057

< b < 6.333309 and

6.51403<b<8.98695,

Photon ring: n > 5/4, 6.33330

< b < 6.51403,

It is worth mentioning that the physical interpretation of
photon behavior around the BH is different for each set. With
the variation of numerical values, the radius of BH is grad-
ually varying and hence, the bands of photon, lensing, and
direct emissions are also changing the brightness and path of
trajectories.

3.2 Observational appearance and transfer functions

Now, we are going to analyze the profile of a BH with an
optically/geometrically thin disk accretion and to observe the
specific intensity. We consider that the disk is in the rest frame
of static world-lines, and the emission of photons from it
should obey the fundamental features of isotropy. In addition,
as argued in [12], we consider that the viewer is static and
located at the zone of the north pole and ignored the influence
of other lights emitted from different sources in space-time

and only focus on the light intensity, which is emitted from
a thin disk.

In this scenario, we delegate the specific emitted intensity
and frequency of the accretion disk as Ie(r) and νe, where
observed specific intensity and frequency are denoted as
Iobs(r) and ν. Using the fact of Liouville’s theorem, the quan-
tity Ie(r)/ν3

e is conserved in the direction of light propagation
and hence the observed specific intensity can be defined as

Iobs(r) = f (r)
3
2 Ie(r). (20)

The total observed intensity is deduced by integration over
the entire range of different frequencies as

I =
∫

Iobs(r)dν =
∫

f (r)2 Iedνe = f (r)2 Iem(r), (21)

where Iem(r) = ∫
Iedνe is the total emitted radiation inten-

sity near the thin accretion. From the previous discussion
if any photon light ray traced backward from the observers
screen passes through the thin disk accretion plane once (see
blue and green lines from Fig. 4), it will get more light rings
from the emission disk.

Hence, the total received optical luminosity will be the
sum of all the intensities from each intersection, mathemati-
cally defined as I (r) = ∑

p
f (r)2 Iem|r = rp(b), where rp(b)

is called the transfer function, containing information about
the radial position of the pth intersection between the light
with the impact parameter b and the disk. Moreover, the slope
of the transfer dr/db, represents the demagnification factor
of the image [14]. In Fig. 5, the red line corresponds to the
direct emission and represents the first transfer function for
p = 1. Since the profile of the direct image is the red-shift
source profile therefore its slope is almost equal to unity.

The blue line corresponds to the lensing ring and rep-
resents the second transfer function for p = 2. Here, the
impact parameter b is closed to the critical curve b ∼ bc.
One can see that as the value (behavior) of impact parameter
b increases, the slope of the second transfer function also
increases, and hence, the back side appearance of the thin
disk will be (de)magnified due to its large slope. The green
line corresponds to the photon ring and represents the third
transfer function for p = 3. The slope dr/dp is closed to
∞ so, the appearance of the front side of the thin disk will
be highly demagnified. Further, we ignored the later trans-
fer functions safely because the image depicted from these
transfer functions is extremely (de)magnified and negligible.

3.3 Specific luminosities of thin accretion disks

Now, we consider an optically and geometrically thin disk
model to observe the further specific intensity surrounding
our BH solution on the equatorial plane. (Actually, this type
of model evaluates the accretion matters when the accre-
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Fig. 4 The relationship between different trajectories of photons and
impact parameter b, for specific values of model parameters in polar
coordinates (r, ϕ). Here, the spacings of b are 1/5, 1/100, and 1/1000
for direct emission, lensing, and photon ring corresponds to red, blue,

and green trajectories, respectively. The BH is shown as a solid black
disk and the dashed red line represents the photon orbit and the mass of
BH as M = 1

Fig. 5 The profile depicts the first three transfer functions of the BH under different values of parameters. Here, we plot left to right panels with
the values of set 1, 2 and 3, respectively and the mass of BH as M = 1

tion flow velocities are sub-Eddington with large opaque but
ignore those with high accretion velocities and mass [37].
For instance, around the supermassive BHs, the accretion
disk may effectively turn into an apparently thin but struc-
turally thick one [38]). The main source of observed specific
light intensity is a thin disk and its luminosity only depends
upon the radial coordinate r . So, we assume the following
three toy models which are used to evaluate the realistic cases
of thin matters.

• Model 1: We assume that the matter emission begins from
the peak point of the radius at the inner-most stable cir-
cular orbit (isco) for time-like observers. Therefore, we
consider the model for this emission profile to be a decay
function, which is defined as

I 1
em(r) =

{
( 1
r−(risco−1)

)2, if r > risco

0, if r ≤ risco
(22)
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• Model 2: the considering emission has sharp spikes at the
isco location, having relatively similar center and asymp-
totic dynamics as model 1. But the emission luminosity
attenuation is significantly larger so that the emission has
decay characteristics of the third order, mathematically
defined as

I 2
em(r) =

{
( 1
r−(rp−1)

)3, ifr > rp

0, ifr ≤ rp
(23)

• Model 3: This emission lies beyond the horizon rh , but
its decaying rate is more moderate than in the previous
two cases, as defined below

I 3
em(r) =

{ π
2 −arctan(r−5)
π
2 −arctan(−3)

, if r > rh

0, if r ≤ rh
(24)

With the help of previously defined toy models, we con-
sider just two examples for different numerical values of
parameters as defined in Figs. 6 and 7, and showed the
results of intensity and analyzed the emission under these
constraints. In Figs. 6 and 7, the left column shows the emis-
sion profile from the accretion has good behavior outside
the photon sphere and defines a connection between spe-
cific emission intensity and the radial coordinate r . The mid-
dle column depicts the one-dimensional (observed intensity)
function of I (r), which is related to b, whereas the right col-
umn is the two-dimensional density profiles that reflect the
optical appearance of observed intensities.

From Fig. 6 (first row, left panel), we observed that the
emission flow has reached its peak value, close to the criti-
cal case of the impact parameter r ∼ b, after that decaying
dramatically to zero with the increasing values of r . In the
middle panel, due to the intensity of gravitational lensing, we
see that there are two spikes separated the photon and lensing
orbit independently, and the corresponding observed image
decays similar to b > 7.48M . However, the confined region
of the lensing ring lies in the range 6.85M < b < 7.34M ,
providing only a small contribution to the total flux while
the photon ring contributes negligible luminosity. Therefore,
one needs to see the main contribution in the observed (opti-
cal) appearance, which is obtained from direct emission and
yields a wide rim while the lensing ring makes a small con-
tribution, and we find it inner of a wide rim. Moreover, the
innermost region represents the photon ring contribution to
the total flux which is difficult to detect in the right panel of
density profiles and spikes at b ∼ 6.64M .

From the second row of Fig. 6, the emission attained a
peak value near the photon sphere at rp = 3.94 as shown
in the left panel. The view of the middle panel reflects that
the direct emission intensity shows the maximum value at
b = 5.11 and then shows a nice fluctuating behavior with

an increase of b. Further, the region of the lensing ring
makes a significant intensity in the wide range of b lie in
6.55M < b < 6.83M , while the photon ring emission has a
narrower spike at b ∼ 6.64M which can hardly be differenti-
ated from the lensing one which leads to highly demagnetized
to a narrow region and the intensity of the direct emission is
still observed dominant. The overall results in the two dimen-
sional optical appearance is visualized in the right panel. The
lensing ring has a small contribution to the total brightness
while the photon ring is hardly diluted and narrowly visible.

Finally, in the third row of Fig. 6, the emitted region has
been increased to the event horizon rh = 2.96, as shown in the
left column and the decay rate of the emission is very moder-
ate as compared to the previous two models. One can see that
from the inner rim, the observed intensity lies in the lensed
position of the event horizon at b ∼ 0.25M . The observa-
tional intensity increases suddenly, reaches the highest point
in the emission of the photon ring and lies beyond the dark
region due to the influence of gravitational red-shift. After
this, the observed intensity starts to show decaying behavior
nicely at b ∼ 6.64M in the photon ring and the participation
of the lensing ring in the total flux is appreciable as com-
pared to the previous two cases. In this case, the observed
appearance reflects a narrow but makes a prominent brighter
extended ring contribution to the observed intensity, but the
photon ring is still safely ignored.

From Fig. 6, it is interesting to mention that the dark inte-
rior regions are different for different plots of emissions, but
the location of the photon ring stays always at b ∼ 6.64M .
In addition, we plot all the emission profiles and observed
intensities in Fig. 7. The graphical description is the same
for these profiles as we discussed in Fig. 6. The differences
are the location of the photon/lensing rings and the quanti-
ties of luminosity intensities. The optical appearance in these
flow models is physically well behaved and viable with the
statistical mechanics obtained from the original analysis of
the Schwarzschild BH as discussed in [12].

4 Shadows of the BH with rest spherical accretion

Here, we are going to analyze the shadows of the BH with a
static spherical accretion model for various values of model
parameters. We investigate the shadow of charged four-
dimensional GB BH with the influence of NC parameter and
cloud of strings for static spherical accretion. To this end,
we focus on the observed specific intensity, which is usually
defined in ergs−1cm−2str−1Hz−1), as expressed in [39,40].

I obs(b) =
∫

gobs3 j (νobs
e )dlp, (25)

where gobs = νobs
o /νobs

e is the red-shift factor, νobs
o is the

observed photon frequency, νobs
e is the radiate photon fre-
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Fig. 6 Optical observation of thin disk accretion near the BH with
different emission matter profiles, viewed from a face-on orientation.
From left to right panels, the depicted graphs are reflecting the various

emissions, observed emissions, and two-dimensional optical appear-
ance, respectively. The numerical values of parameters for all profiles
are defined in set 2 and the mass of BH as M = 1

quency, j (νobs
e ) represents the emissivity per unit volume,

which is calculated in the static frame of the emitter and
dlp is the infinitesimal proper length. From Eq. (2), the red-

shift factor gobs = f (r)
1
2 . We consider the emission of light

radiations is monochromatic, which is perceived with single
constant frequency νk , i.e.,

j (νobs
e ) ∝ δ(νe − νk)

r2 . (26)

Further, the emission of light has 1/r2 radial profile as
defined in [40], and one can derived the proper length in
space-time structure as following

dlp =
√

( f (r)−1dr2 + r2dϕ2),

=
√

f (r)−1 + r2

(
dϕ

dr

)2

dr. (27)

Using Eqs. (25)–(27), we can obtain the specific intensity
which is observed by the static observer as

I obs(b) =
∫

f (r)3/2

r2

√
f (r)−1 + r2

(
dϕ

dr

)2

dr. (28)

Based on Eq. (28), we will discuss the shadow appear-
ance and the related observed intensity of the considering
BH in the perspective of static spherical accretion under the
influence of parameters. The intensity of the light can be
measured with the help of a light pulse, which is calculated
by the impact parameter b. In Fig. 8 (top row), the observed
intensities of light rays are shown for various values of model
parameters as mentioned in the two-dimensional BH shadow
image in the bottom row.

From Fig. 1, we see that as the trajectory of impact param-
eter b increases, the observed specific intensity starts to
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Fig. 7 Optical observation of thin disk accretion near the BH with
different emission matter profiles, viewed from a face-on orientation.
From left to right panels, the depicted graphs are reflecting the various

emissions, observed emissions, and two-dimensional optical appear-
ance, respectively. The numerical values of parameters for all profiles
are defined in set 3 and the mass of BH as M = 1

increase nicely and stay at the peak when b = bc, and then
exhibits a decaying pattern of attenuation. From Fig. 8 (top
row), as b increases, the intensity ascended first when b < bc,
then reached the peak value at b = bc and finally dropped
down in the region b > bc. This result is consistent with
Fig. 1 and physically viable. When b is smaller than the criti-
cal case bc, the observed intensity originating from accretion
matter is absorbed by the BH. For b = bc, the trajectory of
the photon is rotating about the BH several times in the BH
photon ring orbit. Therefore, a distant static observer sees the
maximal luminosity at the critical point.

Meanwhile, for b > bc, the specific intensity I obs(b)
shows a decaying behavior, and when b → ∞, the observed
intensity will be zero. Further, it is also observed that the

intensity of the light ray gradually varies (increasing or
decreasing) with the variation of parameters, and hence, each
parameter plays a significant role in the BH luminosity. The
two-dimensional BH shadow image is also reflected in Fig.
8 (bottom row), where different bright rings correspond to
different values of the specific intensity. The image of the
BH shadow is circularly symmetric, and BH is surrounded
by a bright photon ring, the so-called photon sphere. The
numerical evaluation of photon sphere radius for some spe-
cific values of model parameters is listed in Table 1. Clearly,
the features in Fig. 8 are physically viable with that in Table
1. Moreover, the interior of the photon sphere does not vanish
completely, because there is a little part of the radiative gas
has escaped from the BH.
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Fig. 8 The graphical interpretation of the total observed intensity I obs(b), reflects by a static spherical accretion flow matter, for different BH state
parameters and the mass of BH as M = 1. We choose these numerical values as three examples, and one can find a comprehensive details in the
main texts

5 Shadows of the BH with an infalling spherical
accretion

The geometrically thin accreting matter is assumed to be
more realistic in nature due to infalling matters. Now Eq. (28)
is still useful, but the associated red-shift factor is defined as

g = Kσuσ
0

Kτuτ
e

, (29)

in which Kρ = ẋρ , uρ
0 = (1, 0, 0, 0) and uρ

e represent
the four-velocity components of photon, static observer and
accretion matter respectively, as given by

use = f (r)−1, uv
e = −(1 − f (r))1/2, uθ

e = uϕ
e = 0. (30)

Using Eqs. (12)–(14), we obtained the components of four-
velocity. As Ks = 1/b is a constant term and Kv can be
inferred from K�K� = 0, i.e.,

Kv

Ks
= ± 1

f (r)

√
1 − b2 f (r)

r2 , (31)

where the sign “±” corresponds to the motion of photons
moving towards/away from the BH. Confronting Eq. (31),
the red-shift factor given in Eq. (29) can be obtained as

g = 1

use + Kv/Keuv
e
. (32)

In this case, the proper distance can be evaluated as

dlp = Kτu
τ
e ds = Ks

g|Kv|dr, (33)

where τ represents the photon path along the affine parameter
s. Here, we also consider that the emissive specific intensity
is monochromatic, so Eq. (26) is still valid and hence, the
infalling spherical accretion can be calculated as

I obs
� (b) ∝

∫
g3Ks(r

2|Kv|)−1dr. (34)

From Eq. (34), we investigate the shadow of the consid-
ering BH by a static observer for different model parame-
ters with infalling accretion. In Eq. (34), an absolute value
of Kv is included, which represents that with the change of
photon’s direction of motion, the sign of Kv also changed.
From Fig. 9 (top row), we observed that the intensity of light
increases significantly first as well to peak b = bp, and then
booster down to lower values. The observational features are
relatively equivalent to that in the rest accretion case as we
discussed earlier for Fig. 8.

The two-dimensional observational appearance of the BH
shadow image is shown in Fig. 9 (bottom row). We noticed
that the resolution of the BH shadow and the location of the
photon sphere are the similar phenomenological prescription
as those with the static accretion flow. However, a major new
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Fig. 9 The graphical interpretation of the total observed intensity I obs
� (b) reflects with an infalling spherical accretion flow matter, for different

BH state parameters and the mass of BH as M = 1. We choose these numerical values as three examples, and one can find a comprehensive details
in the main texts

disk viewed is found that in the central region, the infalling
BH shadow has typically darker contribution in space-time
properties as compared to that with static accretion, which is
presumably accounted due to Doppler effect, which relates
to the matter orbiting around the jet axis. More significantly,
one can observe that the influence of this contribution is more
prominent, which is close to the event horizon of the consid-
ering BH system.

6 Conclusions and discussion

During the last two decades, the analysis of shadows cast by
astrophysical stellar objects, especially for BH and worm-
holes have obtained significant attention in many research
areas. The first detection of a BH shadow found at the hearts
of giant galaxies from the EHT collaboration led to the
more realistic interpretation of these astrophysical objects in
nature. In the present study, we mainly investigate the shad-
ows and photon spheres of BH, which are illuminated by a
thin accretion disk. In this scenario, we have considered the
optical appearance of four-dimensional Gauss–Bonnet BH
in the presence of charge along with the cloud of strings and
NC geometry of BH distribution.

For the viability of our developed structure in the frame-
work of our considering BH shadow formulation, we have

examined some physical properties under the influence of
model parameters such as effective potential, deflection of
light near the BH, shadows, and photon rings with optically
and geometrically thin disk emission and observed specific
intensities with static and infalling accretion flow models.
The physical significance of the discussed properties for
some specific choices of model parameters for our consid-
ered systems is listed below.

• Effective potential: Using the effect of null geodesic, we
depicted the behavior of effective potential and photon
ring orbit in this geometry. From Fig. 1, one can see
that the trajectories of effective potential significantly
vary with the variations of parameters. Particularly, the
value of the event horizon rh , critical curve bc and pho-
ton sphere rp decreases with the increase of α and these
quantities directly increase with increasing values of a. In
addition, we also depicted the ingoing and outgoing tra-
jectories of light rays corresponding to effective potential
as shown in Figs. 2 and 3. For instant, we depicted here the
behavior of effective potential just as example for some
specific choices of model parameters and investigated
the dynamics of the photon sphere under the influence of
these values.

• Light bending near a BH: The optical appearance of
accretion matter near the BH from a static observer’s eye
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can be understood by tracing the null geodesics. To under-
stand the total change in the optical plane, we take three
optical and geometrical accretion flow models as exam-
ples of null geodesic light trajectories with impact param-
eter b. We plotted this accretion in two different ways in
Fig. 4. The top row of Fig. 4 shows the light ray trajecto-
ries according to the total number of orbits,n(b) = ϕ/2π .
The motion of light rays in a straight line would corre-
spond to n(b) = 1/2, and the bending of light rays that
do not enter the BH is calculated by n(b)− 1/2. The sin-
gularity of these plots lie at b = 6.82781M (left panel),
b = 6.55952M (Middle panel) and b = 6.38135M (right
panel). The bottom row of Fig. 4 gives a clearer picture
of what a static observer would see at large distances.
The light rays can be classified into three regions such
as direct emission, lensing ring and photon ring accord-
ing to the number of distinctions at the equatorial plane.
Despite these distinct configurations in the total luminos-
ity of BH solutions, there is not only a dark interior the
region, but also the direct emission makes a major con-
tribution to the brightness while the lensing ring makes a
minor contribution and the role of photon ring in obser-
vational appearance can be safely ignored regarding their
negligible contribution.

• Transfer functions: We try to understand the emission of
light rays originating near the BH from an optically thin
disk with the formulation of specific intensity depending
on the radial coordinate. We plotted the first three transfer
functions in Fig. 5. There is no light deflection inside the
radius because none of the transfer functions has support
for b ≤ 2.9M . The slope of the first transfer function
lies in the entire range, so the direct image represents the
red-shift source file.
The second transfer function supports the lensing ring
and the image profile here is highly (de)magnified on the
back side of the disk, while the third transfer function
represents the photon ring, where the image is extremely
demagnetized on the front side of the disk. This image
profile as well as further images are highly demagnified,
so, the contribution of these images is negligible to the
total luminosity.

• Observational features of BH: In addition, we considered
three toy models of optically and geometrically thin disk
emission flow to further study the observational appear-
ance and then compared the observed specific intensities.
The emitted intensity observed from these three models
peak at the isco for time-like observers, and at the unstable
circular orbit for photons spheres and close the horizon
for BH solution. The simulation obtained from specific
intensities with the help of these three models yield dif-
ferent qualitative emissions and physical scenarios.
From Figs. 6 and 7, the photon ring is an extremely curved
light ray and has so narrow area hence, the participation in

the total flux can be negligible. The region of the lensing
ring is wider than the photon ring and made a large contri-
bution to the total flux. But this contribution is very small
as compared to the direct emission flow case. Hence, our
obtained solutions showed that the role of direct emission
is always appreciable to the total observed intensity.

• Specific intensity with static and infalling spherical
accretion: From the observed intensity, one can see that
there is a bright sphere ring outside the central region
and this brightness gradually varies with the influence
of BH state parameters. In the case of infalling accre-
tion, we found that the interior region of the shadow has
lower observation luminosity than that of the static case,
as one can see from the density map as depicted in Figs.
8 and 9. Furthermore, the static model has significantly
lower trajectories than the infalling accretion one. So,
the Doppler effect of infalling matter caused the most
prominent contrast between these two accreting models.
However, our considering BH parameters would change
the position/location of the photon sphere BH profiles.

We obtained these results for a more realistic model as
compared to [14,15] and tried to enhance the brightness of
the photon ring and BH shadow. We expect that these results
inspire the theoretical study of BH shadow image and other
physical quantities that may be fruitful for the observational
teams working on achieving high resolution of the photon
sphere and BH accreting matter configuration in GR as well
as other modified theories of gravity.
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