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Abstract Within the color singlet model, we calculate
the exclusive production of double charmonia, double bot-
tomonia, and double Bc mesons at future super Z factory.
The two heavy quarkonia or Bc’s are either two S-wave
Fock states (1S0,

3S1), or one S-wave and one P-wave
states (1P1,

3PJ (J = 0, 1, 2)). The top three Z0 propa-
gated channels in cross sections for double charmonia are
σ(J/ψ + hc)Z0 = (454.0+39.1

−59.2) × 10−5 f b, σ (ηc + χc2)Z0

= (284.2+22.2
−35.3)×10−5 f b, andσ(ηc + χc0)Z0 = (137.0+9.9

−16.4)×
10−5 f b. For double bottomonia, they are σ(ηb + ϒ)Z0 =
(428.6+67.9

−60.9) × 10−4 f b, σ (ϒ + χb2)Z0 = (230.6+23.6
−22.2) ×

10−4 f b, and σ(ϒ + ϒ)Z0 = (119.9+18.4
−16.6) × 10−4 f b.

For double Bc mesons, they are σ(B∗+
c + B∗−

c )Z0 =
(1150+87

−84) × 10−3 f b, σ(B∗+
c + χ−

bc2)Z0 = (1133−16
+22) ×

10−3 f b, and σ(η+
bc + B∗−

c )Z0 = (634.6+47.8
−45.8) × 10−3 f b.

Here the uncertainties come from the varying masses of con-
stituent heavy quarks, which bring up to 20% corrections.
The cross sections of double Bc mesons are roughly one order
of magnitude larger than those of the double bottomonia, and
two orders of magnitude larger than those of the double char-
monia. To make it helpful for experimental study, we present
the total cross sections σ as functions of CM energy

√
s, σ

as functions of the renormalization scale μ, the angle dis-
tributions dσ/dcosθ , and the pT distributions dσ/dpt . We
also find that the initial state radiation can bring about 30–
40% suppresions when 1%mZ energy is losing, and cross
sections can increase by about 2–3 times or decrease by an
order of magnitude when adopting different potential models
which becomes the major source of uncertainty. The numer-
ical results show that it might be not optimistic for the exper-
imental observation, but it is still far from excluded at the
FCC-ee and also the CEPC running in the Z factory mode.

a e-mail: xiaosueer@163.com
b e-mail: jiangjun87@sdu.edu.cn (corresponding author)
c e-mail: zyh329@mail.sdu.edu.cn

1 Introduction

The Large Hadron Collider (LHC) provides a direct probe
of the high energy frontier of particle physics. We also have
the BESIII experiment at the BEPC running at the τ -charm
energy region and the Belle II experiment at the super KEKB
running as a B factory. As a supplementary, we further need
another electron-positron collider to make precise study on
the W±, Z0, and Higgs physics running at proper energy
regions. The Circular Electron Positron Collider (CEPC) pro-
vides three operation modes, corresponding to the Higgs fac-
tory running at center-of-momentum (CM) energy

√
s = 240

GeV, the Z factory at
√
s = 91.2 GeV, and the WW thresh-

old scan around
√
s ∼ 160 GeV. For the Z -factory mode, the

CEPC would have the Z0 event yields of 7 × 1011 [1]. The
first stage of Future Circular Collider (FCC) is an electron-
positron collider (FCC-ee), which would operate at the Z
resonance for 4 years. It has even larger Z0 event yields of
7 × 1012, since its total integrated luminosity is about nine
times as that of CEPC [2]. The future electron-positron col-
liders would provide nice platforms for the precise study on
Z0 physics. Note that, the Electron Positron Linear Collider
also has the similar GigaZ running mode [3], and a super Z
factory has also been proposed by another Chinese group [4].

The production of heavy quarkonium is a multiscale prob-
lem for probing the quantum chromodynamics (QCD) theory.
The heavy quarkonium is a bound state consisting of a heavy
quark and a heavy antiquark, i.e. the QQ̄′ (Q, Q′ = c or
b quarks) bounding systems. The production of the heavy
quarkonium has three different momentum scales: the heavy
quark mass ∼ mQ , the momentum of the heavy quark or anti-
quark in the quarkonium rest frame ∼ mQv, and the kinetic
energy of the heavy quark or antiquark ∼ mQv2. Here, v

is the relative velocity between the constituent heavy quark
and antiquark in the quarkonium rest frame. The typical val-
ues are v2 = 0.1 for bb̄ quarkonium, and v2 = 0.3 for cc̄
quarkonium. Because of mQ � mQv � mQv2, the cre-

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-023-11174-x&domain=pdf
http://orcid.org/0000-0002-0718-4813
https://orcid.org/0000-0003-3178-4592
mailto:xiaosueer@163.com
mailto:jiangjun87@sdu.edu.cn
mailto:zyh329@mail.sdu.edu.cn


22 Page 2 of 13 Eur. Phys. J. C (2023) 83 :22

ation of the constituent QQ̄′ pair can be calculated pertur-
batively, while the hadronization of QQ̄′ pair to a physical
color-singlet quarkonium is nonperturbative. So the produc-
tion of heavy quarkonium has been a hot topic on exploring
the QCD at both the perturbative and nonperturbative energy
regions, which provides rich physics on strong interation. For
more information on the current status of heavy quarkonium,
please refer to some reviews [5–9].

Considering the fact that the constituent heavy quark and
antiquark inside the quarkonium have the nonrelativistic
nature, we can use the nonrelativistic QCD (NRQCD) factor-
ization framework [10,11] to factor the production of heavy
quarkonium into the perturbative creation of the constituent
QQ̄′ pair and the nonperturbative hadronization of the heavy
quark pair. The NRQCD factorization formulation consists of
the short-distance coefficients and long-distance matrix ele-
ments. The short-distance coefficients stand for the hard cre-
ation of the heavy constituent QQ̄ pair and can be calculated
perturbatively with the method of the Feynman diagrams.
The long-distance matrix elements stand for the nonpertur-
bative hadronization of the binding QQ̄ pair with definite
J PC quantum numbers into the physical heavy quarkonium.
Our calculation are in the color singlet model (CSM) [12–
14], which require the intermediate QQ̄ pair and the final
quarkonium have the same quantum numbers. Under this
assumption, the long-distance matrix elements then can be
related to the radial wave functions (or their derivatives) of the
heavy quarkonium at the origin, which can be extracted from
the decays of the quarkonim and can be calculated within the
potential models [15–24] or potential NRQCD [25] or lattice
QCD [26]. Thus there are no free nonperturbative parameters
in CSM.

In the calculation of the short-distance coefficients in the
NRQCD framework, the squared amplitudes become com-
plicated and lengthy especially for the production of the
P-wave quarkonium. To simplify the calculation, we adopt
the “improved trace technology” [27–32], which is based
on the helicity amplitude method. In which, the amplitudes
have been expressed directly as the linear combinations of
independent Lorentz structures before the polarization sum.
This method helps a lot to overcome the problem of time-
consuming calculation for the production of the P-wave
quarkonium.

The production of double heavy quarkonia has been stud-
ied extensively both at the LHC and B factories. The hadronic
production of double J/ψ has always been a hot topic
because J/ψ can be very easy to be detected by its leptonic
decays and this channel can be used to explore the distribu-
tion of gluons in a proton at the LHC [33–40]. In addition,
the photoproduction of double J/ψ [41], the production of
double heavy quarkonia through diffractive interactions [42],
the production of double heavy quarkonia through photon-
photon interaction [43,44], and the hadronic production of

double Bc mesons [45] have also been studied. The produc-
tion of double heavy quarkonia through electron-positron
annihilation has been widely explored at B factories. In par-
ticular, the production of J/ψ + ηc at B factories once chal-
lenged the NRQCD framework. At the leading order (LO)
within NRQCD formulation, its total cross section is about
2–6 fb [46–48]. However, the measurements at B factories
by the Belle and BaBar collaborations show that the cross
section is much bigger, around 20 fb [49,50]. This large dis-
crepancy between theory and experiment can be reduced by
the QCD next-to-leading order (NLO) corrections [51,52]
and the relativistic corrections in the NRQCD [46,53,54].
Recently, this issue has been solved by the QCD next-to-next-
to-leading corrections [55], which gives consistent estimate
with the BaBar measurement.

The future Z factory is another platform to study the pro-
duction of double heavy quarkonia through the Z0 boson
decays. Although these exclusive processes are rare, we have
the advantages of the vast Z0 events and the clear background
provided by the fully reconstructed quarkonia at the elec-
tron positron collider running as a Z factory. This provide
us another opportunity of studying the interplay between the
perturbative and nonperturbative regimes in the hadroniza-
tion of heavy quark pair into quarkonia. The production of
the double charmonia at LO at such Z factory is discussed
in Refs. [56,57]. The QCD NLO corrections to the produc-
tion of double charmonia are also studied [58,59], which
shows that NLO corrections are also important near the Z0

mass pole. The QCD NLO corrections to the paired S-wave
B(∗)
c production are obtained, where the NLO corrections are

small at Z0 pole [60]. The associated S-wave charmonium-
bottomonium production at LO at Z0 pole are explored in
Ref. [61]. In the present paper, we shall study the produc-
tion of double charmonia, double bottomonia, and double Bc

mesons at the future Z factory, where the case of two S-wave
(1S0,

3S1) states and the case of one S-wave and one P-wave
(1P1,

3PJ (J = 0, 1, 2)) states are considered. To make our
work more helpful in future experimental researches, we shall
discuss the dependences of cross sections on the center-of-
momentum energy and the running renormalization scale,
the differential angle distribution, the transverse momentum
distribution, and the uncertainties caused by the masses of
constituent heavy quarks and the radial wave functions (or
their derivatives) of the heavy quarkonium at the origin.

The rest of this paper is organized as follows. In Sect. 2, we
introduce the prescription of the production of double heavy
quarkonium within the CSM framework. In Sect. 3, we first
present the total cross sections, then discuss their differential
distributions and the uncertainties. Section 4 is reserved for
a summary.
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Fig. 1 Feynman diagrams for electron positron annihilation into dou-
ble heavy quarkonia or Bc’s through the virtual photon and Z0 boson

2 Formulations

The Feynman diagrams for the exclusive production of dou-
ble heavy quarkonia or Bc mesons in e−(p1)e+(p2) →
γ ∗/Z0 → H1[n](q1) + H2[n′](q2) are displayed in Fig. 1,
where H1(2) represent the heavy quarkonia or Bc’s and
[n(′)] represent the spin and orbit angular momentum states
[1S0], [3S1], [1P1], and [3PJ ] (J = 0, 1, 2). Here all the
intermediated Fock states are in color singlet model (CSM).
The differential cross sections can be factored into the short-
distance coefficients and the long-distance matrix elements
[10,11],

dσ(H1, H2) = dσ̂ ((Q′ Q̄)[n]
+(QQ̄′)[n′])〈O[n]〉〈O[n′]〉. (1)

The short-distance coefficients σ̂ describe the short-distance
production of two Fock states (Q′ Q̄)[n] and (QQ̄′)[n′]
(Q, Q′ = c or b quarks) with the spin and orbit angu-
lar momentum states [n] and [n′], respectively. In CSM,
the non-perturbative long-distance matrix elements 〈O[n(′)]〉
describe the hadronization of the Fock state (QQ̄′)[n(′)] into
the physical heavy quarkonia H1(2) in the same quantum
states [n(′)].

The short-distance differential cross section dσ̂ are per-
turbatively calculable,

dσ̂ = 1

4
√

(p1 · p2)2 − m4
e

∑∣∣M([n], [n′])∣∣2
d
2, (2)

where
∑

stands for the average over the spin of the initial
electron and positron, and sum over the color and spin of

the two Fock states. In the e−e+ center-of-momentum (CM)
frame, the two-body phase space can be simplified as

d
2 = (2π)4δ4

⎛

⎝p1 + p2 −
2∑

f =1

q f

⎞

⎠
2∏

f =1

d3 
q f

(2π)32q0
f

= | 
q1 |
8π

√
s
d(cosθ). (3)

Here, s = (p1 + p2)
2 stands for the squared CM energy. The

magnitude of the 3-momentum |
q1| =
√

λ[s, M2
1 , M2

2 ]/2
√
s,

where M1(2) are the masses of two heavy quarkonia H1(2) and
λ[a, b, c] = (a − b − c)2 − 4bc. The θ is the angle between
the momentum 
p1 of the electron and the momentum 
q1 of
the quarkonium H1[n].

The hard scattering amplitude M([n], [n′]) in Eq. (2) can
be read directly from the Feynman diagrams in Fig. 1,

iM([n], [n′]) =
4∑

j=1

v̄l ′(p2)Vμul(p1)DμνAν
j , (4)

where j represents the number of Feynman diagrams, and
l(′) are the spins of the initial leptons. The vertex Vμ and
the propagator Dμν for the virtual photon and Z0 propagated
processes have different forms,

Vμ = α(−ieeQγ μ) + β
−ig

4cosθW
γ μ(1 − 4eQsin

2θW − γ 5),

Dμν = α
−igμν

p2 + β
−igμν

p2 − m2
Z + imZ�Z

. (5)

In which, α = 1, β = 0 is for virtual photon propagated
processes, and α = 0, β = 1 is for Z0 propagated processes.
e is the unit of the electric charge, eQ = 1, 2/3,−1/3 for
the leptons, c quark, and b quark, respectively. g is the weak
interaction coupling constant, and θW represents the Wein-
berg angle. p = p1 + p2 is the 4-momentum of the propa-
gator. mZ and �Z are the mass and the total decay width of
Z0 boson.

The explicit expressions of the Dirac γ matrix chains
Aν

j ( j = 1, 2, 3, 4) in Eq. (4) for the case that both two

quarkonia or Bc’s are the S-wave states ([1S0] , [3S1]) can be
formulated as
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Aν(S,L=0)
1 = iT r

[

�(S,L=0)
q1

γ σ
(/q1 + /q21) + mQ1

[(q1 + q21)2 − m2
Q1

](q12 + q21)2
Vν�(S,L=0)

q2
γ σ

]

,

Aν(S,L=0)
2 = iT r

[

�(S,L=0)
q1

Vν
−(/q2 + /q12) + mQ2

[(q2 + q12)2 − m2
Q2

](q12 + q21)2
γ σ �(S,L=0)

q2
γ σ

]

,

Aν(S,L=0)
3 = iT r

⎡

⎣�(S,L=0)
q1

γ σ �(S,L=0)
q2

Vν
−(/q1 + /q22) + mQ′

1

[(q1 + q22)2 − m2
Q′

1
](q11 + q22)2

γ σ

⎤

⎦ ,

Aν(S,L=0)
4 = iT r

⎡

⎣�(S,L=0)
q1

γ σ �(S,L=0)
q2

γ σ
(/q2 + /q11) + mQ′

2

[(q2 + q11)2 − m2
Q′

2
](q11 + q22)2

Vν

⎤

⎦ . (6)

Here, S and L are the spin and the orbit angular momentum of

the Fock states [n(′)]. q11 = mQ1
M1

q1 +q and q12 = mQ′
1

M1
q1 −q

are the momenta of the two constituent heavy quarks of the
quarkonium H1[n](q1) with q being the relative momentum

between them and M1 = mQ1 +mQ′
1
. q21 = mQ′

2
M2

q2 +q ′ and

q22 = mQ2
M2

q2 − q ′ are the momenta of the two quarks of the
quarkonium H2[n′](q2) with q ′ being the relative momentum
between them and M2 = mQ′

2
+ mQ2 . The two projectors

�
(S,L=0)
qk (k = 1, 2) in Eq. (6) have the following forms

�(S,L=0)
qk = εa(qk)

−√
Mk

4mQkmQ′
k

(/qk2 − mQ′
k
)

× γ a(/qk1 + mQk ) ⊗ δi j√
Nc

. (7)

For spin-singlet state [1S0], εa(qk) = 1 and γ a = γ 5; for
spin-triplet state [3S1], εa(qk) = εα(qk) is its polarization
vector and γ a = γ α is the Dirac matrix with Lorentz index
α. For the S-wave states, the relative momentum q and q ′ are
set to zero directly. In CSM, δi j/

√
Nc is the color operator for

color-singlet projector of the heavy quarkonium with Nc = 3.
We shall consider the case that one of two quarkonia or

Bc mesons H2[n′](q2) is a P-wave state ([1P1], [3PJ (J =
0, 1, 2)]). The expressions ofAν

j ( j = 1, 2, 3, 4) for this case
can be expressed in those for both S-wave case,

Aν(S=0,L=1)
j = εβ(q2)

d

dq ′
β

Aν(S=0,L=0)
j

∣∣∣∣∣
q=0,q ′=0

,

Aν(S=1,L=1)
j = εJαβ(q2)

d

dq ′
β

Aν(S=1,L=0)
j

∣∣∣∣∣
q=0,q ′=0

. (8)

In which, εβ(q2) is the polarization vector of the [1P1] state,
and εJαβ(q2) is the polarization tensor for [3PJ ] states with
J = 0, 1, 2. The derivatives over the relative momentum q ′

β

of the quarkonium or Bc meson H2[n′] will give complicated

and lengthy amplitudes. The relative momentum q ′ is set to
zero after taking the derivatives.

To get compact analytical expression of the complicated
P-wave channels and also to improve the efficiency of numer-
ical evaluation, we adopt the “improved trace technology”
to simplify the amplitudes M([n], [n′]) at the amplitude
level before evaluating the polarization sum. To shorten this
manuscript, we don’t present the prescription. For detailed
techniques and examples, one can refer to the literatures [27–
32].

When manipulating the squared amplitudes |M([n],
[n′])|2 in Eq. (2), we need to sum over the polarization vectors
of the heavy quarkonia. For the spin-triplet state [3S1] or the
spin-singlet state [1P1] with 4-momentum p, the polarization
sum is given by [11]

∑

Jz

εαεα′ = �αα′ ≡ −gαα′ + pα pα′

p2 , (9)

where Jz = Sz or Lz for [3S1] and [1P1] states, respectively.
In the case of [3PJ ] states, the polarization sum should be per-
formed by the selection of appropriate total angular momen-
tum quantum number J . The sum over polarization tensors
is given by [11]

ε0
αβε0∗

α′β ′ = 1

3
�αβ�α′β ′ ,

∑

Jz

ε1
αβε1∗

α′β ′ = 1

2
(�αα′�ββ ′ − �αβ ′�α′β),

∑

Jz

ε2
αβε2∗

α′β ′ = 1

2
(�αα′�ββ ′ + �αβ ′�α′β) − 1

3
�αβ�α′β ′ ,

for total angular momentum J = 0, 1, 2, respectively.
At last we discuss the hadronization of the Fock states

into the physical heavy quarkonia, which is described by the
nonperturbative color-singlet matrix element 〈O([n(′)])〉 in
Eq. (1). The heavy-quark spin symmetry provides relations
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between matrix elements for the various spin states [10],

〈O([3S1])〉 = 〈O([1S0])〉[1 + O(v2)],
〈O([3PJ ])〉 = 〈O([1P0])〉[1 + O(v2)]. (10)

Here, v is the relative velocity between the constituent heavy
quark and antiquark in the quarkonium or Bc rest frame.
Further, vacuum-saturation approximation together with the
heavy-quark spin symmetry can be used to express all the
color-singlet matrix elements in terms of the radial wave
functions at the origin RS(0) for S-wave states and their first
derivatives at the origin R′

P (0) for P-wave states [10],

〈O([1S0])〉 = 1

4π

∣∣RS(0)
∣∣2[1 + O(v4)],

〈O([3S1])〉 = 1

4π

∣∣RS(0)
∣∣2[1 + O(v4)],

〈O([1P1])〉 = 3

4π

∣∣R′
P (0)

∣∣2[1 + O(v2)],

〈O([3PJ ])〉 = 3

4π

∣∣R′
P (0)

∣∣2[1 + O(v2)]. (11)

Since the relativistic corrections are at order v2 or evern
higher in NRQCD, we can adopt the same values of matrix
elements for both the spin-singlet and spin-triplet states.
Moreover, the radial wave functions (or their derivatives)
of the heavy quarkonia or Bc mesons at the origin can be
extracted from the decays of the quarkonia or Bc’s in experi-
ments, and be calculated within the potential models [15–24]
or potential NRQCD [25] or lattice QCD [26].

3 Phenomenology

3.1 Input parameters

For the numerical analysis, masses of the constituent c and b
quarks for heavy quarkonia and Bc mesons are displayed
in Table 1. The mass of a heavy quarkonium is always
set to be the sum of the masses of its constituent quarks
Mi = mQi +mQ′

i
(i = 1, 2), which ensures the gauge invari-

ance of the hard scattering amplitude under the NRQCD
framework. Thus we adopt different constituent quark masses
for the S- and P-wave heavy quarkonia and Bc mesons.
In our previous work [62], the radial wave functions at
the origin |RS(0)|2 and the first derivatives of radial wave
functions at the origin |R′

P (0)|2 for various heavy quarko-
nia and Bc mesons have been calculated under five dif-
ferent potential models. In this work, we adopt the results
of the Buchmüller and Tye potential model (BT-potential)
[15,16,62], which are also presented in Table 1. The uncer-
tainties of radial wave functions (or their derivatives) at
the origin are caused by the corresponding varying quark
masses, which would be taken into consideration when we
discuss the uncertainties caused by varying quark masses

in Sect. 3.3. The LO running strong coupling constant αs

is adopted, which leads to αs(2mc) = 0.26 for charmonia
and Bc mesons, and αs(2mb) = 0.18 for bottomonia. Other
parameters have the following values [63]: the Fermi constant

GF =
√

2g2

8m2
W

= 1.16639 × 10−5 GeV−2 with mW = 80.399

GeV, the fine structure constant α = e2/4π = 1/130.9,
the Weinberg angle θW = arcsin

√
0.23119, and the Z0

boson mass mZ = 91.1876 GeV and its total decay width
�Z0 = 2.4952 GeV.

3.2 Total and differential cross sections

The total cross sections for the production of double heavy
quarkonia and Bc mesons via e−e+ → γ ∗/Z0 → H1[n] +
H2[n′] at CM energy

√
s = 91.1876 GeV are listed in Table

2. From this table, one could draw a conclusion that the con-
tributions from virtual photon propagated processes are neg-
ligible in comparison with Z0 propagated processes at future
super Z0 factory. The top three Z0 propagated channels for
the production of double charmonia, double bottomonia, and
double Bc mesons are

σ(J/ψ + hc)Z0 > σ(ηc + χc2)Z0 > σ(ηc + χc0)Z0 > . . . ,

σ (ηb + ϒ)Z0 > σ(ϒ + χb2)Z0 > σ(ϒ + ϒ)Z0 > . . . ,

σ (B∗+
c + B∗−

c )Z0 > σ(B∗+
c + χ−

bc2)Z0 > σ(η+
bc + B∗−

c )Z0 > . . .

(12)

In Ref. [56], Chen et al. calculate the cross sections for the
production of the double charmonia for S- and P-wave states
in CSM. If the same input parameters are adopted, our esti-
mations in Table 2 are consistent with theirs.

For the Z factory operation mode at CEPC, the designed
integrated luminosity with two interaction point and in 2
years is 16 ab−1 [1]. Then we can estimate the events of the
production of double heavy quarkonia and Bc mesons. The
top three channels for double charmonia are 73 J/ψ + hc
events, 45 ηc + χc2 events, and 22 ηc + χc0 events. The
top three channels for double bottomonia are 686 ηb + ϒ

events, 369 ϒ + χb2 events, and 192 ϒ + ϒ events. The
top three channels for double Bc mesons are 1.84 × 104

B∗+
c + B∗−

c events, 1.81 × 104 B∗+
c + χ−

bc2 events, and
1.02 × 104 η+

bc + B∗−
c events. We take the J/ψ + hc chan-

nel as an example to discuss its observation at CEPC. The
J/ψ event can be fully reconstructed through the leptonic
decay J/ψ → l+l− (l = e, μ) whose branching fraction
is about 12% [63]. The hc can be reconstructed through the
decay chain hc → ηc+γ → (hadronic decays)+γ with the
(50±9)% branching fraction of hc → ηc+γ [63] and about
total 43% branching fraction of the sixteen hadronic decays

123



22 Page 6 of 13 Eur. Phys. J. C (2023) 83 :22

Table 1 The masses (units: GeV) of the constituent quarks, and the
squared radial wave functions at the origin |RS(0)|2 (units: GeV3) and
their first derivatives at the origin |R′

P (0)|2 (units: GeV5) for the char-

monia, bottomonia and Bc mesons within the BT-potential model [62].
The uncertainties of radial wave functions (or their first derivatives) at
the origin are caused by the corresponding varying quark masses

S-wave P-wave

Chamonia mc |R(cc̄)[S](0)|2 mc |R′
(cc̄)[P](0)|2

1.48±0.1 2.458+0.227
−0.327 1.75±0.1 0.322+0.077

−0.068

Bottomonia mb |R(bb̄)[S](0)|2 mb |R′
(bb̄)[P](0)|2

4.71±0.2 16.12+1.28
−1.23 4.94±0.2 5.874+0.728

−0.675

Bc mesons mc, mb |Rcb̄[S](0)|2 mc, mb |R′
cb̄[P](0)|2

1.45±0.1, 4.85±0.2 3.848+0.474
−0.453 1.75±0.1, 4.93±0.2 0.518+0.123

−0.105

Table 2 Cross sections (units: f b) for the production of the double
heavy quarkonia and Bc mesons in e+e− annihilation at

√
s = mZ

within the BT-potential model [62]. The subscripts γ ∗ and Z0 are for

virtual photon and Z0 boson propagated processes, respectively. The
top three channels in each column are in bold face

Charmonia Bottomonia Bc mesons

σ(ηc + J/ψ)γ ∗ 3.269 ×10−6 σ(ηb + ϒ)γ ∗ 1.588 ×10−5 σ(η+
bc + B∗−

c )
γ ∗ 5.711 ×10−5

σ(ηc + hc)γ ∗ 1.051 ×10−5 σ(ηb + hb)γ ∗ 2.021 ×10−6 σ(η+
bc + h−

bc)γ ∗ 2.288 ×10−6

σ(J/ψ + hc)γ ∗ 8.821 ×10−8 σ(ϒ + hb)γ ∗ 1.618 ×10−7 σ(B∗+
c + h−

bc)γ ∗ 1.746 ×10−6

σ(J/ψ + χc0)γ ∗ 1.084 ×10−5 σ(ϒ + χb0)γ ∗ 3.747 ×10−6 σ(B∗+
c + χ−

bc0)γ ∗ 1.039 ×10−5

σ(J/ψ + χc1)γ ∗ 2.142 ×10−5 σ(ϒ + χb1)γ ∗ 8.293 ×10−6 σ(B∗+
c + χ−

bc1)γ ∗ 8.443 ×10−5

σ(J/ψ + χc2)γ ∗ 4.264 ×10−5 σ(ϒ + χb2)γ ∗ 1.509 ×10−5 σ(B∗+
c + χ−

bc2)γ ∗ 2.816 ×10−4

σ(ηc + J/ψ)Z0 1.895 ×10−4 σ(ηb + ϒ)Z0 4.286 × 10−2 σ(η+
bc + B∗−

c )Z0 0.6346

σ(J/ψ + J/ψ)Z0 6.416 ×10−4 σ(ϒ + ϒ)Z0 1.199 × 10−2 σ(B∗+
c + B∗−

c )Z0 1.150

σ(ηc + hc)Z0 6.076 ×10−4 σ(ηb + hb)Z0 5.327 ×10−3 σ(η+
bc + h−

bc)Z0 4.810 ×10−3

σ(J/ψ + hc)Z0 4.540 × 10−3 σ(ϒ + hb)Z0 6.146 ×10−3 σ(B∗+
c + h−

bc)Z0 1.177 ×10−2

σ(ηc + χc0)Z0 1.370 × 10−3 σ(ηb + χb0)Z0 9.215 ×10−4 σ(η+
bc + χ−

bc0)Z0 1.527 ×10−2

σ(ηc + χc1)Z0 1.887 ×10−4 σ(ηb + χb1)Z0 1.431 ×10−3 σ(η+
bc + χ−

bc1)Z0 6.162 ×10−3

σ(ηc + χc2)Z0 2.842 × 10−3 σ(ηb + χb2)Z0 2.815 ×10−3 σ(η+
bc + χ−

bc2)Z0 3.093 ×10−3

σ(J/ψ + χc0)Z0 4.403 ×10−4 σ(ϒ + χb0)Z0 6.837 ×10−3 σ(B∗+
c + χ−

bc0)Z0 0.4542

σ(J/ψ + χc1)Z0 1.762 ×10−4 σ(ϒ + χb1)Z0 1.175 ×10−2 σ(B∗+
c + χ−

bc1)Z0 0.2701

σ(J/ψ + χc2)Z0 5.751 ×10−4 σ(ϒ + χb2)Z0 2.306 × 10−2 σ(B∗+
c + χ−

bc2)Z0 1.133

of ηc.1 Thus with 2 years’ data, we can obtain only 2 events
of J/ψ + hc in the Z factory mode at the CEPC. Although
the events of double bottomonia and double Bc meosns are
larger than the events of double charmonia by about one and
two orders of magnitude respectively, the observations for
the production of them are also not optimistic because of the
bigger suppression factors from their decays.2 In one word,

1 The sixteen decay chains for the reconstruction of ηc can be found
in the talk “Hadronic Transitions in e+e− Collisions above 4 GeV”
by Jianming Bian (Minnesota U.) in the 11th International Workshop
on Heavy Quarkonium (QWG2016) at https://boss.ihep.ac.cn/~talks/
index.php/Talks_in_2016. And their explicit branching fractions can
be found in PDG [63].
2 The leptonic branching fraction of ϒ → l+l− (l = e, μ, τ ) are about
7.5%. The reconstruction of excited bottomonia can be reconstructed

2 years’ operation time for Z factory mode at the CEPC is
not sufficient to make the study on the production of dou-
ble heavy quarkonia and Bc mesons. And the observation of
such decays at the CEPC with sizable sample might indicates
the presence of new production mechanism, for example the
contributions of color-octet Fock states might dominate.

The FCC-ee would run as a super Z factory in its first 4
years with the designed integrated luminosity of 150 ab−1

[2], which is about nine times of that at CEPC. Then the
events of the top three channels for double charmonia, dou-
ble bottomonia and double Bc mesons are about 9 times of

through their radiative dacay into ϒ , so they have even bigger sup-
presion factors. The Bc(

1S0) can be reconstructed by the decay mode
B+
c (1S0) → J/ψπ+, but its branching fraction is only about 0.2%. We

don’t observe the B∗
c (3S1) and P-wave Bc mesons yet.
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Fig. 2 Total cross sections versus the CM energy
√
s and the renor-

malization scale μ, the differential angle distributions dσ /dcosθ , and
the pt distributions dσ /dpt at

√
s = mZ for the double charmonium

production. The diamond black line, cross magenta line, dashed cyan

line, solid red line, dotted blue line, and the dash-dotted green line are
for the top six Z0 propagated channels in Table 2: J/ψ + hc, ηc + χc2,
ηc + χc0, J/ψ + J/ψ , ηc + hc, and J/ψ + χc2, respectively

those at the CEPC. Taking the double charmonium channels
as an example, we can obtain 681 J/ψ + hc events, 426
ηc + χc2 events, and 206 ηc + χc0 events. For the J/ψ + hc
channel, we might reconstruct about 18 signals at the detec-
tor after considering the suppressions from the branching
fractions. But if we further consider the reconstruction effi-
ciency in experiments, the prospects are not optimistic. Any-
way, the Z factory operation mode at future FCC-ee would
be a better choice to study the production of double heavy
quarkonia and Bc mesons than at CEPC. It is worth noting
that the CMS collaboration at the LHC carry out the search
for Z boson decays into J/ψ and ϒ pairs very recently [64].
No evidence is found in the channels of Z → J/ψ J/ψ ,
Z → ϒ(1S)ϒ(1S) and Z → ϒ(nS)ϒ(mS), but the upper
limits for the branching fractions at 95% confidence level are
presented.

In Figs. 2, 3 and 4, we display the total cross sections
σ(

√
s) as functions of the CM energy

√
s, the total cross

sections σ(μ) as functions of the renormalization scale μ

in running strong coupling constant αs(μ), the differential
angle distributions dσ /dcosθ and the pt distributions dσ /dpt
at

√
s = mZ for the double charmonia, the double bottomo-

nia and the double Bc mesons, respectively. In those figures,
we only exhibit the curves of top six Z0 propagated processes
in Table 2. Note that the figure legends in those three figures
are different.

In the plots for total cross sections with running CM
energy

√
s in Figs. 2, 3 and 4, one can observe the dramatic

peaks of cross section caused by the Z0 resonance clearly.
In the future super Z factory, the beam energy can be con-
trolled with a very high accuracy. The natural beam energy
spread scales as σE/E with the energy resolution σE at the

123



22 Page 8 of 13 Eur. Phys. J. C (2023) 83 :22

Fig. 3 Total cross sections versus the CM energy
√
s and the renor-

malization scale μ, the differential angle distributions dσ /dcosθ , and
the pt distributions dσ /dpt at

√
s = mZ for the double bottomonium

production. The diamond black line, cross magenta line, dashed cyan

line, solid red line, dotted blue line, and the dash-dotted green line are
for the top six Z0 propagated channels in Table 2: ηb + ϒ , ϒ + χb2,
ϒ + ϒ , ϒ + χb1, ϒ + χb0, and ϒ + hb, respectively

energy E . At FCC-ee, the spread is 27 MeV [65]. At CEPC,
the expected accuracy is the order of 100 keV for the Z fac-
tory operation [1]. However, the initial state radiation (ISR)
at an electron-positron collider may make the CM energy

√
s

deviates from the Z0 mass pole heavily. The influence of ISR
on the production rates can be identified as the deviations of√
s from mZ . In Table 3, we display the top six cross sec-

tions for the double heavy quarkonia and Bc mesons with the
deviations of both 1%mZ and 3%mZ . It is found that the total
cross sections decrease by about 30–40% when CM energy√
s deviates from the Z0 pole even by only 1%mZ , which

reflects the effects of ISR.
The dependence of total cross sections on the renormaliza-

tion scale μ in the running strong coupling αs(μ) is usually
large in the leading order calculation. With its interpretation
as an estimate of the contribution from missing higher order,
it might be indicative. In the plots for total cross sections with

running scale μ in Figs. 2, 3 and 4, we find that the cross sec-
tions always decrease monotonically as the scale increases
with a more smooth trend at higher energy.

The differential angle distributions dσ/dcosθ for the dou-
ble charmonia, double bottomonia and the double Bc mesons
are also displayed Figs. 2, 3 and 4, respectively. The distribu-
tion dσ/dcosθ can be obtained easily with the help of the dif-
ferential phase space in Eq. (3). Here, θ is the angle between
the momentum 
p1 of the electron and the momentum 
q1 of
the heavy quarkonium. It is found that the distribution of the
production of ϒ + χb0 is quite flat, while other distributions
have either a slight bulge or a slight hollow. We can derive the
pt distribution dσ/dpt with the help of angle distributions
as follows

dσ

dpt
=

∣∣∣∣
dcosθ

dpt

∣∣∣∣

(
dσ

dcosθ

)
= pt

|
q1|
√

|
q1|2 − p2
t

(
dσ

dcosθ

)
,
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Fig. 4 Total cross sections versus the CM energy
√
s and the renor-

malization scale μ, the differential angle distributions dσ /dcosθ , and
the pt distributions dσ /dpt at

√
s = mZ for the double Bc production.

The diamond black line, cross magenta line, dashed cyan line, solid red

line, dotted blue line, and the dash-dotted green line are for the top six
Z0 propagated channels in Table 2: B∗+

c +B∗−
c , B∗+

c +χ−
bc2, η+

bc+B∗−
c ,

B∗+
c + χ−

bc0, B∗+
c + χ−

bc1, and η+
bc + χ−

bc0, respectively

(13)

where |
q1| =
√

λ[s, M2
1 , M2

2 ]/2
√
s is the magnitude of the 3-

momentum of the heavy quarkonium. As are shown in Figs.
2, 3 and 4, the differential cross sections versus pt of all
channels are monotonically increasing. This is understood

because the pt distribution is proportional to pt/
√

|
q1|2 − p2
t

and the distribution dσ/dcosθ changes relatively smoothly.

3.3 Uncertainties

To obtain reliable estimates at leading order calculation, we
discuss the main uncertainty sources of the cross sections of
the double quarkonium or Bc production in this subsection.
For the input parameters, the Fermi constant GF , the fine
structure constant α, the Weinberg angle θW , and the mass

and width of the Z0 boson are either relatively precise or an
overall factor. So we shall explore the uncertainties caused
by masses of constituent heavy quarks, the radial wave func-
tions or their first derivatives at the origin3. We only discuss
the uncertainties of the Z0 propagated channels since the
contributions of virtual photon channels are smaller by three
orders of magnitude at least at super Z factory.

The uncertainties of cross sections caused by both vary-
ing quark masses and the radial wave functions or their
first derivatives at the origin at

√
s = mZ are presented

in Tables 4, 5 and 6 for the double charmonia, double bot-
tomonia, and double Bc mesons, respectively. The uncer-

3 The radial wave functions or their first derivatives at the origin can
be related to the inclusive decay of heavy quarkonia or Bc mesons,
and parts of them can be extracted from experimental measurements.
However, we can not obtain all the values from experiments. Thus we
discuss the uncertainties from different theoretical potential models.
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Table 3 The deviations of cross sections (units: ×10−3 fb) for the top six channels for the production of double charmonia, double bottomonia,
and double Bc mesons when the CM energy

√
s deviates from the Z0 mass pole by 1%mZ and 3%mZ . The top three channels are in bold face

√
s 97%mZ 99%mZ mZ 101%mZ 103%mZ

σ(J/ψ + J/ψ)Z0 0.1279 0.4357 0.6416 0.4006 0.09582

σ(ηc + hc)Z0 0.1139 0.4043 0.6076 0.3870 0.09626

σ(J/ψ + hc)Z0 0.8560 3.026 4.540 2.886 0.7155

σ(ηc + χc0)Z0 0.2567 0.9112 1.370 0.8723 0.2170

σ(ηc + χc2)Z0 0.5339 1.892 2.842 1.809 0.4494

σ(J/ψ + χc2)Z0 0.1116 0.3870 0.5751 0.3622 0.08821

σ(ηb + ϒ)Z0 8.510 29.07 42.86 26.79 6.421

σ(ϒ + ϒ)Z0 2.373 8.122 11.99 7.498 1.800

σ(ϒ + hb)Z0 1.182 4.124 6.146 3.882 0.9501

σ(ϒ + χb0)Z0 1.336 4.612 6.837 4.296 1.041

σ(ϒ + χb1)Z0 2.337 7.971 11.75 7.337 1.757

σ(ϒ + χb2)Z0 4.546 15.62 23.06 14.45 3.482

σ(η+
bc + B∗−

c )Z0 121.9 425.6 634.6 401.0 98.27

σ(B∗+
c + B∗−

c )Z0 220.3 770.8 1150 727.5 178.6

σ(η+
bc + χ−

bc0)Z0 2.851 10.15 15.27 9.739 2.429

σ(B∗+
c + χ−

bc0)Z0 81.63 298.0 454.2 293.3 75.03

σ(B∗+
c + χ−

bc1)Z0 51.16 180.3 270.1 171.5 42.40

σ(B∗+
c + χ−

bc2)Z0 20.57 745.6 1133 729.0 185.3

Table 4 Uncertainties of the total cross sections (units: ×10−5 f b)
caused by constituent quark masses under B.T. model, and by four other
potential models for Z0 propagated channels of double charmonia at

√
s = mZ . The percentages in brackets are the ratios of the maximum

or minimum in other potential models to the estimates under the B.T.
model

Potential models B.T. J. I.O. C.K. Cor.

σ(ηc + J/ψ)Z0 18.95+3.64
−4.70 3.927 1.001(5%) 1.653 2.976

σ(J/ψ + J/ψ)Z0 64.16+12.29
−15.87 13.30 3.390(5%) 5.597 10.07

σ(ηc + hc)Z0 60.76+4.49
−7.35 14.78 2.299(4%) 4.124 6.804

σ(J/ψ + hc)Z0 454.0+39.1
−59.2 110.4 17.18(4%) 30.82 50.84

σ(ηc + χc0)Z0 137.0+9.9
−16.4 33.32 5.183(4%) 9.299 15.34

σ(ηc + χc1)Z0 18.87+3.98
−4.27 4.589 0.714(4%) 1.281 2.113

σ(ηc + χc2)Z0 284.2+22.2
−35.3 69.11 10.75(4%) 19.29 31.83

σ(J/ψ + χc0)Z0 44.03+4.60
−6.38 10.71 1.666(4%) 2.989 4.931

σ(J/ψ + χc1)Z0 17.62+3.57
−3.88 4.285 0.667(4%) 1.196 1.973

σ(J/ψ + χc2)Z0 57.51+8.25
−10.02 13.99 2.176(4%) 3.903 6.440

tainties caused by varying masses are displayed in the second
columns which are calculated in the BT-potential model [62],
and the mass deviations are 0.1 GeV for mc and 0.2 GeV for
mb (see explicit values in Table 1). Here, the affects of the
varying masses on the radial wave functions or their first
derivatives at the origin are also taken into consideration,
which makes them not being the overall factors any more.
The values from the third to the sixth columns in Tables 4, 5
and 6 are the estimates with the radial wave functions or their
first derivatives at the origin calculated in other four poten-
tial models. The four models are the QCD-motivated poten-

tial with one-loop correction given by John L. Richardson (J.
potential) [17], the QCD-motivated potential with two-loop
correction given by K. Igi and S. Ono (I.O. potential) [18,19],
the QCD-motivated potential with two-loop correction given
by Yu-Qi Chen and Yu-Ping Kuang (C.K. potential) [19,20],
and the QCD-motivated Coulomb-plus-linear potential (Cor.
potential) [19,21–24]. The formula and latest values of those
wave functions or their first derivatives at the origin have
been discussed in our earlier work [62]. It is shown that the
cross sections change dramatically when we choose different
potential models, which bring the largest uncertainties. For
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Table 5 Uncertainties of the total cross sections (units: ×10−4 f b)
caused by constituent quark masses under B.T. model, and by four other
potential models for Z0 propagated channels of double bottomonia at

√
s = mZ . The percentages in brackets are the ratios of the maximum

or minimum in other potential models to the estimates under the B.T.
model

Potential models B.T. J. I.O. C.K. Cor.

σ(ηb + ϒ)Z0 428.6+67.9
−60.9 83.47 164.3 46.30(11%) 137.8

σ(ϒ + ϒ)Z0 119.9+18.4
−16.6 23.35 45.97 12.95(11%) 38.55

σ(ηb + hb)Z0 53.27+1.46
−1.51 6.580 6.542 3.311(6%) 6.263

σ(ϒ + hb)Z0 61.46+4.22
−4.05 7.591 7.547 3.820(6%) 7.226

σ(ηb + χb0)Z0 9.215+0.141
−0.160 1.138 1.132 0.573(6%) 1.083

σ(ηb + χb1)Z0 14.31+1.60
−1.60 1.767 1.757 0.890(6%) 1.682

σ(ηb + χb2)Z0 28.15+1.38
−1.35 3.477 3.457 1.750(6%) 3.310

σ(ϒ + χb0)Z0 68.37+6.17
−5.83 8.445 8.396 4.250(6%) 8.038

σ(ϒ + χb1)Z0 117.5+13.6
−15.0 14.51 14.43 7.304(6%) 13.81

σ(ϒ + χb2)Z0 230.6+23.6
−22.2 28.48 28.32 14.33(6%) 27.11

Table 6 Uncertainties of the total cross sections (units: ×10−3 f b)
caused by constituent quark masses under B.T. model, and by four
other potential models for Z0 propagated channels of the double Bc

mesons at
√
s = mZ . The percentages in brackets are the ratios of the

maximum or minimum in other potential models to the estimates under
the B.T. model

Potential models B.T. J. I.O. C.K. Cor.

σ(η+
bc + B∗−

c )Z0 634.6+47.8
−45.8 175.1 1653(260%) 72.88(11%) 136.2

σ(B∗+
c + B∗−

c )Z0 1150+87
−84 317.2 2996(261%) 132.1(11%) 246.9

σ(η+
bc + h−

bc)Z0 4.810+0.399
−0.406 2.014 8.588(179%) 0.585(12%) 0.942

σ(B∗+
c + h−

bc)Z0 11.77+1.10
−1.05 4.929 21.01(179%) 1.432(12%) 2.306

σ(η+
bc + χ−

bc0)Z0 15.27+1.10
−1.12 6.394 27.26(179%) 1.858(12%) 2.991

σ(η+
bc + χ−

bc1)Z0 6.162+0.701
−0.448 2.580 11.00(179%) 0.750(12%) 1.207

σ(η+
bc + χ−

bc2)Z0 3.093+0.253
−0.236 1.295 5.522(179%) 0.376(12%) 0.606

σ(B∗+
c + χ−

bc0)Z0 454.2−15.7
+30.8 190.2 811.0(179%) 55.27(12%) 88.98

σ(B∗+
c + χ−

bc1)Z0 270.1+16.2
−15.8 113.1 482.3(179%) 32.87(12%) 52.91

σ(B∗+
c + χ−

bc2)Z0 1133−16
+22 474.4 2023(179%) 137.9(12%) 222.0

the production of the double charmonia, we always obtain
the maximum under the B.T. potential model and obtain the
minimum under the I.O. potential model. For the production
of the double bottomonia, we always obtain the maximum
under the B.T. potential model and obtain the minimum under
the C.K. potential model. For the production of the double Bc

mesons, we always obtain the maximum under the I.O. poten-
tial model and obtain the minimum under the C.K. potential
model. In the Tables 4, 5 and 6, percentages in brackets are the
ratios of the maximum or minimum relative to the estimates
under the B.T. model.

4 Summary

In the present work, we study the production of the dou-
ble heavy quarkonia or Bc mesons in e−(p1)e+(p2) →
γ ∗/Z0 → H1[n](q1) + H2[n′](q2) within the CSM frame-

work, where H1(2) represent the heavy quarkonia or Bc

mesons and [n(′)] represent the color-singlet Fock states
[1S0], [3S1], [1P1], and [3PJ ] (J = 0, 1, 2). For a sound
estimation at the future super Z factory, total cross sections
σ as functions of CM energy

√
s, σ as functions of the renor-

malization scale μ, the angle distributions dσ/dcosθ , and
the pT distributions dσ/dpt are studied, which are shown in
Figs. 2, 3 and 4 for the double charmonia, double bottomo-
nia, and double Bc mesons, respectively. We further discuss
the uncertainties of the cross sections caused by the vary-
ing masses of constituent quarks, and the non-perturbative
matrix elements under different potential models.

In Table 2, it is found that the production rates of dou-
ble Bc meson channels are roughly one order of magnitude
greater than those of double bottomonium channels with the
same Fock states, and are roughly two orders of magnitude
greater than those of the double charmonium channels with
the same Fock states. For CEPC running in Z factory mode,
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we obtain O(1) events of J/ψ +hc signal because of the big
suppression factors of the fully reconstructed of both heavy
charmonia. For the Z factory mode at FCC-ee, we might
catch over a dozen of such rare events, but it is pessimistic
for the observation in experiments after taking the reconstruc-
tion efficiency into account. However, since the color-singlet
model predictions often turn out to undershoot data by one
or even more orders of magnitude in many quarkonium pro-
duction processes, therefore a detection of the considered
processes at the FCC-ee and also the CEPC is still far from
excluded. As shown in Table 3, the ISR may bring about 30–
40% suppresions when the CM energy

√
s deviates from the

Z0 pole even by only 1%mZ . For the uncertainty analyses
in Tables 4, 5 and 6, we find that the masses of constituent
quarks can bring up to about 20% corrections to the cross sec-
tions. And the total cross sections can increase by about 2–3
times or decrease by an order of magnitude when adopting
different potential models, which would be the major source
of uncertainty.
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