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ARTICLE INFO ABSTRACT

Editor: A. Ringwald The non-first-order-factorizable contributions' to the unpolarized and polarized massive operator matrix
elements to three-loop order, AS; and AAg;, are calculated in the single-mass case. For the , F;-related master
integrals of the problem, we use a semi-analytic method based on series expansions and utilize the first-order
differential equations for the master integrals which does not need a special basis of the master integrals. Due
to the singularity structure of this basis a part of the integrals has to be computed to O(e) in the dimensional
parameter. The solutions have to be matched at a series of thresholds and pseudo-thresholds in the region of the
Bjorken variable x €]0, oo[ using highly precise series expansions to obtain the imaginary part of the physical
amplitude for x €]0, 1] at a high relative accuracy. We compare the present results both with previous analytic
results, the results for fixed Mellin moments, and a prediction in the small-x region. We also derive expansions
in the region of small and large values of x. With this paper, all three-loop single-mass unpolarized and polarized
operator matrix elements are calculated.

1. Introduction

The heavy-flavor contributions both to the unpolarized and polarized deep-inelastic structure functions form an essential part of these quantities.
Their scaling violations are different from those of the massless contributions. Since the experimental precision reached the 1% level in the unpo-
larized case with HERA [3], which will also be the case for polarized deep-inelastic scattering at EIC [4] and the proposed LHeC [5], the three-loop
heavy-flavor corrections are needed in the QCD analysis of these data.

In a previous paper [2], we have calculated the first-order factorizable contributions to the constant parts of the unrenormalized three-loop
massive operator matrix elements (OMEs) AS; and AAS; (agzg and A‘ZS; ), which are based on 1009 of a total of 1233 Feynman diagrams. For
all contributions at least 1000 non-vanishing Mellin moments are known. Furthermore, 15 of the 25 color-¢ contributions of the OMEs have been
calculated by using the method of arbitrarily high Mellin moments [6]. Here {,,n € N,n > 2 denote the values of Riemann’s {-function at integer
values of n. Their associated recurrences were computed by using the guessing method [7,8] and solved using the package Sigma [9,10] in all
first-order-factorizing cases.

The major new aspect of the present calculation concerns the contribution of higher transcendental letters in the iterated integrals forming the
master integrals given by higher transcendental , F|-solutions [11] of Heun differential equations [12,13]. They are related to complete elliptic
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integrals and modular forms, cf. Refs. [14-21] and the surveys in Ref. [22]. In particular these , F;-solutions are those of a differential equation of
(non-factorizable) 2nd order with four singularities and parameters, which imply higher transcendental functions, but not , F; -solutions representing
elementary functions, cf. e.g. [23]. The corresponding basic integrals have been computed to O(e”) in Ref. [1]. Here ¢ = D — 4 denotes the
dimensional parameter. The other master integrals can be obtained by iterating Kummer-Poincaré [24-33] and square-root valued letters [2,34] on
the former solutions, by which all master integrals can be obtained. Future work will be devoted to this method of iterating non-iterative integrals,
including higher transcendental letters.

In the present paper, we are following a different avenue. Here we do not compute the analytic results for the previously mentioned OMEs, but
we obtain highly precise semi-analytic results. To derive these results, we start with the coupled first-order differential equation system of master
integrals, which is obtained from the integration by parts (IBP) reduction [35,36]. The solution of these equations is performed in #-space [37,38]
via series expansions around various points which are numerically matched in overlapping regions of convergence. Here ¢ denotes the resummation
parameter. The initial conditions are given at =0 as the Mellin moments to the required order in €. We use IBP-reduction and end up with a basis
in which the amplitude has poles of up to O(1/€>) in front of the master integrals. Therefore, in our set of master integrals we have to calculate them
up to O(¢’) in individual cases. The initial values have been computed already before for determining the corresponding recurrences in Mellin- N
space, cf. [2,39]. After analytic continuation from 7 to x-space, cf. [1], one obtains the final expression. The analytic continuation has to pass a series
of pseudo-thresholds and thresholds from x — oo (t =0) to x =0 (f — o) and matching conditions have to be evaluated. The present approach uses
large mantissa rational matching in this process. In this way, we finally obtain the constant parts of the unrenormalized massive OMEs AS; and

AAS;, aS; and Aa(g; . This formalism is only applied to the part of the amplitude which is affected by higher transcendental , F;-related letters.

The paper is organized as follows. In Section 2 we describe the basic computation method. In Section 3 we compute aS; and Aagjg in x-space,
compare to previous partial results in the literature, and present numerical results. The results for small and large values of Bjorken x are presented

in Section 4 and Section 5 contains the conclusions.
2. The main steps of the calculation

The calculation of the contributing Feynman diagrams from their generation to the reduction to the master integrals has been described in
Ref. [2]. Here we use the packages QGRAF, Form, Color and Reduze 2 [35,36,40-43], and apply the Feynman rules given in Refs. [44,45]. In
the polarized case we compute the OME in the Larin scheme [46]. The OMEs are calculated using the method described in Ref. [1]. This means the
operators defined for discrete integer values of N are resummed into a generating function which depends on the continuous real variable ¢. The
master integrals are computed in this variable by solving linear systems of coupled differential equations, see also Refs. [2,47-50]. The initial values
are provided by the Mellin moments [39], which are the expansion coefficients at # = 0. The system of differential equations is solved at a series of
thresholds and pseudo-thresholds in the region 7 € [0, oo[. The variables ¢ and the Bjorken variable x are related by

X = 7 (2~1)

The set of thresholds and pseudo-thresholds in the differential equations of all master integrals, resp. the necessary expansion points, given the
convergence radius of the respective local series, are

1 1 111123538
€S0 —, —. 5, -, 7.5 5, 2o L 2.2
x{32686423469} 22)
for x € [0,1] in the present problem. Imaginary parts of the amplitude develop only at the transition point x = 1, and for no other points in the
regions x €]0, 1[ and x €]1, oo[. The expansion points for x > 1 were

xe{%, ,2,4,00}. (2.3)

The analysis starts at x = co using the previously computed moments as initial values. The expansion order in £ depends on the individual master
integral. In the present case one needs to expand up to O(e®) for some integrals. One performs series expansions around the (pseudo-)thresholds
by inserting a suitable ansatz into the differential equation. Comparing coefficients in ¢, the expansion parameter ¢ — ¢, (and possible powers of
logarithms) one obtains a large system of equations for the symbolic expansions. This system of linear equations is solved with FireFly [51,52]
using modular methods in terms of a small number of boundary constants. These are determined by matching two neighboring expansions in
the middle. We start with a numerical representation of 250 digits accuracy at ¢ = 0. In order to solve this linear system, we rationalize the arising
floating point numbers, which allows for a stable solution. Except for the expansions around x = 0 and x = 1, we compute 100 expansion coefficients,
while at the latter points, which contain in addition powers of the logarithms In(x) and In(1 — x), respectively, 50 expansion terms are used. Due
to the different necessary numerical matchings an accuracy drop occurs. The final accuracy can be estimated from the moments obtained, see
Egs. (3.5), (3.6) below. The accuracy drop is significant and both caused by the matching and the finite number of expansion terms (100 resp. 50)
used.

The initial values at x — oo are real, as are also the coefficients of the linear differential equation systems. For the expansion points for x > 1, the
series expansions are real-valued Taylor series in x and their contribution to the massive OMEs vanish, see [1]. The analytic continuation at x = 1
implies logarithmic-modulated series containing powers of In*(1 — x) and thus an imaginary part after analytic continuation. The imaginary part is
proportional to the x-space representation of the massive OMEs, see Ref. [1].

W

3) A3
3. an(x) and Aan(x)

In Ref. [2], we computed all color-¢ contributions which can be obtained by solving difference equations that factorize into first-order factors.
Furthermore, we calculated all remaining irreducible Feynman diagrams with contributions from master integrals, whose associated differential
equations factorize into first-order factors. The remaining 224 Feynman diagrams are related to higher transcendental , F;-solutions [1,11] and are
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calculated in the present paper by solving the first order differential equations obtained from the IBP-relations directly in a highly precise numerical
approach, adding the previous results to the complete solution.

On top of the irreducible Feynman diagrams mentioned before, there are also reducible Feynman diagrams and ghost contributions to the
amplitudes AS;(x) and AAS;(x), contributing to the final result, which we would like to characterize briefly. In the unpolarized case, in Mellin
N -space, they are spanned by the harmonic and generalized harmonic sums [33,53,54]

1
{S4’ S_3,82,51,5,83, 84,83 1,521,522, 83 1: 521> Sa.1.1> S-21,1,2Y 5 S ({ 3 }>

51({2})751,3({ %’2}>’Sz,1({172}),52,1({2, 11,8112, 1, 1}),51,1,2<{ %’2’1})
1 1
51,2,1({5,2,1})&,1,1,1({5»2,1’1})} (3.1)

with rational and 2% -prefactors. In x-space, these terms convert to harmonic polylogarithms [55] at argument x or 1 — 2x, as in Ref. [56]. The
generalized sums stem from the ghost contributions, which are absent in the polarized case.
Expanding their contribution around x = 0 terms of order

n*x) i) In’(x)

) ) 3.2
X x x
occur. The corresponding expression is
o 1|1 4 1.3 61 1 2
CiTps [ gz '+ I (x)+(%+§{2)ln @] 3.3)

Here the color factors are Cy = N,,Cp = (ch -1)/(2N,),Tr =1/2 for SU(N,) and N, =3 for Quantum Chromodynamics (QCD). Terms of this
kind are not expected in the complete result. Indeed, the calculation shows that these terms are canceled at a relative accuracy of

{egoezey ) ={-2.7134- 10717, -1.1975 - 10713, -1.4327 - 107}, (3.4

in the complete result numerically. Here the coefficients ¢, correspond to the respective terms In*(x)/x of the complete result. Terms of this kind
do not emerge in the polarized case.

Our present results can be tested also in various other ways. Next we compare the result in x-space with the moments computed in Ref. [45] by
a totally different method, using MATAD [57]. For the moments N =2,4,6,8, 10 we obtain agreement up to relative accuracies of

{—4.3039- 1078,1.0758 - 10™°,6.9438 - 10710, —4.3401 - 10~ —1.4872 - 10—10} (3.5)

in the unpolarized case. Since the first moment of AaS; turns out to be zero, we compare here the relative deviation of the moments N =3,5,7,9,11,
for which we obtain

{—8.9221 21071996270 - 10719, -2.4977 - 10710, —1.7849 - 10-1°,3.1817 - 10~ } (3.6)

A further test of accuracy consists in the comparison of the present differential equation method with the analytic results obtained by N-space
techniques for the N terms in aS;(x) and Aag’;(x) before, where N denotes the number of massless flavors. For

(@)ag, ")
(A)r(0) = — o - 3.7)
Bag, ")
we obtain
1 1 3 5 7 9 99
T An? A A A A T 3 k] 3'8
’H{loo 10°10° 10" 10° 10 100} 38
r(x) > {—1.66- 10717,-1.18-1071%,—4.97 - 10716, -4.01 - 10716, -1.88 - 10715, —4.42 . 10717,8.56 - 1078 } (3.9)
Ar(x) — {-2.91 10717, 9.09- 10710, =171 - 1071, -1.38 - 10713, -1.88 - 1071,7.89 - 1071°, -1.06 - 10~1° } (3.10)

For smaller values of x, the deviations are even smaller. A comparable accuracy has been obtained for the pole terms of the unrenormalized
amplitudes AS;(x) and AAS;(x), which are also known in analytic form.

Now we turn to the results of aS;(x) and A‘ZS; (x). In Figs. 1 and 2 we illustrate the analytic result for aS;(x) for QCD and by setting Ny =3 in
the smaller and larger x regions. Here we add different lines for the small-x and large-x contributions to show their validity. The so-called leading
small-x result [58] turns out not to describe the physical quantity aS; (x) quantitatively; see, however, the discussion in Section 4. This is, as in all
known other cases, see e.g. [56,59-62], due to sub-leading terms which cancel the leading behavior.
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Fig. 1. a(;;(x) as a function of x, rescaled by the factor x(1 — x). Left panel: smaller x region. Full line (red): aS’; (x); dashed line (blue): leading small-x term  In(x)/x

[58]; dotted line (green): In(x)/x and 1/x term; dash-dotted line (black): all small-x terms, including also ln“(x), ke {l,...,5}. Right panel: larger x region. Full
line (red): agg (x); dashed line (brown): leading large-x terms up to the terms « (1 — x), covering the logarithmic contributions of O(lnk(l —x)), ke {l,...,4}.
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Fig. 2. aS;(x) as a function of x, rescaled by the factor x(1 — x). Left panel: smaller x region. Full line (red): agi,(x); dashed line (blue): leading small-x term
 In(x)/x [58]; light blue region: estimates of [63]; gray region: estimates of [64]. Right panel: larger x region. Full line (red): aS;(x); light blue region: estimates
of [63]; gray region: estimates of [64].

Here the inclusion of the 1/x term, not predicted by small-x methods, leads to a description up to x ~ 10~*. To describe the region to x ~ 2 - 102
one needs also all contributing In*(x)-terms, with k € {1,...,5}. In the large-x region no expansion terms have been predicted. Here one obtains a
description down to x ~ 0.9 by considering all In*(1 = x) terms for k € {1,...,4}, including the (1 — x)° and (1 — x) contributions.

In Ref. [63] estimates on the size of the charm quark contributions in F;(x, Q2) were made based on five moments for AS; and six moments for
AS;’PS calculated in Ref. [45], the two-loop contributions of Refs. [65,66], and the N -terms from our calculation in Ref. [67]. Furthermore, the

small-x behaviors from [58] for A®) and a corresponding color-rescaled leading small-x term for AS;’PS were assumed. The latter has only later
®) 4GNS B3PS

been proven in Ref. [56] by calculating AS;’PS in complete form analytically. In [63] the three other contributing OMEs Aqg 0 Ao * Ago > 3
well as the two-mass corrections, were not taken into account. In Fig. 2 we illustrate the former estimate on aS;(x) in the region of smaller and
larger values of x (gray and light blue bands) and compare it to the exact result (red lines), which lie close to the upper end of the former estimate
in the region of small values of x. In Ref. [64] another estimate has been made, leading to a smaller uncertainty band. Here the upper line of the
range is the same as in [63]. It is illustrated by the gray area in Fig. 2.
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Fig. 3. Aagg(x) as a function of x, rescaled by the factor x(1 — x). Left panel: full line (red): Aagé(x); dashed line (green): the small-x terms In*(x), ke {1,...,5}

dotted line (blue): the large-x terms ln’(l —x), 1 €{l,...,4}. Right panel: larger x region. Full line (red): Aag;(x); dotted line (blue): the large-x terms ln’(l - X),
lef{l,...,4}.

Let us now turn to the polarized case. The quantity Aagl)g(x) is shown in Fig. 3, where we also indicate the small- and large-x terms, cf. Section 4.
3
(0]
the polarized structure functions g; 5(x, 0?). One reason for this behavior is that the first moment of Aagl,(x) vanishes. Also at the first and second

We note that the latter approximations match the exact result only in the extreme regions. Aa ;(x) shows an oscillatory behavior as also known for

order in the strong coupling constant the first moment vanishes, cf. Ref. [68].
4. The small- and large-x limits

In this section, we discuss in more detail the small- and large-x limits which have already been illustrated in Section 3. The leading small-x
contribution to the unpolarized quantity agi,(x) has been predicted in Ref. [58], within a leading order calculation based on k | -factorization. The

result is given by
In(x)

a0 = 227, (1312 4+ 135¢, — 1897 22
X

O¢ T 243
As we saw in Section 3, this result is interesting for the theoretical comparison to the corresponding term in the complete calculation, but cannot
be used for phenomenology due to the destructive sub-leading corrections. We obtained the term « ¢, in Ref. [2] since it results from first-order-
factorizing contributions only. From the small-x expansion of the present result, we obtain an agreement on the purely rational and {3 term of
Eq. (4.1) at a relative accuracy of

4.1

{—8.0143 . 10710}, (4.2)

This is the first independent recalculation of the result of Ref. [58] using a different method, and it also establishes the rescaling to the corresponding
analytic result in the pure-singlet case [56].

Since we knew the coefficient of the {,-term, cf. [2], in (4.1), the question is whether integer relations allow to determine the other two terms
in (4.1) at the level of 15 known digits. At least there could be a conditional answer in assuming a certain rational prime factor pattern, starting
out with 2,3,5,7 to reasonably small powers watching out for matches by using the LLL algorithm [69] 1indep in the package Pari [70]. David
Broadhurst has been so kind to do this for us. He obtained

crr. |24 207

ATr | =53 7 5 (4.3)

very quickly, by which (4.1) can be considered to be confirmed using methods of experimental mathematics.?

The small-x terms for agi are given numerically by®

- 1
aS;X 0~ 15488916672 | [8956.649545 — 88.20492033N 11
X X
+ [4.844444444 — 0.4444444444N ] In’ (x)
+ [—21.75925926 — 2.506172840N ;-] In* (x)

2 So, the answer to the ultimate leading small-x question of inclusive heavy-flavor physics is actually 41. For differing answers to similar questions, see [71].
3 Here we present 10 digits for brevity, although our results are more accurate.
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+ [514.0912722 — 35.20953611 N ] In3(x)
+[=720.0483828 — 90.85414199N ] In?(x)

+ [10739.21741 — 468.0849296 N -] In(x). 4.4

The alternating sign of the first two coefficients is the main reason why the leading small-x contributions are not sufficient to describe the final
result even at very small values of x. For a precise description also the sub-leading terms are needed.
In the large-x limit aSZ, is given by
aS;x_’l ~3.7037037041n> (1 — x) + [-8.20987654 + 0.4938271605N ] In*(1 — x)
+ [4.380199906 + 1.646090535N ] In*(1 — x)

+[—332.5368214 — 0.4183246058 N ;-] In%(1 — x)

+[737.165347 — 73.1297935N ] In(1 — x). (4.5)

In the polarized case the leading small-x terms are
Aagi;"*o ~ [—12.60493827 + 0.4444444444 N - 11n°(x)
+ [~145.2160494 + 7.839506173 N ] In*(x)

+[—856.9645724 + 63.82682006 N 1] In’(x)
+[—852.7889255 +298.2461398 N | In?(x)

+[25006.51309 + 544.6633205 N ;-] In(x). (4.6)

Here the coefficients of the terms In(x)/x and 1/x have been shown to be zero in [2]. The N term « In’(x) has been derived in Ref. [2] as
c FT?N r(4/ 3)In°(x). The coefficients in (4.6) are alternating, except for the last term.
The expansion coefficients in the large-x region are

Aagg"*‘ ~3.7037037041n%(1 — x) + [-8.20987654 + 0.49382716105N ] In*(1 — x)

+ [4.380199906 + 1.646090535N ] In3(1 - x)
+[—332.5368214 — 0.4183246058 N ] In?(1 — x)

+[737.165347 — 73.1297935 N -] In(1 — x). “4.7)

The large-x expansions, Egs. (4.5), (4.7) are the same in the unpolarized and polarized case. The same behavior has already been seen for the
factorizing contributions before, cf. [2]. The results in the unpolarized and polarized cases were obtained by separate calculations.

5. Conclusions

We have calculated the non-first-order-factorizable contributions to the three-loop massive operator matrix elements A® and AA® in the single-
mass case. This completes the computation of these matrix elements and thereby of all of the three-loop single-mass unpolarized and polarized OMEs
[2,56,67,72-78]. Also the two-mass three-loop corrections [79-84], except those for (A)AS; , have already been computed. The solution of the first-
order differential equation system of master integrals in different sub-intervals of x €]0, o[ at very high numerical precision and high precision
matching using the methods [1,47] allowed us to derive the three-loop corrections tied up to iterated non-iterative integrals containing higher
transcendental , F -letters in terms of local series expansions. The latter are logarithmic-modulated with powers of In(x) around x =0, and In(1 — x)
around x = 1.

We confirm the leading small-x prediction for the O(In(x)/x) term in the unpolarized case in an independent calculation using a different method
for the first time. We compared our results with the moments of Ref. [45] and other terms, which were calculated by us using different methods
and found agreement.

The present results are important for future measurements of the strong coupling constant (M é) [85-88], the charm quark mass, m,, [89], and
the parton distribution functions, see e.g. [64,90]. All the three loop single- and two-mass corrections to deep-inelastic scattering will be released in
form of a numerical code in a forthcoming publication.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to influence the
work reported in this paper.

Data availability

No data was used for the research described in the article.



J. Ablinger, A. Behring, J. Bliimlein et al. Physics Letters B 854 (2024) 138713
Acknowledgements

We would like to thank S. Klein for calculating a series of Mellin moments in the polarized case [91] by using MATAD, which we have used for
comparison, and we thank P. Marquard for discussions. We would like to thank D. Broadhurst to have conditionally determined two missing rational
coefficients of the unpolarized leading small-x contribution to aS; from just 15 digits. This work was supported by the Austrian Science Fund (FWF)
grants P33530 and P34501N.

References

[1] A. Behring, J. Bliimlein, K. Schonwald, The inverse Mellin transform via analytic continuation, J. High Energy Phys. 06 (2023) 062, arXiv:2303.05943 [hep-ph].
[2] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel, C. Schneider, K. Schonwald, The first-order factorizable contributions to the three-loop massive operator
matrix elements A’ and AAD), Nucl. Phys. B 999 (2024) 116427, arXiv:2311.00644 [hep-ph].
[3] J. Bliimlein, M. Klein, G. Ingelman, R. Riickl, Testing QCD scaling violations in the HERA energy range, Z. Phys. C 45 (1990) 501-513.
[4] D. Boer, M. Diehl, R. Milner, R. Venugopalan, W. Vogelsang, D. Kaplan, H. Montgomery, S. Vigdor, A. Accardi, E.C. Aschenauer, et al., Gluons and the quark sea at high energies:
distributions, polarization, tomography, arXiv:1108.1713 [nucl-th].
[5] J.L. Abelleira Fernandez, et al., LHeC Study Group, A large hadron electron collider at CERN: report on the physics and design concepts for machine and detector, J. Phys. G 39
(2012) 075001, arXiv:1206.2913 [physics.acc-ph].
[6] J. Bliimlein, C. Schneider, The method of arbitrarily large moments to calculate single scale processes in quantum field theory, Phys. Lett. B 771 (2017) 31-36, arXiv:1701.04614
[hep-ph].
[7] M. Kauers, Guessing Handbook, JKU Linz, Technical Report RISC 09-07.
[8] J. Bliimlein, M. Kauers, S. Klein, C. Schneider, Determining the closed forms of the O(af) anomalous dimensions and Wilson coefficients from Mellin moments by means of computer
algebra, Comput. Phys. Commun. 180 (2009) 2143-2165, arXiv:0902.4091 [hep-ph].
[9] C. Schneider, Symbolic summation assists combinatorics, Sémin. Lothar. Comb. 56 (2007) B56b.
[10] C. Schneider, Simplifying multiple sums in difference fields, in: C. Schneider, J. Bliimlein (Eds.), Computer Algebra in Quantum Field Theory: Integration, Summation and Special
Functions, in: Texts and Monographs in Symbolic Computation, Springer, Wien, 2013, pp. 325-360, arXiv:1304.4134 [cs.SC].
[11] J. Ablinger, J. Bliimlein, A. De Freitas, M. van Hoeij, E. Imamoglu, C.G. Raab, C.S. Radu, C. Schneider, Iterated elliptic and hypergeometric integrals for Feynman diagrams, J.
Math. Phys. 59 (6) (2018) 062305, arXiv:1706.01299 [hep-th].
[12] K. Heun, Zur Theorie der Riemann’schen Functionen zweiter Ordnung mit vier Verzweigungspunkten, Math. Ann. 33 (2) (1888) 161-179.
[13] A. Ronveaux (Ed.), Heun’s Differential Equations, The Clarendon Press Oxford, Oxford, 1995.
[14] A. Sabry, Fourth order spectral functions for the electron propagator, Nucl. Phys. 33 (1962) 401-430.
[15] D.J. Broadhurst, The master two loop diagram with masses, Z. Phys. C 47 (1990) 115-124.
[16] D.J. Broadhurst, J. Fleischer, O.V. Tarasov, Two loop two point functions with masses: asymptotic expansions and Taylor series, in any dimension, Z. Phys. C 60 (1993) 287-302.
[17] S. Bloch, P. Vanhove, The elliptic dilogarithm for the sunset graph, J. Number Theory 148 (2015) 328-364, arXiv:1309.5865 [hep-th].
[18] L. Adams, C. Bogner, S. Weinzierl, The iterated structure of the all-order result for the two-loop sunrise integral, J. Math. Phys. 57 (3) (2016) 032304, arXiv:1512.05630 [hep-ph].
[19] E. Remiddi, L. Tancredi, Differential equations and dispersion relations for Feynman amplitudes. The two-loop massive sunrise and the kite integral, Nucl. Phys. B 907 (2016)
400-444, arXiv:1602.01481 [hep-ph].
[20] L. Adams, S. Weinzierl, Feynman integrals and iterated integrals of modular forms, Commun. Number Theory Phys. 12 (2018) 193-251, arXiv:1704.08895.
[21] J. Broedel, C. Duhr, F. Dulat, B. Penante, L. Tancredi, Elliptic polylogarithms and Feynman parameter integrals, J. High Energy Phys. 05 (2019) 120, arXiv:1902.09971 [hep-ph].
[22] J. Bliimlein, C. Schneider, P. Paule, in: Proceedings, KMPB Conference: Elliptic Integrals, Elliptic Functions and Modular Forms in Quantum Field Theory, Zeuthen, Germany,
October 23-26, 2017, Springer, Berlin, 2019.
[23] LS. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series and Products, prepared by Yu.V. Geronimus and M.Yu. Tseytlin, Academic Press, New York, 1965.
[24] E.E. Kummer, Ueber die Transcendenten, welche aus wiederholten Integrationen rationaler Formeln entstehen, J. Reine Angew. Math. (Crelle) 21 (1840) 74-90.
[25] E.E. Kummer, Ueber die Transcendenten, welche aus wiederholten Integrationen rationaler Formeln entstehen (Fortsetzung), J. Reine Angew. Math. (Crelle) 21 (1840) 193-225.
[26] E.E. Kummer, Ueber die Transcendenten, welche aus wiederholten Integrationen rationaler Formeln entstehen (Fortsetzung), J. Reine Angew. Math. (Crelle) 21 (1840) 328-371.
[27] H. Poincaré, Sur les groupes des équations linéaires, Acta Math. 4 (1884) 201-312.
[28] J.A. Lappo-Danilevsky, Mémoirs sur la Théorie des Systémes Différentielles Linéaires, Chelsea Publ. Co, New York, 1953.
[29] K.T. Chen, Algebras of iterated path integrals and fundamental groups, Trans. Am. Math. Soc. 156 (3) (1971) 359-379.
[30] A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res. Lett. 5 (1998) 497-516.
[31] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, P. Lisonek, Special values of multiple polylogarithms, Trans. Am. Math. Soc. 353 (2001) 907-941, arXiv:math/9910045 [math.CA].
[32] S. Moch, P. Uwer, S. Weinzierl, Nested sums, expansion of transcendental functions and multiscale multiloop integrals, J. Math. Phys. 43 (2002) 3363-3386, arXiv:hep-ph/0110083.
[33] J. Ablinger, J. Bliimlein, C. Schneider, Analytic and algorithmic aspects of generalized harmonic sums and polylogarithms, J. Math. Phys. 54 (2013) 082301, arXiv:1302.0378
[math-ph].
[34] J. Ablinger, J. Bliimlein, C.G. Raab, C. Schneider, Iterated binomial sums and their associated iterated integrals, J. Math. Phys. 55 (2014) 112301, arXiv:1407.1822 [hep-th].
[35] C. Studerus, Reduze-Feynman integral reduction in C++, Comput. Phys. Commun. 181 (2010) 1293-1300, arXiv:0912.2546 [physics.comp-ph].
[36] A. von Manteuffel, C. Studerus, Reduze 2 - distributed Feynman integral reduction, arXiv:1201.4330 [hep-ph].
[37] J. Ablinger, J. Bliimlein, A. Hasselhuhn, S. Klein, C. Schneider, F. Wibrock, Massive 3-loop ladder diagrams for quarkonic local operator matrix elements, Nucl. Phys. B 864 (2012)
52-84, arXiv:1206.2252 [hep-ph].
[38] J. Ablinger, J. Bliimlein, C. Raab, C. Schneider, F. Wil8brock, Calculating massive 3-loop graphs for operator matrix elements by the method of hyperlogarithms, Nucl. Phys. B 885
(2014) 409-447, arXiv:1403.1137 [hep-ph].
[39] J. Bliimlein, J. Ablinger, A. Behring, A. De Freitas, A. von Manteuffel, C. Schneider, Heavy flavor Wilson coefficients in deep-inelastic scattering: recent results, PoS (QCDEV2017)
031, arXiv:1711.07957 [hep-ph].
[40] P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279-289.
[41] J.A.M. Vermaseren, New features of FORM, arXiv:math-ph/0010025.
[42] M. Tentyukov, J.A.M. Vermaseren, The multithreaded version of FORM, Comput. Phys. Commun. 181 (2010) 1419-1427, arXiv:hep-ph/0702279.
[43] T. van Ritbergen, A.N. Schellekens, J.A.M. Vermaseren, Group theory factors for Feynman diagrams, Int. J. Mod. Phys. A 14 (1999) 41-96, arXiv:hep-ph/9802376.
[44] F. Yndurain, The Theory of Quark and Gluon Interactions, Springer, Berlin, 2006.
[45] I Bierenbaum, J. Bliimlein, S. Klein, Mellin moments of the O(ai) heavy flavor contributions to unpolarized deep-inelastic scattering at Q> > m? and anomalous dimensions, Nucl.
Phys. B 820 (2009) 417-482, arXiv:0904.3563 [hep-ph].
[46] S.A. Larin, The renormalization of the axial anomaly in dimensional regularization, Phys. Lett. B 303 (1993) 113-118, arXiv:hep-ph/9302240.
[47] J. Ablinger, J. Bliimlein, P. Marquard, N. Rana, C. Schneider, Automated solution of first order factorizable systems of differential equations in one variable, Nucl. Phys. B 939
(2019) 253-291, arXiv:1810.12261 [hep-ph].
[48] A. Maier, P. Marquard, Validity of Padé approximations in vacuum polarization at three- and four-loop order, Phys. Rev. D 97 (5) (2018) 056016, a_rXiv:1710.03724 [hep-ph].
[49] M. Fael, F. Lange, K. Schonwald, M. Steinhauser, A semi-analytic method to compute Feynman integrals applied to four-loop corrections to the MS-pole quark mass relation, J.
High Energy Phys. 09 (2021) 152, arXiv:2106.05296 [hep-ph].
[50] M. Fael, F. Lange, K. Schénwald, M. Steinhauser, Singlet and nonsinglet three-loop massive form factors, Phys. Rev. D 106 (3) (2022) 034029, arXiv:2207.00027 [hep-ph].
[51] J. Klappert, F. Lange, Reconstructing rational functions with FireFly, Comput. Phys. Commun. 247 (2020) 106951, arXiv:1904.00009 [cs.SC].
[52] J. Klappert, S.Y. Klein, F. Lange, Interpolation of dense and sparse rational functions and other improvements in FireFly, Comput. Phys. Commun. 264 (2021) 107968, arXiv:
2004.01463 [cs.MS].
[53] J.A.M. Vermaseren, Harmonic sums, Mellin transforms and integrals, Int. J. Mod. Phys. A 14 (1999) 2037-2076, arXiv:hep-ph/9806280.


http://refhub.elsevier.com/S0370-2693(24)00271-5/bib1A2021597CD3FF16A26C1D1B5E835200s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibACC95C98B211C1DC7247AC0DD5E2D90Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibACC95C98B211C1DC7247AC0DD5E2D90Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibAE3D621784A3563510CE2C2CE74FB0BAs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib4D785F180C96795456F2AA1C450D57EEs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib4D785F180C96795456F2AA1C450D57EEs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib94F7931C3EEAFD70E988CFF9FC96A6D5s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib94F7931C3EEAFD70E988CFF9FC96A6D5s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib5B342D2AB8E04E9CEAAF856F161AAD7Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib5B342D2AB8E04E9CEAAF856F161AAD7Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib182B10C00A5F2BF14CA0CCFA0195048Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib182B10C00A5F2BF14CA0CCFA0195048Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibFA30885A6D1D2F16E22DE9E6484421D4s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9399BC81E8654D7FD9ACFEE0EB370092s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9399BC81E8654D7FD9ACFEE0EB370092s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib88A8063CB9D0F91114802DF31CDE44EBs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib88A8063CB9D0F91114802DF31CDE44EBs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibF9736B776CB2A0AA5AC9E9F89B1C9586s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib0AE664A2EC1E6ABB69C66C6F31BC5D2Bs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib8A4AC05EB0427559FCF35E11A7B448F2s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib4F44186990082D38DCFCEF2866BEFAB1s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib7085CF9AC3880EF0D5FD13C0CC8943F8s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib4338A8885CB7B2531871C851EA01C529s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibEB7E7D45521333361A7AF7E20CEAABFEs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9FF1CC020A4F9ECAC2FD44899B21B379s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9FF1CC020A4F9ECAC2FD44899B21B379s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib1CE9E87B2C0E8CAFCB1D4E7FF59FF31Ds1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibC10533129DA95D3F5C55977E63350B1Es1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib982DDA2C57D166E1B3C44E0EEB3968DBs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib982DDA2C57D166E1B3C44E0EEB3968DBs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibBAC953E88F6D79514B0B6FC42EB6F3B7s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibE057357B5F3375831F31ACE7A47566CCs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibAE6EEEBE6C033B97CE117E2D02555722s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib11A05B1EE7C43A82575BEA6DCC9EA72As1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibC076B0C8D75A558720C5485A3189C353s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib7F7BF1D7C20B341C4E3BA1C1D25C26D9s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib0BDB973EB1ADD115BFBFB80BBAAE093Fs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibD4A08FB061D70019E73D1826170FB00Es1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib4CF5024252F3D775804CBE70C502E20As1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib5F03B8676AA4ACA7B341B130BC3B0B65s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib6F314D86EF0512311A1A1812A4305F12s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib6F314D86EF0512311A1A1812A4305F12s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9496AC0937DDB791E3394BE16234F2C8s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib54A110D4624C71835A9DED07D89E6DA3s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib02C5B5923B5490C604857616526F20D0s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibDDB5779E3F9FFB0C1BA27B7348432387s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibDDB5779E3F9FFB0C1BA27B7348432387s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib80A7AB235A4938DEDC432702700DA749s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib80A7AB235A4938DEDC432702700DA749s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib8DEBAB4C75B2019DF475494B0BAD98BCs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib8DEBAB4C75B2019DF475494B0BAD98BCs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib73AC82C18E7CA7081C6DE986386AA1D0s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib3B68F55E0CCC8A66D3AE8E32FD871CAEs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibE3CE63A3A3ACDA93796E938D385D7BF1s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibDE234FDB4E1587BD386A74D348BE0C8Fs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibDE2C14DCD367497BB35D12391A3AD6CDs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibF34C1177CCF17D51739FE587F7A7E379s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibF34C1177CCF17D51739FE587F7A7E379s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib266D66BF30B2353EE37AFAB7BA235A07s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib2B57930CDB96F13E670B2D24610A1A7Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib2B57930CDB96F13E670B2D24610A1A7Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib61B574791C340698E9F567617802A594s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibE95904DC65E0AF8A3FE06C04A1B1F5ACs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibE95904DC65E0AF8A3FE06C04A1B1F5ACs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib418E9189F781EC4E0961F4A63DB4B19Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibBE80CC16D61CD031C0BEA16683921C57s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib5EE3A5188BCD7E6EF02C8702C9ED334Bs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib5EE3A5188BCD7E6EF02C8702C9ED334Bs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibA112EA483709B12855350BCEA413BC8Es1

J. Ablinger, A. Behring, J. Bliimlein et al. Physics Letters B 854 (2024) 138713

[54] J. Bliimlein, S. Kurth, Harmonic sums and Mellin transforms up to two loop order, Phys. Rev. D 60 (1999) 014018, arXiv:hep-ph/9810241.

[55] E. Remiddi, J.A.M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15 (2000) 725-754, arXiv:hep-ph/9905237.

[56] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel, C. Schneider, The 3-loop pure singlet heavy flavor contributions to the structure function F,(x,0?) and the
anomalous dimension, Nucl. Phys. B 890 (2014) 48-151, arXiv:1409.1135 [hep-ph].

[57] M. Steinhauser, MATAD: a program package for the computation of MAssive TADpoles, Comput. Phys. Commun. 134 (2001) 335-364, arXiv:hep-ph/0009029.

[58] S. Catani, M. Ciafaloni, F. Hautmann, High-energy factorization and small x heavy flavor production, Nucl. Phys. B 366 (1991) 135-188.

[59] J. Bliimlein, A. Vogt, Phys. Lett. B 370 (1996) 149-155, arXiv:hep-ph/9510410 [hep-ph].

[60] J. Bliimlein, A. Vogt, Phys. Lett. B 386 (1996) 350-358, arXiv:hep-ph/9606254 [hep-ph].

[61] J. Bliimlein, A. Vogt, The evolution of unpolarized singlet structure functions at small x, Phys. Rev. D 58 (1998) 014020, arXiv:hep-ph/9712546 [hep-ph].

[62] J. Bliimlein, QCD evolution of structure functions at small x, Lect. Notes Phys. 546 (2000) 42-57, arXiv:hep-ph/9909449 [hep-ph].

[63] H. Kawamura, N.A. Lo Presti, S. Moch, A. Vogt, On the next-to-next-to-leading order QCD corrections to heavy-quark production in deep-inelastic scattering, Nucl. Phys. B 864
(2012) 399-468 and Erratum in arXiv, arXiv:1205.5727 [hep-ph], 2016.

[64] S. Alekhin, J. Bliimlein, S. Moch, R. Placakyte, Parton distribution functions, a,, and heavy-quark masses for LHC run II, Phys. Rev. D 96 (1) (2017) 014011, arXiv:1701.05838
[hep-ph].

[65] M. Buza, Y. Matiounine, J. Smith, R. Migneron, W.L. van Neerven, Heavy quark coefficient functions at asymptotic values 0% > m?, Nucl. Phys. B 472 (1996) 611-658, arXiv:
hep-ph/9601302.

[66] 1. Bierenbaum, J. Bliimlein, S. Klein, Two-loop massive operator matrix elements and unpolarized heavy flavor production at asymptotic values Q> > m?, Nucl. Phys. B 780 (2007)
40-75, arXiv:hep-ph/0703285.

[67] J. Ablinger, J. Bliimlein, S. Klein, C. Schneider, F. Wilbrock, The O(ag) massive operator matrix elements of O(N /) for the structure function F,(x,0?) and transversity, Nucl.
Phys. B 844 (2011) 26-54, arXiv:1008.3347 [hep-ph].

[68] I. Bierenbaum, J. Bliimlein, A. De Freitas, A. Goedicke, S. Klein, K. Schonwald, O(af) polarized heavy flavor corrections to deep-inelastic scattering at Q> > m?, Nucl. Phys. B 988
(2023) 116114, arXiv:2211.15337 [hep-ph].

[69] A.K. Lenstra, H.W. Lenstra Jr., L. Lovasz, Factoring polynomials with rational coefficients, Math. Ann. 261 (4) (1982) 515-534.

[70] The PARI Group, PARI/GP Version 2.15.4, Univ. Bordeaux, 2023, http://pari.math.u-bordeaux.fr/.

[71] D. Adams quoted in: N. Gaiman, D.K. Dickson, M.J. Simpson, Don’t Panic: Douglas Adams & the Hitchhiker’s Guide to the Galaxy, 3rd ed., Titan Books, London, 2003.

[72] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel, C. Schneider, K. Schonwald, The three-loop single mass polarized pure singlet operator matrix element, Nucl.
Phys. B 953 (2020) 114945, arXiv:1912.02536 [hep-ph].

[73] J. Bliimlein, A. Hasselhuhn, S. Klein, C. Schneider, The O(af N fTﬁC 4,r) contributions to the gluonic massive operator matrix elements, Nucl. Phys. B 866 (2013) 196-211,
arXiv:1205.4184 [hep-ph].

[74] J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, M. Round, C. Schneider, F. WiSbrock, The transition matrix element A, (N) of the variable flavor number
scheme at O(af), Nucl. Phys. B 882 (2014) 263-288, arXiv:1402.0359 [hep-ph].

[75] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, M. Round, C. Schneider, F. Wil8brock, The 3-loop non-singlet heavy flavor contributions and
anomalous dimensions for the structure function F,(x, Q%) and transversity, Nucl. Phys. B 886 (2014) 733-823, arXiv:1406.4654 [hep-ph].

[76] A. Behring, I. Bierenbaum, J. Bliimlein, A. De Freitas, S. Klein, F. Wibrock, The logarithmic contributions to the O(af) asymptotic massive Wilson coefficients and operator matrix
elements in deeply inelastic scattering, Eur. Phys. J. C 74 (9) (2014) 3033, arXiv:1403.6356 [hep-ph].

[77]1 A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel, K. Schénwald, C. Schneider, The polarized transition matrix element Agy(N) of the variable flavor number scheme at
O(af), Nucl. Phys. B 964 (2021) 115331, arXiv:2101.05733 [hep-ph].

[78] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Goedicke, A. von Manteuffel, C. Schneider, K. Schénwald, The unpolarized and polarized single-mass three-loop heavy flavor
operator matrix elements A,, , and AA,, ,, J. High Energy Phys. 12 (2022) 134, arXiv:2211.05462 [hep-ph].

[79] J. Ablinger, J. Bliimlein, A. De Freitas, M. Saragnese, C. Schneider, K. Schonwald, The three-loop polarized pure singlet operator matrix element with two different masses, Nucl.
Phys. B 952 (2020) 114916, arXiv:1911.11630 [hep-ph].

[80] J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, M. Saragnese, C. Schneider, K. Schonwald, The two-mass contribution to the three-loop polarized gluonic operator matrix
element AA(;;‘Q, Nucl. Phys. B 955 (2020) 115059, arXiv:2004.08916 [hep-ph].

[81] J. Ablinger, J. Bliimlein, A. De Freitas, C. Schneider, K. Schonwald, The two-mass contribution to the three-loop pure singlet operator matrix element, Nucl. Phys. B 927 (2018)
339-367, arXiv:1711.06717 [hep-ph].

[82] J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, C. Schneider, F. Wibrock, Three loop massive operator matrix elements and asymptotic Wilson coefficients with two
different masses, Nucl. Phys. B 921 (2017) 585-688, arXiv:1705.07030 [hep-ph].

[83] J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, C. Schneider, K. Schonwald, The two-mass contribution to the three-loop gluonic operator matrix element A:; 0’ Nucl. Phys. B
932 (2018) 129-240, arXiv:1804.02226 [hep-ph].

[84] J. Bliimlein, A. De Freitas, M. Saragnese, C. Schneider, K. Schonwald, Logarithmic contributions to the polarized O(a?) asymptotic massive Wilson coefficients and operator matrix
elements in deeply inelastic scattering, Phys. Rev. D 104 (3) (2021) 034030, arXiv:2105.09572 [hep-ph].

[85] S. Bethke, et al., Workshop on precision measurements of «,, arXiv:1110.0016 [hep-ph].

[86] S. Moch, et al., High precision fundamental constants at the TeV scale, arXiv:1405.4781 [hep-ph].

[871 S. Alekhin, J. Bliimlein, S.0. Moch, «, from global fits of parton distribution functions, Mod. Phys. Lett. A 31 (25) (2016) 1630023.

[88] D. d’Enterria, et al., The strong coupling constant: state of the art and the decade ahead, J. Phys. G (2024), in print, arXiv:2203.08271 [hep-ph].

[89] S. Alekhin, J. Bliimlein, K. Daum, K. Lipka, S. Moch, Precise charm-quark mass from deep-inelastic scattering, Phys. Lett. B 720 (2013) 172-176, arXiv:1212.2355 [hep-ph].

[90] A. Accardi, et al., A critical appraisal and evaluation of modern PDFs, Eur. Phys. J. C 76 (8) (2016) 471, arXiv:1603.08906 [hep-ph].

[91] S. Klein, et al., unpublished.


http://refhub.elsevier.com/S0370-2693(24)00271-5/bibAE8E3F485B7892C4F0259F07310648A5s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib0406E1922B9955A5A73BB409582C4898s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibF8AD63ACCE81E0525ABF62CB3C790EBFs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibF8AD63ACCE81E0525ABF62CB3C790EBFs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib09D58F40DCE0CC616EA6A47F81BD8554s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib700E93D8141913327B8032B978315919s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibDF52016CA7CF6E56F5E3945BE55F648Bs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibFEA9643BA42BEB4B7FDE872E2D029179s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib71EDE9DEFD25510618C2179157652104s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9360C25D34CC5F78C180BD1207688AB6s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib6BBB854B8714C5F116B27FA8F6CADDBFs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib6BBB854B8714C5F116B27FA8F6CADDBFs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib090E779A0FC55DF1AFF264D1FA493240s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib090E779A0FC55DF1AFF264D1FA493240s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibCC22B52B17A05AAC47C7B5CB2F72563As1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibCC22B52B17A05AAC47C7B5CB2F72563As1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibFE09F7F1C24BE4A897841E03110A0447s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibFE09F7F1C24BE4A897841E03110A0447s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibFAEC9EC490DB7D14F4DDC53C538B685Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibFAEC9EC490DB7D14F4DDC53C538B685Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib643A21D5FA727A082BEBF1F5E9DE5FF1s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib643A21D5FA727A082BEBF1F5E9DE5FF1s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibCBC3E21FC60BC1BEB4C298F23D75CCB5s1
http://pari.math.u-bordeaux.fr/
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib975DAD3E83F61DE975842EED0FAD825Cs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibE42F200AE83B39871EB9D2CB24CF2D0Ds1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibE42F200AE83B39871EB9D2CB24CF2D0Ds1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib93D711EA6AA7138C5D78D776193A244Fs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib93D711EA6AA7138C5D78D776193A244Fs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib384ACE159BE51D6E142715EDA802FC27s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib384ACE159BE51D6E142715EDA802FC27s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibD16DAEFCA4DFEDA79317130E0671DA6Fs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibD16DAEFCA4DFEDA79317130E0671DA6Fs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibD58C27911F1666E32EAB792814446566s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibD58C27911F1666E32EAB792814446566s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibA1B3AAB2DFB56BCF26CAD9263EE446E2s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibA1B3AAB2DFB56BCF26CAD9263EE446E2s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib0C93FB425B3522F3BD19D19721EE38D8s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib0C93FB425B3522F3BD19D19721EE38D8s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibAA598DE37287EF76DCEE0182B9124BDDs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibAA598DE37287EF76DCEE0182B9124BDDs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibEDE14F1CFE46AE11C324130EC997B8F3s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibEDE14F1CFE46AE11C324130EC997B8F3s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibA6B9C78B17BB7D89CB53E58BED109244s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibA6B9C78B17BB7D89CB53E58BED109244s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib3BBD8F04EDC5FC3EF0B69FF1A4F5B1BAs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib3BBD8F04EDC5FC3EF0B69FF1A4F5B1BAs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9FE410B5B82DFA1DA0C3EE91C72AD151s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib9FE410B5B82DFA1DA0C3EE91C72AD151s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib75B0A35DD7F0693F1F1FD1C4B7DF0CC4s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib75B0A35DD7F0693F1F1FD1C4B7DF0CC4s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib854FAB0BE05025C9125C780FB99B8082s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib889DF0D3ABAD764EF5CB1F2BE28D1939s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bibBF6A72C1E34ADC6B4D6515297F276EA6s1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib8175820285ED481F4B25713198CE88ECs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib2CF1CA82A5D128283B66A87AC702F7EBs1
http://refhub.elsevier.com/S0370-2693(24)00271-5/bib157DF0A16AA0A9EF0DF614A0AF353F7Cs1

	The non-first-order-factorizable contributions to the three-loop single-mass operator matrix elements A(3)Qg and ΔA(3)Qg
	1 Introduction
	2 The main steps of the calculation
	3 a(3)Qg(x) and Δa(3)Qg(x)
	4 The small- and large-x limits
	5 Conclusions
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


