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The multinucleon transfer process plays a crucial role for accessing unexplored isotopes far from the 𝛽-stable 
line. Developing reliable models is always one of biggest challenges for understanding the mechanism of the 
multinucleon transfer (MNT) process and providing accurate predictions. In this work, a new model, combining 
the Master and Langevin equations (CML), is developed for investigating the mechanism of the MNT reactions. 
The reaction 136Xe+208Pb is studied. The CML calculations are in rather good agreement with the experimental 
data. The effects of the incident energy and the entrance angular momentum on the production cross sections are 
investigated. One intriguing phenomenon is found that the dependence of the incident energy on the production 
yields in symmetry region is more intense than that for producing trans-target fragments.
Heavy-ion collisions around the Coulomb barrier are one of most 
rapidly developing field in nuclear physics and always attract a lot of 
attention due to the fact of offering numerous possibilities, such as syn-

thesis of superheavy elements [1–6], production of isotopes far from the 
𝛽 stability line [7–12], as well as illuminating the equilibrium mecha-

nism of quantum many-body system [13–15].

Because of the large variance of mass (charge), the multinucleon 
transfer (MNT) process is one promising approach to produce exotic 
nuclei [13] as well as the nuclei on the island of stability [16]. In 
particular, it was demonstrated that the MNT process shows great ad-

vantages of cross sections for producing neutron-rich isotopes which 
contributes significantly to the understanding of the r-process and shell 
evolution with large neutron excess [16–20]. However, the mechanism 
of the MNT process is still not clear, which also inhibits the production 
of unknown isotopes effectively.

One of the biggest challenges for understanding the mechanism of 
deep inelastic collisions and producing these unknown isotopes is lack 
of the theoretical model which could describe the possible reaction 
channels simultaneously. Developing new methods is essential and al-

ways desirable for better understanding the mechanism of the MNT and 
presenting more useful information for producing new isotopes. In re-

sent years, several models have been developed and widely used in 
studying the MNT reactions, such as the time-dependent Hartree-Fock 
approach (TDHF) [21–24], the quantum molecular dynamics (QMD) 

* Correspondence to: Sino-French Institute of Nuclear Engineering and Technology, Sun Yat-sen University, Zhuhai 519082, China.

type models [25,26], the GRAZING model [27–29], the dinuclear sys-

tem (DNS) type models [30–35], and coupled Langevin equations 
[36–38]. The present models still have their own shortcomings. For ex-

ample, in the DNS model, the radial evolution is frozen. This is because 
in the DNS concept the dissipation and nucleon transfer processes take 
place at the bottom of the potential pocket. Consequently, the interac-

tion time is input instead of self-consistent consideration of evolution 
from contact to separation. Nevertheless, the evolution of the radial de-

gree of freedom plays an important role in the heavy ion collisions, 
especially for the fusion process which is the only approach to syn-

thesize the superheavy elements. Also, the potential energy in the DNS 
model is considered in a diabatic way. However, in the case of collisions 
near Coulomb barrier, the system has enough time to change its shape 
and single particles levels in order to keep nuclear density constant.

Despite the above disadvantages, the Master equation (ME) em-

ployed in the DNS model is one of the most suitable tools for describing 
the evolution of systems produced in deep inelastic collisions. The ME 
is a general linear equation for the probability density, in which the 
transfer of nucleon is described as an equilibrium process [39]. Con-

sidering the fact that the Langevin equation (LE) has been successfully 
used in describing the time evolution of macroscopic variables, includ-

ing the radial degree of freedom not only in fission process [40,41] but 
also the heavy ion collisions around the Coulomb barrier [42,43], I pro-

pose a new model based on the coupling of the Master equation and 
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Langevin equations (CML). Therefore, we have the following set of 3 
coupled equations for 3 degrees of freedoms {𝑍1, 𝑁1, 𝑅}:
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)
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d𝑝𝑅
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− 𝛾𝑅
𝑝𝑅
𝜇𝑅

+
√
𝛾𝑅𝑇Γ𝑅(𝑡).

(1)

Here, 𝑃
(
𝑍1,𝑁1

)
is the distribution probability for the projectile-like 

fragment (PLF) with the proton number 𝑍1 and the neutron number 
𝑁1. At each moment, the evolution of radial degree (𝑅) is described by 
the Langevin equations for the effective fragment combination of (𝐴m

1 , 
𝑍m

1 ; 𝐴m
2 , 𝑍m

2 ). Here, 𝐴m
𝑖

and 𝑍m
𝑖

are respectively the average mass 
number and charge number of the 𝑖th nascent fragments based on the 
distribution probability 𝑃

(
𝑍𝑖,𝑁𝑖

)
calculated by using the Master equa-

tion. 𝐴m
𝑖
=
∑

𝑍𝑖,𝑁𝑖
(𝑍𝑖 +𝑁𝑖) × 𝑃 (𝑍𝑖, 𝑁𝑖), 𝑍m

𝑖
=
∑

𝑍𝑖,𝑁𝑖
𝑍𝑖 × 𝑃 (𝑍𝑖, 𝑁𝑖). 

𝜇𝑅 = 𝐴m
1 𝐴

m
2 ∕(𝐴

m
1 + 𝐴m

2 ). The value of 𝜇𝑅 varies during the evolution 
due to the transfer and exchange of nucleons. 𝑊𝑍1,𝑁1;𝑍′

1 ,𝑁1
(𝑅) de-

notes the mean transition probability from the channel (𝑍1, 𝑁1) to 
(𝑍′

1, 𝑁1) [44]. It is similar to 𝑁1. 𝑑𝑍′
1,𝑁1

is the microscopic dimen-

sion corresponding to the macroscopic state (𝑍1, 𝑁1). The parameters 
in the Master equation are exactly same with those employed in the 
DNS model [10]. The dissipation of the relative angular momentum 
can be expressed as 𝑑𝐽∕𝑑𝑡 = −𝛾𝐽∕𝜇𝑅 × (𝐽 − 𝐽𝑠𝑡). 𝐽𝑠𝑡 =

𝐼rel
𝐼tot

𝐽0. 𝐽0 =𝐿0ℏ

is the initial entrance angular momentum set at the beginning of the 
collision. 𝛾𝑅,𝐽 = 𝛾0

𝑅,𝐽
𝐹
(
𝜉 − 𝜌𝐹

)
, 𝐹 (𝜁) =

(
1 + e𝜁

)−1
, 𝜁 =

(
𝜉 − 𝜌𝐹

)
∕𝑎𝐹 . 

𝜉 = 𝑅 −𝑅contact. 𝑎𝐹 = 0.6 fm; 𝜌𝐹 = 3 fm; 𝛾0
𝑅
= 15 × 10−21 MeV s fm−2; 

𝛾0
𝐽
= 30 × 10−22 MeV s fm−2. Above parameters related to the frictions 

𝛾𝑅,𝐽 are determined by comparing the calculated mass distribution in 
the reaction 136Xe+208Pb at 𝐸c.m. = 526 MeV with the experimen-

tal data, as shown in Fig. 3 (a). Γ𝑅(𝑡) is a random force satisfying 
< Γ𝑅(𝑡) >= 0 and < Γ𝑅(𝑡)Γ𝑅(𝑡′) >= 2𝛿(𝑡 − 𝑡′). 𝑇 =

√
𝐸diss∕𝑎 standing 

for the temperature of the system. 𝐸diss and 𝑎 are the energy dissipated 
into the internal of the system and level density parameter respectively. 
In this work, the initial distance between projectile and the target is set 
as 30 fm. And the initial momentum can be determined based on the 
incident energy and the interaction potential. In the exit channel, the 
separation takes place and the simulation ends at 𝑅 = 50 fm.

The cross section for 𝑘th collision event can be calculated naturally 
as follows:

𝜎𝑘
(
𝑍1,𝑁1

)
= 𝜋ℏ2

2𝜇𝐸c.m.

𝐿max∑
𝐿0=0

(2𝐿0 + 1) × 𝑃
(
𝑍1,𝑁1

)
. (2)

Here, 𝐿max corresponds to the grazing collision, which depends on the 
incident energy. After simulations of 𝑁tot events, the cross section can 
be calculated as

𝜎
(
𝑍1,𝑁1

)
= 1
𝑁tot

𝑁tot∑
𝑘=1

𝜎𝑘
(
𝑍1,𝑁1

)
. (3)

The potential 𝑉 is calculated as follows [38]:

𝑉 (𝐴1,𝑍1;𝐴2,𝑍2; shape,𝑅, 𝐽 ) = 𝑉adiab(𝐴,𝑍; shape) ×𝐵(𝑅)

(𝐽ℏ)2 (4)
2

+ 𝑉diab(𝐴1,𝑍1;𝐴2,𝑍2;𝑅)[1 −𝐵(𝑅)] +
2𝜁rel

.
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Here, 𝐵(𝑅) =
[
1 + exp

(
𝑅−𝑅contact

𝑎dif f

)]−2
, which defines transition from 

the properties of two separated nuclei to those of the mononucleus. 
𝑎dif f = 0.5 fm [37]. The last term is centrifugal potential [10]. The adi-

abatic potential energy is defined as a difference between the mass of 
the whole nuclear system and the ground-state masses of the target and 
the projectile,

𝑉adiab(𝐴,𝑍; shape) =𝑀(𝐴,𝑍; shape)

−𝑀
(
𝐴𝑇 ,𝑍𝑇 ;𝛿

g.s.

𝑇

)
−𝑀

(
𝐴𝑃 ,𝑍𝑃 ;𝛿

g.s.

𝑃

)
.

(5)

The finite-range liquid-drop model is used to calculate the macroscopic 
mass [45], which has the form

𝑀(𝐴,𝑍; shape)|𝜂𝐴=𝜂𝑍
=𝑚𝑝𝑍 +𝑚𝑛𝑁 − 𝑎𝑣

(
1 − 𝑘𝑣𝐼

2)𝐴
+ 𝑎𝑠

(
1 − 𝑘𝑠𝐼

2)𝐵𝑁 (𝑞)𝐴2∕3 + 3
5
𝑒2𝑍2

𝑟0𝐴
1∕3𝐵𝐶 (𝑞)

− 3
4
𝑒2

𝑟0

(
9𝑍4

4𝜋2𝐴

)1∕3
+ 𝑓

(
𝑘𝐹 𝑟𝑝

) 𝑍2

𝐴
− 𝑐𝑎(𝑁 −𝑍) + 𝑎0

+𝑊

(|𝐼|+{
1∕𝐴, 𝑍 and 𝑁 equal and odd

0, otherwise

})

+
⎧⎪⎨⎪⎩
Δ̄𝑝 + Δ̄𝑛 − 𝛿𝑛𝑝, 𝑍 and 𝑁 odd

Δ̄𝑝, 𝑍 odd and 𝑁 even

Δ̄𝑛, 𝑍 even and 𝑁 odd

0, 𝑍 and 𝑁 even

⎫⎪⎬⎪⎭
− 𝑎el𝑍

2.39.

(6)

𝜂𝐴 (=(𝐴2 −𝐴1)∕(𝐴2 +𝐴1)) and 𝜂𝑍 (=(𝑍2 −𝑍1)∕(𝑍2 +𝑍1)) are mass 
and charge asymmetries between target-like and projectile-like parts 
of the dissipation system. The terms in this formula are respectively 
the masses of 𝑍 protons and 𝑁 neutrons; the volume energy; the sur-

face energy and the Coulomb energy depending on deformation via the 
dimensionless functionals 𝐵𝑁 and 𝐵𝐶 , respectively; the Coulomb ex-

change correction; the proton form-factor correction to the Coulomb 
energy; the charge-asymmetry energy; the constant term; the Wigner 
energy; the average pairing energy; and the energy of bound electrons. 
The values of parameters in the finite-range liquid-drop model are ex-

actly same with those in Ref. [45].

For an arbitrary value of 𝜂𝑍 , the macroscopic mass for the collision 
system can be calculated as follows:

𝑀(𝐴,𝑍;shape) =𝑀(𝐴,𝑍; shape)|𝜂𝐴=𝜂𝑍
−𝐶𝜂𝑍

(
𝜂𝐴 − ⟨𝜂𝑍⟩)2

2
+𝐶𝜂𝑍

(
𝜂𝑍 − ⟨𝜂𝑍⟩)2

2
.

(7)

Here, 𝐶𝜂𝑍
and ⟨𝜂𝑍⟩ can be written as [36,37],

𝐶𝜂𝑍
(𝐴,𝑍; shape) =

2𝑐𝑠𝑍2
𝐶𝑁

(1 + 𝑘)2

𝑘𝐴𝐶𝑁

+
(1 + 𝑘)2𝐸0

𝐶

2𝑘2

×
[
(1 + 𝑘)

(
𝐵1
𝐶
+ 𝑘𝐵2

𝐶

)
− 𝑘𝐵𝐶

]
⟨𝜂𝑍⟩ (𝐴,𝑍; shape) = (1 + 𝑘)2

2𝑘2𝐴𝐶𝑁𝐶𝜂𝑍

{
4𝑐𝑠𝑘𝑍2

𝐶𝑁
𝜂𝐴 +𝐸0

𝐶
𝐴𝐶𝑁

×
[
𝐵1
𝐶
− 𝑘2𝐵2

𝐶

]}
,

(8)

where, 𝑘 =𝐴1∕𝐴2. 𝐴𝐶𝑁 and 𝑍𝐶𝑁 are the mass and charge numbers of 
the collision system. 𝐸0

𝐶
is the Coulomb energy of the spherical com-

pound nucleus. 𝑐𝑠 = 23.7 MeV is the coefficient of the symmetry energy. 
𝐵𝑖
𝐶

is the dimensionless functionals depending on deformation with re-

spect to the spherical Coulomb energy for the 𝑖th nascent fragment.

The two center shell model is used to describe the shape of the sys-

tem. We consider the axially symmetric ellipsoids, centered at 𝑧𝑖 with 
semiaxes 𝑎𝑖 and 𝑏𝑖 (𝑖 = 1, 2) (see Fig. 1 (a)). 𝑅 is the distance between 
two oscillator centers 𝑅 = 𝑧2 − 𝑧1. The neck parameter in this work 

is 𝜖 = 0.35. The projectile 136Xe and target 208Pb are spherical. The 
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Fig. 1. Calculated shape contours of two interacting nuclei (136Xe+208Pb) in 
adiabatic way of collisions for 𝑅 = 12 (a) and 9 fm (b). The parametrization of 
shape is denoted in panel (a).

dynamical deformation of PLF and target like fragments during the evo-

lution can be seen clearly. As shown in Fig. 1 (b), the growth of the neck 
takes place with decreasing value of 𝑅. In the case of near barrier col-

lisions, the collision system has enough time to change their shape and 
keep the density constant.

The following definition is used for the diabatic potential energy 
𝑉diab:

𝑉diab(𝐴1,𝑍1;𝐴2,𝑍2;𝑅) = 𝑉12(𝐴1,𝑍1;𝐴2,𝑍2;𝑅)

+𝑀
(
𝐴1,𝑍1;𝛿1

)
+𝑀

(
𝐴2,𝑍2;𝛿2

)
−𝑀

(
𝐴𝑇 ,𝑍𝑇 ;𝛿

g.s.

𝑇

)
−𝑀

(
𝐴𝑃 ,𝑍𝑃 ;𝛿

g.s.

𝑃

)
.

(9)

The effective nucleus-nucleus interaction potential 𝑉 can be written 
as

𝑉12(𝐴1,𝑍1;𝐴2,𝑍2;𝑅) = 𝑉N
(
𝐴1,𝑍1;𝐴2,𝑍2;𝑅

)
+ 𝑉C

(
𝐴1,𝑍1;𝐴2,𝑍2;𝑅

)
.

(10)

Here, the Coulomb potential is taken as the form in Ref. [46],

𝑉𝐶
(
𝐴1,𝑍1;𝐴2,𝑍2;𝑅

)
=
𝑍1𝑍2𝑒

2

𝑅
+
√

9
20𝜋

(
𝑍1𝑍2𝑒

2

𝑅3

) ∑
𝑖=1,2

𝑅2
𝑖 𝛽

(𝑖)
2 𝑃2

(
cos𝜃𝑖

)

+
( 3
7𝜋

)(𝑍1𝑍2𝑒
2

𝑅3

) ∑
𝑖=1,2

𝑅2
𝑖

[
𝛽
(𝑖)
2 𝑃2

(
cos𝜃𝑖

)]2
.

(11)

The nuclear potential is taken the form as [47]

𝑉𝑁
(
𝐴1,𝑍1;𝐴2,𝑍2;𝑅

)
= 𝐶0

{
𝐹 in − 𝐹ex

𝜌0

[
∫ 𝜌21(𝐫)𝜌2(𝐫 −𝐑)𝑑𝐫

+ ∫ 𝜌1(𝐫)𝜌22(𝐫 −𝐑)𝑑𝐫

+𝐹ex ∫ 𝜌1(𝐫)𝜌2(𝐫 −𝐑)𝑑𝐫
]}

.

(12)

The detailed description of each term can be seen in Ref. [48]. The 
3

values of the parameters are exactly same with those in Ref. [37,47,48].
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Fig. 2. The calculated interaction potential as a function of the relative distance 
𝑅 for the reaction 136Xe+208Pb in diabatic (dashed line) and adiabatic (solid 
line) ways.

Fig. 2 shows the interaction potential as a function of relative dis-

tance in the reaction 136Xe+208Pb. It can be seen that 𝑉diab = 𝑉adiab for 
the two separated nuclei (𝑅 > 13 fm). However, after contact the inter-

action potential increases strongly for the diabatic case, which results 
from the doubling of the density. In this case, the strongly repulsive core 
in the potential could re-separate the collision partners in a very short 
time. The diabatic potential is only suitable for the collisions when the 
approaching speed of two nuclei is fast and comparable with nucleons 
speed in the nuclei. On the other hand, one can see that adiabatic poten-

tial calculated with the CML model obviously differs from the diabatic 
one after passing the contact point. The interaction potential increases 
gently because of rearrangement of the nucleons in the neck region.

Fig. 3 (a) shows the calculated mass distributions of the primary 
fragments with total kinetic energy loss (TKEL) greater than 40 MeV 
in the multinucleon transfer reaction 136Xe + 208Pb at incident energies 
𝐸c.m. = 423, 526, and 617 MeV by using the CML model. The thick solid 
lines and thin dashed lines denote the results of the two-body events ex-

cluding the sequential fission of the heavy fragments and the results of 
all events, respectively. The statistical model as described in Ref. [35] is 
employed to perform the de-excitation process. The experimental data 
[49] are also shown, in which the events with the fission of the heavy 
fragments after the primary interaction are excluded. It can be seen the 
calculated results are in good agreement with the experimental data. 
The calculations show the same trend in cross sections with incident en-

ergy as observed in the experimental data, where the total cross sections 
increase as the incident energy rises. Another intriguing phenomenon is 
also found in both experimental data and the calculations (both cases) 
that the influence of the incident energy on the production yields in 
the symmetry region is more intense than that for producing asymme-

try fragments, especially for high incident energies of 526 MeV and 617 
MeV. This is because mass equilibrium effects which is related to the 
negative 𝑄𝑔𝑔 values attract the system evolving symmetrically. How-

ever, for producing trans-target fragments, overcoming high potential 
energies results in the weak sensitivity to the incident energy. There-

fore, for producing unknown isotopes in different regions, the optimal 
incident energies should be different. It is noticed that the DNS calcula-

tion couldn’t reproduce this intriguing behavior [50]. The reproduction 
of the above experimental behaviors proves the reliability of the CML 
model. It is also worth to show the mass distribution for TKEL < 40
MeV. One can see the distribution is mainly around 𝐴 = 136 and 208.

The results of all primary fragments (including the events with se-

quential fission) for different entrance angular momentums (𝐽 = 20ℏ, 
200ℏ, and 480ℏ) at 𝐸c.m. = 526 MeV are also shown in Fig. 3 (b). 
Clearly, as we expected that the fragments far from the projectile and 
target are mainly produced in collisions with small impact parameters, 
while the yields around the projectile and the target dominate in graz-

ing collisions. The number of transferred nucleons strongly depends on 

the deepness of the contact as well as the interaction time. In order to 
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Fig. 3. (a) Mass distributions of primary products in the reaction 136Xe+208Pb 
with TKEL greater than 40 MeV at 𝐸c.m. = 423, 526, and 617 MeV. The exper-

imental data (denoted with symbols) are from Ref. [49]. The red, black, and 
blue lines denote the calculated results with the CML model for 𝐸c.m. = 423, 
526, and 617 MeV, respectively. The thick solid lines denote the results of the 
two-body events excluding the sequential fission of the heavy fragments. The 
thin dashed lines denote the results of all events. The dotted black line denotes 
the case of TKEL lower than 40 MeV at 𝐸c.m. = 526 MeV. The coverage angular 
range of 40◦ < 𝜃c.m. < 140◦ is taken into account. (b) The calculated production 
cross sections of all primary fragments for different incident angular momen-

tum in the reaction 136Xe+208Pb with TKEL greater than 40 MeV. Thick black 
lines and thin blue lines denote the results at 𝐸c.m. = 526 MeV and 617 MeV, 
respectively. The dashed, dotted, and solid lines denote the 𝐽 = 20ℏ, 200ℏ, and 
480ℏ respectively.

clarify the incident energy effect on the mass distribution. I also show 
the results of 𝐸c.m. = 617 MeV for comparison. It is found that the en-

ergy dependence is stronger for higher angular momentum. This is due 
to the fact that the wave function can be expanded to higher angular 
momentum for 𝐸c.m. = 617 MeV. Consequently, comparing to incident 
energy of 526 MeV the cross section superiority of 617 MeV is obvious 
for 𝐽 = 480ℏ. Hence, the behavior of the incident energy dependence 
as shown in Fig. 3 (a) is mainly contributed from the collisions in high 
entrance angular momentum.

The yields shown in Fig. 3 are mostly from the damped events. The 
values of TKEL are strongly related to the characteristics of the reaction 
channels. In order to further testify the CML model, I show the distri-

butions of the TKEL for two-body events in the reaction 136Xe + 208Pb 
at 𝐸c.m. = 526 MeV in Fig. 4. It can be seen that the CML results show 
very reasonable description of the TKEL distribution. The position of 
the TKEL equaling 40 MeV is shown. One can see that a significant por-

tion of the yields are with TKEL lower than 40 MeV, which corresponds 
to the quasi-elastic collisions and the products around the projectile and 
target (see Fig. 3 (a)). The results from the DNS model are also shown. 
The DNS calculations underestimate the experimental data in the high 
TKEL region, which corresponds to the more damped collisions. Also, 
we can see that the quasi-elastic events corresponding to the low TKEL 
region are also strongly underestimated within the framework of the 
DNS model. Actually, the underestimation of the quasi-elastic events 
based on the ME in the DNS model has been recognized from the pro-

duction cross sections of the fragments near the projectile-target [51]. 
In the CML model, the coupling of the LE strongly improves the descrip-

tion of the TKEL distribution.

In summary, one novel method, coupling the Master and Langevin 
equations (CML), is developed and presented in this work. The CML 
4

model achieves the purpose of mutual complementary advantages of 
Physics Letters B 849 (2024) 138423

Fig. 4. TKEL distributions of the primary fragments excluding the sequential 
fission of the heavy fragments in the reactions 136Xe+208Pb for 𝐸c.m. = 526 MeV. 
The circles denote the calculated results from the CML model. The dotted line 
denotes the calculated result from the DNS model [50]. The vertical line denotes 
the position of TKEL equals 40 MeV. The experimental data are from Ref. [49].

the LE and ME. Also, the CML model is applied in investigating the MNT 
reaction 136Xe + 208Pb. The incident energy and the entrance angular 
momentum effects on the cross sections are investigated. The calcula-

tions can reproduce the experimental data rather well. Furthermore, 
one intriguing phenomenon is found from both experimental data and 
the CML model calculations that the dependence of the incident energy 
on the production yields in the symmetry region is more intense than 
that for producing trans-target fragments. From view point of the par-

tial waves, it is demonstrated that the behavior of the incident energy 
dependence on the production cross sections is mainly contributed from 
the collisions with high entrance angular momentum. This work could 
contribute significantly to the investigation of the MNT mechanism and 
production of unknown isotopes with exotic properties.

I would like to mention here, that Dr. P.W. Wen and his collaborators 
also have developed one novel model based on coupling the Master and 
Langevin equations [52].
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