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Abstract

Haag duality is a remarkable property in QFT stating that the commutant of the algebra of observables
localized in some region of spacetime is exactly the algebra associated to the causally disconnected region.
It is a strong condition on the local structure and has direct consequences on entanglement measures. It was
first shown to hold for a free scalar field and causal diamonds by Araki in 1964 and later by many authors
in different ways. In particular, Eckmann and Osterwalder (EO) used Tomita-Takesaki modular theory to
give a direct proof. However, it is not straightforward to relate this proof to the works of Araki, since they
rely on two forms of the canonical commutation relations (CCR), called Segal and Weyl formulations,
while EO work as starting point assumes that duality holds in the so-called “first quantization” in the Weyl
formulation. It is our purpose to first introduce the works of Araki in a more easy-to-read but still rigorous
and self-contained fashion, and show how Haag duality is stated in the Segal and Weyl formulations and
in both first and second quantizations (and their immediate combination). This permits to understand the
setting of the EO proof of Haag duality. There is nothing essentially new in this manuscript, with the
exception of what we consider a simplification of EO proof that uses the adjoint $* of the Tomita operator
S instead of introducing several auxiliary operators. We hope this note will be useful for those seeking to
understand where Haag duality comes from in a free scalar QFT.
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1. Introduction

We are mainly interested in the property of Haag duality in QFT, which is related to the
local structure of the theory and superselection sectors [1], and this has important consequences
on entanglement measures in QFT [2,3]. It is known to hold for a free scalar field on causal
diamonds (see [4-7]), free fermions (in a twisted version, see [8]) and the elecromagnetic field
(for simply connected regions [9]). It also holds in conformal field theories (see [10]) and in
a form relative to globally-hyperbolic submanifolds of Minkowski [11]. It has been famously
shown to hold for Rindler wedges in [12,13].

In order to state the duality, it is first adequate to introduce the general philosophy of Algebraic
Quantum Field Theory (AQFT) in a nutshell: to each open region of spacetime, an algebra of
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operators is assigned. This assignment is called a net N. If we have a region O C M*, then we
call N (O) the algebra of bounded operators localized in O. Causality dictates that given a region
O, the operators in N(Q'), i.e. those localized in the causal complementI @', commute with
those in N (O). In other words, N (O) C N(©)', where prime in the algebra means commutant.”
Haag duality is the property that the commutant of N (O) coincides with the algebra of operators
localized in O’, namely

N(©O) =N©O) (Haag duality)

To the best of our knowledge, the first proof of Haag duality for the free scalar field was given
by Araki. In [14] two possible forms of the canonical commutation relations (CCR) algebra are
introduced. They are called Weyl and Segal formulations. In [14] several properties of these
CCR algebras are studied, such as the existence of a cyclic vector in the vacuum representation.
However, here we are going to motivate and explain their formulations and how they relate to
each other, and only discuss the properties that we need to arrive at the different presentations of
Haag duality and its proof.

Let us give more detail on what the reader will find in this manuscript. First, in Section 2, we
begin with the very basics: the free scalar field theory and its space of solutions. The one-particle
space of square-integrable functions on the positive mass hyperboloid is immediately introduced
and allows to formulate the ubiquitous CCR [a(f), a(g)*] = (f, g), which can be represented by
the creation and annihilation operators acting on the Fock space of such one-particle space. Then
we introduce Segal’s formulation of CCR, where the one-particle space is made of real spacetime
functions, and gives rise via a representation to unitaries® Wp( f) that act on the same Fock space
as before and obey an exponentiated form of the CCR. From the Segal one-particle space of real
spacetime functions, it can be obtained a vector space of initial conditions. This motivates the
definition of the Weyl CCR algebra and a representation by unitaries Up(f) and Vr(g) which
also act on the same Fock space. Such unitaries are generated by the value of the field at some
fixed time (say ¢ = 0) (0, X¥) and its normal future-directed derivative 7 (0, X) = W l=0-

In Section 3 we begin to dig deeper and present the mathematical construction of the one-
particle symplectic vector spaces for the Segal and Weyl formulations. In particular we spend
some time clarifying the relation between the spacetime functions in the Segal construction and
the pairs of initial conditions of the Weyl construction, which are functions on a spacelike hyper-
surface.

In Section 4 we present the so-called first quantization map. This is a map S that assigns to
open spacetime regions O a closed real subspace S(O) of a one-particle space:

S : Open spacetime regions — Closed real subspace of 1-particle space

We define these maps for the Segal and Weyl contexts and explain how Araki proves the duality
property for them, which roughly reads S(O)" = S(O’). We will explain, for each formulation,
what ’ refers to when applied to a closed vector subspace.

L O is the region causally disconnected from O. See (38) for a precise definition.

2 Given a subset M C B(H) of all linear bounded operators acting on a Hilbert space H, its commutant is the set
M ={x" € B(H) : x'x =xx' forall x € M}.

3 In many places in the literature these unitaries are referred as Weyl unitaries instead. We follow the nomenclature of
Araki which reserves the name Weyl unitaries for other unitary operators.
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In Section 5 we introduce the so-called second quantization map. This map assigns to the
closed vector spaces S of the first quantization a von Neumann algebra R(S) of bounded opera-
tors on the corresponding Fock space:

R : Closed real subspace of 1-particle space — von Neumann algebra

Here we leave the guide of Araki’s works in order to make direct contact with the starting point
of the article by Eckmann and Osterwalder [7]. There they proved Haag duality for the second
quantization map with the help of the power of Tomita’s modular theory. This is a direct way to
obtain the duality, although we believe some details in that reference deserve better explanation
or could be simplified. So in section 5 we follow [7] but at some instances propose different argu-
ments that seem more clear to us, and specially we do not introduce several auxiliary operators.
Instead, once the modular operator S is introduced and studied, we can do similar computations
for its adjoint S* that allow to reach the final steps of the proof more directly. Finally, in Section 5
we include a description of a counterexample of the duality constructed originally by Araki in
[4].

The reader interested solely in the proof of Haag duality can start at section 4, or even at
section 5 if only interested in the utilization of Tomita’s modular theory. Many computations and
technical clarifications are relegated to appendices. We follow most of the times the notation and
conventions of Araki in [4].

2. CCR representations in a nutshell

Starting from the equation of motion for the real scalar field, there are a number of ways
of present the CCR. Araki in [14] and [4] uses the usual Fock space, and at the same time
both Segal and Weyl formulations as well. It will be important for us to explain them in detail,
including the corresponding vacuum representation, and in this Section we give an overview of
their constructions.

The real scalar field of mass m > 0 satisfies the Klein-Gordon equation

O+ m>)¢(x) =0. 1)

Fourier transforming this equation (see (4) below)

(=p* +m*).F (@) (p) =0,
shows .Z (¢)(p) is supported on the union of hyperboloids {p € R*|p? = m?} but if ¢ is real
F(P)(—p) = F(d)(p)*. Then ¢ is completely defined by the value of .7 (¢) over the positive
mass hyperboloid H,, := { pr=m? p°> O}. This motivates the following lines in which we

follow [15]. If n : H,, U —H,, — C satisfies n(—p) = n(p)*, we can obtain the following weak
solution” of (1)

Fy(x) = / iP5 (p? — m2) sgn(pV)n(p)d*p. ?)
R4

If in addition n = E (h), with E(h) =.% (h)|p,, and h € S (R*, R) (real Schwartz function), then

(27)3

4 A weak solution of (1) is a distribution ® (tempered for us) such that (0 + m?2) f) =0 for all f € S(R%).

4
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Frn = [ 86 =hdy=—¢ [P =) sen(p 7ty pya'p.
R4 (27)? R4
where A is the causal propagator.” Note that if the Fourier transform of 4 vanishes when re-
stricted to the hyperboloid, we have a trivial solution. In addition, if % is a compactly supported
smooth function the solution is a smooth function, see Theorem 1 in [16].
The image under the map F above of

{h:H,U—H,+— C| h(—p)=~h(p)* and

d3
/ Ih(p)[*8(p? —m*)d*p < oo} ~ L? (R3, —”)
Wp
]R4

(where = is given by taking p* = w,, := y/m2 + p?) defines a (complex) Hilbert space of weak
solutions of the Klein-Gordon equation. In what follows we introduce in detail different (real and
complex) Hilbert spaces associated to the space of (weak) Klein-Gordon fields (Fig. 1).

2.1. The complex one-particle Hilbert space L

Let us consider the smooth and real spacetime Schwartz functions® S(R*, R). Let us also
introduce their Fourier transform,

F D=0 [ dxpwer “
R4

We can define the following symmetric semi-definite positive bi-linear form on S(R* R) with
values in C,

(b =2 [ m@AD = phadrdy, )
R4xR4
where A (x) = (2;")3 [e7iPxs(p? —m?)0(p)d*p and p - x = p°x® — p - X. This is nothing
but the Lorentz-invariant product on the mass hyperboloid H,,. This can be seen by noticing
(h1.h2)s =2 / F ()" (p)F (h) ()3 (p* —mH6(p*)d" p ©6)
R4
or k = >\ o g = d3p
= [ F(h) (@(p), p)F (h2)(@(p), p)—=, @)
2 w(p)

where w(p) = V/m? + p? =: wp. There is a set of functions such that (4, 1) s = 0, namely those
with Fourier transform that vanishes on H,,. We denote this set by Sp. In order to obtain the

5 It can be defined in several equivalent ways. One is the one given by the second equality in (3). Another one is as
2ReA™), see below (5).

6 They carry a representation U (a, A) of ISO(3, 1) such that, [U(a, A) f1(x) = f(A_](x —a)), f e S(R4,R).
Equivalently [U (a, A).Z(f)1(p) = eil"aﬁ(f)(A_lp). With the complex inner product of (8) the representations be-
come unitary.
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Weyl Segal
inclusion
K = {even functions of z9} H = S(R*R)/Sy
CH=Ka&pK with c.s. 8
Eon K+1iK E after f =1
H,,-space
L2(R3, £2)
F

Space of real solutions of the Klein-Gordon equation

(O+m2)® =0

Fig. 1. A schematic diagram showing that associated to the space of real (weak) solutions of the equation of motion, we
can construct different Hilbert spaces. They will give different versions of the so-called first quantization. The 1-particle
space on Hy, is a complex space, while the Segal and Weyl vector spaces are real, and Segal’s has a complex structure
(c.s.) B. In the definition of H, S are the Schwartz functions whose Fourier transform vanishes on the mass hyperboloid.
The map E is given by E(h) = % (h)|p,, which acts on the complex Hilbert space L, so we first need to set 8 =i as
explained around (13). The map F is defined in (2).

complex one-particle Hilbert space, we first of all quotient by So. In S(R*, R)/Sy it is possi-
ble to define a multiplication by i. This can be achieved by imposing the condition 4’ = ik if
F W)y, =iF()|n,, where h and k' are real Schwartz functions on R*. We relegate the in-
dependence of this definition with respect to the chosen representative element to the subsection
3.1.2. Note that although it may seem that multiplying by i the Fourier transform of a real func-
tion necessarily makes the new function complex-valued (when back-transformed to coordinate
space), the fact that this condition is imposed on H,, resolves this puzzle. We explain how this
works with an example in Appendix B.

A multiplication by i as just defined turns (, ) s into a Hermitian inner product in S (R% R) /So0-
By completing S(R*, R) /Sy with respect to this complex inner product we arrive to a complex
Hilbert space denoted by L,

L:=S[®R* R)/S, ®)

This is understood to be equipped with the multiplication by i defined above, and we denote the
complex inner product by (,)r.
The precise way to relate L with the space of square-integrable functions on the mass hy-

3
perboloid is as follows. The map E : S(R*, R) — L, (]R{3, i—:) given by E(h) = .7 (h)|y, has
dense range (see [17] Chapter X) and Ker(E) = Sp, then E passes to the quotient as an injective
map. So we have
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- a3
L=S®R* R)/Sy~ L2 (R3, —p> :

@p
where also the complex structures are compatible, due to the definition of i in L. As a conclusion,

3
given [h] € S(R“, R)/Sp, or thought as an element of L? (R3, i}—:), we have, through the map
Fg@y(x) in (3), a weak solution to the Klein-Gordon equation.

2.2. Test spaces H and K

Before defining the CCR-algebras we present the real Hilbert test spaces on which they are
modeled. Both real test spaces we construct here can be related to the complex one-particle
Hilbert space (L, (,)r). The first test space H is the one of real spacetime functions which at
the end will help to construct smeared fields over spacetime regions. The second one, K, will be
shown in Section 3 to be intimately related to the space of conjugate momenta at t = 0 (and K
is related to the other initial condition, the field at t = 0).

2.2.1. The real one-particle Hilbert space H

Starting from the complex Hilbert space’ L viewed as densely generated by Schwartz real
functions modulo Sy, a real Hilbert space H together with a complex structure 8 can be defined,®
namely an operator acting on H such that:

pr=—p p=-1. ©)

First of all we consider L as a real vector space and the real inner product given by Re{(,)}.
It is important that L is complete with respect to it. Then we call H = L as real vector spaces
and we use in H the inner product given by (, )y = Re{(, ) }. Note that given & € L in the real
Hilbert space H the elements /# and ik are linearly independent while they are clearly linearly
dependent as elements of L (seen as a complex space). The real inner product is

(h1, h2)g :=Re{(h1, h2)L} (10)
and B is defined by

(h1, Bh2)n = —Im{(h1, h2)L} an

We must convince ourselves that B2 = —1. This is possible by noticing that f is the operator
in H that maps h to ih, as (hy, Bho)y = —Im{(h1, o)} =Re{i(h1, hy) L} =Re{(h1,ih2)L} =
(h1,ihy) g, for any k1 and h;. Therefore, B can be identified with multiplication by the scalar i
in L. Then B2h = Bih = i*h = —h. We can also show that A is compatible with the inner prod-
uct, namely that the adjoint 8* is equal to —8: (—Bh1, h2)g = —(Bh1, hy)g = —(ha, Bh)) gy =
Im{(ha, h1)r} =1Im{(h1, hy)L} = —Im{(h1, ho)L} = (h1, Bh2)u. In short, B~! = —B = B*. The
role of the B operator is to implement a distinction between the “position and velocity” initial

7 What follows is a general construction of a real Hilbert space with complex structure S from an arbitrary complex
Hilbert space. But in order to make contact from the start with what we have been discussing previously, we have in mind
the complex Hilbert space L.

8 In [4] first a real Hilbert space L is defined just as we did for H and the complex structure is given by i, borrowed
from L. Then H and B are defined as we did and in the end (I:, i) is isomorphic to (H, 8). We are not going to make this
distinction.



A. Garbarz and G. Palau Nuclear Physics B 980 (2022) 115797

conditions which are behind the idea of the Weyl formulation, as will be explained in more detail
in the following sections.
The imaginary part of the inner product in L gives a symplectic structure o in H

o(hi, hy) :=1Im(hy, ho)p = —(h1, Bh2). 12)

In short when we talk about H we will be talking about a real Hilbert space with inner product
denoted by (, )y with an operator g satisfying (9).

It is also true that given (H, B) a real Hilbert space with B an operator satisfying (9), it is
possible to define a complex Hilbert space L. As a set L = H. Guided by (10) and (11) we
define

(hi,h2)p = (h1, ho)g —i(hy, Bho)w. (13)

The defining properties of 8 are used to prove that the equation above defines an inner product
in L. But in order to show this we need first to define the action C ~ L, which is (a + bi)h :=
ah + bBh.

Now we want to see (13) is sesquilinear. It pulls scalars out because the inner product in H is
R-bilinear. Let us see what happens with multiplication by i inside the inner product of L,

(@hi, ho)p = (Bh1, ho)g — i(Bhy, Bho)w (14)
= (h1,—Bhy)g —i(hi1, h2)H (15)
= (=i)[(h1, h2)g —i(h1, Bho)gl = (=i)(hy1, h2) L, (16)

where (9) and R-bilinearity were used. Then the behavior of the multiplication by i is the one
we expect. Similarly one can see that definition (13) is C-linear in the second argument.

2.2.2. The real Hilbert space K of initial conditions

The real Hilbert space K is a subspace K € H that satisfies H = K ®r SK (and also L =
K + iK is its complexification). This property does not give us a unique K, for details on a
general way to construct such a K the reader can see [14].

Instead of that here we make an explicit connection between Segal’s real Hilbert space H
and the space K that we are going to use when we talk about Weyl’s CCR-algebra. We start by
defining K:

Mz

K:={[hle H| heSR*R)iseveninx®}

We will show that BK consists of the (completion of the) subspace of odd functions in x°, so

that H = K + K. Even more, we will prove that K Ly BK, and thus H = K &R BK, a fact
that will be crucial to establish the validity of Haag duality. As subspaces of H, both K and 8K
inherit the inner product of H.

Let us start by recalling some elementary facts. Any f € S(R*, R) can be written in a unique
way as a sum of its even and odd parts in x°, f = f, + f_, with

1 . . 1 . -
fr(x) = E(f(xo,x) + f(=x% %)), fo(x) = E(f(xo,x) — f(=x%%)).
In terms of the Fourier transforms this means

a 1 a 0 = a 0 >\ k
F(f)(p) = E(J(f)(p D)+ F (P -,

7 1 a 0 = a 0 >k
F(f-)p)= E(J(f)(l? D)= F (O, —P)¥). (17)
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On the other hand, the operator B is better understood in momentum space. Let us recall its
definition

F(Bf)(p) =i F(f)(p) for p € Hy or
F B () =i Z(f)(pn(pY,

where 7(p?) is an infinitely differentiable odd real function such that n(p°) = 1 if p° > m. Note
that setting p € H,, in the second line we recover the definition of 8. We will come back to this in
section 3.1.1. When we consider an even function f in x°, namely a function in K N S(R*, R),
and taking into account (17) we have

1 = -
FBNHP)=iZ (NP =in(p") 7 (F (NP, B+ F (NP’ =p))
1 o R
=5 F D", ) = )T (NP’ =p))
1 = -
=5 (FBNG". P = FBOHP", —p)),

where it was used that 7(p?) is real.
A general element [ f] € K is the limit of a sequence { f,},eny € S(R*, R) of even functions
in x°, then by boundedness of 8, B[ f] = lim, Bf,. But as we saw {8/, },cN is a sequence of odd

functions in x°, then we have that BK C {[f1€ H| f € S(R* R) odd in xO}H”H_

In a similar way one can show that {[f] € H| f € S(R* R) odd in x°} € BK. Let us as-
sume that f € S(R*, R) is odd in x°,

ar 1 ar 0 = a 0 e 3
F(NH(p)=z(FH P, p)— F(H P’ —p)")

[\

1 N -
=5 (ZE DG P - FE NP’ —p)")

_ —%n(po)(ﬁ(ﬂ N’ )+ FBHG —p))

=in(pH)F (=B (p) = F (B(=BF)+)(p)

which shows that f € BK. Let us recall the § is a closed operator because its inverse is bounded,
then BK is a closed subspace of H so we still have an inclusion if we take closure of {[ f] €
H| feS@R* R)oddinx® CBK inordertohave {[f]€ H| f € S(R* R)oddin xO}"”” c
BK. Then

e

K ={[hl€ H heS(R* R)iseveninx’}

BK ={[fl€H| f<SR%R)oddinx0) "
From now on we will use the subspaces K and K to refer to even and odd functions of x°
together with its limit points.

It is now time to show that K | i BK, a very simple but important fact that will be extensively
used later on. In order to do this let us first of all rewrite the inner product of H in a more
convenient way
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(1, h2)w = Rel(hy, ho)s) = Im{i(hy, ho)s)
—_ / B ()AL (x — Yha(y)dxdy, (18)
R4xR4

where we have defined A = ZIm{A(+)}. Now, A can be expressed as follows,

2
810) =2m(AV @) =~ s [ costpan(p? =m0y
@)
R4
_ 1 cos(a)pzo—ﬁ-Z) 3
T @n) / o “P
R3

Then the inner product between 4 and h; is

(hl’hZ)H:_//hl(x)Al(x_y)hZ(y)dXdy

R4R*
0 d3P
(277)3 / [ [ [ m@eosto, =30~ 5 (X—y))hz(y)dxdy}
R3 R4R* “r
3
(Zn)sf[//hl(x)cos«vp(x —y))cos(p - (x—y))hz(y)dxdy]d £
R3 R4R4 “r

which, by separating the factor cos(w), (x9—y9)) in two terms, can be seen to be zero since either
the integral in x° or the one in y° vanishes if /1 is an even function in x* and /> an odd function
in x°. The assertion (A, h2)y =0 for iy € K and hj € BK follows by continuity of the inner
product.

2.3. Segal and Weyl CCR algebras

The CCR-algebra in Segal form uses the real vector space (H, ). It is the x-algebra generated
by abstract elements {W (h) : for all 7 € H}, with the involution given by

W) =W(=f)
and satisfying the commutation relation
W(HIW(g) = e2UPOIW (f + ) = W(f +ge 279, (19)

for all f, g € H, where the identity element of the algebra is W (0) = 1. Note that at this point
the W(f) are just abstract elements of Segal’s CCR-algebra and are not acting on any additional
Hibert space. We will construct a representation in the next section, but before that let us define
similarly Weyl’s CCR-algebra over K.

The CCR-algebra in Weyl form, over K, is the x-algebra generated by abstract elements
{U(f),V(g): forall f, g € K}, with the involution given by

U =Uu(=1) V(g =V(-g)
and satisfying U (0) = V(0) = 1y together with the commutation relation

10
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Ulfi+f2)=U0DU(f2)
V(g1 +82)=V(g)V(g) (20)
U(fOV(gDU(f2)V(g2) = U(fi + f) V(g1 + ga)e' /280K,

with 1y again the identity element of the algebra.
An important fact for us is that these two *-algebras are isomorphic at that level, with the
isomorphism given by

K W(h) — 2 FORU )V (g), @1

where f and g, in K, are given by the relation 2 = f 4+ Bg, and (21) is extended by C-
linearity. We will show how the commutation relations imply that « respects the product of
the form W (h) W (h3), and for general products one must use C-linearity. So let us suppose that
hi,ho € H, then there are f1, g1, f2, g2 € K such that hy = f1 + Bg1 and hy = f» + Bg2 and
obviously i1 4+ hy = (f1 + f2) + B(g1 + g2). Then using both commutation relations (19) and
(20), together with the fact that K | iy BK and unitarity of 8 one we can check by a straightfor-
ward computation that « (W (h1) W (h2)) = k(W (h1))k (W (hy)). Moreover we can compute what
Kk does with adjoints, k (W (h)*) = « (W (h))*. This shows that « is an isomorphism of x-algebras.
The fact that k maps the identity element 1g to 1y is straightforward. It is possible to add more
structure (a norm using the spectral radius, see [1]) on these two algebras and show they are also
isomorphic at this level, that is isomorphic as C*-algebras, but we will not do such thing.

In order to give a representation of these two algebras as bounded operators acting on a com-
plex Hilbert space, we first must construct such space and that is what we do in the following
subsection.

2.4. The Fock space over L
From L we construct the Fock space, denoted $7 (L) following Araki. It is defined by

N7(L) = @2y LO", where O denotes the totally symmetric tensor product (i.e. L®" = Sym
L®"). Given h € L, we can build operators on $7 (L) acting by

1 & .
a(h)y(h1 ©--- O hy) = ﬁj;(hahj)th Q@ hj--Ohy 22)
a* W O Ohy) =vVn+1hOh1 O---Ohy, (23)

taking the inner product in L anti-linear in the first argument and where h j means “skipping
the function 4 ;”. Note that over the union of the finite-occupation-number states they satisfy the
well-known version of the CCR (see Fig. 2),

[a(f),a" (@) = (f. 8&)re, (24)

for all @ € Uy_, PN, LO" (see appendix A). Observe that US—o BN Lo S Hr(L) is a
dense inclusion.

Of course, a(h) is the so-called annihilation operator and a* (%) the creation operator. Using
these operators and the Fock space $H7(L) we can proceed to construct the representations of
the CCR-algebras in Segal and Weyl form. We will come back to the creation and annihilation
operators in section 5.1.

11
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H,,-space Segal ‘Weyl
L ~ L?*(R3, ‘%3) H =S8R R)/Sy K = { even functions
with c.s. 8 of i} C H=K® 8K
/Hm CCR algebra\ Segal CCR algebra Weyl CCR algebra\
iso
[a(f), al9)*] = i(f,9)L W (h1)W (h2) = V(9U(f) =
W (hy + hy)es(hBh2)n U(f)V (g)eitf9)x

Fock vacuum rep. Segal vacuum rep. ‘Weyl vacuum rep.

! 1
H ]
H 1
H |

1

iUF(f) =Wr(f) = ei(p(f)i

a(f) and a(f)*
on the Fock of L

Wg(h) = o vz (@ (W+a(h)
on the Fock of L

_______________________________________

\
1
1
]
I
I
1
]
]
1
1

’

Fig. 2. A diagram showing that from the different one-particle Hilbert spaces (L, H, K) we can construct algebras show-
casing different versions of the CCR. They will provide alternative formulations of the so-called second quantization.
The positive mass hyperboloid CCR algebra generated by 1, a(f) and a(f)* is a unital *-algebra. The Segal and Weyl
CCR algebras are isomorphic C*-algebras. The last row indicates an additional step, where one introduces a state (the
vacuum state here) and by the GNS construction a representation on the Fock space of L is obtained [14].

Note that what we have described is the vacuum Fock space since the unitary time translation

-0 . . .
U (Atég ) operator acts as e'” At and we know the Fourier transform of the test functions is

supported on the H,,, hyperboloid, so the generator P° has positive spectrum.
2.5. Representation of the CCR-algebras

In short, Segal representation Wy takes an element /4 in the real Hilbert space H and gives a
unitary operator Wr (k) acting on the complex Hilbert space 7 (L), satisfying the relations (19).
In order to construct such a representation we define the field x () for each & € H as (the closure
of) a combination of creation and annihilation operators introduced in the previous subsection’

x(h) = %(a*(h) +a(h)),

but this time as a and a* have their arguments in H instead of L (recall H = L as real vector
spaces), equation (24) must be replaced by

[a(h), a*(h2)1(@) = ((h1, ha) g — i(hy, Bho)m) (25)

for all o € UY_, 69,11\/:0 L®" in agreement with (13). Then we define Wr(h) = XM and using
this version of the commutation between creation and annihilation operators one obtains

9 This is usually understood as the smeared scalar field operator f]R“ d4xh(x)<l>(x).

12
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Wi (h)) Wi (h2) = W (hy + hp)e ®B00 = Wi () + hy)e™ 2o h-ha) (26)
straightforwardly. We call g the representation map from the Segal’s CCR- algebra given by:
7ws : W(h) — Wg(h).

We also have Wg(0) = 1 and Wg(h)* = Wr(—h). This representation gives a concrete unital
C*-algebra. An important fact is that even though the operators yx (h) are unbounded, they are
self-adjoint and the operators W (h) = ¢! x() are unitary (see [18]).

There is another way to find a complex Hilbert space H on which we can represent the CCR-
algebra in Segal form (or Weyl), this is the Gelfand—Naimark—Segal (GNS) construction. This
procedure starts with a state'” ;o over our %-algebra, and finally gives a representation m, for

the x-algebra. If the state u is given by the expression w (W (h)) = e— 1 , it is possible to
see that the complex Hilbert space so constructed H is unitarily equivalent to $)7(L), so there
exists a surjective isometric map U : H — $7 (L) such that U, (a)U ! = wg(a) for all a in the
CCR-algebra. This is why for our purposes it is enough to just construct 7 (L). Note that for
reasons already mentioned in the previous subsection p is the vacuum state. For details on the
GNS construction the reader can see [19].

The Weyl CCR-algebra has also a representation as bounded operators on $7(L). Obviously
we are looking for operators Ur(f), Vr(g) for f, g € K satisfying the relations (20). First we
define unbounded operators ¢o(f) and 7o(g) for f, g € K as linear combinations of the creation
and annihilation operators'' on $7(L). These linear combinations are closable and their closures
are self-adjoint operators'” (i.e. 9o ( f) and 7o (g) are essentially selfadjoint). Explicitly, working
with K € H = L (again as real vector spaces)

1
7

7(g) = —=(@*(g) —a(@)).

V2

with f, g € K.'? Again it is straightforward to see that the commutation relation for the creation
and annihilation operators (24) implies

o(f)=—7@*(f)+a(f)

[(p(hl),T[(hz)]((x) =i(hi,hy)kaconh;,hhe KCH=L, 27

for all & € UY_, BN, L. Defining U (f) = €% and Vr(g) = ¢™® and using the com-
mutation relations for ¢(f) and m(g) it is direct to see that the relations of equations (20) also
holds for Ur and VF. As in Segal’s case, the operators Up(f) and Vg(g) are unitary.

In addition, before we had a *-isomorphism «, but at the level of representations we have an
equality: the representations of the CCR-algebras in Segal and Weyl form are related by

10" Given a unital *-algebra R, a state  over R is a C-linear map u : R — C which is positive (i.e. u(a*a) > 0 for all
a € R) and normalized (i.e. u(1g) =1).

11 Again, these operators are usually formally understood as the scalar field operator and its conjugate momentum opera-
tor: f]R“ d*x f(x)e(x) and f]R“ d4xg(x)rr(x), respectively. In the following section we will see that they are equivalently
labelled by functions at fixed time.

12 See for example [17], Theorem X.41.

13 Tt should be noted also that these creation and annihilation operators, which are fed by functions in K, are related to
those in the CCR Fock representation which are fed by functions in L (the 1-particle space). Note that the latter are the
(linear and antilinear) extensions of the former when L is considered the complexification of K, K +iK.

13
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Wr(h) = e2FOK Up(£)VE(g), (28)

where h = f + Bg. Here it is evident the role of 8 as an assistant to W for distinguishing
between the test functions of Ur and those of Vg (basically, distinguishing between position
and momentum inside H). If we write (28) exhibiting the operators y, ¢ and 7, and the BCH
formula is used, we get

x(f+B8)=¢(f) +7(Q). 29
3. Explicit construction of 1-particle Hilbert spaces
3.1. Segal’s real Hilbert space of spacetime test functions

We are interested in spacetime real functions. The precise function space that we shall use at
this point is S (R*, R) (modulo Sp) together with a complex structure 8, which we introduced in
a somewhat abstract way in the previous section. After implementing the construction of the real
Hilbert space H that we have already described, it remains to give a more hands-on presentation
of B, which we do now.

3.1.1. Definition of B operator

We need to define an operator on H such that satisfies (9). These conditions mean that 8 is
a complex structure compatible with the inner product. Such inner product is determined by the
value of the Fourier transform evaluated on the mass hyperboloid H,,. This motivates to define
B as multiplication by i on the space of square integrable functions on H,,. More precisely, if
h e S(R*, R)

F(Bh)(p)=iF(h)(p)  with p € Hy. (30)

It should be noticed that the equality is only demanded on the hyperboloid.

In order to find an explicit form of A for h € S(R*, R), Araki suggests (in footnote 6 of [4])
to introduce an arbitrary odd function 1(p®) in C*°(R) that is 1 for p® > m. Then for any m > 0
we can take for instance,

n(p%) = —0(=p*)00m + pO)Le!/?” e/ + /)] — f(—p° — m)
+0(p)0m — pOye™ /7" (e VP 4 T 0 (p0 — m).
Such a function is useful because of the following. Let us consider a function g defined by

F()(p) =iZ () (p)n(p®),

with 4 € S(R*, R). Then g coincides with A, since when the previous expression is evaluated
on H,,, n(p®) = 1 and (30) is recovered. By the inverse Fourier transform we get,

g(x) =i Z N F ) (pIn(p") (). (31)

It can be seen that g € S(R*, R). In order to do this, first note that g € S(R*, C), since
Z :S(R* R) CS(R*, C) - S(R*, C) (idem for .# 1) and the fact that a bounded function as
is 7 multiplied by another function in S(R*, C) is still in S(R*, C). So to see that indeed g takes
values in R we need to use that 1 is odd: if we write (31) explicitly,

14
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g0 = —— / hx') f (PP N dpdy’

Q2r)3
R4 R4
o0 o0
=-2 / n(p°) / h(x?, %) sin(p®(x” — x°))dx” | dp®
0 —0o0

which is real if 1 € S(R*, R), so we have shown that B|ggs gy : SR*, R) - S(R*,R). An
explicit example of the action of B on a specific function can be found in Appendix B. To see
how B is extended to H see how we extended the multiplication by i in Section 2.1.

3.1.2. It’s a good definition

Although is may seem that the freedom in the choice of 1 to compute 8A spoils the definition
of B, it is not so. Bk should be thought as an element in H not just in S (R4, R). Recall that
H is the completion of S (R* R)/Sy with real inner product (10). Let us show that if given
h € S(R*, R) and two functions 4’ and 4" in S(R*, R) satisfying (30), then they are in the same
class in H. So we first assume

F W) (p)=iF(h)(p) with p € Hy

Fh")(p)=iF(h)(p) withpeH,. (32)
Then the distance between them is
h/_h//Z_h/_h//h/_h// _ Z (W ) — F(h" —>2d3_p
Il llg = ( ; )s = | |F (W) (wp, p) — F(h')(wp, p)I >
R3 !
. - . - 2d3l7
=/Ily(h)(wp,p)—lﬁ(h)(wp,p)l w—=0,
p

R3

where we have used (6) for the inner product. This means that 8 : H — H is well defined and,
given 1 € S(R*, R) and h' y h” satisfying (32), then h’ — h" € Sp.

3.2. Weyl’s real Hilbert space and initial conditions

3.2.1. The spaces of initial conditions §, and §x

At this point we are ready to define the function spaces of initial conditions §, and §, which
are essential both to the study of the solutions of the Klein-Gordon equation as well as to the
first quantization in Weyl form. Let us start from S(R3, R), since we are exploring the space of
functions at fixed time. This is dense in LZ(R3, R), with the standard inner product. We define
the (three-dimensional) Fourier transform'*

1 / F®e P x,

3
@m)? ),

F(Hp)=
and the operators »® as multiplication by ®% = (v/| p|? +m?2)* (in momentum space),

14 We will use both the three-dimensional and four-dimensional Fourier transforms, and with abuse of notation are both
noted by .%. We hope it is clear from the context which one we are using.

15
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F (" £)(p) = 03 F (f)(P),
with o € Q.
It is actually possible and desirable to consider different inner products on S(R3, R), as will
become clear when we make the connection with K and 8K . So let us define,

(f1, [2)g = (w_%fl,w_%fz)Lz
(81, 82)n = (w%guw%gz)Lz.

The completions of S(R?, R) under these inner products are denoted by Sy and § respectively.

. . . . .. 1
Roughly, it can be stated that §, is the space of functions whose Fourier transform divided by w2
are in L> with the standard Lebesgue measure, while §, is the space of functions whose Fourier

.- 1 . . . .
transform multiplied by w2 are in L? again with the stander Lebesgue measure; namely their
decay needs to be faster than what is necessary for them to be in L. We can be more precise:

Sz CL*R3R)C 3,

with the inclusions!®

J1:82 = L*(R*R),  jr: L*(R3,R) — 3, (33)

The map a)% :S(]R3, R) — S(R3, R) can be extended to w% 1%, — L?andto a)% (L2 > Ses
both extensions being onto.'®

How do we relate the spaces K and BK of even and odd functions in x? with the spaces
of initial conditions just defined? The connection between these spaces comes from isometric
isomorphisms relating K with §,, and BK with §;. We denote these maps as dp and 41,

80: K — 8y, 61:BK— Fx.
They are defined by (for f € K NS(R* R) and g € BK N S(R*, R)),

F 8o f)(p) = F (f)(wp, p) F(018)(P) = (iwp) ™' F () (wp, P). (34)

These maps extend to K and BK by continuity (we will see they preserve the norm for elements
in S(R* R)). A natural question is how the operator induces maps between §, and §r. We
can resort to the following commuting diagrams that define 8, » and B .

B B

K——8 BK ——

N

S(p 757,71}%’” S *B* >g(,o

¢ e

Namely, By =81 0f o8y and fry =800 B 08"

1 1 1 1
15 These maps are continuous, since ||f||2 = (@2 f,02f);2 = @2F(f).02F(f)2 = m||9‘(f)\|i2 =

1 1
m||f||iz. Thus, ||j1|| <m™ 2.1In a similar fashion it can be seen that || jo|| <m ™ 2.
16 et us show first that /2 : L2 — Sy is onto. For any f € §yp, f = 2@ 12 f), so we need to show that
w*]/2f € L2. This is straightforward: Ha)*]/szsz = (a)*l/zf, aflﬁf)Lz =(f, o= ||f||é < 00. In an identical

way one can show that ol/?: St — L2 is onto.

16
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In order to see that §p and & are isometries, let us start by noticing a simple form that
adopts the norm ||h||%1 for h € H N S(R*, R). From the definition A; = 2Im{A} and (18)
it is straightforward to see that

d3p
.

||h||%,=/|ﬁ(h)(wp,ﬁ)|2
R3 b

On the other hand, we can compute ||80f||é for f € K NS(R* R) and ||81g||% forge BK N
S(R*, R), and check that these coincide with the norms of f and g in H respectively. Indeed,

180 £ 112 = B0.f, 80.f)p = (@ 280 f, 0™ 280 )12 = (F (@ 280.f), F(@ 280 /)2

_1 _1 _1
= (0p > F G0 )(P)wp*> F (o f) (P2 = (@p > T (f)wp, D), w_%(ﬁ)ﬁ(f)(wp, P2

o d?
=f|ﬁ(f)(wp,p>|2—”=||f||%<-
R3 “r

Similarly for &1,

1 1 1 1
1818117 = (518, 818)x = (@818, w7818) 2 = (F(@2818), F (@2 818)) 2
1 ol . I .11 -
=(0p F(818)(P), wp F (818)(P)) 12 = (w,ﬁgﬁ(g)(wp, P, wp Jﬂ(g)(wp, P2
p p
- oy _ _adp
= (0p > F(&)(wp, p),w 2(P)F () wp, P 2= | |F(g)(wp, Pl o= lgllzk -
R3 ’
Then, lxns®+R) : K N SR R) - F, N SR?) and 81l5xnswre R) : BK NSRYR) —
T2 N S(R?) are isometries and because of this they are injective maps.
It can be also shown that 80|Kﬂc(c)>o(R4) (KN CSO(R4) - SN CgO(R3) and &1 |}3Kﬂc(<)x>(R4) :
BK N CF RYH > F, N (OFe (R3) are surjective maps. We sketch the proof here and leave
the technical details to Appendix C. Let us consider two functions f € §, N C° (R3) and

gef,NCF (R3), then the unique C (R*) solution to the Klein-Gordon initial value prob-
lem (see equation (3) and corollary 1.1 in [16]) is given by:

1 .
Frn = [ 86 =hdy =~ [ 75 ) sgn(p) F ) (p)ap,
& 0,
where A = 2Re{A™)} is the propagator and & € C(‘)>O (R*) (as we will show and use in Sec-
tion 5.4). As we show in appendix C one can easily arrive to the identities
_ OFE®m)
9x0

where /1 are the even and odd parts of / in x°, as previously defined. But on the other hand (see
appendix C again)

FEm (0,%) = (81h-)(X)

(0, X) = (80h+) (%), (35)

. - 0FE®
Fem(0,%) = f(X), 8x(())

then 6o(—h4) =gand 61 (h_) = f.

(0, %) = g(x),

17
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Moreover, let us analyze 8 : K — §, deeper, if we take an arbitrary g € §, there is a se-
quence {gn}neN in §yp N Cg° (R3) such that g, — g in the topology of Sy, but as we already
saw for each g, thereisa h, € K N C(‘)>o (]R“) such that §o(h,) = g, so this §g(h,) is a Cauchy
sequence and /,, too, so it has a limit # € H. Then 50|1mcg°(]R4) KNCEe RY — S NCy° (R3)
can be extended by continuity to a map 8§ : K — §, such that §o(h) = g. The same argument
can be translate to §; : BK — § obtaining its surjectivity. Then both maps §p : K — F, and
81 : BK — § are bijective isometries.

3.2.2. Maps between §, and §x

We would like now to introduce how to translate the map S to the spaces of the initial con-
ditions §, and §. Based on the previous subsection, we identify K and K with §, and §,
respectively. In particular we can think of the one-particle space as §, ® §x, and 8 should be
labeled ,3_(/,, 7 Oor Bn,w depending on where lives the element to which it is applied. More precisely,
we can write the elements of §, ® § as column vectors and consider ,3_ S ®Fn = o B Sx
given by the matrix

3 — _0 Bﬂ,g&)
i=(a. %)

Then a straightforward computation shows that 82 = — (13"’ 10 ) Indeed,
3

Prp o Pox=800Bos N o@r1oposyh)
=8poBolgxoBody' =8y0p*0d;’
=800 (—lg)ody' =—15,.

Similarly one can see that LBWT o B_ﬂ,(p =—lg,. o i o
In order to show that 8* = —p it is sufficient to see that (Bpx) = —Brp and (Bry) =
—PBy, = - Let us show one of these relations by considering again commuting diagrams

K—. gk BK P -
NN
S(p 715;71}3:” Sﬂi_nﬁw}Sw

and for g € §, and f € §,; we have
Borg n =61 "Borg. 87 Hu=(B8,"8.8" HHn
=Gy . B Hu=0y"g. —B5 " Hu
=y "8. =8, Brp 1t = (8. —Prp o

Notice that we have used the fact that both §’s are isometries and that f* = —p. Similarly
(ﬂmp)* = — By, » proving that (9) holds for 8. Then, in matrix notation we have
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a [ 81 82
() (%),
(8 506 G, () ()
Box 0 JNN) N2 5,05, Bonsr) \12)) 5,03
= (Bn,gaflv gZ)()(J + (Btp,ngl’ ](‘2)7r = (flv _B(p,ng2)n + (glv _Bn,qon)(p
(25,0 40
J1)’\=Bpx 0 2))5,05. i)’ 1) )s,05.

Later, we will need to see how ,5 acts on an element in §, or §. Let us once again consider
the commuting diagram

KB BK
Sol \LSI

Let f € K N S(R* R) and recall that Bf in momentum space is given by .Z(Bf)(p) =
i.Z () (p)n(p°) (see the comments after (30)). By using also §p and §; in momentum space (34),
we obtain an expression for B, » in momentum space, mapping .Z (8o f)(p) to .7 (818f) (P).
Namely,

Bo.x (F B0 f)(P)) = FG1B)(P) = (iwp) ™ F (Bf)(@p, P)
= Bor (F(N@p, P)) =0, F () (@), P).

This means that BW, (h) = w;lh withh e§Fo NS (R3). Also, applying Bﬂ,(p to this equality one

obtains —h = fr., (a);lh), of Br.p(f) = —w, f with f € §» N S(R?). Then we extend this by
continuity to §, and §y.

4. First quantization and duality

As we mentioned, AQFT is based on a net of algebras over spacetime regions. This means
that to each open region of spacetime an algebra of observables is assigned. The construction
of such net is sometimes presented as a two-steps process, the so-called first quantization and
second quantization. In the first quantization, to each region of spacetime a closed real vector
subspace is assigned (contained in some 1-particle space). We will denote this map by S, such
that S(O) C H, with O an open region of spacetime. The second quantization is the construction
of a map that assigns to each subspace S(O) a subalgebra R(O) of the representation of a CCR-
algebra as bounded operators as in Section 2.5, and depends on the formulation we are dealing
with. This will be made manifest in Section 5.

Despite these comments, in the Weyl formulation the map S does not assign closed real sub-
spaces to open regions of spacetime, but assigns two closed real subspaces to B, a spacelike
region. The relation between both approaches will be stated once we define the first quantization
maps for Segal and Weyl, which we do next.
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We shall now define the first quantization map S for the Weyl formulation. Let B € R3 be a
measurable region'” of a fixed-time slice of R*. Then we define

S(B)=HL2B) . si(By=fi (12B)). (36)

where R and I denote “real” and “imaginary” parts respectively. Here j; : §z — L%y jo: L? —
Sy are the continuous inclusions of (33) and L%(B) C L*(R?) is the closed subspace of L?
functions that vanish outside B. Then, as j; is continuous j,~ ! (L2(B)) is closed in §,, and
since B is unitary S;(B) is also closed in §,. Note that both Sg and S; belong to §, and then
we have amap B+ Sg(B) ®r S;(B) C§p Pr §p = K @R K.

On the other hand, the first quantization map in the Segal presentation is defined by

Ss(0):=([fle H| feCF® R), supp(/)<O] " CH, (37)
for each open region O C R*.
In what follows
O/={xeR4| (x—y)2<0fory€(9}, (38)

denotes the causal complement of the region O and B¢ denotes the set complement of the closure
of B in the fixed-time slice. Let us define the causal envelope of B as

C(B)={xeR*(x—y)><0 V ye B} (39)

We immediately have that C(B)’ = C(B¢). Now we can relate both first quantization maps (36)
and (37), which follows from the bijective isomorphisms g and §; described detailed in the
previous section:

Ss(C(B)) = Sg(B) ®R BSi(B) (40)

We are concerned in this section with the proof that the first quantization maps in Weyl and
Segal form satisfy a duality property. This property, in the Weyl formulation, is the starting
point of the Haag duality proof of [7]. We start with the description of this duality in the Weyl
formulation and its proof, and then do the same for the Segal formulation, showing that it holds
in one formulation if and only if it holds in the other thanks to (40).

4.1. Duality in Weyl form

Some important facts can be stated for the maps (36), for example isofony says thatif B; C B,
then Sg(B1) C Sg(B>) and S;(B1) C S;(By). Another important property is the so-called addi-

tivity @ Sg (B;L)Hin(p = SR(UAEA B;) (see lemma 2 in [4]). But here we are mainly interested
in the duality property which reads,

Si(B)'¢ =Sg(B°), Sr(B)** =S5/(B) 1)

17" At this point on page 243 of [20] it is demanded that the boundary of B is piecewise smooth. We do not see the need
for such requirement and indeed it is not required in [4].
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Theorem 4.1. The assignment of subspaces to regions B C R at fixed time given by (36) satisfies
Haag duality in the Weyl presentation, namely

Si(B) =Sg(B°), Sgr(B)Y* =8/(B)

Proof. Let us first notice that L2(R3) = L2(B) @ L2(B¢), since L?(B) = L%(B)*2. From now
on | means L. Then,

T (2B) =g el (fo)2=0 vreLl2B))
={ee8al (fiwp)y=0 vfeL5)]

={s €8l (f Brpg)e=0 Vf e L2(B)}.

_ ST
This means that if g € j; ' (L2(B)) then fr 45 € [ngz(Bc)|| Hw] , where we have completed
Jj2L?(B) using the continuity of the inner product. In other words, we have B ,j; ' (L2(B)) €
ol
[ WL2(BY) ”“”] . On the other hand, if g € 3, such that g € [j2L2(B9)]". then by defini-

tion (jof,8)y =0 for all f € L>(B¢). This condition can be stated as (j2.f, Br.pBp.x8)p =
0 for all f e L?(B°), and by the above relations we have that Bwyng € jfl (L2(B)), and

S T TR R ST
then [j2L2(Bv)” ”“’] C Bryir (L2(B)). We have then shown that [j2L2(Bc)” ”‘”] _
Bn,w n ! (L2(B)). Recalling the definitions (36) and exchanging B with B¢, we get

Sr(B)" =S/(B°)

This is one of the relations we wanted to prove. The remaining one is obtained by taking orthog-
onal complement to this one (noticing that (Sph)L = Sk since Sy is closed) and exchanging
again B with B€. 0O

The above theorem states that Haag duality holds in the first quantization context. It is shown
in the Weyl formulation, but it can be translated, as we will explain in the next subsection, to the
Segal formulation.

4.2. Duality in Segal form

Given a real closed subspace S of H, let us define its symplectic complement S’ C H that is
also a real subspace of H as one can see using the R-linearity of the inner product of H in the
first argument:

S'={heH| o, f)=0, VfeS}. (42)

If g €S’ C H, then by (12), (g, Bf)r = 0 which implies (8g, f)i = 0. Namely, Bg € S
Reversing the line of reasoning,

stH =BSg. (43)

In addition, due to the fact that the inner product in K is the restriction of the one in H, we have
forSC K
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Stk =gs'NK. (44)

Within the Segal presentation, the duality for the first map is stated as

S5(0) =85(0)

for any O = C(B) with B an open subset of R?.
Thanks to (43) we can rewrite it as

B(Ss(O)H) =850 (45)

Lemma 4.2. The duality property in the context of first quantization holds in Segal form if and
only if it holds in Weyl form.

Proof. Let us first assume that (45) holds and then we have to show that (41) holds. In order to
approach this, it is important to note that a subspace S € H = K @R K defines two subspaces
in K, Pg(S) and BPgg(S) (where P’s are projectors with self-explained notation). In this way
the excision generates a map ¢ from subspaces of H to a pair of subspaces of K >~ §,

e(Ss) := (Px(Ss), BPgk (Ss)) > (Sg, Sy)

Now, the duality for subspaces of K in the Weyl presentation comes from applying the map ¢ to
(45) and taking into account (40). Indeed, for some O = C(B),

£(BSs(O)) = £(Ss(0"))
(Pk BSs(O)'1, BPg fSs(O)H) ~ (Sp(B), S1(BY))
(Px BSs(O)1, PxSs(O) ) = (Sg(B°), S/ (B))
(S1(B)*X,Sgr(B)"X) = (Sr(B), S1(B)).

We have used the fact'® that Px (8S) = BPgk (S) (i.e. (BS)r = (8)1) in the third line, and both
PxStH = (PgS)L ¥ and (8S1#)1# = BS in the last line.

Reciprocally using (40) we can obtain the Segal’s version of the duality from Weyl’s version
in the following way '’

Ss(C(B)) = BSs(C(B)™ = BISk(B) + BS1 (B)I**
= B[ Sr(BY- 0 (BS1(BY ]| = B[ Sr(BY N B8 (B ]
= SI(B)YH1 1 BSr(BYH = [ S1(BYL @ K| N B[Sk(BY @ BK |
=518 % @ pK] n[K @ e (B) <]
= (S1(B)"* NK) & B(K N Sp(B)™¥)

= S1(B)** @ BSR(B)™X = Sr(B)"X @ BS;(B°)*K
~ S5(C(B)) = Ss(C(B)"),

18 This is so since given h = ap + Bay € S with o’s € K, applying B: Bh = Bag +,B2a1 = Bag — «oy. In this way
Pk (Bh) = —aj as well as BPgg (h) = Bfa; = —ay.
19 we identify K and §y, H with §y &R §r,and B with B in order to make the expressions more readable.

22



A. Garbarz and G. Palau Nuclear Physics B 980 (2022) 115797

were we used the fact that (8S)1# = 8S1# and the duality in Weyl form. O

Remark 1. We have shown in Theorem (4.1) that the duality holds in the Weyl formalism, so by
the previous lemma it also holds in Segal form.

5. Second quantization and Haag duality

Having defined in the previous Section the first quantization map S that assigns real vector
subspaces to regions of spacetime, it is now time to introduce the second quantization. This
means to define a map R that assigns to each vector subspace a von Neumann algebra. Instead
of following [4] in this second stage of quantization, we make a 7 /2 turn and start following [7].
The reason for this choice is that the latter makes use of the power of Tomita-Takesaki modular
theory, and this results in a more direct proof of Haag duality. As we will explain, at the end we
modify the proof in [7] in order to make it even simpler.

In [7], the authors work exclusively in the Weyl context, and we shall do the same most of
the time. However, it is possible without much effort to translate the results of the following
subsections to the Segal context. We will comment on this along the way.

5.1. Second quantization

5.1.1. Weyl form

Let us recall that, according to the previous Section, the S map in the Weyl presentation
actually gives two subspaces of §, = K for each spacelike region B. Then, the second quantiza-
tion map Ry should take two subspaces K| and K, of K and give a von Neumann subalgebra
Rw (K1, K7) of the representation of Weyl’s CCR-algebra given in section 2.5. To be more pre-
cise Ry (K1, K7) is generated by Up(f) = ¢!¢) and Vp(g) = ¢/™®, with f and g in K and
K> respectively and obeying the relations (20). As can be guessed, given K and K>, let us define

Ry (K1, K2) = {?De™ @) feKy, geKa) (46)

The double commutant ensures that Ry (K1, K») is a von Neumann algebra, since the bicom-
mutant of a selfadjoint set is automatically a von Neumann algebra. We recall that concrete von
Neumann algebras are both weakly and strongly closed as subalgebras of the linear bounded
operators in a Hilbert space.

Let us describe more accurately how ¢(f) and w(g) are introduced. The real part of the
complex Fock space $7(L) (denoted by ;) consists of real linear combinations of symmetric
products among elements such that their second component of L (thought as a complexification
of K) is zero. That is

00
F=@F".
n=0

where ]_-r(O) =R and

n
=K
i=1

for n > 1. Here ® means the symmetrized tensor product. Then, we can recover our complex
Fock Hilbert space of subsection 2.4 as the complexification of F,., H7(L) = F. + iF-. We
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denote F® .= ]-"r(n) +1i fr(n), so for example F () ~ .. Then, as usual, one introduces creation
and annihilation operators as explained in subsection 2.5.

Now, let us denote €2 the 1 € FO, namely the vacuum vector. Then for f, g€ K = .7-',(1) we
have

1 1
Q=— j Q=——g. 47
o(f) ﬁf in(g) ﬁg 47

In order to construct the second quantization map we need to exponentiate ¢( f) and m(g).
However, some care must be taken since their domains are only a dense subset in $7(L). By
using functional analysis of unbounded self-adjoint operators, we can claim that the operator
Ur(t) = €' is bounded, with 7 € R, since ¢( f) is self-adjoint (see footnote 12). Even more
UF(t) is a strongly unitary group acting on the complex Hilbert space $7(L) and by Stone’s
theorem there is a unique self-adjoint operator which generates such group. This is precisely
@(f). The same holds for ¢!"(&). In short, we have the concrete realization (46) as an algebra of
bounded operators on the complex Fock space $7(L).

5.1.2. Segal form
An analogous construction can be done using the representation Wr of the Segal CCR-algebra
as in Section 2.5. The second quantization map is

RS(Y)={e"X<”>| heY}N, (48)

where Y is a closed subspace of H and y is related to ¢ and 7 as in (29). As the first quantization
map (37) this also satisfies isotony: Rg(Y1) S Rs(Y2) if Y1 C Y>, and additivity: Rg(D; 5 Y1) =
(Ujen Rs(Y1))” (see theorem 1 in [14]). Note that (|, ., Rs(Y3))” is the smallest von Neumann
algebra containing each Rg(Y,). These properties can also be stated in terms of the represented
Weyl CCR-subalgebras Ry (K1, K») previously defined.

It is straightforward to see from (28) and the definitions (46) and (48) that

Rw (K1, K2) = Rs(K1 ©r BK2), Ky, K> CK. (49)
5.2. Duality on causal diamonds and wedges

Let us consider B C R3 and its complement B¢ C R3, we would like to show that
(Rw o Sw)(B) = (Rw o Sw)(B) (Haag duality in Weyl form) (50)
Namely, Ry (Sg(B€), S;(B)) = Rw(Sr(B), S;(B))’, which by Theorem 4.1 is equivalent to
Ry (S1(B)™*, Sr(B)"¥) = Rw (Sr(B), S1(B))'. (51

Therefore our goal is to show that RW(KQLK, KILK) = Rw (K1, K2)', for K1, K» C K coming
from a first quantization map. Actually, from the definition of the second map (40) it is straight-
forward using the CCR (20) to see that Ry (K, %, K;"*) € Rw (K1, K2)', so called the locality
property. We shall give the proof of the opposite inclusion Ry (K1, K»)' C RW(KZl K K ll’( ) in
the following subsection by using the power of Tomita-Takesaki modular theory. Note that the
analogous expression in Segal from is,

Rs(H') = Rs(H)'". (52)
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Before proving Ry (K1, K2) C RW(KZLK, Kf"() we introduce the nets of algebras in Weyl
and Segal form. Let Ny be the map that sends any relative open set B C {x ¢ R*|x* =0} to a
von Neumann algebra. This is the composition Ny = Ry o Sy, which defines the net of algebras

Nw(B) ={e/?Del ™8| f e Sp(B),geS1(B)),

where the subindex W stands for subalgebras of the Weyl CCR-algebra representation, and
Sr(B) and S;(B) are as in (36). Analogously, for the Segal formulation we have

Ns(O) = (XM | hess(0)Y.

At the moment, we have defined both nets, in Weyl form and Segal form. The former takes
regions at fixed time while the latter takes spacetime regions. We want to relate both nets. Just as
in the previous section, we consider a region B at fixed time (say x° = 0) and its causal envelope
C(B) asin (39).%" The following lemma is a key result, where for just once some differentiability
condition is required for the boundary of B,

Lemma 5.1 (Proposition 3.3.2 in [20]). Let B € {x € R*|x° = 0} be a measurable region with
piecewise smooth boundary such that int (B) = B. Then Nw(B) = Ns(C(B)).

Now assuming for a moment that Ry (K1, K»)' = RW(KZLK, Kll’() is valid we can conclude
that Haag duality holds for regions C(B) satisfying the hypothesis of the previous lemma, since

Ns(C(B)) = Nw(B) = Rw(Sr(B), S(B))
= Rw(S1(B)**,Sr(B)) = Rw (Sr(B), S1(B))
= Nw(B§) = Ns(C(Bf)) = Ns(C(B)").

In the second line the duality for the second map in the Weyl representation was used, and in the
following step Theorem 4.1 was used.

Remark 2. In Lemma 5.1, it is required that the boundary of B is piece-wise smooth. However,
from (40) and (49) it follows directly that Ng(C(B)) = Nw(B). (See also footnote (17).) This
means that it is not really needed the aforementioned requirement in order to show Haag duality
in the Segal form (once it is proven in Weyl form) and this can be considered an improvement.

Remark 3. Haag duality also holds in more general cases. First, let us point put that it holds
in any other region g - C(B), the transformed of C(B) by an element of the Poincaré group
g = (a, A). This is because of Poincaré covariance of the net of algebras, namely N(g - O) =
U, N(O)U ~1, with U, the unitary representation on the Fock space by exponentiation of the
1-particle unitary irreducible representation U (a, A), given in footnote 6. Indeed, calling O =
C(B), we have

N(g-0)=UNO)U; ' =U,NO"U,"'
_ (UgN(O’)Ug_l)/ = (N@g-0))
=N((g-0))

20 1f B is bounded, then C (B) is the causal diamond of the ball circumscribed in B, while if B is unbounded C(B) is a
wedge limited by two light-like hyperplanes [20].
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Second, it also holds for any non-empty relative open set B inside a Cauchy surface ¥ of
Minkowski spacetime. This is because there is nothing particularly exceptional about the Cauchy
surface t = 0, and the Klein-Gordon operator is a Green-hyperbolic operator and therefore there
is a unique solution associated to any pair of initial conditions (with the regularity properties we
already described) defined on an arbitrary Cauchy surface X. Many of the previous steps just
change by evaluation at X instead of at # = 0 and the derivative with respect to ¢ changes to a
normal derivative orthogonal to . Also, one can replace the previous definition (39) of C(B) by
the causal completion of B, C(B) := B”, with no reference to the x0=0 Cauchy surface and B
some non-empty relative open set in X. For further details see [11].

In general there is no reason for Haag duality to hold in other type of regions. A counter
example found in [4] is explained in detail in section 5.4.

5.3. Proof of Haag duality

As we already mentioned, instead of proving the inclusion Ry (K1, K»)' € Rw (K5, Ki°) as
in [4], we can turn our attention to the approach of [7]. The idea is that the commutant of some
von Neumann algebra R acting on the Hilbert space $7 (L) (actually any Hilbert space) can be
obtained directly by modular theory.

If there is a cyclic and separating vector’!  for R, then it is also cyclic and separating for R’
[18]. Let us consider the following anti-linear operator

SoAQ = A*Q, AeR, (53)

which is defined on a dense set by the cyclicity of 2. Moreover Sy is closable (because 2 is
separating for R) and its closure S is called the Tomita operator.””
The domain of S is given by

D={xeNHr(L):IHxn}eN € RQ such that lim x, = x and Spx, has a limit}.
n—od
The Tomita operator S is invertible and then has a unique polar decomposition
S=JAV? (54)

where J is anti-unitary and A = S*S is positive and self-adjoint. They are called modular conju-
gation and modular operator respectively. Some basic properties have to be remarked. First, tak-
ing A = 1g in equation (53) one has S = Q. Second from 2 =1p wehave JAVZJAV2 = 14
or A71/2 = JAY2J hence

F2UA2 )y = ATV2 = 1,A7 12,
then because of the positivity of J~'A!/2J and the uniqueness of the polar decomposition we
arrive to J2 = 1. The domain of S* is

D' ={x eH7r(L) : IHx,}peny S R'Q such that lim x, =x and Fyx,, has a limit}

n— o0

21 A vector  is cyclic for R a von Neumann algebra on a Hilbert space H, if RS2 is dense in H. Also, 2 is separating
for R if for any A € R it holds that AQ = 0 implies A =0.

22 we hope there is no confusion between the Tomita operator S and the first quantization maps studied in the previous
sections.
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being Fy the closable operator defined by (see [21], Proposition 2.3.1.)
FoAQ=A*Q, AeR. (55)
We are now ready to state an important result of Tomita and Takesaki we will use.
Theorem 5.2 (Tomita-Takesaki Theorem, Th. 10.1 of [22], Th. 2.5.14 of [18]). Let R be a von

Neumann algebra on a Hilbert space F admitting a cyclic and separating vector Q2. Then, the
following two relations hold

R =JRJ,
A"RAT =R
forallt e R.

The vacuum vector 2 is cyclic for the algebras Ry (Sr(B), S;(B)). This is because by the
Reeh-Schlieder Theorem €2 is cyclic for the Segal algebra Ng(O) [23], and in our case we
are interested in O being a double cone C(B) over B in which case by Lemma 5.1 we have
Ns(C(B)) = Nw(B) and then € is cyclic for Ry (Sr(B), S;(B)). Moreover it is well known
that if a vector is cyclic for an algebra then is separating for its commutant.”® In short, € is cyclic
and separating for any Rw (K1, K») with the pair (K1, K) coming from WeylI’s first quantization
map (from now on we always assume this). Therefore Tomita-Takesaki Theorem (5.2) applies to
our situation and in particular we have

Ry (K1, K2) = JRw (K1, K2)J.

Let us anticipate how the strategy of [7] follows. Let J=1 | =Jlk be the restriction of J

to the real one-particle space, then one important step is to show that JKI CK ZL and JK, C K IL
This in turn will imply:

Jel9(H) J — i )
Jem®) J = ¢ine), (56)

from which we can deduce Rw (K1, K2)' € Rw (K5-, Kf-) as follows. As already mentioned, an
element M € Ry (K1, K;)' can be written as M = JAJ, where A € Rw (K, K>), and then as
the von Neumann algebras are weakly closed A = w —lim,, A, and M = w —lim,, JA,,J, where
A, € Ry (K1, K>). But any of these A, is a finite sum of elements ¢!#(/tx) ¢™(8k:) ' meaning there
are elements f;, € K| and g, € K> such that

Ny
An = Z akn el(p(fkn)eln(gkn)’
k=0

23 In our case Q is of course also cyclic for RW(Kzl, KlL) C Rw (K1, K») and then we can take any A € Ry (K1, K7)
such that AQ =0, any B € RW(KZL, Kll), and write
A(BQ)=BAQ =0,

which implies that A = 0 since it annihilates a dense set in 7 (L).
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Ny
JA,J = Zakn Je'¢Un) J Joim@ha) g
k=0
N, . .
=3 g, e i),

k=0
that clearly belong to Ry (K5, K ll). Moreover as the von Neumann algebras are weakly closed,
so M =JAJ € Ry (K3, KIL). This shows that (56) implies Haag duality.

However, in order to get an explicit formula for J,in [7] several auxiliary operators are intro-

duced (see equation 5 there). Instead, we shall follow the main plot of that reference, but in order
to construct J we shall only deal with S and S*, since one has

J=58(5*S)"1/? (57)

Let us start with the following Lemma, which is an extension of Lemma 4 in [7].

Lemma 5.3. Let D and D’ be the (dense) domains of S and S* respectively, and E® the or-
thogonal projections on F®, k € Ng. Then J, S and S* commute with the projections,
EWJ=JE®
E®g cs E®
E® s c s*E®
Even more, the restriction of S to E® D is a close densely defined operator in F®, with domain
E®D =D N F® and leaving invariant D N ]-",(k) (which is also left invariant by J). Analo-

gously, the restriction of S* to E® D' is a closed densely defined operator in F®, with domain
E® D' = D' N F® and leaves invariant D' N FL.

Proof. Taking into account that E®) and J are bounded operators, the domains of the operators
E® J and JE® are the entire Fock space 7 (L) whereas the domain of E ®)S is D. However,
the domain of SE® are those vectors in Fock space such that their k component is in D which
is a bigger set>* and similarly for $* but with D’.

The part of this Lemma referring to S and J is proven in [7]. In contrast, the claims regarding
S* are new and deserve an explanation. S*, being the adjoint of S, satisfies

(S, D) g, (1) = (W, S*®) (1)

for all ® € D’ and ¥ € D. Following this notation, it is possible to show that E®X'® e D’ and
E®) g* — S*E(k)|D/,
SV, EPV®) g, 1) =EQSY, d)g, 1)
= (SEVW, &) g1
= (§*®, EVW) 5.1y
= (EWS*®, W) g, 1.

2 Itis possible to have a vector x € $7 (L) such that x ¢ D but E®x e D, then we can apply S to it. That is why we
have contentions and not equalities in the lemma.
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We have used the orthogonality of E® and that E®'S € SE®,

Let us introduce some notation, if ® € F, then there are ®g, ®; € F, such that & = &g +
i®; and we note ® := ®g — i®; and Im{®} := 5 (® — ®), note that a vector ® € FV is in
F, if and only if Im{®} = 0. In order to see that S* leaves ]-',(1) invariant, namely that Im{S*®}
=0 for ¥ € .7-',(1) N D', we can proceed as follows. By taking into account that Wﬁﬂ L=
(U, @) 4,(1), and the definition of S* the following two equations hold,

S, D) g, = (¥, S*P) g, (1)
(SY, D) ¢y, 1) = (¥, S*@) 5y, (1),

for W e FO N D and ® € F N D’. From now on we further assume & e ]-"r(l) N D/, that is
® = &. By subtracting the second one to the first one we get

SV, D) g,y — (S, @)y, (1) = 20 (¥, Im{S* P} g5, (1. (58)

We consider two cases separately. First let us assume that ¥ € ]-',(1) N D, i.e. it is purely real:
W = . Then the LHS of (58) reads (2iIm{SW}, ®) which is zero since we know that S leaves
]—'r(l) invariant by Lemma 4 of [7], implying that Im{S*®} L (}',(1) N D). Now let us assume that
U =iy, with x € ]-",(]) N D. Then the LHS of (58) reads i (S, ® — ®) = 0, where we have used
that S is anti-linear and that ® = ®. This implies that Im{S*®} L (i }'r(l) N D), and taking into
account the first case we conclude that Im{S*®} is orthogonal to the dense set F' (' N D and thus
vanishes, which is what we wanted to prove. We will neither use nor prove the case k > 1, but it
follows from similar arguments as those used fork=1. O

We can examine further the domain of S restricted to the one-particle real space .7-",(1) ~ K.
The main point we want to stress is that S can act on one-particle states, although they are not a
priori of the form AQ, with A € Ry (K1, K>3).

Lemma 54. If K| and K> are in generic position (i.e. K1 N K> = K1 N Kj- =K N KIJ- =
KIJ- N KZJ- =) then K1 + K, C D ﬂ]:,(l) so S can act on these vectors.

Proof. In order to see this, let us take a generic one-particle state
1
V2

= (p(f1) +ip(f2) + 7 (g1) +im(g2)) Q
It can be written as the limit (in the norm topology of $H7(L), see [24], Proposition 10.14)

lim A~ [—i(e“<<ﬂ<f1>+n(g1>> — 1) + (M) _ 1)] Q
r—0

V= (fi+ifr+igi—g), fickKi, ge€ks

of states in the domain of S. Also, the limit

lim A-Ls [_i(exi(w(f1>+n<g.>> — 1) 4 (M@ 1)] o
r—0

exists and gives (¢(f1) —ip(f2) +7(g1) —in(g2)) Q= % (fi —if2+ig1+ g2). Then, since
S is closed, we get

S(fi+ifp+igi—g)=fi—ifr+ig1+g. (59)
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This shows explicitly how S acts on the one-particle states and also that K1 + K2 € D N ]-",(1).
Even more, since (K| + K»)+ =K IL N Kj- = 0 (because of the generic position property, see
below), we have that K| + K7 is actually dense in .7:,(1) and so it is dense in the domain of S
restricted to the one particle space. In [7] the authors claim that K1 + Ko = D N ]-",(]), however

we do not see how to prove D N ]-"r(l) C K1 + K>. In any case it will be sufficient with what we
have claimed above. 0O

The fact that K1 and K3 are in generic position was assumed in the proof of Lemma 4 in [7],
and here we show in Appendix D, following [4], that K| and K> are indeed in generic position
if they are given by the first quantization maps>> Sg(B) and S;(B).

The following theorem, which holds for real or complex Hilbert spaces, sometimes referred
to as Halmos’ two projections theorem, is a key result in order to have more control over J later
on, by first writing the restrictions to ]-",(]) ~ K of S and $* in “matrix form”.

Theorem 5.5 (Stated as in Lemma 5 of [7]). Let K be a Hilbert space and K| and Ky two
closed subspaces of K in generic position. Then, there exists another Hilbert space K, and
a positive contraction T on it, with kerT = ker (1 — T) = 0, such that the pair {K1, K3} is
unitarily equivalent to the pair {I'(T), T'(—=T)}, this means there is a unitary (or orthogonal)
map U : K — K, ®®r) K« which carries K to the graph of T and K to the graph of —T. Here
I'(T) denotes the graph of T.

For the proof of this theorem see [25] (in particular Theorem 1 therein) or [26] theorem 2.4,
where it can be seen that it is possible to identify K with IC,, @r K, and that T can be chosen to
be self-adjoint. A contraction is a linear operator with norm less or equal to 1.

Let us apply Halmos’ theorem to the case at hand. Calling U to the orthogonal map sending
K to I'(T) and K; to T'(—T), then given f € K| and g € K>, there exist i, i’ € KC_ such that

U= (;‘h) U= (_}}h)

The converse also holds (since U is invertible), namely for any element of the form as in the
RHSs above, there are unique f € K| and g € K3 such that the these equations hold. Even more,
we can see that K li and K 2L are also identified with elements of }C, ®r K, . Letus take x, y € Ky,
so we have

X n by h _
(et o () o0 e

& (W, ==y, Th)k,, Yhek,

o (‘y> e I(T*) =T(T),

X

25 The fact that K 1 and K7 are in generic position immediately implies that S = K1 + BK is separating, namely
SN BS =a. Also, it can be shown that S = K| + K> is cyclic (S + S is dense in H) by means of the duality in the
Weyl formulation and the generic position property. We suspect this can be shown even without invoking the duality in
the Weyl formulation. A closed real subspace S that is cyclic and separating is called standard.
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where in the last line we use the fact that 7' can be chosen self-adjoint, and this implies that

x = —T(y). Then (;i) € I(T)* if and only if ();) = (—Ty(y)) so we have the following
identifications

<UK1>l={<_yTy),ye/c*}, <UK2>L={<Tyy),ye/c*} (60)

Let us call § the restriction of S to D N ]-"r(]). Considering f € K1 and g € K», using (59) we
can write

S(H=f S =-¢

These expressions can be used in order to define S, which is induced on T'(T) by S as S =
USU~L. Therefore, for any h € Ky,

~( h ~ A h
S(Th> =SU(H=US(HH=U(H)= (Th)

- h - . h
S(—Th) =3U(@)=US(@) =U(-g)=— (_Th>,

from which we deduce by linear combinations,
a(h 0 «( 0 h
0)=(n) 5(n)=()
This permits to identify

= 0o 7! = 0o T
S_<T 0> and then S_(T_l O)' 61)

Now we consider the polar decomposition of S, S = J(5*S) > , and restrict it to K1 + K,. Namely
S=J7(5*3)2, where J = UJU~". Explicitly, by using (61)

()= 16 D6 ] ==(%)

which coincides with the expression in [7] (there is no distinction between J and J in that
reference). Then,

~( h Th ~( h —Th
(n)=(v) > 7 (n)=(3) <62>
From here and (60) we recognize that J acts on K by sending it to K2J-:
A = ~( h Th
_ -1 _ -1 _ -1 1
J(H=U"JU(f)=U J<Th>—U <h>eK2.

In analogous way we can show that J sends K to K li In summary, we have just proved the
following

Lemma 5.6. If K1, K» € K are in generic position then

JK| =K5, JKy=Ki (63)
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We have succeeded in accomplishing the first step of the anticipated strategy. We had departed
from the technical computations of [7] in order to avoid introducing extra unbounded operators
and managed to arrive to the same conclusion. From now on we follow closely that reference,
clarifying a few small but technically relevant steps.

We want to prove the following intermediate lemma that claims a stronger fact than (63), since
it roughly says that it holds in general for the fields ¢ (/) and 7 (g), not only for J acting on the
one-particle vectors.

Lemma 5.7. Let f € K| and g € K. Then

Jo(f)J = f) J(g)J =n(Jg),
with ff € Kj- and fg S KlL

Before proving this lemma let us state and prove the following important corollary which by
the discussion after (56) is sufficient to claim that Haag duality holds.

Corollary 5.7.1. With the conditions of the above lemma

Jel) J = i 1)

Jel™® J — pin(Jg)
Proof. Let us assume for a moment the validity of Lemma 5.7 to prove the corollary. Let A €
Rw (K1, K>), then by Tomita-Takesaki Theorem, for all f € K| we have,

T D JAQ = AT JQ,

and then,
190 1 4y AJZwm) o Az(zfqa(f)l)”
n=0 n=0
o0 (lw(Jf))

AT T 9= AN = 61U D gQ.

=AY

where in the last equality we used that ei‘/’(jf) € Rw(Ki+, Kf-) C Rw (K1, K3)' by locality. Thus

Jel# J = ¢l 1) on a dense set, and by continuity in all $7(L). Similarly the analogous claim
is shown for w(g). O

As we have already mentioned above the Haag duality follows from this corollary. Let us now
prove the Lemma 5.7.

Proof. From the fact that SQ = Q and J2 = 1 we have AY/2Q = JQ. As J commutes with E©
by Lemma 5.3 and noticing that A is positive, it follows’° that JQ = Q. Then, if f € K; and
geK,

26 Another way to see this is the following: it is a fact that S* is the Tomita operator of Ry (K1, K»)' (see [18]), which
is well defined since 2 is a cyclic and separating vector for Ry (K1, K7) and this implies it is also cyclic and separating
for its commutant Ry (K, K2)'. Then, $*Q=Q and JQ = S(5*S)"1/2Q =Q.
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| N

Jo(H)IQ=—Jf =0 f)Q 64
@(f) 7 f=el)) (64)
Jn(g)]Q:—i%fg:n(fg)Q (65)

where ff € K2L and fg € KlL as we already observed in (63).

Let us show now that actually Jo(f)J = <p(ff). Let f e Kiand U(¢) = ¢''%(f) be a one-
parameter group in Ry (K1, K2), then for any B € Ry (K1, K»)' it holds BU (t) = U(¢t) B and
for all ¥ € Dom(gp(f)) we have
11UV -V

v=1
pOv=lim s

in the norm topology of $7(L) [24]. Then we can consider BU (t)W = U(¢t) BV and take the
derivative at t = 0 and get Bo(f)WV = ¢(f)BW for all ¥ € Dom(¢(f)), i.e. Bo(f) S ¢(f)B.
Let us be more clear about these last steps:
11U —-vw
Bo(f)¥Y=Blim -———
t—01 t

. 1BU(t)V— BY

m-—
t—01 t
1U({)BY — BV

= lim -
t—01 t

1U@#) -1
_1im L YO
t—01 t
=@(f)BY

where in the second equality we used that B is continuous, in the third line we used that B €
Rw (K1, K>)', and in the fifth line we used that since the limit in the fourth line exists (the LHS)
then BW must be in the domain of ¢ (/) and more over the limit in the fourth line equals ¢ () BW
(Proposition 10.14 of [24]). We have shown that BDom(¢(f)) € Dom(¢(f)) and ¢(f)B =
Bo(f) on Dom(¢(f)). When this happens for any B € Ry (K1, K3)' it is said the unbounded
operator ¢ ( f) is affiliated with Rw (K1, K») [18].

We can take B = JAJ, which by Tomita-Takesaki Theorem belongs to Ry (K1, K2)’, and
then we obtain

v

JAJo(f) S o(fHITAJ, (66)

from which

Jo(HTAQ=Jo(f)JAT*Q
=Jo(fHIJA)Q
=J(JAD@(f)R
=AJo(f)IQ
= Ap(J [)Q (67)

vyhere we have used repeatedly J 2-1,JQ =%, and in the last line we used (64). Note that
J f belongs to K3 by (63), and that A € Rw (K1, K2) € Rw (K5, Ki-)' by locality. Repeating
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the same arguments as above we can say that (p(f f) is affiliated with Ry (K LK IJ-), and in par-

ticular Ap(J ) C ¢(J f)A. Then, (67) states that Jo(f)J AQ = ¢(J f)ASQ which is equivalent
to

T Ry Ky k2 = 9 PRy (k1. K22 (68)

We need to show now that one can remove the restrictions on both sides to reach complete
equality and end the proof. The idea to do so is to take closure to this equation, but this is tricky.
In [7] the authors do not give much detail and we believe this is a crucial step, so we now give
the necessary details of how we approach it.

We start with the RHS. The aim is to show that Ry (K, K»)S2 is a core for ga(ff). This
is equivalent to show that ¢(J )|y (k,. k) is essentially self-adjoint, since its closure would
then be a self-adjoint extension, which by uniqueness of self-adjoint extensions has to be (p(f )
Because of this we want to show that Ry (K1, K2)2 is a (total) set of analytic vectors”’ which
by Nelson’s theorem (Theorem X.39 in [17]) implies that <p(f Irw k. k) 1s essentially self-
adjoint. So let us consider U(tff)RW(Kl, K»>)2, with t € R, and see where we arrive,

UtJ f)Rw (K1, K2)Q = Rw (K1, K)U(tJ )R

. j n
= Ry (k1 K Y I g

n>0

= (’;? o(J [)Rw (K1, K2)o(J )"~

n>0

_y (i19(J )"
n!

Rw (K1, K2)Q

n>0

where in the first line we used that U (tf /) belongs to Ry (K1, K»), in the second line that €2 is
an analytic vector for ¢(J f), in the third line that ¢(J £) is affiliated with Ry (K5, Ki-) and in
the last line we just repeated the previous step. This result says first that it makes sense to apply
n times (p(f F) to any element of Ry (K1, K») and second and most important that the series
converges for any r € R. Namely, if ¥ € Ry (K1, K»)£2,

3 (io(J f))"w

' M=U@lJ )V e F, reR (69)
n!

n>0

The convergence of this power series for any ¢ implies that the radius of convergence is oo, and
then it actually converges uniformly and absolutely,”® which means that W is an analytic vector
for ¢(J f). This completes the argument to show that the closure of ¢(J f)| Rw(K1,K») in the
RHS in (68) is precisely (p(ff).

With the previous analysis completed, it is easier to show what the closure of the LHS of (68)
is. First note that since ¢(f) is self-adjoint and so is J, then Jo(f)J is also self-adjoint and is

27 An analytic vector for some operator A is a vector W such that ), - o ||A" ¥ % < oo for some ¢t > 0. We shall use
that € is an analytic vector for ¢(f), and this is so because actually any ﬁnite-paﬁicle vector is analytic, as shown in
Theorem X.41 of [17].

28 See Theorem 2 in Section 2.4 of Chapter 2 in [27]. We are just adapting the proof there to our case, by taking the
Hilbert norm instead.
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obviously an extension of the LHS. But we now know that the closure of Jo(f)J|ry, (k;,k,)Q 15
(p(ff) which is self-adjoint. Then, (p(ff) is also a self-adjoint extension of ¢(ff)|RW(1(. K2)Qs
and by uniqueness of self-adjoint extensions, it must be that Jo(f)J = (p(f f). The same rea-
soning can be applied to w(g). O

5.4. A counterexample of the duality

The counterexample we present for the Haag duality must be necessarily related to a region
that is not the causal envelope C(B) of a region B in a Cauchy surface. It was originally con-
structed in [4].

First we establish some facts that will be useful in what follows. The first one is that the
second quantization map is an injective map. To fix ideas consider it in the Segal form as in (48).
If H; C H; then it is clear that Rg(H;) € Rs(H>) (isotony). Now we prove the reciprocal of
isotony. It will be useful to write the CCR in Segal’s form (26) as

[W @), WGl = W W () (1 - 6-m ), (70)

In order to prove that H|ZH, implies Rs(H)ZRs(H>), suppose HjZH;. Then Hle'HlL and
there exists an element /) € H2l with Ay ¢ HlL. Then by taking an h| € Hj suchthat (hy, h1)g #
0 and using equation (70) with n = Bhy and @ = Ah it is possible to find a A € R such that
[W(Bh2), W(Lh1)] # 0. Hence W (Bh;) ¢ Rs(H1)'. On the other hand by applying again equa-
tion (70) taking n = Bhy and u € Hy we obtain from (u, h2) = 0 that W(Bh3) € Rs(H,)'. Now
suppose that actually Rg(H1) € Rg(H>), which implies Rs(H»)' € Rs(Hp)'. But this is in con-
tradiction with what we just showed: W (Bh3) € Rs(H) and W (Bh2) ¢ Rs(Hy)'. Therefore two
subspaces H{, H, of H satisfy Rg(H|) = Rs(H>) if and only if H; = H,.

The following formula will be useful too. In order to derive it, recall the inner product in H
(5) and the definition of 8 (11). Given hy,hy € H

(h1, Bho)y = —Im{(h1, ha) 1} = —Im{2i / B () AT (x — y)ha (y)dxdy)

R4xR4
—_ / 71 (2R A (x — ) (y)dydx
R4xR4
—_ / 7 ()AK — Wha(Ndydx = — / 1 () Fiy ()dx. 1)
R4xR4 R4

where we used the causal propagator A =2Re{A ™)} and equation (2).
As we mentioned, the counterexample we present for the Haag duality must be necessarily
related to a region that is not a causal diamond or a wedge. The proposed region is

B=C(T)UC(T2)

where we call 77 to the open interval in the time axis (¢1, #2) where t» > t; > 0, T» := —T1, and
C(T;) = Tl.” (the causal complement of the causal complement, namely the causal completion,
as defined in (38)). Then region B is the union of two timelike-separated diamonds and its causal
complement B’ is depicted in Fig. 3.
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Fig. 3. Diagram of region B = C(T}) U C(T3) and its causal complement B’ in brown.

t

&

-5

4

Fig. 4. On the left, a diagram showing region C(T'), the causal diamond of (—#;, #7), and its causal complement in brown.
On the right, C(T7) and C(73) are included, and the causal complement is the same for B and C(T').

We define C(T) as before but with 7 = (—

t2, t2), again an interval on the time axis. It is

easy to see that B’ = C(T)’, see Fig. 4. As C(T) is a causal diamond we know Haag duality

holds and Ng(C(T)) = Ns(C(T)") = Ns(B')'.

So, in order to prove that Haag duality fails for

region B, it is enough to show Ng(C(T')) # Ns(B). But from the previous observation about the
injectivity property of the second quantization map, it is equivalent to Sg(C(T)) # Ss(B). To
show this we construct a function that does not belong to Sg(C (7)) but belongs to Sg(B)* =

Ss(C(TH) UC(Tr)* .
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\ 4

¢

Fig. 5. The initial conditions of ¢q are supported in the thick black line in the time axis. Its support is depicted as the
beige region and does not intersect B. The horizontal thick clay-colored line represents the compact support of the initial
conditions of G.

The first step is to look at the two-dimensional equation

3’ %9,

ax2 912 m¢=0 72)
which can be thought as a Klein-Gordon equation where the roles of x and ¢ are inverted and the
mass is purely imaginary. This type of equation was studied in detail by Robinett in [28] where
he showed that causality still holds. That is, for a given initial data ¢ (¢, 0) and % (z,0) infinitely
differentiable functions with compact supports, there exists a unique solution ¢ (¢, x) also infinity
differentiable that in addition satisfies ¢ (¢, x) = 0 for any (¢, x) such that x2 < (t —t)? for all
t' € supp(¢(z,0)) U supp(%—? (z,0)). Then taking differentiable initial conditions whose supports
are contained in the interval (—#1, f1) of the time axis, we get a differentiable solution ¢y(¢, x)
whose support does not intersect C(77) nor C(73), as Fig. 5 schematically shows

Now we define initial conditions to the usual Klein-Gordon problem in four dimensions

- - o0 -
81(x) = ¢0(0, x1)h1(x), g2(x) = %(0, x)hi(x), (73)

where i1 (X) is an infinitely differentiable function with compact support such that 41 (¥) = 1 if
|¥| < t. Then we consider the initial-value problem

- - G . -
(O+m»)G(x) =0, G(0,x) = g1(x), @(O,x)=gz(x} (74)

By uniqueness of the solution on C(7") and as ¢0(x0, x1) satisfies (74), then G (x) = b0 (xo, xh
on C(T). In addition, G comes from applying the causal propagator A to a function g in H,
which we show next.

We know from appendix C, we slight variation of equation (83) changing time zero by an
arbitrary time (just following the same steps), that for any s € R,
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Gx) = / A(x = y)gs(y)dy (75)
R4

3G ., .
where ¢ (y) = —8(° — S)a—yo(s, ¥ =8 =G, ). (76)

Then by taking a x € C;°(R) satisfying f]R x (s)ds =1, we can rewrite G in a useful way

G(X)=/X(S)G(X)dS=/X(S) /A(x—y)dﬁs(y)dy ds
R R

4

_ f AGr— ) / X ()¢5 ()ds | dy = Fy(x),

R4 R
where
g(y) = f X ()65 ()ds. 7
R

We claim that g is in H, even more g € Cj° (R*). This follows from the fact that, since g; and
g2 have compact support, our solution G is spacelike-compact (meaning that given s € R, the
supports of G(s, y) and %(s, y) are compact sets of R3, see [29] for more details.). Let us see

this explicitly,

g(y) = / X ($)ps(y)ds

R
G , )
_ f XG0 =550, 5)+ 20 00 = )G, s
R
=x' )Gy

where in the last line we used the weak derivative. Written in this way, it is obvious that g is
a smooth function and also that has compact support since x is compactly supported and G is
spacelike-compact.

Previously we mentioned we are looking for a function such that does not belong to
Ss(C(T))* but belongs to Sg(B)L = S5(C(T)) U C(T»))L. We assert that this function is Bg
because, given f € Sg(C(T7) U C(T3))

(. B = f F ) Fy(x)dx = / FEOGEdx =0,
R4 R4

where we used equation (71) and the fact that G(x) vanishes on C(77) U C(T3). On the other
hand, by a similar computation 8g ¢ Ss(C (T))*.
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Appendix A. Creation and annihilation operators: a reminder

The inner product in the bosonic Fock space $7(L) = @,y O/_y L is defined from the
inner product in the one particle space L. If « = O]_,; and g = @;f: 1B, then:

1 n
(@, B L) = ] Z H(Oli, Bo@))Ls

ToeSyi=1
and the inner product for elements of different degree vanish. Here (, ) is the inner productin L.
By using this definition and the definitions (22), we can easily see that the operators are mutually
adjoint (over the dense set D = U}_, @2’20 Fm)
n+1

(Of_y hisal(H@5118)) g, 1) = (Ofy his == D (f 8L O1L1 ) &)
i=1""1 J=1817797r(L) i=l1 / J r=1,r#j $7(L)
T I’l+ 1 o T

n+l1

1
_ . . +1
- ;—n+lz(fvgj)L(®?:] hls @:.z lr?é]gr)f_)T(L)

n+1 n
Z(f 8L Z H(hiaga(i))L,
oS, i=l
where we think S, as bijective maps from {1, --- ,n}to {1,---, f, ---n+ 1} in each term. Calling
l1 = f y li+1 = h; we can join all together in one sum
n+1
(O his alH@GL18)) 5, 1) = ——== Z [ gowe-
O'GS,H,II 1

Additionally,

(a*(f)(@ 1hi), QJ 1g/)55 (L) =Wn+1f06j_, hl"@?:%g/)ﬁT(L)

/—n+1 n+1
=T D > ] geine

UGSnJr] i=1

where we used the same notation as above. And as X2+l — 1

(n+D! 7 pt/nt1
adjoint of a(f) over D =U%_, Ay, ]-"(”)
Now we prove (24). Let us consider ©_, h; arbitrary in Q;_; L,

we conclude a*(f) is the

a(F)a*(&)@_yhi) = a(H) [Vt Tg O, hi]
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+ la(f) (OF_L)

1 n+1

1%2“ DL O+ OO Ol1)

n+1
=Y (FINLl OOl O Olyy),
j=l
again using a simplifying notation, /; = g y /;4+1 = h;. On the other hand

1 & .
a*(@)a(f)(O_ hi) =a*(g) [ﬁ Z(f, hi)L(h1©---QOh;©--- @hn+1):|
k=1

=Y (fihpra* (@ OOk O O huyt)

k=1
)%Z(fh DGO O Ohj O Ohys).

Substracting the last two expressions we that all except the j = 1 disappear, obtaining
(f,@)r(h © - O hy), that is (24).

Appendix B. An example of how 8 acts

As explained in the body of the article, we define can define § on H by its action on H N
S(R*, R) by g(x) = (Bf)(x) with,

F(2)(p) =iZ () (p)n(p?),

where 7 € C*®(R) is odd and such that n(p®) = 1 for | p°| > m. Now let us show with a simple
example what g looks like. Let us consider a Gaussian function f(x°, ¥) = e_(xo)z_’?z, then

g(x) = (BHGKY,X)

_ 2 / n(?°) / FEY, B sin(p0 Y — x0)dx? | dp?
0 —00

o0
o _ -
=2 f n(pO)me T sin(p°x%)dp"
0

[e¢]

- )2
=2~/776_"2/n(p ye 5 sin(p°x0)dp"

0

m

o0
- ( 0,2
=2ﬁe‘x2|:/n(p0)e == sin(p xo)dpo—i—fe_% sin(poxo)dp0i|.
0 m

In general 7 is complicated enough so that the first integral cannot be cast in any familiar form.
We can instead consider a limiting procedure in order to take 7 as 7(p°) = 6(p® — m), for

40



A. Garbarz and G. Palau Nuclear Physics B 980 (2022) 115797

1T . 10 p—
= ~

Fig. 7. On the left, Bf from “far away”. On the right, a lateral view of Sf.

p? > 0 and in this way getting rid of the first integral above. Of course, such 7 is not smooth. So
to overcome this issue we take a succession of smooth bounded functions 7, (p®) such that they
vanish in the interval [0, m — rll] and they are equal to 1 for p® > m (and they are extended to the
negative real line by the odd property). Note that for one of these functions,
m m
0y~ @2 0 0y, 0 0y~ @2 0 0y, 0
na(p e 3 sin(p"x")dp = | na(p)e” * sin(p x)dp”,

0 _1
m n

which tends to zero because the integrand is bounded. Then, substituting these 7, functions in
the expression for (Bf)(x?, x) above and taking the limit,

(B, x) = 2y/me ™ / 5 sin(p®x%)dp” (78)

= ime~ () [ f(%(m —2ix%) —er f(%(m +2ix9)], (79)

where erf is the error function. Due to the property erf (z*) = er f (z)*, the result is indeed real,
as expected.

In this example it is explicitly seen that starting from f which is an even function of x°, we
obtain 8f which is odd (see Figs. 6 and 7). This is actually a general feature as explained in
Subsection 2.2.2. Just to give more qualitative intuition, we show below in Fig. 7 a “far away”
view of Bf where the rapid decay is evident consistent with S(R?, R), and a lateral view where
the odd behavior in x° =7 is also evident.
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Appendix C. More on the initial conditions of the Klein-Gordon equation

Given the real function f e Cg° (R* CcFrand g € CS"(R3) C §y, in what follows we are
going to seek 1 € C®(R* R) such that F, E(h 1s a smooth function that solves the following
system

@+ m*) Fg(x) =0
KG initial-value problem: { FEe)(0,X) = f(X) (80)
ED (0, 7) = ()
9x0 ’

We follow [16], where in Corollary 1.1 is stated the relation between initial conditions and
the solution. Suspecting that E in that reference can only differ in a global sign with the operator
A we have been using, we believe h(x) should be — ,0(’)( Hx) + ,oi(g)(x). Before showing this
is the solution, let us briefly describe the maps pg and p; and their corresponding pull-backs p;,
and p}.

Let po : S(R*) — S(R?) be the restriction to x? = 0 and p; : S(R*) — S(R3) the derivative
with respect to x” evaluated on the x® = 0 hypersurface. The pull-backs of these maps act by
precomposition in the space of tempered distributions p;, : S (R3) — S(R*Y, namely po(v) =
vopgforanyv e S (R3Y. Similarly for pi. We can view the initial conditions as elements of the
dual space S(R?)/, since S(R?) c S(R3)'.

Given, 1 € S(R*) and the initial condition g in (80),

(P(£))(h) = (g © po)(h) = g(hl,o_g) = / g(@®h(0,%)d>x = / h(x)8(x%)g(F)d*x,

from where we read ,06 (8)(x) =8(xVg(¥). Similarly, with the other initial condition and p,

oh . o0h .
Ly (D) = (fop)h)=f (m(&ﬂ) = / f(x)@((), X)dx, (81)
R3
so we see that p|(f) = —8'(x0) £ (), where  means weak derivative. Now we define the distri-
bution
p(x) = —=8(xNg () — 8’0 f (), (82)

and follow the steps of section 5.4, constructing py as in equation (76) and defining an smooth
function

h = [ x©pcods, (83)
R
as in equation (77) in order to obtain our solution Fg)(x), with 2 a smooth function.
We can now show that Fg ) is the solution to (80) given by (2) with £ as in (83). That itis a
solution is immediate since we are propagating with the causal Klein-Gordon propagator A. Let
us then evaluate Fg(y at x* =0,

FEm(0,%) =

(2m)>2 Rt

/ e PES(p* — mHo(p°).F (h)(p)d*p
R4

! . /eiﬁj(S(pz —m?)sgn(p®).F () (p)d*p

~ o)l
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T g / e PE5(p* —m2)0(—p°).Z (h)(p)d*p,
@m)? )
53 3 / N d3
/ PEF (W) @) )5 p i 3/elp‘x9<h)<—w,,,ﬁ>2—p

“’p 2m)2 e @p

(271)2

/ i35 7 (W) (@p, p) = F (W)*(wp, —p) d’p

)i 2 Wp

(2m)2 =3

] . 1 -
/ DX F(h_)(wp, p)dp = —— f ¢ PET(S81h_)(p)d> p
(Zn)z iwp _

“LZG1ho) () = 81h_ ().

And at the same time this should be equal to the initial condition f(x). Just to check things work
properly, let us show this explicitly,

=y -1 : 0_ . 0y_ =/2_ = d*p 4
FE(h)(O,x)— W Sln(wp(x -y )—P-(X—)’))w—h()’)d y

P x9=0

(271)3 //Sm(wpy )COS(P(x_y))£d3pd4y

R4R3 @p
0 Y 8/(+1,0 -
f/sm(wpyo)cos(p(x ) —5(y)g(y) =8 (y )f(y)d3pd4y
(27‘[)2R4R% a)p
0
(271)3/ / sin(wpy) cos(p(F — *))B(y D 3 gty
R4 R3
0 -
= 1 3//%cos(a)pyo)cos(ﬁ(}é—y))MaﬁpCﬂy
(2m) R4 R3 %
(27.[)3 //‘COS(P(X—)’))f(y)d3pd3
R3R3
1 o
=M @y / / dPEN f(5)d® pdy
R3 R3

= {7 FN@| =R [ @] =r®

In the second line we dropped one integral since it is odd in p. This confirms that §14_ = f. An
identical computation shows that do(—hy) = g

Appendix D. Generic position of subspaces

The aim of this Appendix is to show that the subspaces of §, defined in the first quantization
map (36) are in generic position, namely that,
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Sr(B)NS;(B) = {0}
Sr(B)NS(B)" = {0}
Sr(B)" NS/(B) = {0}
Sr(B)* NS1(B)* ={0}.
In order to show the second and third lines, it is enough to prove Sg(B)* v S;(B) = Sy and
Sr(B) v S;(B)t = Sy (where AV B = A+ B). The former is deduced by first noticing that
Sr(B)t Vv S;(B)=S;(B°) v S;(B) thanks to Theorem 4.1, and then by definition of S; one
concludes Sg(B)* v §;(B) = B(j; ' (L2(BY)) v j; "(L2(B))) = Bj; "(L2(R?)) = BFr = Fo.
As for Sg(B) vV S;(B)* = Sy, it can be shown analogously by using the other relation in Theo-
rem 4.1. Regarding the remaining two intersections above, we need the following result.

Lemma D.1 (Lemma 5 in [4]). If f € Sg(B) is not zero, then B f never vanishes in the entire
neighborhood of any point in (supp(f))°.

In order to prove this, we consider the function F(z) = fei(ﬁ'z_wpzo)ﬁ(f)(ﬁ)w;1d3p.
R3

For x € R* it is a solution of Klein-Gordon equation (L, + m?%)F (x) = 0 with initial conditions
F(0,%) = (Bf)(X) and %(0, X) = —if(X). Moreover, F(z) is analytic for 3z in the past light
cone, since the integrand is analytic and the integral converges. Now, let us consider a point
y € supp(f)¢ and assume that B f vanishes in any real three-dimensional neighborhood of y.
Then, since f also vanishes there, the solution to the Klein-Gordon equation F(x) vanishes on
the real four-dimensional neighborhood of (0, y). Then, by the identity theorem, F(z) vanishes
identically, implying f(x) =0.

We can now show that Sg(B) N S;(B) = {0}. This is equivalent to Sz (B) N fS;(B) = {0},
since B is unitary. Let us consider then some g € BSg(B) N BS;(B). As g € BS;(B) =
Jr 1L2(B), g must vanish in all B¢, but at the same time, by the previous lemma and the
fact that g € BSg(B), g cannot be zero in an entire neighborhood of any point in B¢ un-
less it vanishes identically. Therefore BSg(B) N BS;(B) = {0}. As for the remaining equality
Sr(B)* NS;(B)* = {0}, we can apply Theorem 4.1 in order to write it as S;(B¢) N Sg(B) =
{0} which is equivalent to the first one, which we just proved, exchanging B with B€.

(@m)3
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